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UNIFORM C%*-REGULARITY FOR ALMOST-MINIMIZERS OF SOME
NONLOCAL PERTURBATIONS OF THE PERIMETER

M. GOLDMAN, B. MERLET, AND M. PEGON

ABSTRACT. In this paper, we establish a Cl“-regularity theorem for almost-minimizers of the
functional F; 4 = P — vP:, where v € (0,1) and P: is a nonlocal energy converging to the perimeter
as € vanishes. Our theorem provides a criterion for C1-®-regularity at a point of the boundary which
is uniform as the parameter € goes to 0. Since the two terms in the energy are of the same order
when ¢ is small, we are considering here much stronger nonlocal interactions than those considered in
most related works. As a consequence of our regularity result, we obtain that, for ¢ small enough,
volume-constrained minimizers of F¢ 4 are balls. For small ¢, this minimization problem corresponds
to the large mass regime for a Gamow-type problem where the nonlocal repulsive term is given by an
integrable kernel G with sufficiently fast decay at infinity.
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1. INTRODUCTION

The aim of this paper is to complete the program started in [30, 28] regarding the behavior of
minimizers of a variant of Gamow’s liquid drop model (see [7]) in the regime of large mass. We are
interested in the minimization problem

min {]—'%E(E) .= P(E) —yP.(E) : E CR" with |B| = |Bl|}, (P)

where n > 2, v € (0,1), P is the Euclidean perimeter and P. is a nonlocal perimeter functional
such that P. — P (both pointwise and in the sense of I'-convergence) as ¢ — 0. More precisely,
given a radial function G : R" + (0, 00) with finite first moment, we define the rescaled kernels G.

2020 Mathematics Subject Classification. 28AT5, 49Q05, 49Q10, 49Q20.
Key words and phrases. Geometric variational problems, nonlocal isoperimetric problems, nonlocal perimeters,
regularity, liquid drop model.
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by G.(z) == e~ *DG(e712) for all z € R™ and the nonlocal perimeter P. by

PAE) = [ lp(@) - 160)iGea -~ p)dedy =2 [ Gua—y)dudy.
R xR™ ExEc°

It is well-known that when G is integrable, (P) is indeed equivalent to Gamow’s model after appropriate
rescaling (see [30] for instance). In particular the regime of small € in (P) corresponds to large mass in
Gamow’s model.

The main contribution of this paper is a C1:®-regularity theorem for almost-minimizers of F. , which
is uniform as € goes to 0, under suitable assumptions on the kernel G. This result is stated further
on as Theorem B. To the best of our knowledge, this latter is the first uniform regularity result (in
dimension higher than 2) for a problem involving the competition of two local/nonlocal perimeters,
where at the macroscopic scale, neither of the terms is negligible in front of the other.

In combination with the Fuglede type computations done in [28], we obtain the following char-
acterization of minimizers of (P) for small €. This extends to any arbitrary space dimension the
two-dimensional result [28, Theorem A] which is not based on regularity theory.

Theorem A (Minimality of the unit ball). Assume that n > 2, v € (0,1) and that G satisfies the
assumptions (H1) to (H5) described below. Then, there exists enan = €van(n, G,7y) > 0, such that, for
every € < €pall, the unit ball is the unique minimizer of (P), up to translations.

In terms of Gamow’s problem (P), this result provides a very general set of assumptions on the
kernel G for which minimizers of

min {P(E) + Gz —y)dezdy : E CR" with |E| = m}

ExXE
for large masses m are balls: namely, if G satisfies (H1), (H3), (H4) and (H5) and its first moment is
below the explicit treshold of (1.2). This is in sharp contrast with the case of Riesz kernels G(z) = ﬁ,
a € (0,n), where we observe the following dichotomy: for small masses the nonlocal term is negligible
in front of the perimeter, and minimizers are balls, while for large masses, the problem does not admit
minimizers (at least if a € (0,2]).

For our C'®-regularity theorem, we work with a classical notion of almost-minimality for 7 .

Definition 1.1 (Almost-minimizers). Let v € (0,1) and ¢ > 0. For any positive constants A and g,
we say that E is a (A, ro)-minimizer of F , if for every set of finite perimeter F C R™ such that
EAF CC By(z) with 0 < r < rg and = € R", we have

Fern(E) < Fey(F)+ A|EAF).

We will see in Proposition 2.6 that (volume constrained) minimizers of (P) are indeed (unconstrained)
(A, ro)-minimizers of F ,, for any ry and some constant A, not depending on . This type of relaxation
of the volume constraint is standard for this kind of problems (see e.g. [31, 17, 18, 14]).

For k € N and a general kernel K, it is convenient to introduce the k-th moment of K, which is
defined by

. / 12| K (2)] dz. (1.1)
In this work, G always satisfies the following hypotheses:

(H1) G is a measurable, nonnegative, radial function, that is, there exists g : (0, 00) — [0, 00) such
that G(z) = g(|#]) for every z € R™ \ {0};

(H2) 2z~ |2|G(z) € L*(R™) and the first moment is normalized by

_ 1

Ky,

1. (1.2)

where K , ::][ |2, | dH™ L.
Snfl

We will also use the following additional assumptions on G:

(H3) G € VV&CI(R” \ {0}), I\zvc;| < 00, and |¢'(r)] < Tn% forr >1;

C
(H4) / G(z)dz < e for every r € (0,1), for some constants C' > 0 and sg € (0, 1);
Bi\B,
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(H5) Denoting @ : Ry — R the rate function defined by

Q(r) ::/ |2|G(2) dz, Vr € [0, 00), (1.3)
R\ B,

there holds Q(r) < for every r > 0, for some constants C' > 0 and py > 0.

rn_1+p0
Let us briefly comment on these assumptions.

(i) (HI) and (H2) guarantee that P is well-defined on sets of finite perimeter and converges to
the standard perimeter. It is shown in [30] that these two assumptions are sufficient to ensure
both the existence of minimizers for small € and their convergence to the ball as € vanishes.

(if) (H3) (in the form of IEVG‘ < 00) is used to compute the first variation of F; . (see Lemma 2.5).

It is also needed in its full version in order to apply the stability result [28, Theorem 3] for
nearly spherical sets.

(iii) (H4) states that for small scales the perimeter is dominant over P, leading to regularity at small
scales by classical regularity theory for almost minimizers of the perimeter (see Proposition 2.10
and Proposition 5.2). The hypothesis is weaker than assuming G to be locally integrable. It
roughly states that, near 0, G behaves at most like the kernel of the syp-fractional perimeter
(see for instance [4, 13, 14]).

(iv) Finally, (H5) limits the contributions of long-range interactions in P.. We do not believe this
condition to be sharp.

We now also comment on the restrictions these conditions impose on the kernel and give a few examples
where these assumptions are satisfied.

(i) With (H2), one can check that assumption (H5) is equivalent to I5y"% < oo for some positive go
(possibly different from py).

(ii) If G is a power law function near the origin, that is, G o |z| ™ for some « > 0 in a neighborhood
of 0, then (H4) states that o < n + so. Notice that in that particular example, |-|>?VG is
integrable near the origin, which is a part of (H3).

(iii) If G is a power law function at infinity, that is G o |z|~# at infinity, (H5) states that 3 > 2n+py.
In that particular example, |-|*VG is integrable at infinity, and |¢’(r)| < r"% when r — oo,
which is the other part of (H3).

(iv) From the two previous points, we see that the kernel G defined by

. 1 1
G(z) < min <Z|n+80 , |z|2"+P0>

with sg € (0,1), po > 0, satisfies assumptions (H1) to (H5).

Other admissible kernels are multiples of the Bessel kernels B, ., defined for any a > 0 and k > 0
as the fundamental solution of the operator (Id — kA)2. Indeed, Bessel kernels are smooth
away from zero, decay exponentially at infinity and, near the origin

‘Z‘% for « € (0,n),
Ba,w o< 4 —log(]z]) for a = n,
1 for a > n.

Let us point out that they correspond to screened Coulomb kernels in the case o = 2, see [23].
Eventually, our paper covers the case of integrable and compactly supported kernels (with the
extra assumption (H3)), which was first studied in [31].

To state our C'“-regularity theorem and sketch its proof, we need to introduce the notion of
(spherical) excess, which measures the variation of the normal vector to the boundary of a set near a
point.

For a set of finite perimeter E, we always implicitly assume that F denotes a well-chosen representative
in the class of Borel sets F' such that |[FAE| = 0, that is, we assume that OF satisfies (see e.g. [27,
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Proposition 12.19])
OF = spt|D1y| = {:z: €R" : 0<|ENB,(z)| < |B,(z)| for all + > o}.
We denote by 0*F the reduced boundary of E, and by vg(z) the outer unit normal to 9*F at x.

Definition 1.2 (Spherical excess). For any set of finite perimeter E C R™ we define the spherical
excess (or simply excess) of E in « € OF at scale r > 0 by

1 _ 2
e(E,z,r) = inf / %d?ﬁ_l,
vesn—1 yn—l 0*ENB, () 2 4

where we used the short-hand notation d#)~" for dH" ' (y).

When x = 0 we simply denote e(E,r) = e(F,0,r) (which we will usually assume by translation
invariance of the statements). We can now state our main “epsilon-regularity” theorem.

Theorem B. Assume that G satisfies (H1) to (H5), and let v € (0,1) and A > 0. Then there exist
positive constants Treg, €regs B € (0,1), and a € (0,1) depending only on n, G and v such that the
following holds. Let E be a (A,rq)-minimizer of Fe~ with € € (0,ereg) and 0 € IE. Assume that for
some R € [e177 rg],

e(E,R)+ AR < Ty,
then, up to a rotation, OF coincides in Bg o with the graph of a CY* function u : R"~! s R. Moreover,

[Vu}ig <C (R12a(e(E,R) +AR) + 1)

for some C' = C(n,G,~) > 0. Here [|o.r denotes the Holder semi-norm in the ball of radius R in R" 1.

Let us notice that by (H4), we already know that (A, r¢)-minimizers with small excess at scale € are
C1>, This follows from the classical regularity theory of almost-minimizers of the perimeter. The main
point of Theorem B is that the estimate holds at a fixed scale R uniformly as € goes to 0.

Remark 1.3. We could generalize the definition Definition 1.1 of (A, r()-minimizers to an open subset
Q C R”, imposing that competitors F differ from E only in balls B,(z) C Q. We would obtain a
uniform regularity result for (A, rg)-minimizers in compact subsets of Q. This applies for instance to
sets I/ which are prescribed outside {2 and minimize F.  locally in €. Our arguments work just the
same.

We now give the main steps of the proof of Theorem B or more precisely of the excess decay stated
in Theorem 5.5. While the overall strategy follows the classical regularity theory for minimizers of the
perimeter as pioneered by De Giorgi, Federer, Almgren and Allard (to name a few), the presence of a
competing nonlocal term makes it quite delicate to adapt. In particular, the arguments described below
in Steps 2 & 4 are new. Indeed, as we go from large scales to smaller scales the nonlocal nature of P is
increasingly important. Even at scales r > ¢ the nonlocal contributions at distances s 2 r has to be
precisely estimated. Besides, for the Caccioppoli inequality we introduce a new strategy based on the
slicing techniques of [28, 26] and on the study of the new shadow functional Sh.

Here we follow the order of the presentation of the classical theory of [27] and we use the same
notation.

We first establish density upper and lower bounds, both for the volume and the perimeter. This
is a direct consequence of a weak quasi-minimality property for (A,rg)-minimizers E of F. - (see [16,
Theorem 5.6] or [9]). Indeed, we prove in Proposition 2.8 that E satisfies

P(E; By(x)) < CP(F; By(x))

for every F' such that EAF CC B,(z) with z € R*, 0 < Ar < 1 —+ and C depends only on n, G
and .

We then prove the excess decay itself. We argue differently for scales r > r; > cand r <r_ < e.

The decay of the excess in the situation r > ¢ is done in Proposition 5.4 and represents most of
the work. The proof goes through a Campanato iteration scheme which relies on the improvement of
the excess by tilting proven in Lemma 5.3. In turn this Lemma states that if the excess is small at
some scale 7 >> ¢ then up to tilting and an error of the order of Q(r/e) (with @ defined by (1.3)), the
excess is much smaller at a scale Ar for some A < 1. Let us stress again that as opposed to the usual
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applications of this idea, here the error term gets larger as r decreases.

Roughly speaking, the idea of the proof of the tilt Lemma is that for r > e, P. is close to the perimeter
functional (at least for sufficiently smooth sets). Writing F. , = (1 — )P + v(P — P.) we may hope
to reproduce the classical strategy for the excess decay by treating P — P. as a negligible term. This
is actually quite delicate. Indeed, formal computations show that on smooth sets the energy P — P
penalizes curvature rather than volume (or even perimeter). The remainder P — P. is therefore a
singular perturbation of the main term (1 — v)P.

We now sketch the four main steps of this strategy. We first need to introduce the cylindrical excess
and some more notation. Let

C(z,r,v) :x—i—{y—l—tu : y € vt with |y| <rand —7 <t<r} (1.4)
denote the (truncated) cylinder centered at € R™ with direction v € S?~!, basis radius r and height 27.

Definition 1.4 (Cylindrical excess). For any set of finite perimeter E C R™ and any cylinder C(z,r, v)
centered at « € OF we define the cylindrical excess of E in C(z,r,v) by

1 v —ve@)® 1
e(E,z,rv) = / —— dHI} . (1.5)
rn=l o*ENC(x,r,v) 2 Y
As above, if = 0 we simply denote C(r,v) = C(0,r,v) and e(E,r,v) = e(E,0,r,v). We can now
proceed with the sketch of the proof for large scales.

Step 1. We show in Theorem 3.1 that if the excess of a (A, rg)-almost minimizer E of F ., is small in a
cylinder C(4r, v), then 0ENC(2r, v) is almost flat and almost entirely covered by the graph of a Lipschitz
function u. As observed in [12], this is based on the so-called height bound (see Proposition 2.14) which
relies only on the density estimates so that we can directly appeal to [27].

Step 2. In Theorem 3.2, we show that the function u almost satisfies an equation of the form
(A —~vAg.)u=0 in C(r,v),
where A¢_ is a nonlocal operator converging to A as € — 0. For this part, we proceed as follows.

1. In Lemma 2.5, we write the Euler—Lagrange equation associated with deformations of E in the
direction of v.

2. In Lemma 3.4, we localize the equation to the cylinder C(2r,v) by carefully discarding the
negligible long-range interaction terms.

3. In Lemma 3.5, we pass the equation on JF to the graph of u using their proximity.
4. We linearize the equation.

5. Eventually, since 7 is much larger than e, we have formally (A — yAg.) ~ (1 —v)A in C(r,v),
so that u is close almost harmonic in this set, see Proposition 3.3.

Step 3. Using that u is close to a harmonic function, we show that the flatness of E (see Definition 4.1)
at some smaller scale A\r is much smaller than the excess at scale 4r, up to tilting the direction. This
part is relatively standard.

Step 4. By analogy with functions, one should think of the excess of E as the Dirichlet energy of u,
and think of the flatness of E as the L? norm of u. To transfer the smallness of the flatness at scale \r
to the excess, we prove in Proposition 4.6 a Caccioppoli-type inequality (or Reverse Poincaré), stating
roughly

0
e(E,\r/2,v) < £(E, \ryv) + ()\i) e(E,\r,v) + “smaller terms”
T

~

whenever Ar is still much larger than ¢, and where 6 € (0,1). Our proof of the Caccioppoli inequality
relies on an improved quasi-minimality condition when the set F is already known to be sufficiently flat
(see Proposition 4.2). Here the most delicate point is to bound the short-range nonlocal interactions.
For this, we use a 1D slicing method from [28, 26]. It consists in writing the nonlocal perturbation
(P — P.)(E) as the integral over all lines L of the 1D energies (PP — P1P)(E N L). We are led to
study an auxiliary optimization problem which involves the “shadow funtional” Sh. Although the latter
is a fairly natural variant of the integral geometric measure, we are not aware of any work about it. We
will comment more on this functional after the conclusion of this sketch of proof.
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The above method establishes the decay of the excess from the macroscopic scales down to a scale
r3 > €. To prove excess decay for smaller scales, we first jump from r, to a scale r_ < ¢ by using a
crude estimate, see Proposition 2.12. To compensate for the loss introduced at this step we need the
excess to be already small enough at scale r,.. This explains the introduction of both hypothesis (H5)
and condition R > ¢'=# in Theorem B. Eventually, at smaller scales r < r_ < &, the nonlocal
perturbation P. behaves as a volume term and we are able to rely on the classical regularity theory for
almost-minimizers of the perimeter, see Proposition 5.2.

We now comment on the shadow functional Sh. Denoting B’ the unit (n — 1)-ball and C’ := B’ x R,
we optimize Sh(9*F N C’) over the sets F' obstructing the cylinder C’. Specifically:

o The obstruction condition reads
B’ x (—00,—1/4) C F C B’ x(—0c0,1/4).
o For a Borel set ¥ C R™, Sh(X) is the average over all lighting directions of the area of the
shadow of ¥, namely,
1

2wn—1

Sh(¥) : / H" (7,0 B) dHE T
Sn—l
where 7,1 denotes the orthogonal projection on the hyperplane o. By Fubini, we may
equivalently integrate over all possible lines L and count one if L intersects 3 and 0 in the
other cases:
1

2wn—1

Sh(%) = / / X ((z +Ro)NE) dHP T dH2 T,
Sn—l O'L

where x (@) = 0 and x(A) = 1 for nonempty subsets A C R".

The prefactor is chosen so that Sh(P) = H"~1(P) for Borel sets P lying in a (n — 1)-affine subspace
of R™. Notice that substituting the counting measure H" for y, we obtain the integral geometric
measure Z" 1, hence, Sh(X) is not larger (and in general smaller) than Z"~1(%).

We prove in Lemma 4.3 that B’ x (—00,0) minimizes Sh(0*F N [B’ x R]) among obstructing sets F.
However, substituting Sh for H"~! in the Plateau problem, the solutions (if any) are in general not
minimal surfaces anymore. The obvious reason is that, denoting

Y= {z €R": (z +Ro)NX # () for every o € S 11,

there holds Sh(X) = Sh(X) but for nonplanar hypersurfaces, H"(%) > 0. Considering for instance the
Steiner problem associated with the set of vertices V' of some convex polygon P C R2, the minimizers
of Sh among closed connected sets containing V' are exactly the closed connected sets ¥ such that
V € ¥ C P. This includes sets with Hausdorff dimensions ranging from 1 to 2. The situation may be
more subtle in higher dimension, as minimizers of Sh among sets spanning a given boundary I' may not
contain a solution of the corresponding Plateau problem. For instance, for n = 3, if I' = S* x {—t,¢}
for some ¢ > 0 then for ¢ small enough the minimizer of Sh is the (empty) cylinder S* x (—t,¢).

Motivation and related results. As already alluded to, under the additional hypothesis that G € L'
and after rescaling, F; - is equivalent to the generalized Gamow functionals (see [5]),

min {P(E) + v/

Gz —y)dedy : [E|=m}. (1.6)
ExE
Besides the case of compactly supported kernels studied in [31] and for which existence of minimizers
holds for any m, the main example studied in the literature is the case of Riesz interaction energies,
G(z) = |z|~ (™) with a € (0,n). The case n = 3 and a = 2 corresponding to Gamow’s liquid drop
model for the atomic nucleus, see [7] for a short overview on this problem. In this problem it has been
shown in [22, 14] that, for small m, minimizers are balls while for large m there is non-existence of
minimizers under the assumption that « € [n — 2,n), see [22, 25, 15]. The question of the existence of
minimizers in the case a € (0,n — 2) is still open. The proof of the rigidity of balls for small m in [22,
14] (see also [5] for the case of quite general kernels G) is of the same spirit as for Theorem A and goes
through a Selection Principle along the lines of [8]. Notice however that in that case one can directly
rely on the classical regularity theory for quasi-minimizers of the perimeter, see (2.4). Let us point out
that in a related direction, it has been shown in [1] that if we replace the Euclidean perimeter in (1.6)
by a weighted perimeter P,(E) = | oo a(r) dH7~1, with a weight a growing fast enough at infinity,
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then balls are the unique minimizers for large m.

Recently, there has been a growing interest for related nonlocal isoperimetric problems which do
not fall within the standard regularity theory for perimeter almost-minimizers. A first example comes
from a variational model for charged liquid drops where the kernel is still given by the Riesz interaction
kernel but now the charge is not assumed to be uniformly distributed on E. This leads in general to
much more singular interactions, see [19]. However, introducing either an additional penalization of the
charge as in [12] or restricting to aw < 1 as in [21], it is possible to obtain an epsilon-regularity theorem
in the same spirit as the one for minimal surfaces. A major difference between our setting and [12, 21]
is that in the charged liquid drop model, it is possible to show that for smooth sets the nonlocal term
is actually a volume term (while for us it penalizes curvature). Another example studied in [29] and
which is strongly related to (P), is formally (1.6) with the Riesz kernel but for n = 2 and o = —1. This
is motivated by dipolar repulsion. In order to make the model meaningful, a small-scale cut-off has to
be introduced (otherwise the energy is always infinite). This cut-off plays a similar role in that model
as our parameter €. In particular, just like in our case, in the limit of vanishing cut-off length and after
proper renormalization, the nonlocal term converges to the perimeter. Among many other things, it is
shown in [29] that as in Theorem A, in the sub-critical regime (in our language v < 1) minimizers are
disks for small but finite cut-off lengths. Just like in our problem, the main issue in [29] is to obtain
regularity estimates which hold at a macroscopic scale. However, our strategy to obtain these estimates
is very different from [29]. Indeed, while we propagate regularity from the macroscopic scale down
to the microscopic scale (in the form of excess decay), [29] relies on the Euler-Lagrange equation to
bootstrap the regularity from the microscopic scale up to the macroscopic scale. Let us point out that
on the one hand, the proof in [29] does not seem to be easily adapted to dimensions higher than two
and that on the other hand the logarithmic scaling in [29] allows to directly pass (in our notation) from
a scale r > ¢ to a scale r < €. We refer to [6, 24, 11] for other related models where however rigidity
of the ball has not been investigated.

In conclusion, besides [29] which concerns a two dimensional problem, Theorem B is the first

uniform regularity theorem for quasi-minimizers of a functional built with two competing local/nonlocal
perimeters which remain asymptotically of the same order.
One may compare our regularity result with the one of [4]. Therein, the authors establish a uniform
CYe_regularity result for local minimizers of the s-perimeter which is uniform in s as s — 1~. However,
due to the lack of a competing term, the problem and its analysis are rather different from the ones of
the present work.

Outline of the paper. The structure of the paper is as follows. In Section 2, we recall and prove a few
facts about nonlocal perimeters as well as some useful results from [30, 28] on minimizers of (P). We
then show that minimizers of (P) are almost-minimizers of 7, -, and establish uniform density estimates
for almost-minimizers of . .. Eventually, we recall some basic properties of the excess and argue that
almost-minimizers satisfy the height bound property. In Section 3 we prove the Lipschitz approximation
theorem at scales much larger than ¢ (Theorems 3.1 and 3.2). In Section 4, we establish the Caccioppoli
inequality for (A, 7o)-minimizers of F. . Finally, building upon Sections 3 and 4, Section 5 is devoted
to establishing power decay of the excess from large scales down to arbitrarily small scales.

Notation.

We write any point € R™ as = (2/,x,). We denote by B,(x) C R™ the open ball of radius r

in R™ centered at z. When x = 0 we simply write B, for B,.(0). For open balls in R"~!, we write
D,.(2') and D, when 2’ = 0. For any m € N, w,, denotes the m-volume of the unit ball in R™, that is,
its Lebesgue measure in R™.
For any set £ C R™, we denote its complement by E° := R™ \ E and by |E| its volume whenever it
is measurable. For any m € N we denote by H" the m-dimensional Hausdorff measure in R"”. When
integrating with respect to the measure H™ in a variable z, we use the compact notation dH}" instead
of the standard dH™(z). If A is of dimension m and f is H™-measurable, we may simply write

/A /= /A f(z) anz,
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Similarly, we sometimes use the notation f, = f(z).
Recall the definition (1.4) of the truncated cylinder

C(x,r,y):x+{y+t1/ .y € vt with |y| < r and 77“<t<r}.

When v = e, (the n-th vector of the canonical basis of R™) we write C,.(x) for the cylinder C(z,r,v)
(recall (1.4)) and simply C, if in addition x = 0. We also write e, (E, x,r) for e(E,z,1,e,) (recall (1.5))
and for z =0, e, (E,7) = e,(E,0,7).

In addition to the excess (1.5), we introduce in Section 4 other quantities. We also gather their
definitions here for the convenience of the reader.
The flatness of F in the cylinder C(z,r,v) with « € OF is defined by

1 — ) v —cf?
£(B,x,r,v) = inf —— / w dHr
ceR N7 0*ENC(z,r,v) r
When v = e, we write f,,(E,z,r) for f(E,x,r, e,) and we write f,,(E,r) for £,(E,0,r).
We denote by K;(z) the cylinder D;(z) x (—1,1), and we write K; when z = 0. For any cylinder K;(z),
any set of locally finite perimeter F, and any constant ¢ € R, we define the quantities

AT
F(E,K(2),c) ::/ Mdf;’f“l
K.(z)no*E U

and

E(B,Ky(2)) = P(E; Ky(2)) = H" " (Di(2)).
When z = 0, we write &(E,t) = &(E,K(0)) and F(E,t,c) = &(E,K(0), c). Recalling the definition
of @ in (1.3), we shall also make use of the function Q1_g, with 6 € [0,1], defined by

Qo) = Q). Vi>o.

2. PRELIMINARY

2.1. Nonlocal perimeter and first variation. In this section we recall some basic properties of the
nonlocal perimeter depending on our assumptions on (. The following proposition is a consequence
of [10] and our choice of I}. It ensures that P. is well-defined on sets of finite perimeter and is
bounded from above by the standard perimeter. We also state it for a general kernel K, not necessarily
normalized, since we will often use it with other kernels than G. We use the notation

Pr(B) = [ [1e(o) - 16| (o - y) dod.
R? xR™
Proposition 2.1 (Upper bound). Assume that K : R™ — [0,00) satisfies (H1) and x — |z|K(z) €
LY(R™). Then, for every set of finite perimeter E in R™, we have
Pk (E) <Ky, I P(E). (2.1)
In particular, for the kernels G, we have
P.(E) < P(E), Ve > 0. (2.2)

Let us recall that P. is continuous with respect to the L' topology along sequences with bounded
perimeter.

Lemma 2.2 (Continuity). Assume that G satisfies (H1) and (H2). Let Ey be a sequence of sets of
finite perimeter in R™ and E C R™ such that
1
sup P(Ey) < o0 and E, 15 E.
k

Then, for every € > 0, we have
liin P.(Ey) = P.(E).
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Proof. Let C :=sup,, P(Ey) < co. Setting for £ C R",
up(z) = g, (x+2)—1g, (z)|dx and u(z) = 1g(x+2) —1g(z)|dx,
Rn R

by the L' convergence of Ej, to E, for every z € R™, u;, converges to « uniformly. In addition, we have

P.(Ey) = /n ug(2)Ge(2) dz

and
up(2)Ge(2) < P(ER)|2|G:(2) < C2|Ge(2) € L*(R™).
Hence by dominated convergence, limy, P.(Ey) = P.(E). O

Depending on the integrability assumptions on G, we may estimate the difference P.(F) — P.(F)
from above by a perimeter term, a volume term, or an interpolation of the two. This type of estimates is
relatively standard in the context of nonlocal perimeters (see for instance [13, Lemma 5.3] for a similar
statement in the case of s-perimeters). The last interpolation estimate below will allow us to show a
useful quasi-minimality property at small scales for (A, ro)-minimizers of F 5 (see Proposition 2.10).
We will not use (2.4) but include it for completeness.

Lemma 2.3. Let E, F C R" be two measurable sets with finite perimeter, and let € > 0. We have:
(i) if G satisfies (H1) and (H2), then
P.(E) — P.(F) < P.(EAF) < P(EAF); (2.3)
(i) if G satisfies (H1) and G € L*(R™), then

219,
P.(B) - P.(F) < 28 B0 R (2.4
€
(iii) if G satisfies (H1), (H2) and (H4), then there exists C = C'(n,G) > 0 such that
1—30
P.(E)—-P.(F)<C <EAF> P(EAF)®. (2.5)
€

Proof. We decompose the proof in two steps.
Step 1. We establish P.(E) — P.(F) < P.(EAF). Let us note for A, B C R",

D.(A,B) = G.(z —y)dady
AxB
so that P.(F) = 2®.(FE, E°). It is readily checked that
O.(E, E°) — &.(F,F°) = .(EN F, F\E) + ®.(E\F, E° N F°)
— o (ENF,E\F)—®.(F\E,F°NE°)
A(EAF, (EAF)) — 2[®.(E N F,E\F) + ®.(F\E, F° N E°)]
(EAF, (EAF)).

P
P

IN

This concludes the first step.

Step 2. We deduce the different cases. Case (i) is a direct consequence of Step 1 and (2.2). If G € L*(R")
then
PE(E) < 2||GSHL1(R") E‘

which gives (ii). For (iii), let us write, for any R > 0 and any F C R",

P.(E) = / Go(2) [ Ixele+2) - xp()] dedz + / Go(2) [ Ixpl@+2) - xp(@) dzdz.
Rn\Br R Br R

Using

IXE(z 4+ 2) — xp(x)| dz < 2|E|
R”L

and

Ixe(z + 2) = xp(x)|dz < [2|P(E),
R
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we deduce
P.(F) < 2B Go()dz + P(E) [ [216.(2)d:
R"\BR Br
21E) (2.6)
= — G(z)dz + P(E) |2|G(2) dz.
€ JR"\Bg,. Bry/e
Next, we claim that (H4) implies
C
/ G(z)de < —, Vr >0 (2.7)
R\ B, ro
and
|z|G(z) da < Crl0, Yr >0, (2.8)

B,

for some C'= C(n,G) > 0. It is of course enough to check these statements for either small or large 7.
We start with (2.7). Thanks to (H4), it holds for small r. If instead r > 1,

1
/ G(z)dx < 1/ |z|G(x) dz < e < E
R”\ B, R\ B, r

r 750

We now turn to (2.8). By (H2) it is enough to prove it for » € (0,1). In this case, we have
o0 o r
/ 12/ G(z) d = Z/ 2]G(z)dz < 3 7/ G(z) do
B k=0" Ba—k, \By—(ht1),. =02 JB\B, s,

(2.7) > r 2k 50 e S 1 s
: Ckz?k () - °kzizk<1-30> < Qri,
=0 =0

proving (2.8).
Plugging (2.7) and (2.8) into (2.6) yields

P.E)<C <f' (%) +Pw) <f)1> .
|

Finally choosing R = %, we get

P.(E)<C ("S)HO P(E).

This concludes the proof of (iii). O

We will use the following computation from [28, Lemma 2.3] to estimate the derivative of the nonlocal
perimeter under rescaling.

Lemma 2.4. Assume that G satisfies (H1), (H2) and (H3). Then, for any set of finite perimeter
E C R™, the function t — P.(tE) is locally Lipschitz continuous in (0,4+00), and for almost every t,

we have

d n 15
3 [P (tE)] = S Po(tE) — —P:(tE),

where P.(E) is defined by
P.(E) := 2/ Gz —y)(y —z) - ve(y) d’HZ_l dz.
EJoE

We now compute the first variation of the energy.

Lemma 2.5. Assume that G satisfies (H1), (H2) and (H3). Let T € CL(R";R™) be a compactly
supported vector field, and let us define f; = Idg~ + tT. Then for any set of finite perimeter E C R™,
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€>0,v€(0,1) and A > 0, the function t — F. (f:(E)) is differentiable at t = 0 with 6F. (E)[T] ==
[§iFen (fi(E))] 1o 9iven by

6F.(E)[T) = / divg TdH" !
o*E

([ e s [ f Gt @@ - T vet) drar )

where divg T is the boundary divergence of T on E, defined by
divg T(z) = divT(z) — ve(z) - VI(z)vg(xz), Vzecd'E.

Proof. Since the computation of the first variation of the perimeter is standard, see e.g. [27, Theo-
rem 17.5], we only compute the first variation of P.. We show that (recall the notation T, = T'(x)),

[iPE(ft(E))} = 2/EXEC div T(2)Ge(z — y) dz dy

|t=0

+2/ / Ge(z —y) (Tw—Ty)~VE(y)dxd’HZ_1.
O*E JE

Notice that using (2.2) and the fact that T is Lipschitz continuous, (H1) and (H2) imply that both
terms on the right-hand side are well-defined. Since € does not play any role we may assume without
loss of generality that e = 1. We set F(t) :== +Pi(f.(E)). Note that by choosing to < 1/||VT||L, fi
is a diffeomorphism of R™ for every ¢ such that |t| < to. In particular f;(F) is a set of finite perimeter

(see e.g. [27, Proposition 17.1]). Thus, F(t) is well-defined for every t € (—tg,to). We then set (for the
moment this is just a notation)

FL(0) ::/E o divT(a:)G(xfy)dxder/*E/EG(xfy) (Te — Ty) - ve(y) dxd’HZfl.

We claim that as t — 0,
Fa(t) = Fe(0) — tFg(0) = o(t). (2.9)

This would show that Fg is differentiable in 0 with derivative F(,(0), concluding the proof. Changing
variables, for any ¢ small enough we have

Fo(t) = [ GUfulo) = flt)) det Dfla) det D) da dy.
Since det D fi(z) = 1 + tdivT(x) + O(t?), we find
Fo(®) :/E  Glfla) = )1+ £div T(a) + v T(y) + O(F)) do dy.
Y B¢
Notice that by the reverse change of variables and (2.2),

/ G(fulx) — fuly) dzdy < C G(x — y)dedy < CP(f.(E)) < CP(E).
ExEec fe(E)X f(E)e

Therefore
Fo(®) :/E GUila) = F))(1 + v T(@) + tdivT(y) dody + O(F)

Now, using that

G(fi() - fuly)) — Gla —y) =t / VG (fur(z) — fulw)) - (Ty — T,) ds
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and the Lipschitz continuity of T', we have

/ G(fi(z) — fi(y) divT(z) dedy — / Gz —y)divT(z)dx dy
ExEc° ExEc
1
<cll [ [ 19G(i(e) = falw)lle vl dedyds
<cll [ [ 1VGUile) = Falwllfule) = Fulo) dodyas

1
<o / / VG (x — )|z — y| dz dyds
st (BE)x(fse(E))e

< CI\VGIM/ (fu(F)) ds < CTog ],

where we used again (2.1) but for the kernel K = |- ||VG]|. Since the same holds with divT'(z) replaced
by divT(y), in order to prove (2.9) it is thus enough to show

[ Gt - fnaay- [ G-y
ExE° ExEc
+t (/E o Gz —y)divT(y) dedy — /*E/EG(x —y) (Tp = T,) - ve(y) ddezl) —o(t). (2.10)

Writing as above that

/ G(fi(x) — fuly >>d:cdy—/ Gl — y)dz dy
ExEc ExEc

- t/ /E><E'L fSt ) fst(y)) . (Tw - T’g) dxdydg

we reduce it further to the proof of

lim/ /ExEc G(fst(z) — fst(y))o(Tmey)d:cdyds:/EXEc VG —vy) (T —Ty)dedy (2.11)

t—0

together with the integration by parts formula

/E B VG(x—vy) - (T, —T,) + Gz —y)divT(y) de dy

:/ /G(;v—y) (Tm—Ty)ﬁ/E(y)ddeZ*l. (2.12)
“EJE

Assuming (2.11) and (2.12), we see that (2.10) holds true, which proves the lemma. Notice that these
identities would be easy to prove if G were a smooth kernel with compact support. However, since
our assumptions on G seem too weak to prove these directly we argue by approximation. Let G be a
sequence of smooth compactly supported radial kernels with

hm |2||(G = Gi)(2)|dz =0 and hm |z| V(G — Gi)(z)|dz = 0.

—00 JRn k—o0
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Since we assumed that Iéy + 1 \QVGI < o0 it is not difficult to construct such a sequence. We start
with (2.11). For every fixed s € [0, 1], we have

/ VG (fur@) — fuly) - (T — T,) dady — / VG (fur() = fu(y)) - (Ts — T,) dar dy
ExEc

ExE°

<c / (VG = VGR) (far() — fu ()| — y| dz dy
ExEc

=c V(G = Gi)(@ — y)||x — y| dz dy
Far(B)X far(B)e

<C (/ |22 V(G — Gy)(2)] dz) P(fu(E))
= C/n 2°[V(G = Gr)(2) dz,

where we used (2.1) with K = |- ||V(G — Gi)| (which is radially symmetric). Integrating in s and using
a simple diagonal argument, this proves (2.11). We now turn to (2.12). Since

—divy (G(z —y)(To = Ty)) = VG(z —y) - (T = Ty) + Gz — y) div T (y),

the integration by parts formula (2.12) holds with G replaced by Gj. By the previous computations it
is therefore enough to observe that on the one hand

/E  Gla—y)divT(y)dedy - /

ExEc

Gl — y) div T (y) da dy} < CP(E) / 1211(G - G)(2)] dz

n

and on the other hand,

/ / Gz —y) (T, - Ty) - ve(y) dz d’;’-[;b_1 — / / Gi(x —y) (Tp — Ty) - ve(y) dz d?—l;_l
OE JE OEJE

SO/G*E/Elzfy\l(Gka)(arfy)ldde;fl < CP(E) /R 12|[(G — Gy)(2)] dz.

This proves the lemma. O

2.2. Perimeter quasi-minimizing properties of minimizers. We recall from [30, (4.2)] that
using (2.2) it follows that if F satisfies F. (E) < F; ,(B1), then

P(B) < P(B) + 12— (P(B1) = P.(By)) < (== P(B). (2.13)

We now use the scaling properties given in Lemma 2.4 to prove the equivalence between (P) and the
unconstrained minimization problem

min {fE’W(E) + A||E| - \31” : ECR” measurable} (P)

if A is large enough, not depending on . As a consequence, minimizers of (P) are (A, rg)-minimizers
of Fe .

Proposition 2.6. Assume that G satisfies (H1) and (H2) and let v € (0,1). There exists C = C(n) >0
such that for every v € (0,1), € > 0 and A > C/(1 — ), problems (P) and (P’) are equivalent, in the
sense that (P') admits a minimizer if and only if (P) does, and their minimizers coincide. In particular,
any mintmizer of (P) is a (A, ro)-minimizer of F.  for any A > C/(1 —~) and any ro > 0.

__2 2 P(By)

Proof. Let us set

Since
inf F..(F) > inf F, E
ipifpy 7o) 2 B FealE),
it is enough to prove that for A > Ag, the converse inequality holds and that any set minimizing F. , A
has measure w,,. This in turn is equivalent to the claim that if E is such that

|E| # wp, and Fern(E) < int  F. ,(E)
|E|=|B1|
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then A < Ag. Let E be such a set. Recall that E satisfies (2.13). In the case |E| < |B1]|/2, testing the
minimality of E against B, we readily obtain

Awn < P(Bl)

so that A < Ag.
Now, in the case |E| > |B1|/2, let A > 0 be such that [AE| = |B;|. In particular, A > 1/2. We then
have
P(E) = yPe(E) + A||E| = |Bi|| = Fepa(E) < Fey(AE) = X" P(E) = yP-(AE).
Reorganizing terms we find

Aw, A1 = A" < (A" = 1)P(E) + 4| P-(E) — P.(\E)|. (2.14)
By Lemma 2.4 and (2.2), for any ¢ > 0 we have
d 1 ~ 1 2
— [P.(tE)]| < = (nPE(tE) +|Pg (tE)\) < — (nP(tE) +2P(tE)I5) <t"? (n+ ,
dt t : t Ki,n

thus

|P.(E) — P.(AE)| < /A % [P-(tE)] dt’ < CA"t 1| P(E),

where C = (n + ﬁ) Inserting this into (2.14) and using (2.13), this leads to
1
Awp A7 1= A" < -4 (14 Cry) P(BA" ™! = 1].

Since 1/2 < A™™ and [A\"~! — 1] < [A\" — 1|, we conclude that A < Ag. O

We recall the following elementary scaling properties of the energy which we will heavily use in the
paper.
Proposition 2.7. For any set of finite perimeter E, any € > 0 and any r > 0 we have
Fer(B) = 1"V Fepry (B/1).
In particular E is a (A, ro)-minimizer of F  if and only if E/r is a (Ar, " )-minimizer of Fe/y .-

We now prove that (A, ro)-minimizers of 7, , are quasi-minimizers of the perimeter and thus have
density bounds which are uniform in €.

Proposition 2.8 (Weak quasi-minimality). Assume that G satisfies (H1) and (H2) and let v € (0,1),
e>0, A>0 and ro > 0 with Arg <1 —~. Then, for any (A,ro)-minimizer E of F. . and every set F
with EAF CC B,(x) with 0 < r < 1o we have
4
P(E, B7(x)) < mP(F,B,(Z‘)) (215)
As a consequence, there exists C = C(n) > 0 such that for every x € OF and every 0 < r < rg,
1-9\" _ [ENB,(z) 1-7\" (1-y""' _P(E;B(z)) _ C
_— < — " <1—-|— d < < . 2.1
(4) s 1 " ¢ ST er Sioy B0

In particular, we have

H"HOFE \ 9*E) = 0. (2.17)

Proof. We only prove (2.15) since it is standard that weak quasi-minimality implies density upper and
lower bounds (see [16, Theorem 5.6]), which then imply (2.17). To obtain the correct scaling in v, one
can repeat the proof in [27, Theorem 21.11]. By scaling and translation, we may assume that r =1
and z = 0. Testing the (A, rp)-minimality of E against F, we have

P(E;By) < P(F;Bi)+7(P.(E) - P.(F)) + A|EAF|

(2.3)&(2.2)
< P(F;B,)+~P(EAF) + A|[EAF]|.

We now argue as in [27, Remark 21.7] and use the isoperimetric inequality to infer

|EAF| = |EAF|=|EAF|'™w < lP(EAF).
n
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We thus find
P(E;By) < P(F;By) + ('y + 2) P(EAF) < P(F;B;)+ (7 + 2) (P(E;By1) + P(F; By)).

Rearranging terms and using that A/n < (1 —~)/2 yields (2.15). O

Remark 2.9. Thanks to (2.17) when E is a (A, ro)-minimizer of F. , with Arg < 1 —~, we do not
distinguish anymore between OF and 0* E when integrating.

Under hypothesis (H4) we prove that (A, ro)-minimizers of F , are also almost-minimizers at scales
which are small compared to €.

Proposition 2.10. Assume that G satisfies (H1), (H2) and (H4). Then there exists C = C(n,G,v) >0
such that for every v € (0,1), € >0, A > 0 and r¢g > 0 with Arg <1 —1, every (A, ro)-minimizer E
of Fen and every set F with EAF CC By(x) and r < ry, we have

P(E; B,(x)) < P(F; B.(z)) + ( > %0 4 A|EAF).

61_80
Proof. We may assume that P(F; B,.(z)) < P(F; B,(x)) otherwise there is nothing to prove. Arguing
as above using the (A, ro)-minimality of F we have

P(E; B,(x)) < P(F; Bo(2)) +7(Po(E) — Po(F)) + A|EAF|

(2.5) (|EAF|

1—80
< P(F; By(z)) + Cvy ) P(EAF)® + A|[EAF)

Then using |[EAF| < |By(x)] = w,r™ and
P(EAF) < P(E; B.(z)) + P(F; B,(x)) < 2P(F; B.(x)) < Cr"™*
by (2.16) yields the result. O

Remark 2.11. Proposition 2.10 indeed yields classical almost-minimality for the perimeter at scales
smaller than € since letting r = e and E = = + ¢F, we find for every FAE CC B;,

P(E; B;) < P(F; B;) + C#" ™% 4 Ae| EAF).
2.3. Basic properties of the excess. The cylindrical excess and spherical excess are respectively

defined in Definition 1.2 and Definition 1.4. We refer to [27, Chapter 22.1] for more details on the
excess, however we recall two basic properties that we use extensively in the rest of the paper.

Proposition 2.12 (Scaling properties). Let E C R™ be a set of finite perimeter, v € OF, v € S*~!
and 0 < r < R. Then we have

R n—1
e(E,z,rv) < (r) e(E,z,R,v) and

In addition, setting E,, =r"*(E — x) we have
e(E;,,0,1,v)=e(E,z,R,v).
Note that this property holds for the spherical excess as well.

Proposition 2.13 (Changes of direction). Let v € (0,1) and € > 0. There exists C = C(n,vy) > 0
such that for every (A, ro)-minimizer E of Fe ., with Arg < 1—, every v,vp € S""!, 2 € OF andr >0
such that /2r < ro, we have

e(E,z,rv)<C (e(E,ac7 V2r 1) + v — V0|2) )
The proof is identical to the one in [27, Proposition 22.5] and relies only on the density estimates for
minimizers. Since it is very short, we write it for the reader’s convenience.

Proof. Using the inequality |v — ve(y)|? < 2|v — vo|? + 2| — ve(y)|?, and the facts that C(z,r,v) C
C(z, v2r, 1) (recall the definition (1.4)) and C(x,r,v) C B s, (z), we have

P(E; B s3,(x))

rn—l

2

Vg — VvV
LNy o = Ve s,
r AENC (x,v/2r,v0) 2

The results follows from (2.16). O

e(E,xz,rv) < lv — 1o]2.
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2.4. The height bound. Thanks to the density estimates of Proposition 2.8, (A, ro)-minimizers of F; -
satisfy the same “height bound” property as quasi-minimizers of the perimeter (see [27, Theorem 22.8]).
This property is a crucial tool for the Lipschitz approximation theorem and the Caccioppoli inequality.

Proposition 2.14 (The height bound). Let e > 0, v € (0,1), A > 0 and 79 > 0 with Arg <1 — 7.
There exist positive constants Theight = Theight(1,Y) and C = C(n,~y) such that the following holds. For
every (A, ro)-minimizer E of F. ,, every x € OFE, v € S and r > 0 with 2r < rq, if

(S79) (l‘, 2’[") < Theight

then
sup {\:L’n —yn| (Y yn) EOEN CT(I)} < Crep(z, 27“)2(”'1*1).

Proof. Asrecalled by F. MAGGI, the only step where the almost-minimality with respect to the perimeter
is used in the proof of [27, Theorem 22.8] is to obtain the “small-excess position” of Lemma 22.10
therein. In fact, this lemma holds as long as we have density estimates on the perimeter for F, as
shown in [12, Lemma 7.2]. Hence, thanks to (2.16), the same height bound holds for (A, rp)-minimizers
of F. ., whenever Arg <1 — and 2r < rg. O

3. LIPSCHITZ APPROXIMATION THEOREM

This section is devoted to the proof of the Lipschitz approximation theorem for (A, ro)-minimizers of
F-,~, which is divided into two parts. We first state that a small excess of an almost-minimizer E in a
cylinder implies that the boundary of E in that cylinder is almost entirely covered by the graph of
a Lipschitz function u. Secondly, we state that the aforementioned function u is close to a harmonic
function as long as the scale is much larger than e.

3.1. Lipschitz approximation and harmonic comparison. Since the first part of the Lipschitz
approximation theorem relies only on standard properties on the excess, the density estimates and the
height bound, by Propositions 2.8 and 2.14, the proof can be reproduced almost verbatim from Steps 1
to 4 of the proof of [27, Theorem 23.7].

Theorem 3.1 (Lipschitz approximation I). Assume that G satisfies (H1), (H2) and (HS3). Let e > 0,
v € (0,1), A > 0 and r9 > 0 with Arg < 1 — . There exist positive constants T, = Tip(n,7),
do = do(n,v) and C = C(n,~) such that the following holds. If E is a (A, ro)-minimizer of F. . with
0 € OF and, for some r such that 4Ar < rg,

€n (47") < Tlip»

then, setting
M =0EnN Cg,«,

there exists a %—Lipschitz function v : R"™" — R such that:

(Z) HUHLOO < CT‘en(4r)ﬁ < 1"/4;

(i) H Y (MAT,) < Ce,(4r)r"—1;
1
(i) 7JH/ |Vul? < Ce,(4r).

2

We show that the function u in the conclusion of Theorem 3.1 is almost a solution to a nonlocal
linear equation of the form (A —yAg.)u =0 in D,.

Theorem 3.2 (Lipschitz approximation II). There exists C = C(n,~,I%;) > 0 such that under the
same assumptions as Theorem 3.1, the function u satisfies for every ¢ € CH(D,.).

r%l (/D Vu- Vo —y /DzrxD%(U(ﬂf’) —u(y))(p(z') — p(y)Ge(z" —y',0) da’ dy’)

< OVl (enldr) +Q (1) +Ar).

By scaling it is enough to prove Theorem 3.2 for » = 1. Since the proof is quite long, we postpone it
to the next section and show first how it leads to a harmonic approximation result.
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Proposition 3.3 (Harmonic approximation). Let vy € (0,1) and assume that G satisfies (H1) and (H2).
There exists eparm € (0,1) such that for every T > 0, there exists 0 = o(n, G,~, ) > 0 with the following
property. If for some € € (0, eharm), u € HY(D2) satisfies

|Vu? <1
D»>

and, for all p € C}(Dy),

Vu - Vo — 27/ (u(@’) = u(y))(e@) — (y"))Ge(2’ =y, 0) da’ dy'| < [V L0,

Dy D2 x Do

then there exists a harmonic function v on Dy such that

/ Vo> <1 and / lu —v]? < 7.
D1 Dl

Proof. As there is no risk of confusion, to simplify the notation we use z,y instead of z’,y’ for points
in R"~1, and write G.(r) instead of G.(2’,0). Arguing by contradiction, let us assume that there
exist vanishing sequences (¢;) C (0,1) and (oy) C (0,1), a positive constant 7 > 0 and a sequence
(ur) C HY(Ds) such that the following holds:

(i) / |Vug|? <1 forall k € N;
D,

(ii) for every k and every ¢ € C2°(D;), we have

Vu -V — 29 / (ur(2) — 1) (9(2) — 9())Gey (& — v) da dy| < x| Vgl e

D1 D2x D>

(iii) there exist arbitrarily large k such that there is no harmonic function w on D; such that

/ |Vul> <1 and / lup — ul? < 7.
D1 Dl

Without loss of generality, up to adding a constant to each uy, one may assume that f D, Uk = 0, so
that by Poincaré—Wirtinger inequality, we have

lup>? < C | |[Vup|>?<C, VkeN.
D2 D2

In particular, (uy) is bounded in H'(D5). Thus, up to extraction, there exists u € H'(Ds) such that
uy, converges strongly to u in L?(Ds) and Vuy, converges weakly to Vu in L?(Dy; R™™1). We claim
that for every ¢ € C°(Dy),

. 1

lim (ur(2) —ue () (p(x) = () Ge, (x —y)dzdy = 5 | Vu- Ve, (3.1)
k D2 ><D2 2 Dl

which we prove further below. By the weak convergence of Vuy to Vu, the fact that v # 1 and (ii),

this implies

Vu-Ve =0, Yo € C*(Dy);
D1

in other words, u is harmonic. By (i) and lower semicontinuity with respect to the weak H! convergence,
we have

IR (3.2)
D
and since uy converges to u in L?(D;), we have, for every k large enough,

lup —ul* < 7.
D,
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With (3.2), this contradicts (iii).
We now prove (3.1). Using the change of variable z = = — y, we have

/ (ur () — ur(y))(p(x) — ¢(y))Ge, (x — y) dz dy
Do X Do
- /0 / /D " (Vug(z +t(y —2) - (z— ) (Vo(z + sy — 2)) - (x — y))Ge, (x — y) dzdy dsdt

/01 /01 /Ri /D 1p,(z + 2) (Vup(@ + t2) - 2) (Vp(z + 82) - 2) Ge, (2) dz dz ds dt.

(3.3)
Let us set g.(r) == e~ ("*Vg(e~1r) for every r > 0 (recall G(z) = g(|z|) for every z € R™\ {0}). Then
for each s,t € (0,1) and each & € Ds, using polar coordinates, we have

/R Apy (a4 2) (Vu(e - 12) - 2) (Vipla + 52) ) Gy (2)

= / r"ge, (1) / 1p,(z+710)(Vup(z + tro) - o) (Ve(z + sro) - o) dHL 2 dr. (3.4)
0 sn—2

Using the fact that for every s,t € (0,1) we have |Vo(z + sro) — V(z + tro)| < r||D?*p||r~ and
Cauchy-Schwarz inequality, we deduce that for every s,t € (0,1) and every o € S"~2,

/o 7" ge, (1) /D 1p,(z +ro)(Vug(z + tro) - o) (Ve(z + sro) - o) dedr

4
- / " ge,, (1) / 1p,(z + ro)(Vur(z + tro) - o) (Ve(z + tro) - o) dedr
0 D,

4 2
< O D% ( / r"“gak(r)dr) ( / wP)
0 Do
4

lim g, (r)dr =0

k—oo  Jo

Notice that

since r — r"g(r) € L'(R) and

4 4/ex
/ 7"”Jrlg;._-,c (r)dr = / (exr)r™g(r)dr
0 0

4/\Er 4/ek
= / (egr)rg(r)dr +/ (exr)rg(r)dr
0 aven

< 4f/ r)dr + 4/ rg(r)dr.
4/VEx
Therefore, in view of (3.3) and (3.4), in order to prove (3.1), we only need to compute the limit of

/ / 7" ey (1 / / 1p,(z+710)(Vup(z + tro) - o) (Ve(z + tro) - o) dedH) > drdt
§n=2 J D,

:/0 /0 7" ge,. (1) /S%2 /RWH 1p,(y — tro)lp,(y + (1 — t)ro)(Vuk(y) - o) (Ve(y) - o)

dy dH2 2 drdt

St D, 0

where we used a change of variables and the fact that ¢ € C°(D;). By the weak convergence of Vuy
to Vu, for any r > 0, t € (0,1) and o € S"72, we have

liin /D1 (Vuk-a)(Vgp-U):/Dl (Vu-0)(Ve- o)
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and

/D 1p,(y — tegro)lp,(y + (1 — t)exro) (Vuk(y) . J) (ch(y) . U) dy — / (Vuk . 0) (V(p . a)

D1

<

/ Vur| V¢l
D1\ (Da(texr)UD2 ((1-t)exr)

1
2
k—o0

< IVulzon | [ Vel ) =0,
Dl\(DQ(tEkT)UDQ((l—t)EkT‘)

where we used the inequality ||Vug|[z2(p,) < 1 to pass to the limit. Thus, for any r > 0, t € (0,1)
and o € S"2, we have

lilgn 1p,(y — texro)lp,(y + (1 — t)exro) (Vur(y) - o) (Ve(y) - o) dy = / (Vu-0)(Ve- o).
D1 D,

Hence, using once more ||Vuy| z2(p,) < 1 and the Cauchy-Schwarz inequality, applying the dominated
convergence theorem yields

lilgn/o /0a r"g(r) /Sn_2 /131 1p, (y—terro)1p, (y+(1—t)epro) (Vur(y)-o) (Vo(y)-o) dy dHy > drdt

= /0 rg(r) /Sni2 /D1 (Vu(y) - o) (Ve(y) - o) dydHE 2 dr. (3.5)

This concludes the proof of (3.1) in view of the normalization (1.2) and the following identity. For every
x,y € R"1, there holds

/ (x'a)(y~a)d’H,Z*2:xo (/ o®od7—[’a’2>y
Sn72 Sn72

1
= (/ |01|2d’H§_2>x-y:2 (/ |01|dH2_1>x~y,
S§n—2 §n—1

where the last equality comes from a direct computation (see [30, Lemma 3.13]). O

3.2. Proof of Theorem 3.2. We start by “localizing” the Euler-Lagrange equation implied by the
(A, ro)-minimality condition and the first variation of F. . given by Lemma 2.5.

Lemma 3.4. Under the assumptions of Theorem 3.1, there exists C = C(n,~y) > 0 such that for every
¢ € CH(Dy), denoting also ¢ the function R™ > (2/,z,,) — @(2') (with a slight abuse of notation),

/ (Vo ve)(ve - en) + 27 / Ge(z —y)(p(a) — o) (Ve (y) - en) dedHy ™
OENC, ENC,

OENC,
<c(Q(g)+A) I9ele=. (o)

Proof. By Proposition 2.14 we may choose T, = Tiip(n,y) small enough so that

1 1
{$n<—4}ﬂ02 C ENCy C {.Tn<4}ﬂCQ. (3.7

To simplify notation we write v for vg and recall the convention T, for T'(x). We may assume without
loss of generality that ||Vo| L~ = 1. We start with the following simple observation. For every
measure p and every sets A, B such that A x B C {(z,y) e R" xR" : |z —y| > 1/4},

1
[ Gule - pute)ay < au(a) [ O 82 =400 (+): (3.5)

Let now o € C}((—1,1);[0,1]) be such that &« =1 in (=3, %) and [[a’[|z~ < 4. We then consider the

vector field T' € C}(Cy) defined by T(z) = ¢(z')a(zy,)e, for all z € R™. We first claim that

<C (Q (41) + A) . (3.9

/ v (VTv) + 2y / Ge(z —y)(Ty — Ty) ~Vyd$d7'[;l_1
OF ENCy

OENC2
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This would conclude the proof of (3.6) since T'(z) = ¢(2’)e,, in Dy x (—3,1) and

/ / Ge(x —y)(Ty — paren) - vyda d?’-[;“1
OENC» Eﬂ(CQ\(DQX(*%,%)))

( 1
<C/ / Ge(r — )dde"1<CQ< >
0ENCy J BN(Ca\(Dax(~4,1))) 4e

where we used (3.8) with = H"“!LAE and the fact that P(E;Cs) < C by (2.16).
We thus prove (3.9). Notice that divT(z) = ¢(2)a’(z,). In particular, by (3.7), divT vanishes in

(OENCy)U (Eﬁ{xn <—-lorax,> —i})

y (A, ro)-minimality of E, setting fi(x) = x + tT'(z) we have
Fer(E) < Foiy (fi(E)) + AEAf(E)]|. (3.10)
On the one hand, it is standard that for any |¢| small enough

(2.16)

EAft(E)|§2|t|‘/ T-u| < Cltl.
OFE

On the other hand, for any |¢| small enough, we have

Fer(fi(B)) £ Fery (B) + t(8F- 1 (E)[T]) + o(t).
Hence, by Lemma 2.5, (3.10) implies, for any |t| small enough

—t[/ divg TdH" ™ — 2y (/ div T (2)Ge(x — y) dz dy
*E ExEc

+ / i /E Gz —y) (T(z) = T(y)) - ve(y) dxdﬂz*ﬂ < CH(A+o(1)).

Since this holds for £t and for arbitrary small |¢|, in terms of T this gives

/ v-(VIv)+2y (/ / divT(z)Ge(x — y) dydz
OF ENCin{z,<—3}

+/ / Ge(z —y) (T —Ty)~uydxd7-[:}_1>’ < CA.
oEJE ¢

Using again that P(E; Cz) < C by (2.16) and (3.8) with A= ENCyN{z, < -1}, B= E° and y the
Lebesgue measure (recall that E°N Cy C {(2/,2,) : @, > —1}) we see that in order to prove (3.9) it
is enough to show that

/ / Ge(z —y) (T — T,) - vy dw dH) ™
OFE JE

—/ / Gg(sc—y)(Tw—Ty)-uydxd’;'-l;l_1
OENC, J ENC,

Recalling that T'= 0 in C{ we write

/ / Ga(x_y)(Ta: _Ty) 'VyddeZ_l _/ / Gs(x—y)(Tw —Ty) -l/yd(L‘dHZ'_l
OF OENC, J ENCy

/ / T, - vydzdH, "+ / / Ge(z —y) Ty - vy dz dH .
oENC, JE\C; 9E\C; J EnC,

Considering the last term on the right-hand side and using integration by parts we have

/ / Ge(z —y) Ty - vydzdH) !
OE\C-> J ENC; )

= / / Ge(z —y)Ty - v, (y) dz d’r’-LZ_1 - / / VG (x —y)-T,dzdy.
ENdC: J ENC, E\C, JENC,

<CQ (415) . (3.11)
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Using Fubini and integration by parts again leads to
/ / VG (x—y) - T,dxdy
E\02 ENC,

:/ / VG.(x—vy) T,dydx
ENC; J E\C»

= / / G.(x —y)T, - vpdydH ™ — / / Ge(z — y) divT(z) dy dx.
9ENC, J E\C ENC, JE\C:

Putting everything together we find

/ / Ge(z —y) (T, — Ty) -l/ydxd’HZ_l —/ / Ge(x —y) (T — Ty) -I/yddeZ_l

OFE JE OENC, J ENC,

= —2/ / Ge(x —y)Ty - vy da d’;’-l;k1 + / / Gz —y)Ty - ve,(y) dz d’r’-lZf1
OENC, E\02 ENoCy J ENC,

+ / / G.(x —y)divT(x)dydx.
ENC, E\Cg

Using (3.8) with either A=90FENCy, B=E\Ca, p=H""'LIFE (and P(E;C;) < C), A= ENJCy,
B=FENCy, p=H"1LdC; or A= ENC;, B=E\Cy and yu the Lebesgue measure we conclude the
proof of (3.11). O

We now transfer this information to the graph of w.

Lemma 3.5. Under the assumptions of Theorem 3.1, there exists C = C(n,~y) > 0 such that for every
¢ € CH(Dy) we have

/F (Vo) s ) + 2y / / Gz — 4)(plx) — 9(1)) (v, (4) - €n) dz AH2

e (en(4) +Q (415» L (3.12)

E, = {(m’,xn) : 2’ € Dy and x,, < u(m’)}

where

Proof. As above we may assume without loss of generality that ||V¢| L~ = 1. To simplify notation we
write v for vg and v* for vg, and will use the convention T, = T'(z). We recall that M = 0FE N Cs.
Since it is classical (see e.g. the proof of [27, Theorem 23.7]) that

| (Veorve)we, e~ [ (Vo el )| < Cena),
T M
from (3.6) it is enough to prove that
9011)( n) dz dHn ! / / (= y)(pz — py)(vy - en) d dzHgil
ENCy

< Cen@|Vel~. (3.13)

To this aim we write

| [ G- o)y endoany = [ [ G-y - o)y e dediy
W JE, M JENC,

_ Ge(x — y)(0r — py) dz — Ge(z —y) (00 — ) da | (2 - ey) dHI
fe ENC,
+ /F /Eﬂcz Gelx = y)(pw — ) (V2 - €n) dw dH2 !
B /M ~/Em02 Ge(w — y)(pz — ) (vy - en) dwdHy .
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We claim that

/ / Gl — y)ln — oy de dHI1 < Ce,(4)
Iu J BLA(ENCy)

(3.14)
and

/ / Ge(x = y)(pa — ) (vy - en) dwdHy ™
', JENCs

N X A L U
M J ENC»
from which (3.13) would follow. We start with (3.14).

< Cen(4), (3.15)
By (ii) of Theorem 3.1, there exists a set A C Dy such that H"~1(A) < Ce,(4) and
En{(a,1) :

cte(=2,2) =B, {@@,t) : te(-2,2)}, Va'eDy\ A4,

since

{y' €Dy IY{yHNENCy £ 1L ({y'}) NT; N 02} = 1I,(MAL,),

where II,, : (¢, yn) — yn. Thus, since ¢ and u are Lipschitz continuous we find

/ / Gl — )l — | dz b~
Iy J E,A(ENCy)

2

§/ // GE((m’,t)—y)|(x’,t)—y\dtdx'd’HZ_l
wdad_2

<o [ [ [ 6w - w0 - uylacay
AJD, JR

< CH"'(4A) /R 12|G(2) dz < CH™ 1 (A).

We now turn to (3.15). Notice that H""!-a.e. on I', N M we have v* = £v. Moreover, setting

Iy =T, NMN{v* = v} and arguing exactly as in [27, (23.51)], we have H"~L((M NT,)\I'1) < Ce,(4).
Recalling that by (ii) of Theorem 3.1, H"~}(MAT,) < Ce,(4), we find

/ / Ge(w = y)(px — py)(vy) - €n) dz dHy™!
I, JENCy

—/ / Ge(r —y) (e — ‘Py)(”y “en) dr dHZ_l
M JENCy

<

/ / Ge(z —y)|lz —y|dzdHy~"
(MAT)U(MATO\D) J ENC,

< C’en(4)/ |2|Ge(2) dz < Cep(4).
R™
This proves the lemma.
In order to conclude the proof of Theorem 3.2, we are left with the linearization of (3.12).

Proof of Theorem 3.2. Since arguing verbatim as in [27, Theorem 23.7] we have

/D1 Vu.Vgo—/F (Vo ve)(ve, - en)

u

< Ce,p(4),
by Lemma 3.5 it is enough to prove that (recall the notation u, = u(z’))

///mGs(x/*y’,t*uy/)(wz/fsoyf)dtdx’dy'
Dy J Dy J—2

- / (ugr — uy’)(‘ﬁz’ - ‘Py’)Ga (xl -y, 0) da’ dy'
Do x Do

<cfe@ra(g)). G0
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For x’ # 3 we have

Uy Uyt —Uyr
/ Ge(x'—y’7t—uy/)dt:/ G.(2' =y, s)ds
-2 —2—uy

—1 0 uI/—uy/
= / Ge(2' — 9y, s)ds + / Ge(2' — 9, s)ds + / Ge(2' —y,s)ds. (3.17)
-1 0

—2—u,

On the one hand we observe that

0
/ (0o — <py/)/ Ge(x' —y',s)dsdz’dy’ = 0. (3.18)
DQXDz —1

On the other hand, since ||u||p~ <1, for any y’ we have —2 — u,» < —1. Thus, using the fact that ¢ is
1-Lipschitz, we compute

-1
/ / / GE (ml - y/a 8) ((pz’ - (Py') ds df[]/ dy/
Dy J Dy J—2—u,,
/ / / lo" —y|Ge(a" — ¢, s) da’ ds dy'
Do 2—u,s J D

1
<[ [ ke sco( L), (3.19

Do "\ By 4e

Combining (3.17), (3.18) and (3.19) yields

/ / / o =yt —uy) (e — ) dtda’ dy’
Dy J Do

—/ / : Ge(2' =y 1) — py) dt da’ dy/
Do xX Do

Using again that ¢ is 1-Lipschitz and Fubini’s theorem, we estimate

Ut — Uy, !
/ / (Ge(z' =y, t) = Ge(2' — ¥, 0)) (par — ) dt da’ dy’
Do x Do

1 |um/7uy/|
< / / / tla' — ' ||[VGe(2' — 4/, st)| dt da’ dy’ ds
0 D2><D2 0

1 1
= / / t/ [ugr — uy |2 2" — || VGe(a' — v, stlug — uy])| da’ dy’ dt ds
0 0 DQXDQ
< / / / [ugr — uy | 2" — || VGe(a' — o, st|ug — uy|)| da’ dy’ dtds.  (3.21)
D2><D2

Set G, == e~ tDG(-/e) where G = | - [|VG| and @, (2, y) == (¢/ — i/, 5t(ug — Uy)). Observing that
|P s (2',y")| > |2’ — y'| we have for every fixed s, t,

<CQ (415) . (3.20)

[ =Pl = 96 st — ] dy
D2><D2

< / tar — 1y PG| Baru(a’ )] da’ dy
D2><D2

Observing that [ é =1 |2VG‘, Lemma 3.6 below yields

/ |tar — uy/|2C~¥5(|<I>Sm(x’,y’)|)d:c’ dy' < Cf\zvcw/ [Vul? < Cf\zvqen(l‘l)»
D2><D2 D2

where we used that by (iii) of Theorem 3.1, [, |Vu|? < Ce,(4). Combining this with (3.21) and (3.20)
concludes the proof of (3.16).
t

In the proof of Theorem 3.2 above, we used the following technical lemma.
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Lemma 3.6. Let G : R™ — RT be a radial kernel such that (recall definition (1.1)) I}, < co. For
u € Lip(D3), we define the map ®,, : D2 x Dy — R"™1 x R by

(I)u(xlv y/) = (l‘l - y,7 u($/) - U’(y,))
There exists a constant C = C(n) > 0 such that if |Vul|=(p,) < & then

/ (u(x") — uw(y))*G (P, (', y)) da’ dy’ < C’Ié/ |Vul?. (3.22)
Dsx Doy Dy

Proof. We start by estimating

/ (u(’) — u(y) PG (@ (o' y')) da’ dyf
D2><D2
1
< / / 10, (&)1, () [Vule' + 1y — )P’ — o PC(@u(a’ ) de’ dy
0 JRP—1xRn—1

1
_ / / 1o, (& — t2")1p, (& + (1 — 1)2)[Vu(@) 2| PC(Du(d — t2,3 + (1 —1)2)
0 Rn—1xRn-1
43’ d/ dt
1
< / / |Vu(z)|? [/ 12/ PG(®y (2" — 2,2’ + (1 —)2')) d2 | da’ dt,
0 Do Rn—1

where we made the change of variables 2z’ =y — 2/, 2’ = 2’ + t2’, and used that by convexity of D,
Dy(t2") N Da(—(1 —t)2") C Dy. We finally claim that for every fixed ¢ € [0,1] and 2’ € D,

/R » |2/ 2G(®y (2" —t2' 2 + (1 —1)2'))de’ < CIL, (3.23)

which would conclude the proof of (3.22). For this we set G(z) = g(|z]) for some g : RT — R*. and
write using polar coordinates

/ 1 2C(@u(a — 2 + (1 — 1)2)) A’
Rn—1

= / / 7“”9(\/r2 + |u(a’ — tro) — u(z’ + (1 — t)ro)[?) dr dH2,
sn—2Jo

We finally notice that for every fixed ¢t € [0,1], 2’ € Dy and o € S" 2, the function ¥(r) :=
V712 + Ju(z’ —tro) —u(z’ + (1 — t)ro)|? is Lipschitz continuous with

NG 5 3

57 >U(r)>r  and y >V (r) > —

25

so that making the change of variables s = ¥U(r) we find
/ |2/ 2G(®y (2" — /2" + (1 —1)2))d2 < C/ s"g(s)ds = CI{.
Rn-1 0
This concludes the proof of (3.23). O

4. CACCIOPPOLI INEQUALITY
First, we introduce the notion of flatness for sets of finite perimeter.

Definition 4.1 (Flatness). For any set of finite perimeter £ C R™ we define the flatness of £ in z € OF
at scale r > 0 with respect to the direction v € S*~! by

1 —2)-v—cf?
f(E,x,r,v) = inf — =) v=c j3n1,
cek rnl 0* ENC(z,r,v) r? Y

When v = e, we write f,,(E, z,r) for £(E,z,r e,) and we write f,,(E,r) for £,(F,0,r).

Using the harmonic approximation result given by Proposition 3.3, we will be able to show
in Lemma 5.3 that there exists a direction v such that f(E, Ar,v) < Me,(E,r) for (A, rg)-minimizers
of F. ., as long as r is much larger than . To pass this estimate to the excess at scale Ar/2, we establish
in this section a Caccioppoli-type (or Reverse Poincaré) inequality. The key argument is to prove first
that for sets which are sufficiently flat, the quasi-minimality condition (2.15) can be upgraded.
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Let us introduce some additional notation. For the convenience of the reader, these also appear in
the Notation section at the beginning of the paper.

For any ¢t > 0 and z € R"~!, we define K(z) := D;(2) x (—1,1), and we simply write K; when
z = 0. For any cylinder K;(z), any set of locally finite perimeter E, and any constant ¢ € R, we define
the quantities )

T (B, K(2),¢) = / (& — ) > O gyt
K.(z)no*E U
and
E(B,K¢(2)) = P(E; Ky(2)) — H" ™ (Dy(2)).

When z = 0, we make the abuse of notation &(E,t) = &(F,K:(0)) and F(E,t,c) = &(E,K:(0),c).
Let us point out that these two quantities are respectively linked with the (non-scale-invariant) flatness
and excess of E at scale ¢ in the direction e,. Indeed, if 0 € OF and if for some h € (0, t)

{(@' 2,) €Ky + 2y < —h} CENC, C{(2,2,) €Ky : x, <h},
then

— 3 ar
f.(Et) = érelﬂt; F(E,t,c),

tn—l

’Hn_l(Dt) = / VE - €p
o* ENCy

(see [27, Lemma 22.11]), thus, for any ¢ € (0,1),
1
E(E,t) :/ (1—vg-e,)dH" ! = 7/ lvg —en|? dH" ! = (t ) en(E,t). (4.1)
9*ENC, 2 Jo-Enc,

Notice in particular that &(E, ) is nondecreasing in (0,1). Eventually, recalling the definition of the
function @ in (1.3), for any 6 € [0, 1] we define the function Q1_g by

Qio(t) =Qt'™%), Vvt>o. (4.2)
4.1. A refined quasi-minimality condition. We improve the quasi-minimality condition (2.15) for
sets which are sufficiently flat. For any € > 0, let us define the “critical” energy functional
Fe(E) =F1(E)=(P— P)(E).
Proposition 4.2. Assume that G satisfies (H1) and (H2), and let € € (0,1), v € (0,1), 6 € (0,1] and
A >0 with 4A <1 —~. There exists C = C(n) > 0 such that if E is a (A,4)-minimizer of F. 5 with

and

n—1

1 1

then the following holds. If t € (0,2) is such that H" 1(0K; N OE) = 0 then for any set F of finite
perimeter such that EAF C K; and

1 1
{xn<—4}ﬂKtCFﬁKtC {$n<4}ﬂKt,

we have

E(E,t) < (7> E(F,t) + 27 [6(B,t+e% — &(B,1))

(1=2)
L 1 L 1+3Py n—1/9%
T <E> by BRI o H T O F N OK,). (43)

Proof. To simplify notation a bit set  :== H"~1(9* FNIK,). Since H" 1 (OK;NIE) = 0 and EAF C K;
we have

P(B) - P(F) = P(B;K,) — P(F;K,) — 1. (4.4)
By (A, 4)-minimality of E we find
(1 =NP(EKy) < (1= 1) P(F;Ky) + 5 [Fe(F) = Fo(E)] + AEAF| + (1= 7). (4.5)

In the next two steps we prove that

Fu(F) = Fo(B) < 26(F t + ") + CQ1_ (1) . (4.6)

e
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Step 1. In this first step we localize the estimate. Setting for simplicity
Dt = Dt+597 Kt = Kt+69

and defining the “localized” functional
Foo(B) = P(B;K,) — /  Cle—y)dedy,
(ENK,)x (E°NK})

we claim that
Fo(F) = F.(E) < FlUF) — FI°°E) + CQ1_g(e7h). (4.7)

Since EAF c K, cC K, P(E) — P(F) = P(E;K,) — P(F;K,) and thus in order to prove (4.7),
we just need to consider the nonlocal part. Setting ®(A,B) = [, p Ge(x — y) dz dy and using that
EAF C K; and ®(A, B) > 0, we have

P.(E) — P.(F) = (B, E°) — ®(F, F°)

- [(I)(Eﬁf(t,Ecmf(t) —(FNK,, FNK,) ] +O(ENK,, E\K,) — ®(F NK,, B°\K,)
+ ®(E\Ky, E°NK,;) — ®(E\Ky, F* N Ky)

< [<I>(E NK,, E°NK,) — o(F NKy, F°NK, } + ®(ENK,, EA\K,) + ®(B\K;, B° N K,)

< [@(ENK, BN K) - @(F K, FF N K| +20(K,, (K))°).

In order to prove (4.7) it is thus enough to estimate ® (K, (K;)¢). For this we write that

<I>(Kt7(I~{t)C):/  Go(z—y)dzdy

K x(K¢)e

= / 1k, (2)1gze(z + 2)Ge(2) dr dz
R™ xR™ t

/ i, (#) Lo (& + 2) 1o, ()G (2) o dz
L><R!L

IN

/ 1k, (2)1kg (2 + 2)1gn\ B, (2)Ge(2) dz d2
nxRnm

_2</Rn\39|z|a<) )P(Ko

S CQI*G(E_l)a
where we used (2.1) with K = 1gm\p_, Ge.

A

Step 2. In this step we show
FL¢(F) — FUE) <28(F,t+e”) + CQu_p(e ™). (4.8)
Together with (4.7) this would conclude the proof of (4.6). To this aim, we use a slicing argument
(see [28, Section 3] or [26]), rewriting P and P. as an average over 1-dimensional slices. Let us set
p(t) == wn_1|t|"g(|t]) and p.(t) == e 2p(e~ t) for t € R\ {0}. For every line segment L C R", we
define the one-dimensional nonlocal perimeter functional in L
PPEL) = [ (Lp) - 1s)lp.o -y artary = 2 [ el — y) dHL AL
LxL (BNL)x(E°NL)

and the one-dimensional critical energy in L by
FIP(E, L) =H(O*ENL) - PP(E;L). (4.9)
Proceeding as in [28, Proposition 3.1 & Corollary 3.3] (the only difference is the restriction to Rt) we

have )
/ / FIP(B; Ly ) dH2dH2 T,
Sn 1 L

FE(E) = 5o
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where we set

Los=2z+Ro and Ly, = L,,NK,. (4.10)

In particular

1
FEOF) = FEO(E) =

2wn—1

/ / (FIP(F;Lyy) — FIP(B; Lyy)) dedHE ™t (411)
Snfl O'J‘
Step 2.1. We claim that for every o € S"~! and H" '-a.e x € {o}*+, we have

FIP(F; Lyy) — FP(E; Lo)
{ 0 it 0*F N Ly, =0,

2 (Ho(a*F NLgy)— 1) +CQ1-p(e™Y) otherwise. (4.12)

By the standard properties of one-dimensional restrictions of sets of finite perimeter (see e.g. [3]), it is
enough to prove (4.12) for E, F C R and Em = L = (0, a) for some a > 0. Notice that since E and F’
are of finite perimeter in L, they are just a finite union of disjoint intervals.

By [28, Remark 3.2], for any set of finite perimeter E C R, we have PP (E;R) < H(OE), which

£
implies F1P(E; L) > FIP(E;R) > 0. Thus, if HY(OF N L) = 0 (that is, 9F N L = (), then FP(F; L) —
FIO(E; L) < FIP(F;L) < —PP(F;L) < 0. If HO(OF N L) > 2, then

FIP(F;L) - FIP(B; L) < FIP(F; L) <HP(OF NL) <2(H°(OF NL)-1).
There remains to focus on the case where H°(0F N L) = 1. In this case we claim that
F2P(F; L) = FIP(B; L) < CQuog(e™). (4.13)

Let tp be such that LNOF = {tp} then either FNL = (0,tp) or FNL = (tp,a). Since both cases are
similar, we treat only the case F N L = (0,tr). We distinguish two sub-cases.

Case 1: d(tp, L) > €. In this case we argue somewhat similarly to (4.7). Using the fact that

2/ / pe(s—1) dsdt:2/ tpe(t)dt =1, Ve e R, (4.14)
—oo Je 0
we compute

tp a
FXP(F; L) = 1—2/ / pe(s —t)dsdt
0 tr

tp oo tr a
:2/ / ps(sft)dsdt—2/ / pe(s —t)dsdt

—oc0 Jitp 0 tp

tr o 0 a
2/ pg(s—t)dsdt—l-?/ / pe(s —t)dsdt

—oco Ja —oc0 Jitp

0 0 00
§2/ (/ pe(s—t)dsdt—k/ pg(s—t)ds> dt
0o a—tp tr

0 00 oo
§4/ / pe(s —t)dsdt :4/ (t —e%)pc(t) dt.
—o0o Jef 0
Thus,
FIP(F;L)<C |2|Go(2) dz = CQ1_p(e™ ),
R"\Bsg

proving (4.13) in this case.

Case 2: d(tp,L°) < €. Either 0 <tp <’ <aor0<a—e’ <tp <a. Both cases are similar, we
only treat the case 0 < a —e? < tp < a.
Notice that EAF C K; implies tr € OF and

Fen(a—e’a)=EN(a—e’a)=(a—e’ a). (4.15)
Let us write E N (0,a) = U?:l I;, where k > 1 and I; C (0,a) are open intervals. Then let
{81, 8k, t1,-.,tk,} be the elements of OE N (0,a) (notice that 0 and a are excluded) such that

0 51 <8y < ...<sp and ] <tg < ... <1, =1p;
o for each j, s; is a left endpoint of some I;, and ¢; is a right endpoint of some I;.
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Note that s; may not be the left endpoint of I; (if I; = (0,¢1)), so that k; may be different from ko
(see Figure 1). The fact that ¢z, = tp is due to (4.15).

L I
I I
0 t1 S1 to S2 59 tp =13 a 0 $s1 t1 S2 to  S3 59 trp =13 a

F1cURE 1. Two examples of the situation in Step 2.1, Case 2 in the proof of Propo-
sition 4.2. On the left, k1 = 2 and k; = 3, and on the right, k1 = ko = 3. The thick
segments represent the set £ N (0, a).

For 1 < j < ki, we denote by A; the connected component of £°N L which is immediately on the
left side of s; (that is, its right endpoint is s;), and by Ej the union of all the connected components of
E N L on the right side of s;. Similarly, for 1 < j < kg, we denote by B; the connected component of
E N L which is immediately on the left side of ¢;, and by gj the union of all the connected components
of E°N L on the right side of ¢;. See Figure 2.

B, A By A Bs

(I) tll 5I1 t; Slz 5.9 tr - t3 a
i — — —_
i b L =, i

FIGURE 2. An example of the situation in Step 2.1, Case 2 in the proof of Proposi-
tion 4.2, when k; = 2 and ko = 3, with the representation of the A and the B

Then using that HO(OE N L) = ky + ks, recalling the definition of F1P in (4.9) and decomposing the
domain of integration of PP (E; L) we see that

k1
FI(B L) = Z

ko
+>
j=1

Each term of each sum is nonnegative by (4.14), and since Ay, = (tp,a) by (4.15) and By, C (0,t5)
this implies in particular

1—2/ _ pe(s—t)dsdt
BjxA

1—2/ _ pe(s—t)dsdt
A;xB

FI2 (B L) > 1f2/ pe(s —t)dsdt = FIP(F; L),
(O,tF)X(tF,a)

concluding the proof of (4.13) in this case as well.
Step 2.2. For o € S"~! we define 7, as the projection on {o}*. We then set
1

2Wn—l

N 1 n—1 n—1
o /S_ /a Gy O A (4.16)

where we recall the definition (4.10) of the segments Eg,m. Since for any (n — 1)-rectifiable set ¥ C R"~!
there holds

Sh(3: K,) = / 1, (2N K,)) AR
S’n 1

1
2wn 1

HHE) = /S / HO(E N Lyy) dHE T AHETE, (4.17)
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we have

1
2wn71
1

- n—1 n—1
Sm s /g /C,L Y&, cnomppy B dHs

Thus, inserting (4.12) into (4.11) and using the fact that
- n—1 n—1 <
/Sn_l /UL l{Lm#m} dH, " dH; " <C

Feo(F) = Feo(B) <2 (P(F;K,) = Sh(9"F;K) ) + CQ1o(e™). (4.18)
By Lemma 4.3 below, Sh(9* F; K;) is minimal when F NK; = Dy x (—1,0), which gives
Sh(0"F;K¢) > H (D).
In view of (4.18), this concludes the proof of (4.8).
Step 3. We may now conclude the proof of (4.3). By (4.6) and (4.5), we find
(1= DP(E;K,) < (1 7)P(F;Ky) + 7 [26(F,t + %) + CQ1_o(e™))] + AJEAF| + (1 - 7).

Subtracting (1 — v)H"~!(D;) from the previous inequality and using that by (4.4)

E(Ft+e%) —&Ft)=E(E, t+e% — &(E,t) 4+,

P(F;f{t):

/ / HO(O*F N Lyy) dH 1AM
sn—1 JgL

>

gives

yields
(1=NEE, ) < (1 =NEF ) + 208 (Fit+%) + CrQig(e™") + A|[EAF| + (14 7)1

= (L+NEF) +2v[E(Ft +%) = E(F )] + CrQip(e™") + A|[EAF| + (1 +7)n

= (1+7)EF,t) +27[E(E, t +£%) — E(B,t)] + CvQi_g(e™ ") + A|[EAF| + (1 + 37)n.
Dividing by (1 — v) concludes the proof of (4.3). O

We now prove that the quantity Sh(0*E;K;) introduced in (4.16) is minimal among obstructing
sets (in the sense of (4.19) below) when 0*E is a horizontal hyperplane.

Lemma 4.3. For any t > 0, and any set of finite perimeter E C R™ such that
{z, < -1/4}nK; ¢ EnK; C {z, <1/4} NK,, (4.19)
we have
Sh(0*E; K;) > Sh(D; x {0}; K;) = H"H(Dy). (4.20)
The last identity in (4.20) follows from the choice of the factor 1/(2wy,—_1), as in (4.17).

Proof of Lemma 4.3. We start by setting some notation. We denote by S : R” — R™ the symmetry
with respect to the vertical line {Ogn—1} x R, that is, for & = (¢/,¢&,),

S£ = (_§/7€n)
We write

Sh(0* B K,) = —

Wn—1

/S » [(H" (e (FENKY)) + H"  (m(50y2 (0P ENKy))] dHET

We establish below that for every o € S*~!, the integrand is minimal when 0*E is horizontal in K,
that is,

H' (7 (FENKY)) + H'  (m(50y2 (0FENKy)) = H N (mpr (D)) + H" w50y (Dy)).  (4.21)
The inequality (4.20) and thus the lemma then follows by integration. The proof of (4.21) is done in
two steps. In a first step we treat the case n = 2 and in a second step we use slicing to reduce the
problem to the previous case.

Step 1. Proof (4.21) for n = 2.

Step 1.1. By [2], we may decompose the set of finite perimeter E := E N K; into its (measure
theoretic) connected components. By assumption (4.19) one of these components denoted E; contains
(—=t,t) x (=1, —1). Its external boundary is a Jordan curve v € C°([0,1),[—t,] x [-1, 1]) and we have
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~([0,1)) C OME, C OF, up to a Hl-negligible set, where ™ E; is the essential boundary and 0E; the

usual topological boundary of E;. Moreover, by (4.19) we may assume up to a reparameterization that

[0,4] is a parameterization of the broken line made of the three oriented segments joining (—t, —i) to
)

(—t,—1), then (—t,—1) to (¢, —1) and (¢, —1) to (t,—1).

T2

T

F1GURE 3. The situation in Step 1.1 of the proof of Lemma 4.3. For readability, the
projections 7,1 (1) and (g, (I) are shifted in the directions o and So respectively.

Denoting
s1 =max{s € [,1) : v(s) € {t} x R},
sg == min{s € (s1,1) : v(s) € {—t} x R},
we obtain the parameterization of an arc 7 : [s1, 2] — [—t, 1] x [-1, 1] with
Ys1) €{t} xR, y(s2) €{=t} xR, ((s1,52)) C (=t,1) x [, g]-

Let I be the segment [y(s1),7v(s2)]. See Figure 3 below. Obviously, any straight line intersecting I also
intersects the arc y([s1, s2]), hence for every o € S, w1 (v([s1, 52])) contains 7,1 (I), so that

H (m,r (1) < H (mpr (7([51,52]))) < H (7o (OMENK,))= H (1, (0*ENKy)). (4.22)
Step 1.2. For o € S, let 6 € [0, 5] be such that

oo = {8 (G30) = ')}

and ¢ € (=%, %) be such that I has direction (£ %). We compute

sin ¢

H (72 (1)) + H (m(50)2 (1) =

2’5@ (Isin(8 — )] + |sin(8 + @)])

cos
_JAt|tang|cos® if 0 <6 <y < T,
4t sin 6 if || <0< 5.

Since tan ¢ is increasing in (6, 5) we have |tan p|cosf > sinf if 0 < [p| < 5 and thus

H (11 (1) + H (m(50)1 (1)) = Atsin ) = H' (mp (1)) + H (m(50)1 (I1)).
Together with (4.22) applied both to o and So, this proves the (4.21) when n = 2.
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Step 2. The case n > 2. There exists e € S"~1 N [R"~! x {0}] ~ S*~2 such that
o= (o-e)e+onen, So=—(0-e)e+ onen.

Denoting P := Span{e, e, }, V := P+ and P, :== y + P for y € V, we have

H Y1, (P ENKy)) = / H (7, ("ENK, N Py))dHy 2,
VNB;

H”*I(W(SU)L(a*EmKt)):/V H w5+ (0" EOKL 0 By)) dH
NB

Next, for almost every y € V, EN P, is a set with finite perimeter in the plane P, and up to a
Hi- neghglble set, Op (ENPy) = (0. E) N Py.
We notice that for ly| > t, Ky N P, =0 and that for |y| < t,

KNPy =y+ {me+men il < VB P, ool <1} (—y/B= [y, VE =) x (-1,1),

where = denotes equality up to an isometry. Eventually, we conclude the proof using Step I in
K;NP,. O

Remark 4.4. In Proposition 4.2, we introduced a parameter 6 € (0,1] to find a proper balance between
the terms

[&(E,t+ ) — &(E, )] and Q-0 (7).
As we will see, through an averaging argument, we can roughly estimate
[6(E,t+<%) — &(B,t)] < (B, 2t) (4.23)

the first quantity gets smaller the closer 6 is to 1. However, Q1_g(¢7!) gets larger as 6 goes to 1. In
particular when 0 = 1, Q1_¢(r/e) = Q(1) is a constant (non-zero unless G is compactly supported
in By). This would prevent us from obtaining a decay of the excess through iteration. We choose 6
later, small enough so that Q;_g(r/¢) stays sufficiently small down to any scale ! =% with 8 € (0,1).
As long as 6 is non-zero, (4.23) will be sufficient to proceed with the iteration.

4.2. A Caccioppoli-type inequality. From the improved quasi-minimality condition given by Propo-
sition 4.2, we first obtain an intermediate weaker form of a Caccioppoli inequality.

Proposition 4.5. Assume that G satisfies (H1) and (H2), and let € € (0,1), v € (0,1), 6 € (0,1] and
A > 0 such that €% € (0,1) and 4A <1 —~. Then for every (A,4)-minimizer E of F. ., with
1 1
{In < 8} ng C EﬂKg - {I’n < 8} m:[(:;7

the following holds. For every c € R such that |c| < % and every t € (4%, 1), we have

0
&(E,t/2) <C <(£’(E,t)§(E,t,c))é + <5t> E(E,t)+ Qr_g(e™") + At”1> , (4.24)
where C' depends only on n and ~y.
Proof. For almost every ¢ € (4<%, 1), we have
H" (0K, NOE) = 0. (4.25)

Let us fix such a ¢. If #(E,t,c) > 15&(F,t), then using the fact that &(E, -) is nondecreasing, we have

E(E,1)2) < E(E.t) < /EE,DVEET) < A(E8(E,H).F(E.t,c))?

thus (4.24) holds. Hence, we now assume . (E, t,c) < z&(E,t), and set \ == ,/»((%ft)c) €(0,7). As

in [27, Lemma 24.9] we want to use for s € (0,1) the construction of [27, Lemma 24.6] as competitor
inside K, for Proposition 4.2. To this aim using for instance [27, Theorem 13.8], we approximate E by
smooth sets Fj, with |[EAFEy| — 0, P(Ey) — P(E) and

1 1
{{En<—4}ﬂK3CEkﬂK3C{{L‘n<4}ﬂK3. (426)

By the Morse—Sard lemma, for almost every s € (0, 1),
0Kt N OEy is a (n — 2)-dimensional hypersurface.
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For every such s we may apply [27, Lemma 24.6] with a = (1 — \)st and b = st, and use the inequalities
VI+t2<1+t?and 1 — (1 —X)""! < (n— 1)), to construct an open set of finite perimeter F, such
that (4.26) holds for F,

Fs N aI<sit = Ek N 8Kst; (427)
and )
E(Fs,st) <C (Asth(st) + )\SthJ(st)> ) (4.28)
where we have set
d
Ve(a) == 5(@@(@, a)) = H" 20K, NOEL) — H"2(dD,)
and d
Vz(a) = —(a*>F (Ey,a,c)) = / (2 — ) dH" 2
da 0K NOE},

Applying Proposition 4.2 with, F' = (F; N Ky) U (E\K,;) and noticing that by (4.27) and [27,
Theorem 16.16], for a.e. s, H" 1(0*Fs N 0Ky) = H" L((EAEL) N OKy;) we find for such s,

&(E,st) < C(&‘(Fs, st) + [E(E, st + %) — E(B, 5t)] + A|Kat| + Q1)

FH L (EAEY) N 8Kst)>

(4.28) 1
<C <)\5th(51€) + 5 VP (st) + [E(E, st+%) — (B, st)] + A"+ Q1_g(e ")

+H" Y (EAER) N 8Kst)) . (4.29)

We now integrate (4.29) for s € (1/2,3/4). First, since &(E,-) is nondecreasing, we have

3

iéa(E,t/Q) < / " &(B, st) ds. (4.30)
Second, we compute
i 1 [*
/ [E(E,st+¢e)— E(E,st)]|ds = ?/ [6(E,a+¢%) — &(F,a)]da
1 P e’ Y 1 Ere’ gf
-1 / &(E,a) da—/ £(B,a)da | < g/ £(B,a)da < (t) S(B,1), (431)
3+ef 3 T

where for the last inequality we used again that &(E,-) is nondecreasing. Third,

3t

/i stVe(st)ds < Z/T Ve(a)da = Z (5 (Ek, T) - & (Ek, ;)) < zg(Ek,t). (4.32)

3 t

-
o+

Finally, with a similar argument using that a — a®.% (Ey, a, ¢) is nondecreasing, we have
3
11
/ —th(st) ds < 2% (Ek, t,c). (4.33)
18
2
Inserting (4.30), (4.31), (4.32) and (4.33) into (4.29) yields

E(E,t/2) <C {)\é”(Ek,t) + iﬁ(Ek,t, c) + (f) EE )+ A"+ Qrog(e™) + |EAEk|} :

By (4.25) we can send k — oo to obtain

0

&(E,t/2) < C [Aéa(E,t) + if(E,t,c) + (i) E(B,t) + A" + Ql—G(E_l)] .

Recalling that A = ‘i,ﬁgéti)c) concludes the proof of (4.24) for a.e. t € (4¢?,1). By the left-continuity

of £(E,-) and .Z(E, -, c) this actually holds for every ¢ € (4¢%,1). O
(

We now post-process (4.24) to obtain the desired stronger Caccioppoli inequality. The main difference
with [27, Theorem 24.1] is that in our case we cannot apply (4.24) at scales which are smaller than °.
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Proposition 4.6 (Caccioppoli inequality). Assume that G satisfies (H1) and (H2), and let € € (0, 1),

€(0,1), A >0 and ro > 0 with Arg <1 —+. There exist constants Teae = Teac(n) > 0 and Meae > 1
such that the following holds. Let E be a (A,rq)-minimizer of F.  and assume that 0 € OE. If for
some v € S"L, rg > Meaer > 0 and 6 € (0,1],

6
(B, Meaer,v) + (2 < Teaes
then
6
e(E,r/2,v) < C (f(E, rv) + (f) e(E,r,v) + Ar+ Q1o (Z)) , (4.34)

r
where C' = C(n, G, 7).
Proof. Up to a rotation and rescaling, we may assume that v = e, and r = 1. Therefore, up to

choosing Mc,. large enough and 7., small enough, E is a (A, 4)-minimizer of F, , with 4A <1 —~
and 16e? < 1. Thus, (4.34) amounts to proving

€

1
e,(E,3)<C <fn(E, ) +elen(E, 1) +A+Q1 0 < >) . (4.35)
By Proposition 2.14, choosing M, even larger if necessary and 7¢ac = Teac(n) small enough, we have

1 1
{(m’,mn)€C4 : xn<—8}CEﬂC4C{(x',xn)€C4 : .Z‘n<8}.

Thus for every z € Dy, we have

{(:L",xn) €eKs(2) @ x, < élg} CENK;3(z) C {(x',xn) eKs(2) @ an < ;},

so we can apply Proposition 4.5 to E + (z,0) with 2s for every s € (2¢9, %) For every s € (267, 1) such

2
that Dags(2) C Dy, we get that

1 e\? 1
E(B,K,(2) < C ((g(E,KQS(z))y(E,KQS(z),c)) T+ (5) e Ku(=) +Qim <€> + As”‘1> .
(4.36)
Setting
h = inf / (zn — )2 dH" !
lel< JcinoE
multiplying (4.36) by s? and taking the infimum over |¢| < §, using the fact that
ar
2.7 (B, Kas(2),¢) < w < %
for every s € (2%, 1) with Doy(2) C Dy, we find
1 1
82(5"(E, K8(2)> <C ((SQg(E, KQS(Z))h) 2 4 geéa(E, KQS(Z)) + 32Q179 (€> + A) . (437)
Set
U = sup {sQéa(E,KS(z)) : Dos(z) C Dy and s € (45‘9, ;) }
If

U = sup {s°6(E,K,(2)) : Das(2) C Dy and s € (4e?,8¢7)}

then (4.35) holds. Indeed, using the left-continuity of ¢ — & (E,K;) and the fact that &(E,K;(z)) <
&(E,K1) whenever Dy,(z) C Dy, in that case we find

£(BKy) < T < CPE(B K,

which gives (4.35) recalling that e, (E, 1) = 26 (E, Ki) (see (4.1)). We can thus take the supremum
over s > 4’ or s > 8¢¥ for W. For any z and s such that Da,(z) C Dy and s € (827, 1), we cover D,(2)
by N = N(n) balls D= (z;,) with centers z € Dy(z). Then since § > 2¢? and D (z;) C Dy, we can
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apply (4.37) to each
such z and s € (8¢?,

) 21)). Thus, by the subadditivity of &, and by definition of ¥, for

N
= CZ ((825(E,K;(z;g))h)§ + 8B, K (2)) + 52Qu (1> +A> (4.38)

§C<@+59\D+Q1_9 (i) +A>.

Recall that ¥ is in fact obtained by taking the supremum over the s, z such that Dss(z) C Dy and
s € (8%, 3) by the above discussion. Therefore, (4.38) yields

\1/<C(F+a U+ Q- 9( >+A> (4.39)

If
U4+ Q 9( )+A<F

then (4.39) implies ¥ < Ch. Otherwise, (4.39) implies

\II§C<E U+ Q- 9< >+A> SC(eeéa(E,Kl)—i-Ql_e (i) +A>.

Recalling e, (E, 1) = 28(FE, K ), the left-continuity of ¢ — &(E, K;) and the definition of h, combining
the different cases yields (4.35). This concludes the proof. g

5. UNIFORM REGULARITY

5.1. Excess decay for r < e. If G satisfies assumptions (H1), (H2) and (H4), by Proposition 2.10
and Remark 2.11, it is standard to obtain power decay of the excess at small scales. Let us recall the
following well-known result.

Proposition 5.1. Let w >0, a € (0,1) and ro > 0 be fized. Then, there exists T = 7(n,a) > 0 and
C = C(n,«) such that the following holds. If E is such that for every r < rog and every EAF C B,.,
P(E; B;) < P(F; By) +wr ™1+,
assuming that 0 € OF and
e(E,R)+ wR* <7
for some R < rg, then

e(E,r) < C (R “e(E,R) +w)r" vr € (0, R).

Proof. Although this result is standard and can be reconstructed from e.g. [32], we provide a short
proof since this precise statement is not easily accessible in the literature. By scaling we may assume
without loss of generality that R = 1 (replacing w by wR*). We thus want to prove that there exist
T=7(n) > 0and C = C(n,«) > 0 such that provided

e(E,\1)+w<T (5.1)

then
e(E,r)<C(e(E,1)+w)r® Vr e (0,1). (5.2)
We recall that by the tilt Lemma (see for instance [20, Lemma 4.6] applied to A = wr® and £ =0

combined with the beginning of the proof of [20, Proposition 4.1]), for every A small enough, there
exists Ty = Tt (1, A) > 0, Ciiix = Ciig(n) > 0 and C > 0 such that provided

e(E,r) + wr® < T, (5.3)

we have

e(F,\r) < CuN’e(E,r) + Chwr®. (5.4)
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We now choose A such that CiA? < A%/2 and then set C = 2C/A?. Letting for k > 0, rp = A\*, we
claim that for every k > 0,

e(E,r,) < C(e(E,1) 4+ w)ry. (5.5)
By the scaling properties of the excess, see Proposition 2.12, this would conclude the proof of (5.2).

We start by noting that the statement holds for £ = 0. Now if it holds for k£ — 1, up to choosing 7
small enough, (5.3) holds for r = ri_1 by (5.1). Therefore, by (5.4) and the induction hypothesis,

C C
e(E,r;) < C’tilt)\2e(E,rk,1) + Chwrip_1 < g(e(E, 1) +w)ry + /\—iwr,f < Cle(E,1) +w)ry.

This proves (5.5). O

As a consequence, we have the following power decay of the excess for small scales.

Proposition 5.2 (Excess decay at small scales). Assume that G satisfies (H1), (H2) and (H{), and
let v € (0,1), € >0, A > 0 and 1o > 0 with A(ro +¢) < 1 —~. There exist positive constants
Thee = Thee (1, G,7y) and C = C(n,G,~) such that the following holds. If E is a (A,ro)-minimizer of
Fey with 0 € OF and such that for some R < ro,

R
e(E,R) + = < THees (5.6)

then we have (recall that sg is given by (H4))

e(E,r) < C (%)1_5" <e(E, R) + (15)1) vr € (0, R). (5.7)

Proof. By scaling (recall Proposition 2.7) we can assume that e = 1. By Proposition 2.10, we have for
r <R,
P(E;B,) < P(F;B,) 4+ C (r" = + Ar™) VEAF C B,.
Since on the one hand, A <1 and on the other hand, up to choosing 75,. small enough, R <1 by (5.6),
this reduces to
P(E;B,) < P(F;B,)+ Cr"=* VEAF C B,.

We can then apply Proposition 5.1 with « =1 — sy to conclude the proof. O

5.2. Excess decay for r > ¢. Starting with a small excess at a given scale much larger than e, we
show that the excess is smaller at a smaller scale, up to tilting the direction.

Lemma 5.3 (Tilt lemma). Assume that G satisfies (H1), (H2) and (H3), and lety € (0,1),e >0, A >0
and ro > 0 with Arg < 1—~. Then, there exists a positive constant A1y such that for every A € (0, Agiy),
there exists Ty = Tyie(n, G, 7y, A) > 0 such that the following holds. If E is a (A, ro)-minimizer of Fe
with 0 € OF which satisfies, for some 0 < r <1y and 6 € (0,1],

N
en(E,r)+ Ar+ (;) < Tiilt, (5.8)
then there exists v € S"~1 such that (recall the definition (4.2) of Q1_g)
e(E,\r,v) < C (/\QGH(E,T) + A+ Q10 ();r)) ) (5.9)

where C = C(n,G,7).

Proof. We follow relatively closely the proof of [27, Theorem 25.3]. Let A € (0, A¢irt), with Mgy and 74
to be chosen later. Up to rescaling, we may assume that r = 4, e, (F,4) + 4A + e? < Ty, and E is a
(A, 4)-minimizer of F. , with 4A <1 —~. In the rest of the proof, we shall write e, (r) for e, (E,r) and
f(r,v) for f(E,r,v).

Assuming that 74 < Tip, we can apply Theorem 3.1 with » = 1. Let C7 = C1(n, G, ) be a large

constant, and set
1
L=0C (en(4) +Q <6> +A) .

We proceed in two steps.
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Step 1. We claim that if

L < min(An=HD0+3) 52y (5.10)
where o(n, G,7, \) is the constant given by Proposition 3.3 with 7 = A"3, then there exists v € S*~!
such that

f(\,v) < ONL, (5.11)
where C' = C(n, G, 7). Let us assume that (5.10) holds, and let us set ug = % By Theorem 3.1, ug
satisfies

/ Vol <1

Do

and, choosing C; large enough, for all ¢ € C°(Dy),
/ Vg - Ve — 7/ (uo(a’) = uo(y")) (p(a") — (y)Ge(a’ = y',0) da’ dy’ < V||Vl 1o
D1 D2 XDQ

Assuming i1t < €parm, then since VL <o by assumption, Proposition 3.3 gives the existence of a
harmonic function vy € H*(D1) such that

/ Vo> <1 and / lug — vo|? < A3,
D1 Dl
Setting v := v/Luvg, v is a harmonic function in D; such that
|Vu|? <L and lu — v < A"T3L. (5.12)

D1 Dl
Consider w(z) = v(0) + Vv(0) - z the tangent map of v at the origin. Then since v is harmonic, up to
choosing A4 small enough we have

[ = w|[F(pyy < CXVOl|T2(p,) < CA'L,

thus with (5.12), this implies
1
An+1

/ lu —w|* < CN?L. (5.13)
Dy

Defining the new direction
1
vi=————(-Vv(0),1),
V14 [Vu(0)[?

using the estimates (5.12),(5.13) and the consequences of Theorem 3.1, and proceeding exactly as in
Step 1 of the proof of [27, Theorem 25.3, pp 343], we obtain the claim (5.11).

Step 2. For ) fixed, we can assume that 7 is chosen small enough depending on n, G, v and A to
enforce (5.10). Then, a key observation is that with that choice of v, we have

lv—en* <C | |Vv|? <CL.
D

Thus, since C(0,7,v) C C(0,v/2r,e,), by Propositions 2.12 and 2.13, if Ay is small enough so that
Ad&m\/iA < 4;

e(Meach,v) < C (en(Mcac\@/\) + v — en|2) <C ()\nllen(él) + L) < C’)\nil. (5.14)
Whence, by (5.10), up to choosing Ayt even smaller if necessary
e(Meuc A, v) < OND0F2) <
As a consequence, we can apply Proposition 4.6, which yields (recall that Q(1/¢) < Q1-¢(N/¢))
e(A/2,v) < C; <f()\, V) + (%)9 e\ ) + A + Q1_g (2)) , (5.15)

where Cy = Cy(n, G, 7). Since e? < Tiilg, Up to choosing 7y, even smaller if necessary depending on A,
we have

£ 2

Y e 1) <0 () e(Much,v) | < it A2
()\) 0 V)<C</\> (5-14) L

An—1+9 —
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Thus, for Ay small enough, (5.11) and (5.15) give

A
e(\/2,v)<C ()\QL + A+ Q19 (5)) .
Since @ is nonincreasing, this gives (5.9) with » = 4 and )\/2 in place of A, which concludes the
proof. O

As a corollary, iterating properly Lemma 5.3, we get the following power decay of the excess down
to scales which are large compared to ¢ (the constant 1 below is typically large).

Proposition 5.4. Assume that G satisfies (H1), (H2) and (H3). Let v € (0,1), e >0A>0,7r9>0
and n > 1 with Arg < 1 —+. Given any 0 € (0,1), there exists a positive constant 75, = 75, .(n,G,v,0)
such that the following holds. If E is a (A, ro)-minimizer of F. . with 0 € OF satisfying, for some
ne < R <o,
e(E,R)+AR+n <1k, (5.16)
then, for all r € [ne, R], we have
E,r) < C|=(e(E,R)+ AR -

e(B,r) < O |4 (e(B.R) + AR) + Q1o (1] (5.17)

where X\ and C' depend only on n,G, .

Proof. With Lemma 5.3 at hand, the proof of (5.17) is very similar to the proof of Proposition 5.2. By
scaling (recall Proposition 2.7) we may assume that R = 1. Arguing as in [20, Proposition 4.1] we may
use the scaling properties of the excess (see Proposition 2.12) to post-process Lemma 5.3 and replace
the cylindrical excess by the spherical excess both in the hypothesis (5.8) and the conclusion (5.9).
Let A = A(n,G,v) < 1 to be chosen later and set for k > 0, 7, = A*. By the scaling properties of the
excess (see Proposition 2.12) and the monotonicity of 1_g, in order to prove (5.17), it is enough to
prove that there exists C' > 0 such that if r, > ne then

e(E, 1) < C (rk(e(E,l) +A)+Qie (%’“)) (5.18)
Let Ciix > 0 be the constant given in (5.9). We then choose A such that CyjA? < A/2 and set
C = 2C4- Since (5.18) holds for k£ = 0 it is enough to show that provided it holds for k£ — 1 then it
also holds for k.
By (5.16), the induction hypothesis and the fact that @ vanishes at infinity, up to choosing 7%, small
enough, (5.8) is satisfied for r = r;_; (notice that (¢/rx_1)? < n=%). Therefore, by (5.9) and the
monotonicity of Q1_g,

,
e(E,rk) < Cune ()\QG(Ekafl) + A + Q19 (?k))
5.18
( 2 ) g

> (me(e(®. 1) +8) + Qioo () ) + Cun (Ari +Qu—o (2))
<C (rk(e(E, 1)+ A)+ Qg (”’“)) .

B
This concludes the proof. O
5.3. Cl%-regularity. Combining Propositions 5.2 and 5.4 we obtain that the excess is controlled by a
power of the radius down to arbitrarily small scales.

Theorem 5.5. Assume that G satisfies (H1) to (H5), and let v € (0,1), A > 0 and ro > 0 with
Arg <1—+~. Then, for every a € (0, o) with

1 Do

e = — 1

2 n = s0)(n+p0) 7o
there exist B = B(n, G, ), Treg = Treg(N, G, 7, ) and ereg = €reg(n, G, 7, a, A) such that the following
holds. If E is a (A,ro)-minimizer of F.. with ¢ € (0,er4) and 0 € OE satisfying, for some =% <
R < To,

- SO))

e(E» R) + AR < Tdec
then ,
e(E, 1) <C (E (e(E,R) + AR) + r2a> for0<r <R, (5.19)

where C' = C(n,G,, ).



38 M. GOLDMAN, B. MERLET, AND M. PEGON

Before giving the proof, let us explain how we deduce Theorem A and Theorem B.

Proof of Theorem B. The proof is a standard consequence of the excess decay proven in Theorem 5.5
and Campanato’s criterion for Holder-continuous functions. We refer to [27] for more details. O

Proof of Theorem A. By [30, Theorem B] (see also [28, proof of Theorem 2.7] about the hypothesis
G € L'), if ¢ is small enough we have existence of minimizers E. for (P). Moreover, still by [30,
Theorem B], they converge up to translation to By as e — 0. The convergence is meant here both in
L' for the sets and in the Hausdorff distance for the boundaries. In addition, we have convergence of
the perimeters. This yields continuity of the excess (see e.g. [27] for this fact). Since B; is smooth, this
implies that Theorem B may be applied at every point of the boundary of E. at a scale R which is
uniform in e (and the point). By a standard covering argument, see e.g. [8] this upgrades the Hausdorff
convergence of the boundaries to C'*®. In particular, for € small enough, OE. are small C*® graphs
over 0B;. Then, Theorem A is an immediate consequence of [28, Theorem 3]. (]

Eventually, we prove the power decay of the excess.

Proof of Theorem 5.5. Starting from a scale R, the idea of the proof is to use (5.17) to obtain the
decay of the excess up to a scale . Then, in order to use (5.7) we use the scaling properties of the
excess (see Proposition 2.7) to jump to a scale r_. Setting L = e(E, R) + AR, since we want that
in particular e(E,r;) < C((r4/R)L + r3*), in light of (5.17) we need to take ry = =" for some
B € (0,1). Similarly, since we want e(E,r_) < Cr2*, (5.7) imposes r_ = '*#" for some 8’ > 0.
Therefore, when relying on Proposition 2.7 to pass from 74 to r— we will lose a factor in the estimates.
To compensate that we need to assume that the starting scale R is much larger than r; ie. R =¢e'=#
for some 1 > 3 > 3.

We start by choosing [ arbitrarily close to 1, p € (0,pg) arbitrarily close to po, and 6 € (0, 1) such
that
(1= 6)(n—1+po) = (n—1+p).
For 8’ to be chosen later, if r, = £17F" we have that for ¢ small enough depending on 3’ that (5.16) is
satisfied (with n = e=#") so that (5.17) together with (H5) yield

n—1+p
e(E,r)SC((;)L—F(i) ) for R>r>rg.
This gives (5.19) provided

n—1+p
(7) < p2o forR>r>ry

n—1+p
€ 2«
— <ri.
T+

Since ry = 61*51, this gives the condition

which is equivalent to

Thanks to Proposition 2.7 and L < 1, we then have
n—1 n—1 n—1l+p
e(E,r) < (Ti) e(E,ry)<C (%) <TE + <8> > forry >r>nr_. (5.21)

T Ty

In order to have e(FE,r) < Cr2“ in this range it is enough to have this estimate for r = r_ which means

g (B HA (=) (A5 | ' (n=14p)y < 20(1467)

In particular, the optimal choice is

;B
B = s (5.22)
Bp—(n—1)p"
as 148

for which the condition becomes

2 (5.23)



REFERENCES 39

Let us point out that (5.23) is stronger than (5.20). Notice that under (5.23), we have in particular
that (5.6) is satisfied at R = r_ provided ¢ is small enough. We may thus use (5.7) to obtain

r 1—s0 r 1—s0
e(E,r)<C (r) (E(E,T_) + (?> ) forr_ >r > 0.
By (5.21) (with the choice (5.22)) this reduces to

1—30
e(E,r)<C <T> (sﬁlp*("*l)ﬁ” + 6(1750)ﬁ”> forr_ >r>0.

In particular e(E,r) < Or?® for r < r_ provided it holds for r = r_ i.e.
A p—(n=1)p" _|_55"(1*80) < g2a(1+8")

which gives the condition

2a < min (,B’p —(n-1DB" B (1- so)> .

1
14+ BN ’ 1+ 5//
This constraint implies (5.23) (which itself implies (5.20)). Since the first term is decreasing in 5" and
the second one is increasing, we see that the optimal choice of 8" is obtained when both terms are
equal, that is
Bp

(n = s0)(n+p)

Bp (1 — 80).
(n—so)(n+p) + Bp
Since p can be taken arbitrarily close to py and 3 arbitrarily close to 1, this concludes the proof. [

,8” —

which gives

200 <

Acknowledgments. M. Goldman was partially supported by the ANR grant SHAPO. B. Merlet and
M. Pegon are partially supported by the Labex CEMPI (ANR-11-LABX-0007-01).

REFERENCES

[1] S. ALama, L. BRONSARD, I. TOPALOGLU, A. ZUNIGA : A nonlocal isoperimetric problem with
density perimeter, Calc. Var. Partial Differ. Equ. 60.1 (2021), pp. 1.

[2] L. AMBROsIO, V. CASELLES, S. MAsSNOU, J.-M. MOREL : Connected components of sets of finite
perimeter and applications to image processing, J. Eur. Math. Soc. 3.1 (2001), pp. 39-92.

[3] L. AMBROSIO, N. Fusco, D. PALLARA : Functions of bounded variation and free discontinuity
problems, Oxford mathematical monographs, Clarendon Press, (2000).

[4] L. CAFFARELLI, E. VALDINOCI : Regularity properties of nonlocal minimal surfaces via limiting
arguments, Advances in Mathematics 248 (2013), pp. 843-871.

[5] D. CarAzzATO, N. FUSCO, A. PRATELLI : Minimality of balls in the small volume regime for a
general Gamow-type functional, Advances in Calculus of Variations 0.0 (2021).

[6] A. CESARONI, M. NOVAGA : Second-order asymptotics of the fractional perimeter as s — 1,
Mathematics in Engineering 2.3 (2020), pp. 512-526.

[7] R. CHOKsI, C. B. MURATOV, I. TOPALOGLU : An old problem resurfaces nonlocally: Gamow’s
liquid drops inspire today’s research and applications, Notices Amer. Math. Soc. 64.11 (2017),
pp. 1275-1283.

[8] M. CICALESE, G. P. LEONARDI : A selection principle for the sharp quantitative isoperimetric
inequality, Arch Rational Mech Anal 206.2 (2012), pp. 617-643.

[9] G. DaAvID, S. SEMMES : Surfaces quasiminimales de codimension 1 et domaines de John, Séminaire
Equations auz dérivées partielles (Polytechnique) (1995-1996).

[10] J. DAVILA : On an open question about functions of bounded variation, Calc. Var. Partial Differ.
Equ. 15.4 (2002), pp. 519-527.

[11] L. DE Luca, A. KUBIN, M. PONSIGLIONE : The core-radius approach to supercritical fractional
perimeters, curvatures and geometric flows, Nonlinear Analysis 214 (2022), pp. 112585.

[12] G. DE PHILIPPIS, J. HIRSCH, G. VESCOVO : Regularity of minimizers for a model of charged
droplets, Commun. Math. Phys. (2022).

[13] A. D1 CasTrO, M. Novaca, B. RUFFINI, E. VALDINOCT : Nonlocal quantitative isoperimetric
inequalities, Calc. Var. 54.3 (2015), pp. 2421-2464.



40

[14]

[26]
[27]

28]
[29]
[30]
[31]

[32]

REFERENCES

A. Ficaru, N. Fusco, F. Macar, V. MiLLoT, M. MORINI : Isoperimetry and stability properties
of balls with respect to nonlocal energies, Commun. Math. Phys. 336.1 (2015), pp. 441-507.

R. L. FrRANK, P. T. NAM : Existence and nonexistence in the liquid drop model, Calc. Var. 60.6
(2021), pp. 223.

N. Fusco : The quantitative isoperimetric inequality and related topics, Bull. Math. Sci. 5.3
(2015), pp. 517-607.

N. Fusco, L. ESPosITO : A remark on a free interface problem with volume constraint, J. Convex
Anal. 18.2 (2011), pp. 417-426.

M. GOLDMAN, M. NOVAGA : Volume-constrained minimizers for the prescribed curvature problem
in periodic media, Calc. Var. Partial Differ. Fqu. 44.3-4 (2012), pp. 297-318.

M. GoLbMAN, M. NOVAGA, B. RUFFINI : Existence and stability for a non-local isoperimetric
model of charged liquid drops, Arch Rational Mech Anal 217.1 (2015), pp. 1-36.

M. GOLDMAN, M. NovaGga, B. RUFFINI : Reifenberg flatness for almost-minimizers of the
perimeter under minimal assumptions, Proc. Am. Math. Soc. (2021).

M. GoLDMAN, M. NovAGA, B. RUFFINT : Rigidity of the ball for an isoperimetric problem with
strong capacitary repulsion, 2022, URL: http://arxiv.org/abs/2201.04376, pre-published.

H. KNUPFER, C. B. MURATOV : On an isoperimetric problem with a competing nonlocal term II:
the general case, Comm. Pure Appl. Math. 67.12 (2014), pp. 1974-1994.

H. KNUPFER, C. B. MURATOV, M. NOVAGA : Emergence of nontrivial minimizers for the
three-dimensional Ohta—Kawasaki energy, Pure Appl. Analysis 2.1 (2020), pp. 1-21.

H. KNUPFER, W. SHI : Second order expansion for the nonlocal perimeter functional, Commun.
Math. Phys. 398.3 (2023), pp. 1371-1402.

J. Lu, F. OTTO : Nonexistence of a minimizer for Thomas-Fermi-Dirac-von Weizsécker model,
Comm. Pure Appl. Math. 67.10 (2014), pp. 1605-1617.

M. LUDWIG : Anisotropic fractional perimeters, J. Differential Geom. 96.1 (2014).

F. MAca1 : Sets of Finite Perimeter and Geometric Variational Problems: An Introduction to
Geometric Measure Theory, Cambridge University Press, (2012).

B. MERLET, M. PEGON : Large mass rigidity for a liquid drop model in 2D with kernels of finite
moments, Journal de I’Ecole polytechnique — Mathématiques 9 (2021), pp. 63-100.

C. B. MurATOV, T. M. SIMON : A nonlocal isoperimetric problem with dipolar repulsion, Commun.
Math. Phys. 372.3 (2019), pp. 1059-1115.

M. PEGON : Large mass minimizers for isoperimetric problems with integrable nonlocal potentials,
Nonlinear Analysis 211 (2021), pp. 112395.

S. RIGOT : Ensembles quasi-minimaux avec contrainte de volume et rectifiabilité uniforme,
Mémoires Soc. Math. France 1 (2000), pp. 1-104.

I. TAMANINI : Boundaries of Caccioppoli sets with Holder-continuous normal vector, Journal fiir
die reine und angewandte Mathematik 1982.334 (1982), pp. 27-39.

CMAP, CNRS, ECOLE POLYTECHNIQUE, INSTITUT POLYTECHNIQUE DE PARIS, 91120 PALAISEAU, FRANCE
Email address: michael.goldman@cnrs.fr

Untv. LiLLe, CNRS, UMR 8524, INRIA - LABORATOIRE PAUL PAINLEVE, F-59000 LILLE
Email address: benoit.merlet@univ-lille.fr
Email address: marc.pegon@univ-lille.fr


http://arxiv.org/abs/2201.04376

	1. Introduction
	Motivation and related results
	Outline of the paper
	Notation.

	2. Preliminary
	2.1. Nonlocal perimeter and first variation
	2.2. Perimeter quasi-minimizing properties of minimizers
	2.3. Basic properties of the excess
	2.4. The height bound

	3. Lipschitz approximation theorem
	3.1. Lipschitz approximation and harmonic comparison
	3.2. Proof of the Lipschitz approximation theorem II

	4. Caccioppoli inequality
	4.1. A refined quasi-minimality condition
	4.2. A Caccioppoli-type inequality

	5. Uniform regularity
	5.1. Excess decay at small scales
	5.2. Excess decay at large scales
	5.3. Regularity

	References

