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SPATIAL DECAY OF MULTI-SOLITONS OF THE GENERALIZED
KORTEWEG-DE VRIES AND NONLINEAR SCHRODINGER EQUATIONS

RAPHAREL COTE AND XAVIER FRIEDERICH

ABsTrACT. We study pointwise spatial decay of multi-solitons of the generalized Korteweg-de
Vries equations. We obtain that, uniformly in time, these solutions and their derivatives decay
exponentially in space on the left of and in the solitons region, and prove rapid decay on the
right of the solitons.

We also prove the corresponding result for multi-solitons of the nonlinear Schrédinger
equations, that is, exponential decay in the solitons region and rapid decay outside.

1. INTRODUCTION

1.1. (gKdV) multi-solitons. We consider the generalized Korteweg-de Vries equations
(gKdV) st + 0, (02u+uP) =0

where (t,z) € R X R and p > 2 is an integer.

Recall that admits a family of explicit traveling wave solutions R, ., indexed by
(co,z0) € R% x R. Let @ be the unique (up to translation) positive solution in H*(R) (known
also as ground state) to the following stationary elliptic problem associated with (gKdV)

Q" +@=Q.

1 =
Q( ): p—l—_) .
v (2(:os,h2 (%x)

Then for all ¢ > 0 (velocity parameter) and z¢ € R (translation parameter),

(1.1) Rey o (t, ) = Qep (@ — cot — x0)
is a global traveling wave solution of (gKdV) classically called the soliton solution, where
_1
Qeo(¥) = ¢f " Q(Veo).
We are interested here in qualitative properties of the multi-solitons, which are solutions to
(gKdV) built upon solitons, and are defined as follows.

Definition 1.1. Let N > 1 and consider N solitons R, ,; as in (L.1) with speeds 0 < ¢; <
--» < cn. A multi-soliton in +oo (resp. in —o0) associated with the R, ., is an H'-solution u
of (gKdV) defined in a neighborhood of 400 (resp. —oc) and such that

given by the explicit formula

N
(1.2) u(t) — Z Re, o, (1) — 0, as t — 400 (resp. as t — —00).
j=1 H1
2010 Mathematics Subject Classification. Primary 35B40, 35Q53, 35Q55; Secondary 35B65, 37K40.
Key words and phrases. Generalized Korteweg-de Vries equations; nonlinear Schrédinger equations; solitons;
multi-solitons; spatial decay.
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The study of multi-solitons is motivated by the soliton resolution conjecture, which asserts
that generic solutions to nonlinear dispersive equations should behave as a sum of decoupled
solitons for large times. Such a resolution was obtained for the original Korteweg-de Vries
equation (KdV), corresponding to p = 2; and the modified Korteweg-de Vries equations (mKdV),
corresponding to p = 3. We refer to [0, 27, 2] for instance.

In the context of (gKdV)), multi-solitons were first constructed for (KdV) and (mKdV), via
the inverse scattering transform. It provides explicit formulas: for (KdV), it writes

2

= 67
Ox?
where M (t,z) is the N x N-matrix with generic entry

(1.3) u Indet M,

1
CiCj)4 1 /ci(z—c; T, ¢ (x—c; T
M jy(t,x) = 0 ; +2\/(a+j)\/0762(ﬁ( et yEG@—eit)t)
and ¢, ; stands for the Kronecker symbol: see [9], [24], section 6], or [I0]. We refer to Schuur
[27, chapter 5, (5.5)] and to Lamb [14, chapter 5] for a formula for (mKdV). One can observe
from these formulas that such a solution w in is a multi-soliton both in +oo [24], with the
same velocity parameters ¢; in oo, but with distinct translation parameters whose shifts can
be quantified in terms of the ¢;.

The construction of multi-solitons was subsequently extended to many non integrable models,
and is probably the equation for which their study has been most developed. One
important result concerns the complete classification of the multi-solitons, depending on the
value of p with respect to 5: recall that for p < 5, (gKdV]) is L2-subcritical and solitons are
stable, p = 5 is the L? critical equation, and for p > is L?-supercritical and solitons
are unstable, linearly and nonlinearly. Let us recall it below.

Theorem 1.2 (Martel [I6]; Cote, Martel and Merle [5]; Combet [3]). Let p > 1 be an integer
andlet N >1,0<c <---<cy, and z1,...,o5 € R.

If p < 5, there exists Ty > 0 and a unique multi-soliton v € € ([Tp, +o0), H (R)) (in +oc)
associated with the R, 5, i € {1,...,N}.

If p > 5, there exists a one-to-one map ® from RYN to the set of all H'-solutions of
defined in a neighborhood of 400 such that u is a multi-soliton in +oo associated with the R., .,
if and only if there exist A € RY and Ty > 0 such that u)ir, 4oo) = P(N)|[1y,400)-

Moreover, in each case, u belongs to € ([T, +00), H*(R)) for all s > 0, and there exist > 0
(depending on the c; but independent of s) and positive constants \s such that for all s > 0,

N

(1.4) VE> Ty, |ju(t) =Y Rew, (t)|| < Ae™
j=1 e

Remark 1.3. One can take

. :
(1.5) 0= 3 nin {61’1_1?.1111\/—1 {¢j41 — cj}}

wjw

in the above theorem.

In this article, we go on studying qualitative properties of the multi-solitons and we are
concerned with the behavior in space (at fixed time) of the multi-solitons of (gKdV]). From
formula , one can show that (KdV) multi-solitons are exponentially localized away from the
centers of the involved solitons (as solitons are); this is also the case for (mKdV) multi-solitons.
Our goal is to extend this property to multi-solitons of (gKdV]), that is, non integrable equations.
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Our main result is that there is indeed exponential decay in the solitons region and on the
left of the train of solitons, and rapid decay on the right of it. Let us state this more precisely.

Theorem 1.4. Fiz the parameters 0 < ¢; < -+- < ¢y and x1,...,xy € R, and let u be a
multi-soliton of (gKdV) associated with the solitons R., ., as in Theorem (u is unique if
p<5)

Let 8 > cy. Then there exist Ty > 0 and k > 0 such that for all s € N,

(1) (Exponential decay in the solitons region and to its left) there exists Cs > 0 such that
for allt > T1,

N
(1.6) Vo < Bt |du(t,z)| < C Y e rlretl;
j=1

(2) (Algebraic decay to the right of the last soliton) for all n € N, there exists Cs ,, > 0 such
that for all t > T,

(1.7) Vo > ft,  |0iu(t,z)| < (x%ﬂ”t)n
Remark 1.5. Our bounds give k = O(1/83) as 8 — +oo, where the implicit constant depends on
the ¢;; precise rates are stated in Proposition and
Remark 1.6. Theorem can be extended to more general nonlinearities, of the form
O+ 0y (Opzu + f(u)) =0

where f : R — R is ¥°°, convex on RT and f(0) = f’(0) = 0, and the velocities ¢; are such
that there is a C' map V; — . (R), ¢ — Q. defined on some neighborhood V; of ¢;, such that

aa:ch + f(Qc) = CQC and
(1.8) % / Q? dx

£0.

C=¢Cy

These conditions ensure the existence of multi-solitons as done in [5, Theorem 3] (as noted there,
condition (1.8]) can probably be avoided).

1.2. (NLS) multi-solitons. We extend the decay properties in Theorem to the d-
dimensional nonlinear Schrédinger equation

(NLS) iOu+ Au+ [ufPlu =0

where (t,7) is taken in R x R? (d > 1), u is a complex valued function, and the nonlinearity is
H'-subcritical, that is 1 < p < 1+ ﬁ.
Due to the H'-subcritical assumption, for all w > 0, there exists a unique positive radial

solution Q,, € H*(R?) to the stationary equation
AQy, + QP =wQ,.

Moreover, if z — |2[P71z is €° on C (as an R-differentiable function), then @, is €**2? on R?
and, for all s’ € {0,...,s + 2}, there exists a constant Cy depending on s’ such that for each
multi-index o € N with |o| = s’ the following exponential decay property holds [1]E|

(1.9) VeeRY,  07Qu(x)] < Cye Vel

We denote || the canonical euclidian norm of z € R% (or the modulus in C), and |o| the length of the
multi-index o € N%; the context makes it unambiguous.
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We can then ensure the existence of soliton solutions for : given parameters
w>0 ~eR, z°eR? andveR?
the function
Ryyrao(t,z) = Qu(x —2° — vt)ei(%”'w+(w7¥)t+7)
satisfies .
Concerning the construction of multi-solitons of , let us recall

Theorem 1.7 (Merle [23]; Martel and Merle [19], Cote, Martel and Merle [5]; Cote and Friederich

4
[]). Let1<p<1+W. Let N > 1 and fiz for all j € {1,...,N}
—2)4

w; >0, v €R, x? eRY  and v; € R? such that for all j # j', v # vjr.

There exists Ty > 0 and a solution u € €([Ty, +00), H*(R)) of (NLS) with s = max(1, [p —1]),
and a positive constant \s such that

N
(1.10) u(t) =" R,y a0 <A™ ast— 400,

Jj=1 Hs
Moreover, if p is an odd integer, then u belongs to € ([Ty, +o0), H*(R)) and (1.10) holds for all
s > 0.

We now state algebraic decay of the multi-solitons of (NLS|) outside the solitons region.

Theorem 1.8. Assume that p is an odd integer such that 1 < p < 1+ ——%+—. Let N > 1 and

(d—2) 4+
fix for all j € {1,...,N}
w; >0, v €R, x? eRY  and v; € Re such that for all j # j', v # vy,
and let u be a multi-soliton associated with these parameters as in Theorem [1.7],

Let 8> max{|v;|, 1 =1,...,N}. There exists Ty > 0 such that for all s € N%, for alln € N,

there ezists Cs , > 0 such that for all t > Ty,
C
(1.11) V|z| > pt, [0°u(t,r)] < —— .
| (1l - o)

Remark 1.9. In the solitons region {z : |z| < St}, one has exponential decay in a similar way
as (L.6). Indeed, as a straighforward consequence of (1.10), there exists x > 0 such that for all
s € N?, there exists C > 0 such that

(1.12) Ve < Bt [0%u(t ) < 3 e,

N
=1

Remark 1.10. Theorems [I.7] and [I.8] also apply to nonlinear Schrédinger equations
i0ru + Au+ g(u) = 0,
where g : C — C is a smooth nonlinearity, gauge invariant, that is of the form g(z) = zf(|z|?)
and so that:
4

e there exists p 6}1,1 + W[ such that for all ¢ < p, for allr =0,...,q,

0lg
ooy "

(z)‘ =0 (|27 as |z| = +oo.
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e the frequencies w; are such that there is a C! map W; = Z(R), w — Q, defined on
some neighborhood W; of w;, such that

AQUJ + g(Qw) = wQU.H

We refer to Berestycki and Lions [1] for sufficient conditions on g to ensure this condition.
e the associated linearized operators around the Q.

%, . H(RLC) — H(RLC)
v=or vy = —Avtwiv = (F(QF))v +2Q% f(QF))v1)

satisfy suitable coercivity assumptions, as in [4, Hypotheses (H3) and (H4)]. We refer
to [4, Proposition 1.7] and reference therein for a sufficient conditions in the case when
Qu, is a ground state to satisfy these coercivity conditions.

Under these assumptions, the @), are exponentially decaying, along with their derivatives, and
there exist Ty, # > 0, and a multi-soliton u € € ([Tp, +00), H*(R?)) of (NLS) such that for all
s = 0, there exists Cs > 0 such that

N
(1.13) Ve T, |lu(t) = Ruy a0 ()] < Coe™

i=1 e

1.3. Comments and strategy of the proof. Theoremsand show in particular that
for each fixed time ¢ > T3, the multi-soliton u(t) belongs to the Schwartz space #(R). To our
knowledge, these are the first results of quantitative spatial decay in a non integrable setting.

In [7] and [8, Section 3.1.2, (3.6) and (3.9)], the second author defines non dispersive solution
of (gKdV|) u at +o00 by the property that for some p > 0,

/ lu(t,z)|?> dz — 0 as t— 4oo.
< pt

(such a notion was first developed by Martel and Merle [17, 18] in the vicinity of solitons). [7]
showed that non dispersion is a dynamical characterization of multi-solitons: more precisely, a
solution of which is non dispersive and remains close to a sum of N decoupled solitary
waves for positive times is a multi-soliton in +oo. For (KdV), the result is non perturbative:
for any solutions (with sufficiently smooth initial data), non dispersion is equivalent to being a
multi-soliton (for (mKdV), breathers may also occur). The convergence (1.4) shows on the other
side that multi-solitons are non dispersive indeed. The decay obtained in Theorem provides
a quantitative version of this non dispersion. As far as we can tell, the classification of non
dispersive solutions of is not known.

Throughout the proofs, u is as in the statement of Theorem [I.4] or Theorem depending
on the equation we are studying, and it will be convenient to denote

N
(1.14) Rj =R, +;, R:= ZRj’ and z(t) :=u(t) — R(t),

Jj=1

in the case of the (gKdV]) equation and to use analogous notations when considering (NLS)).

To prove Theorem we actually split space into three regions: the region to the left of the
solitons, that is for z < at for some a < ¢;; the solitons region at < = < ft; and the region to
the right of the solitons x > St.

Exponential decay of the multi-solitons of on the left of the solitons (for z < at) follows
from revisiting a monotonicity argument set up in |7 section 2] (strengthened from Laurent and
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Martel [15]) and originally developed by Martel and Merle [I7]. We take advantage here of the
convergence and the decay of the solitons, instead of a non dispersion assumption, as it is
done in the mentioned references.

In the solitons region at < x < (t, estimate is a direct consequence of the exponental
convergence in (|1.4).

The main novelty (and where most of our efforts are focused) concerns the region to the
right of the solitons z > St. The monotonicity argument, linked to the dynamic of the flow of
(KdV), does not apply anymore: indeed, it would require some knowledge (non dispersion) at
t — —oo (or at least near the minimal existence time, as multi-solitons might blow up for the
L2-supercritical (gKdV)). From this perspective, the point of Theorem is actually to obtain
some information of the behavior of multi-solitons for large decreasing times. Also notice that it
would be sufficient to prove pointwise decay on the region x > Sty for one time ¢, and then this
information would easily be propagated for ¢ > tg. This is in line with general statements linked
with persistence of regularity and decay of solutions to ?, like Kato smoothing in [I3] or
Isaza, Linares and Ponce [T} 12]. Let us also mention |26}, where some polynomial decay was
obtained (see Lemma 7.4).

Our strategy in the region x > St is as follows. We consider families of integrals of the form

Lpeao(t) = / 02 (ol — 20 — ) ds

where ¢ is a suitable weight function. We show that variations of I, , ., are essentially controlled
by the I, 4, for s" € {0,...,s + 1}, under the induction hypothesis of an exponential decay
in time. Then, by integrations in ¢ and then in zg, together with (which provides the base
case) and a triangular induction process, we show that we can bound I, , ¢ for ¢(y) = y" for all
n € N.

For Theorem [1.8] we develop a similar analysis using integrals of the form

Twmo®) = 3 / 107 2% (t, 2)p(f] — o — Bt) do.

c€EN? |o|=s

When the nonlinearity is not smooth but merely %, the multi-solitons still enjoy polynomial
decay for the first derivatives, as it is clear from the proof (see Propositions and (4.2). The
interested reader may compute the precise rates.

We expect that multi-solitons decay exponentially on the right as well, that is
holds without the restriction x < St: this seems a natural conjecture as solitons are exponentially
localized on both ends. Still, for the time being, estimate is meaningful; and similarly we
conjecture that multi-solitons decay exponentially fast in space. In any case, we believe
that our strategy is robust and extends to prove rapid algebraic decay for the multi-solitons of
other non linear dispersive models.

The article is organized as follows. We first study multi-solitons: in section 2, we
consider the left region < at and the solitons region at < z < ft; and in section 3, we focus
on the right region 2 > ft. Then, in section 4, we turn to the case of the multi-solitons
and prove Theorem In the appendix, we provide some bound on the H® norm of
solitons and multi-solitons, and in particular, track the constant Ag in (1.4).

2We thank Y. Martel for pointing to us this reference, upon completion of this work.
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2. DECAY OF THE (GKDV) MULTI-SOLITONS ON THE LEFT

2.1. Decay of the (gKdV) multi-solitons on the left of the first soliton. The goal
of this paragraph is to prove

Proposition 2.1 (Exponential decay in large time on the left of the first soliton). Let 0 < a < ¢1

and ko € (O, @) There exists Ty > Ty such that for all s € N, there exists Cs > 0 such that
for allt > 1T,

(2.1) Vo < at, |93u(t,z)| < Cie elz=atl,

Remark 2.2. Using (|1.4)), one can easily see that the decay (2.1 implies the one stated in (|1.6)
in the region x < at, with kK = k.

Proof. The proof follows the ideas of [7] and [I5]. To reach the conclusion, we show the existence
of T1 € R such that for each s € N, there exists K, > 0 such that, with k := 2k,

(2.2) Vi > Ty, / (@u(t,x))® e =2) dr < K,.
r<at

The first (and main) step is to obtain (2.2)) for s = 0. For this, we claim a strong monotonicity
property which is the purpose of Lemma [2.3] and Lemma [2:4] below.

Let us introduce, for some x > 0 to be determined later, the function ¢ defined by

1 1
o(z) = 5 = arctan(e”™).

It satisfies the following properties

1
(2.3) Ao > 0, Vx € R, Aoe el < - (z) < )\—efﬁlxl,

0
(2.4) Vr € R, lo®) (2)| < K20/ (2).
(2.5) X >0, Vz >0, Are” " < p(x).
Moreover, let us observe that
(2.6) / u?(t, x)er =) dp = / u? (t,x + at) e da,

rz<at <0

and that, for all xy < 0,

/ u? (t,z + at) e " do < e " / u? (t,z + at) e~ r(@=20) g
To<r<0

T>x0
1

—e o / u? (t,z + at) p(x — o) d.
R

2. <
(27) .

Since k% < «, one can choose § € (0, — k?). We consider 77 € R to be determined later.
Then, for fixed ty > T1 and zy € R, we define
I(to,xg) : [Tl,—i—oo) — Rt

t = /u2(t,x+at)<p(a?—$0+5(t—t0)) dx.
R

We have

(2.8) VEZ T, L m(t) = / W (t,z)p(x — o+ 8(t — to) — at) dz,
R
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so that by derivation with respect to ¢, we obtain
dlI,
(to,20) (4 :—3/ 2 2)/ (&) dz — (a—é)/uz(t,x)go'(d?) da
dt R R

2
+/u2(t,x)g0(3)(§:) dx + i/u”“(t,x)gp’(i) dz,
R p+1Jr

where & := x — zg + §(t — tg) — at. We then claim

(2.9)

Lemma 2.3. There exists Cy > 0 such that

ALy, »
(2.10) Vzo € R, Vi, t > T4, (z;t’ 0) () > —Cper(—ro+dlt=t0))

Proof. Due to property (2.4) of ¢, we have

W (t, 1) (7)) do| < —k? | W3t 2)¢/ (F) da.
/ﬂg(t,wmd < /Ra ) (&) d

Furthermore we control the nonlinear part by considering

L(t) ::/ uP T (t, )¢/ (%) dx
|Z|>—zo+d(t—to)

(2.11)

and
Lt) = / P )¢ (7) da
%< —zo+8(t—to)
On the one hand, we have due to (2.3)

(212) |I1(t)| < )\iefn(fr(ﬂr&(tftn)) / |U|p+1(t7l') de < Cefn(fa?oJré(tfto)),
0 R

where we have used the Sobolev embedding H*(R) < LPT1(R) and the fact that u belongs to

L ([T}, +o0), HY(R)). Note that C' > 0 is independent of z, to, and ¢.

On the other, we observe that

0] < ()7 l(m) / Pl @) de
Pt p ; Ey w2 (t, 2)|o' (2)] dx
(2.13) <V B0 [l @l
% 1||u< O,y SR IUOE [ 22001/

Since w is a multi-soliton, we can choose T7 > 0 such that for all ¢t > T,

p—1 p=1 p+1
2.14 2 t <
(214) VIO s I < Py

——(a—6— K.

Let us justify it briefly (here lies the main change with respect to previous proofs based on
non dispersion [7] or L?-compactness [15]): we have

2 2
N
/ u?(t,x) dor < 2 / ufZR (t,x) dx+2/ ZRJ (t,x) dx
r<at Lat r<at =1
N
<2C3e " 42N> R3(t,z) dx
rlat

Jj=1
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and for all j =1,..., NV, since o < ¢;, we have for ¢ > 0:

/ R?(tvl') dzr < C/ e~ VEilz—cit—z;| ,—/Cilz—cit—=z;| g,
rlat rlat
< C/ e~ VEilej—a)t o —y/Cilz—cjt—z;| g,
r<at
< Ce—\/c?(cj—aﬁ/ eVl —est=25| g < Ce— V(-
R

where C' denotes a positive constant which can change from one line to the other and which only

depends on ¢; (see expression (L.1])).
Thus, we can pick up C' > 0 such that for all t > 0,

N
/ wl(t,z) de < C | e 29 4 Ze‘ﬁ(cj_a)t ,
rlat -
X j=1

and then T7 > 0 satisfying (2.14).
Taking into account (2.12)), this eventually leads to the following estimate

2p p+1 x’j T (v — —/{2 u2 .’L‘/j T
m4u+(t,)@()d < (-4 )/]R (t,z)¢'(2) d

(2.15) + Cpe(mmotot—to))

E/here Cy = %C’ is independent of zq, to, and ¢t. Gathering (2.11) and (2.15) in (2.9), we
nally deduce

A,
Florsd () > =3 [ w2 t,2)(@) d — Coe~ (a0,
R

This establishes Lemma 2.3l O
As a consequence of the above lemma,

(2.16) 3C7 > 0, Vxg € R, Vt > tg, I(to,zo)(to) < I(to,xo)(t) + Che0,

with C independent of the parameters zy and ty. Next, we claim the following;:

Lemma 2.4. For fized vo € R and to > T, 11,4, (t) — 0 as t — +oo.

Proof. This lemma is shown by adapting the proof in [I5, paragraph 2.1, Step 2] and in [7]. Let
€ be a positive real number. As in the previous proof, because u is a multi-soliton, we can find
Ty > Tp large such that for all ¢ > T7,

/ u?(t,z) de < =

r<at 2

Since 0 < ¢ < 1, this enables us to see that

(2.17) / u? (t,x+at)<p(:cfxo+5(t7to)) dr < / u?(t,z) de < g
<0 rz<at

Now, recall that ¢ is decreasing so that
/ W (t,x + at)p(z — zo + 6(t — 1)) da
x>0

(2.18) <=z +6(t—t0))|[ult)]|7: < Co(— 20+ 0(t — to)),
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with C = ||u(t)||%, for all ¢ € J. Moreover, since p(z) — 0 as & — +o00, there exists T5 € R such
that for all ¢t > T5,

— €
C(p( — g+ 5(t — to)) < 5
Then, for all ¢ > max{T},T»},
e €
Ity .20y (1) < stz =¢
Hence, we have finished proving Lemma O

At this stage, we deduce from (2.16) and Lemma [2.4] that
(2.19) Vto = 11, Vag € R, I(to,mo)(to) < Clemco.

Thus, (2.7) leads to

C
vt > T1, / u? (t,x 4+ at) e ™ de < =1
o<z <0 A1

Letting ¢ — —oo, we infer that

C
vt > T4, / u? (t,z+at)e ™ de < it
<0 A1

which proves (2.2) with s = 0.

Now, to conclude to (2.2)) for all s € N, one actually proves by induction on s € N the existence
of K > 0 such that for all ¢t > T,

t+1 -
(2.20) / (85u)? (t,x + at) e " dx + / / (83u)? (1,2 4 ar) e dz dr < K,.
R t R

For s = 0, this is in fact a consequence of (2.2]) and of the following estimate: for all t > tq > 11,

C t
T t0) = Lo ®) < e 3 [ [ (e ar)e/(o = w0+ 6(r — t0)) o dr
1 to JR

(which follows from the proof of Lemma [2.3). Indeed, we notice that by (2.3) and since ¢ is
decreasing, for T € [t, t],

Ao Flrmmol « ol (1 — 20) < =/ (& — 20 + 6(T — 1))

so that for t = ¢ty + 1 in particular, we have

to+1
/ / ui(r,x +ar)e” " dx dr < Ce™ %0 (I(t07wo)(t) — I(to,wo)(to))
to xo<x
< C@inzo_[(to,xo)(to +1) < Cef’”"j’(toﬂ,xo)(to +1)<C.

where the last inequality results from (2.19). Taking the limit when 2y — —oo, we obtain the
desired inequality (2.20).

The rest of the induction argument closely follows [15, paragraph 2.3 and paragraph 2.2 Step
2]. Since it does not depend on the properties of the multi-soliton and for the sake of brevity,
we will not detail the proof for higher values of s. O
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2.2. Decay of the (gKdV) multi-solitons in the solitons region.

Proposition 2.5 (Exponential decay in the solitons region). Let 0 < a < ¢1 and 8 > ¢y, and
define

0 0 0
(2.21) Ka,g i= min{\/a, _—, , min {}} > 0.

c—a’ B—cn j=1,...N-1 | ¢jy1 —¢;
Then for all s € N, there exists Cs > 0 such that for all t > Ty,

N
(2.22) Vo € [at, Bt], |Ou(t,z)] < Cs Ze—:‘ia,ﬂlx—cj‘t‘.
i=1

Proof. Recall the notation z given in ([1.14). For all s € N, for all ¢ > Ty, we have by (1.4) and
the Sobolev embedding H!(R) < L>®(R),

1052 < CllO32() |1 < Cllz(®)l|sosr < Asre™ ™
<

Fixt>1Ty. Forall j =1,...,N —1and ¢;t <z < ¢j11t,

0
e 0 L emranl@=cit) if and only if z < <Cj + ) t,
Ko,

which is indeed satisfied since ¢j11 < ¢j + %ﬁ by the choice of kq g (2.21).

Similarly, for all at < = < e1t, we have e~ < e Fe8(c1t=2) hecause ¢; < a + H(’B. And for
all ext < < fBt, we have e < e Fe.8(@=cNt) hecause 8 < ey + KGB.

Thus, we obtain that for all ¢ > Ty and for all at < z < ¢,

N
1052, 2)] < [1052(1)|[Loe < Asre™ < Ay Y e reslomeatl,
Jj=1

Moreover, for all j =1,...,N, |03R;(t,x)| < ijse—\/@’”—cﬂl for some C; s > 0 depending on j
and s. Hence, we conclude to (2.22)) by the triangular inequality and the fact that k4,3 < \/c1. O

3. DECAY OF THE (GKDV) MULTI-SOLITONS ON THE RIGHT OF THE
LAST SOLITON

In this subsection, we analyze the behavior of the multi-solitons on the right of the solitons
region. We will focus on the proof of the following

Proposition 3.1 (Polynomial decay in large time on the right of the last soliton). Let 8 > cy.
For all s € N and for all n € N, there ezists Cs , > 0 such that for all t > Ty, for all x > pt,

Cs,n

2
(3.1) @) <
Notice that this statement will appear as a corollary of a more general result, which has its
own interest (see Proposition below) and which relies on a triangular induction process.
By Theorem there exists # > 0 such that for all s € N, there exists Ay > 0 such that for
all ¢ > To,

(3.2) 2(0)]| s < Ase™ %%
One can estimate the growth of Ay with respect to s, and in fact, we will keep for the sequel
(3.3) A < C.200,

with o > max{\/;B, L‘gl} defined in Claim The proof of estimate (3.3)) is postponed to
paragraph in the Appendix.
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3.1. The key ingredient: stability by integration of a well-chosen set of weight
functions. Fix

ne (07 Cl)‘
The choice of n is made in order to obtain the interaction estimate of Claim [3.2] below, which
roughly expresses that the growth of o — eV"® is weaker than the decay of the solitons.

Claim 3.2. For all s € N, there exists C' > 0 and p > /p such that for all j =1,..., N and for
all ¢ > To,

(3.4) / 02 R, (t, )| VT80 dy < 02"
R

We will consider weight functions ¢ € ¢3(R,R) which satisfy the following assumptions:

(A) (1) lim o(z) =0

r——00
(1) 3k >0,Vz eR, 0< ¢ (x) < reV™
(i17) Iy >0, Vz eR, |o®(z)| <

and for given s € N,

(B(5)) 3C(E,¢) >0, Vs €{0,...,5},Vt > Ty, /R((?;Z)Q (t,z)p(z — Bt) de < C(3,¢)e .

Let us define the following property which depends on 5 and ¢:
P(5,¢) 1 ¢ satisfies (A) and (B(3)).

Note that under assumptions (A) (i) and (i%), ¢ is integrable in the neighborhood of —oo (see
also (3.6) below); we can thus define on R the antiderivative o) of ¢

Py T / o(r) dr.

Next, we state the key ingredient, reflecting the triangular way of obtaining Proposition [3.1]
Proposition 3.3. Fors € N, P(5+1,p) = P(5,¢[)) and moreover, given jio > max {\/]3, %},
there ezists a constant c(n, k1, k2) > 0 (which depends only on 1, k1 and k2) such that
(3.5) C(5. o) < e(n, k1, K2)20C(5 4 1, ).

As a corollary of the previous proposition, defining the set

&= {p € €*(R,R) | o satisfies (A) and (B(s)) for all s € N},
we immediately obtain step by step, in a triangular way, the following
Proposition 3.4 (Stability by integration). If ¢ € £, then pp) € £.

Remark 3.5. Proposition [3.4] is enough to prove that the multi-soliton and its derivatives have
polynomial decay (see subsection . Note that if one could improve (3.3) and (3.5) by proving
the existence of C' > 0 and ¢(n, k1, £2) > 0 such that

VseN, M\, <C%
and
VseN,Voe&, C(s,¢n)) <c(n,r,k2)C(s+1,9),

we would deduce that the multi-soliton and all its derivatives decay exponentially on the domain
x > Bt (see paragraph in the Appendix).
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3.2. Proof of Proposition

Proof of Claim[3-2 On the one hand, we have
/ eV lE—cstl 2B g g/ e Vale—citl g g/e*\/éhﬂ dr < 2.
< Bt 2 <At R NEd
On the other hand, since 8 > ¢y and /1 < ¢;,/c5,
/ oVt o AEBY) g  oles /Ty / VT gy
x> Pt x>[t
VB

VG i

Hence, noticing that we have also |8§Rj(t,x)| < Cj,kei\/cij‘mfcjtl, where C; is a constant
depending on the parameters of the soliton R; and on k only, Claim holds. (]

< / eWT=VEDT g
x>t

Proof of Proposition[3.3 First of all, let us check that the properties gathered in (A) are stable
by integration, that is, if we assume that ¢ satisfies (A), then so does ¢ry.
Assumption (i7) shows that ¢’ is integrable in the neighborhood of —oo and

x xT

VreR, 0K / o' (r) dr < m/ eV dr.

— 00 — 00

By (i), we thus obtain

K1
3.6 Vz €R, 0<p(z) < —eV,
(3.6) () 7

Then (ii7) implies that ¢(®) is integrable in the neighborhood of —oco and so ¢” admits a limit in
—00, which is necessarily 0 (since ¢’(z) — 0 as * — —o0). Finally, by integration, one obtains

Ve eR, |¢"(z)| < Kop(z).

Hence ;] indeed satisfies (A).
Now take 5 € N and let us show that ;) verifies B(3) if one assumes that ¢ satisfies B(5+1).
We define for all s € N, for all ¢ > 0 and for all ¢t > Ty:
T,z (t) 1= /]R (052)° (t,x)p(x — zo — Bt) da.
For ease of reading, we will denote & = Z(t) := x — xg — St (for ¢ > 0 and ¢t > Tp).

We first show the following induction formula which makes the link between the functions
Js,09, s € NL

Lemma 3.6. For all s € N, there exists Cs > 0 (independent of xo) such that for all t > Ty:

d s+1 s—1
(3.7) ‘dtJS’IO (t)‘ < Cy Z (352)2 (t,z)' (&) do + Cye™ " Z Ji.zg (t) + Cye™ V700,
R k=0 k=0

In addition, for all 11 > max {\/f), p#}, there ezists v1 > 0 independent of s such that for all s,

(3.8) Cy <72,
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Proof. Let us compute

d

() = -3 / @:112)" (@) dot [ (0227 @) da

dt ’ R R

—ﬂ/ (92) dx+2/a; (z+ R)? ZR” (922¢), dr.
By (A) (#it), we have
/ (822)% 0O (&) dx — 5/ (822)% ' (%) dz| < (ko + 6)/ (822)% ¢ (%) da.
R R

We now control the nonlinear term [, 95 (27) (952¢), dx which does not contain any soliton. If
s =0, we observe that

(3.9)

/Zp (29) do = —L— | 271(7) das
R R

p+1
/zp (zp)" dz| < z(t)||’£;1/z2<p’(5:) dx < C’/ngo’(i) dx
R R R
If s > 1, we can write

/ 95 (2P) (952¢), dx = / 02 (2P) 022¢' (T) do — / 0571 (2P) (8;+2230 + 8;+1znp’) dz.
R R R

We have

thus

(3.10)

~

CCOEND DR (R L 8
Tyeeeslp

iy tip=k
so that

[ot ot <ol Y [ o] o] v@) a
R

i1+ Fip=s—1

<c||z<t>|Hs+s% > oy / 02| ot@

i1+ tip=s—1k=1

<COl@llmess =02 Y Z/ o0z) old) do

i1+ tip=s—1k=1

. < s43AL TeT VT z z) dx
(3.11) Cp Ay s\~ 2e= (P 1)91&2/ (0%2)” o(7) d
R
where we used (3.2). Similarly we obtain
. (2 2o dw D° As12 e
3.12 asl P) O3 2" du| < Cp®Agqa)y e P70 ak
R k=0
and
(3.13) /}Ra; (2P) 952" dx| < Cps)\Hg)\S;fe_(p_l)@t/RZ (8];2)2g0’(§c) d.
k=0

Hence we can take
Cs < Cp*XP 3 <2
for all py > po > max {/p, Z-* } and s large enough.



SPATIAL DECAY OF MULTI-SOLITONS OF THE GKDV AND NLS EQUATIONS 15

Moreover,
N
/Ra;: (z+ R)" — Z R;-) — 2P | (952¢), de =11 + I,
j=1
with
N
I = /Rai Rl’sz}; (a;JrlZQDJr@ZZQDI) da
j=1
and
p—1 . 5
I = i, gikgikI R G s+1 o -
’ Z<k) Z (il,...,z‘p>/Ra’”Z 200 R...OPR (05 20+ 032¢") dx
k=1 i14tip=s
We have
2 3
9 z N
(o) ([ e (-5m).)
R R =
3 N 2 2
+ (/ (322)2 d:c> / o | R? — ZR§ o | da
R R pt
< C)z|| gorrp® 2w e 2te Vim0,
Moreover
(3.14)
- p s 1 _ _
Bl <> ST el RIS / (10 Ro| + |01 Re']) do
k=1 k i1t tip=s 21y 7Zp R

< CXp |2l | RIG A 2 e eV,

where the second inequality is a consequence of Claim [3.2] Indeed, Claim [3.2] rewrites as follows:
for all ¢ > 0,

/R |3§Rj(t,x)| eV1(@=20=B1) o < Cle V%0,
Thus, by property (A) (i%) satisfied by ¢, we infer
/ |03 R;(t,2)| (p(2) + ¢ (&) do < Cem V.
R

Now, we obtain Lemma by gathering the above estimates. We can find a constant 7,
independent of s and depending only on 7, k1 and k2 such that for s sufficiently large,
C(s S 712;@‘.

Even if it means taking ~; greater, we can assume that the above estimate holds for all s. O

Remark 3.7. Let us observe that we could obtain sharper estimates than (3.11), (3.12), (3.13),
and (3.14) due to integrations by parts. But this would have only little impact on the growth
rate in s at this stage, and in the end, it would not improve (3.5).

Then, we obtain the following control of J, 4, (¢):
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Lemma 3.8. For all s € N, there exists a constant Ks > 1 such that for all t > T,
+o00 s+1
(3.15) JIs.a0(t) < K / / < 8k (t ) (Z(t ))) dx dt' + Kge Vw00,

In addition, given pe > max {\/ﬁ, p—;l}, there exists vo > 0 such that for all s,
K, < 2t

Proof. 1t follows from and an induction argument. Notice that for all s € N, Jg 4, (t) — 0
as t — +oo. Thus, for s = 0, follows by integration of between ¢ and +o0o0. Now
assume that is proved for 0,...,s — 1 for some particular s > 1. Then, by integration of
between ¢t and +oo (for t > Tp), it results:

+oo p stl +oo
Js.z0(t) < Cs / /Z (9%2) @' (Z) dz dt’ + Cse™ f"’/ e O dt’
R o ¢
s5— +00 s +1
—I—CSZKS// / /Z (9%2) ¢ (%) da dt” dt!
5'=0 R k=0
s—1

+ O, ZKS/e fwo/ e 0 at’

t

< Cs /+OO/ (SH k2) (t/,x)go/(fc)) dx dt'

s—1 400 s +1 400 ,
+> CKy / / > (9k2) ¢ (%) dz dt” / e ar
R ;"o t

s'=0

Cs
+ 7 max{Ky,s' =0,...,s—1}e V%00

Hence there exists K, > 1 such that

s—1 s—1
(3.16) K, <Co+ Y CKy <20, ) Ko

s'=0 s'=0

and for which
400 9+1
Js,20 (1) < K / / < k2) (t’,z)go’(i)) de dt' + Ke™VTwoe=0t,

From the inequality (3.16)) and an induction argument, we can bound

s—2 s—2
20, <Z Ko + Ks_1> <20,(1+2C1) Y Ko

s'=0 s'=0

<20,(1+2C,_1)...(1+2C)K

< 2CS X 40571 X oo X 40100 < 228_1 HCZ < 2“37
=0

for all us > uy and s sufficiently large (see (3.8) in Lemma [3.6). d
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Let us now conclude the proof of P(5, p1). We integrate estimate (3.15) provided by Lemma
on [0, 400) with respect to xg. We obtain by Fubini theorem: for ¢ > Ty,

/R (52)” (t,2) /Jm oz — 2o — Bt) dao dx

oo - kN2 oo / Ks ot
K/ / 0y 2 (t,m)/ ' (x —x9 — Bt') doo dz dt’ + —e~
[ (@t v | : : e,
and then by an affine change of variable
_ +oo s+1 . K; 0
/ (8522') (t,x)op)(x — Bt) de < Kz / /Z (052 Yo(x — Bt e vt
R R o
Considering that ¢ satisfies (B(S+ 1)), this finally shows that
S+1
S \2 K-
052) (t,x x — ft) dr < C(k e 0t 4 S0
JACORCEET T

Hence, @) satisfies (B(5)) and one can take
C(5,0pn1) S CGE+2)KsC(5+1,¢).
Thus we obtain , which finishes proving Proposition (I
3.3. Rapid decrease on the right: proof of Proposition

Proof. Now, we show polynomial decay of z and its derivatives. This consists in an application
of Proposition [3:4] and is the object of Claim [3.9] and Claim [3:10] below.
Set n € (0, c1) and introduce the function ¢ : R — R defined by

2
o(z) := = arctan (eﬁx) )
m

The precise form of ¢ is not that important, but this expression is convenient. Observe that
¢ € &, in view of (3.2) and due to ¢ being bounded. We define a sequence (¢y,)), _ of functions
R — R as follows: ¢ := ¢ and for all n € N*, for all z € R,

@) (@) 52/ Pin—1)(y) dy.
By Proposition |3.4) we have
Vn € N, Pln] € E.

The following claim motivates the introduction of this sequence (¢p), -

Claim 3.9 (Polynomial growth of ¢y,;). We have for all n € N

1
(3.17) Ve <0, 0 < opy(z) < NG VT
and
1z™ - 1 z*
(3.18) Vo >0, —— < w[n](:c) < E —
2 n! o \/77 k!
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Proof. We argue by induction on n.
Note that ¢g) = ¢ is an increasing function and that

Vt >0, arctant <t.
Thus

Ve >0,
Now assume that (3.17) and (3.18) hold for some n € N being fixed.

By definition of ¢, 1) and by the induction assumption, we have for all = < 0

1
0 < @pt1y(z) < /

o1
ﬁeﬁt dt § Tﬂe\/ﬁw
—oc0 V11 \/77

In particular,
1

\mn-i-l :

By the induction assumption, we then infer that for all > 0,

Pn+11 () = @[nt1)(0) +/o Py (t) dt

0< Pln+1] (0) <

satisfies

Tt 1 S T
0 —— dt < ¢j, < —— — — dt.
+/0 2 n! Pln+1] (I) \/ﬁn—i-l +/0 Z nnfk k!

Thus for all > 0,

n

1 gntt 1 1 x
o < ¢n <
2 (g S Pern() t2

This finishes the induction argument, hence the proof of Claim

1
k+1 n+ 1 ok

Claim 3.10. For all n € N, for all s € N, there exists K, > 0 such that for all ¢ > Tp,

/ (022)2 (& — Bt)" dz < Ko ne ",
>t

Proof. We have already observed that ¢, belongs to £. Using Claim F)El, we deduce that for all

s eN,
/>ﬁt (822)2 (1’ - Bt)n dx < 2n! /]R (822)2 QO[n] ((E - ﬂt) dx < Ks,neieta

where K, ,, := 2n!C(s, o).

T R T 2

18

O

Proposition [3.1] follows now from Claim [3.10} from the Sobolev embedding H*(R) < L>(R),

and the decay of all derivatives of the R;.

Remark 3.11. For all s € N, there exists ¢ satisfying (A) and (B(s)) and which grows faster

O

than each polynomial function as # — +oo. This follows from Proposition 3.3} given ip >

max {\/]3, inl}, the sum of the series of functions

x’ﬂ
ZWE&‘.

n=0
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See paragraph in the Appendix for details.

4. RAPID DECAY OF THE (NLS) MULTI-SOLITONS

In this section, we turn to the case of the nonlinear Schrédinger equation (without
computing explicitly the dependence of the constants with respect to the differential parameter
s) and, by adapting the technique exposed in the previous section, we prove Theorem (which
focuses on the region far away the solitons). We do it for general smooth nonlinearities ¢ as in

Remark [L.10l
Concerning the exponential decay of (NLS) multi-solitons inside the solitons region ([1.12)), the
proof is completely similar to that of Proposition [2:5] and is left to the reader.

Let us take 8 > max;{|v;|} and 0 < n < min;{w;}. Note that with this choice of parameters
B and 7, the following interaction property (analogous to (3.4))) holds:

Claim 4.1. For all s € N%, there exists C(s) > 0 such that for all j = 1,..., N and for all t > Ty,
(4.1) / |0°R;(t, x)| eV11=1=5Y) dz < O(s).
Rd

Proof. Let us use the exponential decay of the ground states (1.9) and observe that

/ o~ VT le—vst—al] Lyl 1) dxg/
|z|<Bt

e—m\zfvjtfx?\ dx < / e*\/wij|1| dz < C(])
|2 <t R

On the other hand, we obtain

/ e~ VEIlr—vt=afl o vallzl=Bt) g, Ce(\/vlevjl—\/ﬁB)t/ e~ (VEi—vlzl g,
|z|> Bt

|z|>pt
< CeWEsI=VIBt o o~ (VEi =/ Bt
< Cev@illvil=B)t, 0

We recall the notation z :=u — Z;\;l R; and the decay rate § > 0 such that
Vi > TQ, HZ(t>||H< < C’Se_‘%.

In the spirit of the previous subsection, we consider weight functions ¢ € ¢! (R, R) such that the
following assumptions are satisfied:

(A') (1) lim o(z) =0

(i) Tk >0,Vzx eR, 0<¢'(x) < KkeV™

and for given s € N,

(B'(3))
3C(E, ) >0, Vo N, |o| <5 =Vt =Ty, / 107 2(t, ) |* o(|z] — Bt) do < C(5, @)e .
R
Similarly to the case of the (gKdV) equation, we define the following property which depends
on s and ¢:
P'(5,¢): ¢ satisfies (A’) and (B'(3)).
We state

Proposition 4.2. For any5 € N, P'(5+1,p) = P'(5,¢11)-
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Proof. The proof follows the same scheme as that of Proposition We introduce the family
of integrals

Jow®) = Y /|3“z| (t,2)0(|2| — 70 — Bt) da

cEN?, |o|=s

for all s € N and zg > 0.
We then show the following induction formula which makes the link between the functions
Js.0, 8 € N. Here again we denote & = &(t) := |z| — 29 — 8t (for ¢ > 0 and ¢ > Tp).

Lemma 4.3. For all s € N, there exists Cs > 0 (independent of xo) such that for all t > Ty

(4.2) ‘(;lt S$0 ’ / Z |8UZ| t.’[? )d.’E+Ce etZkaO )+ Cse™ Vo o =0

lo|<s+1 k=0

Remark 4.4. Notice that estimate of Js,z, obtained in Lemma contains one additional
term (namely e~%J, , (t)) with respect to the corresponding estimate 1} obtained in the case
of the equation. This is due to the algebra linked with the structure of the (NLS)
equation; for the gKdV case, we manage to eliminate this term by means of one integration by
parts.

Proof. Let us take s € N and o € N¢ such that |o| = s. Denoting e; the d-tuple (0,...,1,...,0)
for which all components except the [-th one are zero, we compute:

%/ 107 2(t, ) *¢(|2| — z0 — Bt) dx :2Re/ 0107 2p(T) dx — B/ 107 2(t, 2)|*¢' (%) dx
R4
:—2Im/ Zag+2612302<p d:v—ﬁ/ 107 2(t, z)|*¢' (%) dx
Rd

—2Im [ 07 | g(z+ R) —
Rd

9(R;) | 07z¢(%) d

M-

Il
—

J

d
2ty [ o | (@) dx—ﬁ/ 107 2(t, 2)|2¢' (7) da

N
—2Im [ 9° [ g(z+ R) Zg 5) | 072¢0() da.
Rd
Jj=1

Notice that the last line results from one integration by parts.

Let us explain how to estimate the integrals appearing in the last equality. Foralll =1,...,d,
(4.3)
— 1
Im/ oote z@"zﬂ@’(i) de| < = [ 07T 2(t,2)|%¢ (%) do + = / 107 2(t, )|?¢ (2) du.
Rd |£L’| 2 Rd 2 d

For the last term, let us decompose g(z + R) — ZJ 1 9(R;) as follows:

N N
g(z+R) = g(R;) = [g9(z+ R) — g(2) — g(R)] + [9()] + |g(R) = > _9(R;)
j=1 j=1
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The control of
N

/Rd 97 | 9(R) - ZQ(RJ’) 97 2p(%) dx

Jj=1

uses Claim (we refer to the similar control of I; in the proof of Lemma. In this way, we
obtain

N
(4.4) / 0% | g(R) — Zg(Rj) 07 20(%) da| < Ce Vim0,
R

Jj=1

By the Faa di Bruno formula, 97 (g(z)) rewrites as a linear combination of the following terms

1, . Tq .
0% zj, ... 0%z,

where ¢ € {0,...,]0]}, r € {0,....q}, 2% _,lom| = |o], i € {1,2} for m = 1,...,q, and
z1 := Re(2), 22 := Im(2).

We observe that 97z, € L®(R?) since 2(t) € H>*(R?%) and due to the Sobolev embedding
H*(RY) — L>=(R?) available for all s > 4. Now, by means of

q
araaqir ()| <Ol ifg<p
Y
and
04 .
87“85977“ (Z) < C lf q > p7

one can bound

[ 002D el d

(4.5)

< Ce™ Z/ 107 22 0(%) da.
Rd

lo’|<s

We finally deal with the integral [;, 97 (9(z + R) — g(z) — g(R)) 07 (2)¢(&) dx. By the Faa
di Bruno formula applied to 97 (g(z + R) — g(2) — g(R)), it suffices to consider each quantity of
the form

04g
ooy

d4g
q a{;ag*’f

a1 g aqg
0 (Z+R)j1 ...0 q(z—i—R)jq o0
™YY

(We keep the same notations for indices and differential parameters as above.) Now the desired
estimation is based on the decomposition

(Z+R)—8al Zjy e 8"qzjq (z)—@"l le - 6(7qu (R)

q
[0 (2 + R)j, ... 0% (2 + R);, — 0725, ... 0%z, — O R;, ... 0% R, | araa‘;q*’" (= +R)
™YY
- - dg dg - - dg dg
+0 Zjy - 0 Zj, {3;agr (Z + R) — 8;857T (Z):| +0 le ... 0 qu [a;agT (Z + R) — 8;8577‘ (R)

and on Claim .11 We have

97 (9(z + R) — g(2) — g(R)) 97 (2)p(Z) du

Rd

We obtain the Lemma by gathering the previous estimates (£.3), (£.4), (4.5), and (4.6).

(4.6) < Ce™20te=Vmo,
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Let us now go on with the proof of Proposition By integration of estimate

/ Z 072 (t, z) ()derCeetZJk;co ) + CyeVnzo =0t

|lo|<s+1 k=0

d

an L]«

(which directly follows from (4.2) and the definition of Js,,) between ¢ and +oco, the term
e sup, 5, J.z,(t') can be absorbed for large values of ¢ and we are lead to a similar result to
that of Lemma for all ¢ sufficiently large,

+00 s+1
R CRE S A <Z|0iz|2(t',x>w'<f<t’>>> do di! + K e VTme.
k=0

for some constant K, independent of x.
By this means, we can complete the proof of Proposition and then the algebraic decay of

z, as it was done for the (gKdV| multi-solitons in Section
O

A. APPENDIX

A.1. Growth of the H®° norms of the 1-D solitons. The purpose of this appendix is to
make the constants more explicit as stated in Section [3} We restrict to the space dimension 1
and monomial nonlinearity.

Proposition A.1. For all p > /p, there exists so such that for all s > so,

(A1) Q= < 2¥

Proof. Differentiating the fundamental equation satisfied by Q, that is Q" + QP = @, we obtain
the following induction formula:

VseN, Qb+2) =) _ Z s QU . Qlin).
’ , o \in, iy
i1+ Fip=s
Let us observe that for 4;,...,%, € N such that 41 +--- 4+, = s,
o if there exists j € {1,...,p} such that i; = s, then

/R(Q(meup))Q dx:/ (Q<s>>2Q2(p—1) da
<IQIEE™ [ (@) dr < ClQUFEIQlE

(C being a constant depending only on p);
o if for all j € {1,...,p} such that i; < s—1, then

p

. . 2 ) . 2
/(Qm)“_Qm)) dr < H”Q(zk)H%m/ (Q<m) dz
R k=2 R
i 2(p—1)
<O TT QI QU < CIRIEIQIZ -,
k=2

(C being again a constant depending only on p, which can change from one line to the
other).
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Thus for s € N*,
1Q* 1z < € (109 12 + Q1)
which implies
1Qllms+2 < Cp*[1Q %

with a constant C depending only on p.
We finally obtain
5] _ s

ya

QI < €7 572 o QL < 2,

with o > /p and s sufficiently large. O

Remark A.2. As a corollary of Proposition we also obtain the existence of a constant C
depending on p and the soliton parameters such that for all s € N|

N
Ri(t)"|| < Cp* max || Ryf.e 7.

.....

N p
(A2) SR -

A.2. Proof of estimate (3.3)). The goal is here to make explicit the constants appearing in
the computations done by Martel [16], Section 3.4] in the proof of smoothness of the multi-solitons.

We thus repeat the arguments developed by Martel (presented slightly differently), keeping
track of the growth of the constant Ay (with respect to s) such that

=1 He

Vit 2 To, ||Z(t)HHs < Ase_et.

Proof. We consider regularity indices s > 5, as that case makes the argument easier: the point
being that the exponential decay rate 6 does not change when we go from the estimation of
||z]| grs—2 to that of ||z||gs; there is a loss for s = 2 (treated in detail in [I6]), which can be
avoided for s = 3,4 using an extra argument, see the footnote below in the proof.

The starting point is to study the variations of

d

2
— S =92 S P e+1
G | @) ar /Rax (2 + R)” §jR o

Thus, the terms which have to be controlled are the source term (involving z only linearly)

N
2/Ra;+1 RP =Y " RP | 03z da.
j=1

and
p ~ (P s+1
/8S+1 (Z ( ) kRp—k> 8;2 dx = —22 (k) Z (’L ; )Ik,il,...,ip,
k=1 k=1 i1t ip=stl 1y-++slp

where Iy .., = / 0lz...0Mz00 1 R...0% RO,z dx.
R
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(i) For k = 1, integrating by parts, we have

1 . ) )
3 ( o .)/8;128;21%...8;”]%6;2 dx
R

4 , (ST
i tip=stl N 1P

= / O 2RPTIO 2 da + (s + 1) (p— 1) / 0520, RRP™295 2 dx
R R

i1 qi ip PAS
+ E / 02202 R...0 ROz dx
i1+ tip=s+1 7R
Viij<s—1

_2s+1

(A.3) 5 /]R (92) 8,(RP™1) da +

/ 0202 R...0 RO,z dx.
i1t tip=s+17R

Vijij<s—1
The first integral
2 1
(A.4) s / (022)2 0, (RP) dar
R
can not be bounded directly in a suitable way. The key idea in [16] is to add a lower order term
2s+1

p/ (8;712)2}2”’1 dx
3 R
whose variation at leading order will precisely cancel (A.4). Thus we are lead to consider
25+ 1
Fi(t) := / (022)% da — 8; p/ (8;_12')2]%”_1 dx.
R R

Going back to (A.3)), we bound

(A.5) > /aglzagR...a;vRa;z dz| < Cp* 2|3 || RIES"
iitetip=s+1 7R
Viij<s—1

(ii) Let us now consider the case where 2 < k < p. If there exists j € {1,...,k} such that
i; = s + 1, then integrating by parts,

1
hsin, i | = 3 /(5522)2 Oy (Zk71Rp7k) d
R
: B 1 .
(A.6) S35 10, (R |, l12)%e < §||RH1;LI2 =

If there exists j € {1,...,k} such that ¢; = s, then
(A7) Tl < U RIS [ (02297 o

If there exists j € {1,...,k} such that ¢; = s — 1, then for all j' € {1,...,k} such that j’ # j,
iy <Y1 ii—s+1<2< s—3 (by the choice of s > 5)|ﬂ Hence, integrating by parts,

31f s =3 or 4, a term which is cubic in Bfflz, of the type
/(6;712)3P(Rj,z,awz) dx

can occur, where P is some function (but there are no terms with higher power of a;—lz). Via the Gagliardo-
Nirenberg inequality, it can be bounded by

1 5/6 \° o 1/2
(U113 ) 1P (R, 2, 002 S 1+ 12l ga)P 25/ 2,
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1 ./ ! . .
U is,...i,| = ’2/ (8;’12)261 (8;12...8;’“‘128;“1]%. ..5';PR> dx
R
1. .9 i! ko1 i i
<l [ (aw 2. BN R, ..a;R) HL
(A8) <Ozl I RIGE
where C' is a universal constant depending only on p.
In the other cases, i1,...,%; < s— 2 and so
(A9) ki, il < ‘—/ 05120, (00 z... 0200+ RO R) du| < ||z| 3L
R
(#4i) For the source term, by integration by parts,
N
2/ o3 [ RP = > RV | 032 da| < Cll2llpge— |R” = Y RY
R Jj=1 Jj=1 Hs+2

N
-0t D
<Chere” " |RP = > R
j=1

Hs+2

2]l

p—k
Hs—1°

25

(iv) When computing the time differential of / (8;712)2]%”*1 dr, as mentioned (and by
R
construction), one term cancels (A.4) and the others are bounded as in (i) and (i3).

Gathering the bounds (A.5), (A.6), (A.7), (A.8), (A.9), it results that

N
d —0t
‘ths(t)’ < Chg_1e RP—;R;’

Hs+1

p

p k —k

N RN
k=2

_ 542 _ _ E] _
< C)\s—le 9tps+22u Pe 20t+0||z||%{se 29tps+12p2u (p—2)

+ 06736'tps+12p2;ﬁ (p—2) /\}SH;%
(A.10) <C (p52“5p6_29t||z||%15 +p52“5p/\5i6_39t) .

Moreover, we have by definition of Fj,

/ (932)° de < |F] + Csl|RIZ:HI0: 230 < |Ful + CsX2_ye 2,
R

Hence,
‘ d
By integration we finally obtain

()] < Opf 2t A e

the point being that the decay rate in 6 is greater than 2: one can then complete the estimates as written here

for s > 5.

ths(t)‘ < Cp52u5p6—29t (|F5(t)| + 8A§,1€_20t) + Cp52u5p)\;§irie—30t.

p

p s - —k

+03 (0) It el 0
k=2
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and thus
2. < Cpr2s PRt 20,

We can therefore take

(A.11) A < Cp328H° )\ 2|

which yields via an induction

and so,
s 4 s— s pF1)s N
(A.12) A, < () s (B5)T g (maxtn, 21 )\(()’“2 )« o
with po > max{y, %} > max { /P, p—;l} and s sufficiently large (depending on ). O

Remark A.3. Note that we can refine a bit ((A.8]) but the final estimate concerning s would not
be better than (A.12)), considering that jq is to be chosen strictly greater than max{,/p, p—gl}

A.3. Details concerning Remarks and Let s € N. In order to ensure that
fx>6t (852)° e(==B) dyz: is finite for some € > 0, it suffices by (3.17) that

+oo

Z/ (852)2 €"Qln) dx

n=0"R
is finite. Thus it suffices that the series 3 -, C(s, ¢}, )€" converges.

This condition is satisfied under the following assumptions:
(A.13) C(s,op)) <coC(s+1,0) and Ay < &°.
Indeed, if we assume (A.13]), we obtain
C(S, Sﬁ[n]) < 08602(s+7l) < 5028(00602)na

which guarantees the existence of € > 0 such that the series > -, C(s, ¢[n))€" converges.

From Proposition we also deduce, proceeding step by step, that:

C(5,0pm) < (), k1, 12)20C (s +1,¢)

s+n—1

< e(n, ki, k) 2T O (s 4, )
g 0(777 K1, RQ)n2ny‘8+n71 A?-‘rn'
Taking 1o > po, this shows that the integral
—+oo
— Bt)"
JIRCERGEI poe =t
3Bt — k0

is finite.
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