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decomposition allows us to present the most precise determination to date of the SU(3)flavor-suppressed HVP function Π08 that enters the running of sin 2 θ W . Our results for Πγγ , ΠγZ and Π08 are presented in terms of rational functions for continuous values of Q 2 below 7 GeV 2 . We observe a tension of up to 3.5 standard deviation between our lattice results for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had (-Q 2 ) and estimates based on the R-ratio for space-like momenta in the range 3-7 GeV 2 . The tension is, however, strongly diminished when translating our result to the Z pole, by employing the Euclidean split technique and perturbative QCD, which yields ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had (M 2 Z ) = 0.02773 [START_REF] Colangelo | Two-pion contribution to hadronic vacuum polarization[END_REF] and agrees with results based on the R-ratio within the quoted uncertainties.

Introduction

Precision observables play a crucial role in the search for physics beyond the Standard Model (BSM). They allow for exploring the limits of the Standard Model (SM) and constrain possible extensions in a way that is complementary to direct searches in experiments at high-energy colliders. This requires both the theoretical prediction and the corresponding experimental result to be determined to a high level of precision. The evaluation of the SM prediction is particularly challenging when the quantity of interest receives significant contributions from hadronic effects. Indeed, because of the growth of the strong coupling in the low-energy domain, perturbative methods fail to describe the strong interactions at typical hadronic scales, in contrast to the high-energy regime and the electroweak sector. Lattice QCD has emerged as one of the leading methods to compute these non-perturbative QCD contributions from first principles. Lattice calculations have reached sub-percent precision for many observables that are now routinely used in precision tests of the SM [START_REF] Flag Review | Flavour Lattice Averaging Group (FLAG)[END_REF]2].

The prominent example of the muon anomalous magnetic moment, a µ , is an apt illustration of the importance of precision observables. The measurement of a µ by the E989 experiment at Fermilab [START_REF]Measurement of the Positive Muon Anomalous Magnetic Moment to 0.46 ppm[END_REF], when combined with the earlier experimental determination at BNL [START_REF]Muon g-2 collaboration, Final Report of the Muon E821 Anomalous Magnetic Moment Measurement at BNL[END_REF], produces a tension of 4.2σ with the theoretical prediction summarized in the 2020 White Paper [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] by the Muon g -2 Theory Initiative. Given that the uncertainty of the SM prediction is dominated by the hadronic vacuum polarization (HVP) and, to a lesser extent, the hadronic light-by-light scattering (HLbL) contribution, it is clear that efforts to reduce the theoretical error must focus on hadronic effects. In fact, the recent lattice calculation of the HVP contribution by the Budapest-Marseille-Wuppertal collaboration (BMWc) [START_REF] Borsányi | Leading hadronic contribution to the muon magnetic moment from lattice QCD[END_REF] suggests a strongly reduced tension of the SM prediction for a µ with the experiment, and further lattice calculations are underway to confirm or refute these findings.

In this paper, we present results for two closely related observables that play a central role in SM tests, namely the energy dependence (running) of the electromagnetic coupling, α, as well as that of the electroweak mixing angle, sin 2 θ W . The former is an important input quantity for electroweak precision tests, while the running of the mixing angle is susceptible to the effects of BSM physics, particularly at low energies [7]. As in the case of JHEP08(2022)220 a µ , the overall precision of both quantities is limited by hadronic effects. We employ the same methodology as in our earlier lattice QCD calculation of a HVP,LO µ [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF], to compute the hadronic vacuum polarization functions Πγγ and ΠγZ that are relevant for the running of α and sin 2 θ W , respectively. A key advantage of the lattice approach is the ability to perform an exact valence flavor decomposition of the various contributions. This has allowed us to determine the isoscalar (I = 0) contribution Π08 to the vacuum polarization function ΠγZ with much higher accuracy compared to the standard approach based on dispersion theory and experimentally determined hadronic cross sections.

We present our main results for the HVP functions Πγγ , ΠγZ and Π08 as continuous rational functions in the Euclidean squared momentum Q 2 up to Q 2 ≤ 7 GeV 2 (see eqs. (4.11), (4.13) and (5.7)), together with the corresponding correlation matrices. By employing the Euclidean split technique (or Adler function approach) [START_REF] Eidelman | Testing nonperturbative strong interaction effects via the Adler function[END_REF][START_REF] Jegerlehner | The Running fine structure constant alpha(E) via the Adler function[END_REF] we can combine our lattice result for the hadronic running of the QED coupling with perturbative QCD to translate it to the time-like momentum region. At the scale of the Z boson mass we obtain ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z = 0.027 73 [START_REF] Colangelo | Two-pion contribution to hadronic vacuum polarization[END_REF] , (

which agrees with corresponding results derived from dispersion theory and the experimentally measured R-ratio [START_REF] Keshavarzi | g -2 of charged leptons, α(M 2 Z ) , and the hyperfine splitting of muonium[END_REF][START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF][START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF] within errors. This paper is organized as follows: in section 2 we review the main definitions relating to the running of the electromagnetic and weak couplings. Our methodology to compute the HVP contribution to the running of α and sin 2 θ W in lattice QCD, including the treatment of the different sources of systematic errors, is discussed in section 3, with section 3.8 describing the details of the lattice computation and the results on individual gauge ensembles. In section 4 we discuss the extrapolation of our lattice results to the continuum limit and physical pion and kaon masses for a range of values of Q 2 , quoting the complete statistical and systematic error estimate. A detailed discussion of our results, including their comparison with phenomenological estimates is presented in section 5. We end with a short summary and conclusions. Further details on the auxiliary calculation of pseudoscalar meson observables, error estimation, phenomenological models, as well as extended tables of results at the physical point are relegated to several appendices. Readers who are not interested in the technical aspects of the lattice calculation can skip section 3 and go directly to sections 4.2 and 5.

The running of electroweak couplings

The electromagnetic coupling

The first quantity that we consider is the electromagnetic coupling α ≡ e 2 /(4π). The value that is relevant for interactions at energies much smaller than the electron mass, such as in Thomson scattering, is the fine-structure constant, which is one of the most precisely known quantities in experimental physics, with a precision of up to 81 parts per trillion in the most recent measurement [START_REF] Morel | Determination of the fine-structure constant with an accuracy of 81 parts per trillion[END_REF]. In the rest of this paper we use as reference value in the Thomson limit (that is, for q 2 → 0) the current world average, slightly less precise but still better than a part per billion, of α = 1/137.035 999 084 [START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF] [7].
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This contrasts with the 7 % larger value that is relevant for physics at or around the Z pole. This value can both be measured in collider experiments and predicted from the fine-structure constant using the theoretical knowledge of the renormalization group (RG) running with energy. Choosing to work in the ms scheme, RG running predicts α(5) (M Z ) = 1/127.952 [START_REF] Eidelman | Testing nonperturbative strong interaction effects via the Adler function[END_REF] [7]. Alternatively, an effective coupling can be defined at any time-like momentum transfer q2 in the on-shell scheme, α q 2 = α 1 -∆α (q 2 ) , (2.1) in terms of the function ∆α(q 2 ). While the leptonic contribution to ∆α(q 2 ) can be computed in perturbation theory, the contribution from the quarks at low energies is non-perturbative and encoded in the subtracted HVP function, 1∆α had q 2 = 4πα Re Π q 2 , Π q 2 = Π q 2 -Π(0) .

(2.

2)

The standard approach to determine ∆α had proceeds by invoking the optical theorem, which links the HVP function to the R-ratio, i.e. the total hadronic cross section σ(e + e -→ hadrons) normalized by σ(e + e -→ µ + µ -), and evaluating a dispersion integral. A compilation of precise experimental data for the R-ratio R(s) as a function of the squared center-of-mass energy s = q 2 has been used in the most recent efforts [START_REF] Keshavarzi | g -2 of charged leptons, α(M 2 Z ) , and the hyperfine splitting of muonium[END_REF][START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF][START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF], resulting in ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had (M 2 Z ) = 0.027 66(7) [7], which constitutes the main uncertainty in the value of α(M 2 Z ). Lattice QCD allows for an ab initio, non-perturbative calculation of ∆α had that avoids the dependence on experimental R-ratio data. Since the lattice formulation realizes only space-like momenta in a straightforward manner, the link to ∆α had is provided by the Adler function D(Q 2 ) [START_REF] Adler | Some Simple Vacuum Polarization Phenomenology: e + e -→ Hadrons: The µ -Mesic Atom x-Ray Discrepancy and g -2 µ[END_REF], as advocated in refs. [START_REF] Eidelman | Testing nonperturbative strong interaction effects via the Adler function[END_REF][START_REF] Jegerlehner | The Running fine structure constant alpha(E) via the Adler function[END_REF][START_REF] Jegerlehner | Hadronic effects in (g -2)(mu) and alpha(QED)(M(Z)): Status and perspectives[END_REF][START_REF] Jegerlehner | Hadronic vacuum polarization effects in alpha(em)(M(Z))[END_REF]. It is defined in terms of the derivative of Π(-Q 2 ) with respect to the space-like squared four-momentum Q 2 = -q 2 and can also be written as a dispersion integral over the R-ratio, i.e.

D Q 2 = 12π 2 Q 2 dΠ -Q 2 dQ 2 = Q 2 ∞ 0 ds R (s) (s + Q 2 ) 2 , ( 2.3) 
On the other hand, the HVP function Π(-Q 2 ) can be represented in terms of a current correlator [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF][START_REF] Francis | Study of the hadronic contributions to the running of the QED coupling and the weak mixing angle[END_REF][START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF],

Q µ Q ν -δ µν Q 2 Π -Q 2 = Π µν (Q) = d [4] xe iQ•x j γ µ (x) j γ ν (0) , ( 2.4) 
with the electromagnetic current j γ µ of the quarks given by

j γ µ = 2 3 ūγ µ u - 1 3 dγ µ d - 1 3 sγ µ s + 2 3 cγ µ c + . . . . (2.5)
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The determination of ∆α had is closely related to that of the leading HVP contribution to the anomalous magnetic moment of the muon, a HVP,LO µ . Both quantities can be evaluated either via a dispersion integral using experimental data for the R-ratio or via a first-principles approach based on a lattice calculation of the HVP function Π(-Q 2 ).

The correlation between ∆α had and a HVP,LO µ implies that any evaluation of a HVP,LO µ also provides a constraint on ∆α had . While enormous progress has been achieved in recent years concerning ab initio calculations of a HVP,LO µ in lattice QCD [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF][START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF][START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF][START_REF] Meyer | Lattice QCD and the anomalous magnetic moment of the muon[END_REF][START_REF]Strong-Isospin-Breaking Correction to the Muon Anomalous Magnetic Moment from Lattice QCD at the Physical Point[END_REF][START_REF] Rbc | Calculation of the hadronic vacuum polarization contribution to the muon anomalous magnetic moment[END_REF][START_REF] Giusti | Electromagnetic and strong isospin-breaking corrections to the muon g -2 from Lattice QCD+QED[END_REF][START_REF]Hadronic vacuum polarization contribution to the muon g -2 with 2 + 1 flavor lattice QCD on a larger than (10 fm) 4 lattice at the physical point[END_REF][START_REF]Hadronic-vacuum-polarization contribution to the muon's anomalous magnetic moment from four-flavor lattice QCD[END_REF][START_REF] Aubin | Light quark vacuum polarization at the physical point and contribution to the muon g -2[END_REF][START_REF] Giusti | Lepton anomalous magnetic moments in Lattice QCD+QED[END_REF], the current SM estimate is based on dispersion theory using the experimentally measured R-ratio [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF][START_REF] Keshavarzi | g -2 of charged leptons, α(M 2 Z ) , and the hyperfine splitting of muonium[END_REF][START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF][START_REF] Colangelo | Two-pion contribution to hadronic vacuum polarization[END_REF][START_REF] Davier | Reevaluation of the hadronic vacuum polarisation contributions to the Standard Model predictions of the muon g -2 and α(m 2 Z ) using newest hadronic cross-section data[END_REF][START_REF] Keshavarzi | Muon g -2 and α(M 2 Z ): a new data-based analysis[END_REF][START_REF] Hoferichter | Three-pion contribution to hadronic vacuum polarization[END_REF], which achieves an overall uncertainty at the level of 0.6 %. However, the recent lattice determination by BMWc [START_REF] Borsányi | Leading hadronic contribution to the muon magnetic moment from lattice QCD[END_REF], which is the first to claim a level of precision similar to that obtained from the R-ratio, favors a larger value for a HVP,LO µ compared to the phenomenological estimate. While such a higher value for a HVP,LO µ would reduce the tension between the SM and the experimental measurement, it would, via the correlation with ∆α had , further increase the already observed slight tension with global electroweak fits [START_REF] Passera | The Muon g -2 and the bounds on the Higgs boson mass[END_REF][START_REF] Crivellin | Hadronic Vacuum Polarization: (g -2) µ versus Global Electroweak Fits[END_REF][START_REF] Keshavarzi | Muon g -2 and ∆α connection[END_REF][START_REF] Malaescu | Impact of correlations between a µ and α QED on the EW fit[END_REF][START_REF] Colangelo | Constraints on the two-pion contribution to hadronic vacuum polarization[END_REF]. Recent investigations, considering also the global fit predictions of M W and the electroweak mixing angle, have concluded that an increase in the values of a HVP,LO µ and ∆α had (M 2 Z ) is still compatible with global electroweak fits, provided that the R-ratio is enhanced by 9 % in the region below ≈ 0.7 GeV [START_REF] Keshavarzi | Muon g -2 and ∆α connection[END_REF]. This seems an unlikely possibility, given the high precision that hadronic cross sections have been measured with.

The precise size of the increase on ∆α had (M 2 Z ) which would correspond to the lattice result in ref. [START_REF] Borsányi | Leading hadronic contribution to the muon magnetic moment from lattice QCD[END_REF] has not been precisely estimated. An independent lattice determination of ∆α had (-Q 2 ) over an interval of Q 2 in the low-energy regime, as described in this paper, can help to resolve this puzzle. We will return to an in-depth discussion of this issue in section 5.

The electroweak mixing angle

The electroweak sector of the SM is characterized by two gauge couplings, g and g , for the SU(2) L weak isospin and U(1) Y weak hypercharge gauge interactions, respectively. The electromagnetic coupling α = e 2 /(4π) is a linear combination of g and g parametrized by the electroweak mixing angle (or Weinberg angle) θ W defined through [7,[START_REF] Glashow | Partial Symmetries of Weak Interactions[END_REF] e = g sin θ W = g cos θ W , sin 2 θ W = g 2 g 2 + g 2 .

(2.6)

Just as the couplings in the interacting quantum field theory are renormalization scheme and energy dependent, so is the precise definition of sin 2 θ W beyond tree level. For instance, since the angle enters the W and Z boson mass ratio, which is known precisely from collider experiments, one choice of scheme employs the tree-level formula sin 2 θ W = 1-M 2 W /M 2 Z to all orders of perturbation theory, which results in the on-shell value of sin 2 θ W = 0.223 37 [START_REF] Jegerlehner | The Running fine structure constant alpha(E) via the Adler function[END_REF] [7]. Another widely used convention is the effective coupling sin 2 θ f eff for the Z-boson coupling to the fermion f , which is an input to the global electroweak fit mentioned in section 2.1. Finally, in the ms definition of sin 2 θW (µ), one substitutes the ms couplings ĝ(µ), ĝ (µ) at µ = M Z into eq. (2.6), which gives the sub-permil precision value sin 2 θW (M Z ) = 0.231 21(4) [7].
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There is a growing interest in experiments that probe precision electroweak observables at momentum transfers q 2 M 2 Z , such as measurements of cross sections of neutrino scattering and parity-violating lepton scattering, as well as nuclear weak charges in atomic parity violation experiments. These experiments are sensitive to modifications of the RG running of the mixing angle by BSM physics. A q 2 -dependent definition of the mixing angle that is appropriate for low-energy experiments is obtained by applying a form factor κ to the ms Z-pole value [START_REF] Sarantakos | Radiative Corrections to Neutrino-Lepton Scattering in the SU(2) L ⊗ U(1) Theory[END_REF][START_REF] Czarnecki | Electroweak radiative corrections to polarized Moller scattering asymmetries[END_REF][START_REF] Czarnecki | Parity violating asymmetries at future lepton colliders[END_REF][START_REF] Czarnecki | Polarized Moller scattering asymmetries[END_REF][START_REF] Ferroglia | The Electroweak form-factor κ(q 2 ) and the running of sin 2 θW[END_REF][START_REF] Kumar | Low Energy Measurements of the Weak Mixing Angle[END_REF] sin 2 θ W q 2 = κ q 2 , µ sin 2 θW (µ) , (2.7)

such that the Thomson limit results in the process-independent physical observable sin 2 θ W ≡ sin 2 θ W (0), the electroweak analog of the fine-structure constant α. The value κ(0, M Z ) ≈ 1.03 results in sin 2 θW = 0.238 57 [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF], quoted by ref. [7] as the average of different results [START_REF] Czarnecki | Polarized Moller scattering asymmetries[END_REF][START_REF] Kumar | Low Energy Measurements of the Weak Mixing Angle[END_REF][START_REF] Erler | The Weak mixing angle at low energies[END_REF][START_REF] Erler | Weak Mixing Angle in the Thomson Limit[END_REF], which is 3 % larger than the Z-pole value used as input. Excluding uncertainties from experimental input, the error on the theory prediction of sin 2 θW at q 2 = 0 is dominated by the non-perturbative hadronic contributions. Experimental determinations of sin 2 θ W from current low-energy experiments are much less precise [START_REF]Precision measurement of the weak mixing angle in Moller scattering[END_REF][START_REF]First Determination of the Weak Charge of the Proton[END_REF][START_REF]Measurement of parity violation in electron-quark scattering[END_REF] compared to α, with the current most precise value resulting from the determination of the weak charge of the proton Q p W by the Q weak experiment at JLab [START_REF]Precision measurement of the weak charge of the proton[END_REF], obtained at Q 2 = 0.024 8 GeV 2 . However, future new and upgraded experiments have the potential of changing the situation. The P2 experiment at MESA [START_REF] Becker | The P2 experiment[END_REF], which is expected to start data taking in 2025, targets 0.15 % precision on sin 2 θ W at a momentum transfer of 4.5 × 10 -3 GeV 2 [START_REF] Becker | The P2 experiment[END_REF], and the MOLLER and SoLID experiments at JLab have comparable precision goals [START_REF]The MOLLER Experiment: An Ultra-Precise Measurement of the Weak Mixing Angle Using Møller Scattering[END_REF][START_REF]A White Paper on SoLID (Solenoidal Large Intensity Device)[END_REF][START_REF] Souder | Parity Violation in Deep Inelastic Scattering with the SoLID Spectrometer at JLab[END_REF].

Following refs. [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF][START_REF] Jegerlehner | Hadronic contributions to electroweak parameter shifts[END_REF][START_REF] Jegerlehner | Electroweak effective couplings for future precision experiments[END_REF][START_REF] Jegerlehner | Variations on Photon Vacuum Polarization[END_REF], the relation between sin 2 θ W (-Q 2 ) and its value in the Thomson limit can be written as

sin 2 θ W -Q 2 = 1 -∆α 2 -Q 2 1 -∆α (-Q 2 ) + ∆κ b Q 2 -∆κ b (0) sin 2 θ W (0) , ( 2.8) 
where the bosonic contribution ∆κ b is given in ref. [START_REF] Czarnecki | Polarized Moller scattering asymmetries[END_REF], ∆α is the contribution to the running of α in eq. (2.1) and ∆α 2 is the contribution to the running of the SU(2) L gauge coupling α 2 ≡ g 2 /(4π), defined as

α 2 q 2 = α 2 1 -∆α 2 (q 2 )
.

(2.9)

Similarly to ∆α, ∆α 2 receives the leading hadronic contribution from the HVP mixing function

∆α 2,had q 2 = 4πα sin 2 θ W ΠT 3 γ q 2 (2.10)
of the electromagnetic current j γ µ with the vector part of the weak isospin third component T 3 current, i.e.

j T 3 µ vector = 1 4 ūγ µ u - 1 4 dγ µ d - 1 4 sγ µ s + 1 4 cγ µ c + . . . . (2.11)
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At leading order, the hadronic contribution to the running of sin 2 θ W is given by [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF][START_REF] Jegerlehner | Hadronic contributions to electroweak parameter shifts[END_REF][START_REF] Jegerlehner | Vector Boson Parameters: Scheme Dependence and Theoretical Uncertainties[END_REF] ∆ had sin 2 θ W q 2 = ∆α had q 2 -∆α 2,had q 2 = -4πα sin 2 θ W ΠZγ q 2 , (2.12)

where ΠZγ (q 2 ) is the HVP mixing of the electromagnetic current j γ µ and the vector part of the neutral weak current

j Z µ vector = j T 3 µ vector -sin 2 θ W j γ µ . (2.13)
As for the running of α, the standard approach is based on a phenomenological estimate of the hadronic contribution from experimental data [START_REF] Erler | The Weak mixing angle at low energies[END_REF][START_REF] Erler | Weak Mixing Angle in the Thomson Limit[END_REF]. However, R(s) alone is not sufficient in this case, as the total cross section couples only to the electromagnetic current j γ µ . The process of assigning individual channels in the hadronic cross section to the different quark flavor contributions, in order to reweight them according to the weak isospin charge factors, is called flavor separation and a source of systematic uncertainty.

In the next section we show that ΠZγ (-Q 2 ) admits a decomposition into valence flavor components that can all be determined directly from suitable correlation functions computable in lattice QCD [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF][START_REF] Francis | Study of the hadronic contributions to the running of the QED coupling and the weak mixing angle[END_REF][START_REF] Gülpers | The leading hadronic contribution to γ-Z mixing[END_REF][START_REF] Cè | The leading hadronic contribution to the running of the Weinberg angle using covariant coordinate-space methods[END_REF]. This paves the way for ab initio estimates that do not rely on experimental cross-section data and a reweighting of individual hadronic channels.

Methodology

The TMR method

The main primary observable that we compute in our lattice QCD simulations is the correlation function, G µν (x), of two generic vector currents j µ (x), defined by G µν (x) = j µ (x)j ν (0) . By supplying the appropriate currents, i.e. j γ µ or j Z µ , we can compute the electromagnetic HVP function Πγγ and its Z-γ counterpart ΠZγ as functions of Q 2 in terms of these correlators. In this work, we employ the time-momentum representation (TMR), defined in [START_REF] Bernecker | Vector Correlators in Lattice QCD: Methods and applications[END_REF][START_REF] Francis | A new representation of the Adler function for lattice QCD[END_REF], which has emerged as the standard method to compute the HVP in lattice QCD and which is well suited to open boundary conditions in the time direction, which are employed on a large subset of our gauge ensembles (see section 3.4). For concreteness, we consider the correlator of two electromagnetic currents, G γγ µν = j γ µ (x)j γ ν (0) . In the continuum and infinite-volume limits, the corresponding subtracted HVP function Πγγ (-Q 2 ) is given by the integral over Euclidean time

Πγγ -Q 2 = ∞ 0 dt G γγ (t) K t, Q 2 (3.1)
of the product of the zero-momentum-projected correlator 

G γγ (t) = - 1 3 d 3 x 3 k=1 j γ k (t, x)j γ k (0) (3.2) multiplied by a Q 2 -dependent kernel function K t, Q 2 = t 2 - 4 Q 2 sin 2 Qt 2 . ( 3 
K(t, Q 2 )/t 3 [fm -1 ] a HVP,LO µ Π(-0.1 GeV 2 ) Π(-1.0 GeV 2 ) Π(-3.0 GeV 2 ) 0 1 2 3 4 5 t [fm] 0.0 0.2 0.4 0.6 0.8 1.0 1.2 G(t)K(t, Q 2 )/ dt G(t)K(t, Q 2 ) [fm -1 ] a HVP,LO µ Π(-0.1 GeV 2 ) Π(-1.0 GeV 2 ) Π(-3.0 GeV 2 ) Figure 1. Left: the kernel K(t, Q 2 )
of the TMR integral in eq. (3.1) for different values of Q2 , compared to the kernel w(t) for a HVP,LO µ [START_REF] Bernecker | Vector Correlators in Lattice QCD: Methods and applications[END_REF][START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF] (blue line), as a function of time t. All kernels are divided by t 3 in the plot, such that they tend to zero at t → ∞ while being still zero at t = 0. Right: contribution of G(t)K(t, Q 2 ) to the TMR integral normalized to the value of the integral, comparing different kernels. The light colored lines are drawn using a model for the Euclidean-time correlator G(t) [START_REF] Bernecker | Vector Correlators in Lattice QCD: Methods and applications[END_REF], that is also used for the integral, while the data points with error bars are obtained using actual lattice correlator data at the physical pion mass.

The corresponding integral representation of ΠγZ (-Q 2 ) is obtained by replacing one of the electromagnetic currents by j Z µ . After inserting the definitions of the currents in eqs. (2.5) and (2.11) and performing the Wick contractions of the quark fields, one can perform explicit flavor decompositions of both Πγγ and ΠγZ , as described in section 3.2.

The properties of the kernel significantly influence the integral and its systematics: in the left panel of figure 1, we plot the kernel function K(t, Q 2 ) for several different values of Q 2 versus Euclidean time. Also shown is the kernel w(t) that appears in the TMR expression for a HVP,LO µ , which is given explicitly in eq. ( 84) of ref. [START_REF] Bernecker | Vector Correlators in Lattice QCD: Methods and applications[END_REF]. Despite the fact that both K(t, Q 2 ) and w(t) behave like t 2 at long distances, it is evident that w(t) gives a much higher weight to long distances compared to K(t, Q 2 ). This has several consequences for our calculation: on the one hand, since the signal-to-noise ratio of the vector correlator lattice data degrades severely with time, the stronger suppression of the long-distance contribution by the kernel K(t, Q 2 ) makes it easier to achieve good statistical precision for Π(-Q 2 ) in our range of interest for Q 2 , compared to a HVP,LO µ . Moreover, finite-size effects that affect the correlator mostly at long distances are more strongly suppressed by K(t, Q 2 ) relative to w(t), even though they are still relevant at our target precision, as explained in section 3.7. On the other hand, the peak of the kernel K(t, Q 2 ) occurs at increasingly short distances t for larger values of Q 2 , which results in larger discretization effects, both from the correlator itself and from the approximation of the integral in eq. (3.1) as a discrete sum. 2 Therefore, lattice discretization effects and our ability to estimate and control the associated systematic error ultimately limit the upper end of the range of Q 2 values.

JHEP08(2022)220

Flavor decomposition

As already mentioned, the HVP functions Πγγ and ΠZγ differ only in their flavor content. For the following discussion, we assume exact strong-isospin symmetry and neglect charm disconnected contributions. It is convenient to introduce a strong isospin and SU(3)-flavor basis for the quark triplet q = (u, d, s) T , starting from the vector currents j a µ = qγ µ (λ a /2)q where λ 3 , λ 8 are Gell-Mann matrices and λ 0 = Id 3 , I = 1:

j 3 µ = 1 2 ūγ µ u -dγ µ d , ( 3.4a 
)

I = 0: j 8 µ = 1 2 √ 3 ūγ µ u + dγ µ d -2sγ µ s , (3.4b) j 0 µ = 1 2 ūγ µ u + dγ µ d + sγ µ s , (3.4c)
such that, with the addition of the charm current j c µ = cγ µ c, the currents j γ µ and j Z µ are represented by

j γ µ = j 3 µ + 1 √ 3 j 8 µ + 2 3 j c µ , j T 3 µ vector = 1 2 j γ µ - 1 3 j 0 µ - 1 6 j c µ , (3.5a) j Z µ vector = j T 3 µ vector -sin 2 θ W j γ µ = 1 2 -sin 2 θ W j γ µ - 1 6 j 0 µ - 1 12 j c µ . (3.5b)
The correlators of interest are

G γγ µν (x) = G 33 µν (x) + 1 3 G 88 µν (x) + 4 9 G cc µν (x) , (3.6a) 
G Zγ µν (x) = 1 2 -sin 2 θ W G γγ µν (x) - 1 6 √ 3 G 08 µν (x) - 1 18 G cc µν (x) , (3.6b) 
which can be obtained by computing the building blocks G 33 µν , G 88 µν , G 08 µν and G cc µν . In this paper we will present as intermediate results, extrapolated to the physical point, the I = 1 HVP function Π33 , the I = 0 ones Π88 and Π08 , with the latter being relevant for the running of sin 2 θ W case only, and the charm HVP function of Πcc .

Up to lattice renormalization and O(a) improvement, the flavor SU(3) contributions are defined as3 

G 33 µν (x) = 1 2 C , µν (x) , (3.7a) G 88 µν (x) = 1 6 C , µν (x) + 2C s,s µν (x) + 2D -s, -s µν (x) , (3.7b) G 08 µν (x) = 1 2 √ 3 C , µν (x) -C s,s µν (x) + D 2 +s, -s µν (x) , ( 3.7c) 
where the flavor labels and s denote the (isospin averaged) light and strange quarks, respectively, while

C f 1 ,f 2 µν and D f 1 ,f 2 µν
are, respectively, the connected and disconnected Wick contractions, schematically given by

C f 1 ,f 2 µν = - f2 f2 γµ γµ f1 f1 γν γν , D f 1 ,f 2 µν = γµ γµ f1 f1 γν γν f2 f2
.

(3.8)
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Section 3.8 explains the lattice computation of the connected and disconnected contractions in more detail.

Renormalization and O(a) improvement

We use the vector correlators computed in ref. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF], with updated statistics and ensemble coverage as listed in table 1. At the sink, we employ both the local (labeled by the superscript labeled "L") and conserved discretizations (labelled "C") of the vector current, i.e.

j a,L µ (x) = q(x)γ µ λ a 2 q(x) , (3.9a) j a,C µ (x) = 1 2 q(x + aμ)(1 + γ µ )U † µ (x) λ a 2 q(x) -q(x)(1 -γ µ )U µ (x) λ a 2 q(x + aμ) , (3.9b) 
while only the local current is used at the source. The O(a)-improvement and renormalization of the vector currents in the flavor basis is complicated by the fact that flavor singlet and non-singlet contributions renormalize differently: it is more convenient to work in the basis introduced in section 3.2. For the local discretization, the renormalized ("R") currents read [64]

j 3,L µ,R = Z V 1 + 3 bV am av q + b V am q, j 3,I,L µ , ( 3.10a 
)

j 8 µ j 0 µ L R = Z V   1 + 3 bV am av q + b V a(m q, +2mq,s) 3 b V 3 + f V 2a(m q, -mq,s) √ 3 r V d V a(m q, -mq,s) √ 3 r V + r V (3 dV + d V )am av q   j 8 µ j 0 µ I,L , (3.10b) 
where the improved (indicated by the label "I") non-singlet and singlet local currents are

j a,I,L µ = j a,L µ + ac L V ∂ν Σ a νµ , j 0,I,L µ = j 0,L µ + ac L V ∂ν Σ 0 νµ , ( 3.11) 
with the antisymmetric tensor current Σ a µν = -(1/2)q[γ µ , γ ν ](λ a /2)q, and the breaking of flavor SU(3) symmetry introduces a mixing between the singlet and non-singlet I = 0 components. Here, m q, and m q,s are the bare subtracted light and strange quark masses, with m av q ≡ (2m q, + m q,s )/3 denoting their average, and ∂µ is the symmetric lattice derivative. The conserved current is automatically renormalized, and its O(a)-improved version reads

j a,C µ,R = j a,C µ + ac C V ∂ν Σ a νµ , j 0,C µ,R = j 0,C µ + ac C V ∂ν Σ 0 νµ . (3.12)
We have used the non-perturbative determination of the renormalization and improvement coefficients Z V , b V , bV and c V from ref. [START_REF] Gerardin | Nonperturbative renormalization and O(a)-improvement of the nonsinglet vector current with N f = 2 + 1 Wilson fermions and tree-level Symanzik improved gauge action[END_REF]. Although a non-perturbative determination of the renormalization coefficient r V is not available, one can avoid relying on the renormalized singlet local current j 0,L µ,R by inserting the conserved singlet current (and thus j Z µ ) at the sink. Moreover, f V and cC,L V are also not known. We set f V = 0 and cC,L

V = c C,L
V , which is valid up to O g 6 0 corrections and introduces a negligible error. 4 We propagate the error 4 Both fV and cC,L

V -c C,L
V arise from disconnected diagrams in which at least three gluons are exchanged. Thus, in perturbation theory this contribution is of O g 6 0 , see the discusssion after eq. ( 27) in ref. [START_REF] Gerardin | Nonperturbative renormalization and O(a)-improvement of the nonsinglet vector current with N f = 2 + 1 Wilson fermions and tree-level Symanzik improved gauge action[END_REF]. and a are taken from ref. [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF]. The number of configurations used for connected and disconnected vector correlator measurements is listed in the last two columns.

JHEP08(2022)220

on the renormalization coefficients Z V , b V , bV quoted in ref. [START_REF] Gerardin | Nonperturbative renormalization and O(a)-improvement of the nonsinglet vector current with N f = 2 + 1 Wilson fermions and tree-level Symanzik improved gauge action[END_REF] to our estimate of the renormalized vector correlator. The values of the improvement coefficients are taken as a definition of the O(a)-improved theory and no error on c V and cV is propagated. In our continuum extrapolations, described in section 4, we have not found any evidence for residual O(a) discretization effect. Since our gauge ensembles do not include a dynamical charm quark, the charm contribution to the vector correlator is computed in the quenched approximation, with the charm-quark mass tuned using the experimental D s meson mass and the local current renormalized using the mass-dependent Z c V , as explained in ref. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF].

Lattice setup

Our calculations are performed on a set of N f = 2+1 ensembles from the Coordinated Lattice Simulations (CLS) initiative [START_REF] Bruno | Simulation of QCD with N f = 2 + 1 flavors of non-perturbatively improved Wilson fermions[END_REF], with tree-level O a 2 -improved Lüscher-Weisz gauge action and non-perturbatively O(a)-improved Wilson fermions [START_REF] Bulava | Improvement of N f = 3 lattice QCD with Wilson fermions and tree-level improved gauge action[END_REF]. A list of ensembles is shown [START_REF] Lüscher | Lattice QCD without topology barriers[END_REF]. Only ensembles B450, D450, and E250 are characterized by periodic (anti-periodic for fermions) BCs in time. We use four lattice spacings, ranging from a ≈ 0.086 fm to ≈ 0.050 fm. The masses of the u and d quarks are taken to be degenerate in the calculation, and the pseudoscalar meson masses span the interval from m π = m K ≈ 415 MeV at the SU(3)-symmetric point to the physical ones along a trajectory on which the sum of the bare u, d and s quark masses is kept constant. We set the scale using the value of the gradient flow scale t 0 [START_REF] Lüscher | Properties and uses of the Wilson flow in lattice QCD[END_REF], which has been determined as (8t phys 0 ) 1/2 = 0.415(4)(2) fm in ref. [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF], using the pion and kaon decay constants.

The ensembles have been generated with a small twisted mass applied to the light quark doublet for algorithmic stability. The correct N f = 2 + 1 QCD expectation values are obtained after including the reweighting factors for the twisted mass and for the RHMC algorithm used to simulate the strange quark, inclusive of the sign of the latter [START_REF] Mohler | Remarks on strange-quark simulations with Wilson fermions[END_REF]. A negative reweighting factor associated with the simulation of the strange quark is found on less than 0.5 % of the total gauge field configurations employed in this work, and on 3.6 % of the configurations of C101, the most affected ensemble. The numerical impact of including the sign of the reweighting factor on the HVP function Π and on the meson masses is negligible with respect to the statistical error. On the most affected ensembles, a few percent increase in the statistical error is observed, compatible with the loss in statistics due to the negative weight of some configurations. A few ensembles that had a larger fraction of configurations with negative weight were excluded entirely from this work.

In this work we use the connected Wick contractions of the vector-current two-point function that has been computed in ref. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF], albeit with significantly increased statistics, especially on the ensembles closer to the physical point. For more details on the connected correlator computation, we refer to ref. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF].
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Quark-disconnected diagrams

The determination of quark-disconnected contributions (see eq. (3.8)) requires the evaluation of quark loops

L O f ( p, t) = x e i p• x O f ( x, t) F , ( 3.13) 
for some operator O f ( x, t) involving a single quark flavor f , where • • • F denotes the fermionic expectation value (in a given gauge-field background). Our computation of quark-disconnected loops has been performed using a variant of the method introduced in ref. [START_REF] Giusti | Frequency-splitting estimators of single-propagator traces[END_REF] combining the one-end trick (OET) [START_REF]Decay width of light quark hybrid meson from the lattice[END_REF] which is commonly used with twistedmass fermions [START_REF]Decay width of light quark hybrid meson from the lattice[END_REF][START_REF]The eta-prime meson from lattice QCD[END_REF][START_REF]Dynamical Twisted Mass Fermions with Light Quarks: Simulation and Analysis Details[END_REF] with a combination of the generalized hopping parameter expansion (gHPE) [START_REF] Gülpers | Scalar pion form factor in two-flavor lattice QCD[END_REF] and hierarchical probing (HP) [START_REF] Stathopoulos | Hierarchical probing for estimating the trace of the matrix inverse on toroidal lattices[END_REF]. The difference of two quark-disconnected loops can be written as a product

tr Γ (D -1 1 -D -1 2 ) = (m 2 -m 1 ) tr Γ D -1 1 D -1 2 , ( 3.14) 
where D -1 f denotes the inverse of the Dirac operator for a given quark flavor labeled f = 1, 2 with masses m 1 = m 2 and Γ is the desired combination of Dirac matrices. The OET yields a very efficient estimator of the r.h.s. of eq. (3.14) by inserting all-volume stochastic noise at the "one end" of the trace of the product Γ D -1 1 D -1 2 , where the identity (one) matrix in Dirac space is inserted. This estimator has a lower variance than the standard one that inserts the noise at the "Γ end" of either side of eq. (3.14) [START_REF] Giusti | Frequency-splitting estimators of single-propagator traces[END_REF], see appendix C for more details. In order to derive estimators for loops of a single, individual quark flavor, an efficient scheme has been proposed in ref. [START_REF] Giusti | Frequency-splitting estimators of single-propagator traces[END_REF] that relies on computing the OET estimator for a chain of f = 1, . . . , N different quark flavors with m 1 < m 2 < . . . < m N and evaluating the single flavor trace for the heaviest flavor explicitly, from which it is possible to recursively reconstruct single-flavor traces for all other quark flavors. To this end, the hopping parameter expansion is used, which is known to be very efficient at large quark masses. It is based on a decomposition of D -1 N into two terms [72]

D -1 N = M 2n,m + D -1 N H 2n m , (3.15) 
where

M 2n,m = 1 D ee + D oo 2n-1 i=0 H i m , H m = -D eo D -1 oo + D oe D -1 ee , ( 3.16) 
and D ee , D eo , D oe , D oo denote the blocks of the even-odd decomposition of the Dirac operator. In ref. [START_REF] Giusti | Frequency-splitting estimators of single-propagator traces[END_REF] a probing scheme has been introduced that yields an exact result for the (sparse) first term in eq. (3.15) for disconnected loops involving local operators. However, since we are also interested in computing observables involving point-split currents, a more general method is required. Therefore, we evaluate the first term, M 2n,m , using hierarchical probing on spin and color diluted stochastic volume sources. For the second term it is sufficient to use naive stochastic volume sources, and the required inversion can be reused in the evaluation of tr Γ (D -1 N -1 -D -1 N ) , i.e. the last term of the chain of OET estimators.
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We find that this method is significantly more efficient than e.g. plain hierarchical probing, which we have applied in previous studies in refs. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF][START_REF] Djukanovic | Strange electromagnetic form factors of the nucleon with N f = 2 + 1 O(a)-improved Wilson fermions[END_REF]. For the local and conserved vector currents, which are of interest for the present study, a minor reduction in the resulting errors is already observed for the case of a single light quark, while a much more significant improvement is observed when the OET is applied to the l-s combination. In the case of the conserved vector current, the errors from the plain hierarchical probing with 512 Hadamard vectors on two stochastic volume sources exceeds the one from the (OET+gHPE+HP)-based method by a factor of ≈ 2, indicating that even with 512 Hadamard vectors the gauge noise had not nearly been reached for this observable. Using OET estimators, we reach the gauge noise for all the disconnected quark loops relevant to this work. However, even more striking is the difference in computational cost which is improved by at least a factor five.

Within this study we observe a large gain in precision on the disconnected contribution to Π88 , since it is the product of two λ 8 currents that requires the estimation only of the first loop difference, proportional to m s -m . The disconnected contribution to Π08 instead has only one factor of λ 8 , and another factor of the SU(3)-singlet current that requires the evaluation of the full telescopic sum and is inherently more noisy. This is clearly visible in the different size of the error band of the two disconnected contributions in figure 5.

Finally, we remark that the disconnected contribution to both HVP functions considered here vanishes for m s = m , i.e. at the SU(3)-symmetric point.

Signal-to-noise ratio and bounding method

The vector correlator is affected by the well-known exponential deterioration of the signal-tonoise ratio (S/N) with Euclidean time t [START_REF] Parisi | The Strategy for Computing the Hadronic Mass Spectrum[END_REF][START_REF] Lepage | The analysis of algorithms for lattice field theory[END_REF]. In the case of the connected contribution, the S/N deteriorates roughly like exp{-(E 0 -m π )t}, where E 0 is the lowest energy level in the vector channel. The problem worsens at lower pion masses. Moreover, for the quark-disconnected contribution, the statistical error is independent of the source-sink separation. This is significant, since the kernel K(t, Q 2 ) behaves like t 2 at long distances. In order to have a bounded error on the disconnected contribution to the vector correlator it is necessary to truncate the TMR integration, if one wants to avoid having to increase the Monte Carlo (MC) sampling statistics exponentially with time. Solving the S/N problem is an active field of research. One promising direction is multi-level MC sampling [START_REF] Lüscher | Locality and exponential error reduction in numerical lattice gauge theory[END_REF][START_REF] Meyer | Locality and statistical error reduction on correlation functions[END_REF][START_REF] Cè | Domain decomposition, multi-level integration and exponential noise reduction in lattice QCD[END_REF][START_REF] Cè | A local factorization of the fermion determinant in lattice QCD[END_REF][START_REF] Cè | Locality and multi-level sampling with fermions[END_REF] which has recently been applied to the closely related problem of computing the HVP contribution to (g -2) µ [START_REF] Brida | Multi-level Monte Carlo computation of the hadronic vacuum polarization contribution to (g µ -2)[END_REF]. To use multi-level MC sampling efficiently, it is crucial that the estimators of connected and disconnected diagrams are in a regime dominated by the gauge noise. As explained in section 3.5, this is indeed the case for disconnected diagrams calculated using the OET estimator. In turn, this strengthens the case for improving the estimator of connected diagrams to reach the gauge noise, as a first step towards a future application of multi-level MC methods.

The bounding method has established itself as the primary method to alleviate the S/N problem in HVP computations using the TMR [START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF][START_REF] Rbc | Calculation of the hadronic vacuum polarization contribution to the muon anomalous magnetic moment[END_REF][START_REF] Lehner | The hadronic vacuum polarization contribution to the muon anomalous magnetic moment in RBRC Workshop on Lattice Gauge Theories[END_REF] Figure 3. Bounding method on the I = 1 (left) and I = 0 (right) components for ensemble D200 at Q 2 = 0.5 GeV 2 . The upper bound (orange points and band) is chosen as the ground state obtained from the finite volume analysis (left) or as the ρ meson mass (right). The lower bound (green points and band) is computed using the effective mass at every time slice. The time slices on which the upper and lower bound are averaged are indicated by the limits of the average lines and error boxes.

The less stringent lower bound given by the integral truncated up to t is also given (blue points and band).

product, we can obtain either a lower or an upper bound of the correlator,

0 ≤ G(t cut )e -E eff (tcut)(t-tcut) ≤ G(t) ≤ G(t cut )e -E 0 (t-tcut) , t ≥ t cut , ( 3.17) 
with the effective mass aE eff (t) = log(G(t)/G(t + a)) and the ground state in a given channel E 0 . Once both bounds are saturated within errors, the corresponding estimate HVP contribution can be computed as a function of t cut . An improved estimate of the HVP function is obtained by averaging both bounds over an interval of about 0.8 fm in t cut , starting from a timeslice where the two innermost bounds coincide at least within half the combined uncertainty. An example is given in figure 3 for the I = 1 and I = 0 components. We select the bounding method interval for fixed Q 2 = 0.5 GeV 2 , where, as noted in section 3.1, the weight of the correlator tail is relatively high, and use the same interval at all Q 2 values, since the results depend only weakly on Q 2 . A dedicated spectroscopy analysis that yields the energy levels in finite volume is not available for all ensembles used in this work. In the absence of a precise estimate for E 0 , we note that any energy level ≤ E 0 provides a valid, albeit less stringent upper bound. Thus, when applying the bounding method, we may supply any realistic estimate for E 0 , as long as it does not exceed the true ground state energy. Our specific values of E 0 depend on the isospin and ensemble studied. In the I = 1 channel Π33 , we substitute either the ρ meson mass m ρ or the two-pion state E ππ for E 0 , depending on the pion mass and box size of the ensemble. Their respective estimates are obtained from our finite-size effects analysis. For some ensembles we can employ the spectroscopy computation of ref. [START_REF] Andersen | The I = 1 pion-pion scattering amplitude and timelike pion form factor from N f = 2 + 1 lattice QCD[END_REF] to obtain a precise estimate of m ρ while keeping our own bootstrap distribution to propagate JHEP08(2022)220 the errors correctly. The ensembles where E ππ is the ground state are C101, D200, E250 and E300. We could confirm that the two-pion state used is lighter than its non-interacting counterpart 2 m 2 π + (2π/L) 2 . When applying the bounding method to the I = 0 contribution Π88 , we have identified E 0 with m ρ , which is motivated by several observations. First, since m ρ m ω , this is a more conservative choice. Second, while we have computed the I = 0 correlator including quark-disconnected diagrams on some ensembles, the results are too noisy for applying the finite-volume analysis to determine the spectrum. Thirdly, while we could also consider the lightest three-pion state with vector isoscalar quantum numbers in the non-interacting case [START_REF] Hansen | Generalizing the relativistic quantization condition to include all three-pion isospin channels[END_REF], i.e.

E 3π = 2 m 2 π + (2π/L) 2 + m 2 π + 2(2π/L) 2 . (3.18)
we find that m ρ < E 3π on our ensembles, mainly due to the extra energy coming from the momenta needed to get the correct quantum numbers. While the effective mass E eff that provides the lower bound can be obtained from the asymptotic behavior of the correlator, its determination is hampered by the S/N problem at long distances. In these cases we substitute it by the effective mass computed on a earlier timeslice, which is in fact larger and therefore a more conservative choice.

Besides the Π33 and Π88 contributions, we apply the method to the quark-connected Π88 con , assuming that asymptotically it behaves like the Π33 contribution. This allows us to obtain a more precise estimate of the quark-disconnected contribution Π88 dis , by subtracting the bounding method estimate of Π88 con from the one of Π88 . It is possible to apply the bounding method also to the Π08 contribution, with some additional caveats. Indeed, the G 08 correlator does not have the positive-definite spectral representation that is needed for eq. (3.17) to be valid in general. We know, however, that G 08 has the same E 0 as G 88 and that the corresponding amplitude a 0 is positive. Furthermore, the correlator G 08 approaches its asymptotic behavior ∼ a 0 exp{-E 0 t} from below. Likewise, E eff approaches E 0 from below. It follows that, for any t ≥ t cut , the correlator G 08 (t) is bounded by G 08 (t cut )e -E eff (tcut)(t-tcut) and G 08 (t cut )e -E 0 (t-tcut) from above and below, respectively, which is opposite to eq. (3.17). We exploit this fact to apply the bounding method to the Π08 contribution, choosing to average the bounds in the same interval of t cut values used for Π88 , which, as direct inspection shows, is a conservative choice. Similarly to the case of Π88 , we apply the bounding method also to the connected contribution Π08

con and, after taking the difference with Π08 , obtain a more precise estimate of Π08

dis .

Finally, we note that the charm correlator does not require any specific treatment of the tail since it has a very fast exponential decay and higher precision. The pion masses and energy levels that enter the bounding method are listed for each ensemble in table 2.

Correction for finite-size effects

Lattice QCD simulations are performed in a periodic box of finite volume L 3 and finite Euclidean time extent T . In order to obtain reliable estimates for ∆α had , the results must be corrected for finite-size effects. The leading effect is a shift of the vector correlator that, 5.12(7) 4.54 [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] 4.77 (2) Table 2. From left to right, label of the CLS ensemble, pion mass, energy of the two-and three-pion non-interacting finite-volume states, and rho meson mass used in the bounding method. E 3π is obtained employing eq. (3.18). The estimate of m ρ is obtained from a fit to the local-local discretization of the correlator G 33 as described in section 3.7.1, except when a value is available from a dedicated study [START_REF] Andersen | The I = 1 pion-pion scattering amplitude and timelike pion form factor from N f = 2 + 1 lattice QCD[END_REF]. In this case, the entry is marked by an asterisk (see also table VII in ref. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF]). In the last two coloumns we list m ρ /m π and g ρππ which serve as input parameters for the Gounaris-Sakurai model used in the MLL-GS method to correct for finite-size effect. For this purpose, we always use the parameters obtained from the fit to G 33 .

for the volumes and pion masses considered here, is of order exp{-m π L} and dominated by the ππ channel. It follows that the I = 1 contribution Π33 is mostly affected by finite-size effects. To correct for this, we follow a strategy similar to refs. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF][START_REF] Francis | A new representation of the Adler function for lattice QCD[END_REF][START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF]. To this end, we compute the difference between the I = 1 vector correlator in infinite and finite volume as a function of Euclidean time t. Depending on the value of t in physical units, different methods are considered to determine the finite-size correction reliably.

The ππ contribution to the I = 1 vector correlator can be computed in Chiral Perturbation Theory (χPT), both in finite and infinite volume. In our earlier works [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF][START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF][START_REF] Cè | The hadronic contribution to the running of the electromagnetic coupling and the electroweak mixing angle[END_REF], we used χPT at next-to-leading order (NLO) to correct the correlator at short Euclidean times for finite-size effects, applying the formula given in eq. (C.4) of ref. [START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF] (see also ref. [START_REF] Francis | A new representation of the Adler function for lattice QCD[END_REF]). This very simple model corresponds to the correction from noninteracting pions and is known to only account for a fraction of the finite-volume correction to Π(-Q 2 ) at 

δG 33 (t)K(t, Q 2 ) × 10 5 [fm -1 ] G 33 error GS F π (ω), LLM NLO χPT F π (-Q 2 ), HP n 2 = 1 F π (-Q 2 ), HP n 2 ≤ 2 F π (-Q 2 ), HP n 2 ≤ 3 F π (-Q 2 ), HP n 2 ≤ 6 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 t [fm] Figure 4. Comparison of the TMR integral at Q 2 = 1
GeV 2 of the finite-size correction to the G 33 correlator on the D200 ensemble as a function of the TMR integration time. The MLL-GS method discussed in section 3.7.1 (blue points and band) agrees well with the HP method discussed in section 3.7.2 (green line and band), while the NLO χPT result using eq. (C.4) from ref. [START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF] (orange points and line) underestimates the finite-size correction except at very short time distances. The vertical gray line is at t i = (m π L/4) 2 /m π . For comparison, the gray shaded area indicates the statistical error on the G 33 correlator.

Q 2 values of O(1 GeV 2 ) [91]
. A better estimate of the correction can be obtained using χPT at next-to-next-to-leading order (N 2 LO) [START_REF] Aubin | Light quark vacuum polarization at the physical point and contribution to the muon g -2[END_REF][START_REF] Bijnens | Vector two-point functions in finite volume using partially quenched chiral perturbation theory at two loops[END_REF], or using the Hansen-Patella (HP) method described in section 3.7.2. We choose to employ the latter for the finite-size correction on the correlator at short time distances. For the correction at long time distances, we use either the HP method or the same method as in refs. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF][START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF], described in the next section.

Meyer-Lellouch-Lüscher formalism with Gounaris-Sakurai parametrization

An accurate description of the finite-size correction on the correlator tail is obtained making use of a more realistic model for the time-like pion form factor F π (ω). In infinite volume the ππ contribution to the I = 1 correlator has the spectral function representation [START_REF] O'connell | ρ -ω mixing, vector meson dominance and the pion form-factor[END_REF][START_REF] Jegerlehner | The Muon g -2[END_REF]]

G 33 (t, ∞) = ∞ 0 dω ω 2 ρ(ω 2 )e -ωt , ρ ω 2 = 1 48π 2 1 - 4m 2 π ω 2 3 2 |F π (ω)| 2 , ( 3.19) 
while the finite volume correlator is a sum of exponentials

G 33 (t, L) = n |A n | 2 e -ωnt , (3.20) 
with the finite-volume energies ω n and amplitudes A n . In ref. [START_REF] Meyer | Lattice QCD and the Timelike Pion Form Factor[END_REF] it was realized that the amplitudes A n are proportional to the timelike pion form factor F π (ω), with the proportionality given by a Lellouch-Lüscher factor [START_REF] Lüscher | Signatures of unstable particles in finite volume[END_REF][START_REF] Lellouch | Weak transition matrix elements from finite volume correlation functions[END_REF]. Thus, knowledge of the pion form factor allows one to work out the finite-size correction. As in our earlier work [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF][START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF],
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we use the Gounaris-Sakurai (GS) parametrization [START_REF] Gounaris | Finite width corrections to the vector meson dominance prediction for ρ → e + e[END_REF] of F π (ω), which depends on only two parameters m ρ /m π and g ρππ , and refer to this approach as the Meyer-Lellouch-Lüscher Gounaris-Sakurai (MLL-GS) method. The two parameters are determined empirically from a fit to our correlator data. In the absence of a better way to isolate its ππ contribution, we restrict the fit to the tail of the correlator, and we cut off, using a smoothed step function, the spectral function representation in eq. (3.19) at some energy corresponding to the inelastic threshold. Correspondingly, the sum over Lüscher energies and Lellouch-Lüscher amplitudes in eq. (3.20) is limited to the same cut-off energy. Non-elastic interactions become important around the heuristic value m ρ + m π [START_REF] Bernecker | Vector Correlators in Lattice QCD: Methods and applications[END_REF], which we use in the smooth cut-off function. The parameters that we obtain in this way are tabulated in table 2.

We emphasize that we do not assume that the GS parametrization can be used to accurately model the tail of the correlator. Instead, we use the model only to correct for the relatively small finite-volume effect on the correlator. In the future, we plan to further reduce the model dependence, employing, where available, a full lattice determination of F π (ω) [START_REF] Andersen | The I = 1 pion-pion scattering amplitude and timelike pion form factor from N f = 2 + 1 lattice QCD[END_REF][START_REF] Erben | Rho resonance, timelike pion form factor, and implications for lattice studies of the hadronic vacuum polarization[END_REF] instead of the GS parametrization. The F π (ω)-based model provides a good spectral representation of the correlator up to the inelastic threshold, thus we use it for the correlator correction at t > t i , with t i = (m π L/4) 2 /m π , as in refs. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF][START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF].

Hansen-Patella method

An alternative method to correct for the finite-size effect on the correlator has been proposed by Hansen and Patella [START_REF] Hansen | Finite-volume effects in (g -2) HVP,LO µ[END_REF][START_REF] Hansen | Finite-volume and thermal effects in the leading-HVP contribution to muonic (g -2)[END_REF]. Here the leading finite-volume effects are determined to all orders with respect to the interactions of a generic, relativistic effective field theory of pions. Their result is an expansion in the squared momentum vector, | n| 2 = 1, 2, 3, 6, . . . , with each term of order exp{-| n|m π L}, and the first neglected effect arising from a sunset diagram of order exp{-2 + √ 3m π L} ≈ exp{-1.93m π L}. The coefficient of each term in the expansion is given by the forward Compton amplitude of the pion, which is decomposed into a pole and a regular piece. Following ref. [START_REF] Hansen | Finite-volume and thermal effects in the leading-HVP contribution to muonic (g -2)[END_REF], the dominant contribution is coming from the pole, and is expressed in terms of the electromagnetic form factor F (-Q 2 ) of the pion in the spacelike region Q 2 > 0. In this work, we model the latter using the monopole representation that describes the data in ref. [START_REF]The Pion form-factor from lattice QCD with two dynamical flavours[END_REF],

F -Q 2 = 1 1 + Q 2 /M 2 (m 2 π ) , M 2 m 2 π = 0.517(23) GeV 2 + 0.647(30) m 2 π , (3.21) albeit in N f = 2 QCD.
The remaining regular piece, which is independent of the pion form factor, is at most 1 % of the pole contribution and can be safely neglected. As in the case of the MLL-GS method, this relatively crude modelling is sufficient, given that it is only used to estimate the finite-size correction.

While the expansion converges to the leading-order finite-size correction to the correlator at any Euclidean time t, the convergence is faster at short time distances. Therefore, we use the sum of the first three terms, n 2 = 1, 2 and 3, to estimate the finite-size correction to the TMR integrand for either the whole t-range, or for t < t i . The n 2 = 3 term is the last term that we can compute that is parametrically larger than the unknown sunset diagram 

Table 3. Finite-size corrections to the I = 1 HVP function Π33 (-Q 2 ) × 10 5 at Q 2 = 1 GeV 2 for each individual gauge ensemble. Columns 2-4 show the finite-size effects estimated using NLO χPT, the Hansen-Patella (HP) method and the Meyer-Lellouch-Lüscher Gounaris-Sakurai (MLL-GS) formalism, respectively. In the following columns we list the corrections for time distances shorter than t i , estimates using the HP method, as well as for distances greater t i obtained via the MLL-GS formalism. In the last column we specify the chosen combination to correct for finite-size effects on Π33 , obtained from the HP method at t < t i , and the average of the HP and MLL-GS values, with the difference added to the error as an additional systematic, at t > t i .

contribution, and its size is thus taken as a conservative systematic error from the series truncation. This has a comparable size to the statistical error from our measurement of m π . The finite-size correction to the TMR integrand of Π33 (1 GeV 2 ) on the D200 ensemble as a function of t is shown in figure 4 for the three different methods considered here, including the HP partial series for different values of | n|, and compared to the statistical error on the I = 1 correlator multiplied by the TMR kernel. It is important to recall that the MLL-GS and HP methods rely on very different input for the pion form factor in the time-like and space-like regimes, respectively. Thus, the good agreement between the MLL-GS approach and the HP method for n 2 ≤ 3, especially for t 2 fm demonstrates the robustness of the evaluation of finite-volume corrections based on these two procedures. By contrast, the correction obtained from χPT is significantly smaller. The integral of
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the correction, at Q 2 = 1 GeV 2 , computed using χPT, the HP method and the MLL-GS approach is listed for each ensemble in table 3. Regarding the finite-size correction over the whole range of t, one observes that the MLL-GS and the HP methods produce similar results, while the χPT estimates are between 25-75 % of the other two. With this in mind, we define our best estimate for the correction of the finite-volume effects of Π33 in the following way: for short time distances (t <) we use the HP-method estimate, for long time distances (t >) we take the average between the HP-method and MLL-GS values including the difference between the two as an additional source of systematic error, added in quadrature. The χPT estimate is not used at all. These short-and long-distance corrections are given for each ensemble in table 3, with our best estimate in the last column.

We can directly test the reliability of the finite-size corrections, by comparing the predictions of the MLL-GS and HP models to results obtained for two different volumes at otherwise identical simulation parameters. The corresponding pairs of ensembles are H105 and N101 (at m π ≈ 280 MeV), as well as H200 and N202 (at the SU(3)-symmetric point). For both sets, we confirmed that the TMR integral contribution, which clearly differs before correcting for finite-size effects, agrees within errors after the correction is applied.

We do not correct for subleading finite-size effects in the I = 0 contributions Π88 and Π08 , except for the case of SU(3)-symmetric ensembles, where Π88 and Π33 , and thus the respective finite-size-effect corrections, coincide. On these ensembles, the Π33 and Π88 finite-size effects are further enhanced by a factor of 1.5, due to the contribution from kaon loops. Away from the SU(3)-symmetric point, the long-distance behavior of the partiallyquenched G 88 con and G 08 con correlators is expected to be dominated by the I = 1 contribution, with a prefactor of 1/3 and 1/ √ 3 respectively. Therefore, we include a finite-size correction for Π88 con , which is equal to 1/3 of that of Π33 and which cancels the opposite-sign correction on Π88

dis . The same procedure is applied to Π08 con and Π08 dis .

Lattice results

We are now in a position to present our finite-volume corrected results on all our ensembles. Figure 5 shows the running of different contributions to Π(-Q 2 ), defined through the correlators in eq. (3.6), as a function of Q 2 on three different lattices at the same lattice spacing with increasingly lighter pions. While Π(-Q 2 ) is dimensionless, the TMR kernel the Π88 conn contribution becomes smaller. The quenched charm contribution turns out to be relatively independent of the pion mass and increases linearly in the range of Q 2 values. The (negative) quark-disconnected contributions are also shown, on a scale enlarged by a factor 10. It is worth noting that Π88 disc (-Q 2 ) is constant for Q 2 0.5 GeV 2 , as predicted by perturbation theory.

K(t, Q 2 )
Π(-Q 2 ) N200 m π = 285 MeV Π33 Π88 con Π08 con Πcc con Π88 dis Π08 dis 0 1 2 3 4 t 0 Q 2 D200 m π = 200 MeV 0 1 2 3 4 E250 m π =

Results at the physical point

Thanks to the availability of ensembles with four different lattice spacings and several quark masses, we can reliably extrapolate our results in section 3.8 to vanishing lattice spacing and physical values of the pseudoscalar meson masses. We define the target "physical" point in the isospin limit fixing [START_REF] Lellouch | Discussion: benchmarks in Muon g -2 theory initiative workshop in memoriam Simon Eidelman[END_REF][START_REF] Urech | Virtual photons in chiral perturbation theory[END_REF][START_REF] Neufeld | The Electromagnetic interaction in chiral perturbation theory[END_REF], which results in m π = 134.976 8 [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] MeV and m K = 495.011 [START_REF] Jegerlehner | The Running fine structure constant alpha(E) via the Adler function[END_REF] MeV [7]. The pion mass of one of our ensembles is slightly below the physical value, which allows us to interpolate the results.

m π = m π 0 and m 2 K -m 2 π /2 = (m 2 K + + m 2 K 0 )/2 -m 2 π + /2
For Π33 (-Q 2 ), Π88 (-Q 2 ) and Π08 (-Q 2 ), we perform a combined extrapolation, including both discretizations of the vector current for Π33 (-Q 2 ) and Π88 (-Q 2 ). In the combined fit, we employ an ansatz that implies the same continuum limit for both discretizations, and that encodes the constraints Π33 (-Q 2 ) = Π88 (-Q 2 ) and Π08 (-Q 2 ) = 0 at the SU(3)-symmetric point. The charm contribution Πcc (-Q 2 ) is treated independently as described in section 4.1.2.

Extrapolation strategy

At any fixed value of Q 2 we extrapolate each HVP function in the lattice spacing and the pseudoscalar meson masses to the physical point. We parametrize the lattice spacing

JHEP08(2022)220

dependence in terms of the gradient flow time at the SU(3)-symmetric point, t sym 0 /a 2 , as determined in ref. [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF] and listed in table 1. As discussed in section 3.3, the on-shell quantities considered in this work are O(a)-improved, and hence we expect leading discretization effects O a 2 , up to logarithmic corrections [START_REF] Husung | Asymptotic behavior of cutoff effects in Yang-Mills theory and in Wilson's lattice QCD[END_REF][START_REF] Cè | Vacuum correlators at short distances from lattice QCD[END_REF]. While our favored ansatz includes only an O a 2 term, we also investigate the influence of higher powers in the lattice spacing, as well as a term proportional to a 2 log a. More details are given in section 4.1.1.

The dependence of the HVP function contributions on the meson masses m π and m K is modelled using the proxy quantities φ 2 = 8t 0 m 2 π and φ 4 = 8t 0 (m 2 K + m 2 π /2). At the isospin-symmetric reference point defined above, the target values of our extrapolation are φ phys 2 = 0.080 6 [START_REF] Jegerlehner | Hadronic effects in (g -2)(mu) and alpha(QED)(M(Z)): Status and perspectives[END_REF] and φ phys 4 = 1.124 [START_REF] Rbc | Calculation of the hadronic vacuum polarization contribution to the muon anomalous magnetic moment[END_REF], where the conversion to physical units is performed using (8t phys 0 ) 1/2 = 0.415(4)(2) fm from ref. [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF]. 6 For the CLS ensembles considered in this work φ 4 is approximately constant, with values between -3.5 % and +5.5 % of the target value φ phys 4 . Therefore, we only employ a linear term in φ 4 to model small deviations from the line of constant physics m 2 K + m 2 π /2 = const. The interpolation of the pion-mass dependence across a larger range to the target value φ phys 2 is more complex and quantity-dependent. While it is possible to describe the HVP function in χPT including vector mesons as resonances in the effective theory [START_REF] Ecker | The Role of Resonances in Chiral Perturbation Theory[END_REF][START_REF] Aubin | Calculating the hadronic vacuum polarization and leading hadronic contribution to the muon anomalous magnetic moment with improved staggered quarks[END_REF], this applies only for Q 2 m 2 π and is thus of limited relevance in our case. Therefore, we choose to model the dependence by a polynomial in φ 2 . However, understanding the behavior of the various contribution towards the SU(2) chiral limit and the SU(3)-symmetric point helps constrain the model choice.

The isovector (I = 1) contribution Π33 dominates the HVP function, especially on ensembles that are close to the physical masses. Indeed, Π33 (-Q 2 ) diverges logarithmically in m π in the limit m π → 0 [START_REF] Golterman | Chiral extrapolation of the leading hadronic contribution to the muon anomalous magnetic moment[END_REF]. Therefore, we model the I = 1 contribution for the conserved-local discretization with an additional non-polynomial divergent term proportional to log φ 2 ,

Π33,CL a 2 /t sym 0 , φ 2 , φ 4 = Πsym + δ CL 2 a 2 /t sym 0 + γ 33 1 (φ 2 -φ sym 2 ) + γ 33 log log φ 2 /φ sym 2 + η 1 (φ 4 -φ sym 4 ) , ( 4.1) 
and similarly for the local-local discretization, with δ CL 2 replaced by δ LL 2 . We also considered other possibilities for the divergent m π → 0 limit, such as including a 1/φ 2 ∼ 1/m 2 π term in addition to or instead of the log φ 2 one [START_REF] Colangelo | Chiral extrapolation of hadronic vacuum polarization[END_REF]. However, we observed that on our range of pion masses including only the log φ 2 term results in the best fit to the data.

The isoscalar (I = 0) contribution, Π88 , has a finite limit for m π → 0 [START_REF] Golterman | Chiral extrapolation of the leading hadronic contribution to the muon anomalous magnetic moment[END_REF]. Therefore, we do not include any divergent term and use instead a polynomial quadratic in φ 2 , since 6 We note that the authors of ref. [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF] obtain (8t phys 0 ) 1/2 from an extrapolation to a slightly different reference point, defined by mπ = 134.8(3) MeV and mK = 494.2(3) MeV [START_REF] Aoki | Review of lattice results concerning low-energy particle physics[END_REF], which corresponds to φ2 = 0.080 4(18) and φ4 = 1.120 [START_REF] Rbc | Calculation of the hadronic vacuum polarization contribution to the muon anomalous magnetic moment[END_REF]. Using the data in table II of ref. [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF], we have translated the published value of (8t phys 0 ) 1/2 to the reference point used in this paper, which results in an increase by 0.2 % in φ phys 2 and φ phys 4 . At our level of precision, the effect on the final results can safely be neglected. we observe that a simple linear scaling does not describe the data. This results in define an arbitrary subtraction point, for which only one of the three parameters can be fixed by each fit. As the label "sym" suggests, we identify this point with the SU(3)-symmetric point in the continuum limit, which implies the constraint 2φ sym 4 = 3φ sym 2 . Moreover, Π33,sym ≡ Π88,sym , such that all three parameters Πsym , φ sym 2 and φ sym 4 can be fully determined in a combined fit.

m π [MeV] Figure 6. Plot of Π33 (-Q 2 ), Π88 (-Q 2 ) (left) and Π08 (-Q 2 ) (right) at Q 2 =
Π88,CL a 2 /t sym 0 , φ 2 , φ 4 = Πsym + δ CL 2 a 2 /t sym 0 +γ 88 1 (φ 2 -φ sym 2 ) + γ 88 2 (φ 2 -φ sym 2 ) 2 + η 1 (φ 4 -φ sym 4 ) , (4.2 
Finally, the Π08,CL contribution includes one SU(3)-singlet current that vanishes linearly in m s -m towards the SU(3)-symmetric point. To leading order this is proportional to m 2 K -m 2 π or equivalently φ 4 -3/2φ 2 , thus we model Π08,CL using a simple linear dependence

Π08,CL a 2 /t sym 0 , φ 2 , φ 4 = λ 1 (φ 4 -3/2φ 2 ) . (4.3)
In this case, we fit the only available discretization (conserved-local) without including a term describing the dependence on the lattice spacing as no discretization effects are observed within statistical errors. Moreover, we do not observe any significant deviation from the linear behavior.

The relative errors on the pion and kaon masses, as well as the scale t 0 that enter φ 2 and φ 4 , are of the same order as the uncertainties of the Π contributions. LL are fitted. We include the correlations between quantities on the same ensemble, which limits the size of the covariance matrix C l on ensemble l to either 7 × 7 or 3 × 3 in the SU(3)-symmetric case. Still, we find relatively poor fit quality unless we use a shrunk estimator of the covariance matrix by scaling the off-diagonal elements of C l according to [START_REF] Ledoit | A well-conditioned estimator for large-dimensional covariance matrices[END_REF][START_REF] Touloumis | Nonparametric stein-type shrinkage covariance matrix estimators in high-dimensional settings[END_REF] Cl

7. Plots of Π33 (-Q 2 ) at Q 2 = 1 GeV 2 (left) and Π88 (-Q 2 ) at Q 2 = 5 GeV
(λ) = (1 -λ)C l + λ diag(C l ) . (4.4)
We found that the χ 2 /dof of the fit as a function of the shrinkage parameter λ is approximately constant in an interval of small λ values, before increasing for λ → 0. Therefore, we select λ = 0.05 as a small value in the constant region. The errors on the optimal fit parameters and the extrapolation results are obtained applying the bootstrap procedure to the fit, and are thus unaffected by this modification to the covariance matrix.

Study of the fit model systematics

The choice of the fit ansatz introduces a systematic error that we estimate by considering several variations of the fit model. The choice of a fit ansatz that constrains both discretizations to have the same continuum limit is motivated by theory. However, we also check this by performing independent fits including only one of the two discretizations, and observing that the continuum-extrapolated results agree well within errors between different discretizations and with the combined fit
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ones. This further supports our choice for the fit ansatz used for the final fit and all the variations in the following.

Our main extrapolation model includes only the leading O a 2 discretization effects using two parameters δ CL 2 and δ LL 2 , one for each discretization of the correlator, common to all flavor contributions in eqs. (4.1) and (4.2). We observe that this model fits the data well in the energy range below Q 2 between 2-3 GeV 2 . We also tested a fit model with independent discretization effects parameters for each flavor contribution, which resulted in parameters compatible within errors. Fits to Π08 were performed without including terms describing discretization effects (see eq. (4.3)), since no dependence on the lattice spacing could be detected within statistical errors. Similarly, the fit parameters describing the mass dependence for both CL and LL discretizations were chosen to be the same. This is consistent with the choice of not including mass-dependent cut-off effects, and it is supported by the fact that a fit with independent parameters resulted in compatible results.

For Q 2 values larger than 2-3 GeV 2 , we observe a rapid deterioration of the quality of the fit. We interpret this as evidence that discretization effects at larger values of Q 2 are not dominated by a 2 effects, but that higher powers in the lattice spacing are also relevant. Indeed, a modification of eqs. (4.1), (4.2) and (4.3) to include both terms proportional to a 2 and to a 3 fits the data well on an extended range up to Q 2 ≈ 7 GeV 2 , as was already observed in ref. [START_REF] Cè | The hadronic contribution to the running of the electromagnetic coupling and the electroweak mixing angle[END_REF]. Specifically, we find that an ansatz including δ CL 2 and δ LL 2 , as well as two additional parameters δ CL 3 and δ LL 3 yields the best fit quality for Π33 , Π88 and Π08 . However, including a 3 discretization effects may lead to overfitting the data at lower values of Q 2 , where a term proportional to a 2 is found to successfully describe discretization effects.

Therefore, for our final results we switch from the results obtained via a purely O a 2 ansatz at low Q 2 to those obtained via an ansatz with both O a 2 and O a 3 lattice artifacts by applying a smoothed step function centered around 2.5 GeV 2 ,

Θ Q 2 = 1 2 + 1 2 tanh Q 2 -2.5 GeV 2 1.0 GeV 2 . ( 4.5) 
Both fits agree well within one standard deviation below ≈ 3 GeV 2 , and start to disagree above that, in accordance with the poor quality of the O a 2 fit in the high-energy region. As a consequence, the values of Π extrapolated to the physical point at Q 2 > 2.5 GeV 2 are statistically less precise than values extrapolated at Q 2 < 2.5 GeV 2 , as it is clearly visible in figure 11.

To test for possible violations of the leading O a 2 scaling due to the missing O(a)improvement parameters f V and cC,L V we also considered a fit ansatz with both a and a 2 terms. We observe that this does not describe the data any better than the O a 2 fit, so we conclude that residual O(a) discretization effects are not significant at our level of precision.

Following ref. [START_REF] Cè | Vacuum correlators at short distances from lattice QCD[END_REF], we also considered a logarithmically-enhanced term of the form c Π (Q 2 ) • (a 2 /t sym 0 ) log t sym 0 /a 2 /2, with the Q 2 -dependent coefficient fixed to the freetheory prediction 

cCL Π Q 2 = 7 480π 2 t sym 0 Q 2 , cLL Π Q 2 = 1 48π 2 t sym 0 Q 2 , ( 4 
(-Q 2 ) at Q 2 = 1 GeV 2 .
for both Π33 and Π88 . Including this term in eqs. (4.1), (4.2) and (4.3), we do not observe any significant change in the fit quality over the entire range of Q 2 values. The HVP functions extrapolated to the physical point are shifted downwards by less than 0.4 %, which is always smaller than the statistical error.

We also tested a variation of the fit model ansatz applying a cut on the range of pion masses, leaving out those ensembles with m π > 400 MeV. For both the low Q 2 and high Q 2 fits we observe a mild deviation with respect to the fit without the mass cut, always smaller than the statistical error. As was done in ref. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF], we take this as an estimate of the systematic error due to the chiral and continuum extrapolation and add it to our error budget.

Extrapolation of the charm contribution

Compared to the isovector and isoscalar channels, the (quenched) charm contribution Πcc con is smaller and much more precise. We do not include it in the combined fit and extrapolate it separately instead, neglecting the small correlation between Πcc and the other channels. For the fit to the conserved-local discretization we use a linear model in φ 2 , i.e.

Πcc

con a 2 /t sym 0 , φ 2 = Πcc,sym

con + δ cc,CL 2 a 2 /t sym 0 + γ cc 1 (φ 2 -φ sym 2 ) . (4.7)
The local-local discretization shows a less favorable extrapolation, as there is a ≈ 40 % difference between the coarsest lattice spacings and the continuum limit, while the conservedlocal only shows a ≈ 10 % difference. As in our previous work [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF], we exclude the local-local discretization from the subsequent analysis and the final results. As in eqs. (4.1), (4.2) and (4.3), we employ t sym 0 from [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF] as a proxy for the size of the discrezation effects for each Πcc con data point. However, we also use t sym 0 instead of the t 0 value computed on each ensemble to set the Q 2 scale input in the TMR kernel, and to determine the φ 2 of each ensemble entering eq. (4.7). While using t sym 0 introduces correlations between ensembles at the same lattice spacing, we found that it significantly reduces the curvature of the data with respect to φ 2 and allows us to use the linear fit model in eq. (4.7) [START_REF] José | The hadronic contribution to the running of the electromagnetic coupling and the electroweak mixing angle[END_REF]. We take into account the additional correlations increasing the size of our covariance matrix in a straightforward manner. For all other aspects, the method used to extrapolate the isovector and isoscalar contributions is directly carried over to the charm contribution. For this component we perform a cut at m π < 400 MeV and < 300 MeV to estimate any systematics of the fit. The three extrapolations give compatible results.

The running with energy

The results of the extrapolation of the HVP functions Π33 , Π88 , Π08 and Πcc to the physical point are plotted as a function of Q 2 in figure 9. Furthermore, the corresponding numerical estimates are listed in table 5 for several values of Q 2 . These numbers constitute the main result of this paper. The quoted errors include all statistical and systematic uncertainties on the result extrapolated to the continuum limit, provided that exact isospin symmetry is assumed. According to the flavor decomposition described in section 3.2, one can use these results to construct the hadronic running of α and sin 2 θ W . The corresponding results for ∆α had (-Q 2 ) and ∆ had sin 2 θ W (-Q 2 ) are plotted in figure 10 and listed in table 6, including the uncertainty due to isospin-breaking effects. The results in tables 5 and 6 for an extended set of 109 values of Q 2 between 0.01 GeV 2 and 7 GeV 2 are given in appendix F.

In the following two subsections we discuss the estimation of the systematic errors due to scale setting, the quenching of the charm quark and neglecting isospin breaking.

Scale-setting error

To set the relative scale between the ensembles employed in this work, we use t 0 [START_REF] Lüscher | Properties and uses of the Wilson flow in lattice QCD[END_REF] which can be computed to very high precision with a small computing investment, see appendix A JHEP08(2022)220

Q 2 [GeV 2 ] t 0 Q 2 Π33 Π88
0.1 0.055 3 0.007 64 (9) (8) (4)(0) [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF] 
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and table 8. In order to convert t 0 into physical units, we use (8t phys 0 ) 1/2 = 0.415(4)(2) fm, which has been determined in ref. [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF] on a subset of ensemble used in this work, using a combination of the pion and kaon decay constants f π and f K . Therefore, we have a 1.1 % error on our absolute scale.

Since the (subtracted) HVP function is a dimensionless quantity, scale setting enters only indirectly, through the value of Q 2 in physical units that appears in the TMR kernel, and in the extrapolation to the physical point through the definition of the point in the (m π , m K ) plane that corresponds to an isosymmetric version of the physical world.

In analogy to the case of a HVP,LO µ considered in section B.2 of ref. [START_REF] Della Morte | The hadronic vacuum polarization contribution to the muon g -2 from lattice QCD[END_REF], the error ∆l 0 on the scale l 0 = (8t 0 ) 1/2 propagates to Π according to

∆ Π Π l 0 Π d Π dl 0 ∆l 0 l 0 = 2t 0 Q 2 Π ∂ Π ∂ (t 0 Q 2 ) + 2φ 2 Π ∂ Π ∂φ 2 + 2φ 4 Π ∂ Π ∂φ 4 ∆l 0 l 0 . (4.8)
The first term in the absolute value on the r.h.s. is proportional to the slope of Π as a function of Q 2 . For all contributions, it is positive and monotonically decreasing with Q 2 , relatively more important at low Q 2 , where Π varies faster, than at high Q 2 . For Πγγ , it evaluates to ≈ 0.9 at Q 2 = 1 GeV 2 , decreasing to ≈ 0.6 at Q 2 = 7 GeV 2 and increasing to ≈ 1.7 at Q 2 = 0.1 GeV 2 . Empirically, we observe that the third term in the r.h.s. of eq. (4.8) is of the same order and negative, which has the effect of partially cancelling the Q 2 contribution and reducing the scale setting error. Specifically for the Π33 contribution, also the second term in the r.h.s. of eq. (4.8) is non-negligible and negative as the I = 1 contribution at small m π increases faster with decreasing φ 2 .

To reliably estimate the scale setting error including cases in which the three terms nearly cancel, we employ bootstrap sampling, which allows us to go beyond the first-order error propagation in eq. (4.8). Artificial bootstrap samples with a normal distribution are generated for (8t phys 0 ) 1/2 and, in turn, φ phys ) samples from these distributions, and using numerical derivatives in the case of the t 0 Q 2 distribution to account for the small deviation of the samples with respect to set of values at which the extrapolation is performed. The resulting scale setting error is the third error contribution given for each quantity in tables 5 and 6. The scale-setting error as a function of energy for both Πγγ and ΠZγ is compared to other sources of uncertainty in figure 11. In both cases, the systematic error from scale setting is larger than the statistical for 0.5 GeV 2 Q 2.5 GeV 2 , while the statistical error dominates at Q 2.5 GeV 2 .

Charm quark loop effects

Our computation is performed using gauge ensembles with N f = 2 + 1 flavors of dynamical quarks, such that the light and strange quarks are present in the "sea", while for the charm quark only the connected Wick contraction of the valence contribution is included in the result. We include the missing contributions from charm sea quarks, as well as disconnected diagrams involving charm valence quarks as a systematic uncertainty in our error budget.
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As explained in detail in appendix E we quantify the charm quenching effect phenomenologically, by estimating the contributions from D-meson loops to the connected vector correlator involving (u, d, s) quarks. In particular, we determine the contributions of D + D -, D 0 D0 and D + s D - s loops to the R-ratio and, in turn, the subtracted HVP function, by treating the D-meson form factors in scalar QED. Other non-perturbative effects, such as changes in the ω and φ masses in QCD with N f = 2 + 1, due to mixing with the J/ψ and higher charmonium vector resonances are found to be negligible. For Q 2 = 5 GeV 2 we estimate that the size of the charm sea contribution is only about 3 permil of the corresponding (u, d, s) quark contribution.

Regarding the charm disconnected valence quark contribution, we note that the BMW collaboration has reported it to be less than one percent of the light and strange disconnected contributions to a HVP,LO µ [START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF]. We assume that the effect is of similar size for the hadronic running of the electromagnetic and weak couplings. Since the light and strange disconnected correlators already contribute at most one percent to the total hadronic running, the contribution from disconnected charm loops is expected to be 0.01 %. This is subleading with respect to the quenched charm systematic error already included in table 6.

Isospin-breaking effects

As discussed in section 3.4, our simulations are performed in the limit of strong isospin symmetry, i.e. we work with degenerate up and down quark masses (m u = m d = m ) and neglect effects caused by quantum electrodynamics (QED). To estimate the systematic effect due to this assumption, we have evaluated the HVP functions in QCD+QED on a subset of our isospin-symmetric ensembles based on the techniques described in [START_REF] Ferrenberg | New Monte Carlo Technique for Studying Phase Transitions[END_REF][START_REF] Duncan | Computing electromagnetic effects in fully unquenched QCD[END_REF][START_REF] Hasenfratz | Reweighting towards the chiral limit[END_REF][START_REF] Finkenrath | One flavor mass reweighting in lattice QCD[END_REF][START_REF] De Divitiis | Isospin breaking effects due to the up-down mass difference in Lattice QCD[END_REF][START_REF]Leading isospin breaking effects on the lattice[END_REF]. We use the QED L prescription [START_REF] Hayakawa | QED in finite volume and finite size scaling effect on electromagnetic properties of hadrons[END_REF] to regularize the IR divergence of non-compact lattice QED. Furthermore, we choose the same boundary conditions for the photon field as for the QCD gauge field. In a next step, QCD+QED obtained from reweighted isosymmetric QCD is expanded up to leading order around isosymmetric QCD in terms of the electromagnetic coupling e 2 as well as the shifts in the bare quark masses ∆m u , ∆m d and ∆m s , as applied by the RM123 collaboration [START_REF] De Divitiis | Isospin breaking effects due to the up-down mass difference in Lattice QCD[END_REF][START_REF]Leading isospin breaking effects on the lattice[END_REF]. This procedure results in Feynman diagrams which represent perturbative quark mass shifts and the interaction between quarks and photons [START_REF] Risch | Leading isospin breaking effects in the HVP contribution to a µ and to the running of α[END_REF][START_REF] Risch | Leading isospin breaking effects in the hadronic vacuum polarisation with open boundaries[END_REF][START_REF] Risch | Towards leading isospin breaking effects in mesonic masses with open boundaries[END_REF][START_REF] Risch | Towards leading isospin breaking effects in mesonic masses with O(a) improved Wilson fermions[END_REF].

To match both theories we utilize a scheme based on leading-order χPT, including leading order strong and electromagnetic isospin breaking corrections [START_REF] Neufeld | The Electromagnetic interaction in chiral perturbation theory[END_REF][START_REF] Risch | Leading isospin breaking effects in the HVP contribution to a µ and to the running of α[END_REF]. On each ensemble, we match the results for m 2 π 0 and m 2 K + + m 2 K 0 -m 2 π + in both theories, which serve as proxies for the average light and strange quark masses, respectively. These conditions are compatible with the definition of the "physical" point of isosymmetric QCD in section 4. We extend this scheme by the corresponding proxy for the light quark mass splitting [START_REF] Risch | Leading isospin breaking effects in the HVP contribution to a µ and to the running of α[END_REF] and set it to its physical value. As we consider leading-order effects, the electromagnetic coupling does not renormalize and, hence, is fixed via the fine-structure constant e 2 = 4πα [START_REF]Leading isospin breaking effects on the lattice[END_REF]. Isospin-breaking effects in the determination of the scale are neglected.

m 2 K + -m 2 K 0 -m 2 π + + m 2 π 0
We have computed the leading-order QCD+QED quark-connected contribution to Πγγ and ΠZγ for the three ensembles D450, N200 and H102 as well as the pseudo-scalar meson masses required for the above hadronic renormalization scheme. The considered Feynman diagrams are evaluated by means of stochastic U(1) quark sources with support on a single time slice and Z 2 photon sources that are used to stochastically estimate the all-to-all photon propagator in Coulomb gauge. To reduce the stochastic noise, covariant approximation averaging [START_REF] Shintani | Covariant approximation averaging[END_REF] in combination with the truncated solver method [START_REF] Bali | Effective noise reduction techniques for disconnected loops in Lattice QCD[END_REF] is applied. The noise problem of the vector-vector correlation function at large time separations is treated via a reconstruction using a single exponential function. A more detailed description of the computation is given in refs. [START_REF] Risch | Leading isospin breaking effects in the HVP contribution to a µ and to the running of α[END_REF][START_REF] Risch | Leading isospin breaking effects in the hadronic vacuum polarisation with open boundaries[END_REF][START_REF] Risch | Isospin breaking effects in hadronic matrix elements on the lattice[END_REF]. Since the renormalization procedure of the local vector current in our QCD+QED computation is based on a comparison of the local-local and the conserved-local discretisations of the vector-vector correlation function and hence differs from the purely isosymmetric QCD calculation [START_REF] Gerardin | Nonperturbative renormalization and O(a)-improvement of the nonsinglet vector current with N f = 2 + 1 Wilson fermions and tree-level Symanzik improved gauge action[END_REF] we determine the relative correction by isospin breaking in the QCD+QED setup. We observe that the size of the relative first-order corrections for Πγγ [START_REF] Risch | Leading isospin breaking effects in the HVP contribution to a µ and to the running of α[END_REF] and ΠZγ is largest on D450. To rate the systematic error of disregarding isospin-breaking corrections, which is added to the error budget of the final result, we multiply the obtained relative correction on D450 by the final results obtained from the isosymmetric QCD calculation. In figure 11, we compare this error for both Πγγ and ΠZγ to other sources of uncertainty as a function of energy. We find that isospin-breaking effects make a larger contribution to the running of α compared to sin 2 θ W . However, this systematic uncertainty makes only a small contribution to the total error. It is comparable to the statistical error of ∆α had for Q 2 2.5 GeV 2 but the scale setting uncertainty presently dominates in this regime.

∆ had sin 2 θ W (-Q 2 ) total I = 1 I = 0 08 charm 0 1 2 3 4 5 6 7 Q 2 [GeV 2 ] 0 1 2 3 4 5 6 7 Q 2 [GeV 2 ]

Rational approximation of the running

In addition to sampling the HVP function at the Q 2 values in table 6, we provide an analytic function of Q 2 that can be used to interpolate the HVP function to any value of Q 2 in the JHEP08(2022)220

range up to 7 GeV 2 . For this purpose, we use a rational function

Π -Q 2 ≈ R N M Q 2 = M j=0 a j Q 2j 1 + N k=1 b k Q 2k , ( 4.9) 
where the numerator and the denominator are polynomials of degree M and N respectively, with b 0 = 1 in the denominator. This choice is motivated by the fact that the HVP function Π(-Q 2 ) can be expressed as a Stieltjes series with a finite radius of convergence through a once-subtracted dispersion relation [START_REF] Aubin | Model-independent parametrization of the hadronic vacuum polarization and g -2 for the muon on the lattice[END_REF]. This guarantees the existence of a convergent series of multi-point Padé approximants with rigorous error bounds [START_REF] Baker | Best error bounds for pade approximants to convergent series of stieltjes[END_REF][START_REF] Barnsley | The bounding properties of the multipoint pade approximant to a series of stieltjes on the real line[END_REF], which is particularly useful when the sampling of the HVP function is constrained to the lattice discrete momenta, see ref. [START_REF] Aubin | Model-independent parametrization of the hadronic vacuum polarization and g -2 for the muon on the lattice[END_REF]. The TMR method used in this work gives us more flexibility in the choice of the momenta to sample, and allows for a very straightforward way to obtain the rational approximation, by solving the over-constrained system [START_REF] Press | Numerical Recipes[END_REF] i

1 δ Π -Q 2 i   M j=0 a j Q 2j -1 + N k=1 b k Q 2k i Π -Q 2 i   = 0 , ( 4.10) 
via a least-squared fit, weighted by the inverse of the total error δ Π at each Q i and in the range of energies 0 < Q 2 ≤ 7 GeV 2 . The minimization uses the constraint that R N M (Q 2 ) has poles at Q 2 i < 0. Since the subtracted HVP function Π vanishes by definition at Q 2 = 0, we set a 0 = 0.

We observe that a rational function of degree M = 3 and N = 3 describes the data very well. Using the set of 109 values of Q 2 between 0.01 GeV 2 and 7 GeV 2 that we sampled, we find that higher-order coefficients are small and poorly determined by eq. (4.10). The resulting rational approximation for Πγγ is where the errors assigned to the coefficients in the numerator and denominator, together with the correlation matrix 

Πγγ -Q 2 ≈ 0.
corr γγ            a 1 a 2 a 3 b 1 b 2 b 3            =            1 
           (4.12)
reproduce the error band very accurately. 7 For ΠZγ , the rational approximation is ΠZγ -Q 2 ≈ 0.026 3 [START_REF] Borsányi | Leading hadronic contribution to the muon magnetic moment from lattice QCD[END_REF] x + 0.025(5) x 2 + 0.000 89(34) x 3 1 + 2.94 [START_REF] Giusti | Lepton anomalous magnetic moments in Lattice QCD+QED[END_REF] x + 1.12(27) x 2 + 0.015(8)

x 3 , x = Q 2 GeV 2 , ( 4.13) 
7 For both eqs. (4.11) and (4.13), we observe that a rational approximation with the same coefficients and errors except for b3 = 0 approximates the data equally well. We choose to include the b3 since this makes the extrapolation to higher Q 2 better behaved. However, we stress that the rational approximations in eqs. (4.11) and (4.13) are valid only in the range of Q 2 ≤ 7 GeV 2 and are not suitable for an extrapolation outside this range. with the correlation matrix 

JHEP08(2022)220

0 2 4 6 Q 2 [GeV 2 ] -0.
corr Zγ            a 1 a 2 a 3 b 1 b 2 b 3            =            1 0.
           . (4.14)
The deviation of the approximation from our measured values is compared to the different sources of uncertainty in figure 11. We find that the deviation is always much smaller than the combined error: for instance, for Q 2 > 1.5 GeV 2 it is less than 1/5 of the combined error, and less than 0.3 % of that of the actual data.

Dependence on the definition of the physical point

As discussed in section 4, the results quoted in tables 5 and 6 have been obtained by extrapolation to a reference point in the isospin-symmetric limit. The shift in Πγγ (Q 2 ) and ΠZγ (Q 2 ) corresponding to a small change in the choice of convention for the physical point can be estimated from the derivatives of the extrapolated values with respect to φ 2 and φ 4 . An effective description of the derivatives as a function of Q 2 is given by the rational divided by our results, for five different momenta. In addition to the total contribution, we show the isovector (I = 1), isoscalar (I = 0) and charm quark components. Left, lower panel: the total hadronic running ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had from various phenomenological estimates [START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF][START_REF] Keshavarzi | Muon g -2 and α(M 2 Z ): a new data-based analysis[END_REF][START_REF] Jegerlehner | [END_REF] and the lattice result of ref. [START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF], normalized by the result of this work. Right: compilation of results for the four-flavor ∆α had lattice computations [START_REF] Borsányi | Leading hadronic contribution to the muon magnetic moment from lattice QCD[END_REF][START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF] (above) and the five-flavor ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had phenomenological estimates (below) at selected values of Q 2 . The gray vertical error band for the result of this work includes the small bottom quark contribution as an additional systematic error, see section 5.1 for details. 

where x = Q 2 /GeV 2 .
Combined with the derivatives with respect to the momentum transfer variable t 0 Q 2 , which can be easily obtained from eqs. (4.11) and (4.13), the given rational approximations can also be used to account for a small variation of the global scale according to eq. (4.8).

Comparison and discussion

The main results of this paper are the contributions from u, d, s and c quarks to the hadronic running of the QED coupling α and the electroweak mixing angle sin 2 θ W , as a function of the space-like momentum Q 2 > 0, computed in lattice QCD. In this section, we present a detailed comparison of our results to those from other lattice calculations, and to phenomenological analyses based on dispersion theory and hadronic cross section data.

Hadronic running of the electromagnetic coupling

Our estimates for ∆α had (-Q 2 ) can be directly compared to the lattice calculation results by BMWc, given in table S3 in the supplementary material of ref. [START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF], after correcting JHEP08(2022)220 the latter for finite-size effects determined in that same reference. Ratios between results obtained by BMWc and our estimates are plotted in the upper left panel in figure 12, for the total contribution as well as for its various components. While there is good agreement for the isoscalar (I = 0) component, a slight tension at the level of 1-2 standard deviations is observed in the isovector (I = 1) channel that dominates the total contribution. We note that estimates by BMWc are smaller by 2-3 % for Q 2 3 GeV 2 . For the charm contribution, our results are up to 2 % larger than BMWc's, but they are compatible within the errors, which are dominated by scale setting. The comparison of the absolute values of the two lattice results is depicted in the right panel of figure 12, which shows the slightly smaller error of the BMWc result. The most recent result from BMWc [START_REF] Borsányi | Leading hadronic contribution to the muon magnetic moment from lattice QCD[END_REF], also shown in the right panel of figure 12, has a smaller error but it is only available at Q 2 = 1 GeV 2 . We also mention that the first lattice calculation of the quark-connected HVP contributions to running of α and sin 2 θ W up to Q 2 = 10 GeV 2 was published by Burger et al. [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF], who reported a 2-3 % error dominated by systematic effects. However, we do not include this result in our comparison since the disconnected contribution has not been determined in that reference.

In the lower left panel of figure 12 we show the ratios of three recent phenomenological determinations of ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 and the rational approximation of our result as continuous curves. Our result lattice results for ∆α had (-Q 2 ) includes the contributions from u, d, s and c quarks. In order to account for the contributions from bottom quarks that are needed to complete the estimate for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 , we use results by the HPQCD collaboration for the lowest four time moments of the HVP [START_REF] Colquhoun | Υ and Υ Leptonic Widths, a b µ and m b from full lattice QCD[END_REF]. We determine the contribution from bottom quarks by constructing Padé approximants from the moments, which results in a few-permil effect on the total hadronic running of the coupling (up to 2.6 permil at the largest Q 2 = 7 GeV 2 ). This effect is larger than the 0.4 permil effect reported for the HVP contribution to the muon g -2 [START_REF] Chakraborty | The hadronic vacuum polarization contribution to a µ from full lattice QCD[END_REF] due to the fact that the running coupling scale Q 2 is not well separated from the bottom quark mass, in contrast to the muon mass case. 8 However, this effect is a small fraction of the percent-level total error on ∆α had (-Q 2 ) and we include it as an additional source of systematic error.

Results from Davier et al. [START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF][START_REF] Davier | space-like ∆α (5) had (-Q 2 ) data[END_REF] (labellel "DHMZ data"), Keshavarzi et al. [START_REF] Keshavarzi | Muon g -2 and α(M 2 Z ): a new data-based analysis[END_REF][START_REF] Keshavarzi | space-like ∆α (5) had (-Q 2 ) data, including correlation[END_REF] (KNT18 data), and based on Jegerlehner's alphaQEDc19 software package [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF][START_REF] Jegerlehner | [END_REF] show good agreement among each other, but are between 3 and 6 % lower than our estimate. 9 After taking the errors into account, we observe a sizeable tension of up to 3.5 standard deviation between our lattice calculation and phenomenological estimates for space-like momenta in the range between 3 and 7 GeV 2 . For smaller space-like momenta, the tension is even larger, due to the fact that the extrapolation to the continuum limit has been performed with an a 2 -term only, which results in a smaller error. 8 As a crosscheck, we have reproduced the bottom quark contribution to the muon g -2 reported by HPQCD [START_REF] Chakraborty | The hadronic vacuum polarization contribution to a µ from full lattice QCD[END_REF]. 9 The estimate of ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 in the space-like region corresponding to ref. [START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF] was kindly provided to us by Davier, Hoecker, Malaescu, and Zhang. We are grateful to Keshavarzi, Nomura and Teubner for providing the full covariance matrix of the R-ratio, allowing for a determination of ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 consistent with ref. [START_REF] Keshavarzi | Muon g -2 and α(M 2 Z ): a new data-based analysis[END_REF]. ) had -M 2 Z -∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 ] for various threshold energy Q 2 0 . The second column is based on the pQCD [Adler] approach in eq. ( 5.2). The third column is obtained with KNT18[data] approach in eq. ( 5.3). See the text for details.
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The electromagnetic coupling at the Z pole, ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z , puts a limit on the sensitivity of global electroweak precision fits [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF][START_REF] Jegerlehner | Electroweak effective couplings for future precision experiments[END_REF][START_REF]The global electroweak fit at NNLO and prospects for the LHC and ILC[END_REF]. This quantity also receives growing interest with respect to searches for physics beyond the Standard Model (BSM) at a future International Linear Collider. Our lattice results for ∆α had (-Q 2 ) for space-like Q 2 up to 7 GeV 2 can be combined with either perturbative QCD or phenomenology to obtain the five-flavor hadronic running at the Z pole, ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z with no or much reduced reliance on experimental data.

The connection between ∆α had (-Q 2 ) and the hadronic running of α for five quark flavors at the Z pole in the time-like region can be established via the so-called Euclidean split technique (also known as Adler function approach) [START_REF] Eidelman | Testing nonperturbative strong interaction effects via the Adler function[END_REF][START_REF] Jegerlehner | The Running fine structure constant alpha(E) via the Adler function[END_REF]. As the name suggests, this technique allows for separating the contribution to the running at space-like kinematics, which is accessible to computational frameworks formulated in Euclidean spacetime such as lattice QCD, from the small subleading contribution associated with the space-like to time-like rotation at high energies. The method amounts to rewriting the hadronic contribution to the running at M Z as

∆α (5) had M 2 Z = ∆α (5) had -Q 2 0 + ∆α (5) had -M 2 Z -∆α (5) had -Q 2 0 + ∆α (5) had M 2 Z -∆α (5) had -M 2 Z pQCD , (5.1)
where the threshold energy Q 2 0 is typically around 5 GeV 2 . The first term on the r.h.s. is proportional to the space-like HVP according to eq. (2.2). In the literature [START_REF] Eidelman | Testing nonperturbative strong interaction effects via the Adler function[END_REF][START_REF] Jegerlehner | The Running fine structure constant alpha(E) via the Adler function[END_REF], ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 has been evaluated by employing the dispersive approach. Here, we evaluate this quantity using our lattice QCD results ∆α had (-Q 2 0 ) shown in table 6 as input, with the addition of the small bottom quark contribution as a systematic error.
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The second term in eq. ( 5.1) is the high-energy contribution ∆α (5) had -M 2 Z -∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 . To estimate it, we follow Jegerlehner's idea [START_REF] Jegerlehner | Hadronic effects in (g -2)(mu) and alpha(QED)(M(Z)): Status and perspectives[END_REF] of utilizing the Adler function D(Q 2 ) defined in eq. ( 2.3). For sufficiently large Q 2 , the Adler function is calculable within perturbative QCD (pQCD) plus minor non-perturbative (NP) corrections [START_REF] Eidelman | Testing nonperturbative strong interaction effects via the Adler function[END_REF][START_REF] Chetyrkin | Three loop polarization function and O(α S 2 ) corrections to the production of heavy quarks[END_REF]. Our implementation of this approach, which we call pQCD [Adler], is based on the public code pQCDAdler by Jegerlehner [START_REF] Jegerlehner | pQCDAdler[END_REF]. It takes into account full three-loop QCD with charm and bottom quark mass effects as well as massless four-and five-loop effects to improve high-energy tails. The code also accounts for the NP corrections via the operator product expansion and Padé approximants. We note that the pQCD [Adler] approach does not rely on the R-ratio integral, and does not suffer from the systematics of the cross-section data.

Once the Adler function D(Q 2 ) has been determined, we can calculate

∆α (5) had -M 2 Z -∆α (5) had -Q 2 0 pQCD = α 3π M 2 Z Q 2 0 dQ 2 Q 2 D Q 2 , (5.2)
where α is the QED coupling in the Thomson limit, and pQCD indicates that perturbative QCD has been augmented by small NP corrections when estimating D(Q 2 ). Our results for [∆α

(5) had -M 2 Z -∆α (5) had -Q 2 0
] obtained in this way are shown in the second column in table 7. The quoted errors, which amount to about 0.5 % at Q 2 0 = 5 GeV 2 , originate from uncertainties in the strong coupling at the Z pole and heavy-quark pole masses, which are used as input quantities. For smaller Q 2 0 , the uncertainty associated with NP corrections to D(Q 2 0 ) grows significantly, hence we cannot access very small values of Q 2 0 due to the Landau pole appearing in the strong coupling.

In addition to using pQCD [Adler] for the evaluation of [∆α

(5) had -M 2 Z -∆α (5)
had -Q 2 0 ], we also consider the dispersive integral ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -M 2 Z -∆α

(5) had -Q 2 0 = α 3π M 2 Z -Q 2 0 ∞ m 2 π 0 ds R(s) s + Q 2 0 s + M 2 Z .
(5.3) This allows for a consistency check of the pQCD [Adler] approach described above. The appearance of Q 2 0 in the denominator of the integrand implies that contributions from the R-ratio at low energies are suppressed along with any experimental uncertainties in their determination. To compute the dispersion integral in eq. ( 5.3), we use the R-ratio data from KNT18 [START_REF] Keshavarzi | Muon g -2 and α(M 2 Z ): a new data-based analysis[END_REF]. Since ref. [START_REF] Keshavarzi | Muon g -2 and α(M 2 Z ): a new data-based analysis[END_REF] does not quote a result for [∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -M 2 Z -∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 ], we have performed the integration of the R-ratio ourselves, using the full covariance matrix [START_REF] Keshavarzi | space-like ∆α (5) had (-Q 2 ) data, including correlation[END_REF] in the error estimate. In the following, we shall refer to this method as "KNT18[data]". The corresponding results are shown in the third column of table 7. The results are consistent with the pQCD approach (second column) within the uncertainty.

Finally, we focus on the second combination in square brackets in eq. ( 5.1), which provides the link between the space-like and time-like regions at M Z . We quote the pQCD estimate by Jegerlehner [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF][START_REF] Jegerlehner | Hadronic contributions to electroweak parameter shifts[END_REF],

∆α (5) had M 2 Z -∆α (5) had -M 2 Z pQCD = 0.000 045(2) . (5.4)
With these ingredients in hand, we can provide an estimate for the phenomenologically relevant quantity ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z , using our lattice estimate for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 

lat. + KNT18[data]

Figure 13. The hadronic contribution to the running coupling for five flavors at the Z pole mass, ∆α

had M 2 Z , evaluated according to eq. ( 5.1) and using our lattice result for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 , plotted as a function of the threshold energy Q 2 0 . Left: the higher energy contribution [∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -M 2 Z -∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 ] computed via the pQCD approach in eq. ( 5.2) using the pQCDAdler software package [START_REF] Jegerlehner | pQCDAdler[END_REF]. Right: results based on the KNT18[data] approach of eq. ( 5.3) using the R-ratio data with full covariance matrix [START_REF] Keshavarzi | Muon g -2 and α(M 2 Z ): a new data-based analysis[END_REF][START_REF] Keshavarzi | space-like ∆α (5) had (-Q 2 ) data, including correlation[END_REF]. The red symbols in each panel are taken to produce the final estimates for each method, while the maxima and minima of the blue bands within the non-shaded region are used to estimate the uncertainty. eq. (5.1). In figure 13, we show ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z as a function of the Euclidean squared momentum transfer Q 2 0 . In the left panel the contribution from [∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -M 2 Z -∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 ] has been determined in perturbative QCD via the Adler function (pQCD [Adler]), while in the right panel the same quantity has been evaluated using the R-ratio data and correlation matrix from KNT18 in eq. ( 5.3). The blue bands represent the total error obtained by adding in quadrature all uncertainties that enter eq. (5.1). In both cases we find that the estimates for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z are very stable for Q 2 0 3 GeV 2 . The slight upward trend and the loss of precision observed for Q 2 0 2 GeV 2 when using the pQCD [Adler] approach is symptomatic of the failure of pQCD at strong couplings. Alternatively, when employing the dispersive approach of eq. ( 5.3), one observes a decreasing trend for Q 2 0 2 GeV 2 , which is due to the enhanced contributions from low-lying resonances (ρ, ω, φ) in eq. ( 5.3) as Q 2 0 is lowered. For our final results in both approaches we choose Q 2 0 = 5 GeV 2 and estimate the uncertainty associated with the choice of Q 2 0 from the maxima and minima of the blue bands in the region 3-7 GeV 2 . In this momentum range, our lattice results for the hadronic running can be extrapolated reliably to the continuum limit. Furthermore, this choice of interval guarantees that our final estimate is not affected by the Landau pole when using the pQCD [Adler] approach, nor is it dominated by the experimentally determined R-ratio when employing eq. ( 5.3) instead. had M 2 Z . The first two data points (red symbols) represent the results from the Euclidean split technique using our lattice estimate for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 . Green circles denote results based on the standard dispersive approach, where the R-ratio integration is performed over the entire momentum range. From top to bottom, we plot the results from refs. [START_REF] Keshavarzi | g -2 of charged leptons, α(M 2 Z ) , and the hyperfine splitting of muonium[END_REF][START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF][START_REF] Keshavarzi | Muon g -2 and α(M 2 Z ): a new data-based analysis[END_REF], and [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF]. The estimate based on the Adler function in ref. [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF] is shown as a green diamond. Blue symbols represent the results from global EW fits, published in refs. [34-36, 142, 143] (see the text for further details). The gray band represents our final result quoted in eq. (5.5).
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For our main result of the hadronic running of the QED coupling at the Z pole we adopt the pQCD [Adler] approach and quote [START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF] pQCD [Adler] = 0.027 73 ± 0.000 15 .

∆α (5) had M 2 Z | Lat+pQCD [Adler] = 0.02773(9) lat (2) bottom
(

The first error is the total uncertainty of our lattice estimate of ∆α had (-5 GeV 2 ) as listed in table 7, while the second error accounts for the neglected contribution from bottom quark effects. The error labeled pQCD [Adler] is associated with the evaluation of [∆α

(5) had -M 2 Z -∆α (5) 
had -5 GeV 2 ] (see the second column in table 7), augmented by the maximum deviations from the central value in the region

Q 2 0 ∈ [3, 7] GeV 2 .
For completeness, we also list the result obtained via the KNT18[data] approach, which yields

∆α (5) had M 2 Z | Lat+KNT18[data] = 0.02786(9) lat (2) bottom (10) KNT18[data]
= 0.027 86 ± 0.000 13 , (

where the meaning of the errors is similar to eq. (5.5). The relative difference to the result obtained via the Adler function amounts to less than 0.5 % and is indicative of the different treatment of the non-lattice contribution in eq. (5.1).
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In figure 14, we present a compilation of results for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z obtained using our lattice estimate of the HVP, the standard dispersive approach, as well as global EW fits. The first two symbols (red filled diamond/square) show our results represented by eqs. (5.5) and (5.6).

We shall first focus on our main result -the red filled diamond (Lattice + pQCD [Adler]). The inner and outer error bars represent the total uncertainty and the combination of the first two errors in eq. (5.5), respectively. The total error of about 0.5 % is close to the precision of the dispersive approach (open green circles/diamond). Our main result is consistent with the latter and also broadly agrees with the estimates from global EW fits (blue upper/lower triangles).

It is instructive to compare our main result -which is represented by the gray vertical band -with Jegerlehner's evaluation [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF], also based on the Euclidean split method and represented by the open green diamond in the figure. The two estimates differ chiefly by the contribution at the hadronic energy scale Q 2 0 = 5 GeV 2 : while our result is based on lattice QCD, the open green diamond has been obtained from the R-ratio. In figure 12, we have observed a clear tension between the two evaluations (black vs. orange). However, from eq. (5.5) one easily reads off that ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had -Q 2 0 contributes at most 60 % to the total uncertainty of ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z , resulting in smaller tension, due to the additional, albeit correlated, uncertainty from the high-energy contribution.

Next, we compare our results to the estimate from global EW fits. This category includes results from the Gfitter group [START_REF] Haller | Update of the global electroweak fit and constraints on two-Higgs-doublet models[END_REF], ref. [START_REF] Crivellin | Hadronic Vacuum Polarization: (g -2) µ versus Global Electroweak Fits[END_REF] (obtained using the HEPfit code [START_REF] Blas | HEPfit: a code for the combination of indirect and direct constraints on high energy physics models[END_REF]), refs. [START_REF] Keshavarzi | Muon g -2 and ∆α connection[END_REF][START_REF] Malaescu | Impact of correlations between a µ and α QED on the EW fit[END_REF] (employing the Gfitter library), and ref. [START_REF] De Blas | Global analysis of electroweak data in the Standard Model[END_REF] (with two different scenarios). The blue open lower triangles in figure 14 were all obtained by a fit to EW precision data, treating ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z as a free parameter. This allows for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z to be determined exclusively from the other EW precision observables, and favors smaller values compared to both lattice and R-ratio determinations. The precision of these estimates of ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z is lower compared to results extracted from the lattice and the R-ratio. With the exception of ref. [START_REF] Crivellin | Hadronic Vacuum Polarization: (g -2) µ versus Global Electroweak Fits[END_REF], all results are compatible with our value within 1.3σ. Therefore, we conclude that lattice calculations of the HVP contribution to the hadronic running of α and the muon g -2 are not in contradiction with global EW fits [START_REF] Crivellin | Hadronic Vacuum Polarization: (g -2) µ versus Global Electroweak Fits[END_REF]. The data point from ref. [START_REF] Malaescu | Impact of correlations between a µ and α QED on the EW fit[END_REF] marked by the blue open upper triangle results from treating both the Higgs mass M H and ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z as fit parameters without priors. It shows that if the precise experimental input for M H is not used, the resulting determination of ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z favors a larger value with a significantly larger uncertainty [START_REF] Malaescu | Impact of correlations between a µ and α QED on the EW fit[END_REF]. Fits represented by blue filled triangles employ priors for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z centered about the R-ratio estimate [START_REF] Keshavarzi | Muon g -2 and ∆α connection[END_REF][START_REF] Haller | Update of the global electroweak fit and constraints on two-Higgs-doublet models[END_REF]. It is interesting to note that the output for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z is very close to the input R-ratio estimate. Finally, the authors of ref. [START_REF] De Blas | Global analysis of electroweak data in the Standard Model[END_REF] apply the Euclidean split technique in eq. (5.1), by combining the perturbative running with the lattice result by BMWc [START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF] at Q 2 0 = 4 GeV 2 . In this way they obtain ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z = 0.027 66 [START_REF] Jegerlehner | The Running fine structure constant alpha(E) via the Adler function[END_REF], which is consistent with our result in eq. (5.5). Using this value as prior for the fit, the posterior probability is shown in figure 14 with a blue filled diamond for two different scenarios. The observed pull of 1.1-1.3σ further supports the conclusion that lattice results are not inconsistent with global EW fits [START_REF] De Blas | Global analysis of electroweak data in the Standard Model[END_REF]. Alternatively, one could use our estimate ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had M 2 Z as a prior, which is left to future work. Figure 15. Left: hadronic contributions to the running of the weak coupling α 2 from the our computation, compared to lattice results from ref. [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF], as well as the phenomenological estimate determined using alphaQEDc19 [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF][START_REF] Jegerlehner | [END_REF], as a function of the space-like momentum transfer Q 2 . Right: ratios of the phenomenological estimate and of the lattice computation in ref. [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF] over our result.
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Hadronic running of the electroweak mixing angle

The lattice formalism gives us full control over the quark flavor charge factors that are used to construct the quark-level vector currents in eqs. (2.5) and (2.11). The ability to perform an exact separation of the vacuum polarization function ΠγZ in terms of individual valence quark flavors (see section 3) is an inherent feature of the lattice approach. It eliminates the need to perform a reweighting of exclusive channels in hadronic cross section data, which is a source of systematic uncertainty in phenomenological determinations of the hadronic running of sin 2 θ W . In section 4.2 we have reported our results for the hadronic contribution to the running of the electroweak mixing angle, ∆ had sin 2 θ W (-Q 2 ), as a function of the space-like momentum Q 2 > 0. Our result can thus replace estimates from the data-driven approach in studies that apply the running with energy to determine the electroweak mixing angle θ W in the Thomson limit, with the understanding that current lattice QCD results are limited to Q 2 ≈ 7 GeV 2 . In the following, we compare our data with previous results in the literature.

Phenomenological estimates of ∆ had sin 2 θ W (-Q 2 ) can be obtained by applying Jegerlehner's alphaQEDc19 software package [START_REF] Jegerlehner | [END_REF], see ref. [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF]. Since alphaQEDc19 provides ∆α had and ∆α 2,had as primary quantities with their respective error estimates, we perform the comparison with our lattice determination for the running of the SU(2) gauge coupling α 2 . As explained in ref. [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF], the software package implements a modified flavor separation scheme assuming SU(3) flavor symmetry [START_REF] Jegerlehner | Vector Boson Parameters: Scheme Dependence and Theoretical Uncertainties[END_REF], which differs from the "perturbative" separation scheme advocated in refs. [START_REF] Czarnecki | Electroweak radiative corrections to polarized Moller scattering asymmetries[END_REF][START_REF] Czarnecki | Polarized Moller scattering asymmetries[END_REF][START_REF] Erler | The Weak mixing angle at low energies[END_REF]. This modification is motivated by the observation that it brings the phenomenological estimate into better agreement with previous lattice results, see for instance the comparison plot in figure 9 of ref. [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF] and the discussion in ref. [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF]. A comparison between the alphaQEDc19 estimate of ∆ had sin 2 θ W (-Q 2 ) and our lattice results is shown in figure 15. In performing this comparison, one has to take into account that the result of ref. [START_REF] Jegerlehner | α QED,ef f (s) for precision physics at the FCC-ee/ILC[END_REF] has been obtained using sin 2 θ eff = 0.231 53 [START_REF] Aleph | Precision electroweak measurements on the Z resonance[END_REF] as a reference value in the normalization of eq. (2.10). This amounts to a 3 % difference which is accounted for in the plot. We observe that, even though the modified reweighting brings the phenomenological estimate closer to our lattice results, it still falls short by about 8 % at smaller Q 2 and 4 % at higher values.
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In figure 15 we include points from previous lattice calculations. While the BMWc paper [START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF] does not quote results for the running of α 2 , or for the Π08 component, we can still estimate the α 2 contribution using the fact that the Wick-connected component is Π08,con = √ 3/2( Π33 -Π88 con ), together with the observation from our data that the same component varies between 130 % at Q 2 = 1 GeV 2 and 125 % at Q 2 ≥ 5 GeV 2 of Π08 . For the data points for ∆α 2,had plotted in figure 15, we correct for this by adding a O(0.5 %) positive contribution with negligible errors to the BMWc data points, which brings them into good agreement with our result, especially at larger Q 2 . The result by Burger et al. [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF] is missing the quark-disconnected contribution, as in the ∆α had case. Thus, it is plausible that their estimate is lower than our result. Since the SU(3)-symmetric flavor-separation scheme implemented in alphaQEDc19 was motivated by the findings of earlier lattice calculations [START_REF] Burger | Leading hadronic contributions to the running of the electroweak coupling constants from lattice QCD[END_REF][START_REF] Bernecker | Vector Correlators in Lattice QCD: Methods and applications[END_REF][START_REF] Francis | Vector correlator and scale determination in lattice QCD[END_REF], the missing quark-disconnected contributions in those references might explain the observed shortfall between the phenomenological estimate on the one hand, and the more comprehensive results of our work and ref. [START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF] on the other.

Another possible strategy to estimate the hadronic contribution to the running of θ W at low energies is to combine the phenomenological evaluation of ∆α had (-Q 2 ) from R-ratio experimental data with extra input providing the exact flavor separation and reweighting

JHEP08(2022)220

obtained from precise lattice data. From eq. (3.6) we observe that the difference between Πγγ and ΠZγ is proportional to the I = 0 mixing HVP function Π08 given in table 5, plus a small charm quark contribution. In figure 16, we plot our results for Π08 as a function of Q 2 up to 7 GeV 2 . To our knowledge, this is the most precise ab-initio computation of this quantity and the first to include both connected and disconnected contributions. In the same plot we also show a phenomenological model estimate, which is discussed in detail in appendix D. The error band represents the statistical uncertainty on the model, which is dominated by the experimental error on the partial decay widths into e + e -of the ω and φ vector resonances. The model is obtained assuming that the quark-disconnected diagrams of type (s, s) and ( , s) are negligible, and this assumption is shown to give a good estimate in an analogous model for the a HVP,LO µ strange and light isoscalar contributions. Even neglecting this sources of systematic uncertainty, the plot shows clearly that the lattice results are in good agreement with the model over the whole range of Q 2 values, but significantly more precise.

Π08 (Q 2 ) over the whole Q 2 range is well approximated within 15 % of its total error by a rational approximation of order [2/2] of the kind employed in section 4.2.4, i.e.

Π08 -Q 2 = 0.021 7 [START_REF] Keshavarzi | g -2 of charged leptons, α(M 2 Z ) , and the hyperfine splitting of muonium[END_REF] x + 0.015 1(12)

x 2 1 + 2.93(8) x + 2.15(12) x 2 , x = Q 2 GeV 2 , ( 5.7) 
where the numerator a i and denominator b j parameters are strongly correlated according to

corr       a 1 a 2 b 1 b 2       =       1 0.97 1 0.97 0.984 1 0.944 0.994 0.98 1       .
(

At large Q 2 , Π08 varies very slowly with Q 2 . For Q 2 → ∞, the rational approximation tends to the finite value a 2 /b 2 = 0.007 04 [START_REF] Jegerlehner | Hadronic effects in (g -2)(mu) and alpha(QED)(M(Z)): Status and perspectives[END_REF] which coincides with the value at our largest

Q 2 = 7 GeV 2 Π08 = 0.007 04(17) (5.9) 
and is only 2 % larger than the value at Q 2 = 3 GeV 2 . We take this value as our main result for the I = 0 Zγ-mixing HVP function at large Q 2 .

Conclusions

In this paper we have presented a computation of the leading hadronic contribution to the running of the QED coupling α and of the electroweak mixing angle θ W from first principles using lattice QCD.

For the QED coupling, our main result is presented in eqs. (4.11) and (4.12) in terms of a rational approximation of ∆α had (-Q 2 ) as a function of the space-like Q 2 > 0 up to Q 2 ≈ 7 GeV 2 . Our results are slightly larger but still compatible with an earlier calculation by BMWc. However, there is a significant tension with the predictions based on the datadriven method. Since the tension is larger at lower Q 2 , where our result is most sensitive to 

A Pseudoscalar meson and gradient flow observables

Thanks to the high statistics on the vector correlator, the results presented in section 3.8 have a better than 1 % precision on Π(-Q 2 ) for all ensembles. This is comparable to the statistical error of the meson masses and decay constants on the ensembles in table 1, therefore it is sensible to include this source of uncertainty in the extrapolation to the physical point. To implement the strategy presented in section 4, we performed a dedicated computation of pseudoscalar density and axial current two-point functions, that we used JHEP08(2022)220 to obtain m π , m K , f π and f K to subpercent precision. Crucially, this allows us to include the correlation between these observables and the values of Π(-Q 2 ) on the same ensemble into the analysis. The axial current is non-perturbatively O(a)-improved using c A from ref. [START_REF] Bulava | Nonperturbative renormalization of the axial current in N f = 3 lattice QCD with Wilson fermions and a tree-level improved gauge action[END_REF] and renormalized using Z A and b A from refs. [START_REF] Brida | High precision renormalization of the flavour non-singlet Noether currents in lattice QCD with Wilson quarks[END_REF][START_REF] Korcyl | Non-perturbative determination of improvement coefficients using coordinate space correlators in N f = 2 + 1 lattice QCD[END_REF]. The values of the meson masses and decay constants are tabulated in table 8. For a similar reason, we computed the gradient-flow quantities t 0 [START_REF] Lüscher | Properties and uses of the Wilson flow in lattice QCD[END_REF] and w 0 [START_REF] Borsányi | High-precision scale setting in lattice QCD[END_REF] that set the scale, entering in the Q 2 scale that is input in the kernel and in positioning of the ensemble in the (m π , m K ) plane, see also figure 2. We use the same procedure as in ref. [START_REF] Bruno | Simulation of QCD with N f = 2 + 1 flavors of non-perturbatively improved Wilson fermions[END_REF]. Specifically, to minimize the effect of boundary effects and additional discretization effects from the boundary, on open BCs ensembles we use only the value of the action density with clover-type discretization E(t, t fl ) on a single time slice at t = T /2. On periodic BCs ensembles the four-dimensional volume average is used. The values of t 0 and w 2 0 are also tabulated in table 8, and, in the case of t 0 , they agree within errors with the values quoted in refs. [START_REF] Bruno | Setting the scale for the CLS 2 + 1 flavor ensembles[END_REF][START_REF] Bruno | Simulation of QCD with N f = 2 + 1 flavors of non-perturbatively improved Wilson fermions[END_REF]. In the following, we choose to use t 0 .

δ [%] m π m K f π f K H101 0.
The meson masses and meson decay constants in table 8 are also affected by finite-size effects. These effects are reliably computed in χPT [START_REF] Colangelo | Finite volume effects for meson masses and decay constants[END_REF] and listed in table 9. They amount to a positive, permil-level shift on the masses and a negative sub-percent shift on the decay constants. 

B Autocorrelation study

We employ the Γ -method [START_REF]Monte Carlo errors with less errors[END_REF][START_REF] Palma | A Python program for the implementation of the Γ -method for Monte Carlo simulations[END_REF] to estimate the integrated autocorrelation time, τ int associated to ∆α for each ensemble. Then, we use this information to estimate a common bin size. Taking into account all autocorrelations, the expected increase of the uncertainty is estimated as

∆Π/∆Π naive = √ 2 • τ int , (B.1)
where ∆Π is the true standard deviation and ∆Π naive is the uncertainty without taking into account autocorrelations. The next step is to plot the ratio ∆Π(B)/∆Π naive vs. the bin size, B. For a similar analysis see ref. [START_REF] Kelly | Update on the improved lattice calculation of direct CP-violation in K decays[END_REF]. We find perfect agreement between (B.1) and the region where ∆Π(B)/∆Π naive plateaus. The noise of the correlator at long distances could, in principle, hide the autocorrelations, artificially reducing τ int . To avoid this we repeat the analysis several times, each time discarding more time slices at the tail of the correlator. However, we found that the result is largely independent of the amount of noise removed. We also observe a clear trend to smaller bin sizes as the physical point is approached. While this effect is in apparent contrast with the expected ∼ 1/a 2 scaling with lattice spacings [START_REF] Bruno | Simulation of QCD with N f = 2 + 1 flavors of non-perturbatively improved Wilson fermions[END_REF], it is most likely explained with the noisier observables and shorter MC chains of ensembles at finer lattice spacings and lighter pion masses.

C Treatment of quark-disconnected diagrams

In this appendix we collect further technical details regarding the evaluation of quark loops

L O f ( p, t) = x e i p• x O f ( x, t) F , (C.1)
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for some operator O f ( x, t) involving a single quark flavor f , which represents the computationally most expensive part of this study. A simple all-to-all estimator can be constructed using stochastic (four-dimensional) volume sources ξ i , i = 1, . . . , N s which satisfy

E[ξ † i ξ j ] = δ ij , (C.2)
A simple estimator for the quark loop function in eq. (C.1) is then given by the average over N s noise sources,

L O f ( p, t) = 1 N s Ns s=1 x e i p• x tr ξ † s Γ O (D f ) -1 xx ξ s , (C.3)
where D f denotes the Dirac operator for a single quark flavor and Γ O the desired combination of Dirac matrices corresponding to a local (bilinear) operator O f (x) = ψ(x)Γ ψ(x).

The generalization to non-local operators (i.e. point-split currents or operators involving derivatives) is straightforward and does not require additional inversions. However, the resulting statistical error for this naive estimator behaves as 1/ √ N s , implying an insufficient rate of convergence for many observables (e.g. vector currents) with respect to the computational cost required to saturate to gauge noise.

Therefore, we have computed the quark-disconnected loops using a variant of the method introduced in ref. [START_REF] Giusti | Frequency-splitting estimators of single-propagator traces[END_REF] combining the one-end trick (OET) [START_REF]Decay width of light quark hybrid meson from the lattice[END_REF] with a combination of the generalized hopping parameter expansion (gHPE) [START_REF] Gülpers | Scalar pion form factor in two-flavor lattice QCD[END_REF] and hierarchical probing [START_REF] Stathopoulos | Hierarchical probing for estimating the trace of the matrix inverse on toroidal lattices[END_REF]. We write the difference between the quark loop function of operators O 1 and O 2 with different flavors (with different quark masses m 1 and m 2 respectively) using eq. (3.14) to get the OET estimator

L O 1 ( p, t)-L O 2 ( p, t) = (m 1 -m 2 ) 1 N s Ns s=1 x y e i p• x tr ξ † s (D 2 ) -1 yx Γ O (D 1 ) -1 xy ξ s , (C.4)
where in the r.h.s. we have used the cyclic property of the trace and inserted the volume sources satistfing eq. (C.2) at the other end of the propagator product with respect to the local operator insertion. Using the OET is it possible to saturate to the gauge noise for all relevant observables using at most O(100) sources. Note that this does not require any spin or color dilution but is achieved with plain stochastic 4d sources, which greatly reduces the computational cost compared to e.g. plain hierarchical probing. Using the gHPE, cf. eqs. (3.15)-(3.16), we generalize the method of ref. [START_REF] Giusti | Frequency-splitting estimators of single-propagator traces[END_REF] to apply also to point-split currents by evaluating the first term on the r.h.s. of eq. (3.15) using hierarchical probing on spin and color diluted stochastic volume sources. We find that N h = 512 probing vectors are sufficient to reach gauge noise for non-local operators, while for local operators the saturation occurs already at N h = 32. For the second term it is sufficient to use naive stochastic volume sources, and the required inversion can be reused in the evaluation of tr Γ (D -1 N -1 -D -1 N ) , i.e. the last term of the chain of OET estimators. Regarding the order of the gHPE, we found a choice of n = 2 to be most effective. In practice, we use always four quark flavors, i.e. light, strange, an additional, intermediate valence quark and a charm valence quark. for the ensembles for which disconnected loops have been produced, together with the lattice momentum cutoff q 2 max in units of (2π/L) 2 up to which momentum space data has been saved for both local and one-link displaced operators.

For the (bare) mass of the intermediate quark flavor i we found that the following choice for the value of the intermediate κ i

1 κ i = 1 -X κ s + X κ c , X = 1/4 , (C.5)
works well for our ensembles. The values for κ s,c are listed in table 11 and most of the values for the charm quark have been previously published in ref. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF]. We use 512 stochastic volume sources for the light quark and double this number for each heavier quark flavor. Moreover, we average over stochastic sources such that effectively four independent blocks remain, which we found to be an acceptable compromise between storage requirements and the resulting loss of effective statistics in (unbiased) estimators for e.g. the quark-disconnected contribution to meson two-point functions. Since certain other projects require position space data on large lattices such a compromise is needed, i.e. to keep overall storage consumption at a feasible level when storing lattice-wide objects involving all sixteen local operators. One-link displaced operators have only been stored in momentum space.

The resulting method is significantly more efficient than e.g. plain hierarchical probing as applied in refs. [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF][START_REF] Djukanovic | Strange electromagnetic form factors of the nucleon with N f = 2 + 1 O(a)-improved Wilson fermions[END_REF]. While the statistical errors for the scalar, pseudoscalar and axial vector currents are very consistent between the two methods, this is not the case for the vector and tensor currents. Considering the products of variance σ 2 O,vev and computational cost t, an operator-dependent, effective speedup s O can be defined as the ratio of this quantity for the "old" (hierarchical probing) and the "new" (OET+gHPE+HP)-based 

S P V V noe A T (σ 2 O,vev • t) old /(σ 2 O,vev • t) new O baseline light strange l-s
Figure 17. Speedup of the "new" (OET + gHPE + HP) method over the "old" (plain hierarchical probing) setup for scalar (S), pseudoscalar (P), vector (V), conserved vector (V noe ), axialvector (A) and tensor (T ) quark bilinear operators. Results are shown for individual light and strange flavors as well as for the l -s combination obtained directly from the OET. For operators that had reached gauge noise already for the old setup a speedup of roughly a factor five is obtained, while for the l -s combination of the vector currents speedups of more than an order of magnitude are observed.

method Assuming independent measurements (i.e. a sufficiently large set of gauge configurations), this ratio determines the difference in absolute computational cost for the two methods for a given statistical target precision. The results are shown in figure 17 for the same set of operators and flavors. Depending on the observable this effective speedup reaches an order of magnitude. The largest difference between the two methods is observed for the l -s combination of vector currents with an improvement of more than 17 in case of the conserved vector current.

s O = σ 2 O,

D Phenomenological model of the Π08 contribution

Modelling the Π08 contribution using experimental data as input requires some assumptions.

In this appendix we describe the phenomenological model that we compare to the lattice result in figure 16. Using the definitions in eqs. (3.7),

G γγ I=0 = 1 3 G 88 1 18 G ω + 1 9 G φ , G 08 1 2 √ 3 G ω -G φ , (D.1)
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where G ω = C , + 2D , , G φ = C s,s , and we neglected the disconnected diagram contributions D ,s and D s,s . The I = 0 light and strange contributions are labeled with the vector meson that contributes the most to that channel, respectively the ω and the φ. Indeed, we can model the contribution to the hadronic cross-section in these channels with a narrow vector resonance contribution, plus the appropriate perturbative contribution

R I=0 (s) = 1 18 A ω m 2 ω δ s -m 2 ω + θ (s -s 0 ) N c 18 (1 + α s /π) , (D.2) R s (s) = 1 9 A φ m 2 φ δ s -m 2 φ + θ (s -s 1 ) N c 9 (1 + α s /π) , (D.3)
where the masses are m ω = 782.65 [START_REF] Davier | A new evaluation of the hadronic vacuum polarisation contributions to the muon anomalous magnetic moment and to α(m 2 Z )[END_REF] MeV and m φ = 1 019.461( 16) MeV [7]. The amplitudes A ω and A φ can be estimated observing that the contribution for a narrow resonance is proportional to its electronic decay width Γ (V → e + e -), resulting in , where we have neglected the , s-type disconnected diagrams, consistent with the findings of ref. [START_REF] Bijnens | Connected, Disconnected and Strange Quark Contributions to HVP[END_REF]. These numbers are in excellent agreement with lattice results [START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF]. We also consider the exact sum rule for the spectral function of G 08 ,

A ω 18 = 9π α 2 Γ ω → e + e - m ω = 7.33(24) 18 , A φ 9 = 9π α 2 Γ (φ → e + e -) m φ = 5 
∞ 0 ds R 08 (s) = 1 2 √ 3 A ω m 2 ω -A φ m 2 φ + N c 1 + α s π (s 1 -s 0 ) = 0 , (D.5) where R 08 (s) = [18R I=0 (s) -9R s (s)]/(2 √ 
3). This is satisfied within errors by the model, with the resonances contributing -0.46(5) GeV 2 and the perturbative piece contributing 0.47 GeV 2 . This gives us confidence in the model for the Π08 mixing function

Π08 model -Q 2 = Q 2 12π 2 ∞ 0 ds R 08 (s) s (s + Q 2 ) = 1 12π 2 1 2 √ 3 (D.6) × A ω Q 2 m 2 ω + Q 2 -A φ Q 2 m 2 φ + Q 2 + N c 1 + α s π log s 1 s 0 + Q 2 s 0 (s 1 + Q 2 ) . (D.7)
The perturbative contribution cancels except for differences in the light and strange quark thresholds, that leads to a finite contribution in the Q 2 → ∞ limit. With the inclusion of a ±100 MeV correlated error in the √ s 0 and √ s 1 threshold that gives the error band in figure 16, the value is Π08

pert. → N c (1 + α s /π) log(s 1 /s 0 )/(12π 2 2
√ 3) = 0.003 13 [START_REF] Aubin | Light quark vacuum polarization at the physical point and contribution to the muon g -2[END_REF]. Similarly, the ω and φ resonances contribution in the

Q 2 → ∞ limit is Π08 ω,φ → (A ω - A φ )/(12π 2 2
√ 3) = 0.003 57 [START_REF] Bhattacharya | Improved bilinears in lattice QCD with non-degenerate quarks[END_REF], for a total of 0.006 69 [START_REF] Lüscher | Properties and uses of the Wilson flow in lattice QCD[END_REF], with the O(10 %) error dominated by the experimental uncertainty on the ω and φ partial decay widths into e + e -. At
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Q 2 = 7 GeV 2 , our lattice result is Π08 = 0.007 04 [START_REF] Jegerlehner | Hadronic effects in (g -2)(mu) and alpha(QED)(M(Z)): Status and perspectives[END_REF] and very slowly varying with Q 2 , only 2 % larger than the Q 2 = 3 GeV 2 value, that makes it compatible with the model value but significantly more precise.

E Phenomenological estimate of the charm quenching effect

Our goal in this appendix is to estimate the rough size of the effect of neglecting sea charm quarks on the running of α em up to Q 2 0 ≈ 5 GeV 2 . To this end, we may split up the subtracted vacuum polarisation into two terms,

Π -Q 2 0 = Π -Q 2 0 -Π -1 GeV 2 + Π -1 GeV 2 . (E.1)
The first term can be estimated using perturbation theory; the dynamical charm quark effects enter at order α 2 s and is numerically small. For the second term, we will see that the contribution of the D D channels to the light-quark correlators amounts to a roughly one-permil effect if one neglects the virtuality dependence of the D-meson form factor.

We assume that the pion and kaon masses ared used to set the (u, d, s) quark masses, and that the same low-energy scale-setting quantity is used in the N f = 2 + 1 + 1 and the N f = 2 + 1 theory. To be clear, we do not claim to have a quantitative estimate of the charm quenching effect on Π(-Q 2 0 ), which represents a non-perturbative problem. Rather, we have tried to identify some of the differences between the two theories and assume the size of these differences to be representative of the total quenching effect.

E.1 D meson loops

In the N f = 2 + 1 + 1 theory, D + D -, D 0 D0 and D + s D - s pairs can contribute to the connected vector correlator of the (u, d, s) quarks, while these contributions are absent in the N f = 2 + 1 theory. The real production of these heavy-light meson pairs makes a positive contribution to the spectral function above the threshold of √ s = 2m D . The contribution to the R-ratio is

R D + D -(s) = 1 4 1 - 4m 2 D s 3/2 |F D + (s)| 2 (E.2)
and a similar expression for the D 0 D0 and D + s D - s channels. Since the form factors F D are not known precisely, we will set them to their values at s = 0, which amounts to treating these mesons in the scalar QED framework. With the form factors F D + (s) and F D + s (s) set to 1/3, since that is the charge of these mesons with respect to the (u, d, s) electromagnetic current, and similarly with F D 0 (s) set to -2/3, we obtain for the subtracted HVP the contribution

δ Πγγ -Q 2 = 4 9 f Q 2 /m 2 D 0 + 1 9 f Q 2 /m 2 D + + 1 9 f (Q 2 /m 2 Ds ) , (E.3) with 10 f (z) = 1 144π 2 -8(1 + 3/z) + 3(1 + 4/z) 3/2 log 2 + z + z(4 + z) 2 . (E.4) 10 For z → 0, we have f (z) = z 480π 2 + O(z 2 ).
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For Q 2 = 1 GeV 2 , we find δ Πγγ -1 GeV 2 = 0.39 × 10 -4 (E.5)

for the combined contribution of the D + s D - s , D + D -and D 0 D0 channels. For comparison, the (u, d, s)-quark contribution to this quantity is roughly 0.040. Thus the contribution (E.5) represents a one-permil effect. For Q 2 = 5 GeV 2 , we find δ Πγγ -5 GeV 2 = 1.81 × 10 -4 , (E.6) a 2.6 permil effect compared to about 0.070 for the (u, d, s)-quark contribution. In particular,

δ Πγγ -1 GeV 2 -δ Πγγ -5 GeV 2 = -1.42 × 10 -4 . (E.7)
The numerical values provided here can be enhanced by the presence of D D 1 --resonances, such as the ψ(3770); however, the latter is thought to be a 'good cc resonance', therefore having little coupling to the electromagnetic current carried by the (u, d, s) quarks. As an analogy, it may also be worth noting that the magnitude of the effective proton timelike form factor describing the cross-section e + e -→ pp starts at about 0.4 at threshold [START_REF]Measurement of proton electromagnetic form factors in the time-like region using initial state radiation at BESIII[END_REF], and thus well below its value at s = 0.

The corresponding contribution for the running of the mixing angle is easily estimated considering the charges of the D mesons with respect to the weak isospin current, that results in

δ ΠT 3 γ -Q 2 = 1 12 2f Q 2 /m 2 D 0 + f Q 2 /m 2 D + + f Q 2 /m 2 Ds , (E.8)
and using the relation δ ΠZγ = δ ΠT 3 γsin 2 θ W δ Πγγ .

E.2 Perturbative estimate

It is interesting to compare eq. (E.7) the difference of eqs. (E.5) and (E.6) to the purely perturbative prediction for the effect of unquenching the charm quark. The required formulae for the contribution of heavy sea quarks to the spectral function of the (u, d, s) quarks can be found in ref. [START_REF] Hoang | Radiation of heavy quarks[END_REF]. The 'valence quarks' (u, d, s), i.e. those coupling to the electromagnetic current, are treated as massless. There is a virtual correction to the spectral function starting already at s = 0, and a contribution corresponding to the 'real emission' of a cc pair, which opens at s = 4m 2 . Using the spectral representation, and setting α s = 0.30, m c = 1.25 GeV we find Πγγ (-1 GeV 2 ) -Πγγ (-5 GeV 2 ) = -0.19 × 10 -4 .

(E.9)

This prediction is about seven times smaller than the prediction in eq. (E.7) based on the D-meson loops treated in the scalar QED framework.
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E.3 Change in the ω and φ masses and decays constants due to mixing with J/ψ

A further non-perturbative effect to be expected in QCD with dynamical charm quarks is a small shift in the masses and decay constants of the ω and φ mesons, relative to their respective values in QCD without dynamical charm quarks. Simply speaking, this may be viewed as a result of the ω and φ mixing with the J/ψ and possibly higher vector charmonium mesons. Parametrically, this effect is of order 1/m 2 J/ψ , with a significant additional suppression associated with the small rate at which J/ψ decays. Even the mixing of the ω and φ mesons among themselves is known to be very small in the single flavor quark basis; see for instance the recent article [START_REF] Volkov | On the mixing angle of the vector mesons ω(782) and φ(1020)[END_REF] on this topic and references therein. Since it is difficult to isolate and quantitatively estimate the effect, we refrain from doing so here.

E.4 Synthesis

The largest potential charm-quenching correction we have identified comes from the D-meson loop, assuming conservatively virtuality-independent form factors. We will therefore use that correction as the basis of our estimate for the overall systematic uncertainty associated with the neglect of dynamical charm quark efects. Specifically, we will use eqs. (E.3)-(E.4) to estimate the charm-quenching error. As for the sign of the effect of quenching the charm quark, we remark that the specific effects considered in sections E.1 and E.2 both lead to Π(-Q 2 ) in the N f = 2 + 1 theory being slightly underestimated. Nevertheless, we will quote symmetric systematic errors, since we are unable to perform a complete analysis.

As a final remark, we have not addressed the quark-disconnected contributions to the electromagnetic-current correlator involving one charm quark, i.e. 2 j 8 µ j c ν /(3 √ 3). At least in perturbation theory, such contributions are of order α 3 s , i.e. of higher order than those considered in section E.2.

F Extended table of results at the physical point

The results for the Π33 , Π88 , Π08 and Πcc , and for the total HVP contribution to the running of α and sin 2 θ W , extrapolated to the physical point as explained in section 4, are given in tables 12 and 13 respectively for all the values of Q 2 sampled. Table 12. Results for the Π33 , Π88 , Π08 and Πcc HVP contribution extrapolated to the physical point for all the values of Q 2 sampled. The first quoted uncertainty is the statistical error, the second is the systematic error from varying the fit model estimated in section 4.1.1, the third is the scale-setting error (see section 4.2.1), and the fourth is the systematic from missing charm sea-quark loops (see section 4.2.2). The final uncertainty, quoted in square brackets, is the combination of the previous ones (continues).
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Q 2 [GeV 2 ] t 0 Q 2 Π33 Π88
-57 -JHEP08(2022)220 Table 12. Results for the Π33 , Π88 , Π08 and Πcc HVP contribution extrapolated to the physical point for all the values of Q 2 sampled. The first quoted uncertainty is the statistical error, the second is the systematic error from varying the fit model estimated in section 4.1.1, the third is the scale-setting error (see section 4.2.1), and the fourth is the systematic from missing charm sea-quark loops (see section 4.2.2). The final uncertainty, quoted in square brackets, is the combination of the previous ones (continues). Table 12. Results for the Π33 , Π88 , Π08 and Πcc HVP contribution extrapolated to the physical point for all the values of Q 2 sampled. The first quoted uncertainty is the statistical error, the second is the systematic error from varying the fit model estimated in section 4.1.1, the third is the scale-setting error (see section 4.2.1), and the fourth is the systematic from missing charm sea-quark loops (see section 4.2.2). The final uncertainty, quoted in square brackets, is the combination of the previous ones (continues).

Q 2 [GeV 2 ] t 0 Q 2 Π33 Π88
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Q 2 [GeV 2 ] t 0 Q 2 Π33 Π88
-59 -JHEP08(2022)220 Table 13. Results for the total HVP contribution to the running of α and sin 2 θ W extrapolated to the physical point for all the values of Q 2 sampled. Following the statistical error, and the systematic errors from varying the fit model estimated, scale-setting and missing charm sea-quark loops, the fifth uncertainty is the systematic error from missing isospin-breaking effects (see section 4.2.3). The final uncertainty, quoted in square brackets, is the combination of the previous ones (continues).

Q 2 [GeV 2 ] t 0 Q 2 Π33 Π88

  ) for the conserved-local discretization, and analogously for the local-local case. When eqs. (4.1) and (4.2) are considered in isolation, Πsym , φ sym 2 and φ sym 4
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  Figure 7. Plots of Π33 (-Q 2 ) at Q 2 = 1 GeV 2 (left) and Π88 (-Q 2 ) at Q 2 = 5 GeV 2 (right) on different ensembles as a function of the lattice spacing, together with the results of the combined fit. The left panel shows an example in which the O a 2 fit model is used, while a term proportional to a 3 has been included in the right plot as well. Different colors distinguish different pion masses from a set of five reference values. Using the functional form determined by the fit, each data point has been shifted to the closest value of φ 2 matching one of the reference pion masses, and to the same value of φ 4 . Filled symbols and dotted lines denote the conserved-local discretization, while open symbols and dashed lines denote the local-local one.
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 8 Figure 8. Same as figure 6 for the charm contribution Πcc(-Q 2 ) at Q 2 = 1 GeV 2 .
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 229 Figure 9. Contributions to the running extrapolated at the physical point as a function of the momentum transfer squared Q 2 . The contributions are normalized without including the charge factors, according to eqs. (3.6).
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 4 which define the physical point in the fit model, and t 0 Q 2 . The induced distribution of Π(Q 2 ) is obtained evaluating the optimized fit model at (φ phys 2 , φ phys 4
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 10 Figure 10. Total HVP contribution to the running of α (left panel) and sin 2 θ W (right panel) as a function of Q 2 , together with the I = 1, I = 0, charm and, for sin 2 θ W , Zγ-mixing contributions.

2 Figure 12 .

 212 Figure 12.Left, upper panel: ratio of the hadronic running ∆α had computed by BMWc[START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF] divided by our results, for five different momenta. In addition to the total contribution, we show the isovector (I = 1), isoscalar (I = 0) and charm quark components. Left, lower panel: the total hadronic running ∆α

Figure 14 .

 14 Figure 14.Compilation of results for ∆α[START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] 

Figure 16 .

 16 Figure 16. HVP mixing function Π08 as a function of Q 2 from our lattice computations, compared to the phenomenological model described in appendix D. Two contributions to the model are also shown in isolation: the finite perturbative QCD one, and the narrow resonances one resulting from the ω and φ mesons with opposite signs.

  .86(10) 9 , (D.4) with Γ (ω → e + e -) = 0.60(2) keV and Γ (φ → e + e -) = 1.251(21) keV [7]. Setting N c = 3, α s = 0.30 and the perturbative contribution thresholds √ s 0 = 1.02 GeV and √ s 1 = 1.24 GeV, eqs. (D.2) yield a respectively 50.2×10 -10 and 53.4×10 -10 for their contribution to a HVP,LO µ . We can add these contributions to get 103.6 × 10 -10 for the total uds isoscalar contribution to a HVP,LO µ

  [START_REF]Measurement of the Positive Muon Anomalous Magnetic Moment to 0.46 ppm[END_REF][START_REF]Hadronic-vacuum-polarization contribution to the muon's anomalous magnetic moment from four-flavor lattice QCD[END_REF] 0.020 53[START_REF] Eidelman | Testing nonperturbative strong interaction effects via the Adler function[END_REF](3)(17)(2)[START_REF] Francis | Study of the hadronic contributions to the running of the QED coupling and the weak mixing angle[END_REF] 0.005 82 (8)(0)(15)(0)[START_REF] Jegerlehner | Hadronic effects in (g -2)(mu) and alpha(QED)(M(Z)): Status and perspectives[END_REF] 0.003 (2)(0) (7)(-) 14 (17)(10)(20)(3)[START_REF] Aubin | Light quark vacuum polarization at the physical point and contribution to the muon g -2[END_REF] 0.021 88 (9)(3)(18)(3)[START_REF]Hadronic vacuum polarization contribution to the anomalous magnetic moments of leptons from first principles[END_REF] 0.005 99 (8)(0)(15)(0)[START_REF] Jegerlehner | Hadronic effects in (g -2)(mu) and alpha(QED)(M(Z)): Status and perspectives[END_REF] 0.003 (2)(1) (7)(-)[START_REF] Gérardin | The leading hadronic contribution to (g -2) µ from lattice QCD with N f = 2 + 1 flavours of O(a) improved Wilson quarks[END_REF] 

  [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] (2) (1) (3)(1)[START_REF]Muon g-2 collaboration, Final Report of the Muon E821 Anomalous Magnetic Moment Measurement at BNL[END_REF] 0.031 34[START_REF] Adler | Some Simple Vacuum Polarization Phenomenology: e + e -→ Hadrons: The µ -Mesic Atom x-Ray Discrepancy and g -2 µ[END_REF](5)(27)(5)[START_REF] Hoferichter | Three-pion contribution to hadronic vacuum polarization[END_REF] 0.006 70 (8)(0)(15)(0)[START_REF] Jegerlehner | Hadronic effects in (g -2)(mu) and alpha(QED)(M(Z)): Status and perspectives[END_REF] 0.007 (3)(1)(13)(-)[14] 2.0 1.106 0.042 9 (2) (1) (3)(1) [4] 0.031 69 (17)(5)(27)(5)[33] 0.006 72 (8)(0)(15)(0)[17] 0.007 (3)(1)(14)(-)[14] 2.1 1.161 0.043 6 (2) (1) (3)(1) [4] 0.032 37 (20)(5)(28)(6)[35] 0.006 75 (8)(0)(15)(0)[17] 0.007 (3)(1)(14)(-)

Table 1 .

 1 List

	)

T /a L/a t sym 0 /a 2 a [fm] L [fm] m π , m K [MeV] m π L ncfg (con., dis.of CLS ensembles employed in this work, with approximate lattice spacings, spatial volume and pion and kaon masses. All ensembles realize open boundary conditions in time, except for B450, D450 and E250 on which the temporal boundary conditions are periodic. Values of t sym 0

Table 4 .

 4 in eq.(3.3) and Q 2 itself are dimensionful quantities, thus scale setting is needed to translate Q 2 -values in GeV 2 to lattice units. For this purpose, we insert into the kernel the dimensionless product t 0 Q 2 , 5 where the gradient flow scale t 0 introduced in section 3.4 has been computed on each ensemble, see appendix A and table 8. Results on each ensemble at Q 2 = 1 GeV 2 are given in table 4. For Π08 , both connected and disconnected, only the results with the conserved-local discretization are available, for the reasons discussed in section 3.3. At the SU(3)-symmetric point Π88 con = Π33 , and Π88 dis as well as both components of Π08 vanish exactly. The corresponding entries in the table are set to zero. As one moves away from the SU(3)-symmetric point, the Π33 contribution increases, while5 With the exception of the charm contribution and its extrapolation for which t sym Estimate of connected and disconnected contribution to Π(-Q 2 ) × 10 5 at Q 2 = 1 GeV 2 for the conserved-local (first line) and, when available, local-local (second line) discretization.

	0	Q 2 is used, see

  1 GeV 2 on different ensembles as a function of the pion mass, together with the results of the combined fit. With respect to the values in table 4, the data points in the plot include a small shift to the same value of φ 4 . Filled symbols and dotted lines denote the conserved-local discretization, while open symbols and dashed lines denote the local-local one.

  Thus, we fit the quantities φ 2 , φ 4 , Π33

					a [fm]					a [fm]	
			0.0 0.035 0.05 0.064 0.076 0.086		0.0 0.035 0.05 0.064 0.076 0.086
		0.036		135 MeV			0.056		135 MeV		
		0.034		200 MeV 280 MeV			0.054		200 MeV 280 MeV		
				350 MeV			0.052		350 MeV		
	(-Q 2 )	0.032		412 MeV		(-Q 2 )	0.050		412 MeV		
	Π33	0.030				Π88					
							0.048				
		0.028									
		0.026	0.0	0.1	0.2 a 2 /t sym 0	0.3	0.044 0.046	0.0	0.1	0.2 a 2 /t sym 0	0.3	JHEP08(2022)220

CL , Π33 LL , Π88 CL , Π88 LL and Π08 CL simultaneously, except for ensembles at the

Table 5 .

 5 Contributions to the running extrapolated to the physical point. The first quoted uncertainty is the statistical error, the second is the systematic error from varying the fit model estimated in section 4.1.1, the third is the scale-setting error (see section 4.2.1), and the fourth is the systematic from missing charm sea-quark loops (see section 4.2.2). The final uncertainty, quoted in square brackets, is the combination of the previous ones.

	Q 2 [GeV 2 ]	t 0 Q 2	∆α had	∆ had sin 2 θ W
	0.1	0.055 3 0.000 842 (9) (7) (4)(0) (2)[13] -0.000 849(10) (8) (5)(0)(1)[14]
	0.4	0.221 2 0.002 342(15)(10)(12)(1) (7)[23] -0.002 368(17)(11)(18)(2)(3)[27]
	1.0	0.553	0.003 864(17) (8)(22)(4)(12)[32] -0.003 93 (2) (1) (3)(0)(1) [4]
	2.0	1.106	0.005 21 (2) (0) (3)(1) (2) [4] -0.005 30 (3) (0) (4)(1)(1) [5]
	3.0	1.659	0.006 05 (6) (0) (4)(1) (2) [7] -0.006 14 (6) (0) (5)(1)(1) [8]
	4.0	2.212	0.006 66 (7) (0) (4)(1) (2) [9] -0.006 76 (8) (0) (6)(1)(1)[10]
	5.0	2.764	0.007 16 (8) (0) (5)(2) (2) [9] -0.007 24 (8) (0) (6)(2)(1)[10]
	6.0	3.317	0.007 57 (8) (0) (5)(2) (2) [9] -0.007 64 (8) (0) (6)(2)(1)[11]
	7.0	3.87	0.007 93 (8) (0) (4)(2) (2) [9] -0.007 99 (8) (0) (6)(2)(1)[11]

Table 6 .

 6 Total HVP contribution to the running of α and sin 2 θ W . After the statistical error and the fit, scale-setting and charm-sea-quark systematic errors propagated from the Π results in table 5, the fifth uncertainty is the systematic error from missing isospin-breaking effects (see section 4.2.3). The final uncertainty quoted is the combination of the previous ones.

Table 7 .

 7 The contribution from [∆α

Table 8 .

 8 Meson masses and decay constants, and reference scales t 0 and w 2 0 .
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Table 9 .

 9 Finite-size effects on mesonic observables.

	012 0.012 -0.11 -0.11
	H102 0.051 0.000 -0.23 -0.12
	H105 0.145 0.000 -0.60 -0.25
	N101 0.010 0.000 -0.04 -0.02
	C101 0.038 0.000 -0.15 -0.06
	B450 0.031 0.031 -0.28 -0.28
	S400 0.114 0.000 -0.53 -0.29
	N451 0.021 0.000 -0.09 -0.03
	D450 0.013 0.000 -0.05 -0.02
	H200 0.096 0.096 -0.86 -0.86
	N202 0.005 0.005 -0.05 -0.05
	N203 0.024 0.000 -0.11 -0.05
	N200 0.070 0.000 -0.29 -0.12
	D200 0.056 0.000 -0.22 -0.08
	E250 0.031 0.000 -0.12 -0.05
	N300 0.033 0.033 -0.29 -0.29
	N302 0.131 0.000 -0.60 -0.31
	J303 0.086 0.000 -0.35 -0.14
	E300 0.041 0.000 -0.16 -0.06

Table 10 .

 10 Bin size and integrated autocorrelation time in units of saved configurations for each of the ensembles included in our study. Configurations are saved every 4 molecular dynamics units (MDUs) (2 trajectories of length 2 MDUs), except for J303, for which configurations are separated by 8 MDUs (4 trajectories).

Table 11 .

 11 Values of (valence) κ ,s,i,c
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  vev t

	O,vev t σ 2	old new	,	(C.6)
	where σ 2 O,vev denotes the variance of the vacuum expectation values at zero-momentum, i.e.
	for the observable			
	vev =	L O ( 0, t) .	(C.7)
	t			

Table 12 .

 12 Results for the Π33 , Π88 , Π08 and Πcc HVP contribution extrapolated to the physical point for all the values of Q 2 sampled. The first quoted uncertainty is the statistical error, the second is the systematic error from varying the fit model estimated in section 4.1.1, the third is the scale-setting error (see section 4.2.1), and the fourth is the systematic from missing charm sea-quark loops (see section 4.2.2). The final uncertainty, quoted in square brackets, is the combination of the previous ones (continues).
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 12 Results for the Π33 , Π88 , Π08 and Πcc HVP contribution extrapolated to the physical point for all the values of Q 2 sampled. The first quoted uncertainty is the statistical error, the second is the systematic error from varying the fit model estimated in section 4.1.1, the third is the scale-setting error (see section 4.2.1), and the fourth is the systematic from missing charm sea-quark loops (see section 4.2.2). The final uncertainty, quoted in square brackets, is the combination of the previous ones. 0.000 842 (9) (7) (4)(0) (2)[13] -0.000 849 (10) (8) (5)(0)(1)[START_REF] Morel | Determination of the fine-structure constant with an accuracy of 81 parts per trillion[END_REF] 

	Π08	Πcc

The conventional choice of taking the real part of Π(q

) and discarding the imaginary part simplifies the conversion between the on-shell scheme and the ms one, given by eq. (10.10) of ref.[7]. However, to define α(q 2 ) as a physical observable also the subleading imaginary part should be included[START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF]. See also the discussion around eq. (2.11) in ref.[START_REF] Colangelo | Two-pion contribution to hadronic vacuum polarization[END_REF]. For space-like q 2 < 0 accessible on the lattice, Π(q 2 ) is real and there is no issue around the imaginary part.

In this work, we employ the trapezoidal rule to approximate the TMR intregral, which has a O(a 2 ) error that is consistent with the use of O(a)-improved action and operators, see section

3.4. 

In the usual lattice notation, G con = 2G[START_REF] Passera | The Muon g -2 and the bounds on the Higgs boson mass[END_REF] and G s con = 3G[START_REF] Andersen | The I = 1 pion-pion scattering amplitude and timelike pion form factor from N f = 2 + 1 lattice QCD[END_REF] con -G[START_REF] Passera | The Muon g -2 and the bounds on the Higgs boson mass[END_REF] . Moreover, G 08 con = √ 3(G 33 -G 88 con )/2.
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the scale setting error, a new determination of the t 0 scale that is underway [START_REF] Strassberger | Scale setting for CLS 2 + 1 simulations[END_REF] will help clarify the significance of this tension.

Combining our result obtained in a Q 2 -range between 3 to 7 GeV 2 range with perturbative QCD, we obtain an estimate for ∆α [START_REF] Aoyama | The anomalous magnetic moment of the muon in the Standard Model[END_REF] had (M 2 Z ) in eq. (5.5) that does not rely on any experimental data as input, except for the calibration of the lattice scale. Our estimate, based on the Euclidean split technique and the perturbative Adler function, is consistent with and of similar precision (i.e. 0.55 %) as estimates employing the data-driven approach. Thus, the tension in ∆α had (-Q 2 ) observed between our results and the R-ratio is largely washed out when running the result up to the Z pole.

For the electroweak mixing angle θ W , we also provide a description in terms of a rational function of ∆ had sin 2 θ W (-Q 2 ) for Q 2 up to 7 GeV 2 (see eqs. (4.13) and (4.14)). Here we take advantage of the fact that the different flavor structure of the (vector part of the) weak neutral current with respect to the electromagnetic current is easily implemented in the lattice approach. This results in estimates for ∆ had sin 2 θ W (-Q 2 ) with a similar error budget as that for ∆α had (-Q 2 ), which is a vast improvement over what can be obtained with the data-driven method which relies on a heuristic flavor separation affected by large systematic uncertainties. Specifically, in eq. (5.7) we provide a rational representation for the flavor-singlet mixing contribution Π08 (Q 2 ), which for a large Q 2 tends to the constant value in eq. (5.9). This result can be used in comprehensive studies of the running of the electroweak mixing angle in combination with the experimental R-ratio data to reduce the systematics from the flavor separation. Table 13. Results for the total HVP contribution to the running of α and sin 2 θ W extrapolated to the physical point for all the values of Q 2 sampled. Following the statistical error, and the systematic errors from varying the fit model estimated, scale-setting and missing charm sea-quark loops, the fifth uncertainty is the systematic error from missing isospin-breaking effects (see section 4.2.3). The final uncertainty, quoted in square brackets, is the combination of the previous ones (continues). [START_REF] Keshavarzi | g -2 of charged leptons, α(M 2 Z ) , and the hyperfine splitting of muonium[END_REF] Table 13. Results for the total HVP contribution to the running of α and sin 2 θ W extrapolated to the physical point for all the values of Q 2 sampled. Following the statistical error, and the systematic errors from varying the fit model estimated, scale-setting and missing charm sea-quark loops, the fifth uncertainty is the systematic error from missing isospin-breaking effects (see section 4.2.3). The final uncertainty, quoted in square brackets, is the combination of the previous ones.
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