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Abstract

The resonance phenomenon has become more common in the recent years with

the increase of the power converter applications in power systems. Resonance

can cause serious damages, and must be taken into account on the design phase

of power systems whenever possible. The resonance surface response is a new

method of analysis that allows the evaluation of the resonance-due voltage

and/or current ampli�cation in transmission lines, along with the resonance

frequency and the position along the line where the ampli�cation takes place.

The surfaces can be calculated for any linear system under the risk of the res-

onance phenomenon in a transmission line or long cable, independently of its

number of conductors. This analysis can be useful to determine the adequate

choice of the critical insulation voltage of a cable, to design robust output �lters

for power converters connected to long cables, to mitigate EMI phenomenon

such as cross-talk, etc... Here the theory and allowing the resonance surface

response computation is presented. Two examples of surfaces are given: a three-

dimensional surface to describe the resonance in a two-conductor cable and a

seven-dimensional surface for a three-conductor cable; the later is analyzed with
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an optimization algorithm. The dependency of the resonance on the cable length

and the di�culties that arise from the analysis of higher dimensional surfaces

are discussed.

Keywords: Power Cable, Resonance, Switching harmonics, Power converters,

EMC

1. Introduction

In recent years the insertion of power converters on power systems is increas-

ing considerably. At the same time the �lters responsible for attenuating the

switching harmonics generated by the converters tend to be reduced, or even

absent, whenever possible. These tendencies contribute to electromagnetic inter-5

ference (EMI) problems on power systems by increasing the conducted emissions

in the system [1].

These conducted emission may be ampli�ed by the resonance phenomenon

if they circulate through a long cable. Some examples of applications where the

switching harmonics may cause damage to the installation are: the connections10

between o�shore power plants and the onshore substations [2, 3]; in electric

transportation applications such as trains (catenary lines) [4], electric automo-

biles [5] or more electric aircraft [6]; and on long power cables connecting AC

motors to its drives [7, 8, 9, 10, 11].

With the advent of wide-band gap semiconductors these dangerous resonance-15

due overvoltages and overcurrents tend to appear in shorter cables, because the

commutation times will be faster and introduce harmonics up to higher frequen-

cies. Therefore, an e�ective design method able to increase the robustness of a

system facing resonance tend only to become more relevant.

The di�culties of an accurate model of the resonance arise from frequency-20

dependent behavior of the power cables used in these applications [12]. With

frequency-dependent per-unit-length (p.u.l.) parameters comes a frequency-

dependent propagation speed [13], and to determine the resonance frequency of

such cables a numerical solution is indispensable [14, 15]. The paper [14] gives
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an e�cient method to calculate the resonance frequency for transmission lines25

connected to resistive loads, however, it cannot be applied to reactive loads.

Knowledge on the resonance frequency is useful in many of the applications

aforementioned, notably for resonance damping methods based on notch �lters

[3], which are likely to be reactive.

This paper describes an innovative analysis and representation method:30

the �resonance surface response�. It describes the behavior of the resonance

phenomenon in a given multiconductor transmission line in function of the

impedances connected to its terminals. It gives a more general description of the

resonance behavior than the present literature because it allows the description

of the resonance phenomenon, giving its frequency, position and ampli�cation,35

for a generic linear system with any number of conductors in the line.

Of course, in all the resonant cables aforecited the perturbations are origi-

nated by power converters, therefore their linear equivalent model is necessary

if they are to be included on the system simulations. For an EMI study, such

as the one proposed in this paper, a high frequency linear model as described40

in [16, 17] is su�cient.

The analysis proposed here is performed for the medium frequency band,

from hundreds of kHz to tens of MHz, and can be particularly useful in the

design of robust EMC �lters. However, the method can be easily adapted to

other frequency band, the only limitation of the model arising from the validity45

of the equivalent linear model chosen for the power converters. Indeed, there

are some cases of dangerous resonance ampli�cation in low frequencies such as

large-scale distributed power plants [18, 19] and o�shore power plants [20], to

which a transfer function model of the converter is more convenient.

In this paper the analysis of asymmetric multiconductor systems with the50

resonance surface response is described in �rsthand, what leads to the scrutiny of

a higher dimensional surface with an optimization algorithm. Also, the theoret-

ical aspects of the resonance surface response are detailed and di�erent analysis

deriving from this approach are exploited. For a direct example of their ap-

plicability please refer to [21] where the resonance surface response was �rst55
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introduced by the authors, but know that this previous paper is limited to the

analysis of three-conductor balanced systems, with the surfaces represented on

no more than three dimensions.

The resonance surface response method in its most generic form is described

in section 2. A �rst example of a two-conductor transmission line leading to60

three-dimensional resonance surface responses is shown in section 3, and an ex-

ample with a three-conductor transmission line giving seven-dimension surfaces

is detailed in section 4.

2. The resonance in transmission lines

The resonance phenomenon may occur in transmission lines (TL) as in many65

other physical systems: if the line impedances are not matched, the voltage and

current waves traveling through the line are re�ected at its terminals and at

speci�c frequencies their superposition leads to an ampli�cation of the excitation

wave.

ZS ZLIS ILV (x)

I(x)

`0 x

Figure 1: Schematics of a generic two-conductor cable system, Norton equivalents at the

terminals

A generic two-conductor system is represented in Fig. 1. Its re�ection70

coe�cients are given by equations (1) and (2), and the condition of matched

impedances is in (3). In these equations, Zc is the characteristic impedance of

the line.

ΓL =
ZL − Zc
ZL + Zc

(1)
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ΓS =
ZS − Zc
ZS + Zc

(2)

ZL = ZS = Zc (3)

In power electronics applications the cables and devices are unlikely to have

matched impedances, and medium frequency harmonics are present due to the75

switched current and voltage in the converter. If some of these harmonics match

the natural frequencies of the cable, they might be ampli�ed by the resonance

phenomenon.

The natural frequencies of a TL can be found by minimizing its input

impedance (4). Finding these minima analytically is complicated: the vari-80

ables ZS , ZL, Zc and γ are frequency dependent, what makes the derivative of

(4) in relation to the frequency too cumbersome.

Z(0) = ZS //Zc
ZL + Zc tanh(`γ)

Zc + ZL tanh(`γ)
(4)

More speci�cally, the variations of γ with the frequency gives a frequency

dependent propagation speed v, what demands a numerical solution for the

resonance frequency even if the other variables were real constants, as shown in85

[14]. The aforecited paper gives a numerical method to determine the resonance

frequency for ZS →∞ and ZL a resistive load, but not for a generic system.

The resonance behavior of a system with long cables will be numerically

represented in this paper, and the simulations used for the results presented

here are based on a frequency-domain simulator described and experimentally90

validated in [12].

The frequency-domain simulator is based on the numerical solution for V (x)

and I(x) of equations (5) to (11) for each value of a discrete frequency vector.

The equations model a system containing a n+ 1-conductor cable as shown in

Fig. 2 when connected to generic multiport equivalent models are [22]:95

V(x)

I(x)

 =

Φ1(x) Φ2(x)

Φ3(x) Φ4(x)


V(0)

I(0)

 (5)
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Φ1(x) = Zc cosh(x
√

YZ)Yc (6)

Φ2(x) = −Zc sinh(x
√

YZ) (7)

Φ3(x) = − sinh(x
√

YZ)Yc (8)

Φ4(x) = cosh(x
√

YZ) (9)

I(0) = IS −YSV(0) (10)

− I(`) = IL −YLV(`) (11)

Source

SS, YS

Load

SL, YL

0

n

i

1

...

...

Vn(x)

Vi(x)

V1(x)

In(x)

Ii(x)

I1(x)

x
`0

Figure 2: Generic system with multiconductor cable, devices or network connected to the

cable terminals represented by Thévénin/Norton n+ 1-port equivalent circuits

In equations (5) to (9), x is the space axis parallel o the line, ` is the ca-

ble length, I and V are vectors of size n containing respectively the currents

of each active conductor and the voltages relative to the reference conductor;

Zc = Y−1
√

YZ is the characteristic impedance matrix,Yc = Z−1
c is the charac-

teristic admittance matrix and
√

YZ is the non-diagonalized propagation ma-100

trix. Matrices Z = R + jωL and Y = G + jωC are the p.u.l. impedance and

admittance matrices, respectively. The de�nition of the p.u.l. resistance R,

inductance L, conductance G and capacitance C matrices can be found in [22];

j is the imaginary unity and ω is the angular frequency. In equations (10) and
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(11) YS and YL are the input admittance matrices and IS and IL are vectors105

of current sources of a n+ 1-port Norton equivalent circuit as described in [23].

In this paper the parameter matrices Z and Y for each of the cables were

experimentally identi�ed from input impedances measurements taking into ac-

count their frequency-dependency, as described in [12, 24].

The resonance surface responses obtained from this model are described in110

the following sections, section 3 with a three-dimensional example and section

4 with a higher-dimensional surface.

3. Three-dimensional resonance surface response

In this section a three-dimensional resonance surface response example will

be presented. For the surface to be 3D the analysis must be limited to two115

variables, the third dimension being used to present the results. This limitation

forces two simpli�cations of the generic system in Fig. 2: the cable must have

only two conductors, and one of the impedances ZS or ZL must be neglected.

In this example, ZS and IL were canceled as shown in Fig. 3.

ZL−
+VS V (x)

I(x)

` = 10m0

x

Figure 3: Schematics of the two-conductor cable system under study, the resonance analysis

is performed in function of ZL

Figure 4: Cross-section of the two-conductor 0.75mm2 cable
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1 Ω 10 nH
500 nF

Figure 5: ZLe : Load chosen as example for the intersection with the resonance surface response

The current source in the general model was converted to a voltage source120

VS for convenience, and the resonance surface response is plotted in function of

the voltage V (x).

The cable parameters come from two-conductor cable of section 0.75 mm2

commonly used in residential electrical plug extensions, its cross-section is pre-

sented in Fig. 4. They were identi�ed from input impedance measurements and125

can be found in Fig. 2.30 of [24].

The resonance surface response is calculated by evaluating the voltage enve-

lope along the 10 m long cable for all the combinations of the variables in table

1. The maximal voltage obtained for each pair (A,B) is then stored, along

with the frequency and position where it takes place. In this section the voltage130

source is set to VS = 1 V.

Table 1: Range of values used in the numerical analysis leading to the resonance surface

response

Variable Range Number of points Scaling

A [10−2, 105] Ω 402 log

B [−105,−10−2] ∪ [10−2, 105] Ω 402 log

f [0.1, 10] MHz 5000 log

x [0, 10] m 21 linear

To exemplify a possible reading from the resonance surface response the

example load given in Fig. 5 is used.

The surfaces composing the resonance surface response are plotted in Fig.

6. In Figs. 6a and 6b are the maximal voltages obtained for each impedance135
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ZL = A + jB, in Figs. 6c and 6d are the correspondent resonance frequencies

and in Figs. 6e and 6f the position where the maximal voltage takes place. The

�gures are split in two to represent positive and negative values of B in log

scale.

Note that the frequency and voltage ampli�cation surfaces are mirrored:140

the higher is the voltage ampli�cation the lower is the resonance frequency

corresponding to it, because the cable losses are smaller for lower frequencies.

The resonance surface response presents three zones corresponding to the

well-known behavior of the resonance phenomenon (propagation speed in the

cable v ≈ 1.54× 108m/s):145

� The zone of high values of A or B: approaches the open-ended cable,

resonance frequency of fr = v/4` taking place at x = ` with high voltage

ampli�cation;

� The zone of low values of A and B: approaches the short-circuited cable,

resonance frequency of fr = v/2` taking place at x = `/2 with a voltage150

ampli�cation lower than in the previous case;

� The zone of matched impedances A ≈ |Zc| and |B| < |Zc| where resonance

does not take place: the maximal voltage equals the input voltage 1V and

there are discontinuities in the frequency and position surfaces.

The portion of the surface under the condition |B| < |Zc| con�rms the155

behavior described in [14]:

� for |ZL| < |Zc| the resonance frequency is the same as for a short-circuited

line

� for |ZL| > |Zc| the resonance frequency is the same as for an open-ended

line160

However, the resonance frequency response shows that for loads with higher

reactive components (|B| > |Zc|) this rule no longer applies. This is one of the
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(a) Ampli�cation, capacitive (b) Ampli�cation, inductive

(c) Frequency, capacitive (d) Frequency, inductive

(e) Position, capacitive (f) Position, inductive

Figure 6: Resonance Surface Response for 0, 75mm2 two-conductor cable of length ` = 10m;

Line in green: impedance ZLe , markers in pink: intersections with ZLe
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Table 2: Resonance behavior of the cable when connected to the example load ZLe

Resonance frequency fr 7.8 MHz

Voltage ampli�cation V (xr)/V (0) 5.8

Position of maximal voltage xr 5 m

main contribution of these surfaces: the resonance behavior of a cable can be

assessed for any ZL connected to the cable.

In this merit, two distinct behaviors of the resonance were exposed by the165

surface:

� The maximum voltage occurs for a capacitive load to which the resonance

frequency is lower than in the open-ended cable.

� The zone corresponding to inductive loads presents the only resonance

taking place not at the midpoint nor at the endpoint of the line, but170

varying in the interval `c/2 < x < `.

To exemplify a reading from these surfaces, the impedance of the example

load ZLe presented in Fig. 5 was plotted in green in function of the frequency

in Figs. 6c and 6d. The intersection between ZLe
and the frequency surface

gives the resonance frequency of the cable terminated by ZLe
. The resonance175

voltage and position can then be assessed with the respective points in the

remaining surfaces, points marked in pink in Fig. 6. The resonance behavior of

this example is resumed in table 2.

Two unprecedented analysis are proposed below to extend the applicability of

the resonance surface response. They use 2D cuts from the 3D surface, in section180

3.1 to compare the resonance behavior of di�erent two-conductor cables and in

section 3.2 to analyze the impact of cable length in the resonance behavior.

3.1. Comparing cables with cuts from the resonance surface response

This section proposes a method to compare the resonance behavior of di�er-

ent cables. One examples of applicability of this method is the cable selection185
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Table 3: Description of the cables to be compared for their resonance behavior; R and G given

for f = 1 MHz, |Zc| its mean value in the band f ∈ [1, 10] MHz

Cable Application |Zc| (Ω) R (mΩ
m ) G (µSm )

Constant pa-

rameters

Example, L = 578nH/m

C = 76, 3 pF/m

87 597.3 118.2

Two-conductor

0.75 mm2

Residential plug exten-

sion

87.5 293.5 40.10

Two-conductor

1.5 mm2

Audio cable 105 347.0 12.43

Two-conductor

2.5 mm2

Power cord cable 71.8 251.9 25.19

Coaxial 50 Ω RF signals 52.8 157.3 0.7610

in the design phase of a system vulnerable to conducted emissions.

Plotting several 3D surfaces in the same axis can make the data di�cult to

read, and for this reason sensible 2D cuts from the surfaces were selected for an

easy visual comparison. The chosen cuts correspond to the intersection between

the surfaces and the planes B = 0, A = 0 and A = |Zc|.190

The cables to be compared are described in table 3. The parameters of these

cables were obtained with input impedance measurements, the parameters of the

non-shielded cables and can be found in [24] and the parameters of the coaxial

cable are plotted in the Appendix. A constant parameter example was added

to show the implications of neglecting their frequency dependency to simplify195

the model.

In this analysis the computation time can be drastically reduced by calcu-

lating the surface points exclusively for the values of (A,B) present in the 2D

cuts, what was done for the cables �rst included in this section. The cuts from

the frequency and position surfaces could also be obtained, but here they are200

omitted for the sake of brevity.
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(a) B = 0, pure ressistive load

(b) A = 0, pure capacitive to the left, pure inductive to the right

(c) A = |Zc|, capacitive to the left, inductive to the right

Figure 7: Cuts from the resonance surface responses of the cables described in table 3
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The 2D cuts of the voltage surface are plotted in Fig. 7. The �rst cut in

Fig. 7a corresponds to B = 0 and shows the resonance voltage when the cable

is connected to a pure resistive load. From it can be read the band around

|Zc| where the behavior is close to impedance matching ZL = Zc, also can be205

compared the open-circuit (OC) and short-circuit (SC) resonance voltages. The

cable with constant parameters has the same ampli�cation for both OC and SC,

as expected.

The second 2D cut A = 0 is plotted in Fig. 7b, and show the behavior of

the resonance when the cable is connected to pure reactive loads. The peak of210

maximum voltage ampli�cation is in the capacitive zone except for the coaxial

cable that has its maximum voltage for an inductive load. These distinctions

are not visible with the simpli�ed model of constant p.u.l. parameters.

The last cut corresponds to A = |Zc| and is plotted in Fig. 7c. In this �gure

can be read the limit value of B that still allows the line to behave as a matched215

impedance line, in all cases this limit is around B < |Zc|.

These 2D cuts from the resonance surface response are those that best rep-

resent the overall shape of the 3D surfaces and are en e�ective way to compare

the resonance behavior of di�erent cables.

3.2. Impact of cable length on the resonance surface response220

At �rst, the impact of the cable length on voltage ampli�cation due to res-

onance may not be evident. Indeed, the voltage ampli�cation depends directly

on the total losses in the cable given by the expression R {γ`} = α`, were α is

the attenuation coe�cient, a direct representation of the cable losses.

The parameter α increases with frequency. The relevant value of α impact-225

ing the voltage ampli�cation is α(fr), with fr the resonance frequency. Two

characteristics must be considered:

� A longer cable will have higher total losses α` given a constant α, however;

� A longer cable will have a lower fr, and therefore a lower α(fr).
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To study this aspect, an analysis speci�c to the voltage at x = ` of an open-230

ended cable was done. The resonance frequency of an open-ended cable is given

by (12), what allows the approximation of Z(0) for an open-ended cable at the

resonance frequency fr given in (13) [13]. The equation giving V (`) is recalled

in (14), what gives V (`)OC for f = fr as in (15).

fr =
v

4`
(12)

ZOC
f=fr
= Zccoth(α`) ≈ Zcα` (13)

V (`) = V (0)

[
cosh(γ`) +

Zc
ZOC

sinh(γ`)

]
(14)

V (`)OC
f=fr
=

Vs
α`

(15)

The applicability of this approximation is demonstrated in Fig. 8. In this235

�gure, a numerical solution using the frequency-domain model described in sec-

tion 2, following the principles of the resonance surface response, extracted the

highest V (`) from di�erent excitation frequencies for the 2, 5 mm2 cable with

length varying form 4 m to 50 m. This numerical solution is then compared to

the same voltage calculated from equation (15), �rst using the attenuation coef-240

�cient corresponding to the resonance frequency fr given by (12) and secondly

using α for 9.8MHz, the resonance frequency of a 4 m long cable.

Fig. 8 shows that the factor ` α(fr) increases with the cable length despite

the reduction of the resonance frequency, attenuating the resonance voltage.

Still, this attenuation would be greater if the cable losses were constant (dashed245

line).

To generalize this analysis, the resonance surface response is again necessary.

They were calculated for three di�erent lengths of the 2, 5 mm2 cable and for

most of the regions of the surface the voltage ampli�cation was reduced by a

constant factor as length increases except for pure reactive loads.250

For this reason the cut A = 0 is the only to be presented here in Fig. 8. It

shows that, other than the fact that the voltage ampli�cation reduces with cable

length, the resonance voltage peak for capacitive loads around B = −102 Ω is

15



(a) V (`) under resonance (b) fr of the open-ended cable

Figure 8: Analysis of the open-ended 2.5 mm2 cable. In (a) V (`) in function of cable length

`, the numerical solution (full line) is compared to (15) with both α(fr) in asterisks and

α(9.8 MHz) in the dashed line; the resonance frequency fr is given in (b), and 9.8 MHz

corresponds to fr for ` = 4 m

Figure 9: Cut A = 0 of the resonance surface response of the 2.5 mm2 cable for di�erent cable

lengths

attenuated as the cable length increases.

In conclusion, longer power cables tend to have lower harmonic ampli�ca-255

tions, even if their attenuation may be lesser than expected.

4. Higher-dimensional resonance surface response

The three-dimension resonance surface response presented in the previous

section applies exclusively to systems with two-conductor cables. If the circu-

16



lation of parasitic currents is considered it is likely that a system will not be260

accurately represented by the two-conductor cable model.

Therefore, to expand the applicability of these surfaces the multiconductor

TL model must be studied, what demands the analysis of the resonance surface

response of higher dimensions. This is one of the key novelties of this paper.

A generic model of a system with a (n + 1)-conductor cable would have265

the terminals connected to (n+1)-port Thévénin/Norton equivalent circuits, as

shown in Fig. 2. For these equivalent circuits to be generic, they would require

at least (n + 1)n/2 impedances to be identi�ed [23]. As the resonance surface

response needs an axis to represent each the real and the imaginary part of the

impedances composing ZS and ZL, plus one axis to represent the result variable270

(maximal voltage/current, frequency, position) the resonance surface response

has 2(n + 1)n + 1 dimensions for a (n + 1)-conductor cable in its most generic

representation.

If the impedance matrix ZS and source vector IL are canceled reducing the

system to a simple source-line-load schematic, still (n+ 1)n+ 1 dimensions are275

needed for a (n + 1)-conductor cable, and the surface cannot be visualized for

n > 1.

The decomposition of a system with a (n+ 1)-conductor cable into n modal

two-conductor systems is possible according to the theory described in [25, 26].

The decomposition proposed is these works is based on the diagonalization of280

p.u.l. parameter matrices YZ and ZY with a decomposition matrix T.

However, in power cables these parameters vary considerably with frequency,

and in the general case di�erent T are needed for di�erent frequencies. A 3D

resonance surface response derived from a frequency-dependent decomposition

would have no meaning at all: modal voltages on di�erent basis cannot be285

compared.

Moreover, for the whole system to be decomposed T should also diagonalize

ZL, what is not guaranteed in the most general case.

That leaves two options of analysis, depending on the system characteristics:

17



� A single frequency independent transformation allows the decomposition290

of the n + 1-conductors cable model, the source and load equivalent cir-

cuits into n two-conductor modal subsystems, and the resonance frequency

response can be plotted in 3D for each mode.

� Such a transformation is not possible, and the resonance frequency re-

sponse will be in higher dimensions. Even though it cannot be plotted, an295

optimization algorithm can be used analyze it.

These two possibilities are studied in the next two subsections, respectively.

4.1. Frequency independent decomposition of systems with multiconductor cables

As aforementioned, to represent systems with multiconductor cables with

3D resonance surfaces a single frequency independent T able to diagonalize all300

the matrices modeling the system (YZ, ZY, ZL and ZS, cf. Fig. 2) is needed.

There are special cases where this is possible.

A �rst example is a three-conductor balanced system, i.e. a system with

decoupled common mode (CM) and di�erential mode (DM), assuming that the

third conductor is the common-mode path, e.g. cable shield or earth return.305

The CM/DM decomposition is given by equations (16) and (17).

VDM = V1 − V2 IDM =
I1 − I2

2
(16)

VCM =
V1 + V2

2
ICM = I1 + I2 (17)

For the system to be balanced, all elements source, cable and load must be

balanced [27]. For a cable to be balanced it has to be cyclic symmetric [? ],

i.e. the cross-section of the cable has the same geometry if it is rotated of a

symmetry angle θ.310

These observations lead to the generalization of this example: a frequency

independent modal decomposition of a n+ 1-conductor system is possible if the

cable, the load and the source are cyclic symmetric. If that is the case, the

parameters matrices Z and Y and terminal matrices ZL and ZS are circulant

18



[? ], and a possible orthonormal decoupling matrix T is given by (18) (see [22]315

on page 300 for more details)

[T]ij =
1√
n

exp[
2π

n
(i− 1)(j − 1)] (18)

It is true that many power cables are cyclic symmetric, but cyclic symmetric

devices (loads) with n > 2 are less common. One rare example is three-phase

electrical motors.

An example of 3D resonance surface response for a three-conductor balanced320

system using the di�erential/common-mode decomposition can be found in a

previous work by the same authors [21]. The systems that do not present cyclic

symmetry can only be analyzed by the general approach described in the next

section.

4.2. seven-dimensional surface325

Higher dimensional surfaces are needed to describe a system with multi-

conductor cables. Here the resonance surface response of a three-conductor

cable will be studied, taking the hypothesis that all currents circulate exclusively

through these three conductors (no earth return).

In this example, the generic schematic from Fig. 2 was simpli�ed by can-330

celing ZS and IL, and transforming the current sources IS into voltage sources,

for convenience. The resonance surface response will be computed in function

of the maximum between V1(x) and V2(x).

−+ S1

−+ S2

Z12

Z2

Z1

I1

I2

V2

x

V1

` = 12m0

Figure 10: Schematics of a generic model for a three-conductor cable system, the resonance

analysis is performed in function of the load impedances Z1, Z12, Z2
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Figure 11: 2.5mm2 three-conductor cable cross-section

The resonance surface response of the cable in Fig. 10 requires one axis for

each the real and imaginary parts of each of the three load impedances plus one335

axis for the results of the resonance voltage, frequency or position. Therefore,

seven dimensions are needed to describe the surface (as stated above: (n+1)n+1

with n = 2).

This surface cannot be plotted, but an optimization algorithm will be used to

investigate it. Thus, the surface is not entirely calculated, instead the optimiza-340

tion algorithm chooses the points to be evaluated on its search for a maximum

in the voltage surface.

For this example the parameters from a three-conductor cable of section

2.5 mm2 are used, this cable was designed for power cords of single-phase de-

vices needing a protective earth (PE) conductor. A cross-section of the cable is345

presented in Fig. 11. The parameters of the cable were obtained with an identi-

�cation based on input impedance measurements and can be found in Fig. 3.19

of [24].

The amplitude of the sources feeding the cable are �xed at S1 = 1.5 V and

S2 = 0.5 V, so that the equivalent sources in di�erential and common mode350

have both an amplitude of 1 V (see equations (16) and (17)).

The goal function for this problem is to minimize the function (19) that has

its minima corresponding to the maxima between the two voltages V1(x, f) and

V2(x, f), and in which the regions around the minima are dilated by the exp

function.355

F (X) = − exp[max[V1(x, f), V2(x, f)]] (19)

In this study, an initial analysis was performed to investigate the general
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Table 4: Scaling of variables and goal function domain of the resonance surface response opti-

mization with the sequential quadratic programming (SQP) algorithm, with soft constraints.

Variable Scale Range

f linear [1, 10] MHz

x linear [0, `c] m

A1, A12, A2 log [0] ∪ [10−2, 106] Ω

B1, B12, B2 log [−106,−10−2] ∪ [0] ∪ [10−2, 106] Ω

behavior of the surface identifying multiple local maxima for di�erent load

impedances; it is described in subsection 4.2.1. To re�ne the results, a sec-

ond analysis with additional constraints based on a real system was performed,

resulting in one single point of maximum voltage; this is described in 4.2.2.360

4.2.1. Soft-constrained optimization

In the �rst stage of this analysis a loosely constrained optimization is per-

formed with a deterministic algorithm, (sequential quadratic programming -

SQP) in the domain described in table 4.

The optimization results on di�erent maxima for di�erent initial points,365

meaning that the surface has multiple local maxima. These points can give an

intuition of how the surface behaves and for that reason a systematic method

was established to obtain as many local maxima as possible.

The deterministic optimization was performed for 50 random initial points

generated from a Sobol sequence that �lls the space uniformly [28]. Six di�erent370

local maxima were identi�ed with this method, and are represented with numeric

rulers in Fig. 12.

It cannot be guaranteed that these are all the local maxima, but they are

enough to show that a very similar voltage ampli�cation can be obtained with

a di�erent combination of impedance loads.375

However, in a practical application the optimization constraints would be

stronger and it is possible that a unique solution is found. This is discussed in
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Figure 12: Light-constrained optimization results, six local maxima plotted in the 8 numeric

rulers; all maxima occurred for x = `

the next subsection.

4.2.2. Strongly constrained optimization

In the second stage of this study, the constraints of the optimization problem380

were modi�ed to adapt to a more realistic scenario, as follows: conductor 2 is the

phase conductor, conductor 1 is the neutral conductor and conductor 0 is the

protective earth (PE). The PE conductor is connected to the chassis of devices

to ensure the user safety against electrical faults.

In this scenario the impedances Z1 and Z2 represent parasitic capacitances385

between the circuitry and the chassis, i.e. common-mode capacitances, and Z12

represents the device input impedance, i.e. the di�erential-mode impedance.

The assigned roles of each impedance allow the inclusion of new constraints in

the optimization. We take the hypothesis that di�erential-mode input impedance

will not assume higher values than 1 kΩ, and that the common-mode capaci-390

tances will not be greater than 100 pF, what gives the constraints in table 5.

The constrained optimization was performed with a genetic algorithm (GA)

coupled with a deterministic algorithm (SQP). With the parameters given in 5,

the optimization �nds a single voltage maximum systematically, given in table

6.395
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Table 5: Extra constraints for the second stage of the study, optimization run with genetic

algorithm (GA) followed by a sequential quadratic programming (SQP) algorithm.

Di�. mode |Z12| < 1 kΩ

Common mode Z1, Z2 = −jB, B ∈
[

1

2πf100 pF
, 1MΩ

]
Table 6: Comparison of the constrained optimization result with the closest local maxima

from Fig. 12

Constrained

optimization

Point �a� of

Fig. 12

Vmax 27.12 V 27.25 V

fmax 3.27 MHz 3.11 MHz

Z1 −j487.4 Ω −j183.3 kΩ

Z12 −j1 kΩ −j167.5 Ω

Z2 −j1.381 kΩ −j134.0 Ω

The characteristics of point �a� from Fig. 12 are also listed in table 6 for

comparison. It is the closest point to the optimum from the previous analysis,

even if point �a� wold be outside de domain of the constrained problem (cf.

table 5).

The resonance con�guration given in 6 can be reproduced by the load in400

Fig. 13a. The simulation of the voltages of the cable connected to this load in

function of the frequency are plotted in Fig. 13b. This plot shows the possible

ampli�cation of parasitic harmonics if their frequency is close to the resonance.

Fig. 13b

It is unlikely that a real single-phase device would have the input impedance405

given in Fig. 13a, what is an indicator that the chosen constraints in table

5 are still more loose than desired. However, in a real case application these

constraints could be more easily de�ned and the results would be more realistic.

It is strongly recommended that, if the maximum voltage in a real system is to
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48.7 pF

35.3 pF

100 pF

(a) (b)

Figure 13: (a): equivalent load of the maximum voltage ampli�cation point in table 6 and

(b): corresponding simulation of the voltages at x = `c.

be calculated, the optimization constraints are de�ned is �nely as possible.410

Note that the critical load in Fig. 13a is not balanced, therefore could not

be found with an analysis based on a common, di�erential-mode decomposition

as discussed in section 4.1 and detailed in [21]. Only the analysis of higher

dimension surfaces proposed here is able to characterize the resonance behavior

of a generic system.415

5. Conclusion

The resonance surface response can be a very useful tool in the design of

systems robust against switched harmonics circulating in long portions of cable.

It requires a complete model of the system, what makes this approach more

useful in applications such as the design of electric vehicles or electric power420

plants, where the whole system is known to the developers. The resonance

surface response can come to the aid of the designers by ensuring an accurate

prediction of the conducted emission amplitude, thus guaranteeing a su�cient

robustness for the input �lter of the electronic devices, the cable insulation,

etc... The higher-dimensional surfaces, coupled with a well adapted optimiza-425

tion algorithm, allows the representation of any linear, or linearized, system in

function of any number of variables. In this paper the components of the elec-
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trical impedance were used as variables, but the surfaces can also be plotted in

function of the physical elements of �lter, for example. Therefore, in real-world

applications the method for exploring the resonance surface response with an430

optimization algorithm proposed here should be adapted to the designer's needs.
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Appendix540

The parameters of the coaxial cable obtained with an identi�cation based

on the input impedance measurement [12] are plotted in Fig. 14.
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(a) Resistance

(b) Inductance

(c) Conductance

(d) Capacitance

Figure 14: Per-unit-length parameters of the coaxial cable introduced in section 3
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