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UNIFORM C1Y*-REGULARITY FOR ALMOST-MINIMIZERS OF SOME
NONLOCAL PERTURBATIONS OF THE PERIMETER

M. GOLDMAN, B. MERLET, AND M. PEGON

ABSTRACT. In this paper, we establish a Cl®-regularity theorem for almost-minimizers of the
functional F. 4 = P —~P:, where v € (0,1) and P is a nonlocal energy converging to the perimeter as
€ vanishes. Our theorem provides a criterion for C1®-regularity at a point of the boundary, which is
uniform as the parameter € goes to 0. As a consequence we obtain that volume-constrained minimizers
of Fe, are balls for any ¢ small enough. For small ¢, this minimization problem corresponds to
the large mass regime for a Gamow-type problem where the nonlocal repulsive term is given by an
integrable kernel G with sufficiently fast decay at infinity.
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1. INTRODUCTION

The aim of this paper is to complete the program started in [29, 27] regarding the behavior of
minimizers of a variant of Gamow’s liquid drop model (see [7]) in the regime of large mass. We are
interested in the minimization problem

min {]-'%5(E) = P(E) —7P.(E) : E CR" with |E| = |Bl|}, (P)

where n > 2, v € (0,1), P is the Euclidean perimeter and P: is a nonlocal perimeter functional
such that P. — P (both pointwise and in the sense of I'-convergence) as ¢ — 0. More precisely,
given a radial function G : R"™ — (0, 00) with finite first moment, we define the rescaled kernels G,
by G(z) = e~ ("DG(e12) for all z € R™ and the nonlocal perimeter P. by

P.(E) ::/ |1E(x)—1E(y)|Gg(x—y)dxdy:2/ G:(z —y)da dy.
R xR™ ExEc°
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It is well-known that when G is integrable, (P) is indeed equivalent to Gamow’s model after appropriate
rescaling (see [29] for instance). In particular the regime of small € in () corresponds to large mass in
Gamow’s model.

The main contribution of this paper is a C':®-regularity theorem for almost-minimizers of F. . (see
Definition 1.1 below) which is uniform as € goes to 0, under suitable assumptions on G. In combination
with the Fuglede type computations done in [27], we obtain the following characterization of minimizers
of (P) for small e. This extends the result of [27] (which was not based on regularity theory) to any
arbitrary space dimension.

Theorem A (Minimality of the unit ball). Assume that n > 2, v € (0,1) and that G satisfies (H1)
to (H5) (see below). Then, there exists €van = €vann(n, G,7) > 0, such that, for every € < epan, the unit
ball is the unique minimizer of (P), up to translations.

Proof. By [29, Theorem B] (see also [27, proof of Theorem 2.7] about the hypothesis G € L!), if ¢ is
small enough we have existence of minimizers F. for (P). Moreover, still by [29, Theorem B], they
converge up to translation to By as € — 0. The convergence is meant here both in L' for the sets and
in the Hausdorff distance for the boundaries. In addition, we have convergence of the perimeters. This
yields continuity of the excess (see e.g. [26]). Since B; is smooth, this implies that Theorem B may be
applied at every point of the boundary of E. at a scale R which is uniform in ¢ (and the point). By a
standard covering argument, see e.g. [8] this upgrades the Hausdorff convergence of the boundaries to
O, In particular, for € small enough, OF. are small C1® graphs over 0B;. Then, Theorem A is an
immediate consequence of [27, Theorem 2]. d

For our C1®-regularity theorem, we work with a classical notion of almost-minimality for F .

Definition 1.1 (Almost-minimizers). Let v € (0,1) and ¢ > 0. For any positive constants A and g,
we say that E is a (A, ro)-minimizer of F , if for every set of finite perimeter F© C R™ such that
EAF CC By(z) with 0 < r < rg and = € R", we have

Feny(E) < Fery(F) + A|[EAF].

We will show in Proposition 2.6 that (volume constrained) minimizers of (P) are indeed (uncon-
strained) (A, 7o)-minimizers of F. ., for any r¢ and some constant A, not depending on e. This type of
relaxation of the volume constraint is standard for this kind of problems (see e.g. [30, 17, 18, 14]).

Remark 1.2. We could generalize the above definition to an open subset 2 C R"™, imposing that
competitors F differ from E only in balls B,.(z) C 2. Our arguments work just the same and yield
uniform regularity of E in €. This applies for instance to sets E which are prescribed outside 2 and
minimize F. - locally in 2.

For k € N and a general kernel K, it will be convenient to introduce the k-th moment of K, which is
defined by

. / 12F| K (2)] de. (1.1)
Rn
In this work, G always satisfies the following hypotheses:

(H1) G is a measurable, nonnegative, radial function, that is, there exists g : (0, 00) — [0, 00) such
that G(z) = g(|#]) for every z € R™ \ {0};
(H2) 2+ |2|G(2) € L*(R™) and the first moment is normalized by
1
= K

1% (1.2)
where Ky ,, = ][ |2, | AH™ . Here H"~! denotes the (n — 1)-dimensional Hausdorff measure.
S§n—1

We also set g.(r) = e~ (T g(e~1r) for every r > 0, so that G.(z) = g.(|z|), and introduce the rate
function @ : Ry — R, defined by

Q(r) ::/ |2|G(%) dz, Vr € [0, 00). (1.3)
R"\ B,

We will also use the following additional assumptions on G:
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(H4)

(H5)
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G € Wige (R"\ {0}), Ity < 00, and |¢'(r)| < -5+ for r > 1;

ocC

/ G(z)dz < % for every r € (0, 1), for some constants C > 0 and so € (0, 1);
B1\B, r

C
Qr) < T for every r > 0, for some constants C' > 0 and pg > 0.
r

Let us briefly comment on these assumptions.

(i)

(H1) and (H2) are needed to ensure that P; is well-defined on sets of finite perimeter and that
it converges to the standard perimeter. In particular, it is used in [29] to obtain existence of
minimizers for small € and convergence to the ball as € vanishes.

(H3) (in the form of IEVG‘ < 00) is used to compute the first variation of F. , (see Lemma 2.5).

It is also needed in its full version in order to apply the stability result of [27] for nearly spherical
sets.

(H4) states that for small scales the perimeter is dominant over P, leading to regularity at small
scales by classical regularity theory for almost minimizers of the perimeter (see Proposition 2.10
and Proposition 5.2). Notice that this assumption, which is weaker than G' € L', roughly states
that close to 0, G behaves at most like the kernel of the sg-fractional perimeter (see for instance
[4, 13, 14)).

Finally, (H5) is used in the proof of Theorem 5.5 to bridge between the excess decay at large
scales obtained in Proposition 5.4 and the excess decay at small scales from Proposition 5.2
(see also the discussion below).

We now also comment on the restrictions these conditions impose on the kernel and give a few examples
where these assumptions are satisfied.

()
(i)

(iii)

With (H2), one can check that assumption (H5) is equivalent to I, gﬂo < oo for some positive g
(possibly different from py).

If G is a power law function near the origin, that is, G o |z|~® for some o > 0 in a neighborhood
of 0, then (H4) states that o < n + sg. Notice that in that particular example, |-|>?V@G is
integrable near the origin, which is a part of (H3).

If G is a power law function at infinity, that is G oc |2|~# at infinity, (H5) states that 8 > 2n+po.
In that particular example, |-|?VG is integrable at infinity, and |¢/(7)| < Tn% when r — o0,
which is the other part of (H3).

From the two previous points, we readily see that the kernel G defined by

. 1 1
G(z) & min <z|”+30 , |z|2"+P0>

with sg € (0,1), po > 0, satisfies assumptions (H1) to (H5).

Other admissible kernels are multiples of the Bessel kernels B, ., defined for any o > 0 and x > 0
as the fundamental solution of the operator (Id — kA)2. Indeed, Bessel kernels are smooth
away from zero, decay exponentially at infinity and, near the origin

\Z\“%‘* for o € (0,n),
Ba,r o< § —log(|z]) for a = n,
1 for a > n.

Let us point out that they correspond to screened Coulomb kernels in the case a = 2, see [23].
Eventually, our paper covers the case of integrable and compactly supported kernels (with the
extra assumption (H3)), which was first studied in [30].

To state our C''®-regularity theorem and sketch its proof, we need to introduce the notion of
(spherical) excess, which measures the variation of the normal vector to the boundary of a set near a

point.
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For a set of finite perimeter E, we will always implicitly assume that E denotes a well-chosen
representative such that its topological boundary OF satisfies (see e.g. [26, Proposition 12.19])

OE = spt |D1p| = {ac €R" : 0<|ENB,(z)| < |B(z)| for all + > 0}.
We denote by 9*F the reduced boundary of E, and by vg(z) the outer unit normal to 9*FE at x.

Definition 1.3 (Spherical excess). For any set of finite perimeter E C R™ we define the spherical
excess (or simply excess) of F in x € OF at scale r > 0 by

_ 2
e(E,z,r) = inf / %d?ﬁ_l,
veSn—1 pn—1 0% ENB,(x) 2 v

where we used the short-hand notation d”;’-l;“1 for dH"1(y).

When z = 0 we simply denote e(E,r) = e(E,0,r) (which we will usually assume by translation
invariance of the statements). We can now state our main “epsilon-regularity” theorem.

Theorem B. Assume that G satisfies (H1) to (H5), and let v € (0,1) and A > 0. Then there exist
positive constants Treg, €regs B € (0,1), and a € (0,1) depending only on n, G and v such that the
following holds. Let E be a (A,ro)-minimizer of Fe~ with ¢ € (0,ereg) and 0 € OE. Assume that for
some el P < R <

e(E,R)+ AR < Ty,
then, up to a rotation, OF coincides in Bry with the graph of a CHe function u : R*1 +— R. Moreover,

[w}i% <C (nga(e(E,R) +AR) + 1>

for some C = C(n,G,~) > 0. Here []o.r denotes the Hélder semi-norm in the ball of radius R in R"~1.

Proof. The proof is a standard consequence of the excess decay proven in Theorem 5.5 and Campanato’s
criterion for Holder-continuous functions. We refer to [26] for more details. O

Let us stress the fact that by (H4), as explained above, we essentially already know that such
minimizers are C regular by the classical regularity theory of almost-minimizers of the perimeter,
see Proposition 5.2. The main point of Theorem B is rather that the estimate holds at a scale R which
does not depend on €.

We now give the main steps of the proof of Theorem B or more precisely of Theorem 5.5. The
overall strategy follows the classical regularity theory for minimizers of the perimeter as pioneered by
De Giorgi, Federer, Almgren and Allard to name a few. We follow here the presentation from [26].
The first step is to obtain density upper and lower bounds, both for the volume and the perimeter.
This is a direct consequence of a weak quasi-minimality property for (A, ro)-minimizers E of F , (see
[16, Theorem 5.6] or [9]). Indeed, we prove in Proposition 2.8 that E satisfies

P(E; By(x)) < CP(F; By(x))

for every F such that EAF CC B,(z), for every x € R™” and 0 < Ar < 1 — ~, where C depends only
on n, G and 7.

The next step is to prove the excess decay itself. To this aim we argue differently for scales
r>ry >cand r <r_ < e. As already explained above, for the latter the nonlocal term is of higher
order with respect to the perimeter so that we are able to rely on the classical regularity theory for
almost-minimizers of the perimeter, see Proposition 5.2. Before focusing on the scales r > ¢, let us
point out that one difficulty is to bridge the gap between r, and r_. We solve this issue using a
relatively naive estimate coming from the scaling properties of the excess, see Proposition 2.12. To
compensate the loss introduced at this step we need the excess to have already decayed enough when
reaching the scale r,.. This explains both hypothesis (H5) and R > ¢'=# in Theorem B.

We are thus left with the excess decay for r > €. This is done in Proposition 5.4 and represents most
of the work. The proof goes through a Campanato iteration scheme which relies on the improvement of
the excess by tilting proven in Lemma 5.3. In turn this Lemma states that if the excess is small at
some scale 7 > € then up to tilting and an error of the order of Q(r/¢), the excess is much smaller at a
scale Ar for some A < 1. Notice that as opposed to the usual applications of this idea, here the error
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term gets larger as r decreases.

Very roughly speaking, the idea of the proof of the tilt Lemma is that for r > e, P. is equal to first
order to the perimeter so that we can write F, 4 = (1 —~)P + v(P — P-) and we can hope to reproduce
the classical strategy for the excess decay treating P — P. has a higher order term. This is actually quite
delicate since formal computations show that on smooth sets the energy P — P, penalizes curvature
rather than volume (or even perimeter). Let us sketch the four main steps of this strategy, among
which two differ substantially from the case of the perimeter functional. We first need to introduce the
cylindrical excess and some more notation. Let

C(z,r,v)=x+ {y +tv . y vt such that |y| <rand t € (—r, r)} (1.4)
denote the (truncated) cylinder centered at x € R™ with direction v € S"~1, basis radius r and height 2r.

Definition 1.4 (Cylindrical excess). For any set of finite perimeter £ C R™ and any cylinder C(z, r,v)
centered at x € OF we define the cylindrical excess of E in C(z,r,v) by

1 _ 2
e(E,z,m,v) = T / %d%g‘l. (1.5)
o* ENC(z,r,v) ‘

As above, if £ = 0 we simply denote C(r,v) = C(0,r,v) and e(E,r,v) = e(E,0,r,v). We can now
proceed with the sketch of the proof for large scales.

Step 1. We show in Theorem 3.1 that if the excess of a (A, rp)-almost minimizer E of F ., is small in a
cylinder C(4r,v), then 9ENC(2r, v) is almost flat and almost entirely covered by the graph of a Lipschitz
function u. As observed in [12], this is based on the so-called height bound (see Proposition 2.14) which
relies only on the density estimates so that we can directly appeal to [26].

Step 2. In Theorem 3.2, we show that the function u “almost” satisfies an equation of the form
(A —vyAg.)u =0 in C(r,v), where A, is a nonlocal operator converging to the Laplacian as e — 0.
For this part, we proceed as follows: 1. we write the Euler-Lagrange equation (see Lemma 2.5)
associated with deformations of E in the direction of v, 2. carefully discarding the negligible long-range
interaction terms, we “localize” in Lemma 3.4 the equation to the cylinder C(2r,v), 3. in Lemma 3.5,
we pass the equation on OF to the graph of u using their proximity, 4. we linearize the equation.
Eventually, since r is much larger than e, formally (A —vAqg.) ~ (1 —v)A in C(r,v), so that u is close
to a harmonic function, see Proposition 3.3.

Step 8. Since u is close to a harmonic function, we show that the flatness of E (see Definition 4.1)
at some smaller scale \r is much smaller than the excess at scale 4r, up to tilting the direction (see
(5.11)). This part is relatively standard.

Step 4. By analogy with functions, one should think of the excess of E as the Dirichlet energy of u,
and think of the flatness of E as the L? norm of w. To transfer the smallness of the flatness at scale Ar
to the excess, we prove in Proposition 4.6 a Caccioppoli-type inequality (or Reverse Poincaré), stating
roughly

0
e(E, r/2,v) SE(E M v) + ()\i) e(E, Ar,v) + “smaller terms”
r

whenever Ar is still much larger than . Our proof of the Caccioppoli inequality relies on an improved
quasi-minimality condition when the set E is already known to be sufficiently flat (see Proposition 4.2).
To obtain this improved quasi-minimality, we heavily use the 1D slicing techniques already introduced
in [27] and end up having to prove that the half-plane minimizes a quantity which can be interpreted
as the average shadow of the boundary of a set obstructing a tube (see (4.18)).

Motivation and related results. As already alluded to, under the additional hypothesis that G € L!
and after rescaling, F. - is equivalent to the generalized Gamow functionals (see [5]),

min {P(E)—i—’y Gz —y)dzdy : |E| :m}. (1.6)

ExE

Besides the case of compactly supported kernels studied in [30] and for which existence of minimizers

holds for any m, the main example studied in the literature is the case of Riesz interaction energies,

G(2) = |2/~ with a € (0,n). The case n = 3 and a = 2 corresponding to Gamow’s liquid drop
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model for the atomic nucleus, see [7] for a short overview on this problem. In this problem it has been
shown in [22, 14] that for small m minimizers are balls while for large m there is non-existence of
minimizers under the assumption that « € [n —2,n), see [22, 25, 15]. The question of the non-existence
of minimizers in the case « € (0,n — 2) is still open. The proof of the rigidity of balls for small m in [22,
14] (see also [5] for the case of quite general kernels G) is of the same spirit as for Theorem A and goes
through a Selection Principle along the lines of [8]. Notice however that in that case one can directly
rely on the classical regularity theory for quasi-minimizers of the perimeter, see (2.4). Let us point out
that in a related direction, it has been shown in [1] that if we replace the Euclidean perimeter in (1.6)
by an isotropic but weighted perimeter with a weight growing fast enough at infinity then just as in
Theorem A balls are the unique minimizers for large m.

Recently, there has been a growing interest for related nonlocal isoperimetric problems which do
not fall within the standard regularity theory for perimeter almost-minimizers. A first example comes
from a variational model for charged liquid drops where the kernel is still given by the Riesz interaction
kernel but now the charge is not assumed to be uniformly distributed on E. This leads in general to
much more singular interactions, see [19]. However, introducing either an additional penalization of
the charge as in [12] or restricting to a < 1 as in [21], it is possible, as in this paper, to obtain an
e-regularity theorem in the same spirit as the one for minimal surfaces. A major difference between our
setting and [12, 21] is that in the charged liquid drop model, it is possible to show that for smooth sets
the nonlocal term is actually a volume term (while for us it penalizes curvature). Another example
studied in [28] and which is actually strongly related to (P), is formally (1.6) with the Riesz kernel but
for n = 2 and o = —1. This is motivated by dipolar repulsion. In order to make the model meaningful,
a small-scale cut-off has to be introduced (otherwise the energy is always infinite). This cut-off plays
a similar role in that model to our parameter . In particular, just like in our case, in the limit of
vanishing cut-off length and after proper renormalization, the nonlocal term converges to the perimeter.
Among many other things, it is shown in [28] that as in our Theorem A, in the sub-critical regime (in
our language v < 1) minimizers are disks for small but finite cut-off length. Just like in our problem,
the main issue in [28] is to obtain regularity estimates which hold at a macroscopic scale. However, our
strategy to obtain these estimates is very different from [28]. Indeed, while we propagate regularity
from the macroscopic scale down to the microscopic scale (in the form of excess decay), [28] relies on the
Euler-Lagrange equation to bootstrap the regularity from the microscopic scale up to the macroscopic
scale. Let us point out that on the one hand, the proof in [28] does not seem to be easily adapted to
dimensions higher than two and that on the other hand the logarithmic scaling in [28] allows to directly
pass (in our notation) from a scale r < ¢ to a scale r > ¢ which is precisely a major issue for us.
We refer to [6, 24, 11] for other related models where however rigidity of the ball has not been investigated.

In conclusion, besides [28], and to the best of our knowledge, Theorem B is the only uniform regularity
theorem obtained for a problem involving the competition of two local/nonlocal perimeters, where
neither of the terms is negligible in front of the other. One may compare our regularity result with
the one of [4]. Therein, the authors establish a uniform C®-regularity result for local minimizers of
the s-perimeter which is uniform in s as s — 1~. However, due to the lack of a competing term, the
problem and its analysis are rather different from the ones of the present work.

Outline of the paper. The structure of the paper is as follows. In Section 2, we recall and prove a few
facts about nonlocal perimeters as well as some useful results from [29, 27] on minimizers of (P). We
then establish uniform density estimates for (A, ro)-minimizers of F. , and show that minimizers of (P)
are almost-minimizers of 7. . Eventually, we recall some basic properties of the excess and argue that
almost-minimizers satisfy the height bound property. In Section 3 we prove the Lipschitz approximation
theorem at scales which are much larger than ¢ (Theorems 3.1 and 3.2). In Section 4, we establish the
Caccioppoli inequality for (A, ro)-minimizers of F; .. Finally, building upon Sections 3 and 4, Section 5
is devoted to establishing power decay of the excess from large scales down to arbitrarily small scales.

Notation.

We write any point z € R™ as = (2/,x,). We denote by B,(x) C R" the open ball of radius r
in R™ centered at z. When x = 0 we simply write B, for B,.(0). For open balls in R"~!, we write
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D, (z') and simply D, when 2’ = 0. For any m € N, w,, denotes the volume of the unit ball in R™,
that is, its Lebesgue measure in R™.

For any set E C R™, we denote by E° := R™\ E its complement, and write | E| for its volume whenever F
is measurable. For any m € N we denote by H™ the m-dimensional Hausdorff measure in R™. When
integrating with respect to the measure H™ in a variable x, we use the notation dH}’ instead of the
standard but less compact notation dH™(z). If A is of dimension m and f is H"-measurable, we often

use the convention
/f::/f(x)d’H;".
A A

Similarly, we will sometimes use the compact notation f, = f(x).

When v = e, (the n-th vector of the canonical basis of R") we write C,(x) for the cylinder C(z,r,v)
(recall (1.4)) and simply C, if in addition x = 0. We also write e, (E, z,r) for e(E,z, 1, e,) (recall (1.5))
and for z =0, e, (E,7) = e,(E,0,7).

2. PRELIMINARY

2.1. Nonlocal perimeter and first variation. In this section we recall a few basic properties of the
nonlocal perimeter depending on our assumptions on GG. The following proposition is a consequence
of [10] and our choice of I}. It ensures that P. is well-defined on sets of finite perimeter and is bounded
from above by the standard perimeter. We also state it for a general K, not necessarily normalized,
since we will often use it with other kernels than G.

Proposition 2.1 (Upper bound). Assume that K : R™ — [0,00) satisfies (H1) and z — |z|K(z) €
LY(R™). Then, for every set of finite perimeter E in R™, we have

Pk (E) <Ky, I P(E). (2.1)
In particular, for the kernels G, we have
P.(E) < P(E), Ve > 0. (2.2)

Let us recall that P. is continuous with respect to the L' topology along sequences with bounded
perimeter.

Lemma 2.2 (Continuity). Assume that G satisfies (H1) and (H2). Let Ey, be a sequence of sets of

finite perimeter in R™ and E C R™ such that
1
sup(P(Ex) + | Ek]) < o0 and E, 5 E.
k

Then, for every € > 0, we have
liin P.(Ey) = P.(E).

Proof. Let C := sup,, (P(Ey) + |Ex|) < co. Setting

ug(z) = Rn|1Ek(x—|—z)—1Ek(x)|dx and u(z) = Rn|1E(x+z)—1E(x)|dx,

by the L' convergence of Ej to E, for every z € R", uy(2) converges to u(z). In addition, we have

P.(Ey) = / ug(2)Ge(z) dz

and
ur(2)Ge(2) < P(Ey)|2|G:(2) < C|2|Ge(2) € LY (R™).
Hence by dominated convergence, limy, P.(Ey) = P.(E). O

Depending on the integrability assumptions on G, we may estimate the difference P.(E) — P.(F)
from above by a perimeter term, a volume term, or an interpolation of the two. This type of estimates
is relatively standard in the context of nonlocal perimeters (see for instance [13, Lemma 5.3] for a
similar statement in the case of s-perimeters). The last interpolation estimate will allow us to show a
useful quasi-minimality property at small scales for (A, ro)-minimizers of F; , (see Proposition 2.10).
We will not use (2.4) below but include it for completeness.
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Lemma 2.3. Let E, F C R" be two measurable sets, and let € > 0. We have:
(i) if G satisfies (H1) and (H2), then
P.(E)— P.(F) < P(EAF); (2.3)
(i) if G satisfies (H1) and G € L*(R"™), then

2[2;
P.(E) - P.(F) < 28 BAP), (2.4
(iit) if G satisfies (H1), (H2) and (H4), then there exists C = C(n,G) > 0 such that
1 So
P.(E)— P.(F)<C <W> P(EAF)%. (2.5)
€

Proof. We decompose the proof in two steps.
Step 1. We establish P.(E) — P.(F) < P.(EAF). To this aim we note for A, B C R",

®.(A,B) = Ge(z —y)dzdy
AxB

so that P.(F) =2®.(E, E€). It is readily checked that
O (E,E°) — @ (F, F) =D, (ENF,F\E)+ ®.(E\F,E°NF°) —d_(ENF,E\F)
— ®.(F\E,F° N E°)
(EAF, (EAF)®) — 2[®.(E N F,E\F) + ®.(F\E, F° N E°))
(EAF, (EAF)).

d
®

IN

This concludes the first step.

Step 2. We deduce the different cases. Case (i) is direct consequence of Step 1 and (2.2). If G € L*(R")
then

Pe(E) < 2|GellLrmm)| B
which gives (ii). For (iii), let us write, for any R > 0 and any F C R",

/ |XE(m+z) xe(z)|dedz + G:(z) Ixe(x + 2) — xe(z)|dadz.
\BR Br Rn
Using
Ixe(z +2) — xp(z)|dz < 2|E|
R’n
and
IXE(z + 2) — xp(2)|dz < |2|P(E),
R‘VL
we deduce
PAE) SB[ G2zt P(B) [ [:[Guz)d
2|E| P r (2.6)
= — G(z) dz—|—P(E)/ |2|G(2) dz
€ JR"\Bg,. Brye
Next, we claim that (H4) implies
/ G(z)dz < Q, Vr >0 (2.7)
R™\B T
and
/ |z|G(z) dz < Crto, Yr > 0, (2.8)
B,

for some C' = C(n,G) > 0. It is of course enough to check these statements for either small or large 7.
We start with (2.7). Thanks to (H4), it holds for small r. If instead r > 1,

1 I}
/ G(x)dng/ |2|G(x) dz < =< gg
R™\ B, r R™\ B, r 750
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We now turn to (2.8). By (H2) it is enough to prove it for r € (0,1). In this case, we have

oo

s T
|z|G(x) dz = / |z|G(x) da < —/ G(z)dx
/BT ;) B2_”’7‘\BQ*(1€+1)7V Z 2k Bl\B27(k+1)T

k=0

rof2F\% PR | L
Qk(r) =Cr ‘OZWSCT o0,

k=0

(2.7)
< C

NE

>
Il

0
proving (2.8).
Plugging (2.7) and (2.8) into (2.6) yields

P.E)<C <f' (%) +Pw) <f)1> .
|E|
(

Finally choosing R = gy We get

P.(E)<C ('f)l_so P(E)>.

This concludes the proof of (iii). O

We will use the following computation from [27, Lemma 2.3] to estimate the derivative of the nonlocal
perimeter under rescaling.

Lemma 2.4. Assume that G satisfies (H1), (H2) and (H3). Then, for any set of finite perimeter
E CR"™, the function t — P-(tE) is locally Lipschitz continuous in (0,+00), and for almost every t,
we have

d n 15
3 [P=(tB)] = ~P(tE) — —P:(tE),

where P.(E) is defined by
P.(E) := 2/ Gz —y)(y —z) - ve(y) dH;fl dz. (2.9)
EJoE

We now compute the first variation of the energy.

Lemma 2.5. Assume that G satisfies (H1), (H2) and (H3). Let T € C1(R";R™) a compactly supported
vector field, and let us define f; := Idgrn + tT'. Then for any set of finite perimeter E C R™, € > 0,
v € (0,1) and A > 0, the function t — F.,(f:(E)) is differentiable at t = 0 with 6F. (E)[T] =
[%Fsﬂ(ft(E))] =0 given by

§Fe (BT = / divg T dH™ !
o*FE

— 2 (/EXE divT(x)Ge(a?—y)dxdy—i—/*E/EGg(x—y) (T(x)—T(y)).yE<y)dxde;L—1)

where divg T is the boundary divergence of T on E, defined by

divg T'(z) = divT(z) —vg(z) - VI (z)vg(z), Vzed'E.
Proof. Since the computation of the first variation of the perimeter is standard, see e.g. [26, The-
orem 17.5], it is enough to compute the first variation of P.. We will show that (recall the nota-
tion T,, = T'(x))

{iPs(ft(E»} =2 /E v T(@)Ge(@ —y) dedy

|t=0

+2/*E/EGE(x—y) (T, _Ty)'VE(y)ddeZ_l_

Notice that using (2.2) and the fact that T is Lipschitz continuous, (H1) and (H2) imply that both
terms on the right-hand side are well-defined. Since € does not play any role we may assume without
loss of generality that ¢ = 1. We set F(t) :== 2 P(fi(E)). Note that choosing to < 1/||VT ||, fi is a
diffeomorphism of R™ for every ¢ such that |¢t| < ¢y. In particular f;(E) is a set of finite perimeter (see
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e.g. [26, Proposition 17.1]). Thus, Fg(t) is well-defined for every t € (—tg,to9). We then set (for the
moment this is just a notation)

F4(0) ::/E . divT(x)G(a:—y)dxdy—i—/*E/EG(x—y) (Tp — Ty) - ve(y) dxd’HZ_l.

We claim that as t — 0,

Fg(t) — Fg(0) — tF5(0) = oft). (2.10)
This would show that Fg is differentiable in 0 with derivative F(,(0), concluding the proof. Changing
variables, for any ¢ small enough we have

Fo() = [ GUla) = fiy) det D) det Dfly)dody.
Since det Dfi(z) = 1 + tdivT(z) + O(t?), we find
Fo(t) = /E . G(fi(x) — fe(y)(1 + tdiv T (x) + tdiv T (y) + O(+*)) dz dy.
Notice that by the reversex change of variables and (2.2),

/ G(fulx) — fuly)) dedy < C G(x — y)dedy < CP(J,(E)) < CP(E).
ExEc fe(BE)x f(E)°

Therefore
Folt) = [E  Glhla) = )1+ £div T(a) + v T(y) dady + O(F).
Now, using that

G(fi() - fuly)) — Gla —y) =t / VG (fur() — furly)) - (T — T,) ds

and the Lipschitz continuity of T', we have

/ G(fi(x) — f1(y)) div () da dy — / Gl — y) div () de dy
ExEc ExEc

1
<cl [ [ 196(fua)  futw)lle - ol dodyds

1
<cl [ [ 1VGUale) = FaluDllfule) = Fulo) do dyds

1
e / / VG — y)llo — yl dwdy ds
st E)X(fst(E))F

where we used again (2.1) but for the kernel K = |- ||VG]|. Since the same holds with divT(x) replaced
by divT(y), in order to prove (2.10) it is thus enough to show

|Gt - st dsdy~ [ Gl p)dsdy
+t</ExE~ G(x—y)divT(y)dxdy—/*E/EG(x—y) (Tm_Tw.VE(y)ddeZl) — o),

Writing as above that

/ Gfi(@) - fily)) da dy — / G — y)dady
ExEc ExEc

_t/ /EXEC G(fat(x) = fau(y)) - (T — T,) dz dy ds

we reduce it further to the proof of

lim/ /E><EC G(fst(z) — fst(y))~(Tszy)d:rdde:/EXEc VG(zx —vy) - (T, —Ty)dedy (2.11)

t—0
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together with the integration by parts formula
| VG -y) (T~ 1)+ Glo - ) divT () dody
ExE°

:/ /G(m—y)(Tw—Ty)~uE(y)dde;’_1. (2.12)
“BJE

Notice that this would be easy to prove if G was a smooth kernel with compact support. However,
since our assumptions on G seem too weak to prove these directly we will argue by approximation.
Let G be a sequence of smooth compactly supported radial kernels with

lim |2||[G — Gi](2)|dz =0 and lim |22 V[G — G](2)|dz = 0.

k— oo R k— oo R

Since we assumed that (1; + 1 EVG‘ < 0o it is not difficult to construct such a sequence. We start with
(2.11). For every fixed s € [0, 1], we have

/ VG (fsi(z) = fst(y)) - (T = Tyy) dody — / VGi(fst(z) = fs(y)) - (Te — T,) dzdy
ExEc ExEe°¢

<C VG = VGi](fa(z) = fa(y))llz — yldz dy

ExXEc°

<C IVIG — Gil(z — y)||x — y|dxdy
Fot(B)x fur (E)®

<C </1R<" |Z|2|V[G — Gg](2)] dz) P(fu(E))
<C . |22|V[G — Gi](2)|dz,

where we used (2.1) with K = |- ||V[G — Gy]| (which is radially symmetric). Integrating in s and using
a simple diagonal argument, this proves (2.11). We now turn to (2.12). Since

—div, (G(z —y)(T: = Tyy)) = VG(z —y) - (T = T)) + G(z — y) divT(y),

the integration by parts formula (2.12) holds with G replaced by Gj. By the previous computations it
is therefore enough to observe that on the one hand

/ G(z —y)divT(y) de dy —/ Gi(z —y)divT(y) de dy‘ < CP(E)/ |2||[G — Gi](2)| d=z
ExEc° ExEc R™

and on the other hand,

| [ ew-n @ -n)vemdeany = [ ] G- @) vet) dedny

n

SC'/*E/E|x—yH[G—Gk](x—yﬂdxd’H;j’l SCP(E)/ 12[|[G — Gi](2)| d.
O

2.2. Perimeter quasi-minimizing properties of minimizers. We recall from [29, (4.2)] that using
(2.2) it readily follows that if E satisfies F. ,(E) < F. (B1), then

P(E) < P(B) + 12— (P(B) ~ P.(B1)) < L P(By). (2.13)

We now use the scaling properties given in Lemma 2.4 to prove the equivalence between (P) and the
unconstrained minimization problem

min { F. (E)+ Al|E| — |B1]| : E CR™ measurable 24
{FenB) + A[|B] - |31 } (P

if A is large enough, not depending on . As a consequence, minimizers of (P) are (A, rg)-minimizers
of Fe .
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Proposition 2.6. Assume that G satisfies (H1) and (H2) and let v € (0,1). There exists C = C(n) >0
such that for every v € (0,1), e >0 and A > C/(1 — 7), problems (P) and (P’) are equivalent, in the
sense that (P') admits a minimizer if and only if (P) does, and their minimizers coincide. In particular,
any minimizer of (P) is a (A, ro)-minimizer of F.  for any A > C/(1 —~) and any ro > 0.

Ao = 1i (H( Ki,)) Pgﬁ)'

fey’y(E) > HElf fs,'y,A(E)7

Proof. Let us set

Since
inf
|E|=|B|
it is enough to prove that for A > Ag, the converse inequality holds and that any set minimizing F¢  a

must have measure equal to w,. This in turn is equivalent to the claim that if £ is such that

|E| #w, and F.,a(E) < |E|i£1\fB ‘-7:577(E>

then A < Ag. Let E be such a set. Recall that E satisfies (2.13). Let A be such that |AE| = |By|. We
then have

P(E) = yPe(E) + A||E| = |Bi|| = Fepa(E) < Fey(AE) = X" P(E) = yP-(AE).
Reorganizing terms we find
Aw, A" — 1| < (A" = 1)P(E) +7|P-(E) — P-(AE)|. (2.14)
By Lemma 2.4 and (2.2), for any ¢ > 0 we have

< > (nP.tB) + 1P, (tE)\)

1
t

[P.(tE)] ‘ (nP(tE) + 2P(tE)I}) < t"2 <n + Kf n) :

thus
|P-(E) — P-(AE)| <

(tE)) dt’ <A\ = 1|P(BE),

where C = (n + m). Inserting this into (2.14) and using (2.13), this leads to

1
Awn A" = 1| < T (14 Ciy) P(By)|A" ™ = 1].

Since [A"71 — 1| < |A" — 1| we conclude that A < Aq.
O

We recall the following elementary scaling properties of the energy which we will heavily use in the
paper.
Proposition 2.7. For any set of finite perimeter E, any € > 0 and any r > 0 we have
Fer(B) = 1" Fepry (B/1).
In particular E is a (A, ro)-minimizer of F.  if and only if E/r is a (Ar, " )-minimizer of Fe/y -

We now prove that (A, rg)-minimizers of F. ., are quasi-minimizers of the perimeter and thus have
density bounds which are uniform in €.

Proposition 2.8 (Weak quasi-minimality). Assume that G satisfies (H1) and (H2) and let v € (0,1),
€>0,A>0andrg >0 with Arg <1 —~. Then, for any (A, ro)-minimizer E of F. , and every set F
with EAF CC By(z) with 0 < r < 1o we have

4
P(E;B,(x)) < TP(F;BT(‘Z)). (2.15)
-
As a consequence, there exists C = C(n) > 0 such that for every x € OF and every 0 < r <o,
1-7\" _ [ENB,(z)| 1—~\" (1—y)"' _P(E;By(2)) _ C
T <——<1—- | — < < . 2.1
( 4 ) - rn - 4 and C - rn—l T 1l—x (2.16)

In particular, we have

H"YHOE\ 9*FE) = 0. (2.17)
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Proof. We only prove (2.15) since it is standard that weak quasi-minimality implies density upper and
lower bounds (see [16, Theorem 5.6]), which then imply (2.17). To obtain the correct scaling in «, one
can repeat the proof in [26, Theorem 21.11]. By scaling and translation, we may assume that r =1
and z = 0. Testing the (A, rp)-minimality of E against F', we have
P(E;By) < P(F;B1) +7v(P:(FE) — P.(F)) + A|[EAF)|
(2.3)&(2.2)
< P(F;By) +yP(EAF) + A|[EAF)|.

We now argue as in [26, Remark 21.7] and use the isoperimetric inequality to infer
1
|EAF| = |EAF|%|EAF|'™% < —P(EAF).
n
We thus find
A A
P(E;Bi) < P(F;Bi) + (v + — | P(EAF) < P(E:B1) + {7+ — ) (P(E; Bi) + P(F; Br)).-
Rearranging terms and using that A/n < (1 —+)/2 yields (2.15). d

Remark 2.9. Thanks to (2.17) if E is a (A, r¢)-minimizer of F; , with Arg < 1—-, we will not distinguish
anymore between OF and 0*E when integrating.

Under hypothesis (H4) we prove that (A, r)-minimizers of F; -, are also almost-minimizers at scales
which are small compared to €.

Proposition 2.10. Assume that G satisfies (H1), (H2) and (H}). Then there exists C = C(n,G,v) >0
such that for every v € (0,1), € >0, A > 0 and ro > 0 with Arg <1 —~, every (A, ro)-minimizer E
of Fe~ and every set F with EAF CC B,(x) and r < ry, we have

P(E; B,(x)) < P(F; B.(z)) + ( > P50 4 A|EAF. (2.18)

51_80

Proof. We may assume that P(F; B,.(z)) < P(F; B,(x)) otherwise there is nothing to prove. Arguing
as above using the (A, ro)-minimality of F we have
P(E;B,(z)) < P(F; By(z)) + v(P-(E) — P.(F)) + A|EAF|

(2.5) 1—s0
< P(F;B.(x)) + Cv (|E€AF|) P(EAF)® + A|EAF)|

(2.16)
< P(F; B,(z)) + < ) %0 4 A|EAF.

51—50
(]

Remark 2.11. Proposition 2.10 indeed yields classical almost-minimality for the perimeter at scales
smaller than e since letting r = e and E = z + ¢F, we find for every FAE CC B;,

P(E;B;) < P(F; By) + Ci"* + Ae| EAF).

2.3. Basic properties of the excess. We recall two basic properties of the excess that we use
extensively in the rest of the paper. The cylindrical excess and spherical excess are respectively defined
in Definition 1.3 and Definition 1.4. We refer to [26, Chapter 22.1] for more details on the excess.

Proposition 2.12 (Scaling properties). Let E C R"™ be a set of finite perimeter, v € OF, v € S*~!
and 0 < r < R. Then we have

R n—1
e(E,z,rv) < () e(E,z,R,v) and

r

In addition, setting E, , = (ET;QC) we have
e(E;,,0,1,v) =e(E,z,R,v).

Note that this property holds for the spherical excess as well.
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Proposition 2.13 (Changes of direction). Let v € (0,1) and € > 0. There exists C = C(n,vy) > 0
such that for every (A, ro)-minimizer E of F.  with Arg < 1—1y, every v, 1y € Sl 2 € OF andr >0
such that /2r < ro, we have

e(E,I’,T', V) <C (e(E,z, \/§T7 VO) + |V - V0|2) :
The proof is identical to the one in [26, Proposition 22.5] and relies only on the density estimates for
minimizers. Since it is very short, we write it for the reader’s convenience.

Proof. Using the inequality |v — vg(y)|? < 2|v — vo|? + 2|vo — vE(y)|?, and the facts that C(z,r,v) C
C(z, V2r,vp) (recall the definition (1.4)) and C(z,r,v) C B s5,(z), we have

P(E; B j,(7))

Tn—l

_ 2
LNy o= v s,
r AENC (z,v/2r,v0) 2

The results follows from (2.16). O

e(E,,I,T‘,Z/)S |I/—I/0|2.

2.4. The height bound. Thanks to the density estimates of Proposition 2.8, (A, ro)-minimizers of F; -
satisfy the same “height bound” property as quasi-minimizers of the perimeter (see [26, Theorem 22.8]).
This property is a crucial tool for the Lipschitz approximation theorem and the Caccioppoli inequality.

Proposition 2.14 (The height bound). Let e > 0, v € (0,1), A > 0 and ro > 0 with Arg < 1 — 1.
There exist positive constants Theight = Theight (1,Y) and C = C(n,~y) such that the following holds. For
every (A, ro)-minimizer E of F. -, every x € OE, v € S~ and r > 0 with 2r < ro, if

€n (.’177 QT) < Theight s

then
sup {\mn —yn| + (Y, yn) €EOEN Cr(x)} < Crep(z, 27‘)2<"1*1>.

Proof. Asrecalled by F. MAGGI, the only step where the almost-minimality with respect to the perimeter
is used in the proof of [26, Theorem 22.8] is to obtain the “small-excess position” of Lemma 22.10
therein. In fact, this lemma holds as long as we have density estimates on the perimeter for F, as
shown in [12, Lemma 7.2]. Hence, thanks to (2.16), the same height bound holds for (A, ro)-minimizers
of F. ., whenever Arg <1 —+ and 2r < rg. O

3. LIPSCHITZ APPROXIMATION THEOREM

This section is devoted to the proof of the Lipschitz approximation theorem for (A, rg)-minimizers
of F¢~, which can be divided into two parts. A first part states that a small excess of such an
almost-minimizer F in a cylinder implies that the boundary of F in that cylinder is almost entirely
covered by the graph of a Lipschitz function u. A second step states that the aforementioned function
u is close to a harmonic function as long as the scale is much larger than e.

3.1. Lipschitz approximation and harmonic comparison. Since the first part of the Lipschitz
approximation theorem relies only on standard properties on the excess, the density estimates and the
height bound, by Propositions 2.8 and 2.14, the proof can be reproduced almost verbatim from Steps 1
to 4 of the proof of [26, Theorem 23.7].

Theorem 3.1 (Lipschitz approximation I). Assume that G satisfies (H1), (H2) and (H3). Let € > 0,
v € (0,1), A > 0 and rog > 0 with Arg < 1 —~. There exist positive constants T, = Tip(n,7),
do = do(n,y) and C = C(n,v) such that the following holds. If E is a (A,ro)-minimizer of Fe ~ with
0 € OF and, for some r such that 4Ar < rg,

€n (47’) < Tlip»

then, setting
M = 90E N Cy,,

there exists a %—Lipschitz function v : R"™' — R such that:

(i) ||lu]| = < Cre, (4r) =D < =

(ii) H" 1 (MAT,) < Ce,(4r)r™—1;



UNIFORM REGULARITY FOR NONLOCAL PERTURBATIONS OF THE PERIMETER 15

1
Tn—l

(iii)

/ |Vul|? < Ce, (47).
Da.

‘We show that the function « in the conclusion of Theorem 3.1 is “almost” a solution to a nonlocal
linear equation of the form (A —yAg.)u =0 in D,.

Theorem 3.2 (Lipschitz approximation II). There exists C = C(n,~,I%;) > 0 such that under the
same assumptions as Theorem 3.1, the function u satisfies for every ¢ € CH(D,.).

rnl—l </D Vu -V —vy /DMD%(U(I/) —u(y)(p(@') = o(y)Ge (2" —y',0) da’ dy’)

< OVl (enldr) +Q (é) +Ar).

By scaling it is enough to prove Theorem 3.2 for 7 = 1. Since the proof is quite long, we postpone it
to the next section and show first how it leads to a harmonic approximation result.

Proposition 3.3 (Harmonic approximation). Lety € (0,1) and assume that G satisfies (H1) and (H2).
There exists eparm € (0,1) such that for every 7 > 0, there exists o = o(n, G,v,7) > 0 with the following
property. If for some € € (0, eparm), w € HY (D) satisfies

|Vu|> < 1
D>

and, for all p € C}(Dy),

Vu- Vo -2 / (u(@’) — u(y)) (&) — o) Gela’ — ¢/, 0)da’ dyf| < [Vl powo,

D, Dox Dy

then there exists a harmonic function v on D1 such that

/ Vo2 <1 and / lu —v|* < 7.
D1 Dl

Proof. As there is no risk for confusion, to simplify the notation we use z,y instead of z’,y’ for points
in R"~1, and write G.(r) instead of G.(2’,0). Arguing by contradiction, let us assume that there
exist vanishing sequences (1) C (0,1) and (oy) C (0,1), a positive constant 7 > 0 and a sequence

(ur) € H(D,) such that the following holds:
(i) / |Vug|? <1 forall k € N;
D
(ii) f0r2every p € C(Dy) we have

Vug - Vo — 2y / (ur(2) — 1) (9(2) — 9())Gey (& — v) da dy| < x| Vgl e

D D2x D>

(iii) there is no harmonic function u on D such that

/ |Vu|> <1 and / lup — ul? < 7.
D1 Dl

Without loss of generality, up to adding a constant to each uy, one may assume that | p, Uk =0, so
that by Poincaré~Wirtinger inequality, we have

lup><C | |[Vu>?<C,  VkeN. (3.1)
D2 D2
In particular, (ug) is bounded in H'(D,). Thus, up to extraction of a subsequence (not relabeled),

there exists u € H'(D3) such that u; converges strongly to u in L?(Ds) and Vuy converges weakly
to Vu in L?(Dg; R"™1). We claim that for every p € C°(Dy),

. 1

lim (ur () = ur(y))(p(x) = ¢(y))Ge,(x —y)dzdy = 5 | Vu- Ve, (3.2)
k Dox Doy 2 Dy

which we prove further below. By the weak convergence of Vuy to Vu, the fact that v # 1 and (ii),

this implies

Vu -V =0, Vo € C(Dy);
Dy
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in other words, u is harmonic. By (i) and lower semicontinuity with respect to the weak H! convergence,
we have

RS (33)
D,
and since uy converges to u in L?(D;), for any k large enough, we have

lup — ul* < 7.
D,

With (3.3), this contradicts (iii).
We now prove (3.2). Using the change of variable z = ¢ — y, we have

| o) - w)et@) - p)Ga e ) dady
DQXDQ
= / / / (Vug(z +t(y —2) - (2 — ) (Vo(z + sy — 2)) - (x — y))Ge,, (z — y) dzdy dsdt
o Jo Jp,xD,

1,1
= / / / / 1p,(x + 2) (Vug(x +tz) - 2) (Vo(x + sz) - z) G, (z) dz dz ds dt.
o Jo Jrr-1JD,
(3.4)
For each s,t € (0,1) and 2 € Dy, using polar coordinates, we have

/ 1p,(x + 2) (Vug(x +t2) - 2) (Vo(x + s2) - 2) Ge, (2) dz
Rn—1

4 (3.5)
- / e ) / 1p, (¢ +10) (Vui(w + tro) - o) (Vip(w + s70) - o) dHz ™2 dr.

0 S§n—2

Using the fact that for every s,t € (0,1) we have [Vo(x + sro) — Vo(x + tro)| < r||D?*¢||L~ and
Cauchy—Schwarz inequality, we deduce that for every s,t € (0,1) and every o € S"~2,

4
/ " ge,, (1) / 1p,(z +ro)(Vur(z + tro) - o) (Ve(z + sro) - o) dedr
0 Ds

4
- / " ge,, (1) / 1p,(z +ro)(Vur(z + tro) - o) (Ve(z + tro) - o) dedr
0 D,

1 }
< O D% .~ ( / r"“gsk(r)dr) (/ W) .
0 Do

Notice that

4

lim g, (r)dr=0
k—oo  Jo ’

since r — r"g(r) € L'(R) and

4 4
/ r”“gsk (r)dr = / § (exr)rg(r)dr
0 0

4

- /ﬁ(akr)r"g(r) dr—f—/zk (exr)r™g(r)dr
0 Ve

oo

§4\/a/ r"g(r) dr—|—4/ r"g(r)dr.
0

4
VEk
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Therefore, in view of (3.4) and (3.5), in order to prove (3.2), we only need to compute the limit of
1 4
/ / 7" e, (1) / / 1p,(z+7r0)(Vup(z + tro) - o) (Ve(z + tro) - o) dedH ) drdt
0 0 Sn=2 J Dy

= / / 7" ge,. (1) / / 1p,(y —tro)1p,(y + (1 = t)ra) (Vuk(y) - o) (Ve(y) - )
0o Jo Sn-2 JRn-1
dydH? =2 drdt

= / /a T"Q(r)/ / 1p,(y — tegro)1p,(y + (1 — t)epra) (Vur(y) - o) (Ve(y) - o)
o Jo Sn=2J D,

dy dH?2 dr dt,
(3.6)
where we used a change of variables and the fact that ¢ € C°(D;). By the weak convergence of Vuy
to Vu, for any r > 0, t € (0,1) and o € S*~2, we have

liin . (Vug-0)(Ve-0) = /D1 (Vu-0)(Ve- o)

and

/D 1p,(y — tepro)lp, (y + (1 — t)exro) (Vuk(y) . 0) (Vgo(y) . U) dy — / (Vuk . 0) (V(p . 0)

Dy

<

/ Vur[ Vel
D1\ (Da(texr)UD2((1-t)exr)

1
2

< IVulzzon | [ Vel? ) A==,
Dl\(DQ(tEkT)UDQ((l—t)EkT’)

where we used the inequality ||Vug|[r2(p,) < 1 to pass to the limit. Thus, for any r > 0, t € (0, 1)
and o € S"2, we have

lilgn 1p,(y — texro)lp, (y + (1 — t)exro) (Vur(y) - o) (Ve(y) - o) dy = / (Vu-0) (Ve o).
D, Dy

Hence, using once more ||[Vug||z2(p,) < 1 and Cauchy-Schwarz inequality, applying the dominated
convergence theorem yields

lilzn/o /Oa r"g(r) /Sni2 /D1 1p,(y—texro)lp, (y+(1—t)exro) (Vuk(y)-o) (V(p(y)-a) dydH? 2 drdt
_ [ r"g(r u(y) - o ¥y n=2dr. .
= [ o [ ] () 0) (Tetw) o) ayarz a7

This concludes the proof of (3.2) in view of the normalization (1.2) and the fact that for every
z,y € R*1

/ (z-0)(y-o)dH % =z - </ a®od7—£§2>y= (/ |a1|2d7-{,22>:1:'y
Sn—2 S§n—2 §n—2
1 n—1
= 5 - |O-1| dHG’ LY, (38)

where the last equality comes from a direct computation (see [29, Lemma 3.13]). g

3.2. Proof of Theorem 3.2. We start by “localizing” the Euler-Lagrange equation implied by the
(A, rp)-minimality condition and the first variation of F. , given by Lemma 2.5.
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Lemma 3.4. Under the assumptions of Theorem 3.1, there exists C = C'(n,~y) > 0 such that for every
¢ € CH(Dy) we have (with a slight abuse of notation we identify ¢ with a function of R™)

/ (Ve ve) (e - ea) + 27 / / Ge(z — y)(p(x) — 9(y)) (wi(y) - en) dzdHE ™
OENC2 OENCy J ENCy

<c(Q(y)+A) Ivelum. (9)

Proof. By Proposition 2.14 we may choose 7, = Tiip(n,7y) small enough so that

1 1
{$n<—4}ﬂCQQEﬂCQg{{En<4}ﬂ02. (310)

To simplify notation we write v for vg and recall the convention T, for T'(x). We may assume without
loss of generality that |Vl = 1. We start with the following simple observation. For every
measure p and every sets A, B such that A x B C {(z,y) e R" x R™ : |z —y| > 1/4},

Ge(z —y)du(x)dy < 4M(A)/ |2|Ge(2) dz = 4u(A)Q < ! ) . (3.11)

AxB R™\B; 4e
4

Let now o € C((—1,1);[0,1]) be such that « =1 in (=3, 1) and [[a/[|p~ < 4. We then consider the
vector field T' € C}(Cy) defined by T(z) = ¢(z')a(zy, e, for all z € R™. We first claim that

<C (Q (415) + A) . (3.12)

This would conclude the proof of (3.9) since T'(z) = ¢(2’)e,, in Dy x (—3%,1) and

/ v-(VTv)+2y / Ge(z —y)(Tp — Tyy) - vyda d?—[;fl
oF ENCy

OENC»

Ge(x —y)(Ty — poren) - vyde d?’-lZ'_1

/19Em02 /En(cg\(mx(—;,;)))

(3.11) 1
< C/ / Ge(r —y)dx d?—lZ_l < CQ () ,
dENC; En(CQ\(sz(_l 1 )) de

222

where we used (3.11) with g = H" " 1LOF and the fact that P(E;Cs) < C by (2.16).
We thus prove (3.12). Notice that divT(z) = ¢(a’)a/(z,). In particular, by (3.10), divT vanishes in

(OENCy)U (Eﬂ {xn <-lorz,> —;}) .

By (A, rp)-minimality of E, setting fi(x) = x + tT'(x) we have
Fer(B) < Fery (fi(E)) + AI[EAS(E)|. (3.13)
On the one hand, it is standard that for any |¢| small enough

2.16)

pap®l <2 [ 1o e
oOF

On the other hand, for any |t| small enough, we have
Fer(f1(E)) < Fer(E) +1(0F4(E)[T]) + o(t).

Hence, by Lemma 2.5, (3.13) implies, for any |t| small enough
—t [/ divg TAH" ™! — 2y </ divT(x)G:(x — y) da dy
o E ExEe

+ / . /E Ge(z —y) (T(x) = T(y)) - ve(y) dz deZl)} < Clt/(A + o(1)).
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Since this holds for £t and for arbitrary small |¢|, in terms of T' this gives

/ v-(VIv)+2y (/ / divT(z)Ge(x — y) dydz
OE ENCin{z,<-1}

+/ /Ga(m—y)(Tm—Ty)~yydxd7-£§}_1>
OFE JE

Using again that P(F; Cq) < C by (2.16) and (3.11) with A = Eﬂ Cin{z, < -1}, B=E° and u the
Lebesgue measure (recall that E°N Cy C {(2/,2,,) : @, > —1}) we see that in order to prove (3.12) it
is enough to show that

<CA. (3.14)

/ / Ge(z —y)(Ty — T,) - vy dz dH)
oE JE

—/ / Ge(x —y) (T — Ty) - vy da dHZ_l
dENC, J ENC,
Recalling that T = 0 in C{] we write
/ / NTy —Ty) - vydadH) ! / / (x —y)(To = T,) - vy dwdH) ™"
oF OENC, J ENC,
= —/ / Ga(x—y)Ty-yydde;“l—F/ / Gg(x—y)Tw-Vyddegfl.
OENC, E\CQ BE\Cg ENC,
Considering the last term on the right-hand side and using integration by parts we have
/ / Ge(z —y) Ty - vy dz dH) "
OE\C2 J ENC,
= / / Ge(x —y) Ty - ve, (y) dz d?—t;’_l - / / VG.(x —vy) - T, dzdy.
EN8C, J ENC, E\C; JENC,

Using Fubini’s theorem and integration by parts again leads to

/ / VG (x—vy) T,dxdy
E\CQ ENCy
z/ / VG.(x—vy) T,dydx
ENC,; JE\C»
= / / Gz —y) T, - vp dydH» ™ — / / Ge(z —y)divT(z)dydx.
OENC, E\Cg ENC, E\Cz
Putting everything together we find
/ / Ge(x —y) (T, — T,) -yyddeZ_l —/ / Ge(x—y) (T, — T,) -yydscd’HZ_l
oE JE dENC, J ENC,
= —2/ / Ge(x —y)Ty - vy do d’HZ_1 + / / Ge(z —y) Ty - vo,(y) dz d”HZ_1
dENC; JE\C, ENdC, J ENC,

+ / / G:(z —y)divT(x)dydx.
ENC, E\Cz

Using (3.11) with either A = O9ENCy, B = E\Cg, p=H" 'LOE (and P(E;C;) < C), A= ENJCa,
B=ENCy, u=H"1LdCs 0or A= ENCy, B=E\C, and p the Lebesgue measure we conclude the
proof of (3.15). O

<CQ <415> . (3.15)

We now pass transfer this information to the graph of u.
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Lemma 3.5. Under the assumptions of Theorem 3.1, there exists C = C'(n,~y) > 0 such that for every
¢ € CH(Dy) we have

/F (T v ) v, ) + 2y / u /E G =)o) — P i () - ) Ay
<C (en(4) +Q (416>> ;

E, = {(;v’,a:n) : 2’ € Dy and z,, < u(m')}

(3.16)

where

Proof. As above we may assume without loss of generality that ||V¢| L~ = 1. To simplify notation we
write v for v and v* for vg, and will use the convention T, = T'(z). We recall that M = 0FE N Cs.
Since it is classical (see e.g. the proof of [26, Theorem 23.7]) that

< Cey(4),

/F (Ve vE,)(vE, - €n) —/ (Vo vp)(vE - en)

M

from (3.9) it is enough to prove that

| [ e - o)y endsany = [ [ Ga e - o)y e o ity
Iy JE, M JENC,

< Cen(4)[VellLe-.
(3.17)
To this aim we write

/1"u /Eu Ge(x —y)(pa — ) (v - €n) dzdHy~! — /M /Em% Gz — 4)(0n — 0y)(vy - €n) da AN
- /pu (/E Ge(z = y)(pa — py) dz — [Em% G=(z = y)(pa — ¢y) dx) (V- e,) AHIL
' /r /J;m02 Ge(r =) (0o — 9y)(vy) - €n) dudHy™
- /M /Emc2 Ge(z = y)(pa — ) (vy - en) dx dHZ_l.

We claim that

/ / Ge(z — y)|ps — py| da d’;’-[Z*1 < Ce,(4) (3.18)
. JE,A(ENCs)

and

/ / Ge(z — 1)(0s — )V - ) dz dH?
', JENC>
G- ey e de iy < Con(@), (3.19)
M J ENC»

from which (3.17) would follow. We start with (3.18).
By (ii) of Theorem 3.1, there exists a set A C Dy such that H""1(A4) < Ce,(4) and

En{(@,t) : te(-2,2)} =E,n{(z',t) : t€(-2,2)}, Va'e Dy\A,

since

(v eDs s Y HNENC, 1, ({y'}) NI, N Ca} = I (MATY),



UNIFORM REGULARITY FOR NONLOCAL PERTURBATIONS OF THE PERIMETER 21

where II,, : (¢, yn) — yn. Thus, since ¢ and u are Lipschitz continuous we find

// Gl — 9)los — py| da dHI !
E.A(ENCy)

/// Go((&,1) — (') — y| dt da’ dH?!

SC‘/A‘/DQ/I‘QGE((J;/?IS)_UZ//)(x/’t)_uy’|dtdy/d$/
SC’Hn—l(A)/ 12|G(2) dz < CH " L(A).

n

We now turn to (3.19). Notice that H" !-a.e. on I', N M we have v* = £v. Moreover, setting
Iy =T,NMnN{v* = v} and arguing exactly as in [26, (23.51)], we have H" 1 ((M NT,)\I'1) < Ce,(4).
Recalling that by (ii) of Theorem 3.1, H"~}(MAT,) < Ce,(4), we find

Ge(z = y)(pz — ‘Py)(V; “en)dz dHZ_l

—/ / Ge(x —y)(pa _QOy)(Vy -en)ddeZ_l
M JENCy

< / / G.(x — y)lz -yl dw dH;!
(MATD)U((MNLC,)\I'1) J ENCy )

< Cep(4) /]Rn |2|Ge(2) dz < Cep(4).

ENCsy

In order to conclude the proof of Theorem 3.2, we are left with the linearization of (3.16).

Proof of Theorem 3.2. Since arguing verbatim as in [26, Theorem 23.7] we have

Vu- Vo — / (Vo -vr, )(vE, -en)| < Ce,(4),
Ty

D

by Lemma 3.5 it is enough to prove that (recall the notation u, = u(a’))

Ugt
/ / / G.(2' =yt —uy)(pw — @) dtda’ dy’
Dy J Dy J—2

[ e — )Gl — o0 o’
DQXDQ

<c (en(4) +Q (415)) . (3.20)

For 2’ # 3" we have

/z Gs(x'—y’7t—uy/)dt:/ Y G.(2' — ', s)ds

-2 —2—u,

-1 0 Uyt — Uy
= / Ge(x' -y, s) ds+/ G.(2' — o, s) ds+/ G.(2' —y,s)ds. (3.21)
-1 0

—2—u,,

On the one hand we observe that

0
/ (gpxz — @y,)/ GE(JT, _ y/’ 3) dsdz’ dy’ =0. (3.22)
D2><D2 —1
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On the other hand, since ||u||p~ < 1, for any y’ we have —2 — u,» < —1. Thus, using the fact that ¢ is
1-Lipschitz, we compute

-1
/ / / GE(I/ - yla S)(Spcc’ - Sﬁy/) dt dl’/ dy/
D2 D2 727uy/
-1
S/ / / 2" — |G (2" — o/, 5) da’ ds dy’ (3.23)
Do —Q—Uy/ Do

<[ [ |z|G€<z>dzdy'<ccz(1).
Ds n\Bl 48

Combining (3.21), (3.22) and (3.23) yields

/ / / : G.(2' =yt —uy)(pw — @) dtda’ dy’
D2 JDy J—2

—/ / DG~y Do — ) dida’ dy
Dox Do JO

<0Q (415) . (3.24)

Using again that ¢ is 1-Lipschitz and Fubini’s theorem, we estimate

Ut —uy/
/ / (Ge(a' =y t) = G(2" — ¢, 0)) (par — ) dt da’ dy’
Dox Do JO

1 \umlfuy/\
< / / / tlr' — o ||VGe (2 — o, st)| dt dz’ dy’ ds
0 DQXDQ 0

11 (3.25)
= / / t/ lugr — uy [* |2 — || VGe(a' — o, stlug — uy|)| da’ dy’ dt ds
0 0 Dox Doy
11
< / / / [ugr — wy | |2 — Y ||VGe(z' =y, st|ug — uy])| da’ dy’ dt ds.
0 0 DQXDQ
Set G, = e~ (D G(-/e) where G = |- || VG| and @, (2, y) == (2/ — 1/, st(ug — uyr)). Observing that

[Din (2, 9)] > |2" — y'| we have for every fixed s, t,
[ =Pl = 96 st — ] dy
D2><D2
<[ = uy PO ) de’
D2><D2

Observing that 1 '1(3 =1 EVG‘, Lemma 3.6 below yields

/ |tar — uy/|2C~¥5(|<I>Sm(x’,y’)|)d:c’ dy' < Cf\zvcw/ [Vul? < Cf\zvqen(l‘l)»
D2><D2 D2

where we used that by (iii) of Theorem 3.1, sz |Vu|? < Ce,(4). Combining this with (3.25) and (3.24)

concludes the proof of (3.20).
O

In the proof of Theorem 3.2 above, we used the following technical lemma.

Lemma 3.6. Let G : R" — RT be a radial kernel such that (recall definition (1.1)) It < co. For
u € Lip(Ds), we define the map ®, : Dy x Dy — R"™t x R by

Oy (2",y) = (@' =y, u(@’) —u¥)). (3.26)

There exists a constant C = C(n) > 0 such that if ||Vul|p=(p,) < & then

/ (u(’) — u(y)2C(@u (e, y)) da’ dy < CI / IVl (3.27)
Do x Do D>
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Proof. We start by estimating

[ )~ ul) PO ) d dy
D2><D2
1
< / / 1, (') Lp, ()| Vula! + (' — )22’ — o PG(®u (o, y)) da’ dy dt
0 JRP—IxRn—1

1
_ / / 1n, (& — t2")1p, (& + (1 — )2)[Vu(@) 2|7/ PC(®u(# — t,3 + (1 — 1)2)
O Rnfl XRnfl
43’ do dt
1
< / |Vu(2')? [/ |2/[PG(®y (2" — 2,2 + (1 —t)2'))dz’ | da’ dt,
0 Do Rn—1

where we made the change of variables 2z’ =y — 2/, 2’ = 2’ + t2’, and used that by convexity of D,
Dy (t2') N Da(—(1 —t)2") € Dy. We finally claim that for every fixed ¢ € [0,1] and 2’ € D,

/ 1 2G(@u(a — t 2" + (1— 1)) de < CIL, (3.28)
Rn—1

which would conclude the proof of (3.27). For this we set G(z) = g(|z]) for some g : RT — R*. and
write using polar coordinates

/ |2/ 2PG(®y (2" — 2/, 2" + (1 —1)2))d2’
Rr—1

= [ [ e R e = 0 drdn (320

We finally notice that for every fixed t € [0,1], 2’ € Dy and o € S" 2, the function ¥(r) :=
V12 + Ju(z’ —tro) —u(z’ + (1 — t)ro)|? is Lipschitz continuous with

V5 5 3

57Tz U(r)>r  and 1= V'(r)> ——

257

so that making the change of variables s = ¥(r) we find
/ |2/ 2G(y (2" — /2" + (1 —1)2))d < C’/ s"g(s)ds = CI{.
Rn—1 0

This concludes the proof of (3.28).

4. CACCIOPPOLI INEQUALITY
Let us first introduce the standard notion of flatness for sets of finite perimeter.

Definition 4.1 (Flatness). For any set of finite perimeter £ C R™ we define the flatness of E in z € OF
at scale r > 0 with respect to the direction v € S*~! by

1 —2) v —cf?
f(E,z,r,v) = inf / =) v=cf dHR
0*ENC(z,r,v)

ceR rn—1 r2
When v = e, we write £,,(E, z,r) for f(E,x,r e,) and we write f£,,(E,r) for f,(E,0,r).

Using the harmonic approximation result given by Proposition 3.3, we will be able to show in
Lemma 5.3 that there exists a direction v such that £f(E, Ar,v) < A%e,(E,r) for (A, rg)-minimizers
of . ~, as long as r is much larger than €. To pass this estimate to the excess at scale Ar/2, we prove
in this section a Caccioppoli-type (or Reverse Poincaré) inequality. The key argument is to prove first
that for sets which are sufficiently flat, the quasi-minimality condition (2.15) can be upgraded.

To that effect, we need to introduce some notation. For any ¢ > 0 and z € R"!, we define
K:(z) = D¢(z) x (—1,1), and we simply write K; when z = 0. For any cylinder K;(z), any set of
locally finite perimeter E, and any constant ¢ € R, we define the quantities

DAY
F(E,Ky(2),¢) = / Md%”*l (4.1)
Ki(z)no=E U
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and

E(E,K(2)) = P(E;Ky(2)) — H" 1 (Dy(2)). (4.2)
When z = 0, we make the abuse of notation &(E,t) = &(E,K(0)) and F(E,t,c) = &(F,K(0),¢).
Let us point out that these two quantities are respectively linked with the (non-scale-invariant) flatness
and excess of E at scale ¢ in the direction e,. Indeed, if 0 € OF and if for some h € (0, 1)

{(z'2,) €Ky 2y < —h}CENC; C{(2,2,) €Ky : z, <h},
then

1
En(Byt) = Inf o

H”fl(Dt) = / VE - €en
9*ENC,

(see [26, Lemma 22.11]), thus, for any ¢t € (0,1),

1 tn—l
E(E,t) = / (1—vg-e,)dH" ! = f/ lvg — en|? dH" ! = ( ) e,(E,t). (4.3)
9*ENC, 2 JoxEnc, 2

Notice in particular that &(FE,-) is increasing in (0,1). Eventually, recalling the definition of the
function Q in (1.3), for any 6 € [0, 1] we define the function Q;_g by

Qi o(t) =Qt'"™%, Vvt>o. (4.4)
4.1. A refined quasi-minimality condition. We improve the quasi-minimality condition (2.15) for
sets which are sufficiently flat. For any £ > 0, let us define the “critical” energy functional
F(E) =F1(E)=(P— P)(E).

Proposition 4.2. Assume that G satisfies (H1) and (H2), and let € € (0,1), v € (0,1), 0 € (0,1] and
A >0 with 4N <1 —~. There exists C = C(n) > 0 such that if E is a (A, 4)-minimizer of F.  with

F(E,t,c),

and

1 1
{xn<—4}ﬂK3§EﬂK3Q {xn<4}ﬂK3,

then the following holds. If t € (0,2) is such that H"~1(0K; N OFE) = 0 then for any set F of finite
perimeter such that EAF C K; and

1 1

we have
S(E,1) < (iz) E(F,t) + (12_77) [6(B,t+£%) — &(B,1)]
¢ 1 A 1+3’Y n—1/g9%
+ WQH (5> + WIEAFl + a 77)7{ (0"F NOKy). (4.5)

Proof. To simplify a bit notation set n :== H"~1(9* FNOK,). Since H" 1 (0K;NIE) = 0 and EAF C K,

we have

P(E) - P(F) = P(F;K,) - P(F;K;) — . (4.6)
By (A, 4)-minimality of E we find
(1-=7)P(E;K;) < (1 =) P(F;Ky) + [ Fo(F) = Fo(E)] + A|[EAF| + (1 =) (4.7)
In the next two steps we prove that
1
Fo(F)— F.(E) <28(F,t+%) +CQ1_¢ <€> . (4.8)

Step 1. In this first step we localize the estimate. Setting for simplicity
Dt = Dt+597 Kt = Kt+69

and defining the “localized” functional

]:;OC(E) = P(E;f{t) — / _ Gz —y)dady,
(ENK.)x (E°NKy)
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we claim that
Fo(F) = F.(E) < FlUF) — FI°°E) + CQ1_p(e71). (4.9)

Since EAF C K, cC K, P(E) — P(F) = P(E;K,) — P(F;K,) and thus in order to prove (4.9),
we just need to consider the nonlocal part. Setting ®(A, B) = foB G.(z — y) dz dy and using that
EANF C K; we have

P.(E) — P.(F) = ®(E, E°) — ®(F, F°)
— [<I>(E K, E°NK,) — ®(F NKy, F°NK; } +®(ENK,, EA\K,) — ®(F N Ky, E°\K,)
+ ®(E\Ky, E° NKy) — ®(E\Ky, F° N K;)
< [(I)(E NK, E°NK,) — (FNK,, F°NK,) } + ®(ENKy, E\K,) + ®(E\K;, E° N K,)
< [@(E K, E°NK,) — o(F NKs, F°NK, } 120 (K, (K,)°).
In order to prove (4.9) it is thus enough to estimate ® (K, (K;)¢). For this we write that

PKL(R)) = [ Gle—y)drdy

1Kt 1~c(x+z)G (z)dxdz

/ 1k, (z 1~L(£L’+Z)1Rn\B , (2)G:(2) dzdz
X R™

IA

/ 1k, (a;)lKg (x + Z)]'R"'\Bee (2)Ge(2) dx dz
R7Z XR'VL

1
3 </]R"\B€9 |2|G:(2) dz) P(Ky)

< 0Qu-p(e™h),
where we used (2.1) with K = 1gn\p_, G-.

IN

Step 2. In this step we show
Flo(F) — Floo(B) < 28(F,t +€%) + CQi_p(e71). (4.10)

Together with (4.9) this would conclude the proof of (4.8). To this aim, we will use the slicing
techniques introduced in [27, Section 3], rewriting P and P- as an average over 1-dimensional slices. Let
us set p(t) = wn_1]t|""Lg(Jt]) and p.(t) == e~ 2p(e~1t) for t € R\ {0}. For every line segment L C R",
we define the one-dimensional nonlocal perimeter functional in L

P(EL) = [ Le(e) ~ 1elp(o - ) dt iy = 2 [ pez — y) dHE MY
LxL (ENL)x (E°NL)

and the one-dimensional critical energy in L by
FIP(B;L) =HY(0*ENnL) - PP (E;L).

Proceeding as in [27, Proposition 3.1 & Corollary 3.3] (the only difference is the restriction to Kt) we
have
1

zwn—l

F(E) =

/ FIP(B; Ly ) dH R,
sn—1 J{o}+

where we set
Loz =x+Ro, and Ly, :=Ls;NK;.

In particular

Floo(F) — Floo(B) — /S - /{ }L(]-";D(F;EU,I)—}"ElD(E;fa’z))ddeZ‘l. (4.11)

2wn—1

Step 2.1. We claim that for every o € S"~! and H" '-a.e x € {o}*+, we have
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‘FEID(F;ZO'J) - fle(E;za',m)
o it 0*F N Ly, =0, i
-] 2 (7—[0(3*}7' N EJI) - 1) +0Q1_p(e7h) otherwise. (4.12)

By the standard properties of one-dimensional restrictions of sets of finite perimeter (see e.g. [3]), it is

enough to prove (4.12) for E, F C R and EJ@ = L = (0, a) for some a > 0. Notice that since E and F’
are of finite perimeter in L, they are just a finite union of disjoint intervals.
By [27, Remark 3.2], for any set of finite perimeter E C R, we have P!P(E;R) < H°(OE), which

implies 7P (E; L) > FIP(E;R) > 0. Thus, if H*(OF N L) = 0 (that is, OFNL— 0), then F1P(F; L) —
FIP(B;L) < FIP(F; L) < —PP(E;L) <0. If HO(OF N L) > 2, then
FIO(F;L) — FIP(B; L) < FIP(Fy L) < HO(OFNL) <2 (H(OFNL)—1).
There remains to focus on the case where H°(0F N L) = 1. In this case we claim that
FIP(F;L) = FIP(E; L) < CQig(e 7). (4.13)
Let tg be such that LNOF = {tr} then either FNL = (0,tr) or FNL = (tg, a). Since both cases are

similar, we treat only the case F N L = (0,tr). We distinguish two sub-cases.

Case 1: d(tp, L°) . In this case we argue somewhat similarly to (4.9). Using the fact that

/ / pe(s—1 dsdt—2/ tpe(t)dt =1, Ve € R, (4.14)

we compute

tF a
f;D(F;L):pQ/ /ps(s—t)dsdt

0

tp oo tp
—2/ / pe(s—t)dsdt — 2 / /pgs—tdsdt
oo Jitp tp
oo 0
2/ / pg(s—t)dsdt+2/ / pe(s —t)dsdt
0 o] oo
/ (/ pe(s—1) dsdt+/ pg(s—t)ds> dt
—00 a—tp tr
0 0o
/ / pe(s —t)dsdt
—oo Je?

Sy RCEETUER

IN
o

IN
N

thus
FIP(F;L)<C |2|Ge(2) dz = CQ1_p(e™ 1),
R\ B_o
proving (4.13) in this case
Case 2: d(tp, L¢) < €. Either O <tp<e? <aor0<a—e? <tp <a. Since both cases are similar,
we treat only the case O <a—-¢ <tp<a.
Notice that EAF C K; implies tr € OF and

Fen(a—e’a)=E°N(a—e’a)=(a—e’ a). (4.15)
Let us write E N (0,a) = szl I;, where k > 1 and I; C (0,a) are open intervals. Then let
{81,y 8kyst1,- .., tk, } be the elements of OF N (0, a) such that
0 51 <8y < ...<s8p and ] <t <... <, =tp;
e for each j, s; is a left endpoint of some I;, and ¢; is a right endpoint of some I;.
Note that s; may not be the left endpoint of I; (if I; = (0,¢1)), so that k; may be different from ko
(see Figure 1). The fact that ¢, = tp is due to (4.15).
For 1 < j < ky, we denote by A; the connected component of E°N L which is immediately on the

left side of s; (that is, its right endpoint is s;), and by Ej the union of all the connected components of
E N L on the right side of s;. Similarly, for 1 < j < ks, we denote by B; the connected component of
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L ¥ 1 ¥
L} T ] T
0 t;1 S1 to S2 9 tp=1t3 @ 0 S1 t; S2 ta 83 o0 tp=t3 a

F1cURE 1. Two examples of the situation in Step 2.1, Case 2 in the proof of Propo-
sition 4.2. On the left, k1 = 2 and k; = 3, and on the right, k1 = ko = 3. The thick
segments represent the set £ N (0, a).

E N L which is immediately on the left side of ¢;, and by ﬁj the union of all the connected components
of E°N L on the right side of ¢;. See Figure 2.

.Bl . Ay . B . Ao . IBs .

(I) tll 8I1 tlg SI2 5I9 tp I: t3 f=l
no— — —
Ay o : : : i :I

FIGURE 2. An example of the situation in Step 2.1, Case 2 in the proof of Proposi-
tion 4.2, when k1 = 2 and ko = 3, with the representation of the A and the B

Then using that H°(OE N L) = k; + ko and decomposing the domain of integration of PP (FE; L) we

see that
ko
+Z 1—2/ _ pe(s—t)dsdt
j=1 BjxA;

Each term of each sum is nonnegative by (4.14), and since Ay, = (t,a) by (4.15) and By, C (0,tz)
this implies in particular

FIP (B L) > 1—2/ pe(s —t)dsdt = FXP(F; L),
(O,tF)X(tF,a)

k1

.F;D(E;L):Z [1—2/ _ pe(s—t)dsdt
A]‘XBJ'

j=1

concluding the proof of (4.13) in this case as well.

Step 2.2. For 0 € S*~! we define 7, as the projection on {o}+. We then set
1

Sh(F;K;) = H' (e (0°F NK,)) dHE
2(4)"_1 §n—1
_ 1 n—1 n—1
2w /sn-l /{a}l L Eo o gy W™ Mo
Since
1
P(F;Q) = / HO(O*F N Ly, NQ)dHEHdHE.
2wn,1 sn=1 J{s}L
we have
~ 1 ~
P(F;K;) = / HO(O*F N Ly,)dHr tdH?
2&1”,1 sn—t J{o}L

(4.16)

! n—1 n—1
2 2Wp 1 /Svn71 /{U}J_ 1{Eamma*p7g@} de dHU .
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Thus, inserting (4.12) into (4.11) and using the fact that
~ n—1 n—1
/Snfl /{VO.}L 1{Ln,z?ﬁ@} dHI dHo’ S O

FL(F) = Fl°(E) < 2(P(F; Ky) — Sh(F;Ky)) + CQ1g(e71). (4.17)
By Lemma 4.3 below, Sh is minimal when F' N I~{t =R} N I~{t, which gives
Sh(F;K¢) > H" (D).
In view of (4.17), this concludes the proof of (4.10).

gives

Step 3. We may now conclude the proof of (4.5). By (4.8) and (4.7), we find
(1 =NP(E;K;) < (1= 7)P(F;Ke) +7 [26(Ft +¢%) + CQip(e™")] + A|[EAF| + (1 = y)n.
Subtracting (1 — v)H"~!(D;) from the previous inequality and using that by (4.6)
EFt+e%) —&(F,t)=E(E,t+°%) — (B, t) +n,

yields
(1—7)E(E,t) < (1 —)EF,t) +298(Fit + %)+ CyQi_g(e™") + A|[EAF| + (1 +7)n
=(1+7)E(Ft) +2v[E(F it +€%) — &(F,t)] + A|EAF| + (1 +7)n
=(1+7)EF,t)+2v[6(E,t+e%) — (B, )] + A|[EAF| + (1 + 3v)n.
Dividing by (1 — «) concludes the proof of (4.5). O

Let my denote the orthogonal projection on a vector space V' C R™. We now prove that among
sufficiently flat sets, the quantity

1

Sh(E;Ky) = o1

/ H" N 7myr (0FENK,))dHE! (4.18)
Snfl
is minimal when F is flat.

Lemma 4.3. For any t > 0, and any set of finite perimeter E C R™ such that
{z, < -1/4}nK; C EnK; C {z, <1/4} NK,, (4.19)
we have
Sh(E;K;) > Sh(D; x (—1,0); K;) = H" *(Dy). (4.20)
Notice that the equality Sh(D; x (—1,0); K;) = H"~1(D;) follows arguing as for (4.16).

Proof of Lemma 4.3. We start by fixing some notation. We denote by S : R” — R" the symmetry
with respect to the vertical line {Ogn—1} x R, that is, for £ = (£, &),

SE = (=€, &)

We write

1
Sh(E;K;) = o 71/Sil [H" (e (" ENKy)) + H' N (m(soyL (FENKY)) dHETH. (4.21)

We claim that for every o € S*~!, the integrand is minimal when 9* E is horizontal in K, that is,
H N7, (0P ENKY)) + 1 50y (0 ENKy)) = H* Hmpu (D)) + H* Hmsoye (Dy)). (4.22)

After integration this would conclude the proof of (4.20). The proof of (4.22) is done in two steps. In
the first step we prove it for n = 2 and in the second step we use slicing to reduce ourselves to the
two-dimensional situation.

Step 1. We first prove (4.22) for n = 2.

Step 1.1. By [2], we may decompose the set of finite perimeter E = En K, into its (measure
theoretic) connected components. By assumption (4.19) one of these components denoted E‘l contains
(=t,t) x (—1,—1). Its external boundary is a Jordan curve v € C°([0,1),[—t,] x [-1, 1]) and we have
~([0,1)) C OME, C OF up to a H'-negligible set, where OME is the essential boundary and OF, the
usual topological boundary of El. Moreover, by (4.19) we may assume up to a reparameterization that
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) to

[0,4] is a parameterization of the broken line made of the three oriented segments joining (—t, f%
’2

(—t,—1), then (—t,—1) to (t,—1) and (¢, —1) to (t,— 7).

Denoting
s1:=max{s € [3,1) : y(s) € {t} x R},
s2 == min{s € (s1,1) : y(s) € {—t} x R},
we obtain the parameterization of an arc «y : [s1, so] — [—t,t] x [-1, 1] with

’7(81) € {t} X Rv ’7(82) € {_t} X Rv '7((81732)) g (_tvt) X [_iv i]
Let I be the segment [y(s1),7v(s2)]. Obviously, any straight line intersecting I also intersects the arc
v([s1, s2]), hence for every o € S, m 1 (v([s1, s2])) contains 7,1 (I), so that

HY (1,1 (1)) < H (151 (7([51,82)))) < H (mpr (M ENKy))=H (7,0 (" ENK,)). (4.23)
Step 1.2. For o € S, let 6 € [0, 5] be such that

{Ro, R(So)} = {R(Z: Z) ’R<_sicr(1)599> }

and ¢ € (=%, %) be such that I has direction (3°%). We compute

sin ¢

H (7,0 (1) + H (m(50)2 (1)) =

(Isin(0 — )| + | sin(6 + »)])

cos
_JAt|tanpfcos® if 0 <6 <y < T,
) 4tsind if o] <0< Z.

Since tan ¢ is increasing in (6, 5) we have |tan p|cosf > sinf if 0 < [p| < 5 and thus

H (7 (1)) + H (s (1)) = Atsin 0 = H (o (1)) + H (s (11)):
Together with (4.23) applied both to o and So, this proves the (4.22) when n = 2.

Step 2. The case n > 2. There exists e € S"~! N [R"~! x {0}] ~ S"~2 such that
o= (0-e)e+ onen, So=—(0-e)e+ onen.

Denoting P := Span{e, e, }, V := PL and P, =y + P for y € V, we have

W (1 (P E N Ky)) = / H(m,2 (07 E MK, 0 P,)) dHI—2, (4.24)
VNB, ’
H' 750y (0FENKy)) = /VmB H (T(50)2 (0"ENK; N Py)) dH) 2. (4.25)

Next, for almost every y € V, E N P, is a set with finite perimeter in the plane P, and up to a
H!-negligible set, Op, (ENPy) = (0. E) N Py.
Noticing that for |y| > t, K; N P, = () and that for |y| < ¢, K, NP, =y + {z1e + 226, : |2z1| <

V2= y2, [o2| <1} ~ (=12 = |y|2, /12 — [y]?) x (=1,1) and using Step 1 in K; N P, concludes the
proof. O

Remark 4.4. In Proposition 4.2, we introduced a parameter 6 € (0,1] to find a proper balance between
the terms
1
[6(EB,t+%) —&([E,t)] and Qi <) .
€
As we will see, through an averaging argument, we can roughly estimate
[6(B,t+% — &(B,1)] < fe(B,2t) (4.26)

the first quantity gets smaller the closer 6 is to 1. However, Q1_g(e71) gets larger as 6 goes to 1. In
particular when 6 = 1, Q1_4(r/e) = Q(1) is a constant (non-zero unless G is compactly supported
in By), which would prevent us to obtain a decay of the excess through iteration. We can choose later 6
small enough so that Q;_g(r/e) stays sufficiently small down to any scale e'~# with 8 € (0,1). As long
as 6 is non-zero, (4.26) will be sufficient to proceed with the iteration.
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4.2. A Caccioppoli-type inequality. From the improved quasi-minimality condition given by
Proposition 4.2, we first obtain an intermediate weaker form of a Caccioppoli inequality. We refer to
(4.1), (4.2) and (4.4) for the definitions of .#, & and Q1_s.

Proposition 4.5. Assume that G satisfies (H1) and (H2), and let € € (0,1), v € (0,1), 8 € (0,1] and
A > 0 such that €% € (0, 1) and 4A <1 —~. Then for every (A,4)-minimizer E of Fe  with
1 1
{xn < —8} NKs C ENKj3 C {xn < 8} NKs,

the following holds. For every ¢ € R such that |c| < % and every t € (4¢%,1), we have

&(B,t/2) < C <(£(E,t)fi(E,t, c))% + <€;> E(B ) +Q1g(e™!) + At”1> , (4.27)

where C' depends only on n and .
Proof. For almost every t € (4<%, 1), we have

H"HOK; NIE) = 0. (4.28)
Let us fix such a t. If F(E,t,¢) > & (E, t), then using the fact that &(F,-) is nondecreasing, we have

E(B,1)2) < E(E.t) < EE,DVEET) < A(E(E,H).F(E.t,c))?

thus (4.27) holds. Hence, we now assume .7 (E, t,c) < =& (E,t), and set A = ia(gftt)c) €(0,1). As
in [26, Lemma 24.9] we want to use for s € (0,1) the construction of [26, Lemma 24.6] as competitor

inside K; for Proposition 4.2. To this aim using for instance [26, Theorem 13.8], we approximate E by
smooth sets Ej with |[EAFEy| — 0, P(Ey) — P(E) and

1 1
{xn<—4}ﬁK3CEkﬂK3C{xn<4}QK3. (429)

By the Morse-Sard lemma, for almost every s € (0, 1),
0K N OEy is a (n — 2)-dimensional hypersurface. (4.30)

For every such s we may apply [26, Lemma 24.6] with a = (1 — X)st and b = st, and use the inequalities
VI+t2<1+t?and 1 — (1 —X)""! < (n— 1)), to construct an open set of finite perimeter F; such
that (4.29) holds for F,

F;n oK, = B, N 0K, (4.31)
and
5(F, st) < C ()\sth(st) + )\1th(st)> , (4.32)
s
where we have set
d
Vi(a) = - (8(Ey, a) = H" (0K, NOEL) — H"2(0D,)
and
Vz(a) = i(a{?(E;wa, ) = / (zp — ) dH" 2
da 0K, NOE},

Applying Proposition 4.2 with, F = (Fy; N Ky ) U (E\K,) and noticing that by (4.31) and [26,
Theorem 16.16], for a.e. s, H"~1(0*Fs N 0Ky) = H" Y ((EAE,) NOKy,) we find for such s,

E(B, st) < c(g(Fs, st) + [E(E, st + &%) — E(EB, st)] + AKu| + Qu_(e ™)

FH Y (BAER) N 8Kst))

(4.32) 1
<C ()\sth(st) + ﬂVg(st) + [6(E,st+%) —&(B,st)] + A"+ Qi_o(e )
s

(4.33)

+H" Y (EAER) N 8Kst)) .
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We now integrate (4.33) for s between 1/2 and 3/4. First, since &(E,-) is nondecreasing, we have

%é"(E,t/Z) < /Z & (F, st)ds. (4.34)

1

2

Second, we compute

3
4

/7 [E(E, st +¢) — &(E, st)]ds = 1/4[£(E7a + &%) — &(E,a)] da

: b
1 5 +ef e 1 e’ ef
_1 / £(E, a) da—/ &(E,a)da | < f/ £(E,a)da < () S(E.1), (4.35)
t tco t t Jae t
2 2 4
where we used the fact that &(E,-) is nondecreasing for the last inequality. Third,
3 3t
4 4 t t
/ stVe(st)ds < §/4 Ve(a)da = 3 (é” (Ek, 3) - & (Ek, >> < §£(Ek,t). (4.36)
1 4./ 4 4 2 4
Finally, with a similar argument using that a — a®.% (Ey, a, ¢) is nondecreasing, we have
3
11
/ QVg(st) ds < 2.7 (Eg,t,c). (4.37)
1
Inserting (4.34), (4.35), (4.36) and (4.37) into (4.33) yields
1 0
E(E,t/2) <C {Aéa(Ek,t) + Xy‘(Ek,t, c) + (Et) EE )+ A"+ Qrog(e™) + |EAE;€|} . (4.38)

By (4.28) we can send k — oo to obtain

E(E,t/2) <C [A@@(E,t) + %f/“(E,t,c) + (i) EE ) + A"+ Qle(a—l)] .

Recalling that A = "2555’2; ) concludes the proof of (4.27) for a.e. t € (4¢?,1). By the left-continuity

of £(E,-) and .Z(E, -, c) this actually holds for every ¢ € (4¢%,1). O
(

We now post-process (4.27) to obtain the desired stronger Caccioppoli inequality. The main difference
with [26, Theorem 24.1] is that in our case we cannot apply (4.27) at scales which are smaller than °.

Proposition 4.6 (Caccioppoli inequality). Assume that G satisfies (H1) and (H2), and let € € (0,1),

€(0,1), A >0 and ro > 0 with Arg <1 —~. There exist constants Teac = Teac(n) > 0 and Meae > 1
such that the following holds. Let E be a (A,ro)-minimizer of Fe . and assume that 0 € OE. If for
some v € S"L rg > Meaer > 0 and 6 € (0,1],

6 9
e(E7 Meacr, V) + (;) < Teacs

then
e(E,r/2,v) < C (f(E,r, V) + (;)6 e(B,rv) +Ar+Qi_g (2)) : (4.39)
where C = C(n,G,7).

Proof. Up to a rotation and rescaling, we may assume that v = e, and » = 1. Therefore, up to
choosing Mc,. large enough and 7¢ac small enough, F is a (A, 4)-minimizer of F, , with 4A <1 —
and 16¢? < 1. Thus, (4.39) amounts to proving

1
en(F, %) <C (fn(E, 1)+ e, (E, D+ A+Qi-0 (€>) . (4.40)
By Proposition 2.14, choosing M., even larger if necessary and Tcac = Teac(n) small enough, we have
1 1
{(x’,xn) €Cy @z, < 8} CENCyC {(z’,xn) €Cy : zp, < 8}' (4.41)

Thus for every z € D1, we have

{(m’,xn) €Ks(2) : x, < —;} CENK;j(z) C {(m’mn) eKs(2) : < ;},
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so we can apply Proposition 4.5 to E + (z,0) with 2s for every s € (2¢%, 1). For every s € (2¢%, 1) such
that Das(2) C Dy, we get that

SB.K.() < € (6B Ka) (B Kn(2).0) ! + (5) 6B Kal2) +@10 () +0577).

S

(4.42)
Setting
h = inf / (2, — )2 dH™ !
lel<t Jcino~E
multiplying (4.42) by s? and taking the infimum over |c| < 1, using the fact that
F(E, K h
$2F (B, Kay(2),¢) < % <3
for every s € (2¢%, 1) with Ds,(2) C Dy, we find
1 1
PEEK() = C((PEERnEM + P8 ERn) 4200 (1) 1) (@
Set
1
U = sup {52£’(E,Ks(z)) : Dag(2) C Dy and s € (459, 2) } .
If

U = sup {s°6(E,K,(2)) : Das(2) C Dy and s € (4e?,8¢7)}

then (4.40) holds. Indeed, using the left-continuity of ¢ — & (F,K;) and the fact that &(F,K;(z)) <
&(E, K1) whenever Dy(z) C Dy, in that case we find

&(B,Ky) < — < C8(E,Kn),

4=
which gives (4.40) recalling that e, (E, §) = 26(E, K1) (see (4.3)). We can thus take the supremum

over s > 4e” or s > 8¢” for W. For any z and s such that Da,(z) C D; and s € (827, 1), we cover D,(z)
by N = N(n) balls D (z;) with centers z, € Dy(z). Then since § > 2¢? and Dy (z) C Dy, we can

apply (4.43) to each (3)2 &(E,K: (2x)). Thus, by the subadditivity of &, and by definition of W, for
such z and s € (8, 3), we deduce

1 N
PEEK) < 130 (2) 6K ()

1

p
g: ( (zk))h)% +e8 (B, Ky () + 8°Qup (i) n A) (4.44)

<C(F+59\IJ+Q1 9( >+A>

Recall that ¥ is in fact obtained by taking the supremum over the s, z such that Dss(z) C Dy and
s € (8¢%, 1) by the above discussion. Therefore, (4.44) yields

v <C (x/xITth 00+ Q10 (i) + A) . (4.45)

If
0+ Q 9( >+A<F

then (4.45) implies ¥ < Ch. Otherwise, (4.45) implies

quc< v+ Q, e( >+A> gc(g9£(E,K1)+Qle (i) +A>.

Recalling e, (E, §) = 28(E, K1), the left-continuity of ¢ — &'(E, K;) and the definition of h, combining
the different cases yields (4.40). This concludes the proof. O
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5. UNIFORM REGULARITY

5.1. Excess decay for r S e. If G satisfies assumptions (H1), (H2) and (H4), by Proposition 2.10
and Remark 2.11, it is standard to obtain power decay of the excess at small scales. Let us recall the
following well-known result.

Proposition 5.1. Let w >0, a € (0,1) and ro > 0 be fized. Then, there exists T = 7(n,a) > 0 and
C = C(n,a) such that the following holds. If E is such that for every r < rqg and every EAF C B,.,

P(E; By) < P(F; By) +wr™ 14,
assuming that 0 € OF and
e(E,R)+ wR* <t
for some R < 1y, then
e(E,r) <C (R “e(E,R)+w)r* Vre(0,R).

Proof. Although this result is standard and can be reconstructed from e.g. [31], we provide a short proof
for the convenience of the reader since this precise statement is not easily accessible in the literature.
By scaling we may assume without loss of generality that R = 1 (replacing w by wR*). We thus want
to prove that there exist 7 = 7(n) > 0 and C = C(n,a) > 0 such that provided

e(B,)+w<T (5.1)
then
e(E,r) <Cl(e(E,1)+w)r® Vr e (0,1). (5.2)

We recall that by the tilt Lemma (see for instance [20, Lemma 4.6] applied to A = wr® and £ = 0
combined with the beginning of the proof of [20, Proposition 4.1]), for every A small enough, there
exists Tyt = T (n, A) > 0, Ciie = Chig(n) > 0 and C > 0 such that provided

e(E,r) + wr® < T, (5.3)

we have
e(E,\r) < Cti]tA2e(E7 r) + Chrwre. (5.4)

We now choose A such that CijgA? < A%/2 and then set C' = 20 /\. Letting for k > 0, rp, = A\, we
claim that for every k& > 0,

e(E,r;) < C(e(E,1) + w)ry. (5.5)
By the scaling properties of the excess, see Proposition 2.12, this would conclude the proof of (5.2).

We start by noting that the statement holds for £ = 0. Now if it holds for £ — 1, up to choosing 7
small enough, (5.3) holds for r = ri_1 by (5.1). Therefore, by (5.4) and the induction hypothesis,

C C
e(E,ry) < CiA’e(E,r_1) + Chwry_ | < §(e(E, 1) +w)ry + A—iwr,‘j < C(e(E,1) +w)ry.
This proves (5.5). O

As a consequence, we have the following power decay of the excess for small scales.

Proposition 5.2 (Excess decay at small scales). Assume that G satisfies (H1), (H2) and (Hj), and
let v € (0,1), e >0, A > 0 and 19 > 0 with A(rg +¢) < 1 —~. There exist positive constants
Thee = T50c (M, G,y) and C = C(n,G,~y) such that the following holds. If E is a (A, ro)-minimizer of
Fe with 0 € OF and such that for some R < ro,

o(B,R) + 2 < 7he, (5

then we have (recall that sq is given by (H4))

e(E,r) < C (%)HO <e(E, R) + <R>1_SO> Vr € (0, R). (5.7)

3
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Proof. By scaling (recall Proposition 2.7) we can assume that ¢ = 1. By Proposition 2.10, we have for
r <R,
P(E;B,) < P(F;B,)+C (r”_s‘) + Ar”) VEAF C B,.
Since on the one hand, A <1 and on the other hand, up to choosing 75,. small enough, R <1 by (5.6),
this reduces to
P(E;B,) < P(F;B,)+ Cr"% VEAF C B,.
We can then apply Proposition 5.1 with o = 1 — s¢ to conclude the proof. O

5.2. Excess decay for r > e. Starting with a small excess at a given scale much larger than ¢, we
show that the excess is smaller at a smaller scale, up to tilting the direction.

Lemma 5.3 (Tilt lemma). Assume that G satisfies (H1), (H2) and (H3), and letv € (0,1),e >0, A >0
and ro > 0 with Arg < 1—~. Then, there exists a positive constant A1y such that for every A € (0, Ag),
there exists Ty = Teie(n, G, v, A) > 0 such that the following holds. If E is a (A, ro)-minimizer of Fe
with 0 € OF which satisfies, for some 0 <r <1y and 6 € (0,1],

8 0
e (B, 1)+ Ar+ (;) < Tt (5.8)
then there exists v € St such that (recall the definition (4.4) of Q1)
e(E,Ar,v) < C (/\Zen(E,r) F AT+ Q¢ (y)) , (5.9)

where C = C(n, G, 7).

Proof. We follow relatively closely the proof of [26, Theorem 25.3]. Let A € (0, A¢ir), with Mgy and 74
to be chosen later. Up to rescaling, we may assume that r = 4, e, (F,4) + 4A + e? < Ty, and E is a
(A, 4)-minimizer of F. , with 4A <1 —~. In the rest of the proof, we shall write e, (r) for e, (E,r) and
f(r,v) for f(E,r,v).

Assuming that 7 < Tip, we can apply Theorem 3.1 with r = 1. Let Cy = Ci(n, G,~) be a large

constant, and set
1
L=C (en(4) +Q (€> —|—A) .

L < min(A=D0+3) 52y, (5.10)
where o(n, G,7, \) is the constant given by Proposition 3.3 with 7 = A"3, then there exists v € S*~!
such that

We proceed in two steps.
Step 1. We claim that if

f(\,v) < CNL, (5.11)
where C'= C(n,G,~). Let us assume that (5.10) holds, and let us set ug = % By Theorem 3.1, ug
satisfies

[Vauo|* <1
D>
and, choosing C large enough, for all ¢ € C°(Dy),

Vug - Vi — 7/ (uo(2') —uo(y))(e(a’) — oy )Ge(a' — y',0) da’ dy’ < VL||Vp| L.

D1 D2 XDQ

Assuming Tij1; < Eparm, then since VL <o by assumption, Proposition 3.3 gives the existence of a
harmonic function vg € H'(D;) such that
Vo> <1 and lug — vo|? < A3,
D1 Dl

Setting v := v/Lvg, v is a harmonic function in D; such that
/ Vo2 <L and / lu —v|> < A"T3L. (5.12)
D1 Dl

Consider w(z) = v(0) + Vv(0) - z the tangent map of v at the origin. Then since v is harmonic, up to
choosing At small enough we have

[ = W[ (pyy < CXHV0l|T2(p,) < CA'L,
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thus with (5.12), this implies
1
)\nJrl

/ lu —w|* < CA’L. (5.13)
Dy

Defining the new direction

(=Vv(0),1)
VI+[Vo(0))
using (5.12) and (5.13) and the consequences of Theorem 3.1, proceeding exactly as in Step 1 of the
proof of [26, Theorem 25.3, pp 343], we obtain the claim (5.11).
Step 2. For A fixed, we can assume that 7y is chosen small enough depending on n, G, v and A to
enforce (5.10). Then, a key observation is that with that choice of v, we have

lv—en|> < C/ |Vu]? < CL.
D,

Thus, since C(0,7,v) C C(0,v/2r,e,), by Propositions 2.12 and 2.13, if Ay is small enough so that
Mcac\/?A < 4;

e(Muae,v) < C (en(McaC\/iA) +lv— enP) <C (A:_len(‘l) + L) <C (5.14)

An—l'
Whence, by (5.10), up to choosing Ay even smaller if necessary

e(Mcac)\a V) < C)\(n—l)(n+2) < Teac-
As a consequence, we can apply Proposition 4.6, which yields (recall that Q(1/¢) < Q1-g(\/€))

e(\/2,v) < C; (f()\, V) + (;)9 e\ )+ M + Q1o (2)) , (5.15)

where Cy = Cy(n, G, 7). Since e? < T, up to choosing 7y even smaller if necessary depending on A,

we have 510)
€ (% £ 6 5.14 LT il
(5) e C(3) eMachv) = 1005 < XL
Thus, for A¢ye small enough, (5.11) and (5.15) give

e(\/2,v) < C (AQL + A+ Qg (2)) )

Since @ is nonincreasing, this gives (5.9) with » = 4 and A\/2 in place of A, which concludes the
proof. O

As a corollary, iterating properly Lemma 5.3, we get the following power decay of the excess down
to scales which are large compared to € (the constant 1 below is typically large).

Proposition 5.4. Assume that G satisfies (H1), (H2) and (H3). Let v € (0,1), e >0A>0,7r9>0
and n > 1 with Arg <1 —+. Given any 0 € (0,1), there exists a positive constant 75, = 74,.(n,G,v,0)
such that the following holds. If E is a (A, ro)-minimizer of F. ., with 0 € OF satisfying, for some
ne < R < To,
e(E,R)+AR+n ' <75, (5.16)

then, for all r € [ne, R], we have

e(E,r) < C [%(e(E,R) +AR) + Q1o (%)} (5.17)
where A and C depend only on n,G, .

Proof. With Lemma 5.3 at hand, the proof of (5.17) is very similar to the proof of Proposition 5.2. By
scaling (recall Proposition 2.7) we may assume that R = 1. Arguing as in [20, Proposition 4.1] we may
use the scaling properties of the excess (see Proposition 2.12) to post-process Lemma 5.3 and replace
the cylindrical excess by the spherical excess both in the hypothesis (5.8) and the conclusion (5.9).
Let A = A(n,G,~) < 1 to be chosen later and set for & > 0, r,, = A\*. By the scaling properties of the
excess (see Proposition 2.12) and the monotonicity of Q1_g, in order to prove (5.17), it is enough to
prove that there exists C' > 0 such that if ry > ne then

e(E, 1) < C (rk(e(E,l) +A)+ Qi (’“’“)) (5.18)

€
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Let Ciix > 0 be the constant given in (5.9). We then choose A such that CyjA? < A/2 and set
C = 2C4. Since (5.18) holds for k£ = 0 it is enough to show that provided it holds for k£ — 1 then it
also holds for k.

By (5.16), the induction hypothesis and the fact that @ vanishes at infinity, up to choosing 7% . small
enough, (5.8) is satisfied for 7 = r,_; (notice that (¢/r;_1)? < n=%). Therefore, by (5.9) and the
monotonicity of Q1_g,

e(E,r) < Chn ()\QQ(E’qu) +Arp + Q19 (Tk))

€
(5%8) ¢ (rk(e(E, 1) +A)+ Q-0 (%)) + Ching (ATk +Qi-0 (%))

r

<O (r(e(B ) +4) + Qo ().
This concludes the proof. O
5.3. CY*-regularity. Eventually, combining Propositions 5.2 and 5.4 we obtain power decay of the
excess down to arbitrary small scales.

Theorem 5.5. Assume that G satisfies (H1) to (H5), and let v € (0,1), A > 0 and ro > 0 with
Arg <1—+~. Then, for every a € (0, i) with
1 Po

(

Oy = — 1
2 (n—s0)(n+po) +po
there exist B = f(n,G, ), Treg = Treg(N, G, 7, @) and €reg = €reg(n, G, 7, a, A) such that the following
holds. If E is a (A,ro)-minimizer of F. . with € € (0,er5) and 0 € OE satisfying, for some 177 <
R S To,

- 50)5

e(E,R) + AR < Tgec
then ,
e(E,r)<C (E (e(E,R)+ AR) + 7“20‘) for0<r <R, (5.19)

where C' = C(n,G,, o).

Proof. Starting from a scale R, the idea of the proof is to use (5.17) to obtain the decay of the
excess up to a scale 4. Then, in order to use (5.7) we use the scaling properties of the excess (see
Proposition 2.7) to jump to a scale r_. Setting L = e(F, R) + AR, since we want that in particular
e(E,ry) < C((ry/R)L + r3%), in light of (5.17) we need to take ry = el=#" for some B’ € (0,1).
Similarly, since we want e(E,r_) < Cr2*, (5.7) imposes r_ = ' *F" for some 8" > 0. Therefore, when
relying on Proposition 2.7 to pass from r; to r_ we will lose a factor in the estimates. To compensate
that we need to assume that the starting scale R is much larger than 7, i.e. R = ¢'=7 for some

1>p>p.

We start by choosing 8 arbitrarily close to 1, p € (0,pg) arbitrarily close to pg, and 6 € (0,1) such
that
(L= 0)n—1+po) = (n—1+p).
For 8’ to be chosen later, if r4 = £ we have that for £ small enough depending on 3’ that (5.16) is
satisfied (with 7 = e=#") so that (5.17) together with (H5) yield

r e\n—1tp
< — e >r>ry.
e(E,r)C(RL—i—(r) ) for R>r>ry

This gives (5.19) provided

£ n—1+p 9
(7) < re® for R>r>ry

r
n—1+p
€ 2«
— <ri.
T+

Since ry = £1=F" | this gives the condition

which is equivalent to
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Thanks to Proposition 2.7 and L < 1, we then have

e(E,r) < (&)"*1 e(E,ry)<C (ri>n71 <T+ + <€>n—1+P> forry >r>r_. (5.21)

r T R Ty

In order to have e(E,r) < Cr2“ in this range it is enough to have this estimate for » = r_ which means
E—(B/+B”)(n—1)(€6—ﬂ’ +€B/(n—1+p)) < g2a(1+8")

In particular, the optimal choice is

B
p= —— (5.22)
for which the condition becomes 5 ( 18"
p—(n—

Let us point out that (5.23) is stronger than (5.20). Notice that under (5.23), we have in particular
that (5.6) is satisfied at R = r_ provided ¢ is small enough. We may thus use (5.7) to obtain

e(E,r)<C (r>1_so (e(E,r) + (t)lS()) forr_ >r>0.

r_

By (5.21) (with the choice (5.22)) this reduces to

1—30
e(E,r)<C (T> (Eﬁlp_("_l)ﬁ” —|—5(1_30)5”> forr_ >r > 0.

In particular e(E,r) < Cr2?® for r < r_ provided it holds for r = r_ i.e.
A p—(n=1)p" _|_5/5”(1*50) < g2a(14+8")

which gives the condition

(5.24)

2a < min (ﬁlp — (D" P (1- so)> .

1
14+ B// ’ 14+ ﬁ//
This constraint implies (5.23) (which itself implies (5.20)). Since the first term is decreasing in 8” and
the second one is increasing, we see that the optimal choice of 8" is obtained when both terms are
equal, that is
Bp

(n —s0)(n+p)

bp (1 - so).
(n—s0)(n+p)+pBp
Since p can be taken arbitrarily close to pp and 3 arbitrarily close to 1. This concludes the proof.
O
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