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Abstract. Gamma-ray observations have long been used to constrain the properties of dark
matter (DM), with a strong focus on weakly interacting massive particles annihilating through
velocity-independent processes. However, in the absence of clear-cut observational evidence
for the simplest candidates, the interest of the community in more complex DM scenarios
involving a velocity-dependent cross-section has been growing steadily over the past few
years. We present the first systematic study of velocity-dependent DM annihilation (in
particular p-wave annihilation and Sommerfeld enhancement) in a variety of astrophysical
objects, not only including the well-studied Milky Way dwarf satellite galaxies, but nearby
dwarf irregular galaxies and local galaxy clusters as well. Particular attention is given to
the interplay between velocity dependence and DM halo substructure. Uncertainties related
to halo mass, phase-space and substructure modelling are also discussed in this velocity-
dependent context. We show that, for s-wave annihilation, extremely large subhalo boost
factors are to be expected, up to 1011 in clusters and up to 106 − 107 in dwarf galaxies
where subhalos are usually assumed not to play an important role. Boost factors for p-wave
annihilation are smaller but can still reach 103 in clusters. The angular extension of the DM
signal is also significantly impacted, with e.g. the cluster typical emission radius increasing
by a factor of order 10 in the s-wave case. We also compute the signal contrast of the objects
in our sample with respect to annihilation happening in the Milky Way halo. Overall, we find
that the hierarchy between the brightest considered targets depends on the specific details
of the assumed particle-physics model.
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1 Introduction

With the absence of robust non-gravitational evidence for dark matter (DM), astrophysical
observations remain a prime avenue to find DM; the latter can be made of exotic parti-
cles, macroscopic compact objects, or be a result of an incomplete understanding of gravity.
The crucial role of astrophysics has already proven essential in the quest for particle self-
annihilating DM candidates, thanks to multi-wavelength and multi-messenger constraints on
the properties of the underlying DM particle candidates [1–4]. In particular, γ-ray searches,
traditionally used to look for signatures of the annihilation of weakly interacting massive
particles (WIMPs), are a very powerful tool to explore broader classes of particle DM candi-
dates.

In the past decades, significant efforts have been devoted to the “vanilla” WIMP DM
scenario, in which the DM particles annihilate through an s-wave process with a thermal cross
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section of ∼ 3×10−26 cm3 s−1. The absence of a firm detection in the 10-100 GeV range by the
Fermi Large Area Telescope (Fermi LAT) on board the NASA Fermi satellite [5, 6] has led
to a broadening of search strategies in recent years. First of all, the thermal s-wave scenario
can only be robustly excluded in a small range of masses [7], while the (multi-)TeV range is
still essentially unconstrained despite the close scrutiny of Cherenkov γ-ray telescopes from
the ground [8].1 Moreover, the bulk of the effort in γ-ray DM searches has been focused on
canonical velocity-independent (s-wave) DM annihilations, while velocity dependence of the
annihilation cross section can appear in many theoretical contexts [11]. This case leads to a
much richer phenomenology, upon which we build in this work.

Present-day WIMP annihilations may be naturally suppressed if the s-wave partial
wave contribution is negligible and annihilations result from a p-wave process instead, i.e.,
σvrel ∝ v2

rel. This arises, for instance, if the interaction between WIMPs and Standard Model
particles is mediated by a scalar. Due to the small DM-induced γ-ray fluxes expected for
p-wave annihilations, constraints focusing on dwarf spheroidal satellite galaxies (dSphs) are
fairly weak and do not reach the level of the thermal p-wave annihilation cross section [12–
14]. Moreover, the standard paradigm has moved from scenarios involving one DM candidate
to more complex dark sectors in which DM annihilation can be mediated, for instance, by
new light states [15, 16]. In these scenarios, the exchange of light mediators induces a long-
range interaction between the DM particles. This modifies the short-range annihilation cross
section, enhancing it for an attractive interaction [17–22]. This effect is referred to as the
Sommerfeld enhancement, and leads to a specific velocity dependence of the annihilation
cross section; the latter boils down, in some regions of parameter space, to inverse powers of
the relative velocity (i.e., enhanced annihilation at low velocities).

Another crucial aspect of the calculation is the DM distribution in subhalos, which has
long been recognized to play a very important part in predictions of annihilation signatures
[23–29]. The presence of subhalos enhances γ-ray fluxes in the outskirts of their host halos,
boosting the total signal. However, this boost is strongly dependent on the host halo mass
and the structural properties of its subhalos; see for instance [30–35] for boost calculated for
velocity-independent annihilation fluxes. The calculation of the boost is further complicated
for velocity-dependent annihilations, as discussed in [15, 36–39]. In this work, we go beyond
previous results and provide a systematic study of the substructure boosts resulting from the
interplay of both host halo mass and subhalo structural properties.

Overall, many studies have focused on refining the modelling of velocity-independent
annihilations for γ-ray DM searches, considering and ranking potential astrophysical tar-
gets inside the Galaxy (Galactic centre, subhalos, and dSphs) and outside (nearby galaxies
and galaxy clusters, diffuse extragalactic emission). These studies have helped to refine
pointing and analysis strategies for ground-based Cherenkov telescopes and spaceborne γ-
ray instruments. In contrast, velocity-dependent annihilations [15, 36, 40–42] have been less
systematically considered. Recent studies have mostly focused on dSphs [12–14, 41, 43–47],
with fewer studies on other targets (Galactic centre [48, 49], Milky-Way [50, 51], subhalos
[52, 53], galaxy clusters [54], and diffuse extragalactic emission [55, 56]).2 For this reason, it
is timely to perform a more systematic study and comparison for a wider variety of target
objects and particle physics models, in particular for p-wave annihilation.

1The upcoming Cherenkov Telescope Array (CTA), that will lead the field of γ-ray DM searches in the
near future, is expected to provide competitive DM constraints in the TeV regime soon [9, 10].

2Complementary to γ-ray searches, velocity-dependent DM annihilation has also been studied in a cosmo-
logical context, see e.g. [57–59].
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This paper is dedicated to detailed predictions of the astrophysical factors that deter-
mine expected DM-induced γ-ray fluxes, as well as a thorough discussion of the associated
theoretical uncertainties; connecting these predictions to actual γ-ray data analysis and dis-
cussing the full implications in terms of DM models is left for a follow-up study. For our
purpose, we consider several targets, avoiding those with too diffuse or too extended ex-
pected signals. These targets are taken among three families, namely dSphs, dwarf irregular
galaxies (dIrrs) – these ones included for the first time in a velocity-dependent study – and
galaxy clusters. Our goal is to address how the intra- and inter-family ranking is impacted
by the particle-physics model considered. In the process, we make several improvements
with respect to previous calculations. The main novelty is that, for all targets, we consider
the subhalo boost obtained from a self-consistent semi-analytic model, i.e., reconstructing
the velocity dependence at all scales. This is done via the reconstruction of the phase-space
distribution function from the mass modelling. We study in particular the complex inter-
play between velocity dependence and substructure boost, and the implications in terms of
ranking of the various targets. A more in-depth and analytical study of the boost factor is
presented in a companion paper [60].

The paper is organized as follows. In Sec. 2, we introduce the various ingredients
needed to perform the calculation of the generalised astrophysical factor of the flux, the
so-called J-factor (velocity-weighted DM squared density integrated over the phase-space
distribution): (i) we recall the regimes where the Sommerfeld enhancement can occur, in
particular we focus on the s- and p-wave cases; (ii) we describe how we invert the mass
model to obtain the phase-space DM distribution entering the J-factor calculations; (iii) we
discuss the calculation of the boost factors in the context of generalised J-factors. In Sec. 3,
we detail the mass modelling of specific targets, selected among the sample of known dSph
galaxies, dIrr galaxies, and galaxy clusters. In Sec. 4, we present our J-factor results for
the host halos alone (i.e., no substructures), highlighting the two main uncertainties at this
stage of the calculation, namely the DM density profile and phase-space modelling. Then, in
Sec. 5, we detail how the targets of interest are boosted by the presence of subhalos and how
this may affect the intensity and the spatial morphology of the DM signal. We also provide
a ranking of these targets (in terms of their generalised J-factor) and highlight the potential
of galaxy clusters for p-wave annihilation. Finally, we conclude and discuss the next steps
of our work in Sec. 6. To ease the reading, we postpone to the appendix the discussion of
uncertainties related to phase-space modelling (App. A), the details of the subhalo model
(App. B), the expressions used to perform the numerical computation of the subhalo boost
factor (App. C), and a discussion of the signal contrast between our targets and the Milky
Way (MW) DM annihilation foreground (App. D).

2 Velocity-dependent annihilation: theoretical ingredients

2.1 Dark matter annihilation and self-interaction: Sommerfeld effect

In this section, we provide a brief review of the impact of DM self-interaction on the physics
relevant to γ-ray searches. We consider the phenomenological scenario in which DM particles
self-interact through the exchange of a light mediator. In the absence of such interactions, the
annihilation cross section can be computed perturbatively from the physics of the short-range
annihilation processes. However, a light mediator leads to a long-range interaction which can
distort the wave function of the corresponding two-body system in a non-perturbative way,
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leading to Sommerfeld enhancement3 of the annihilation cross section in the non-relativistic
regime [17–19]. Since the effect appears in the non-relativistic limit, the enhancement can
be computed by solving the Schrödinger equation for the scattering of two DM particles.
The radial part of the wave function R`(r) = χ`(r)/r, for the partial wave with angular
momentum `, solves(

− ~2

mχ
∂2
r +

~2 `(`+ 1)

mχ r2
+ V (r)

)
χ`(r) =

(~ k)2

2mχ
χ`(r) , (2.1)

where mχ is the DM mass, V is the interaction potential and k = mχv/~ is the wave vector
at infinity of one of the incoming DM particles in the centre-of-mass frame.

Equation (2.1) is solved with the boundary conditions that the interaction only leads
to outgoing spherical waves at infinity, and with R`(r) ∝ r` as r → 0. The Sommerfeld
enhancement factor reads [61–63]

S` =

∣∣∣∣∣(2`+ 1)!!χ
(`+1)
` (0)

(`+ 1)! k`+1

∣∣∣∣∣
2

. (2.2)

The factor S` multiplies the corresponding term in the partial wave expansion of the annihi-
lation cross-section

σvrel = Ss σ0 c+ Sp σ1 c
(vrel

c

)2
+O

((vrel

c

)4
)
, (2.3)

where Ss is the s-wave factor (` = 0), Sp is the p-wave factor (` = 1), etc. To make an
explicit computation, we must fix the interaction potential. The relevant one for an attractive
interaction through a massive mediator is the Yukawa potential

VY(r) = −αD
e−mφr

r
, (2.4)

with mφ the mediator mass and αD the dark fine-structure constant. Unfortunately, solutions
of the Schrödinger equation for the Yukawa potential are only known numerically. Luckily,
analytical expressions are known for the closely related Hulthén potential

VH(r) = −αD
m∗ e−m∗r

1− e−m∗r
. (2.5)

Fixing m∗ = (π2/6)mφ makes the Hulthén analytical solution close to the Yukawa numerical
solution [61], therefore we use the former in the following. From the Schrödinger equation,
one sees that the enhancement factor is only a function of two dimensionless parameters

εv ≡
v

αD c
and εφ ≡

mφ

αDmχ
. (2.6)

In this paper, we focus on s-wave and p-wave annihilation processes, corresponding to
` = 0 and ` = 1, respectively. This already covers a broad variety of underlying particle-
physics models. For an s-wave annihilation process, the enhancement factor can be written

3We restrict ourselves to symmetric DM with attractive interactions, for which the Sommerfeld factor is
effectively an enhancement factor.
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as [63]

Ss(v) ≈



π

εv

sinh

(
2πεv
ε∗φ

)

cosh

(
2πεv
ε∗φ

)
− cos

(
2π

√
1

ε∗φ
− ε2v
ε∗2φ

) if εv 6
√
ε∗φ

π/εv

1− e−π/εv
otherwise ,

(2.7)

where ε∗φ ≡ (π2/6)εφ. It should be noted that the expression of the Sommerfeld factor in
the first line of Eq. (2.7) — which is the standard result for the Hulthén potential in the
literature — is only valid when both εφ, εv � 1, i.e., in the regime of large enhancements, as
discussed in Ref. [63]. When εv � √εφ, we recover the standard solution for the Coulomb
potential corresponding to a massless mediator. For p-wave annihilation, the enhancement
factor is

Sp(v) =

(
1− ε∗φ

)2
+ 4 ε2v

ε∗2φ + 4 ε2v
× Ss(v) . (2.8)

Different regimes arise according to the values of εv and εφ, which encode the dependence of
the Sommerfeld effect on the relative velocity of the DM particles and the masses of the DM
candidate and light mediator:

• At large velocities, εv � 1, there is no enhancement: Ss ≈ 1 and Sp ≈ 1;

• In the intermediate regime, for which εφ � εv � 1, we have Ss ≈ π/εv ∝ 1/v and
Sp ≈ π/(4ε3v) ∝ 1/v3. This contains the regime in which the interaction potential tends
to a Coulomb potential (for εv � √εφ) but spans a broader range of values of εv;

• The regime of small velocities, i.e., εv � εφ � 1, corresponds to the saturation regime of
the Sommerfeld effect which is almost independent of the velocity of the DM particles,
except at a series of resonances — namely εφ = 6/(π2n2) with n is an integer — for

which Ss ≈ 1/(n2ε2v) ∝ 1/v2 and Sp ≈
(
n2 − 1

)2
/(n2ε2v) ∝ 1/v2;

• Finally when the mediator is heavy, i.e., εφ � 1, there is again no enhancement, so
Ss ≈ 1 and Sp ≈ 1.

The analytic solution typically reproduces the numerical result within 10%, except close
to resonances where larger differences arise since the analytic resonances for the Hulthén
potential are slightly offset from the ones obtained for the Yukawa potential, as discussed for
instance in Refs. [43, 64]. However, for the purpose of this work the features of the solution,
especially the resonances, are sufficiently well accounted for by the analytic solution. For
numerical calculations, we consider a benchmark value of αD = 10−2, but generalised J-
factors can be easily rescaled, and we provide the scalings whenever relevant.

It should be noted that long-range interaction can lead to the formation of unstable
bound states which modify the annihilation cross-section and are not taken into account in
the equations above. In the resonant regime, we regularise the resonances by performing the
replacement v → v + α4

D which accounts for the finite lifetime of these intermediate states
[19, 64, 65]. Bound states can also form in the Coulomb regime where they might significantly
change the overall cross-section, however the velocity dependence is left unchanged [66, 67]
hence we choose to ignore this effect.
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2.2 Generalized J-factors and phase-space modelling

The DM-induced γ-ray flux integrated over a sky region of solid angle ∆Ω reads4

dΦγ

dEγ
=

1

4π

(σvrel)0

ηm2
χ

dN

dEγ
JS(∆Ω) , (2.9)

where dN/dEγ is the γ-ray spectrum per annihilation, η = 2 for self-conjugate DM (η = 4
for non-self-conjugate DM), and the astrophysical factor JS encodes the information on the
DM spatial and velocity distribution.

Generalised J-factors. We introduce the following notation

S =

Ss
(vrel

2

)
(for s-wave annihilation)(vrel

c

)2
Sp
(vrel

2

)
(for p-wave annihilation)

(2.10)

to treat the s- and p-wave annihilations on equal footing. This allows to write

JS(∆Ω) =

∫
∆Ω

dΩ

∫
l.o.s.

ds

∫
d3~v1

∫
d3~v2 f(r(s,Ω), ~v1) f(r(s,Ω), ~v2)S

(vrel

2

)
, (2.11)

where s the line-of-sight (l.o.s.) coordinate, Ω the solid angle, ~vrel = ~v2 − ~v1 is the relative
velocity with vrel = |~vrel| and f(r,~v) is the phase-space distribution function (PSDF) of the
DM (assuming spherical symmetry), normalised to the total mass of the gravitational system
of interest, such that the DM density ρχ at galactocentric radius r is

ρχ(r) =

∫
f(r,~v) d3~v . (2.12)

Equation (2.11) is referred to as the generalised J-factor. As the name indicates, it is a
generalisation of the standard J-factor relevant for s-wave and p-wave annihilation without
Sommerfeld enhancement (recovered for Ss = Sp = 1). For the sake of clarity, we will denote
JS,s the generalised J-factor associated to the s-wave and JS,p the one associated to the
p-wave.

Assuming spherical symmetry of the DM halo, the integral over the solid angle becomes
an integral over the angular distance ψ from the centre of the object, with dΩ = 2π sinψ dψ
and r(s,Ω) ≡ r(s, ψ) =

√
s2 +D2 − 2sD cosψ, where D is the distance from the observer

to the centre of the object. In the following, we perform the integral over an angular size
θint that depends on the target and can also depend on the γ-ray detection technique. For
instance, most dSphs are observed as point-like by Fermi -LAT, whereas galaxy clusters are
extended targets, so we take θint = 0.5◦ for dSphs and θint ≈ R200/D for clusters, with R200

the virial radius.
In practice, Eq. (2.11) can be rewritten in terms of a J-factor for an effective squared

density profile as

JS(θint) = 2π

∫ θint

0
dψ sinψ

∫
ds
〈
S
(vrel

2

)〉
(r(s, ψ)) ρ2

χ(r(s, ψ)) , (2.13)

4To ease the comparison with the majority of previous works in the literature, we do not include in the
definition of the J-factor the 1/(4π) pre-factor. The latter appears in the derivation of an intensity from a
volume emissivity, which is accounted for in Eq. (2.9) here. As a result, the J-factors given in this work are
expressed in GeV2 cm−5 sr.
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where the average of an observable O(vrel) that depends on the relative velocity is given by

〈O(vrel)〉(r) =
1

ρ2
χ(r)

∫
d3~vrelO(vrel)

∫
d3~vc f(r,~v1) f(r,~v2) , (2.14)

with ~vc = (~v1 + ~v2)/2 the centre-of-mass velocity. It should be noted that the profile is
truncated at the tidal radius for dSphs, or (conventionally) at the virial radius for the other
objects, with no contribution to the line-of-sight integral outside that radius.

Phase-space modelling. The main results of this work are based on the Eddington for-
malism, which provides the full PSDF f(~r,~v) of a given component of a system in dy-
namical equilibrium associated with a given density-potential pair. More specifically, under
the assumptions of maximal symmetries, namely spherical symmetry of the system, and an
isotropic velocity tensor, the PSDF f(r,~v) can be written as a function of the relative energy
E = Ψ(r)− v2/2 only, f(r,~v) ≡ f(E), where Ψ is the total gravitational potential of the sys-
tem. In that case, Eq. (2.12) can be uniquely inverted, leading to the well-known Eddington
formula [68, 69]:

f(E) =
1√
8π2

[
1√
E

(
dρχ
dΨ

)
Ψ=0

+

∫ E
0

d2ρχ
dΨ2

dΨ√
E −Ψ

]
, (2.15)

where the first term between brackets is related to the radial boundary of the system. We
disregard this term in the following, since we model the system as infinite as far as the PSDF
is concerned when computing J-factors, considering that the latter are not sensitive to the
very outer parts of the system.

In App. A we provide a brief overview of the prediction methods for the PSDF f(r,~v)
of DM particles from first principles that we use in this study. In particular, the Edding-
ton formalism can be extended to anisotropic PSDFs under some specific assumptions. We
use this extended formalism to quantify the uncertainty on generalised J-factors from the
modelling of the PSDF itself, which we discuss in App. A. In the main text, we restrict the
presentation to the Eddington method which provides a very good approximation. Technical
details regarding the semi-analytic derivation of averages over the relative velocity distribu-
tion, Eq. (2.14), for various assumptions on the anisotropy of the velocity distribution, can
be found in Ref. [70].

2.3 Host halo and subhalos: generalized boost factor

DM subhalos, which are characteristic of any self-annihilating CDM particle scenario, are
expected to boost the gamma-ray signals that would be predicted assuming DM is smoothly
distributed in target halos [23, 24]. We account for this boost factor by means of the analytical
subhalo population model developed in Ref. [35] (SL17 henceforth) — see also Refs. [71–
74]. Considering subhalos is particularly important when annihilation is velocity-dependent
because the internal velocity dispersion in these objects is much smaller than that of the
host halo. Indeed, from dimensional arguments and assuming virial equilibrium, the velocity
dispersion should scale as m1/3 where m is the virial halo mass. This is quite relevant for
Sommerfeld-enhanced processes, which depend on inverse powers of the velocity, leading to
a potentially strong enhancement when the subhalo mass range extends down to very small
masses. Interestingly, heavy WIMPs beyond ∼10 TeV are naturally subject to Sommerfeld
effects [18, 21], and also lead to subhalo virial masses as small as ∼ 10−12 M� [75].
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Modelling the host halo and subhalos. The SL17 model assumes that the host halo
can be described by a spherically symmetric and smoothed total DM density profile, ρhost(r),
comprising a genuine smooth component ρsm(r) and a subhalo component made of individual
objects (DM inhomogeneities), but globally described by an average density profile ρsub(r).
These components are simply bound to obey the relation

ρhost(r) = ρsm(r) + ρsub(r) > 0 , (2.16)

where r is the radial distance to the host’s centre. The density profile ρhost can in principle be
constrained both theoretically and observationally, in particular its shape (cuspy or cored,
external tail, etc.), and both its global and internal properties (virial and/or tidal mass,
concentration, etc.). For all of the host halos studied in this paper, we do use observationally
constrained density profiles for ρhost (see next section), and the smooth halo component
ρsm is obtained by subtracting ρsub from ρhost, see Eq. (2.16). The average density profile
of subhalos, ρsub, is calculated from the SL17 model. It can be expressed in terms of a
continuous number density of subhalos, nsub, depending on the virial5 mass m = M200 and
concentration c = c200 of the subhalos, and their radial position r in the host halo:

ρsub(r) =

∫
dm

∫
dcmt(m, c, r)

{
d5Nsub(m, c, r)

d3~r dmdc
≡ Ntot

d5Psub(m, c, r)

d3~r dmdc

}
(2.17)

= nsub(r)× 〈mt(m, c)〉(m,c)(r) ,
where mt 6= m, the physical tidal (not virial) mass of subhalos, critically depends on the posi-
tion r. Tidal stripping effects are sourced by all gravitational components of the host, leading
in particular to a calculated total number Ntot of surviving subhalos. Moreover, although
the spatial dependence of the mass and concentration PDFs were initially set homogeneous
(from cosmological considerations), the tidal effects make the calculated probabilistic param-
eter phase space dPsub(m, c, r) fully intricate and non-separable; the latter is normalised to
unity over the whole halo phase-space volume (position, mass, and concentration parame-
ters). A short presentation of the SL17 model with more technical details is given in App. B.

Generalized J-factor for subhalos. From Eq. (2.17), we can write

ρ2
sub(r) ≡ Ntot ρ

2
~

∫
dm

∫
dc ξt(m, c, r)

d5Psub(m, c, r)

d3~r dmdc
(2.18)

= nsub(r) ρ2
~ 〈ξt(m, c)〉(m,c)(r) ,

where we defined the subhalo effective tidal annihilation volume6

ξt(m, c, r) ≡
∫
x6xt(m,c,r)

d3~x

{
ρ(x,m, c)

ρ~

}2

, (2.19)

with ρ(x,m, c) the inner subhalo profile and xt its tidal extension. This tidal annihilation
volume can be generalized to the velocity-dependent Sommerfeld enhancement case by writing

ξS,t(m, c, r) ≡
∫
x6xt(m,c,r)

d3~x

{
ρ(x,m, c)

ρ~

}2

〈S〉(x) , (2.20)

5We use the conventional definitions, where the index “200” indicates that quantities are defined with
respect to some virial radius R200 (or x200 for subhalos) over which the average density of a halo is 200 times
the critical density at redshift zero. The actual extension of a halo is not necessarily its virial radius; for
subhalos, the physical extension is taken to be the tidal radius, rt 6 R200.

6This is the volume a subhalo would have in order to sustain its own annihilation rate if it had an arbitrary
constant DM density of ρ~ (similar to an intrinsic annihilation luminosity except for physical dimensions).
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where 〈〉 denotes the velocity average over the 2-particle phase-space volume introduced in
Eq. (2.14). We stress that this average is taken over the subhalo PSDF, which depends
on c and m and is very different from the host PSDF. Eventually, the generalized J-factor
associated with the total subhalo contribution reads

JS,sub(θint) = 2π

∫ θint

0
dψ sinψ

∫
ds ρ2

S,sub(r(s, ψ)) , (2.21)

with

ρ2
S,sub(r) = nsub(r) ρ2

~ 〈ξS,t(m, c, r)〉(m,c)(r) . (2.22)

Total J-factor and boost. The total generalized J-factor is obtained summing up all
contributions (host and subhalos):

JS,tot(θint) = 2π

∫ θint

0
dψ sinψ

∫
ds ρ2

S,tot(r(s, ψ)) , (2.23)

where

ρ2
S,tot = ρ2

S,sub + ρ2
S,sm + 2 ρS,sm ρsub 6= ρ2

S,host . (2.24)

All these terms include a Sommerfeld-enhancement correction (subscript S). The last term
before the inequality is the cross-product between the smooth DM component and subhalos,
for which the relevant velocity field is that of the host halo; this term can actually safely be
neglected [35]. For further technical details on how JS,tot is computed in practice, we refer
the reader to App. C.

Finally, we can formally define the generalized subhalo boost factor as

BS ≡
JS,tot

JS,host
≈ 1 +

JS,sub

JS,host
, (2.25)

where JS,host is evaluated from the (squared) smoothed host profile given in Eq. (2.16), also
corrected for the Sommerfeld enhancement as above. The approximation on the right-hand-
side is valid only when the host is distant enough so that most of the annihilation rate is
contained within the angular resolution of the telescope; in that case, JS,sm ' JS,host. Note
that a detailed analytical study of the subhalo boost factor in the context of the Sommerfeld
enhancement has been carried out in a companion paper [60].

3 Selected targets and mass modelling

We list in this section the astrophysical targets considered for our work (dwarf spheroidal
galaxies, dwarf irregular galaxies, and galaxy clusters). For each of these object classes, we
motivate our specific selection and discuss the DM density profile used for our analyses.

3.1 Dwarf spheroidal galaxies

Owing to their close distance (tens of kpc), potentially high DM densities, and negligible
astrophysical background, MW dSph satellites are among the most promising targets for
indirect DM detection [76, 77]. In the absence of a clear signal, the best current limits on
WIMP DM candidates in γ-rays were obtained from the combined analysis of Fermi -LAT
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data on many dSphs [78–80]. Their DM content is inferred from the velocity dispersion of
their stellar population (obtained from spectroscopic measurements), via moments of the
Jeans equations [69, 81]. DSphs are typically separated in two categories: ‘classical’ and
‘ultra-faint’. The former are brighter, with hundreds to thousands of stars measured, while
the latter are fainter, with only tens of known member stars. It ensues that the DM content of
ultra-faint dSphs suffers larger uncertainties than that of the classical ones, which translates
into less robust constraints on the DM particle properties in the former case. However,
more and more ultra-faint dSphs are discovered thanks to optical surveys [82–91], or will be
discovered in the next decade [92], and those potentially located just tens of kpc away from us
could shine even brighter than the classical dSphs in terms of γ-rays from their annihilating
DM halos.

In the last decade, many studies have refined and improved the calculation of J-factors,
in order to rank the best targets [14, 93–102]. Although these studies are overall in broad
agreement, the assumptions made on the underlying ingredients (light and DM profiles,
anisotropy distribution, triaxiality), methodology (e.g., using higher moments of the Jeans
equation), and statistical analysis framework and priors used (data-driven approach, DM-
simulation or mock-data based priors, etc.) can lead to sizeable differences in the expected
DM signal and also on the J-factor uncertainties of some dSphs (factor of a few). Dis-
cussing the relative merits of each approach to single out the best one goes beyond the scope
of this paper, and is in any case a very difficult task: all studies consider slightly differ-
ent but mostly relevant methodologies (with different limitations) for the reconstruction of
DM density profiles. With the improvement on stellar structural parameters [103, 104] and
new spectroscopic data [105, 106], predictions for the DM halo will hopefully become less
uncertain, in particular for ultra-faint dSphs (see, e.g., [104] for a recent review).

For definiteness, we pick here two classical dSphs (Draco and Sculptor, respectively in
the Northern and Southern sky) and one prototypical ultra-faint (Reticulum II), which were
found to be among the best-ranked targets for DM annihilation in [97, 107]. In the latter
studies, the DM profile parameters were reconstructed from a Markov Chain Monte Carlo
(MCMC) engine coupled to a Jeans analysis with the CLUMPY code7 [33, 108]; see [109] for
more details on the methodology. We use these chains to calculate the median profile, that
we adopt as a reference for our analyses here8. We gather in Table 1 the position and DM
profile parameters for the three selected dSphs, modelled following an Einasto profile:

ρEin(r) = ρ−2 exp

{
− 2

α

[(
r

r−2

)α
− 1

]}
. (3.1)

The parameters r−2, ρ−2, and α are the radius for which the slope is −2, the DM density at
this radius, and the slope of the Einasto profile, respectively.

The generalised J-factors for velocity-dependent cross-sections rely on the DM phase
space distribution (see Sec. 2.2). To properly and fully propagate the DM profile uncertain-
ties to the generalised J-factor, we start from 1000 profile parameter samples taken from
the analysis of [97] ([107] for Reticulum II), apply the Eddington calculation to obtain the

7https://clumpy.gitlab.io/CLUMPY/
8We do not use the best-fit profile parameters, because the scarcity of data in ultra-faint dSphs make

them display an unphysical behaviour (e.g., a very flat and extended profile). Using ‘effective’ structural
parameters matching the median profile cures this issue. The generalised J-factors calculated from these
effective parameters are also found to be very close to the median generalised J-factors calculated over the
MCMC values.
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dSph (l, b) D ρ−2 r−2 α
[deg] [kpc] [107M� kpc−3] [kpc] -

Reticulum II (Ret2) (266.3, -49.7) 30 2.53 0.92 0.46
Sculptor (scl) (287.5, -83.2) 79 2.87 0.50 0.31
Draco (dra) (86.4, +34.7) 82 1.06 2.09 0.46

Table 1. Relevant parameters of the three MW dSphs selected for this analysis. The first columns
report the dSph position (Galactic longitude and latitude) and distance from the observer: for consis-
tency with the analysis of Ref. [97], that we follow here, we take the distance from Ref. [110], although
more recent estimates can slightly differ [111]. The last three columns list the Einasto profile parame-
ters (normalisation ρ−2, scale radius r−2, and slope α) corresponding to the median profile calculated
over our MCMC sample.

phase-space associated to each profile (see also App. A), and then calculate the associated
generalised J-factor. From the distribution of the 1000 calculated J-factors, we can calculate
any quantile to derive the mean of the distribution and its uncertainties.

3.2 Dwarf irregular galaxies

Dwarf irregular (dIrrs) galaxies have recently entered in the list of prime targets for indirect
γ-ray DM searches. Indeed, the existence of these isolated galaxies within the Local Group,
at O(1 Mpc) distances, makes them interesting targets given both their proximity and typ-
ical masses M200 ≈ 107 − 1010M�. DIrrs are rotationally-supported objects, allowing to
reconstruct the underlying DM density profiles from their measured rotation curves (RCs).
Such RC studies show that dIrrs are DM-dominated objects at all radii [112–114]. Unlike
dSphs, dIrrs are star-forming galaxies, yet the γ-ray emission associated to astrophysical
processes has been estimated to be negligible compared to that expected from DM annihila-
tion [115, 116]. One more reason that makes dIrrs promising targets for DM searches is the
fact that, given their typical host halo masses, the so-called subhalo boost is expected to be
significant in their case, reaching values up to ∼5 [117], depending on the definition of the
boost factor. This is in contrast to the case of dSphs, which are not only less massive than
dIrrs but also tidally stripped objects, thus with expected subhalo boosts of the order of only
a few percent [34]. Despite the above considerations, dIrrs have not been used for γ-ray DM
searches up to just recently [116, 117].

With the current available observational data, the study of dIrrs RCs is not conclusive
and, indeed, there is still a debate in the literature about the precise inner shape of the
DM density profile in these objects. Fits to the RCs favor core-like profile [118], yet this
conclusion is in contrast with that expected from N-body cosmological simulations, that
point to a universal cuspy profile like NFW [119, 120] or Einasto [121]. Multiple studies have
investigated the source of this apparent disagreement — not unique to this type of objects
— between data and ΛCDM expectations, providing different solutions mainly based on the
impact of baryonic feedback on the DM distribution and its ability to shallow the initial
cusps in the innermost regions of the DM density profiles, especially at some particular mass
scales [122–126]. As this issue is far from being solved, the authors in [117] adopted an
agnostic path and decided to perform a DM modelling for dIrrs using the two different types
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dIrr
(l, b) D M200 Profile ρ r R200

[deg] [kpc] [1010 M�] [107 M� kpc−3] [kpc] [kpc]

NGC6822 (25.34, -18.40) 480 3.16
Burkert* 3.16 3.3 62.9

NFW 0.79 5.9 62.6

IC10 (118.96, -3.33) 790 3.98
Burkert* 15.85 2.0 71.3

NFW 0.63 6.8 70.3

WLM (75.87, -73.86) 970 0.40
Burkert* 6.31 1.3 33.3

NFW 1.00 2.8 33.6

Table 2. Parameters of the three dIrrs in our sample. The first column reports the dIrrs position
(galactic longitude and latitude) and distance from the observer (see [117] and references therein). We
then list the best-fit profile parameters for Burkert and NFW (mass, normalisation and scale radius),
as well as the virial radius assuming an overdensity of 200 times the critical density of the Universe.
For columns 6 and 7, ρ and r stand for ρc and rc in case of the Burkert profile, and ρ0 and rs for
NFW. Profiles marked with ∗ are used as reference for all calculations and figures unless indicated
otherwise.

of profiles, i.e. (i) a Burkert, core-like profile [127]

ρBur(r) =
ρc r

3
c

(r + rc) (r2 + r2
c )
, (3.2)

where rc and ρc are, respectively, a core radius and DM density, and (ii) an NFW cusp-like
profile

ρNFW(r) =
ρ0(

r
rs

)(
1 + r

rs

)2 , (3.3)

where rs and ρ0 are, respectively, a scale radius and a characteristic DM density.
In this work, for each of these profiles, we simply use the best-fit parameters obtained

in [117], where authors analyze the RCs of 7 dIrrs and obtain a prediction of the J-factors for
the two different models of the DM density profile under consideration here. According to
the observed RCs, NGC6822, IC10 and WLM are the ones with more available data, thus in
these cases the fits are more robust and stable than for the rest of objects in their sample. The
mentioned three objects also yield the highest J-factor values independently of the selected
DM profile or substructure boost values. Taking these findings in [117] into account, we
thus decided to include NGC6822, IC10 and WLM in our sample, whose parameters are
gathered in Table 2. As for the dSphs, the calculation of the generalised J-factors relies on
the DM phase space distribution described in Sec. 2.2 (based on the inversion of the DM
profile). However, at variance with the dSphs, the uncertainties for dIrrs are estimated from
the comparison of the results obtained from the Burkert and NFW profiles. The modelling
of subhalos in the context of Sommerfeld enhancement relies on the formalism described in
Sec. 2.3.

3.3 Galaxy clusters

Galaxy clusters are the largest gravitationally-bound objects in the Universe. Their masses
are between M200 ≈ 1014 − 1015 M� and up to 80% of this mass is expected to be DM
[128]. The rest is baryonic matter, in the form of galaxies, hot gas and dust in the intra-
cluster medium (ICM). Even though clusters are supposedly stable and virialized objects at
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present, the presence of hot gas, galaxies, and even Active Galactic Nuclei (AGNs), produces
turbulence phenomena and complex baryonic feedback reactions in the ICM (where also
significant high magnetic fields are involved). All these astrophysical processes end up acting
as acceleration mechanisms, leading to the presence of cosmic rays (CRs), that have been
confirmed through the observation of diffuse synchrotron emission produced by the leptonic
CRs at different wavelengths [129]. Galaxy clusters have avoided detection in γ-rays so far
[130, 131]9, but this high-energy emission is indeed expected from hadronic CRs [134, 136,
137].

Despite their expected CR-induced γ-ray emission, galaxy clusters are still considered
excellent targets for γ-ray DM searches in the WIMP scenario (from DM annihilation or
decay). The DM science case of galaxy clusters soon resulted in studies aimed at determining
which galaxy clusters meet the most appropriate conditions to be searched in γ-rays [31, 132,
138–144] and at disentangling both the CR- and DM-induced γ-ray emissions from each
other [138, 145]. First, there exists a significant number of local galaxy clusters (z < 0.1)
for which substantial DM-induced fluxes are expected. Second, DM searches should focus
on those with the lowest expected CR backgrounds [138]. In [31, 146], the authors studied
the annihilation flux of the most promising galaxy clusters, once DM halo substructures —
particularly relevant for clusters — were taken into account. It was found that the brightest
galaxy clusters can yield total annihilation fluxes as large as some of the dSphs. Furthermore,
for clusters, the annihilation flux profiles become comparatively more spatially extended, as
most subhalos are located in the outer halo regions. Overall, this subhalo boost to the
annihilation signal is expected to play a key role for clusters as compared to other targets,
such as dSphs and dIrrs, for which the boost is negligible or much smaller, respectively
[34, 95, 117, 146]. We note, however, that the inclusion of halo substructure, in the case
of expanding the annihilation cross-section to p-waves and in the framework of Sommerfeld
enhancement, becomes more complex and requires a specific approach that is addressed in
Sec. 2.3.

Halo mass modelling. For this work, we follow Ref. [146] as a starting point to build our
sample of most promising galaxy clusters for DM searches. Their sample was constituted by
Virgo, Coma, Fornax, Ophiuchus and Perseus.10 Yet, some of these clusters present major
observation inconveniences. While Virgo exhibits the highest J-factor, it is currently going
through a major merger event with the neighbouring M49 galaxy cluster [143]. Also, its
proximity to Earth results in an angular extension of several degrees. The observation of
an object of this size is extremely challenging given the field of view of existing IACTs. On
the other hand, the galactic diffuse emission should be ideally avoided as to simplify any
potential DM analysis. This can be easily addressed by removing from our sample those
objects located close to the Galactic plane and centre, where this emission is most extreme.
This requirement leaves out Ophiuchus, less than 10 degrees far from the Galactic centre.
Thus, in the following we will obtain predictions for Coma, Fornax and Perseus and will
remove both Virgo and Ophiuchus from our list of clusters. Note that this number of targets
is also similar to the numbers in our sample of dSphs and dIrrs. We build the DM density
profile of galaxy clusters starting from their measured mass. For nearby galaxy clusters as the
ones in our sample, M200 can be obtained from X-ray observations of the surface brightness

9There is a growing evidence, though, for a potential detection in the vicinity of the Coma cluster [132–135].
10A comprehensive and systematic ranking of galaxy clusters in terms of their expected annihilation signals

can be found in [31], where other targets were also found at the level of those selected for this study.
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profiles. Indeed, these observations have been used to create catalogues containing the most
relevant cluster parameters [147–150]. In our work, we adopt the mass estimates in [151]
for Coma and Fornax, while for Perseus we use data from [147] (rescaled to our cosmology).
First, we assume the NFW DM density profile given in Eq. (3.3). Assuming a spherical
collapse model with an overdensity ∆ = 200 times the critical density of the Universe, we
can obtain the corresponding virial radius R200 than contains the mass M200. Now, in order
to obtain the two NFW profile parameters we need to assume a concentration-mass (c−M)
relation. We adopt the parametrization proposed in [32] for main halos. From the value of
the concentration and the already obtained R200, we can then compute the NFW scale radius
rs as well as the scale density ρ0.

Mass modelling uncertainties. The main uncertainties in our DM modelling come from
(i) the estimate of the mass as derived from X-rays data and (ii) the intrinsic scatter of the
concentration-mass relation. Indeed, it is well known that different observational methods can
yield different mass estimates for galaxy clusters. Deviation of mass estimates from surface
brightness X-ray measurements with respect to the masses obtained by other observation
methods is typically referred to as the hydrostatic bias. Yet, at present there is an on-
going debate in the community about how to precisely quantify and treat its value [152]. A
complementary approach is to compare X-ray masses, usually labelled as Mhydro, with the
masses provided by other methods, whenever available. For example, the authors in [151]
concluded that cluster masses in their catalogue showed a good agreement with the ones
obtained from velocity dispersion measurements [153], while this was not the case for the
objects in their sample for which SZ measurements [154] were also available. More precisely,
for clusters with masses M200 < 5 × 1014h−1M�, they narrowed down the discrepancy to
Mhydro/MSZ = 0.86±0.01, and for clusters with larger masses to Mhydro/MSZ = 1.46±0.08.
From these results, we can conclude that the X-ray mass can be underestimated by ∼ 20%
in the case of less massive clusters, while M200 can be overestimated by ∼ 50% for the most
massive ones.

Following these results, in this work we adopt two mass estimates for each galaxy cluster,
that will translate into a bracketing of the J-factor uncertainties (due to the cluster mass
uncertainty). Our default model is built starting from Mhydro and, in addition, we assign
each cluster a second mass depending on the above bias. For Fornax, a light cluster, we use
1.2×Mhydro as a second, upper bound mass estimate. In contrast, we adopt 0.5×Mhydro as
a lower bound for Perseus and Coma, both massive clusters according to the classification
scheme in [151]. As for the uncertainty associated to the scatter of concentrations values
for a given mass, we adopt a value of 0.14 dex as suggested by the authors of Ref. [32]. In
order to keep a limited number of models, we take advantage of the fact that the J-factor
∝ (M2

200 c
3
200)/D2 to further increase the previous uncertainties by considering extreme values

of the concentration scatter. To do so, we consider, for both the upper and lower mass

bounds previously derived, M
(min)
200 and M

(max)
200 , the concentrations c200(M

(min)
200 )× 10−σc and

c200(M
(max)
200 )× 10+σc . The obtained DM density profile parameters for our sample of galaxy

clusters are given in Table 3.

Impact of baryons. As introduced before in this section, most of galaxy clusters’ mass is
in the form of non-visible DM, and the rest is accounted for baryonic matter. This baryonic
content is mostly encoded in the form of super-heated ionized plasma, the so-called ICM, that
accounts for ∼15% of the cluster mass, while the remaining ∼5% is in the form of galaxies.
Because of this, the effect of these baryonic components on the DM modelling of the galaxy
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Cluster
(l, b) D Mass M200 R200 ρ0 rs

[deg] [Mpc] estimate [1014 M�] [102 kpc] [106 M� kpc−3] [102 kpc]

Coma (58.09, 87.96) 102.18
Hydrostatic 13.16 23.19 2.29 3.38

Lower* 8.77 20.26 5.37 5.58

Fornax (236.72, -53.64) 20.35
Hydrostatic* 0.51 7.83 7.42 1.86

Upper 0.61 8.32 3.20 1.05

Perseus (150.57, -13.26) 80.69
Hydrostatic 7.71 19.41 2.35 2.80

Lower* 5.14 16.96 5.57 4.59

Table 3. DM density profile parameters for the three galaxy clusters in our sample. For each target,
we show two mass models in order to bracket uncertainties in the corresponding J-factors. See text
for details. Profiles marked with ∗ are used as reference for all calculations and figures unless indicated
otherwise.

cluster’s main halo can be neglected (as done above), as their contribution to the total mass of
the system is even smaller than the size of the uncertainty in the mass estimates themselves.
However, the inclusion of the baryonic content in the mean gravitational potential may play a
relevant role in the modelling of substructures and the computation of the boost factor since
it directly impacts the tidal field experienced by these objects. Indeed, given the typical
mass range of the substructures, this second-order effect could lead to different distributions
and properties of the subhalo population, meaning that, ideally, we would need to obtain a
density model for the baryonic matter.

We thus wanted to quantify this effect for our work, neglecting in a first approximation
the galaxies and focusing on the ICM alone, e.g., [155]. Starting from standard X-ray gas
density profiles, we built baryon density profiles that included not only electrons, but also
protons and Helium following the methodology in [156]. The cluster X-ray parameters were
taken from [155]. We found that including baryons in the modelling of the mean gravitational
impacts the final boost factors at the level of one percent at most. Thus, in the following,
we implicitly neglect the baryonic content in clusters and only show results related to their
DM content.

4 Generalised J-factors for host halos without substructures

In this section, we describe, for the host DM halos of our selected targets, the salient features
of JS, the generalised J-factor, as a function of εφ (Sec. 4.1). We then show how systematic
errors on parameters of the smooth DM profiles translate into systematic uncertainties on
JS (Sec. 4.2). Next, we discuss the ranking of our targets in the various regimes of the
Sommerfeld enhancement (Sec. 4.3). We stress that this section only deals with JS from
the smooth DM distribution in our targets; the full calculation of the generalised J-factors
including the contribution of DM substructures is postponed to the next section (Sec. 5).

We emphasise that all our results, based on full numerical calculations, have been cross-
validated (for all regimes) thanks to the analytical calculations presented in the companion
paper [60]. This gives us a strong confidence in these results and the conclusions we draw.

4.1 General features for s-wave and p-wave annihilations

The generalised J-factors for host halos (i.e., smooth DM distribution) are shown in Fig. 1
for dSphs (top), dIrrs (middle) and galaxy clusters (bottom), for s-wave annihilations (left
panels) and p-wave annihilations (right panels). The behavior of JS as a function of εφ
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Target class Target ε?φ

dSphs
Draco 1.4× 10−2

Sculptor 5.7× 10−3

Reticulum II 9.5× 10−3

dIrrs
IC10 2.2× 10−2

NGC6822 1.6× 10−2

WLM 9× 10−3

Clusters
Fornax 1.8× 10−1

Coma 5.2× 10−1

Perseus 4.4× 10−1

Table 4. Summary table of the characteristic values ε?φ of the εφ parameter, corresponding to the
transition between the Coulomb and saturation regimes of Sommerfeld enhancement, associated with
the typical velocity in the object of interest, for αD = 10−2.

results from the convolution of the Sommerfeld enhancement factor, S(v), with the velocity
distribution in each target. The results are directly associated with the various regimes of S
discussed in Sec. 2.1.

The main scale of the problem is the characteristic value ε?φ at which the Sommerfeld
enhancement saturates for a given object. In practice, this transition between the Coulomb
and (resonant) saturation regimes can be well reproduced by

ε?φ ∼
v̄

αDc
, (4.1)

where v̄ is the characteristic velocity of the object, for which a good order-of-magnitude
estimate11 is given by the circular velocity at the scale radius of the DM profile,

v̄ ∼
√
GNm(rs)

rs
. (4.2)

The corresponding values of ε?φ are given in the last column of Table 4; these values are also
relevant for the boost from DM substructure (see App. C). Depending on the ordering of εφ
and ε?φ, three different regimes for JS(εφ) can be identified.

s-wave annihilation (left panels of Fig. 1).

• for εφ . ε?φ � 1, the Sommerfeld enhancement is in the Coulomb regime, i.e., S ∝ 1/εv:

as a result, JS does not depend on εφ —but is roughly proportional to v̄−1— and displays
a plateau below ε?φ (left-hand side of the curves);

• for εφ � 1, there is no enhancement, and JS boils down to the standard J-factor
(right-hand side of the curves);

• for ε?φ . εφ . 1, this is the resonant (saturation) regime, where the behaviour depends
whether εφ falls at, or between, resonances (between the two plateaus in the curves):

11Roughly speaking, the characteristic velocity is of order
√

4πGNρ0r2s , where ρ0 and rs refer generically to
the characteristic density and scale radius of the DM profile considered for each class of object (be it NFW,
Einasto or Burkert).
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Figure 1. Generalised J-factors JS for the host halos of the selected targets as a function of εφ, for
s-wave (left panels) and p-wave (right panels) annihilations; all calculations rely on the Eddington
(isotropic) PSDF. We recall that θint = 0.5◦ for dSphs and dIrrs, and θint = R200/D for clusters; Top
panels: Draco (red), Sculptor (green) and Reticulum II (violet) dSphs, where solid colored lines and
shaded/hatched bands represent the median and 68% confidence regions computed from 1000 samples
of the DM profile parameters (see Sec. 3.1). Middle panels: IC10 (gray), NGC6822 (purple), and
WLM (golden) dIrrs, for Burkert (solid lines) and NFW (dashed) DM density profiles (see Sec. 3.2).
Bottom panels: Coma (cyan), Fornax (black) and Perseus (brown) galaxy clusters, for ‘hydro’ (solid
lines) and ‘upper’ (dashed) DM density profiles (see Sec. 3.3).

at resonance, JS is roughly proportional to v̄−2 and follows a 1/n2 power law (where
n is the integer defining each resonance, see Sec. 2.1). Between resonances, JS ∝ 1/εφ
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and does not depend on the velocity.

p-wave annihilation (right panels in Fig. 1).

• for εφ . ε?φ(� 1), S ∝ 1/εv similar to the s-wave case and is also independent of εφ, so

JS,p also features a plateau in this regime. The p-wave plateau is lower by a factor α2
D

compared to the s-wave case (left-hand side of the curves);

• for εφ � 1, as for the s-wave, there is no enhancement and JS boils down to the
standard p-wave J (right-hand side of the curves);

• for ε?φ . εφ . 1, this is also the resonant (saturation) regime: at resonances, S is inde-

pendent of εv and JS ∝ 1/ε3φ; however, between resonances, the Sommerfeld factor is

independent of εv so JS is shaped by the p-wave velocity-dependence
〈
v2

rel

〉
∼ v̄2. Be-

cause of this dependence, p-wave annihilation resonances are more clear-cut for objects
with a low characteristic velocity, like dSphs (top right panel), compared to dIrrs and
galaxy clusters (middle and bottom right panels).

4.2 Uncertainties from the mass modelling

Systematic errors on the parameters describing the smooth DM density profiles (see Sec. 3)
translate into systematic uncertainties on the generalised J-factors, which we briefly discuss
quantitatively in the following.

DSphs (top panels of Fig. 1). As described in Sec. 3.1, for dSphs we compute the
uncertainty on the generalised J-factors from the posterior distribution on JS obtained from
the kinematic analysis of [97]. For s-wave annihilation and in the absence of any Sommerfeld
enhancement, the uncertainty on the reconstruction of the DM profile parameters leads to
factors of a few for classical dSphs (Draco and Sculptor), and a factor ∼ 20 for the Reticulum
II ultra-faint dSph (top-left panel of Fig. 1). This is the same in the saturation regime, off
resonance, where the Sommerfeld factor does not depend on the velocity. Yet, in the Coulomb
regime, and at resonance peaks in the saturation regime, the additional velocity dependence
goes in the opposite direction with respect to ρ2. For instance, for a given value of the scale
radius r−2, a larger value of ρ−2 gives larger ρ2(r) but at the same time a larger typical
velocity which enters the Sommerfeld factor through v̄−1 or v̄−2, leading to a reduction of
the generalised J-factors. This leads to 68% uncertainty bands that are typically smaller in
the Coulomb regime — e.g., less than an order of magnitude for Reticulum II — than in the
no-Sommerfeld case.

For p-wave annihilation (top-right panel of Fig. 1), the uncertainty band spans about
two orders of magnitude for Draco in the no-Sommerfeld regime, but ‘only’ one for Sculptor.
For Reticulum II, the uncertainty reaches almost four orders of magnitude, owing to the loose
kinematic constraints that affect both ρ2 and

〈
v2

rel

〉
. In the Coulomb regime, the uncertainty

on ρ2 is again balanced by the v̄−1 dependence, leading to small 68% bands for all dSphs in
our sample.

DIrrs (middle panels of Fig. 1). For these objects, we bracket the systematic error
on the generalised J-factors by considering the Burkert and NFW mass models obtained
from fitting rotation curve data (see Sec. 3.2). This error is encoded in the ratio RJS(εφ) =

J
(Burkert)
S /J

(NFW)
S , which differs for the s-wave and p-wave cases. First, for NGC6822 and

WLM, the two DM profiles are almost degenerate for the rotation curve fits, so that all
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Figure 2. Comparison of generalised J-factors for the smooth (host) halo of selected targets as a
function of εφ for s-wave (left panel) and p-wave (right panel) annihilations. We reproduce here some
of the curves shown in Fig. 1, highlighting as shaded/hatched areas the uncertainties estimated from
mass modelling uncertainties. The selected objects are an ultra-faint dSph (Reticulum II), a classical
dSph (Draco), a dIrr (IC10), and a galaxy cluster (Fornax). We recall that θint = 0.5◦ for dSphs and
dIrrs, and θint = R200/D for clusters.

associated ratios are close to one (for all εφ values). However, for IC10, the best fit using
the NFW profile differs more appreciably from the Burkert one: (i) in the Coulomb regime
(small εφ values), RJS ∼ 3 for both the s- and p-wave cases; (ii) in the saturation regime
off-resonance (intermediate εφ), and in the standard regime with no enhancement (large εφ),
RJS ∼ 5 for s-wave while RJS ∼ 10 for p-wave; (iii) on resonance, RJS ∼ 1 for s-wave while
RJS ∼ 5 for p-wave. It should be noted that for p-wave on resonances, JS does not depend on
the velocity, thus the difference between Burkert and NFW is the same as for s-wave without
Sommerfeld enhancement.

Galaxy clusters (bottom panels of Fig. 1). In this case, the uncertainties on the
generalised J-factors are related to uncertainties on the derived X-ray masses and the scatter
on the mass-concentration relation. This allows to define a lower and upper bound on the
modelling of the DM density profiles (see Sec. 3.3). The ratio RJS(εφ) of these two bounds

is J
(hydro)
S /J

(lower)
S for Coma and Perseus, and J

(upper)
S /J

(hydro)
S for Fornax. We find, in the s-

wave case, that RJS ∼ 3-4 in all regimes for all the clusters in our sample. We have otherwise
in the p-wave case RJS ∼ 3 in the Coulomb regime (small εφ values), and 5-6 in both the
inter-resonance saturation regime (intermediate εφ values) and the pure p-wave case with no
enhancement (large εφ values).

4.3 Impact of uncertainties on the ranking of targets

From the above discussion, we conclude that systematic errors — that stem from the data-
driven modelling of the smooth DM density profile — have a strong impact on the generalised
J-factors. As such, they can affect the hierarchy of targets according to their potential for
γ-ray DM searches. In contrast, as discussed in App. A, the O(10%) uncertainty on the
PSDF itself — in particular how the anisotropy of the velocity distribution is accounted for
— has little impact on the generalised J-factors, and does not affect the ranking of targets.

In Fig. 2, we compare the J-factors (as a function of εφ) for a selection of representative
objects among the target classes considered in this work, namely Reticulum II (ultra-faint
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dSph), Draco (classical dSph), IC10 (dIrr), and Fornax (galaxy cluster). To ease the compar-
ison, we highlight our estimated uncertainties as shaded/hatched areas, although we remind
that the different bands neither have the same origin nor the same statistical meaning (see
discussion in Sec. 4.2). For s-wave annihilation (left panel), the uncertainty bands overlap
in the regime with no Sommerfeld enhancement (large εφ values) for Fornax and IC10, while
this overlap disappears and is replaced by a gap for decreasing εφ; there is for instance almost
a factor 10 difference between the Fornax lower edge (black-hatched band) and IC10 upper
edge (gray-hatched band) in the Coulomb regime (small εφ values). The situation is quali-
tatively similar for Draco and Reticulum II. For p-wave annihilation, the uncertainty bands
overlap for the four representative targets in the regime of no enhancement (large εφ values),
whereas a clear hierarchy also appears when Sommerfeld enhancement becomes important,
especially in the Coulomb regime (small εφ values) due to the 1/v dependence.

As a conclusion from this section, which focused only on the signal from the host DM
halo, we see that for s-wave annihilation, dSphs represent (in all regimes) the most promising
targets for γ-ray searches in terms of generalised J-factors, even accounting for modelling
uncertainties. Yet, the situation is less clear-cut for p-wave annihilation in the regime of
no enhancement (large εφ values). Indeed, in the latter case, within the uncertainties, some
galaxy clusters can become the best targets. Nevertheless, as already highlighted in the
literature (mostly for the standard J-factor calculations), accounting for DM substructures
in all these different targets may change these conclusions. We discuss and detail in the next
section how DM substructures are expected to boost the annihilation signal and impact the
computation of the generalised J-factors.

5 Generalised J-factors with substructure boost

A fraction of the DM in halos is in the form of subhalos, which can boost the annihilation
signal (compared to the case in which all the DM mass is smoothly distributed within the
main halo). While the impact of these substructure boosts has been discussed extensively in
the literature for the ‘classical’ J-factors (see, e.g. [30–35]), they have been discussed with
lesser details in the context of generalised J-factors [15, 36–39].

The results derived in this section rely on the general formalism and methodology pre-
sented in Sec. 2.3, and our calculations are based on up-to-date models for both the prop-
erties of the subhalo population and the velocity distribution in each subhalo (determined
by a phase space); the numerical calculations in this section (for subhalos) have also been
cross-checked and validated with analytical approximations (see the companion paper, [60]).
First, we discuss the boost factors obtained for our representative targets and highlight the
differences observed between the s- and p-wave cases (Sec. 5.1). We then show the full cal-
culation of the generalised J-factors for all our targets, and rank them according to their
expected signals, also depending on the regime considered for s- or p- wave annihilations
(Sec. 5.2). We finally show how these boosted signals compare to the ‘foreground’ DM anni-
hilation signal coming from the smooth DM distribution in the MW, and briefly discuss the
prospects for γ-ray searches (Sec. 5.3).

5.1 Impact of subhalos: boost factors for generalised J-factors

The generalised boost factor BS, calculated for the generalised J-factor JS, is given by

BS =
JS,tot

JS,host
. (5.1)
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Figure 3. Generalised boost factors BS (see Eq. 5.1) as a function of εφ for s-wave (left panel)
and p-wave (right panel) annihilation. We illustrate the boosts obtained for each family of targets
considered, i.e., galaxy clusters (Fornax, black lines), dIrrs (IC10, gray lines), and dSphs (Draco, red
lines). The more massive the object, the more boosted the signal (see text for discussion). We recall
that θint = 0.5◦ for dSphs and dIrrs, and θint = R200/D for clusters.

In this definition, the denominator JS,host is the generalised J-factor for the host halo without
substructures (i.e., assuming all the DM to be smoothly distributed), already calculated and
presented in Sec. 4.1. The numerator JS,tot is the sum of the signals from the smooth halo of
the host (which is now all the DM not in substructures), the population of subhalos and the
cross-annihilation between host and subhalos (the latter is in general negligible compared to
the sum of the other two contributions). In this definition, when the fraction of DM into
substructures goes to zero, the boost goes to one, i.e., the overall signal is not boosted.

We show in Fig. 3 the generalised boost factors BS as a function of εφ, for three repre-
sentative objects from our three families of targets. Several striking features are observed.
First, contrarily to the smooth host halo case where resonances disappear below εφ . 10−2

(see, e.g., Fig. 2), resonances are present down to much smaller εφ values here. This is
because subhalos are less massive with smaller velocity dispersion, hence a smaller ε?φ (see
Eq. 4.1) below which the Coulomb regime is reached (compared to their host halo counter-
part). Second, we see that a larger host is more boosted. This is a well-known feature of
s-wave annihilation without Sommerfeld enhancement due to each decade in subhalo mass
contributing to the annihilation at roughly the same level. When the Sommerfeld effect is
included, this dependence on the host halo mass is preserved although the scaling is slightly
modified. Moreover, it now extends to the p-wave case as well, and the scaling with the host
mass is identical for both s-wave and p-wave. Third, a different scaling with εφ is observed in
the s-wave and p-wave case. This difference can be explained by considering which subhalos
contribute most to the annihilation. We find that the s-wave signal is dominated by subhalos
near the free-streaming cutoff, while the p-wave signal is dominated by subhalos near the
mass scale which sets the transition between the Coulomb and saturation/resonant regime,
which depends on εφ. Details and scaling relations are provided in the companion paper [60].
We stress that the resonances do not appear at arbitrarily low εφ, because subhalos cannot
form below the free-streaming scale. We fixed this scale to mmin = 10−6 M�, which translates
into a value ε?φ ∼ 10−7 below which all subhalos, and therefore all the DM in the object, are

in the Coulomb regime. We chose to limit the x-axis to εφ = 10−4 however, because lower
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values have little motivations from the model-building point of view. The sensitivity of the
s-wave annihilation to this minimum low-mass scale also explains why the s-wave boost is
generically much larger than the p-wave boost. Indeed, for s-wave processes, the baseline and

the resonant peaks have their amplitudes fixed by ε
−/+1
φ m−α̃smin , respectively,12 where α̃s is

some effective mass index that depends on the subhalo mass index, found positive here (∼ 0.1
on the baseline and ∼ 0.8 on peaks—see [60] for details). This explains why the relative peak
amplitude decreases as ε2φ as εφ decreases. In contrast, for p-wave processes, only the peaks

have their amplitudes that scale like ε−1
φ m

−α̃p
min , with α̃p ∼ 0.1, while the baseline scales only

∝ ε−1.3
φ . In both the s- and p-wave cases, the overall amplitude of the boost, once the host

smooth halo lies in the Coulomb regime, is further modulated by the host halo mass to some
positive power, which explains the hierarchy between the different curves. All this allows to
understand how changing mmin may affect the final results.

To be more quantitative, the boost factors in the different regimes of the Sommerfeld
enhancement are as follows: for large εφ, we have BS,s ∼ 1− 20 going from dSphs to galaxy
clusters,13 while BS,p = 1 (no boost) for all targets. Moving down towards the saturation
regime, and for the dSphs, dIrrs and galaxy clusters, respectively, we have for the first
resonance BS,s ∼ 106, 108, 1010 and BS,p ∼ 1, 2, 20.

5.2 Ranking of target classes

Now that we have detailed the behaviour of the generalised boost factors, we can go back to
the generalised J-factors.

We show in Fig. 4 the JS values as a function of εφ for the full calculation including the
boost from substructures (solid lines). To our knowledge, these JS are the most complete
and up-to-date estimates for such a variety of targets. For comparison purpose, we also
reproduce some of the values shown in Fig. 2 for the case with no substructures (dashed
lines). We note that the ratios between the pairs of solid and dashed lines in each panel are
directly the boosts discussed in the previous section; we refer the reader to the details therein
rather than repeating the discussion here. For brevity, it is enough to summarise the most
salient features of the full calculation (solid lines): (i) JS values in the no-enhancement regime
(large εφ) reach a plateau for both s- and p-waves, and these plateaus actually correspond
to the minimum value of JS over εφ; (ii) the saturation regime at resonances gives the most
favourable (and tremendous) signal for s-wave annihilation, but this is comparatively only
mildly significant for p-wave annihilation; (iii) off-resonance and moving down towards the
Coulomb regime (small εφ values), the JS factor is increasing for both the s- and p- waves,
but it increases less and converges faster towards a plateau in the former case.

With these results, we can now revisit our discussion on the ranking of the best targets
(to either detect them or to set stringent constraints on DM particle candidates). We show
in Fig. 5 a comparison between targets picked among each of the families considered in this
study, namely dSphs (Draco and Reticulum II, with violet and red lines, respectively, and as

12Formally, as explained in the companion paper [60], the amplitudes of resonant peaks saturate at vanish-
ingly small DM velocity, which translates into a universal unitarity cutoff mass munit 6= mmin, extremely sensi-
tive to the DM fine structure constant, as it scales like α12

D . For αD ∼ 0.01, we have munit ∼ 10−3M� > mmin,
which means that it is actually munit, still a universal parameter related to particle physics, that sets the
peaks amplitudes in our calculations. Had we taken αD ∼ 10−3 instead, then mmin would have been the peaks
maker.

13For s-wave, this is the regime where standard J-factor calculations are recovered, and the boost values
obtained are in line with standard boost factors found in the literature, e.g. [33, 34].

– 22 –



10−4 10−3 10−2 10−1 100 101 102

εφ

1017

1019

1021

1023

1025

1027

1029

1031
J

S
,s

[G
eV

2
cm
−

5
sr

]

s-wave

dSphs

Reticulum II

Draco

Sculptor

Full calculation

No subhalos

Full calculation

No subhalos

10−4 10−3 10−2 10−1 100 101 102

εφ

1010

1011

1012

1013

1014

1015

1016

1017

1018

1019

J
S
,p

[G
eV

2
cm
−

5
sr

]

p-wave

dSphs

Reticulum II

Draco

Sculptor

Full calculation

No subhalos

Full calculation

No subhalos

10−4 10−3 10−2 10−1 100 101 102

εφ

1015

1017

1019

1021

1023

1025

1027

1029

1031

J
S
,s

[G
eV

2
cm
−

5
sr

]

s-wave

dIrrs

NGC6822

IC10

WLM

Full calculation

No subhalos

Full calculation

No subhalos

10−4 10−3 10−2 10−1 100 101 102

εφ

109

1010

1011

1012

1013

1014

1015

1016

1017

1018

1019

J
S
,p

[G
eV

2
cm
−

5
sr

]

p-wave

dIrrs

NGC6822

IC10

WLM

Full calculation

No subhalos

Full calculation

No subhalos

10−4 10−3 10−2 10−1 100 101 102

εφ

1016

1019

1022

1025

1028

1031

J
S
,s

[G
eV

2
cm
−

5
sr

]

s-wave

Clusters

Fornax

Coma

Perseus

Full calculation

No subhalos

Full calculation

No subhalos

10−4 10−3 10−2 10−1 100 101 102

εφ

1011

1012

1013

1014

1015

1016

1017

1018

1019

J
S
,p

[G
eV

2
cm
−

5
sr

]

p-wave

Clusters

Fornax

Coma

Perseus

Full calculation

No subhalos

Full calculation

No subhalos

Figure 4. Same as Fig. 1, i.e., generalised J-factors vs εφ for our sample of dSphs (top panels),
dIrrs (middle panels), and galaxy clusters (bottom panels), for both s-wave (left panels) and p-
wave (right panels) annihilation. Two different calculations are shown: solid lines correspond to the
full calculation accounting for the contribution of subhalos (see Sec. 5.1), whereas dashed lines (for
comparison purpose) correspond to the ‘no-subhalos’ case already shown in Fig. 2 (we only show our
‘best’ mass modelling here).

representative examples of both classical and ultra-faint dSphs), dIrrs (IC10; gray lines), and
galaxy clusters (Fornax; black lines). As before, solid lines correspond to our final results
(with substructure boost), and dashed lines show their ‘no-substructures’ counterparts just
for comparison purpose (taken from Fig. 2). From this Fig. 5, we notice that we can have
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Figure 5. Same as in Fig. 2, i.e., comparison of J-factors for s-wave (left panel) and p-wave (right
panel) annihilation, for one object in each considered target class but dSphs, for which we include both
a “classical” and a “ultra-faint” dwarf. Two different calculations are shown: solid lines correspond
to the full calculation accounting for the contribution of subhalos (see Sec. 5.1), whereas dashed
lines (for comparison purpose) correspond to the ‘no-subhalos’ case already shown in Fig. 2 (without
uncertainties here).

a complete inversion of the standard ranking for both the s- and p-wave cases. Indeed,
instead of dSphs being the best targets (for standard J-factor calculation), galaxy clusters
can now outrank dIrrs, which themselves outrank dSphs. This inversion can happen, e.g., at
Sommerfeld resonances in the s-wave, and in both the Coulomb (εφ � 1) and no-Sommerfeld
enhancement (εφ � 1) regimes for p-wave.

We recall that this inversion in the ranking of targets arises because of the role of
substructures, that boost differently the different target classes. While the exact value of
these boosts may vary by a factor of a few (due to uncertainties in the subhalo distribution,
abundance and structural parameters), the trend of these boosts is not expected to change
significantly. We also conclude that, for the generalised J-factors, the mass modelling uncer-
tainties of the host halos play a subdominant part in almost all regimes: such uncertainties
only impact the ranking in the no-enhancement regime (εφ & 1) in p-wave annihilation (see
discussion in Sec. 4.2 and also Fig. 2).

5.3 Comparison to previous works and prospects for γ-ray DM searches

With the results in previous sections, we can now draw some conclusions regarding the
selection of the best targets for γ-ray DM searches, depending on the Sommerfeld regime
considered (in s- or p-wave). Alternatively, given some γ-ray observations, we can also
highlight the regimes where DM candidates are expected to be constrained the most.

Comparison with previous studies. It is interesting to compare our findings to what
was previously obtained in other works. The largest body of results in the literature is for the
standard J-factors — corresponding to εφ � 1 in the s-wave case. In this regime, which boils
down to the calculation of the boost factors, our results agree with previous determinations;
this is not a surprise since we recall that we rely, for the most part, on input ingredients taken
from some of our previous works (e.g., [97] for dSphs, [117] for dIrrs, and [146] for galaxy
clusters). As for the calculation of generalised J-factors, there is no study to compare to for
dIrrs. For galaxy clusters, to our knowledge, the only previous study is that of [54], where the
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authors do not directly calculate the generalised J-factors, but show limits on DM candidates
from the observation of Fornax; hence it is difficult to make comparisons. There are several
generalised J-factor calculations in the literature for dSphs, mostly ignoring substructures.
Comparing the results obtained in the ‘no-substructure’ case (Fig. 2, top panels), we find our
results to be comparable to those of [14, 43–46] for s-wave in all regimes.14

The interplay between subhalos and velocity-dependence has been investigated in sev-
eral studies [36, 37, 53, 157–162]. Comparison with our results is difficult in most cases as
alternatives targets and different regions of the parameter space are considered. The subhalo
models are also quite different from the one we have used. In [37] the author performed a
calculation of the subhalo boost factor in the presence of Sommerfeld enhancement, focusing
on the s-wave case and dSph-sized hosts. The author found results that are qualitatively
similar to ours: the resonant regime extends to very low values of εφ when subhalos are
considered, and the boost factor can reach extremely high values. Quantitatively, the boost
factors in [37] seem to be higher than ours by one or two orders of magnitude. A possible
reason for this discrepancy is the subhalo mass-concentration relation used in [37] which leads
to subhalos that are much denser, and therefore over-annihilate, compared to what has been
found in more recent numerical simulations (see [32] for the mass-concentration we have used
instead).

Angular extension of the signal. The morphology or, for our targets, the radial depen-
dence of the γ-ray signal is directly linked to the underlying emission processes and source
spatial distribution (here, annihilations in the smooth halo and substructures). As advocated
in past studies on standard J factors, the angular extension of the signal could be used to
identify decaying from annihilating DM in dSphs [163] (objects in which boost factors are
mostly irrelevant), or to disentangle CR-induced from DM-induced γ-ray signals in galaxy
clusters [138, 145] (objects in which substructures both boost and enlarge the size of the
object on the sky for annihilating DM; see also [146]). This reasoning has been further de-
veloped in the context of velocity-dependent annihilations in [161, 164], where the authors
discuss how the radial dependence of the signal could help identifying the underlying par-
ticle physics model. However, these studies mostly focus on a single halo (although [161]
briefly comments on the consequences for a distribution of subhalos), whereas we have shown
that substructures may be important even for dSphs in some specific regimes. Another dif-
ference is that we perform a full numerical calculation while [161, 164] rely on analytical
approximations.

Figure 6 shows the differential J-factor J̃S(ψ) defined as

JS =

∫ θint

0
d(cosψ) J̃S(ψ) (5.2)

without (dashed lines) or accounting for (solid lines) substructures, as a function of the angle
ψ from the target centre. We recall that the relevant angular size of the γ-ray signal will be
a combination of the physical size of the target, the distance to the observer, the steepness of
the DM distribution, and, also for generalised J-factors, the velocity distribution profile. The
latter is illustrated in Fig. 6 with the calculation of the signal without subhalos (dashed lines).
Indeed, for standard J-factors, i.e., εφ � 1 in the s-wave case (top left panel), the typical
radial extension of a given target boils down to ψs = arctan(rs/D) (most of the emission is
within rs), i.e., 1.4◦ for Draco, 0.15◦ for IC10, and 0.5◦ for Fornax (using numbers taken from

14Note that, in some cases, a rescaling of αD is needed to perform these comparisons.
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Figure 6. Differential JS-factor as a function of the scaled angle ψ/ψs from the centre of the object,
for three targets belonging to our three classes of interest. To ease the comparison, all profiles have
been normalised to unity at their centre. The top row displays the results without Sommerfeld
enhancement (εφ � 1), while the bottom row shows the results for εφ ' 0.011 (off resonance). The
results for s-wave are shown in the left panels and those for p-wave are in the right panels. The
reference angular size is ψs = 1.4◦/0.15◦/0.5◦ for Draco/IC10/Fornax.

Tables 1, 2, and 3 respectively). These numbers compare well to the radial extensions seen
in the top left panel of Figure 6, but we already see the impact of the velocity distribution
function comparing the top left and bottom left dashed curves (no subhalos, no Sommerfeld
enhancement) for s- and p-wave respectively. These radial extensions are also slightly different
in the Sommerfeld regime (bottom panels).

The relatively small differences observed between different particle physics models for a
smooth halo (without subhalos) are qualitatively similar to those highlighted in [164]. Yet,
the presence of subhalos (solid lines) on J̃S is strongly model dependent. Subhalos have almost
no impact for εφ � 1 in the p-wave case (right panels in Fig. 6) and a maximal impact in
the s-wave resonant regime (bottom left panel), where a factor of ten increase of the typical
angular size is observed for Fornax (compare the dashed and solid black lines). All in all,
these results reinforce the case for the use of the angular dependence (or radial extension)
of the γ-ray signal as a tool to discriminate between different particle models (if a DM
signal is seen). Further study is necessary to decide/optimise which combinations of different
targets are best to discriminate among particle physics models. Also, it is not clear whether
degeneracies (and uncertainties) between both the DM and particle physics modellings would
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prevent the use of this strategy in some cases (not to mention the observational challenge
to characterise the spatial morphology of a putative γ-ray signal: current γ-ray telescopes
possess typical angular resolutions of about one to few tenths of degree).

Galactic DM foreground. So far, we have considered γ-ray signals from isolated targets.
However, the diffuse γ-ray emission originated from DM annihilations happening in the MW
halo itself can be a sizable foreground when searching for γ-rays from various targets (the
DM extragalactic diffuse signal also adds up to this foreground but will not be considered
here; see, e.g., [165] for a comparison between both DM diffuse components in terms of their
intensity flux). To optimise the detectability of such targets in γ-rays, their DM-induced
signal should ideally lie above this Galactic DM foreground (typically, for a field of view
corresponding to the angular resolution of the detector).

For completeness, we compute the astrophysical factor of the MW halo for a solid angle
defined by ∆Ω = 2π(1 − cos θint) around the line of sight (l.o.s.) at an angle ψGC from the
Galactic centre, JS(ψGC). We use Eq. (2.13) for the calculation of the annihilation. For the
MW mass model, we use an NFW profile with ρ0 = 8.5 × 106 M�/kpc3 and rs = 19.6 kpc
[166]. For the subhalos, we use again the SL17 model. An important difference when studying
subhalos in the MW compared to the other targets is the role of baryons in shaping their
distribution. In SL17, both the smooth tidal stripping induced by the baryonic potential
and the gravitational shocking induced by the stellar disk are taken into account.15 The
calculation for the contributions of the MW smooth halo and subhalos (see Sec. 2.3) is
otherwise similar to that of the other targets, the main differences being that (i) the observer
is now sitting inside the host halo, and (i) the baryonic potential can no longer be neglected
(see App. B on how it is accounted for in the modelling).

Figure 7 shows the resulting MW JS factors for s- and p-wave (left and right panels,
respectively), without (dashed lines) or with (solid lines) subhalos. From top to bottom,
going from a l.o.s. slightly offset from the Galactic centre (ψGC = 0.1◦ and 3◦, top and
middle panels) and moving towards the anticentre (ψGC = 180◦, bottom panel), we observe
in all regimes, as expected, that the JS factors decrease. Also, as expected in the velocity-
independent case (εφ � 1 in s-wave), subhalos only boost the signal towards the anticentre
(the signal is dominated by the smooth halo towards the halo centre). Note that there is no
boost from subhalos in the no-Sommerfeld enhancement regime (εφ � 1) for p-wave (right
panels). This larger impact of subhalos, away from the Galactic centre, is also recovered in
the s- (left panels) and p- (right panels) wave at intermediate and small εφ. Actually, the
pattern is very similar to the one seen in Fig. 5, where the presence of subhalos, down to the
cutoff mass, leads to larger peaks at resonances and growing boost with decreasing εφ (see
discussion in Sec. 5.1 for more details).

Based on numerical simulations, [51] recently showed that the predicted JS factor from
the smooth halo of the MW is very sensitive to the DM velocity distribution function, compar-
ing predictions from DM-only or hydrodynamical simulations. These authors also concluded
that the impact of subhalos is subdominant in their work, given that their simulation only
resolves the largest subhalos. Our results show that the distribution of subhalos down to the
smallest masses is actually critical to correctly predict the MW signal on resonances and in
the regime εφ � 1.

15We have checked that baryonic tidal effects are completely negligible in the other targets, even in galaxy
clusters which have a sizeable baryonic content.
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Figure 7. Generalised MW J-factors (integrated over θint = 0.5◦) vs. εφ for s-wave (left panels)
and p-wave (right panels) annihilation, in various directions ψGC from the Galactic centre: from top
to bottom, ψGC = 0.1◦, 3◦, and 180◦ (anti-centre). Solid lines correspond to the full calculation
accounting for the contribution of subhalos (see Sec. 2.3), whereas dashed lines correspond to the
‘no-subhalos’ case.

Summary view of all targets against the Galactic DM foreground. Thanks to the
above calculation, we can now assess the contrast between the DM signal from all our targets
and that from the MW DM foreground. This contrast is shown as a function of ψGC (angle
between the l.o.s. and the Galactic centre; the Galactic halo is spherically-symmetric) in
Fig. 8. The panels in this figure are for two regimes of the s-wave (left panels) and p-wave
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(right panels) annihilations, namely the no-Sommerfeld enhancement regime at εφ � 1 (top
panels), the saturation regime off-resonance at εφ ' 10−2 (middle panels) and the saturation
regime on-resonance also at εφ ' 10−2 (bottom panels). We recall that εφ � 1 corresponds
to a mediator mass comparable or larger than the DM mass, while εφ = 10−2 corresponds
to a light mediator (e.g., mφ = 1 GeV for mχ = 10 TeV and our choice of αD = 10−2). On
each plot, the solid line corresponds to the MW JS values (see previous paragraph), and the
symbols represent our various target values,16 JSψGC

. Both the MW and the target values

are calculated for an integration region θint = 0.5◦.17

The various panels of Fig. 8 illustrate that: (i) in most regimes of s-wave annihilation
(left panels), dSphs remain the most promising targets, whereas dIrr and galaxy cluster
signals, ∼ 10 times lower, remain interesting and complementary targets; (ii) in some regimes
of p-wave annihilation (e.g., top right panel), an inversion of the ranking is observed and
galaxy clusters become the most promising targets, while in some other cases (bottom right
panel), dIrrs can shine as bright as some dSphs. In addition, it is interesting to note that for
this value of θint = 0.5◦, most targets in most regimes outshine the MW DM foreground. Yet,
the signal contrast between the former and the latter is significantly smaller for the p-wave
case: in the no-Sommerfeld enhancement regime (top right panel), the MW is even above
all target signals but for the two brightest galaxy clusters. The non-trivial dependence of
this contrast with the integration region (θint) is further discussed in App. D. Overall, this
variety of scenarios illustrate that devising the optimal signal region to search for DM signals
(or to set limits on DM candidates) is not a trivial task and needs to be studied in detail in
a case-by-case basis, as it is sensitive not only to both the individual target and target class
but also to the specific particle physics model considered. Such a search strategy should also
need to account for the Galactic DM foreground; for completeness, it should also account for
the extragalactic DM background (see, e.g., [165]).

Relevance to particle physics. The results discussed here are relevant for particle-
physics models involving mediators much lighter than the DM particle. Such a hierarchy
appears in minimal setups such as Minimal Dark Matter [21, 167, 168] but also in models
tailored to explain astrophysical observation such as the intense gamma-ray emission observed
in the Galactic centre by Fermi -LAT [169] or the PAMELA/AMS-02 positron flux [170–172].
It is in general an expected feature of most models involving multi-TeV WIMPs [18, 19], for
example in minimal models built from electroweak n-uplets [173]. In this case, DM annihila-
tion can proceed through s-wave processes. There are also other models based on dark-sector
extensions of the standard model (with a dark sector possibly secluded from the visible one),
in which DM particles can in principle have masses down to tens of GeV [174, 175]. For ex-
ample, for fermionic DM endowed with dark scalar (self-)interactions, p-wave annihilation is
a natural outcome, providing a phenomenological setup that can therefore be tested through
indirect searches from the targets we have investigated here. Our results, however, cannot al-
ways be directly applied to any specific particle-physics model, as one would first need to map
that model onto our simplified parameter space (which only contains three parameters: αD,
mχ and mφ). Our results still provide decent estimates in particular when there is only one

16Each target position ψGC is computed from its Galactic longitude l and latitude b as ψ0,target =
arccos (cos l cos b).

17This value is motivated by the typical angular extensions of our targets. We note though that this
integration angle may not enclose their total DM signals in some cases, especially for galaxy clusters. Yet,
most of the signal will be still originated from this inner 0.5◦. Also, from the data analysis point of view,
more extended objects are more difficult to deal with, thus our compromise in terms of the chosen θint.
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Figure 8. Comparison of generalised J-factors from all our targets (symbols) against the MW DM
foreground (blue and red lines, depending on the integration angle) as a function of the angle Φ0

(away from the Galactic centre) for s-wave (left panels) and p-wave (right panels); the top panels are
for εφ � 1, i.e., no Sommerfeld enhancement, the middle panels are for εφ ' 10−2 in the saturation
regime off-resonance and the bottom panels are on-resonance also at εφ ' 10−2 . JS values for all
dSphs and dIrrs are calculated for an integration angle θint = 0.5◦ while clusters are integrated up to
the virial radius (θint = 2.2◦/1.1◦/1.2◦ for Fornax/Coma/Perseus). See text for details.

light mediator at play for the self-interactions. In turn, they only provide order-of-magnitude
estimates in the presence of more complex dark sectors, involving for instance several me-
diators, provided one can identify a very few dominant interaction(s). Irrespective of any
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mapping to specific models, we still expect our main result (i.e., very large subhalo boost
factors and a model-dependent target hierarchy) to hold for any model featuring a similar
velocity dependence of the annihilation cross-section.

6 Summary and conclusions

In this work, we have performed a comprehensive study of various classes of astrophysical
targets (almost always discussed separately in the literature) for velocity-dependent WIMP
annihilations. In particular, we computed their astrophysical J-factors entering in the compu-
tation of the annihilation flux and ranked them under different velocity-dependent scenarios.
The main novelties of our generalised J-factor calculations are the following: (i) in addition
to the ‘standard’ s-wave annihilation case, we also considered Sommerfeld-enhanced p-wave
annihilation; (ii) for all classes of considered targets — dSphs, dIrrs, galaxy clusters, and
even the MW — , we self-consistently derived the phase-space distribution function (PSDF)
from host halo DM density profiles, accounting for annihilation boost factors from DM sub-
structures (whose PSDFs were also self-consistently derived). It must be noted that very few
studies carried out the calculation of the boost for dSphs in this velocity-dependent context,
almost none did for galaxy clusters, and this is the first work where this was discussed for
dIrrs.

The two most important and probably surprising results, obtained from a case study
focusing on a few selected targets among the many available dSphs, dIrrs, and galaxy clusters,
are the following. First, substructure boost factors can reach several orders of magnitude
on-resonance for s-wave annihilation, and also in the Coulomb regime for both s- and p-
wave annihilation; these large boost values are even present for dSphs. All these results
are supported and cross-checked by analytical formulae derived (in various regime of the
Sommerfeld enhancement) in a companion paper [60]. Second, the standard hierarchy of
the most promising classes of targets for indirect DM searches (where, typically, dSphs rank
first) can be drastically modified in the presence of both velocity-dependent annihilation
and substructure boost. The most striking case is for s-wave on resonances and for p-wave
in the no-Sommerfeld enhancement regime, where galaxy clusters can outshine all other
classes of targets. This is a robust result: only in the no-Sommerfeld-enhancement regime we
found that uncertainties in the modelling of the DM distribution may significantly impact
the resulting ranking between dSphs, dIrrs, and galaxy clusters. We find that uncertainties
related to velocity anisotropies are less important than those related to mass modelling. We
stress that the modelling of tidal interactions experienced by subhalos, which is usually a
source of large uncertainties, can be safely ignored here. This is because the boost factor is
essentially set by subhalos in the outer regions of the targets which are not subject to strong
tidal fields.

In this analysis, we have also inspected the spatial morphology of the velocity-dependent
annihilation signal from various targets. We showed that subhalos could significantly en-
large the angular size of the signal (up to 10 times for galaxy clusters in the Sommerfeld-
enhancement regime). This provides both prospects to identify the underlying particle
physics model (if DM-induced γ-rays are observed in several target classes), but it also
brings complications in doing so owing to possible degeneracies between the particle physics
parameter space and the many still uncertain DM distribution properties (subhalos, velocity).
We have also investigated the signal contrast between the considered targets and the MW
DM foreground that is present along the line of sight. The self-consistent calculation of the
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MW signal showed that the presence of subhalos strongly boosts the signal in both s-wave
and p-wave annihilation (except in the no-Sommerfeld-enhancement regime): accounting for
these subhalos is critical on-resonance in all directions (Galactic centre or anticentre), and
is also critical especially towards the anticentre in the Coulomb regime. Though we found a
significant number of our targets to exhibit fluxes above the MW foreground, their specific
contrast possesses a non-trivial dependence on the signal integration angle and on the consid-
ered particle-physics model. Indeed, in some of the studied velocity-dependent regimes and
integration angles, some of our targets appear well below the level of the diffuse Galactic DM
signal, this way very likely complicating a potential γ-ray data analysis (typically focused
and optimized for point-like sources). On the other hand, a calculation of the extragalactic
diffuse DM component, similarly to what we did for the Galactic signal, may prove necessary
in some specific regimes for which targets outshine all the other ones and the MW foreground.
Overall, our results show that the analysis strategy (targets and signal regions) should prob-
ably be adapted specifically for each of these different particle-physics regimes, in order to
optimally search for (or to set constraints on) DM with γ-ray telescopes. These refinements
would complement the toolbox of existing strategies advocated and already explored in the
literature to best track down DM signals in γ rays (e.g., stacking of a large number of dSphs
or galaxy clusters; joint analyses between Fermi -LAT and ground-based instruments; opti-
mized search of extended sources; etc.). For velocity-dependent annihilation cross sections,
and given the hierarchy dependence of the ranking of targets on the particle physics model,
a combined analysis of DM signals from different classes of targets may actually be the most
optimal way to provide the most robust and consistent constraints on DM candidates.

This study is especially relevant for most models involving mediators much lighter than
the DM particle, from minimal extensions to the Standard Model to complex dark sectors.
This is especially important as indirect searches are moving toward multi-TeV DM masses
with the advent of CTA. However, rather than covering specific examples, we have studied a
simplified setup which allowed us to derive results that should qualitatively apply to a wide
range of models.

In a forthcoming effort, we plan to generalise our calculations to a larger list of astro-
physical targets and confront our predictions to existing γ-ray data, also focusing on devel-
oping and applying the best data analysis strategy. This should allow us to provide the most
robust, up-to-date, and competitive DM limits on generic velocity-dependent annihilation
models and associated DM particle candidates.
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A Uncertainties related to phase-space modelling

We complement Sec. 4 with a discussion of the uncertainty on the generalised J-factors
coming from the phase-space model itself. The phase space of the DM in our selected targets
is modelled assuming equilibrium and spherical symmetry of the halo as well as isotropy of
velocities. Under these assumptions, the PSDF of DM particles is given by the well-known
Eddington formula [68, 69]:

f(E) =
1√
8π2

[
1√
E

(
dρχ
dΨ

)
Ψ=0

+

∫ E
0

d2ρχ
dΨ2

dΨ√
E −Ψ

]
, (A.1)

where Ψ(r) = Φ(Rmax) − Φ(r) is the (positive-defined) gravitational potential and E =
Ψ− v2/2 the energy. The choice of the radial boundary Rmax can have a large impact on the
phase space in the outer parts of the halo [70], however the annihilation signal is essentially
set by the central region thus we can take Rmax →∞.

The anisotropy of the DM velocity distribution is, for all intents and purposes, uncon-
strained in all the gravitational systems we consider. It is therefore important to go beyond
the minimal assumption of isotropy and explore the associated uncertainty on predictions of
DM-induced γ-ray fluxes. In general, the anisotropy of a given component in a gravitational
system is quantified by the parameter [176]

β(r) = 1−
σ2
θ + σ2

φ

2σ2
r

, (A.2)

with σr, σθ, and σφ the velocity dispersions in spherical coordinates. We consider the follow-
ing ansatz for an anisotropic PSDF — this ansatz makes it possible to obtain a semi-analytic
extension of the Eddington formula to an anisotropy profile defined by three parameters,
namely the asymptotic values β0 and β∞ at the centre and the outskirts of the galaxy, re-
spectively, and a characteristic angular momentum L0 that sets the transition radius between
both regimes [177] —:

F (E , L) = fE(E)

(
1 +

L2

2L2
0

)−β∞+β0

L−2β0 . (A.3)

Constant anisotropy models, for which β(r) = β0 = β∞ and

F (E , L) ≡ fβ0(E , L) = fE(E)L−2β0 , (A.4)

are a subset of the varying anisotropy models of Eq. (A.3), and have been extensively dis-
cussed in the literature (e.g. [69, 178–181]).

For all the targets in our sample, for s-wave annihilation the relative differences between
anisotropic phase-space models with constant negative anisotropy or radius-dependent pos-
itive anisotropy and the isotropic (Eddington) result are shown in Table 5 for the Coulomb
regime and the resonances. The value of JS,s for negative (positive) anisotropy is systemati-
cally larger (smaller) than the isotropic result by a few tens of %.
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Target class

Jβ=−0.5
S,s − Jβ=0

S,s

Jβ=0
S,s

J
β(r)
S,s − J

β=0
S,s

Jβ=0
S,s

Coulomb Resonances Coulomb Resonances

dSphs +30% +100% −10% −20%

dIrrs +10% +40% – –

Clusters +20% +50% −10% −30%

Table 5. Summary table of the relative difference between generalised J-factors obtained with
anisotropic PSDFs and the benchmark Eddington (isotropic) case for each class of targets — both
in the Coulomb regime and on top of resonances in the saturation regime. Sommerfeld enhancement
factors used to derive the J-factors were computed for αD = 10−2.

For p-wave annihilation, the dependence of JS,p on velocity is the same as for s-wave
in the Coulomb regime, so the uncertainty from the unknown anisotropy is the same in
both cases. However, in the saturation regime the dependence on velocity is different from
the s-wave case. More specifically, there is no dependence on the velocity distribution at
resonances, while in between resonances and in the high-εφ regime in which there is no
Sommerfeld enhancement — in both cases JS,p ∝

〈
v2

rel

〉
— the relative difference between

anisotropic and isotropic models is ∼ 10− 20%.
Uncertainties from the phase-space model itself are therefore negligible with respect

to uncertainties from mass modelling discussed in Sec. 4, and they do not affect in any
sizable way either the values of the generalised J-factors or the ranking of targets. However,
as discussed in Sec. 5, the DM substructure boost has a much more significant impact on
generalised J-factors, and is the main source of theoretical uncertainties.

B The SL17 subhalo population model

This section gives a short introduction on the SL17 subhalo population model [35], which
was built to address DM searches in general (including the search for subhalos themselves),
as flexible as possible to be applied to a diversity of DM candidates and to easily account for
changes in relevant cosmological parameters—see also Refs. [71–74]. This model is analyti-
cal in its formulation, but semi-analytical in practice (numerical integrations, iterations, or
interpolations are necessary). Assuming a global host halo profile ρhost, the model predicts
how DM distributes itself between a smooth component and a subhalo component, depend-
ing on the host halo profile and its baryonic component. To allow for fast semi-analytical
calculations, the model is based on three main approximations: (i) spherically symmetric DM
components, (ii) circular orbits for subhalos (i.e. positions are defined by radial distances to
the host’s centre), (iii) subhalos are independent from each other. The model also includes
gravitational tides as sourced by the different components of the host structure (including
baryons), which induce a spatial dependence of the subhalo properties and makes the sub-
halo population model specific to all sorts of host halos (in particular to hosts constrained
by observational data). The obtained subhalo distribution is not a fit extrapolated from cos-
mological simulations, and can consistently cover an arbitrary subhalo mass range. Still, the
model allows to qualitatively recover and understand results of cosmological simulations, like
the non-trivial spatial distribution of subhalos and the spatial evolution of their structural
properties (e.g. “antibiased” spatial distributions, spatial dependence of the concentration
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and mass functions, etc. [30, 34, 182–185]). Other analytical or semi-analytical approaches
to subhalo population models developed in a broader range of contexts can be found in e.g.
Refs. [26, 186–189]. Monte-Carlo codes can also be used, e.g. Refs. [190, 191].

The SL17 model depicts the subhalo population of an arbitrary host halo through prob-
ability density functions (PDFs). The subhalo population is bound to be a component of
the host halo, consistently with Eq. (2.16). Assuming that subhalos are all independent,
the full population can be described with three parameters only: their virial (cosmological)
mass m = M200 and concentration c = c200, and their distance to the centre of the host
R. If subhalos were hard spheres, they would simply track the overall DM potential in the
host, as “particles” do in N -body simulations. Thus, their population could be described by
a separable parametric phase-space PDF, because the mass and concentration distributions
would not depend on position. This is the starting point of the model, which assumes that
the host halo builds up from the aggregation of hard spheres endowed with position, mass
and concentration PDFs. The global initial PDF can be written as

d5P ini
sub(m, c,R)

d3 ~R dm dc
=

d3PV (R)

d3 ~R
× dPm(m)

dm
× dPc(c,m)

dc
, (B.1)

i.e. a product of separable PDFs. The number of subhalos before tidal stripping is turned
on can be predicted from first principles in a given cosmological framework, as will be ex-
plained below. Then, when tidal effects are plugged in, part of the DM initially confined
into subhalos is redistributed as a smooth component. This tides intimately depend on the
detailed distributions of the various components of the host halo. This induces a mass loss
for subhalos, whose efficiency is position-dependent. The spatial dependence of tidal losses
translates into a spatial dependence in the subhalo mass function. When tidal effects become
disruptive, this turns into a selection in concentration space (more concentrated objects are
more resilient to tides), which also implies a spatial dependence in the concentration function.
Tidal effects are generically more efficient in the central parts of the host, where the subhalo
number density strongly flattens up to almost full depletion close to the centre, depending
on disruption criteria. Eventually, the final global PDF of subhalos is fully intricate and not
separable anymore, due to mass losses and disruption. It can formally be written as

d5Psub(m, c,R)

d3 ~R dmdc
=

1

Ktidal

d3PV (R)

d3 ~R
× dPm(m)

dm
× dPc(c,m)

dc
× T (m, c,R) , (B.2)

where Ktidal 6 1 ensures the correct normalisation of the global PDF, and T (m, c,R) sym-
bolically encodes tidal stripping and disruption. It typically assigns a tidal radius rt(m, c,R)
to a subhalo of virial mass m, concentration c, and position R, given the properties of the
host halo components; or it moves the subhalo DM to the smooth component if disrupted.

There is no well-defined way to decide whether a subhalo should be tidally disrupted. It
could actually be that a tiny core survives for ever if dense enough and no central collisions
with stars occur, simply due to adiabatic protection [192, 193]. A practical criterion can still
be inspired from studies of cosmological simulations [194], where it was found that fixing a
lower threshold to xt = rt/rs, where rs is the scale radius of the structure, was a way to
efficiently capturing tidal disruption. We define this threshold as εt. Initially found around
∼ 1 [194], it was realized more recently that numerical artifacts could strongly bias these
early estimates [195, 196], and that one could expect values for εt as low as 0.01 or even less,
which is consistent with the argument given just above. For definiteness, we use two types
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of tidal disruption criteria:

εt =

{
1 (fragile subhalos)

0.01 (resilient subhalos).
(B.3)

We can now give a few details about the PDFs introduced above (see Refs. [35, 74]
for an exhaustive presentation). For the initial spatial PDF, we simply assume dPV /dV =
ρhost(R)/Mhost, where Mhost is the total DM mass of the host. Note that the final spatial
distribution strongly departs from the initial one after tidal effects are activated. For the
concentration PDF, we use a log-normal distribution with σdec

c = 0.14 [197–200] centreed
about the mass-relation concentration c(m) given in Ref. [32].

In order to avoid a calibration of the mass function on simulations, as was initially done
in the SL17 model to determine the total number of substructures, we have implemented a
cosmological mass function from first principles instead. This allows us to potentially change
the cosmological parameters or the primordial power spectrum of density fluctuations. The
procedure follows previous studies [185–187, 191, 201, 202], which extracted the subhalo
cosmological mass function from merger-tree algorithms [203, 204], built upon the excursion
set theory of structure formation [205–207]. We reproduce the same procedure with the
merger tree introduced in Ref. [204] and we recover that the mass function can be well fitted
by [186, 187]

dN(m,Mhost)

dm
=

1

Mhost

∑
i=1,2

γi

(
m

Mhost

)−αi exp

{
−β
(

m

Mhost

)ζ}
. (B.4)

We find γ1 = 0.014, γ2 = 0.41, α1 = 1.965, α2 = 0.57, β = 20, ζ = 3.4, roughly independent
of the cosmology and of the host mass—still, we used the cosmological parameters from the
latest Planck analysis [208]. Contrarily to previous works (only interested in large masses)
in this fit we also constrain the low mass part of the spectrum [74, 209]. Note that the above
mass function is close to a power law in mass ∝ m−α with a spectral index α ' α1.

The total number of subhalos before tidal stripping can be determined by integrating
the mass function in the specified subhalo mass range, [mmin,mmax]

N ini
tot =

∫ mmax

mmin

dm
dN(m,Mhost)

dm
, (B.5)

such that the total number of subhalos, after tidal disruption effects are plugged, is given by

Ntot = Ktidal ×N ini
tot , (B.6)

where Ktidal 6 1 is the normalisation constant introduced in Eq. (B.2). In practice, we use
mmax = 10−2Mhost, and mmin = 10−10M�, unless specified otherwise.

Finally, note that the SL17 model can be used with any assumption for the inner subhalo
profiles. In this paper, we use NFW profiles for subhalos, whose properties are completely
specified by the virial mass and concentration.

C Numerical calculation of the subhalo boost

We present some technical details related to the calculation of the quantity

ρ2
S,tot

= ρ2
S,sub

+ ρ2
S,sm + 2 ρS,sm ρsub. (C.1)
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First note that the smooth contribution in the presence of Sommerfed enhancement is

ρS,sm(r) = ρsm(r)
〈
S
〉

(r) (C.2)

where 〈〉 is the average over the relative velocity distribution of the host halo as defined
in Eq. (2.14). This, combined with the average subhalo density defined in Eq. (2.17), also
enables the calculation of the cross term 2 ρS,sm ρsub.

To compute the contribution of subhalos, we need to evaluate

ξS,t(m, c, r) =

∫
x6xt(r,m,c)

d3~x

(
ρ(x)

ρ~

)2 〈
S
(vrel

2

)〉
(x) (C.3)

where the average is now taken over the velocity distribution of the subhalo with parameters
(m, c,R). We then need to perform the average over m and c to get ρ2

S,sub as shown in

Eq. (2.18). This last step turns out to be very computationally expensive, because an integral
over ~vrel has to be performed for each subhalo mass m and concentration c. To speed up the
calculation, we instead rely on the following approximations:

〈
S
(vrel

2

)〉
(x) ' S

(〈
v−2

rel

〉−1/2
(x)

2

)
for s−wave,

〈
S
(vrel

2

)〉
(x) ' S

(〈
v2

rel

〉1/2
(x)

2

)
for p−wave.

(C.4)

These approximated expressions are much faster to compute, because the velocity moments
have a simple scaling with the subhalo structural parameters

〈
vprel

〉
∝ (ρ0 r

2
s )p/2. We compute

the PSDF F sub
rel and the velocity moments using the Eddington inversion method outlined

in App. A. We have checked that our approximations introduce an error of at most 30%
for some specific values of the subhalo mass and the εφ parameter, and that the accuracy is
better than 10% in most of the parameter space.

D Dependence of J target
S /JMW

S on θint and εφ

In this paper, we chose not to assess the impact of the MW signal on the detectability
of the targets considered. Nevertheless, we briefly illustrate in this Appendix what would
be the optimal integration angle θint so as to have J target

S /JMW
S > 1, that is a favorable

contrast between the target and the MW signals. We also illustrate whether this optimal
angle depends or not on the Sommerfeld parameter εφ.

We start in Fig. 9 with the contrast (between the target and the MW) as a function
of the integration angle θint. All curves for all configurations show the same behavior, i.e.,
a decreasing contrast with a growing θint. The most favorable contrast is observed for small
integration angles, because the diffuse MW DM foreground JMW

S ∝ θ2
int, while most of the

signal remains located in the central regions of the target so that J target
S is independent of

θint (if θint not too small). The steepness or smoothness of the decreases observed are a
non-trivial combination of the different structural parameters and relative importance of the
substructures (that dominate the signal at large radii). The ordering of the curves (from
larger to smaller contrast) follows the ranking established in the main text: at θint = 0.5◦, for
most configurations shown in the different panels, dSphs (solid lines) reach signal contrasts
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Figure 9. Generalised J-factor contrast between the targets (color-coded lines) and the MW,
J target
S /JMW

S , as a function of the integration angle θint around the target position. The three line
styles correspond to the three family of targets (solid lines for dSphs, dash-dotted lines for dIrrs, and
dotted lines for galaxy clusters). The left (resp. right) panels show the results for s-wave (resp. p-
wave) annihilations, with or without Sommerfeld enhancement (top and bottom panels respectively);
the value of the Sommerfeld parameter is fixed to εφ ≈ 10−2 and is chosen off resonance. The black
dash-dot-dotted line separates the region between a favorable (> 1) and unfavorable (< 1) contrast.
See text for discussion.

as high as ∼ 10 − 50, but only ∼ 1 − 5 for galaxy clusters (dotted lines), whereas dIrrs
(dash-dotted lines) are below the MW signal, except for IC10 (dash-dotted grey line). The
main difference is for p-wave annihilation without Sommerfeld enhancement (bottom right
panel), where only galaxy clusters outshine the MW.

To know whether these conclusions are generic or not, we show again J target
S /JMW

S

in Fig. 10, but now as a function of εφ (for θint = 0.5◦). We see a strong and complicated
dependence that depends on the targets considered and whether s-wave (left panel) or p-wave
(right panel) annihilations are considered. The most dramatic dependence is observed for
dSphs (solid lines), for which we can go from favorable (> 1) to unfavorable (< 1) contrasts;
for the p-wave case in particular (right panel), the contrast for Sculptor goes from ∼ 10 (for
εφ ∼ 10−3) to ∼ 10−2 (for εφ > 1).

These results illustrate the fact that devising an optimal data analysis for the various
targets considered is not simple. Beside the usual considerations about the instrument char-
acteristics and astrophysical backgrounds, the above figures stress that the optimal signal
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Figure 10. Generalised J-factor contrast between the targets (color-coded lines) and the MW,
J target
S /JMW

S , as a function of the Sommerfeld parameter εφ. The three line styles correspond to the
three family of targets (solid lines for dSphs, dash-dotted lines for dIrrs, and dotted lines for galaxy
clusters). We show results for s-wave (left panel) and p-wave (right panel) at a fixed integration
angle θint = 0.5◦. The black dash-dot-dotted line separates the region between a favorable (> 1) and
unfavorable (< 1) contrast. See text for discussion.

region is both target- and ‘particle physics model’-dependent—at least if we wish to consis-
tently analyse the DM signal of some targets, which can possibly lay well below the MW
own DM signal [73]. This should be kept in mind when searching for DM signals or setting
limits on DM candidates from non-detection.
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