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Abstract

Deep neural networks (DNNs) have shown to perform very well on large scale
object recognition problems and lead to widespread use for real-world applications,
including situations where DNN are implemented as “black boxes”. A promising
approach to secure their use is to accept decisions that are likely to be correct while
discarding the others. In this work, we propose DOCTOR, a simple method that
aims to identify whether the prediction of a DNN classifier should (or should not)
be trusted so that, consequently, it would be possible to accept it or to reject it. Two
scenarios are investigated: Totally Black Box (TBB) where only the soft-predictions
are available and Partially Black Box (PBB) where gradient-propagation to perform
input pre-processing is allowed. Empirically, we show that DOCTOR outperforms
all state-of-the-art methods on various well-known images and sentiment analysis
datasets. In particular, we observe a reduction of up to 4% of the false rejection
rate (FRR) in the PBB scenario. DOCTOR can be applied to any pre-trained model,
it does not require prior information about the underlying dataset and is as simple
as the simplest available methods in the literature.

1 Introduction

With the advancement of state-of-the-art Deep Neural Networks (DNNs), there has been rapid
adoption of these technologies in a broad range of applications to critical systems, such as autonomous
driving vehicles or industrial robots, including—but not limited to—classification and decision making
tasks. Nevertheless, these solutions still exhibit unwanted behaviors as they tend to be overconfident
even in presence of wrong decisions [17]. Developing methods and tools to make these algorithms
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reliable, in particular for non-specialists who may treat them as “black boxes” with no further checks,
constitutes a core challenge. Recently, the study of safety Al methods has gained ground, and many
efforts have been made in several areas [749][111[26]35/36]. In this paper, we investigate a simple
method capable of detecting whether a prediction of a classifier is likely to be correct, and therefore
should be trusted, or it is not, and should be rejected.

Deep learning pursues the idea of learning effective representations from the data itself by training
with the implicit assumption that the test data distribution should be similar to the training data
distribution. However, when applied to real-world tasks, this assumption does not hold true, leading to
a significant increase of misclassification errors. Although classic approaches to Out-Of-Distribution
(OOD) detection [1}[12}]21}|23)33] are not directly concerned with detecting misclassification
errors, they are intended to prevent those errors indirectly by identifying potential drifts of the
testing distribution. What the above ODD methods have in common with our work is that samples
drawn from the in-distribution are more likely to be correctly classified than those from a different
distribution. Indeed, the model’s soft-predictions for in-distribution samples tend to be generally
peaky in correspondence to the correct class label while they tend to be less peaky for input samples
drawn from a different distribution [12]. In general, most of these works consider white-box scenarios,
where the hidden layers of the architecture are accessible or the corresponding weights are tuned
during the training phase. A very effective approach to OOD detection is ODIN [23] which involves
the use of temperature scaling and the addition of small perturbations to input samples. A related
solution is introduced in [6] where the maximum soft-probability is called softmax response. Within
this approach, the softmax response decides whether the classifier is confident enough in its prediction
or not. A different approach to OOD detection is given by the use of the Mahalanobis distance [14}22],
which consists in calculating how much the observed out-distribution sample deviate from the in-
distribution ones but assuming the latter are given.

1.1 Summary of contributions

Our work tackles the problem of identifying whether the prediction of a classifier should or should
not be trusted, no matter if they are made on out or in-distribution samples, and advances the
state-of-the-art in multiple ways.

» From the theoretical point of view, we derive the trade-off between two types of error
probabilities: Type-I, that refers to the rejection of the classification for an input that would
be correctly classified, and Type-II, that refers to the acceptance of the classification for an
input that would not be correctly classified (Proposition. The characterization of the
optimal discriminator in eq. allows us to devise a feasible implementation of it, based
on the softmax probability (Proposition.

From the algorithmic point of view, inspired by our theoretical analysis, we propose DOCTOR
a new discriminator (Deﬁnition, which yields a simple and flexible framework to detect
whether a decision made by a model is likely to be correct or not. We distinguish two
scenarios under which DOCTOR can be deployed: Totally Black Box (TBB) where only the
soft-predictions are available, hence gradient-propagation to perform input pre-processing is
not allowed, and Partially Black Box (PBB) where we further allow method-specific inputs
perturbations.

From the experimental point of view, we show that DOCTOR outperforms comparable state-
of-the-art methods (e.g., ODIN [23]], softmax response [6] and Mahalanobis distance [22])
on datasets including both in-distribution and out-of-distribution samples, and different
architectures with various expressibilities, under both TBB and PBB. A key ingredient of
DoOCTOR is to fully exploit all available information contained in the soft-probabilities of
the predictions (not only their maximum).

1.2 Related works

Recent works have shown that the accuracy of a classifier and its ability to output soft-predictions that
represent the true posteriors estimate can be totally disjointed [9]/19!120]. Furthermore, models often
tend to be overconfident about their decision even when their predictions fail [11}/17]. This motivates
a novel research area that strives to develop methods to assess when decisions made by classifiers
should or should not be trusted. Although the detection of OOD samples is a different (domain)



problem, it is naturally expected that samples from a distribution that is significantly different from
the training one cannot be correctly classified. In [23], the authors propose a method which increases
the peakiness of the softmax output by perturbing the input samples and applying temperature
scaling [91[131|29] to the classifier logits in order to better detect in-distribution samples. It is worth
noticing that this method requires additional information on the internal structure of the latent code
of the model. A very different approach [141/22] tackles OOD detection by using the Mahalanobis
distance. Although this approach appears to be more powerful, it also requires additional samples
to learn the mean by class and the covariance matrix of the in-distribution. In [4], classifiers are
trained to output calibrated confidence estimates that are used to perform OOD detection. A related
line of research is concerned with the problem of selective predictions (aka reject options) in deep
neural networks. The main motivation for selective prediction is reducing the error rate by abstaining
from prediction when in doubt, while keeping the number of correctly classified samples as high as
possible [5H7]. The idea is to combine classifiers with rejection functions by observing the classifiers’
output, without using any supervision, to decide whether to accept or to reject the classification
outcome. In [6], the authors introduce softmax response, a rejection function which compares the
maximum soft-probability to a pre-determined threshold to decide whether to accept or reject the
class prediction given by the model.

2 Main Definitions and Preliminaries

2.1 Basic definitions

We start by introducing some definitions and background; then, we describe our statistical model
and some useful properties about the underlying detection problem. Let X C R¢ be the (possibly
continuous) feature space and let ) = {1, ..., C} denote the concept of the label space related to
some task of interest. Moreover, let pxy be the underlying (unknown) probability density function
(pdf) over X x Y. Let D, = {(x1,¥1),---,(Xn,¥n)} ~ pxy be a random realization of n i.i.d.
samples according to pxy denoting the training set, where x; € X is the input (feature), y; € Y
is the output class among C' possible classes and n denotes the size of the training set. A predictor
fp, : X — Y uses the inferred model P)?\ = P?‘ +(y|x; Dy,) based on the training set,

F5,(X) = fulx:Dy) 2 axgmax Py (ylxs D),
yey

and tries to approximate the optimal (Bayes) decision rule f*(x) = arg max Py |x (y|x). Notice
ye

that P};‘  can be interpreted as the prediction of the class (label) posterior probability given a sample
(e.g. Py x (y |x) = softmax(x),), while Py|x is the true (unknown) probability. In several practical
scenarios P};‘X does not perfectly match Py|x and still fp, =~ f* (cf. [9]).

2.2 Error variable

Let E(x) 2 1[Y # fp, (x)] denote the error variable for a given x € X corresponding to fp,_, i.e.,
where we denote with 1[€] the indicator vector which outputs 1 if the event £ is true and 0 otherwise.
Similarly, we can define the self-error variable F(x) £ 1[Y # fp, (x)] also corresponding to the
inferred predictor fp, but based on the prediction model Pf’l  Of the class posterior probability.

Notice that E (x) is observable since the underlying distribution is known. However, F(x) cannot be
observed and in general these binary variables do not coincide.

At this stage, it is convenient to introduce the notions of probability of classification error for a given
x € X w.r.t. both the true class posterior and the predicted probabilities:

Pe(x) 2 E[EX)|x] = 1 - Pyix (fp, (®)|%), (1)
Pe(x) 2 E [E()Ix]| =1 = Py, (fo, (X)), @)

Notice that PAe(x) represents the probability of misclassification of the sample x with respect to
the softmax probability Pf,‘ > Which can be interpreted as the model’s approximation of nature
Py|x. Such approximation is close when the model is well-calibrated. Obviously, Pe*(x) <

Pe(x) for all x € X, where Pe*(x) corresponds to the minimum error of the Bayes classifier:



Pe*(x) = 1 — Py|x (f*(x)|x). It is worth mentioning that, by averaging (1) over the data distribu-

tion, we obtain the error rate of the classifier fp . Although lsza(x) provides a valuable candidate to
infer the unknown error variable E(x), it is easy to check that

max {Pe(x),PAe(x)} —Pr (}A/ =Yl|x) <Pr {E‘(x) # E(x)[x} <Pr (}7 #Yx), 3)

which in particular implies that the error incurred in using E (x) to predict E(x) is lower bounded by
the classification error per sample . The proofs are in Supplementary material (Appendix|A.3).

In this paper, we aim at identifying a discriminator capable of distinguishing between inputs x for
which we can trust the predictions of the classifier fp, (x) (i.e., E(x) = 0) and those for which we
should not trust predictions (i.e., F(x) = 1). In the next section, we will show that the function
Pe(x) : X — [0, 1] plays a central role in the characterization of the optimal discriminator. However,
Pe(x) is not available in practical scenarios and the direct estimation (e.g., based on pairs of inputs and
labels) of the true class posterior probability Py |x cannot be performed. Notice that it is not possible
to sample the conditional pdf Py|x for each input x € X'. As a matter of fact, it is well-known that
the application of direct methods for this estimation will lead to ill-posed problems, as shown in [32].

2.3 Statistical model for detection

Given a data sample x € X and an unobserved random label y € ) drawn from the unknown
distribution pxy, we wish to predict the realization of the unobserved error variable E = 1[Y #
fp, (X)]. To this end, we will model the data distribution as a mixture pdfs,

pxy(%,9) = Pe()pxy (%, y|1) + Pe(0)pxy|p(X, ¥/|0),

where pxy|g(x,y|1) denotes the pdf truncated to the error event { £ = 1} (i.e., the hard decision
fails) and pxy|g(x,|0) is the pdf truncated to the success event { E = 0} (i.e., the hard decision
succeeds). By taking the marginal of pxy over the labels, we obtain: px (x) = Pe(1)px|s(x|1) +
Pg(0)px|g(x]0). First, observe that the problem at hand is to infer E from (x, Py ) since Y is
not observed. Second, we further emphasize that in the present framework we assume that there
are no available (extra) samples for training a discriminator to distinguish between p |5 (x|0) and
px|g(x|1). It is worth mentioning that a well-trained classifier would imply Pr(1) < Pg(0), since
in that case we should have very few classification errors. However, this also implies that it would be
very unlikely to have enough samples available to train a good enough discriminator.

3 Performance Metrics and Discriminators

3.1 Performance metrics and optimal discriminator

We aim to distinguish between samples for which the predictions cannot be trusted and samples for
which predictions should be trusted. We first state the optimal rejection region, given by , where
we suppose the existence of an oracle who knows all the involved probability distributions.

Definition 1 (Most powerful discriminator). For any 0 < v < oo, define the decision region:
A() £ {x € X pxip(x[1) > 7 pxp(x]0)} - “)

The most powerful (Oracle) discriminator at threshold + is defined by setting D(x,y) = 1 for all

x € A(vy) for which the prediction is rejected (i.e., E = 1) and otherwise D(x,7) = 0 for all
x ¢ A(~y) for which the prediction is accepted.

In Proposition we establish the characterization of the fundamental performance of the most
powerful (Oracle) discriminator by providing a lower bound on the error achieved by any discriminator
and show that this bound is achievable by setting v = 1. Furthermore, we connect this result to the
Bayesian error rate of this optimal discriminator.

Proposition 3.1 (Performance of the discriminator). For any given decision region A4 C X, let

co(A) 2 /A pxip(xl0)dx, and e (A%) 2 /A px 15| L)dx )



be the Type-I (rejection of the class prediction of an input x that would be correctly classified) and
Type-II (acceptance of the class prediction of an input x that would not be correctly classified) error
probability, respectively. Then,

eo(A) + 1 (A°) > 1 - ||Ipxip=1 — Px|E=0|| 1y ©)

1
=1 5/ IPx1E=1(%) — Px|E=0(X)|dx. )
X

Equality is achieved by choosing the optimal decision region A* = A(1) in Deﬁnition If the
hypotheses are equally distributed, the minimum Bayesian error satisfies:

2Pr{D(X) # E(X)} > 1 - ||px|p=1 — Px|E=0]| 1y - 3
Equality is achieved by using the optimal decision region.

Expressions (/) and (8) provide lower bounds for the total error of an arbitrary discriminator. The
proof of this proposition is relegated to the Supplementary material (Appendix|A.1). Using Bayes we
can rewrite (4) via the posteriors as:

A7) = {x € X : Pgx(1|x)Pp(0) > v (1 - Pgx(1x)) Pe(1)} C))
From (9), it is easy to check that Pg x(1|x) = 1 — Py|x (fp, (x)|x) = Pe(x), and hence, the

decision region .A(7) can be reformulated as:
/

Pe(x) gl
A = EX:———>4 1 = €EX:P > —— >, 10
()= {xeas (TR s ) = {xe et o) (10)
where 7/ = 7 - zlzi E(lD and 0 < 7' < oo. According to { and Proposition (3.1), the optimal
discriminator is given by D*(x,~’) = 1, whenever x € A( ), and D*(x,v') = O, otherw1se. The
main difficulty arises here since the error probability function of an input: x — Pe(x) is not known
and in general cannot be learned from training samples.

3.2 DOCTOR discriminator

We start by deriving an approximation to the unknown function x — Pe(x) which can be used to
devise the decision region in expression (10). First, we state the following:

Proposition 3.2. Let g(x) be defined by
23 Py Pr (Y £ ylx) =1 Y_PE L (ul), an
yey yey

for each x € X, which indicates the probability of incorrectly classifying a feature x if it was
randomly labeled according to the model distribution Pf,‘  trained based on the dataset. Then,

(1-vex)) — A(x) < Pe(x) < (1 -g(x)) + Ax), (12)

where A(x) £ 2\/ 2KL(Py x (-|x)|| P e +(-|x)) and denotes the Kullback-Leibler (KL) divergence
(further details are provided in Supplementary material Appendix[A.2).

3.3 Discussion

It is worth emphasizing that expressions in (12) provide bounds to the unknown function x — Pe(x)
using a known statistics x — 1 — g(x), which is based on the soft-probability of the predictor. On

the other hand, 0 < g(x) < y/g(x) < 1, for all x € X, which simply follows using the subadditive
of the function ¢ — /¢ and the definition of g(x). By Markov’s inequality,

Pr(AX) 2 e(n) <7 with £(n) =2, /2Exy [~ log Py (YIX)] /1, (13)

for any > 0, where Exy [ — log P};‘X(Y|X)} in is the cross-entropy risk. The latter is
expected to be small provided that the model generalizes well. Thus, £(n) can be expected to be
small for a desired confidence 7 > 0. Interestingly, (IT) turns out to be related to the uncertainty of
the classifier via the quadratic Rényi entropy [31]: —log, (g(x)) = 2H»(Y|x) < 2H(Y|x), where
the latter is the Shannon entropy, i.e., the self-uncertainty of the classifier.




3.4 From the theory to a practical discriminator

in the definition of the optimal discriminator . On the other hand, Proposition suggests that
1 — g(x) can also be a valuable candidate yielding another discriminator. These discriminators,
referred to as DOCTOR, are introduced below.

Our previous discussion suggests that Pe(x) in {2) may be a valuable candidate to aximate Pe(x)

Definition 2 (DOCTOR). For any 0 < v < oo and x € X, define the following discriminators:

Da(x,7) 2 1[1-8(x) >7-2x)],  Dalx,7) 21 [Fe(x) >7-(1-Fe(x)| . (4)

Notice that because of Definition |2| and (TI), Da(x,7) = 1[I = 37 softmax?(x), >
v Yyey softmax”(x),]; similarly because of Definition [2|and eq. 2). Ds(x,v) = 11 —
max,cy softmax(x), > 7 - max,cy softmax(x),]. The performance of these discriminators will
be investigated and compared to state-of-the-art methods in the next section. In the supplementary

material (Appendix, we illustrate how DOCTOR and the optimal discriminator (Deﬁnition work
on a synthetic data model that is a mixture of two spherical Gaussians with one component per class.

4 Experimental Results

In this section we present a collection of experimental results to investigate the effectiveness of
DOCTOR, by applying it to several benchmark datasets. We provide publicly available cod to
reproduce our results, and we give further details on the environment, the parameter setting and the
experimental setup in the Supplementary material (Appendix . We propose a comparison with
state-of-the-art methods using similar information. Though we are not concerned with the OOD
detection problem, we are confident it is appropriate to compare DOCTOR to methods which use
soft-probabilities or at most the output of the latent code, e.g., ODIN [23], softmax response (SR) [6]
and Mahalanobis distance (MHLNB) [22]. Since we are focusing on misclassification detection, it is
expected that OOD samples should be also detected as classification errors.

Totally Black Box (TBB) and Partially Black Box (PBB). We address two different scenarios with
respect to the available information about the network. In the TBB only the output of the last layer of
the network is available, hence gradient-propagation to perform input pre-processing is not allowed.
In the PBB we allow method-specific inputs perturbations. When considering DOCTOR in PBB, for
each testing sample x, we calculate the pre-processed sample X by adding a small perturbation:
X% =x — € X sign {—Vxlog <1A7g(x))] ,and X7 =x — e x sign | —Vylog LAX)
g(x) 1 —Pe(x)

We will write directly X when it is clear from the context which input pre-processing we are referring
to. In Supplementary material (Appendix we further analyze the equations above. When ODIN
or MHLNB are used, we pre-process the inputs as in [23] and in [22], respectively.

4.1 Review of related methods

PBB. We compare DOCTOR (using input pre-processing and temperature scaling) with ODIN and
MHLNB. ODIN [23] comprises temperature scaling and input pre-processing via perturbation.
Temperature scaling is applied to its scoring function, which has f;(X) for the logit of the i-th class.
Formally, given an input sample x:

O exp(fi(x)/T)
SODING) = s <=

where X represents a magnitude e perturbation of the original x; T is the temperature scaling
parameter; 0 € [0, 1] is the threshold value; in indicates the acceptance decision while out indicates
the rejection decision. Notice, however, v in DOCTOR and § in ODIN, respectively, are defined over
two different domains: if § denotes a probability, v is a ratio between probabilities. Although ODIN

out, if SODIN(x) < §
in, if SODIN(X) > 0,

S

, ODIN(x;6,T,¢) = {

nttps://github.com/doctor-public-submission/DOCTOR/



originally required tuning the hyper-parameter 7" with out-of-distribution data, it was also shown that
a large value for T’ is generally desirable, suggesting that this gain is achieved at 1000. Anyway, in
this framework, we notice an improvement of ODIN in performance for low values of 7. Thus we
report the best results obtained by ODIN considering the range of hyper-parameters values tested also
for DOCTOR (cf. section. ENERGY [24] comprises the denominator of the softmax activation:

C
ES(x) = —T -log » _exp(f;(x)/T), ENERGY(x;¢,T) =
Jj=1
where ¢ € R is the threshold value. Unlike all the methods considered in this paper, MHLNB [22]
requires the knowledge of the training set D,, which the pre-trained network was trained on to
compute its empirical class mean [i. for each class ¢ and its empirical covariance :
. 1 .o 1 ~ ~ ~ ~
o= 3G S= 030 Y (R - () )

ity =c ceEY Viry,=c

out, if —ES(x) < ¢
in, if —ES(x)>¢,

where 7. denotes the number of training samples with label ¢ and f(X) the logits vector. As MHLNB
directly uses the vector of logits, it does not comprise temperature scaling. Given an input sample x:

~ o A NT—1 ey~ - t, ifM(X)> ¢
M(%) = = — i) TSN (f(R) — fie), MHLNB(%;C, €) = 4 00" x

(30 = max — (F0) — ) ()~ ) ®ea={n" e e
as mentioned above, X represents a magnitude e perturbation of the original x; ( € Ry is the
threshold value; in indicates the acceptance decision while out indicates the rejection decision.

TBB. We compare DOCTOR (without input pre-processing and temperature scaling) with MHLNB
(without input pre-processing and with the softmax output layer in place of the logits) and SR.
Although both DOCTOR and SR have access to the softmax output of the predictor, a fundamental
difference is that, while the former utilizes the softmax output in its entirety, the latter only uses the
maximum value, therefore discarding potentially useful information. As it will be shown, this leads
to better results for DOCTOR on several datasets (see table. We emphasize that, by setting 7" = 1
and € = 0, ODIN reduces to softmax response [6] since SR(x) = SODIN(x).

4.2 Detection of misclassification errors, experimental setup and evaluation metrics

Before digging into the detailed discussion of our numerical results, we present an empirical analysis
of the behavior of DOCTOR, ODIN, SR and MHLNB when faced with the task of choosing whether
to accept or reject the prediction of a given classifier for a certain sample. In Figure we propose a
graphical interpretation of the discrimination performance, considering the labeled samples in the
dataset TinyImageNet and the ResNet network as the classifier. We separate correctly and incorrectly
classified samples according to their true labels in blue and in red, respectively. We remind that the
label information is not necessary for the discriminators to define acceptance and rejection regions.
Then, for each sample we compute the corresponding discriminators’ output. These values are binned
and reported on the horizontal axis of Figure[Ta|and Figure[Tb]for D,,, Figure[Ic|and Figure|[Id]for
Deg, Figurefor SR, Figure|lf{for ODIN, Figureand Figure 1h|for MHLNB. In each each plot,
and according to the corresponding discriminator, the bins’ heights represent the frequency of the
samples whose value falls within that bin. The intuition is that, if moving along the horizontal axis
it is possible to pick a threshold value such that, w.r.t. this value, blue bars are on one side of the
plot and red bars on the other, this threshold would correspond to the optimal discriminator, i.e. the
discriminator that chooses the optimal acceptance and rejection regions.

In Figure [Ig| through Figure[Th] we observe that, for MHLNB, no matter how well we choose
the threshold value, it is hard to fully separate red and blue bars both in TBB and PBB, i.e. the
discriminator fails at defining acceptance and rejection regions so that all the hits can be assigned
to the first one and all the mis-classification to the second one. The samples distribution for SR
and ODIN in Figure and Figure|11] respectively, does not look significantly different from the
one related to D, and Dg in TBB (Equation ). However, the discrimination between samples
becomes evident in PBB. This is shown in Figure|1d|for Dg (eq. ) and even more in Figure
for D, (eq. ) where, quite clearly, rightly classified samples are clustered on the left-end side
of the plot and incorrectly classified samples tend to cluster on the right-end side. This intuition is
supported by the results in Table T]
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Figure 1: DOCTOR, ODIN, SR and MHLNB to split data samples in TinyImageNet both under TBB
and PBB: (a) - (b) show the results for expressions ; (c) - (d) show the results for ; (e) shows
the results for SR; (f) shows the results for ODIN; (g) - (h) show the results for MHLNB. Histograms
for wrongly classified samples (red) and correctly classified samples (blue).

Datasets and pre-trained networks. We run experiments on both image and textual datasets. We
use CIFAR10 and CIFAR100 |18], TinyImageNet |16] and SVHN [27] as image datasets; IMDb [25],
AmazonFashion and AmazonSoftware [28] as textual datasets. Note that, for all the aforementioned
datasets, we consider only the test set since we rely on pre-trained models. Along the same lines
of [23], we use the pre-trained DenseNet models [15] for CIFAR10, CIFAR100 and SVHN. In
addition, we use a pre-trained ResNet model [10] for TinyImageNet, and BERT [3] 34] for the
Amazon datasets and IMDb. The accuracy achieved by the aforementioned networks on the test sets
is showed in Table[l} According to the invariant properties of the discriminator (see Def. 2) with
respect to the soft-probability of the underlying model, permutations of the posterior probabilities
vector, due different initialization of the models before the training, do not change the output of
Eq. , as it is a sum of squared values of the softmax probabilities. This variety of models/datasets
characterizes the performance of the proposed method in scenarios with different accuracy levels.

Evaluation metrics. We will evaluate the performance according to Proposition via the
empirical estimates of Type-I and Type-II errors in expressions . Throughout this section, when
the model’s decision for a sample is correct (hit) but is rejected by the discriminator, we refer to such
event as false rejection; when the model’s decision for a sample is not correct (miss) and is rejected
by the discriminator, we refer to such event as true rejection. Similarly, we refer to a false acceptance
when a miss is not rejected and to a true acceptance when a hit is not rejected. More specifically,

let 7o, = {(X1,41),-- -5 (Xm, Ym)} ~ pxy be the testing set, where x; € X is the input sample,

y; € {1,...,C} is the true class of x;, and m denotes the size of the testing set. With j € {a, 5}:
FR;(v) ={(x,9) € T 1 y = fp, (%), Dj(x,7) =1}, (15)
TR;(v) ={(x,y) € T : y # fp,.(x), Dj(x,7) =1}, (16)
FAj(v) ={(x,y) € Tm 1 y # fp, (%), Dj(x,7) =0}, (17)
TA;(v) ={(x,9) € T 1 y = fp, (x), Dj(x,7) =0}. (18)

We measure the performance of the test in terms of:
* FRR versus TRR. The false rejection rate (FRR) represents the probability that a hit is
rejected, while the true rejection rate (TRR) is the probability that a miss is rejected.

¢ AUROC. The area under the Receiver Operating Characteristic curve (ROC) [2] depicts the
relationship between TRR and FRR. The perfect detector corresponds to a score of 100%.

* FRR at 95 % TRR. This is the probability that a hit is rejected when the TRR is at 95 %.

4.3 Experimental results: comparison between different discriminators

DOCTOR: comparison between D, and Dg. We compare the discriminators D,, and D introduced
in to show how the AUROCs for CIFAR10, CIFAR100, TinylmageNet and SVHN change when



varying the parameters 7" and e. It is observed that D,, is less sensitive to the selection of 7": for all
the datasets, D, outperforms Dy achieving the best AUROCs by setting 7' = 1. Contrary to Dy,
Dg is more sensitive to the value selected for 1" in the sense that small changes may result in very
different values for the measured AUROCSs (cf. Appendix . In contrast,the best results are
obtained for the same epsilon values of D,, and Dg across all the datasets.

Comparison in TBB. We compare DOCTOR with MHLNB (without input pre-processing and with
the softmax output in place of the logits) and SR. It is worth to emphasize that D, does not coincide
(in general) with SR since the former consists in the sum of squared values of all probabilities involved
in the softmax. To complete the comparison, we include the results for both methods in Table
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Comparison in PBB. We compare DOCTOR with ODIN, MHLNB and ENERGY. We keep the same
parameter setting for all the methods. In the case of DOCTOR and ODIN where temperature scaling
is allowed, we test, for each dataset, 24 different values of ¢ for each of the 11 different values of T,
see (Appendix for the set of ranges. In the case of MHLNB, which directly uses the logits,
we keep 1" = 1 and we vary e for each dataset. In the case of ENERGY, where no perturbation
is allowed, we keep ¢ = 0 and we maintain 7' = 1 (as in [24]]). According to our framework, no
validation samples are available; consequently, in order to be consistent across the datasets, we only
report the experimental settings and values for which, on average, we obtain favorable results for all
the considered domains (cf. Figure[2). In order to be fair, we update ODIN’s parameters from those
in |23] to new values which are more suitable to the task at hand (cf. plots in Appendix .

DocCTOR’s performance compared to ODIN’s, MHLNB’s and ENERGY’s, are collected in Table
and in Figure The results in the table show that noise further improves the performance of DOCTOR
(cf. PBB) up to 1% over our previous experiments without noise (cf. TBB) in terms of AUROC. The
improvement is even more significant in terms of FRR at 95% TRR: a 4% decrease is obtained in
terms of predictions incorrectly rejected for DOCTOR when passing from TBB to PBB. Note that
only the softmax output is available when we consider the pre-trained models for AmazonFashion,
AmazonSoftware and IMDDb datasets; therefore, we cannot access any internal layer and test DOCTOR
for values of 1" which differ from the default value 7" = 1. Consequently, temperature scaling and
input pre-processing cannot be applied in these cases and thus these datasets cannot be tested in PBB.
Moreover, even in TBB, these datasets cannot be tested through MHLNB and ENERGY since the
dataset on which the network was trained is not available. We provide simulations on how the range
of interval for the different thresholds can affect the results in Appendix[C.3]

Misclassification detection in presence of OOD samples. We evaluate DOCTOR’s performance in
misclassifcation detection considering a mixture of both in (DATASET-IN) and out-of-distribution
(OOD) samples (DATASET-OUT), i.e. input samples for which the decision should not be trusted. The
results are compared with ODIN. We test the two methods when one sample to reject out of five (&),
three () or two (#) is OOD. The details of the simulations, the considered dataset, and the complete
experimental results are relegated Appendix In Tablewe report an extract of the results for
the PBB scenario in terms of mean / standard deviation: DOCTOR achieves, and most of the time
outperforms ODIN’s performance. We emphasize that, even though DOCTOR is not tuned for the
OOD detection problem, it represents the best choice for deciding whether to accept or reject the
prediction of the classifier also on mixed data scenarios where the percentage of OOD samples, as
long as it is not dominant, can sensitively vary.



Table 1: For all methods, in TBB, we set 7' = 1 and € = 0; in PBB we set : ¢, = ¢g = 0.00035,
Ta = 1, TB = 15, €ODIN — 0 and TODIN = 13, €EMHLNB — 0.0002 and TMHLNB = 1, €ENERGY — 0
and Tgngrgy = 1. In TBB, ODIN and SR coincide (7" = 1 and € = 0).

P % (95
DATASET | METHOD | AUROC% | FRR % (95 % TRR)
| BB | PBB | TBB | PBB | AUROC % | FRR % (95 % TRR)
= 91 952 179 > DATASET | METHOD
o . . 13. [ tBB [PBB | TBB|  PBB
CIFAR10 Ds 685 | 948 | 18.6 13.4 Da 923 | 93 | 38.6 36.6
o
Acc. 95% ODIN | 938 | 942 | 182 18.4 Dy 922 (928 [ 397 354
SR 93.8 | - 18.2 - SVHN
Acc. 96% ODIN | 923 | 923 | 38.6 407
MHLNB | 922 | 84.4 | 30.8 24.6 Sk 923 | - 386 N
ENERGY | - |911] - 347 MHLNB | 87.3 | 88 | 858 54.7
Da 87 | 88.2 | 40.6 35.7 ENERGY | - lssol - 104
CIFAR100 Ds 84.2 | 87.4 | 40.6 367 AMAZON D, 89.7 27.1 -
. 787 ,
Ace. 78% ODIN | 86.9 | 87.1 | 40.5 407 AMAZON D, 907 | - | 263 N
SR 86.9 - 40.5 - Acc. 85% SR 87.4 - 50.1 -
MHLNB | 82.6 | 50 | 66.7 94
D, 688 | - | 732
ENERGY - 78.7 - 65.4 AMAZON ) 5.8 732
SOFTWARE 8 3 - - -
D, 84.9 | 86.1 | 45.8 433 ‘Ace. T3% Sk 3 866 "
TINY Dy 84.9 | 853 | 45.8 45.1 o ia 2
}3;;‘“@;” ODIN 84.9 | 84.9 | 45.8 45.3 IMDB D" 84'4 - 54'4 -
SR 84.9 | - | 458 - Ace. 90% -
SR 837 | - | 617 -
MHLNB | 78.4 | 59 | 823 86
ENERGY | - | 782 - 63.7

Table 2: Same parameter setting as in table(PBB) for D, Dg, ODIN, ENERGY; as in [23]] for
ODINpop and as in [22] for MHLNBwpg. Results presented in terms of mean / standard deviation.

DATASET- | DATASET- | AUROC % | FRR % (95 % TRR)
N Ot " "D, | Ds [ ODIN [ODINew | ENERGY | MHLNBws | Du | Ds; | ODIN | ODINuew | ENERGY | MHLNBys
CIFARIO | ISUN | 95.4/0.1 [ 95.1/0.1 | 94.6/0.1 | 89.6/0 | 92.4/0.1 | 545/0.1 | 14/0.5 | 13.5/0.4 | 17.2/03 | 38.9/0 | 322/0.1 | 92/0.1
| TNy res) [ 95.2/0.1 | 94970 [94.670.1 [ 89.6/0 [ 923700 | 562/0 | 14704 | 14705 [17.8/04 ] 389/0 | 322701 | 903/0.2
CIFARI0 | ISUN | 95.5/0.1 | 95.3/0.1 | 94.9/0.1 | 91.5/0 | 92.9/0 | 54.5/0.1 | 14.4/0.6 | 13.4/0.2 | 16.8/0.5 | 34/0.1 | 27/1 | 92/02
<o | TiNY (RES) | 95.4/0.1 | 95/0.1 | 94.8/0.1 | 91470 | 92.8/0 | 562/0.1 | 15/0.1 | 14.8/0.7 | 17/0.5 | 345/0.9 | 28.8/1.9 | 90/0.3
CIFARIO | _ISUN | 95.6/0.1 | 95.6/0 | 954/0 | 93.5/0 | 93.6/0.1 | 54.6/0 | 15.1/0.1 | 13.6/0.5 | 16.1/0.2 | 30.6/0.4 | 25.1/0.2 | 92/0.2
L | TNy (res) | 95.5/0.1 [ 95.2/0.1 [ 951701 [ 932 | 935/0 | 562/0.2 | 147/03 | 148/0.5 | 17.1/04 | 31/0 | 25.6/0.3 | 90.2/0.1

S Summary and Concluding Remarks

We introduced a simple and effective method to detect misclassification errors, i.e., whether a
prediction of a classifier should or should not be trusted. We provided theoretical results on the
optimal statistical model for misclassification detection and we presented our empirical discriminator
DocToR. Experiments on real (textual and visual) datasets—including OOD samples and comparison
to state-of-the-art methods— demonstrate the effectiveness of our proposed methods. Whilst methods
for ODD frameworks do not necessarily perform well in predicting misclassification errors, our
result advances the state-of-the-art, and the main takeaway is that DOCTOR can be applied to both
partially black-box (PBB) setups and totally black-box (TBB) ones. In the latter, information about
the model’s architecture may be undisclosed for security reason when dealing with sensitive data).
DOCTOR uses all the information in the softmax output, which results in equal or better performance
with respect to the other methods: the results in PBB, where we observe a reduction up to 4% in
terms of predictions incorrectly rejected with respect to the ones in TBB are particularly promising.
Moreover, DOCTOR does not require training data and, thanks to its flexibility, it can be easily
deployed in real-world scenarios. Currently, DOCTOR does not exploit information across the layers
yet. Only the soft-predictions are used. Besides, the most important obstacle is the calibration of
the threshold () between the desired fault rejection and acceptance rates, which would require
additional validation samples. However, quite often, the cost of collecting data for this operation
can be prohibitive, making it difficult or too expensive to perform such calibration. As future work,
we shall combine DOCTOR with other related lines of research such as: the extension to white-box
incorporating additional information across the different latent codes of the model. Moreover, we
shall investigate the possibility of combining the two proposed discriminators.
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Supplementary Material

A Proofs
The following section shows the proofs for Proposition , Proposition and Inequalities .

A.1  Proof of Proposition[3.1]

We recall the definition of the total variation distance when applied to distributions P, () on a set
X C R% and the Scheffé’s identity, Lemma 2.1 in [30]:

1P~ @l 2 sup [PCA) = Q)| = 5 [ Ipx(0) ~ ax () du(x) (19)
AeBd

with respect to a base measure u, where B¢ denotes the class of all Borel sets on R<.

Proof. First of all, we prove the equality for v = 1. Let us denote with A* = A(1) and A*“ = A°(1)
the optimal decision regions from (9). Let e(.A*) and €;(A*“) be the Type-I and Type-II errors,
respectively. Then,

eo(A*) + €1 (A*) :/A* pX\E(X|O)dX+A*CpX‘E(XH)dX
— /A* min {pX‘E(x|0) , pX\E(X‘l)}dX
. /A min {px(x10) , px e (x[1) fdx

= / min {pX‘E(x|O) , pX|E(x\1)}dx
x
=1—||pxjp=1 — Px|E=0|l1y - (20)
where the last identity follows by applying Scheffé’s identity . From the last identity in and

any decision region A C X, we have
1- HpX|E:1 *pX|E:0HTV = / min {px|E(X\0) ) pX|E(X|1)}dX
X
= / min {pX‘E(x|O) , pX|E(x|1)}dx
A
+ [ min {pip(xi0) pxip(xlD) i
AC
< / px|e(x|0)dx + / px|e(x|1)dx
A Ae
= 60(./4) =+ €1 (.A() (21)
It remains to show the last statement related to the Bayesian error of the test. Assume that P (1) =

Pg(0) = 1/2. By using the last identity in (20), we have

1 1 .
3 [1 —||pxiE=1 _pX\EonTV} = §/Xmln {pX|E(X\0)7PX|E(X|1)}dX

:/ min {pXE(X7E = 0)7PXE(X7E = 1)}dX
X
=Ex {min {PE‘X(O\XLPE\X(HX)H

_ %[EO(A*) + e (A)]
= inf Pr {D(X) # E}, (22)

where the last identity follow by the definition of the decision regions in @) O
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A.2  Proof of Proposition[3.2]

Proof. We begin by showing that
[Pe(x) — Pe(x)| = [E[1[V # fo, (0)l[x] — E[1Y # fo, (x)|x]|

- Z [P?\X(y‘x) — Pyix(y|x)]
{yeY | y#fp, (x)}
< Z ‘ YIX (ylx) — PY\X(y‘X)‘

{yed | y#fp, (%)}

<3 [Prx i) = Prixwlo)|

yey

<2H Y‘X ) — PY‘X(.|X)HTV

< 2\/2KL (Py|x|\ le) 23)

where || - ||y denotes the Total Variation distance, KL(-||-) is the Kullback—Leibler divergence and
the last step is due to Pinsker’s inequality. On the other hand,

1- Z VX (ylx)

yey

=1- E?lX {P{,‘X(?|X)|X}

Eg x [r;leaxPYlX(MX)‘x}
=1- I;lal)](PY‘X(y\x)
= Pe(x). (24)

Similarly,

Z X (ylx)

yey

7P)7\X Yy ) + Z Y|X (ylx)
yFAY*

> rnax Pf/|x(y|x)

- (1 ~Fe(x) . 25)

where y* = argmaxyey Py y (y/x). By replacing expressions and (23) in we obtained the
desired inequalities, which concludes the proof.

A.3  Proof of Inequalities in (3)
Proof. The event can be decomposed as follows:

(B(x) £ Ex)|x}={y £V}n {{ff = fp,(x)} or {Y = fp, (x)}|x} (26)
for all x € X. Thus,

{E(x) # E(x)|x} € {Y # Y|x}, @7
(Y #Y}n{Y # fp,(x)|x} C {E(x) # E(x)|x}, (28)
(Y # VY0 {Y # fo, ®0)|x} € {B(x) # E(x)|x}, 29)
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which imply

Pr ({E(x) # E(x)|x}) < Pr({Y # Y}|x) (30)
Pe(x) — Pr ({Y = Y}|x) < Pr ({E(x) # E(x)}|x) (31)
Pe(x) — Pr ({Y = Y}|x) < Pr ({E(x) # E(x)}|x) (32)

for all x € X, where the last inequalities follows by noticing that Pr(A N B) > Pr(A) — Pr(B°) for
arbitrary measurable sets A, B C X. This concludes the proof of these inequalities. O

B Logistic Regression and Gaussian Model

Throughout this section we test DOCTOR in a controlled setting were all the involved distributions
are known. We refer to that setting as logistic regression and Gaussian model since we collect data
points from Gaussians distributions and we test on the logistic regression setup.

B.1 Theoretical analysis

Let X = R be the feature space and ) = {—1,1} be the label space. We focus on a binary
classification task in which X ~ A (yp,02I) and Y ~ U()), where g € R™ is the mean vector,
o2 > 0 is the variance and 1 is the identity matrix and 2/()) denotes the uniform distribution over
Y. For a fixed 8 € R?, consider fg : X — Y s.t. fo(x) = sign(sigmoid(x?@) — 1/2). For a given
x € X, we adapt to the current setting the definition of F(x) in section as follows:

1Y # fo(x)] =1 {y - sign <sigmoid (x"0) — %) < 0} . (33)

Let us denote by 1 [y # fo(x)] the realization of the random variable FE(x). We can compute the
probability of classification error Pe(x) in (I} w.r.t. the true class posterior probabilities:

Pe(x) = E[L[Y # fo(x)] ]zmy# %

yey
LN (x;yp, 021)
= 1 . 2 I
y;y [y # fB(X)] %Zy’eyN(X; v, 021)

 Yyey LIy # fo(x)] - N(xsyp, o®1)
a > yey N(xsyp,02I) '

Following (10}, the decision region corresponding to the most powerful discriminator for the logistic
regression and the Gaussian model are given by

XGX‘Zyey ly # fo(x)] - N(x,ym, 0 1)>
ey Ly = fox)] - N yp,o?D) ~ [

We are now able to state the optimal discriminator for this setting.

(34)

Ay) =

(35)

Definition 3 (Optimal discriminator for the logistic regression and the Gaussian model). For any
0 <y < ocoand x € X, the optimal discriminator follows as:

D(x,7) 21| L[y # fo(x)] - N(x,yp,0’I) >~ Y 1y = fo(x)] - N(x,yp, 1)
yey yey
(36)

Since we cannot analytically evaluate Proposition we proceed numerically in the next experiment.
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B.2 Experiments

In this section, we will numerically evaluate Proposi-

tion[3.1]via empirical estimates of Type-I and Type-II Taple 3: Accuracy on the test set:
errors in expressions (5). Note that unlike section[4] in fo, fori = 1,...,8 represents the i-th
this case all the involved distributions are known and odel in F, fauvg is the arithmetic mean of
hence it is also possible to compute the true posterior  the accuracy over each fo, € F. The value

distribution P Y|X- o o Tepresents the accuracy Bayesian clas-

We adopt the same notation as in section[3]for Doc- Sifier averaged on the test set correspond-
TOR, i.e., Do, and D according to according to expres- 1ng to the 8 splits. We show results for
sions (14). D*, as in Deﬁnition denotes the optimal Poth standard deviations, namely o = 2
discriminator. and 0 = 4.

CLASSIFIER | ACCURACY%

B.2.1 Experimental setup and evaluation metrics

‘ c=2 o=4
Dataset. We create a synthetic dataset that consists fou 82 65
of 5000 data points drawn from Ny = N(ug,021) J{;& Sg ;;
and 5000 data points drawn from N} = N'(uy,02%1), fo. 82 76
where po = [-1 — 1], py = [1 1]. We consider Jos 83 76
two values for sigma, namely ¢ = 2 and ¢ = 4. fos 81 66
These values produce two different distributions which ;{‘17 23 gg
will let us showcase the advantages of DOCTOR. To fa:g 82 74
each data point x is assigned as class 0 or 1 de- Flvg 83 78

pending on whether x ~ Ny or x ~ A, respec-
tively. The aforementioned dataset is divided into
a training set, i.e. D, = {(x1,91),...,(Xn,yn)} where n = 6700, and a testing set, i.e.
Tm = {(Xn+1a ynJrl)a R (X7L+'rn7 yn+m)} where m = 3300.

Training configuration. We use a linear classifier, with one hidden layer, sigmoid activation function
and binary cross entropy loss. The neural network is trained with gradient descent considering
learning rate » = 0.1. Specifically, we train our network for 5 epochs. We randomly split our
dataset 8 times, each time keeping n samples to train, and m to test. We consider the same model
architecture (described above) for each split and we come up with 8 different binary discriminators
F ={fo,,---, fos}- Since in this example all the involved distributions are known, we compute
the optimal predictor, i.e. the Bayes classifier, and we denote it with f*. The value f;,, reported
in table represents its accuracy averaged on the test set corresponding to the 8 splits.

Accuracy of trained networks. In table[3]the accuracy of f* and the models in F on the test set.

Evaluation metric. We consider the same metric as in section

B.2.2 Numerical evaluation of Proposition[3.1]

To evaluate Propositionwe proceed in a Monte Carlo fashion by computing Type-I and Type-II
errors for each of the network in F and then averaging over the results. Schematically, consider any
fo, € F and v = 1, we compute:

1. A; £ A;(1) as defined in eq. and its complement AS.
2. For each classifier fg, € F, Tp=1.0, = {(x
10

Y)
of mis-classified test samples, and Tp—g.0, = {
correctly classified test samples.

€ T | y # fo,(x)} represents the set
X,y) € Tm | y = fo,(x)} is the set of

(

i

3. FR; £ {(X, y) S TEzo;ei X E .Al}, TRZ & {(X, y) S TE:l;Bi X € AZ}, .7'-.'41 £
{(x,y) € Te=1.0, : x € A5} and T A; £ {(x,y) € Te=0.0, : X € A%}, i.e. the set of false
rejections, true rejections, false acceptances and true acceptance, respectively.

4. eg(A;) = PRl and e1(A$) = [P Al e. Type-I and Type-1I errors.

[TE=0s0, | [TE=1;6,1"
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At the end of | F| iterations, we empirically estimate Type-I and Type-1II errors of Propositionas
follows

|7 1 |7

eo(A) ~ ‘% > eo(Ai) =0.0607 and € (A°) & 7 > er(Af) = 0.7389.
i=1 =1

B.2.3 FRR versus TRR

We present the experimental results obtained by running experiments similar to those described
in sectionconsidering the experimental setup in{B.2.1}in TBB. In addition to the usual discriminators,
we are going to consider the optimal discriminator D*, as in Deﬁnition

DOCTOR: comparison between D*, D, and Dg. Let us present the result obtained with DOCTOR
showing how D* @) works compared to D, and Dg in @) when they have to decide whether to
trust or not the decision made by a classifier. We test the discriminators on the dataset constructed
as inby considering 0 = 2. Let us analyze ﬁg. we apply each discriminator to all the
classifiers in F. The obtained ROCs are represented by the colored areas. Inside each area the mean
ROC is represented by the thick line. D, and Dg reach same results as the colored areas and the
thick lines are overlapped. For a given x € X, we recall that D* uses Pe(x) (I) whilst D, and Dy

uses 1 — g(x) and Pe(x) (2), respectively. D* always outperforms both D,, and Dg since it
relies on the probability of classification error based on Py x while D, and Dg use Pf’l X

1.0
0.8 0.8 0.8

06 06 06

TRR
TRR
TRR

0.4 0.4 0.4

- D

- D

02 —rDe 0.2 —
: ODIN* =SR* : / ODIN* =SR*

0.2

/ ODIN = SR
004 ¢ 004

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
FRR FRR FRR

(a)o =2 b)o=2 c)o=4

ODIN = SR
0.0

Figure 3: ROC curves for D*, D, and Dpg, respectively. We denote by SR* the softmax response
method based on Py x. Since in this case 7' = 1 and € = 0, SR = ODIN as well as SR* = ODIN*.
(a) We apply each discriminator to all the classifiers in F. The obtained ROCs are represented by
the colored areas. Inside each area the mean ROC is represented by the thick line. Orange and red
areas completely overlap as well as the mean ROC. D* always outperforms both D, and Dg as
expected. In (b) D* and SR* overlap (as also D,, and SR), instead in (c) where o = 4 and hence the
distribution is smoother, SR discards useful information and indeed both D* and D,, outperform SR.

Comparison between D*, D, ODIN and SR. We conclude this section by investigating how our
competitors, namely ODIN and SR, work in this setting.

From now on, we will put ODIN = SR to mean that the two methods coincide (remember we set
T =1 and e = 0 for all the simulations). We show the results of the comparison in fig.|3} fig.
considers data points from N (yu, 221) whilst fig. [3c|consider data points from N (yu,421). If
in fig.[3b| we cannot see an advantage in using D,, in place of SR, the situation is totally different
in fig. |3c| where D* and D,

clearly outperform the competi- Table 4: AUROCS: the values for D,, Ds, SR, and ODIN
tors. We would like to recall that  correspond to the results for the thick lines in fig. B] D* and

DOCTOR uses all the softmax out- ODIN* = SR* are obtained using Py |x.
put while SR only uses the maxi-

mum value of the softmax output.

Therefore, when the underlying | AUROC %

distribution pxy is more smooth o| D* D, Dsg SR = ODIN SR*= ODIN*
hke in ﬁg. SR discards useful 276 70 70 70 76
information. As result, not only

D* outperforms SR* but even 4179 78 78 70 76

D, does the same. This is more
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Table 5: AUROCs and FRR at 95% TRR obtained via D,, Dg, ODIN, SR and MHLNB for
CIFARI10 considering different size for I'p,, or p;» AopiNorsr and Zyuing in both TBB and PBB.
The column INTERVAL SIZE represents the number of equidistant values considered in the sets

defined in (37), (38), (39). and in (41), respectively.

INTERVAL TBB PBB INTERVAL TBB PBB
SIZE METHOD | iroc ‘ FRR AUROC ‘ FRR SIZE METHOD | iroc FRR AUROC FRR
(95 % TRR) " | (95%TRR) " | (95%TRR) (95 % TRR)
D.. 69.8 916 774 88.4 D. 91.3 53.1 94.7 13.8
Dy 50 69.7 79.8 86.2 Dy 66.5 483 948 13.4
10 ODIN 75.7 89.3 81.4 85.4 1000 ODIN 92.5 28.9 94 18.3
SR 75.1 89.3 - - SR 925 28.9 - -
MHLNB 76.6 88.8 83.2 471 MHLNB 922 353 84.4 445
D 85.1 80.6 925 42.6 D 93.7 18.4 95.2 13.9
Ds 61.8 63.4 94.1 13.8 Ds 68.5 18.6 94.8 13.4
100 ODIN 38 73.5 915 49.9 10000 ODIN 93.9 18 94.2 18.4
SR 88 73.5 - - SR 93.9 18 - .
MHLNB 88.3 726 84.4 446 MHLNB 92.1 31 84.4 446

evident if we look to table[3] where for o = 4 we notice an improvement in terms of AUROC from
70% to 78% when passing from SR to D,,.

C Supplementary Results of Section@]

C.1 Experimental environment

We run each experiment on a machine equipped with an Intel(R) Xeon(R) CPU E5-2623 v4, 2.60GHz
clock frequency, and a GeForce GTX 1080 Ti GPU. The execution time for the execution the tests
are the following (interval size 10000):

TBB. D,: 12.5s. Dg: 13.6 s. SR: 159 s. MHLNB: 159 s.
PBB: D,: 13s. Dg: 25.7s. ODIN: 14.7 s. MHLNB: 32.22 s.

C.2  On the input pre-processing in DOCTOR

In the following we further study DOCTOR-specific input pre-processing techniques allowed under
PBB. We focus on Dg since for D, the reasoning is the same. Formally, let xo € X’ be a testing
sample. We are looking for the minimum way to perturb the input such that the discriminator value at
X is increased:

r* =

. Pe(xq + 1)
min  —log | ——=———
st ||rfloo <e 1 —Pe(xg + 1)

or equivalently, we are looking to the sample §§ in the e-ball around xo which maximize the

B
Pe
Ty log [ e
1-— Pe(Xo)
Note that, because of eq.

discriminator value at X, :
—log 7PA€(XO) =—log - P?IX(fDn(XO)‘XO)
1 — Pe(x) P?‘X(fDn (%0)|x0)
Py x (fp,. (%0)[%0)) + log(Py x (fp, (%0)|%0))
=—log(l— P?|X(fDn (x0)|x0)) — log SODIN(xy).

)Ncg:xo—exsign

=—log(l—

C.3 On the effect the intervals considered for +, § and ( have on the AUROC computation

Let us consider the AUROC as a performance measure for the discriminators. The computation of
the AUROC of D, as well as those of ODIN and SR, heavily depend on the choice of the range
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values for the decision region thresholds. In the following paragraph, we will discuss how we chose
these ranges, namely v € I'p_ orp; € R, d € Aopiversr € [0,1] and ¢ € Zymng € R. In the
experiments of sectionEl we therefore proceed by fixing the aforementioned ranges as follows:

Tp, 2| min 128X 1elx) g(x)} : (37)
[v)eTm  E(X) Txy)eTn E(X)
Pe Pe
I'p, = min &, max & , (38)
: | 0)€Tm 1 — Pe(x) (xy)€Tm 1 — Pe(x)
Aopy = | min_ SODIN(x), max SODIN(x)|, (39)
L (x%,Y)E€Tm (%,9)€Tm
Asg £ | min_ SR(x), max SR(X):| , (40)
L (%,9)E€Tm (x,9)E€Tm
Zvuing = | min M(x), max M(x)| . 41)
(<, 9)ETm (%,9)€Tm

Secondly, we fix the number of values to consider in I'p,, or D> AobIN or sk and Zyuing: We test the
AUROC:s for CIFARI1O0 for different values of the size of I'p_, or D45 AoDpIN or SR and Zyrng in both
TBB and PBB scenarios. The results are collected in table[5| Let us denote by I a generic interval

between the ones of eq. (37), eq.
set the size of I to (max [ —

o5 —— D, - . —— Do
09

1 D Dy

ol 08 g g
g 08

(38). eq. (39). eq. and eq. (41}, throughout the experiments we
min /) % 10000.

8 8 V80
g 85 £ o6 < 2
Se0 D ES <., 27 —— D,
s Dp 041 7.0 Ds
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e = 0.0003 T=1 T=2 e = 0.0003
" D oss| = Da e 085 —— Du
08 Ds Ds 8 De
g Q 080 g g 0.80
:D(: 07 Sors < 7 Sors
< | —— Da <
0.6 o070 © Dg 070
[ i ‘zs A e 1 : E 111315 2 _zrvs 3 100 1000 [ 1 ; EE
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Figure 4: Comparison of AUROC:s obtained via D,, (in green) and via Dg (in orange) for different

values of 7" and e.

C.4 Additional plots and results

In the next sections, we show graphically the set of results obtained from the experi-

ments in section
e considered throughout the experiments.
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We first specify the range of values for the parameters 7 and
For temperature scaling, 7" is selected among



{1, 1.1, 1.2, 1.3, 1.4, 1.5, 2, 2.5, 3, 100, 1000}, whilst for input pre-processing, € is se-
lected among {0, .0002, .00025, .0003, .00035, .0004, .0006, .0008, .001, .0012, .0014, .0016,
.0018,.002, .0022, .0024, .0026, .0028, .003, .0032, .0034, .0036, .0038, .004}.

C4.1 Comparison D, and Dg

We include the plots for DOCTOR: comparison between D, and Dg (section . In fig.
ﬁg. fig.|4gland ﬁg. we set € at its best value which is found to coincide in the case of D, and
g

Dg. In fig. fig.|4e| fig.|4h|and fig.[4k|we do the opposite and we set T to its best value w.r.t. D,
whilst in fig.|4c| fig.[4f] fig.[41|and fig.|4]) the value of T is chosen w.r.t. the best value for Dg.

C.4.2 Comparison D, Dg, ODIN and MHLNB

We conclude by showing in appendix @the test results obtained by varying 7" and € in PBB for
all the methods. We present 4 groups of plots (one for each image dataset) and in each plot we pick
T from {1,1.3,1.5,1000} (the values selected for D, Dg, ODIN and MHLNB table and we let e

vary.
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C.4.3 Misclassification detection in presence of out-of-distribution samples

We include in tablel_gfjthe results of all the simulations carried out for detecting misclassification de-
tection in presence of out-of-distribution samples. The experimental setting is reported in section@
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C.5 DOCTOR for pure OOD detection

It is worth emphasizing that DOCTOR is not targeting OOD detection, which is a rather different
problem from the one investigated in this paper. So we did not optimize an ad-hoc input perturbation
for DOCTOR within the OOD detection setup, i.e. we kept the same input perturbation proposed
for the misclassification detection task. The baseline results reported in tableshow that DOCTOR
is competitive for OOD detection as well since it can reach similar scores or even outperform the
baseline (e.g., the simulations with LSUN (CROP) show an improvement of the results of 3.3% in
terms of FRR %). We indicate the methods together with their parameter setting. ODINpop denotes
the same parameter setting as in [23].

C.5.1 DOCTOR in presence of OOD samples that are similar to in-distribution ones

We tested DOCTOR in pure OOD setting, considering CIFAR100 as in-distribution and CIFAR10
as out-distribution. The results below show that DOCTOR optimized as in the following paper
outperforms ODIN (optimized as described in |23]) and ENERGY. This is particularly promising as
it shows that DOCTOR, without performing any training and without been particularly optimized for
OOD detection, can perform well on a wider variety of problems.

C.6 Some observations on the white-box scenario (WB)

It is worth clarifying the results in Table [0] to motivate the performance obtained using the
Mahalanobis-based discriminator (MHLNB - WB) for the misclassification detection problem and
the issues it raises. First of all, we emphasize that given a network and an input sample DOCTOR only
needs to access the logits output of the network in order to perform the detection. On the contrary,
the detector based on Mahalanobis distance consists of 3 steps:

¢ Estimation of the class mean and covariance matrix;
* Features extraction according to the Mahalanobis score function;

* Aggregation of the scores obtained layer by layer in order to obtain a decision a rule for the
discriminator.

Clearly, the Mahalanobis distance-based method requires additional samples compared to DOCTOR.
Although estimating the mean and the covariance matrix is possible by exploiting samples from the
benchmark tra.et (e.g. CIFAR10, CIFAR100, ...), this method still needs additional (different from
training) samples for learning the linear regressor intended to distinguish between correctly (positive)
and incorrectly (negative) classified samples. In order to generate the negative samples, we consider
the use of adversarial examples generated through Projected Gradient Descent Attack (magnitude of
the perturbation 0.0031), which does not assume any knowledge about the test set.
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Table 6: In PBB we set ¢, = 0.00035 and T;, = 1, eg = 0.00035 and T3 = 1.5, eopiv = 0 and
Topin = 1.3. By ODIN,4, we mean ODIN with the parameter setting as in [23]. Since we proceed
in a Monte Carlo fashion, the results are reported in terms of mean / standard deviation. In TBB for
by ODIN we report the results of SR, since both methods coincide when 7" = 1 and € = 0.

DATASET | DATASET | ¢ oo | AUROC % \ FRR % (95 % TRR)
™ (Oum) ) | Do | Ds | ODIN [ODINew | Da | Ds | ODIN | ODIN
o B 00D o B 00D
ISUN PBB 95.4/0.1 | 95.1/0.1 | 94.6/0.1 | 89.6/0 | 14/0.5 | 13.5/0.4 | 17.2/0.3 | 38.9/0
CIFARIO TBB 94.6/0 | 69.3/0.1 | 94.5/0.1 - 17.7/0.1 | 17.7/0.1 | 17.7/0 -
ry LSUN PBB 95.5/0.1 | 95.1/0 | 94.7/0 | 92.6/0 | 13.1/0.5 | 13/0.2 | 17.3/0 | 31.9/0.1
(crop) TBB 94.4/0.1 | 69.2/0.1 | 94.4/0 - 17.6/0.2 | 17.6/0.2 | 17.7/0.2 -
LSUN PBB 95.4/0.1 | 95.1/0 | 94.8/0 | 89.6/0 | 13.4/0.6 | 13.2/03 | 17/03 | 38.9/0
(RESIZE) TBB 94.6/0.1 | 69.3/0.1 | 94.5/0.1 - 17.8/0.1 | 17.8/0.1 | 17.8/0.1 -
TINY PBB 95.4/0 | 95.1/0.1 | 947/0 | 89.6/0 | 13.4/0.4 | 13/02 | 17.2/03 | 38.9/0
(CroP) TBB 94.6/0 | 69.4/0.1 | 94.6/0 - 17.8/0.1 | 17.8/0.1 | 17.8/0.1 -
Tiny (RES) PBB 95.2/0.1 | 94.9/0 | 94.6/0.1 | 89.6/0 | 14/0.4 | 14/0.5 | 17.8/0.4 | 38.9/0
TBB 94.4/0.1 | 69.2/0 | 94.4/0 - 17.8/0.1 | 17.8/0.1 | 17.8/0.1 -
\SUN PBB 86.5/0.2 | 85.8/0 | 85.6/0.2 | 79/0.1 | 453/1 | 46.1/0.5 | 46.8/1 | 65.9/0.4
CIFARI00 TBB 85.6/0.1 | 82.7/0.1 | 85.5/0.1 - 46.9/0.4 | 46.8/0.4 | 46.8/0.4 -
ry LSUN PBB 89.1/0 | 88.5/0.1 | 88/0.1 | 80.6/0 |35.6/04]357/0.2399/03| 651/0
(CROP) TBB $7.9/0.1 | 84.9/0.1 | 87.7/0.1 - 39.8/0.6 | 39.8/0.6 | 39.8/0.6 -
LSUN PBB 86.8/0.1 | 86.2/0.1 | 86/0.1 |79.1/0.1 | 44.4/0.9 | 44.4/0.6 | 453/0.3 | 65.4/0.3
(RESIZE) TBB 85.8/0.1 | 82.9/0.1 | 85.7/0.1 - 45.9/0.5 | 45.8/0.5 | 45.8/0.5 -
TINY PBB 88.4/0.1 | 87.8/0.1 | 87.6/0.1 | 81.8/0.1 | 38.2/0.4 | 37.8/0.9 | 40.6/0.5 | 63.4/0.1
(crop) TBB 87.2/0.1 | 84.2/0.1 | 87/0.1 - 42/0.6 | 42/0.6 | 42/0.6 -
TNy (RES) PBB 86.8/0.1 | 86.3/0.1 | 85.9/0.1 | 79.2/0.1 | 44/0.1 | 43.6/0.2 [ 459/1.2 | 65.8/0.3
TBB 85.9/0.2 | 83/0.2 | 858/0.2 | 85.8/0.2 | 45.7/1.3 | 45.7/1.3 | 45.7/1.3 -
ISUN PBB 95.5/0.1 | 95.3/0.1 | 94.9/0.1 | 91.5/0 | 14.4/0.6 | 13.4/0.2 | 16.8/0.5 | 34/0.1
CIFARIO TBB 95/0 69.6/0 | 94.9/0.1 - 16.4/02 | 16.4/0.2 | 16.4/0.2 -
o LSUN PBB 95.8/0.1 | 955/0.1 | 95/0.1 | 93.9/0.1 | 12.4/02 | 12.67/0.1 | 16.1/0.4 | 24.8/0.1
(CROP) TBB 94.8/0.1 | 69.6/0.1 | 94.8/0.1 - 16.7/0.4 | 16.8/0.4 | 16.6/0.4 -
LSUN PBB 95.8/0 | 95.6/0 | 952/0 | 91.6/0 | 12.9/0.5 | 12.9/0.3 | 15.8/0.2 | 33.9/0
(RESIZE) TBB 95/0 | 69.7/0.1 | 95/0.1 - 16.4/0.2 | 16.4/0.3 | 16.4/0.2 -
TINY PBB 95.8/0.1 | 95.5/0.1 | 952/0.1 | 91.5/0 | 12.8/0.7 | 129/0.5 | 16/0 33.9/0
(croP) TBB 95/0.2 | 69.8/0.1 | 95/0.1 - 16.4/0.2 | 16.5/0.2 | 16.4/0.2 -
] PBB 95.4/0.1 | 95/0.1 | 948/0.1 | 91.4/0 | 15/0.1 | 14.8/0.7 | 17/05 | 34.5/09
TINY (RES)
TBB 94.6/0.2 | 69.3/0.2 | 94.6/0.2 - 18.1/1 | 18.1/1.1 | 18/1 -
ISUN PBB 84.8/0.1 | 84.4/0.2 | 84.6/0.1 | 80.8/0.2 | 53.6/1 | 51.2/0.2 | 51.3/0.1 | 63.5/0.3
CIFARI00 TBB 84.1/0.1 | 81.2/0.1 | 84/0.1 - 52.5/0.5 | 52.5/0.5 | 52.5/0.5 -
o LSUN PBB 89.9/0.1 | 89.6/0 89/0 84.1/0 | 35.2/0.7 | 35.4/0.2 | 39.3/0.1 | 62.2/0
(CrOP) TBB 88.7/0.1 | 85.7/0 | 88.5/0.1 - 38.8/0.5 | 38.8/0.5 | 38.8/0.4 -
LSUN PBB 85.3/0.3 | 85.1/0.2 | 84.9/0.1 | 81.1/0 | 51.6/0.9 | 48.8/1 |492/0.7 | 63.3/0.1
(RESIZE) TBB 84.6/0.2 | 81.8/0.2 | 84.6/0.1 - 50.6/0.8 | 50.7/0.8 | 50.6/0.8 -
TINY PBB 88.2/0 | 88.1/0.2|87.7/0.1 | 84.8/0.1 | 41.2/0.3 | 40.2/0.6 | 42.3/0.4 | 59/0.2
(CROP) TBB 87.7/0.1 | 84.7/0.1 | 87.5/0.1 - 41.8/0.5 | 41.8/0.5 | 41.8/0.5 -
TivY (RES) PBB 85.4/0.2 | 84.8/0.2 | 85.1/0.3 | 81.2/0.1 | 51.8/1.6 | 52/0.8 | 50.4/0.9 | 63.3/0.2
TBB 84.8/0.1 | 81.9/0.1 | 84.7/0.1 - 51.4/0.5 | 51.4/0.5 | 51.4/0.5 -
SUN PBB 95.6/0.1 | 95.6/0 | 95.4/0 | 93.5/0 | 15.1/0.1 | 13.6/0.5 | 16.1/0.2 | 30.6/0.4
CIFARIO TBB 95.4/0.1 | 70/0.1 | 95.2/0.1 - 16.1/0.4 | 16/0.5 | 16/0.4 -
S LSUN PBB 96.1/0.1 | 95.9/0.1 | 95.5/0.2 | 952/0.1 | 12.6/0.5 | 12.4/0.3 | 153/0.7 | 20.8/0.4
(CrOP) TBB 95.2/0.1 | 70/0.1 | 95.2/0.1 - 15.8/0.7 | 15.8/0.7 | 15.7/0.7 -
LSUN PBB 96/0 95.8/0 | 957/0 | 93.6/0 | 13.2/0.5 | 13/0.2 | 152/0.4 | 30.3/0.4
(RESIZE) TBB 95.5/0.1 | 70.2/0.1 | 95.5/0.1 - 15.2/0.5 | 15.2/0.5 | 15.1/0.5 -
TINY PBB 96/0.1 |959/0.1| 957/0 | 93.6/0 | 13.5/0.9 | 12.7/0.4 | 152/0.4 | 30.3/0.4
(CROP) TBB 95.5/0.1 | 70.3/0 | 95.6/0 - 15.1/02 | 15/03 | 15/0.2 -
TINY (RES) PBB 95.5/0.1 | 95.2/0.1 | 95.1/0.1 93.2 14.7/0.3 | 14.8/0.5 | 17.1/04 | 31/0
TBB 94.9/0.1 | 69.7/0.1 | 94.9/0.1 - 16.8/0.3 | 16.9/0.2 | 16.7/0.2 -
SUN PBB 83.3/0.1 | 83.1/0.1 | 83/0.2 | 82.6/0.2|57.8/03 | 57.1/1 |56.8/0.8 | 60/0.4
CIFARI00 TBB 82.6/0.2 | 79.7/0.2 | 82.5/0.2 - 58.3/1 | 58.4/1.1 | 58.4/1 -
S LSUN PBB 90.6/0 | 90.7/0 | 89.9/0.1 | 87.5/0 | 359/02 | 34.6/0.2 | 38.5/0.4 | 56.1/0.2
(croP) TBB 89.4/0.1 | 86.2/0 8970 - 39.4/0.1 | 39.4/0.1 | 39.4/0.1 -
LSUN PBB 83.6/0.2 | 83.8/0.1 | 83.6/0.2 | 83.2/0.1 | 55.8/0.4 | 54.2/0.7 | 54.1/0.6 | 59.6/0.8
(RESIZE) TBB 83.2/0.1 | 80.4/0.1 | 83.2/0.1 - 55/0.6 | 55/0.7 | 55/0.6 -
TINY PBB 88.3/0.1 | 88.5/0.1 | 88.1/0.1 | 87.7/0.1 | 43.2/0.5 | 41.5/0.7 | 42.9/0.4 | 54.3/0.1
(CrOP) TBB 87.8/0 | 84.7/0.1 | 87.5/0.1 - 43.7/0.2 | 43.7/0.2 | 43.7/0.2 -
TINY (RES) PBB 83.8/0.1 | 83.8/0.1 | 83.9/0.2 | 83/0.2 |57.9/0.5|56.6/0.9 | 55.6/1 61/0.6
TBB 83.6/0.1 | 80.7/0.1 | 83.5/0.1 - 55.5/0.8 | 55.5/0.8 | 55.5/0.8 -
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Table 7: DOCTOR for pure OOD detection. We set : €, = 0 and T,, = 15, g = 0 and Tz = 1000, as
in [23] for ODINgop. The baseline results reported below show that DOCTOR is competitive for
0OOD detection as well since it can reach similar scores or even outperform the baseline.

DATASET- | DATASET- AUROC % FRR % (95 % TRR)
IN Our Do | Ds | ODINooy | Da | Ds | ODINgos
ISUN 98.1 (979 988 | 8 | 91 | 6.3
CIFARI0 | TiNY (RES) | 97.6 | 973 | 985 |99 112] 7.2
LSUN (crRoP) | 98.6 | 982 | 982 |54 69 | 87
TINY (CROP) | 98.9 | 98.5 | 99.1 | 46| 64 | 43

Table 8: Comparison of D, with ENERGY and ODIN (parameter setting as in [23]) when OOD
samples are similar to in-distribution samples.

DATASET-IN | DATASET-Outr | METHODS | AUROC % | FRR % (95 % TRR)

D, (PBB) 76.8 64.2
CIFAR100 CIFAR10 ENERGY 733 76.4
ODIN (O0D) 70.5 79.5
Table 9: Comparison of MHLNB (WB) and D, (PBB).
DATASET-IN | METHODS | AUROC % | FRR % (95 % TRR)
D.. (PBB) 95.2 13.9
CIFAR10 MHLNB (WB) 49.5 97.3
D.. (PBB) 88.2 35.7
CIFARIO0 | \iHI.NB (WB) 51.6 94.9
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