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SPATIAL DECAY OF THE MULTI-SOLITONS OF THE GENERALIZED
KORTEWEG-DE VRIES EQUATION

RAPHAREL COTE AND XAVIER FRIEDERICH

ABsTrACT. We study pointwise spatial decay of multi-solitons of the generalized Korteweg-de
Vries equations. We obtain that, uniformly in time, these solutions and their derivatives decay
exponentially in space on the left of and in the solitons region, and prove rapid decay on the
right of the solitons.

1. INTRODUCTION

1.1. Multi-solitons and main result. We consider the generalized Korteweg-de Vries
equations

(gKdV) Oyt + 0, (0?u+uP) =0

where (¢,z) € R x R and p > 2 is an integer.

Recall that admits a family of explicit traveling wave solutions R, ., indexed by
(co,z0) € R% x R. Let @ be the unique (up to translation) positive solution in H*(R) (known
also as ground state) to the following stationary elliptic problem associated with (gKdV)

Q' +@Q" =0,

given by the explicit formula

1

. p+1 ’)j.
Q@) <2cosh2 (”2195))

Then for all ¢y > 0 (velocity parameter) and xg € R (translation parameter),

(1.1) Rey o (t, ) = Qe (x — ot — x0)
is a global traveling wave solution of (gKdV) classically called the soliton solution, where
1

Qc, (7) = ¢§ " Q(\/cow).
We are interested here in qualitative properties of the multi-solitons, which are solutions to
(gKdV) built upon solitons, and are defined as follows.

Definition 1.1. Let N > 1 and consider N solitons R, ,, as in (1.1) with speeds 0 < ¢; <
.-+ < en. A multi-soliton in oo (resp. in —oo) associated with the R, ., is an H!-solution u
of (gKdV) defined in a neighborhood of +o0o (resp. —oo) and such that

(1.2) — 0, as t — 4oo (resp. as t = —00).

Hl

u(t) — Z Re, (1)
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The study of multi-solitons is motivated by the soliton resolution conjecture, which asserts
that generic solutions to nonlinear dispersive equations should behave as a sum of decoupled
solitons for large times. Such a resolution was obtained for the original Korteweg-de Vries
equation (KdV), corresponding to p = 2; and the modified Korteweg-de Vries equations (mKdV),
corresponding to p = 3. We refer to [5, 24, 1] for instance.

In the context of (gKdV)), multi-solitons were first constructed for (KdV) and (mKdV), via
the inverse scattering transform. It provides explicit formulas: for (KdV), it writes

2

= 67
Ox?
where M (t,z) is the N x N-matrix with generic entry

(1.3) u In det M,

(cic;)3
— ¢
VRN
and §; ; stands for the Kronecker symbol: see [§], [2I, section 6], or [9]. We refer to Schuur
[24, chapter 5, (5.5)] and to Lamb [13, chapter 5] for a formula for (mKdV). One can observe
from these formulas that such a solution w in (1.3)) is a multi-soliton both in doco [2I], with the
same velocity parameters ¢; in oo, but with distinct translation parameters whose shifts can
be quantified in terms of the ¢;.

M (t,2) = 8,5 +2 )

The construction of multi-solitons was subsequently extended to many non integrable models,
and is probably the equation for which their study has been most developed. One
important result concerns the complete classification of the multi-solitons, depending on the
value of p with respect to 5: recall that for p < 5, (gKdV) is L?-subcritical and solitons are
stable, p = 5 is the L? critical equation, and for p > is L2-supercritical and solitons
are unstable, linearly and nonlinearly. Let us recall it below.

Theorem 1.2 (Martel [I5]; Cote, Martel and Merle [4]; Combet [2]). Let p > 1 be an integer
andlet N >1,0<cy <---<cpn, and x1,...,xxy € R.

If p < 5, there exists Ty > 0 and a unique multi-soliton u € € ([Ty, +o0), H*(R)) associated with
the R, 4., 1€ {1,...,N}.

If p > 5, there exists a one-to-one map ® from RN to the set of all H'-solutions of
defined in a neighborhood of +-00 such that u is a multi-soliton in +oo associated with the R, ,
if and only if there exist A € RN and Ty > 0 such that U| [Ty 4+00) = P(N) |70, 400)-

Moreover, in each case, u belongs to € ([To, +00), H*(R)) for all s > 0, and there exist 6 > 0
(depending on the ¢; but independent of s) and positive constants \s such that for all s > 0,

—0
< Ae 0t

Hs

(1.4) V=T,

N
u(t) - Z Rcz‘,ﬂli (t)

Remark 1.3. One can take

(S

(1.5) 0= 1 min {017 4

3 min {cit1 — cl}}

FRREE}

in the above theorem.

In this article, we go on studying qualitative properties of the multi-solitons and we are
concerned with the behavior in space (at fixed time) of the multi-solitons of (gKdV]). From
formula , one can show that (KdV) multi-solitons are exponentially localized away from the
centers of the involved solitons (as solitons are); this is also the case for (mKdV) multi-solitons.
Our goal is to extend this property to multi-solitons of (gKdV]), that is, non integrable equations.
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Our main result is that there is indeed exponential decay in the solitons region and on the
left of the train of solitons, and rapid decay on the right of it. Let us state this more precisely.

Theorem 1.4. Fiz the parameters 0 < c; < --- < cn and x1,...,xy € R. We consider T € R
and u € C([T,+), H(R)) a multi-soliton of associated with the solitons R, »,, as
given by Theorem (u is unique if p < 5). Let B > cn. Then there exist T" > 0 and k > 0
such that for all s € N,

(1) (Exponential decay in the solitons region and to its left) there exists Cs > 0 such that
forallt > T,

(1.6) Va<pt, [Qu(t,r)|<Cy e rle-etl
i=1
(2) (Algebraic decay to the right of the last soliton) for all n € N, there exists Cs , > 0 such
that for allt > T,

Cs
(1.7) V=Bt |0u(t,z)| < m
Remark 1.5. Our bounds give k = O(1/83) as 8 — +oo, where the implicit constant depends on
the ¢;; precise rates are stated in Proposition [2.1] and

Theorem [L.4]shows in particular that for each fixed time ¢ > 7", the multi-soliton u(t) belongs
to the Schwartz space . (R). To our knowledge, this is the first result of quantitative spatial
decay in a non integrable setting.

1.2. Comments and strategy of the proof. In [6] and [7, Section 3.1.2, (3.6) and (3.9)],
the second author defines non dispersive solution of (gKdV)) u at +oo by the property that for
some p > 0,

/ lu(t,)|?dx — 0 as t— +oo.
< pt

(such a notion was first developed by Martel and Merle [16], [I7] in the vicinity of solitons). [6]
showed that non dispersion is a dynamical characterization of multi-solitons: more precisely, a
solution of which is non dispersive and remains close to a sum of N decoupled solitary
waves for positive times is a multi-soliton in +oo. For (KdV), the result is non perturbative:
for any solutions (with sufficiently smooth initial data), non dispersion is equivalent to being a
multi-soliton (for (mKdV), breathers may also occur). The convergence shows on the other
side that multi-solitons are non dispersive indeed. The decay obtained in Theorem provides
a quantitative version of this non dispersion.

To prove Theorem [I.4] we actually split space into three regions: the region to the left of the
solitons, that is for © < at for some « < c1; the solitons region at < x < ft; and the region to
the right of the solitons = > fSt.

Exponential decay of the multi-solitons of on the left of the solitons (for z < at)
follows from revisiting a strong monotonicity argument set up in [6l section 2| (strengthened
from Laurent and Martel [I4]) and originally developed by Martel and Merle [1I6]. We take
advantage here of the convergence and the decay of the solitons, instead of a non dispersion
assumption, as it is done in the mentioned references.

In the solitons region at < x < (St, estimate is a direct consequence of the exponental
convergence in ([1.4).

The main novelty (and where most of our efforts are focused) concerns the region to the
right of the solitons > pft. The monotonicity argument, linked to the dynamic of the flow of
([gKdV]), does not apply anymore: indeed, it would require some knowledge (non dispersion) at
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t — —oo (or at least near the minimal existence time, as multi-solitons might blow up for the
L2-supercritical (gKdV)). From this perspective, the point of Theorem is actually to obtain
some information of the behavior of multi-solitons for large decreasing times. Also notice that it
would be sufficient to prove pointwise decay on the region x > Sty for one time tg, and then this
information would easily be propagated for ¢ > tg. This is in line with general statements linked
with persistence of regularity and decay of solutions to T, like Kato smoothing in [12] or
Isaza, Linares and Ponce [10, [11]. Let us also mention [23]}'} where some polynomial decay was
obtained (see Lemma 7.4).

Our strategy in the region z > (5t is as follows. We consider families of integrals of the form

Loot)= [ 00 2o — ) e

where ¢ is a suitable weight function. We show that variations of I,  are essentially controlled
by the I, o for s' € {0,...,s 4+ 1}, under an exponential decay induction hypothesis. Then,
by successive integrations, together with (which provides the base case) and a triangular
induction process, we show that we can bound I,  for ¢(y) = y™ for all n € N.

We of course expect that multi-solitons decay exponentially on the right as well, that is (L.6])
holds without the restriction x < St: this seems a natural conjecture as solitons are exponentially
localized on both ends. Still, for the time being, estimate ([1.7]) is meaningful. As estimates of the

form (|1.4) are usual for multi-solitons, and as we use mildly the monotonicity property specific
to , we hope that our strategy may be extended to other models such as the nonlinear
Schrédinger equations (see the main theorems in [3]) in order to prove algebraic decay (in the
sense of ) for the corresponding multi-solitons.

In section 2, we consider the left region z < at and the solitons region ot < = < fSt; and
in section 3, we focus on the right region = > ft. In the appendix, we provide some bound on
the H?® norm of solitons and multi-solitons, and in particular, track the constant A; in .
Throughout the proofs, u is as in the statement of Theorem [1.4] and it will be convenient to
denote

N
(1.8) R, =Rz, R:= ZR“ and  z(t) := u(t) — R(t).
i=1
2. DECAY OF THE MULTI-SOLITONS ON THE LEFT

2.1. Decay of the multi-solitons on the left of the first soliton. The goal of this
paragraph is to prove

Proposition 2.1 (Exponential decay in large time on the left of the first soliton). Let 0 < o < ¢1
and Ko € (O7 @) There exists T' > T such that for all s € N, there exists Cs > 0 such that for
allt > T,

(21) Vzo<at, |8;u(t7x)| < C’Se—HQIw—at\.
Remark 2.2. Using (|1.4), one can easily see that the decay (2.1) implies that stated in (1.6) in

the region z < at, with kK = Kq-

IWe thank Y. Martel for pointing to us this reference, upon completion of this work.
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Proof. The proof follows the ideas of [6] and [I4]. To reach the conclusion, we show the existence
of T" € R such that for each s € N, there exists K, > 0 such that, with s := 2k,

(2.2) Vi>T, / (Bu(t,z))” e =) dr < K.
rLat

The first (and main) step is to obtain (2.2]) for s = 0. For this, we claim a strong monotonicity
property which is the purpose of Lemma [2.3] and Lemma [2:4] below.

Let us introduce, for some x > 0 to be determined later, the function ¢ defined by
1
x) = = — — arctan(e").
pla) =5 - — (€™
It satisfies the following properties

1

(2.3) I >0, VzeR, Xoe ™l < /() < )\—e_“m,
0

(2.4) VazeR, lo®) (2)] < —K2¢' (z).

(2.5) XN >0,Vz >0, Are” " L p(x).

Moreover, let us observe that

(2.6) / w3 (t, x)e Ot dp = / u? (t,x + at) e " de,

z<at <0

and that, for all oy < 0,

/ u? (t, x4 at) e do < e / u? (t,x + at) e”FT70) dy
zo<z<0

r>x0
1
(2.7) < —e 70 / u? (t,x + at) p(x — x0) da.
Al R
Since k? < «, one can choose § € (0, — k?). We consider 77 € R to be determined later.
Then, for fixed tg > T" and zg € R, we define
I(toﬂco) : [T',+OO) — Rt

t = /uz(t,a:—&—at)np(x—ato—i—é(t—to)) dx.
R

We have
(2.8) VE2T', Iy u)(t) = / W (t,z)p(x — o + 0(t — to) — at) dz,
R

so that by derivation with respect to ¢, we obtain

Moz ) — 3 [ 20p @) do— (0~ 0) [ P00 @) do

(2.9)
+ / W2 (t, 7)o () dx + —2- / (¢ 2)¢ (3) da,
R p+1Jr

where & := x — xg + §(t — tg) — at. We then claim

Lemma 2.3. There exists Cy > 0 such that

I, .
(2.10) Yz R, Vgt =T, %(t) > —Cper(-woto(i=to)),
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Proof. Due to property (2.4) of ¢, we have
/ uA(t, )™ (&) dz| < —k? / u?(t, )¢ (%) da.
R R
Furthermore we control the nonlinear part by considering

L(t) ::/ uP T (t, )¢/ (%) dx
|Z|>—zo+d(t—to)

(2.11)

and
LIy(t) ::/ uP T (t, )¢ (%) da.
|Z|<—zo+0(t—t0)
On the one hand, we have due to ([2.3)

(212) |I1(t)| < )\iefn(fr(ﬂr&(tftn)) / |U|p+1(t7l') de < Cefn(fa?oJré(tfto)),
0 R

where we have used the Sobolev embedding H*(R) < LPT1(R) and the fact that u belongs to
L>°([T", +00), H'(R)). Note that C' > 0 is independent of x, to, and t.
On the other, we observe that

1) < ||u<t>||§;1(£@t) [ ol @l
(213) <V O [l @) e

<v?” 1||u<>|| o) SR O [ (00l @) e

»—A/\»—A

Since u is a multi-soliton, we can choose T” > 0 such that for all t > T”

p+1

p—1 ol
(2.14) V2T fu(t)] o

L2 (zga

Let us justify it briefly (here lies the main change with respect to previous proofs based on
non dispersion [6] or L?-compactness [14]): we have

/x@tug(t,x)d:cé /<at<u—ZR> (t,z) dm+2/ (iRl> (t,2) dz

< 202720 4 QNZ/ R2(t,x) du
<at

sup [[u(t) < P (a5 - #2).
t) t' =T

and for all i =1,..., N, since a < ¢;, we have for ¢ > 0:

/ R%(t,z) da < C/ e Veilr—cit—ai| o= /Eilr—cit—ai| o
<at <at
< C/ efﬁ(cifa)tef\/amfcitfa:ﬁ dx
<at

< Ce—\/cﬁ(ci—oz)t/e—\/a|x—c,;t—mi| dx < Oe—\/cﬁ(ci—oz)t.
R

where C' denotes a positive constant which can change from one line to the other and which only
depends on ¢; (see expression ([1.1))).
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Thus, we can pick up C' > 0 such that for all ¢ > 0,

N
/ u?(t,x) de < C (e%t + Ze\/a(cia)t> ’
r<at Pl

and then 7" > 0 satisfying (2.14)).
Taking into account (2.12)), this eventually leads to the following estimate

2
| [

(2.15) + Oy (mmotsti—to))

where Cy = %C’ is independent of xq, tg, and ¢. Gathering (2.11) and (2.15) in (2.9), we
finally deduce

<—(a—0- KQ)/RuQ(t,as)go'(i) dz

dl(:iot,fbo) (t) = _3/ ui(t,x)gpl(j) dr — Coe—,‘q(_xo_;'_g(t_to)) .
R

This establishes Lemma 2.3 O

As a consequence of the above lemma,
(2.16) 3C1 >0,V eR, Vi 2=ty Litg,20) (t0) < L1g,00)(t) + Cre™™,
with C; independent of the parameters zg and ty. Next, we claim the following;:
Lemma 2.4. For fived 1o € R and to > T, I, 2y (t) — 0 as t — +-o0.

Proof. This lemma is shown by adapting the proof in [14] paragraph 2.1, Step 2] and in [6]. Let
€ be a positive real number. As in the previous proof, because u is a multi-soliton, we can find
T > T’ large such that for all ¢t > T1,

€
/ u?(t,z) de < .
r<lat 2
Since 0 < ¢ < 1, this enables us to see that

(2.17) / u? (tx+ at) p(z — 20+ 6(t —to)) do < / u?(t,z) do <
<0

rz<at

| ™

Now, recall that ¢ is decreasing so that

/>0 W (t,z + at)p(z —zg + 6(t — to)) da
(2.18) < (= w0+ 6(t — 1)) [u(t) |2 < Cop — w0 + 6t — 1)),

with C = |Ju(t)||2, for all ¢ € J. Moreover, since p(z) — 0 as z — +00, there exists Tp € R such
that for all ¢t > T5,

6(,0( — g+ (5(t — to)) <

N ™

Then, for all ¢t > max{Ty,T>},
Li10,20) () <

Hence, we have finished proving Lemma O
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At this stage, we deduce from (2.16) and Lemma [2.4] that
(219) Yty = TI, Vg €R, I(tg,xo)(tO) < Crefo.

Thus, (2.7)) leads to

C
Vit>T, / u? (t,z 4 at) e " de < =L,
To<r<0 A1

Letting x¢ — —oo, we infer that

C
Vi1, / u? (t,x 4+ at) e " dr < il
x<0 >\1

which proves (2.2) with s = 0.

Now, to conclude to (2.2) for all s € N, one actually proves by induction on s € N the existence
of K, > 0 such that for all ¢t > T",

t+1 R
(2.20) / (8;u)2 (t,x + at) e™ " dx + / / (O;u)z (1,2 4+ ar)e™™ dx dr < K.
R t R

For s = 0, this is in fact a consequence of (2.2 and of the following estimate: for allt > to > T,

C t
T t0) = Lo ®) < e 3 [ [ (- ar)g/(o = w0+ 6(r — t0)) do dr
1 to JR

(which follows from the proof of Lemma . Indeed, we notice that by (2.3) and since ¢ is
decreasing, for 7 € [t, t],

Aoe e mol < /(2 — a0) < =@’ (x — w0 + 0(T — to))

so that for t = ¢ty + 1 in particular, we have

to+1
/ / (1, x + at)e” " dr dr < Ce "0 (Tto,00) () = L1, 00) (t0))
to ro<T
< Ce_nmol(to,zo)(to + 1) < Ce_ﬁzol(toJrl,lo)(tO + 1) <C
where the last inequality results from (2.19)). Taking the limit when xq — —o0, we obtain the

desired inequality ([2.20).

The rest of the induction argument closely follows [14] paragraph 2.3 and paragraph 2.2 Step
2]. Since it does not depend on the properties of the multi-soliton and for the sake of brevity,
we will not detail the proof (2.20)) for higher values of s. O

2.2. Decay of the multi-solitons in the solitons region.

Proposition 2.5 (Exponential decay in the solitons region). Let 0 < o < ¢1 and 8 > ¢y, and
define

(2.21) Ka,s := min {\/a, v 0 min {9}} > 0.

Cc1 — Oé’ ﬁ — CN,i:I,.A.,N—l Ci+1 — C;

Then for all s € N, there exists Cs > 0 such that for allt > T,

N
(2.22) Vaelat,Bt], |05u(t,z)] < CY e sl
=1
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Proof. Recall the notation z given in (|1.8)). For all s € N, for all ¢ > T', we have by (|1.4)) and the
Sobolev embedding H*(R) < L*°(R),

1022(D) | < CllOZ2Ollm < Cllz(®)]lmro+1 < Xsrre™ ™.

Fixt>T. Foralli=1,...,N —1and ¢;t <z < ¢;jy1t,

0
PR e fas(@=cit) if and only if x < (ci + ) t,
Ko,

which is indeed satisfied since ¢;11 < ¢; + ﬁ by the choice of k4 g (2.21).

Similarly, for all at < = < eit, we have e~ % < e Fe8(c1t=2) hecause ¢; < a + %. And for

all ext < < fBt, we have e 9t < e Fo.8(@=cNt) hecause 8 < ey + —2—.

Ka,B
Thus, we obtain that for all ¢t > T and for all ot < x < fSt,

N
922(8,2)] < [952(0)lzm < Aspre™™ < Agga Y e meslmet,
i=1

Moreover, for all i = 1,...,N, |95R;(t,z)| < C; e Vélz=e! for some C;, > 0 depending
on i and s. Hence, we conclude to (2.22) by the triangular inequality and by the fact that
Ko, < \/a O

3. DECAY OF THE MULTI-SOLITONS ON THE RIGHT OF THE LAST
SOLITON

In this subsection, we analyze the behavior of the multi-solitons on the right of the solitons
region. We will focus on the proof of the following

Proposition 3.1 (Polynomial decay in large time on the right of the last soliton). Let 8 > cy.
For all s € N and for all n € N, there exists Cs , > 0 such that for allt > T, for all x > (t,

s 2 Cs,n
(3.1) @3t ) <

Notice that this statement will appear as a corollary of a more general result, which has its
own interest (see Proposition below) and which relies on a triangular induction process.

By Theorem there exists # > 0 such that for all s € N, there exists A, > 0 such that for
allt > T,

(3.2) z(t) || ms < Ase™ b

One can estimate the growth of \; with respect to s, and in fact, we will keep for the sequel
(3.3) A < C.2M0,
with o > max{\/ﬁ, p—;l} defined in Claim The proof of estimate is postponed to
paragraph in the Appendix.

3.1. The key ingredient: stability by integration of a well-chosen set of weight
functions. Fix

ne (07 Cl)

The choice of n is made in order to obtain the interaction estimate of Claim below, which
roughly expresses that the growth of x — eV is weaker than the decay of the solitons.
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Claim 3.2. For all s € N, there exists C' > 0 and p > /p such that for all i = 1,..., N and for
allt > T,

(3.4) /}@muwﬂwWﬁwdxgcwf
R

We will consider weight functions ¢ € (R, R) which satisfy the following assumptions:

(A) (1) lim o(z)=0
(ii) 3k >0, VzeR, 0<¢(x)<kreVr™
(i) Fre >0, VzeR, |p®(2) < ko' (z)

and for given 5 € N,

(B(s)) 3CGE,¢) >0,Vsed{0,...,5},Vt>T, /R(a;z)Q (t,z)p(x — Bt) de < C(3,p)e .

Let us define the following property which depends on 5 and ¢:
P(3,p): ¢ satisfies (A) and (B(3)).

Note that under assumptions (A) (i) and (i%), ¢ is integrable in the neighborhood of —oo (see
also (3.6) below); we can thus define on R

xT
opp T / o(r) dr.
—00
Next, we state the key ingredient, reflecting the triangular way of obtaining Proposition [3.1]

Proposition 3.3. Fors € N, P(5+1, ) = P(5,pp]) and moreover, for given j1o > max {\/f), p—;l},
there exists a constant c(n, k1, k2) > 0 (which depends only on 1, k1 and k3) such that

(3.5) C(F, ) < e, 71, k2)200(5 + 1,9).
As a corollary of the previous proposition, defining the set
&= {p € *(R,R) | o satisfies (A) and (B(s)) for all s € N},
we immediately obtain step by step, in a triangular way, the following
Proposition 3.4 (Stability by integration). If ¢ € £, then o) € £.

Remark 3.5. Tt results from the previous proposition that the multi-soliton and its derivatives
have polynomial decay (see subsection [3.4). Note that if one could improve (3.3) and (3.5) by
proving the existence of C' > 0 and ¢(n, k1, k2) > 0 such that

VseN, A\ <C°
and
VSGN, v<p657 0(3#,0[1]) SC(U7K17K2)C(S+1a@)7

we would deduce that the multi-soliton and all its derivatives decay exponentially on the domain
x > Bt (see paragraph in the Appendix).



SPATIAL DECAY OF THE MULTI-SOLITONS OF THE GKDV EQUATION 11

3.2. Proof of Claim

Proof of Claim[3-2 On the one hand, we have

/ oVl —eat] /(e —B1) dxg/ o~ Vaile—cit] dxg/e—mm dr < 2.
TPt z< Bt R \/a

On the other hand, since 3 > cy and 3,/1 < ¢;/c;,

/ o~ Vailo—eitl o T@=50) gy < plei/T—ByE / VT gy
x> Bt z>pt
e(\/ﬁf\/a)ﬁt

RN

Hence, noticing that we have also |6§Ri(t,z)| < Ci,ke*VE'I*Cit‘, where C} j is a constant de-
pending on the parameters of the soliton R; and on k only, Claim holds. (]

3.3. Proof of Proposition

g/ VT—VE g <
x>t

Proof. First of all, let us check that the properties gathered in (A) are stable by integration,
that is, if we assume that ¢ satisfies (A), then so does ¢yy].
Assumption (i7) shows that ¢’ is integrable in the neighborhood of —oo and

x x

VzxeR, 0</ o' (r) drgm/ eV dr.

— 00 — 00

By (i), we thus obtain

K1
(3.6) VreR, 0<oplx)< —eV™,
) \/ﬁ

Then (44i) implies that ¢ is integrable in the neighborhood of —oco and so ¢ admits a limit in
—00, which is necessarily 0 (since ¢'(z) — 0 as  — —o0). Finally, by integration, one obtains

VzeR, |¢"(z)] < Kap(x).
Hence ;) indeed satisfies (A).

Now take 5 € N and let us show that ;) verifies B(3) if one assumes that ¢ satisfies B(5+1).
We define for all s € N, for all zg > 0 and for all t > T":
o (t) = / (022)2 (t, 2) (& — w0 — Bt) da.
R

For ease of reading, we will denote & = Z(t) := ¢ — 29 — 8t (for g > 0 and t > T)).
We first show the following recurrence formula which makes the link between the functions
Js,29, 5 € N.

Lemma 3.6. For all s € N, there exists Cs > 0 (independent of xo) such that

d s+1 s—1
(3.7) ‘dth’mO (t)‘ < C Z (352)2 (t,z) (&) do + Cye™ b Z o () + Coe™ V700"
R k=1 k=0

In addition, for all 11 > max {\/13, p#}, there ezists v1 > 0 independent of s such that for all s,
(3.8) Cy < 2.
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Proof. Let us compute
@ (1) = =3 / (0:112)" (@) do+ [ (059 p@) o
_5/ 0:2) dx+2/6;<z+R Zm) (052), da.
By (A) (ui7), we have

522 0B (%) do — 5220 (7) dz| < (ko 522 W (%) da.
/@)w (Z)d 5/(3x)¢()d < ( +5)/R(5x)90()d

We now control the nonlinear term fR 05 (27) (032¢), dx which does not contain any soliton. If
s = 0, we observe that

(3.9)

/ 2 (2p) dw = —L— [ (@) do
R

p+1
[ o) da < 2ol [ 2e@dn <o [ 2
R p+1 R R
If s > 1, we can write

/ 05 (2P) (952¢), dx = / 2 (2P) 0520 (%) dw — / 0571 (2P) (3;+22¢ + 8§+1z4p’) dz.
R R R
We have

thus

(3.10)

T END SR R L LS
1y---5p

i1+ Fip=k
so that

/ 0571 (2P) 05220 du 2| p(Z) dx
R

AT DI A

i1+ Fip=s—1

H% 3 Z / a6 (@

i1+ tip=s—1k=1

<Ol 3 [ (6802) oto) a

i1+ Fip=s—1k=1
(3.11) < Cps)\Hg)\f;—?e—(P—”“Z/ (33’;2)2@(9%) dz

where we used (3.2). Similarly we obtain

< COfl=(1)]

(3.12) /(“)“’ L(2P) 0512y da| < CpsAg o Xt~ 2e~ (P71 et/ z)2cp'(zi) dx
R k=0
and
(3.13) /8é (2P) 952" da| < Op*Ngya Xl fe P l)et/Z(afz)Zgol(:i) dx.
R k=0

Hence we can take
Cy < Cp* A3 <2
for all py > po > max {/p, Z-* } and s large enough.
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Moreover,
N
/Ra; ((Z +R)" — ZRf - Zp> (032p), do =1, + I,
i=1
with
N
I, = / o (Rp - ZRf) (05t 20+ 052¢) da
R i=1
and
p—1 D s
_ T 7 ik i s+1 s /
=) (k) p (uw) /Ra‘”lz'"afzame'“ampR(az 2o+ 032¢) da.
k=1 i1+ Fip=5
We have
1 N 2 %
2
|| < (/ (8;“2)2 dx) / o RP_ZRf o] dx
R R i=1
1
2 2 al ’
+ (/ (032) dx) / o5 RP—ZRf o | dx
R R i=1
< Cllz|| gesipi2r e 20V,
Moreover
(3.14)
= p S
<X (1) X (50 el el IR [ (ool + o re') do
k=1 itetip=s NP R
< O2p |2 e | RI o2 e e e,

where the second inequality is a consequence of Claim [3.2] Indeed, Claim [3.2] rewrites as follows:
for all g > 0,

/ ’8§Ri(t,x)‘ eV1@=20=Ft) 0 L Cle™ V0,
R

Thus, by property (A) (i%) satisfied by ¢, we infer
/ |05 Ri(t, )| (p(Z) + @' (7)) da < Cem V0.
R

Now, we obtain Lemma [3.6] by gathering the above estimates. We can find a constant ~;
independent of s and depending only on 7, k1 and k9 such that for s sufficiently large,

Os S ’7/12‘“f

Even if it means taking ~; greater, we can assume that the above estimate holds for all s. O

Remark 3.7. Let us observe that we could obtain sharper estimates than (3.11), (3.12)), (3.13)),
and due to integrations by parts. But this would have only little impact on the growth
rate in s at this stage, and in fact it would not affect by the same argument as that given
at the end of the previous proof.

Then, we obtain the following control of J, 4, (¢):
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Lemma 3.8. For all s € N, there exists a constant Ks > 1 such that for allt > T
+o00 s+1
(3.15) JIs.a0(t) < K / / < 8k (t ) (Z(t ))) dx dt' + Kge Vw00,

In addition, given pe > max {\/ﬁ, p—;l}, there exists vo > 0 such that for all s,
K, < 2t

Proof. 1t follows from and an induction argument. Notice that for all s € N, Jg 4, (t) — 0
as t — +oo. Thus, for s = 0, follows by integration of between ¢ and +o0o0. Now
assume that is proved for 0,...,s — 1 for some particular s > 1. Then, by integration of
between ¢t and +oo (for ¢t > T'), it results:

+oo p stl +oo
Js.z0(t) < Cs / /Z (9%2) @' (Z) dz dt’ + Cse™ f"’/ e O dt’
R ¢
s5— +00 s +1
—I—CSZKS// / /Z (9%2) ¢ (%) da dt” dt!
5'=0 R k=1
s—1

+ O, ZKS/e fwo/ e 0 at’

t

< Cs /+OO/ (SH k2) (t/,x)go/(fc)) dx dt'

s—1 400 s +1 400 ,
+> CKy / / > (9k2) ¢ (%) dz dt” / e ar
R ;"o t

s'=0

Cs
+ 7 max{Ky,s' =0,...,s—1}e V%00

Hence there exists K, > 1 such that

s—1 s—1
(3.16) K, <Co+ Y CKy <20, ) Ko

s'=0 s'=0

and for which
400 9+1
Js,20 (1) < K / / < k2) (t’,z)go’(i)) de dt' + Ke™VTwoe=0t,

From the inequality (3.16)) and an induction argument, we can bound

s—2 s—2
20, <Z Ko + Ks_1> <20,(1+2C1) Y Ko

s'=0 s'=0

<20,(1+2C,_1)...(1+2C)K

< 2CS X 40571 X oo X 40100 < 228_1 HCZ < 2“37
=0

for all us > uy and s sufficiently large (see (3.8) in Lemma [3.6). d
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Let us now conclude the proof of P(5, 7). We integrate estimate (3.15) provided by Lemma
on [0, 4+00) with respect to xo. We obtain by Fubini theorem: for t > T,

[ @ e [ +°°¢<x—xo ) e de

S+1

+oo % +oo , K ot
K/ /E 8 / o' (x — 2o — Bt') dog do dt’ + —Ze”
R 0 ( ’ ) oo \/77

k=0
and then by an affine change of variable

5 B Ks o0t
/R(amz) (t,x)opi(z — Bt) de < Ks / /Rk > k)" (', 2)p(x — Bt) da dt' + — \/77

Considering that ¢ satisfies (B(S + 1)), this finally shows that

S+1
Ks -0t

5.\ 2 _ e 0t 5,
/R(amz) (t,2)op)(x — Bt) dr < - ZC \/7,7

Hence, 1) satisfies (B(5)) and one can take
C(5,0p1)) S OG+2)KsC(E+1,9).
Thus we obtain , which finishes proving Proposition O
3.4. Rapid decrease on the right: proof of Proposition

Proof. Now, we show polynomial decay of z and its derivatives. This consists in an application
of Proposition [3:4] and is the object of Claim [3.9] and Claim [3.10] below.
Set n € (0, cl) and introduce the function ¢ : R — R defined by

o(x) == %arctan (e‘/ﬁx) .

Observe that ¢ € &, in view of (3.2) and due to ¢ being bounded. We define a sequence ()
of functions R — R as follows: ¢[g) := ¢ and for all n € N*, for all x € R,

P (@) 5:/ Pin—1)(y) dy.

neN

By Proposition we have
VneN, Pln] € E.

The following claim motivates the introduction of this sequence (), -

Claim 3.9 (Polynomial growth of ¢f,)). We have for all n € N

1
(3.17) V<0, 0 < op(z) < N eVi®
and
1™ " 1 2k
(3.18) V>0, = <op@) <Y ——
2 n! =0 \/ﬁ" k!

Proof. We argue by induction on n.
Note that ¢|g) = ¢ is an increasing function and that

Vt>0, arctant <t.
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Thus
2
V<0, 0 < o)) < ZeVir L eViE
™
1
V=0, 5:90(0)<g0[0](:c)§1.

Now assume that (3.17) and (3.18) hold for some n € N being fixed.

By definition of ¢, 1) and by the induction assumption, we have for all = < 0

® 1 1
0 < @py1(z) < / —eVT 4t < — eVi®,
[ +1] oo \/ﬁ \/ﬁ +1

In particular,
1

\/ﬁnJrl °

By the induction assumption, we then infer that for all x > 0,

0 < @n411(0) <

Pint1](®) = Prrt1)(0) +/O P (t) dt

satisfies
A 1 TSN 1tk
0o 2n! " NG +1 0 I;() 7 N

Thus for all z > 0,

1 ant! 1 N "i 1 ot
9 < Pln+1] (:E) < n + n— = ntl—k L|°
2(n+1)! N 2 k(k+1)! = /i 1k f|
This finishes the induction argument, hence the proof of Claim O

Claim 3.10. For all n € N, for all s € N, there exists K, > 0 such that for all ¢t > T,
/ (022)% (2 — BU)™ d < Ky e,
>t

Proof. We have already observed that ¢, belongs to £. Using Claim we deduce that for all
s eN,

A>Bt (8;’;2)2 (x — Bt)" dx < 2n! /R (8;2)2 Pz — pt) doe < Ks’ne_‘%,

where K ,, := 2n!C(s, pn))- O

Proposition follows now from Claim [3.10} from the Sobolev embedding H!(R) — L*°(R),
and the decay of all derivatives of the R;. O

Remark 3.11. For all s € N, there exists ¢ satisfying (A) and (B(s)) and which grows faster
than each polynomial function as z — +4o0o. This follows from Proposition given iy >
max {\/f), p%l}, the sum of the series of functions

n

wafﬁee.

n=0

See paragraph in the Appendix for details.
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A. APPENDIX
A.1. Growth of the H® norms of the solitons.

Proposition A.1. For all u > /p, there exists so such that for all s > so,

(A1) 1Qlla- < 2"

Proof. Differentiating the fundamental equation satisfied by @, that is Q" + QP
the following recurrence formula:

vseN, QD= - )Ll
: i,y ip
i1+ tip=s
Let us observe that for 4,,...,4, € N such that 41 + -+, = s,
o if there exists j € {1,...,p} such that i; = s, then

/(Q i) | Q(z,,) dx:/ (Q(S)>2Q2(P—1) dx
R

17

= @, we obtain

<QIEE™ [ (@) de < cll 1l

(C being a constant depending only on p);
e if for all j € {1,...,p} such that i; < s — 1, then

p

[ (@ e) ar<TLI" - [ ()" ax

P
2(p—1
<O TR Q1 < CIRINVIQI%. -,
k=2

(C being again a constant depending only on p, which can change from one line to the

other).
Thus for s € N*|

1Q“ 112 < € (IQWlIz= +p7IQI%. ) -
which implies

1@l zre+2 < CP°I1QI -

with a constant C' depending only on p.
We finally obtain

NETIN et

Qs < C77
with p > /p and s sufficiently large.

QN <27,

O

Remark A.2. As a corollary of Proposition we also obtain the existence of a constant C

depending on p and the soliton parameters such that for all s € N,

| g

< Cp* max ||R||5.e 2%
. i=1,...,N
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A.2. Proof of estimate (3.3). The goal is here to make explicit the constants appearing in
the computations done by Martel [15] Section 3.4] in the proof of smoothness of the multi-solitons.

We thus repeat the arguments developed by Martel (presented slightly differently), keeping
track of the growth of the constant \s (with respect to s) such that

Vt>T, |z(t)]ge < Ae %

Proof. We consider regularity indices s > 5, as that case makes the argument easier: the point
being that the exponential decay rate 6 does not change when we go from the estimation of
2|l gs-1 to that of ||z||gs; there is a loss for s = 2 (treated in detail in [I5]), which can be
avoided for s = 3,4 using an extra argument, see the footnote below in the proof.

The starting point is to study the variations of

d s _ S D s+1
dt/(a z)? d:c—2/RBZ<z+R ZR)@

Thus, the terms which have to be controlled are the source term (involving z only linearly)

N
2 / st (Rp - ZRf) 9%z du.
R i=1

2 2
1
—9 [ oo+t PY kprk) 95 de = —25 (P SR D AN
/Raz (;(k)ZR Oy z dx ; ) Z i kyit,eip)

i1+ tip=s+1
where Ip g, ., = / Olz...00z00 R...0 RO,z d.
R

(i) For k = 1, integrating by parts, we have

3 ( s+l )/a;ua;m...a;ma;zdx
R

o
ity —sgl N tp

/89“sz Yoizdr + (s +1)(p—1) /8%8 RRP™20%z dx

+ Y /a“ 202R...00 ROz da

i1+ Fip=s+1
¥ jiij<s—1

_2$—|—1
T2

(A3) / (022) 0, (RPY) dar + / 01201 R. .. 0 ROS = da.
R

11+ +1,p_e+1

¥ jij<s—1

The first integral

2 1
s+ / (022)2 0, (RP1) dar
2 Jr

can not be bounded directly in a suitable way. The key idea in [I5] is to add a lower order term

25+ 1p/ ((‘3;_1,2)2 R dx
R

(A.4)

3

whose variation at leading order will precisely cancel (A.4). Thus we are lead to consider

R 3 R
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Going back to (A.3)), we bound

(A.5) > U202 R... 0 ROz dx| < Cp* 2|1 || RID"

it tip=st+1 VR
Y jiij<s—1

(ii) Let us now consider the case where 2 < k < p. If there exists j € {1,...,k} such that
i; = s + 1, then integrating by parts,

1
‘Ik,il,...,¢p| = B ‘/R (5;2)2 9, (zk71Rp,k) doe

1 b 1 _ _
(A.6) <3 102 (RPN Nzl < 5||R|\szllz\\'§{zlllzll?m-
If there exists j € {1,..., k} such that i; = s, then
(A7) o) < CIAE RIS [ (@32)7 do

If there exists j € {1,...,k} such that i; = s — 1, then for all j' € {1,...,k} such that j/ # j,
iy <> i—s+1<2<s—3 (by the choice of s > 5)El Hence, integrating by parts,

1 i ! . .
ki | = ’—2/ (0:712)% 0, (ajgz OB R 8§;’R> dx
R
1 -/ 4 . .
< 5l [ (ailz...a;k-lza;wR. ..a;pR) HLOO
(A8) < Oll=llFE IR
where C' is a universal constant depending only on p.
In the other cases, i1,...,ix < s — 2 and so
(A9)  Toiron| < |- /]R 05120, (0i1z... 02001 RO R) de| < 12|55 | RIZ,
(#4i) For the source term, by integration by parts,
N N
2/ ot (Rp - ZRf) 03z dz| < Cl|z| e | R =Y RY
R i=1 i=1 He+2
N
<Chere” " |RP > RY
i=1 Hs+2

(iv) When computing the time differential of / (8;_12)2]%”_1 dx, as mentioned (and by
R
construction), one term cancels (A.4) and the others are bounded as in (i) and (7).

21f s = 3 or 4, a term which is cubic in 93712, of the type
/(8;71Z)3P(Ri,z,azz) dx

can occur, where P is some function (but there are no terms with higher power of 85~ 1z). Via the Gagliardo-
Nirenberg inequality, it can be bounded by
3
1/6)_5/6 —2 1/2
Il =l ) IP(Ri, 2, 8a2)llLoe S O+ N2l r2)P e |2 112,
H

the point being that the decay rate in 6 is greater than 2: one can then complete the estimates as written here
for s > 5.
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Gathering the bounds (A5), (A.6), (A7), (A.8), (A.9), it results that
N p
d p s k— —k
\ RP=3 BRIl +C) (k) 25 2l R
i=1 Hs+1 k=2

dt
- p k
k —
Lo ()l i
k=2
< O)\s_1679tps+22#s+2pe—20t + CHZ||§.156729tps+12p2/“8(p72)
+ (;Ve—-?)t%fps-'rl2]32”‘S (p—2) )\Si_}

(A.10) <C (P2 e 2|y + 2 PAT ).

Fs(t)’ < ONg_1e7

Moreover, we have by definition of Fj,
/ (032)% do < |Fy| + Cs|| R|%:H|057 2|72 < |Fo| + CsAZ_je".
R
Hence,
dt
By integration we finally obtain
|Fy(t)] < Cp2# PATE e

d s S
‘ Fs(t)‘ < COp2rPe20t (|Fs(t)| + s)\i_lefwt) + Cp°2# p)\i'ﬂefget.

and thus
lz]|%. < Cp2+ p/\gﬂe_%t.

We can therefore take

(A.11) A < Cp325H°\

which yields via an induction

Ao < ODITs(B)" sy 55 (55" \ () g i e ()

0 )
and so,
s 4 fpi1ye— piiqye  (PEL) .
(A.12) As < o2(5) p‘f(Tl) 1Q(m‘&x{u,%}) )\(() ) < 2H0,
with po > max{u, %} > max {/p, p—;l} and s sufficiently large (depending on ). O

Remark A.3. Note that we can refine a bit (A.8]) but the final estimate concerning s would not
be better than (A.12)), considering that s is to be chosen strictly greater than max{,/p, p—;l}

A.3. Details concerning Remarks and Let s € N. In order to ensure that
Jospe (822)% e”(@=B1) dz is finite for some o > 0, it suffices by (3.17) that

+oo
Z/ (8‘;2')20"@[,1] dx
n=0"R

is finite. Thus it suffices that the series -, C(s, ¢[n))o™ converges.
This condition is satisfied under the following assumptions:

(A.13) C(s,op)) < coC(s+1,¢) and Ay <&
Indeed, if we assume (A.13]), we obtain

C(s,m) < C80~02(s+n) < G*(coco®)™,
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which guarantees the existence of o > 0 such that the series > - C(s, p[n))0™ converges.

From Proposition we also deduce, proceeding step by step, that:

C(s,pm)) < C(U7H17H2)2”SC(S +1,¢)

s+n—1

< 6(777'%17'%2)”2#84_“-4_#0 O(S + n,@)

s+n—1
non, 2
< C(’f], K1, '%2) 2mHo )‘s+n'

Taking iy > po, this shows that the integral

+oo
s 22 (xz — pt)"
[, @ e (X S ) as

n=0

is finite.

[10]

[11]
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