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UNIFORM C1Y*-REGULARITY FOR ALMOST-MINIMIZERS OF SOME
NONLOCAL PERTURBATIONS OF THE PERIMETER

M. GOLDMAN, B. MERLET, AND M. PEGON

ABSTRACT. In this paper, we establish a C1:®-regularity theorem for almost-minimizers of a functional
Fey = P—~P:, where v € (0,1) and P is a nonlocal energy converging to the perimeter as e vanishes.
Our theorem provides a criterion for C1-®-regularity at a point of the boundary, which is uniform as
the parameter € goes to 0. Building upon previous work by the last two authors, as an application
of this theorem we obtain that volume-constrained global minimizers of F¢ , are balls for any ¢
small enough. For small ¢, this minimization problem corresponds to the large mass regime for a
Gamow-type problem where the nonlocal repulsive term is given by an integrable kernel G with
sufficiently fast decay at infinity.
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1. INTRODUCTION

Motivated by the study of Gamow’s liquid drop model in the large mass regime for general kernels
which decay sufficiently fast at infinity, we are interested in the minimization problem

min {fwvg(E) = P(E) —vP.(E) : E CR" measurable such that |E| = |B1\}, (P)

where n > 2, v € (0,1), and P- is a nonlocal perimeter functional such that P. — P as € — 0. More
precisely, given a measurable radial function G : R™ — (0,00) we define the rescaled kernels G. by
G(x) = e~ ("DG(e1z) for all x € R™ and the nonlocal perimeter P. by

P.(E) :=/ \1E<x>—1E<y>|cs<x—y>dxdy=2/ G.o(x — y)dedy
R xR™ ExEc

for every measurable set £ C R™. We will elaborate further below on the link with Gamow’s model
when the kernel G is integrable.

2020 Mathematics Subject Classification. 28A75, 49Q05, 49Q10, 49Q20.
Key words and phrases. Geometric variational problems, nonlocal isoperimetric problems, nonlocal perimeters,
regularity, liquid drop model.
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The main contribution of this paper is a C1®-regularity theorem for almost-minimizers of F .
(whose meaning is given in Definition 1.1 just below) which is uniform as e goes to 0, under suitable
assumptions on G. As a consequence, we obtain the following characterization of minimizers of (P) for
small €.

Theorem A (Minimality of the unit ball). Assume n > 2, v € (0,1) and that G satisfies (H1) to (H5)
(see below). Then there exists epan = evan(n, G,7y) > 0, such that, for every € < epan, the unit ball is
the unique minimizer of (P), up to translations and Lebesgue-negligible sets.

For our C1®-regularity theorem, we work with a classical notion of almost-minimality for F .

Definition 1.1 (Almost-minimizers). Let v € (0,1) and ¢ > 0. For any positive constants A and rq,
we say that F is a (A, rg)-minimizer of F. . if for every set of finite perimeter F' C R™ such that
ENAF CC By(x) with 0 < r <rg and z € R", we have

F.r(E) < F.,(F) + A|EAF).

As is standard for these types of variational problems (see e.g. [28, 17, 20, 12]) , we will see that
minimizers of (P) are (A, rg)-minimizers of F. . for any 7o and some constant A, not depending on e.

Remark 1.2. We could generalize the above definition to an open subset 2 C R"™, imposing that
competitors F differ from E only in balls B,.(z) C . Our arguments work just the same and yield
uniform regularity of F in 2. This applies for instance to sets E which are prescribed outside 2 and
minimize F; 5 locally in ).

For k € N and a general kernel K, it will be convenient to introduce the k-th moment of K, which is
defined by

I ::/ 12F 1K (2)] de. (1.1)
In this work, G always satisfies the following hypotheses:

(H1) G is a measurable, nonnegative, radial function, that is, there exists a measurable function
g:(0,00) = [0,00) such that G(z) = g(|x|) for every x € R™\ {0};

(H2) z+— |z|G(z) € L*(R™) and the first moment is normalized by

1
I};:K1 ,

where K , ::][ |z | dH" L
S§n—1

We also set g-(r) == e~ Ng(e1r) for every r > 0, so that G.(z) = g.(|z|) for every z € R\ {0},
and introduce the function @ : Ry — R, defined by

Q(r) ::/ |z|G(x) d, Vr € [0, 00). (1.3)
R\ B,

When necessary, we may use the following extra assumptions on G:

(H3) G e WLI(R™\ {0}), I\QVGI < o0, and ¢'(r) = O(r~(*1) at infinity;

loc

C
(H4) / G(x)dx < e for every r € (0,1), for some constants C' > 0 and sg € (0, 1);
B1\B,

C
(H5) Q(r) < 17y, for every r >0, for some constants C'> 0 and py > 0.
rne

Let us briefly comment on these assumptions.

(i) (H1) and (H2) are needed to ensure that P. is well-defined on sets of finite perimeter and that it
converges to the standard perimeter. In particular, it is used to obtain existence of minimizers
for small ¢ and convergence to the ball as € vanishes. The need for extra assumptions (H3),
(H4) and (H5) will be made clear further below when sketching the proof of our main result.

ii) With (H2), one can check that assumption (H5) is equivalent to I7%7% < oo for some positive go
G
(possibly different from pg).
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(iiif) If G is a power law function near the origin, that is, G(z) = C|z|~® for some C,a > 0 in a
neighborhood of 0, then (H4) states that a < n + so. Notice that in that particular example,
|[*VG is integrable near the origin, which is a part of (H3).

(iv) If G is a power law function at infinity, that is G(x) = C|z|~® whenever |z| is large enough, for
some C,b > 0, (H5) states that b > 2n + po. In that particular example, |-|?VG is integrable at
infinity, and ¢'(r) = O(r~("*1) when 7 — oo, which is the other part of (H3).

(v) From the two previous points, we readily see that the kernel G defined by
G(z) = C'min (||~ ("F50) |z~ Entro))

with sg € (0,1), po > 0, and C a normalizing constant, satisfies assumptions (H1) to (H5).
Other admissible kernels are multiples of the Bessel kernels B, ., defined for any o > 0 and x > 0
as the fundamental solution of the operator (Id — kA)2. Indeed, Bessel kernels are smooth
away from zero, decay exponentially at infinity and, near the origin

IW% for a € (0,n),
B,k () oc § —log(|x]) for a = n,
1 for a > n.

Eventually, our paper covers the case of integrable compactly supported kernels (albeit with
the extra assumption (H3)), which was studied in [28].

To state our C'®-regularity theorem and sketch its proof, we need to introduce the notion of
(spherical) excess, which measures the variation of the normal vector to the boundary of a set near a
point.

For a set of finite perimeter F, we will always implicitly assume that E denotes a well-chosen
representative such that its topological boundary OF satisfies (see e.g. [25, Proposition 12.19])

OF = spt|D1y| = {ac €R" : 0 < |ENB,(z)| < |B.(z)| for all r > 0}.
We denote by 9*F the reduced boundary of F, and by vg(z) the outer unit normal to 0*F at x.

Definition 1.3 (Spherical excess). For any set of finite perimeter E C R™ we define the spherical
excess (or simply excess) of F in x € OF at scale r > 0 by

1 _ 2
e(E,x,r) = inf / wd%”d.
vesn—1 =1 9+ ENB,.(z) 2 v

We can now state the main theorem.

Theorem B. Assume that G satisfies (H1) to (H5), and let v € (0,1) and A > 0. Then there exist
positive constants Treg, €reg, B € (0,1), and o € (0,1) depending only on n, G and vy such that the
following holds. If E is a (A,ro)-minimizer of F.  with ¢ € (0,¢reg) satisfying, for some x € OF and
0<r<rg
e(E,x0,7) + A1 < Tyeg, and el P <,
then, up to a rotation, (OE — x9) N (DT/Q X (=13, g)) coincides with the graph of a function u which
satisfies
Vu(z') — Vu(y'
wp 710 Vu)
',y €D, /o |£L' -y |

< C(n,G,v, A).

Here D, 5 denotes the (n — 1)-dimensional open ball of radius r/2 centered at the origin.

This theorem falls into the category of “epsilon-regularity theorems” in the sense that it gives
regularity of some object (here, the boundary of a set) in a region, provided its energy in a slightly
larger region is below a critical threshold.

To the best of our knowledge, this is the first time such a uniform regularity theorem is obtained
for a problem involving the competition of two local /nonlocal perimeters, when none of the terms is
negligible in front of the other. One may compare our regularity result with the one of [5]. Therein,
the authors establish a uniform C1:®-regularity result for local minimizers of the s-perimeter (when
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G(x) = |z|~ (™)) which is uniform in s as s — 1~. However, due to the lack of a competing term, the
problem and its analysis are rather different from the ones of the present work.

As stated above, the main motivation for this work is the characterization of minimizers of (P) for
small €. The study of this problem for kernels G satisfying (H1) and (H2) was started by the last author
in [27], where the existence and convergenge of minimizers (as well as their boundaries) to the ball was
obtained. In [26], the last two authors proved Theorem A in the planar case, and in arbitrary dimension
established that the unit ball is the unique minimizer, up to translations, among so-called “nearly
spherical sets”. Nearly spherical sets are sets whose boundaries are (small) Lipschitz perturbations
of the unit sphere. Assumption (H3) is in particular required for this perturbative argument, where
a Taylor expansion of the nonlocal perimeter around the unit ball was carried out. In a standard
way, since Theorem B gives uniform C1%*-regularity estimates as ¢ — 0, it can be used to bridge the
gap between the Hausdorff convergence of the boundaries of minimizers and the fact that they are
small Lipschitz perturbations of the unit sphere. Thus, by the aforementioned perturbative argument,
minimizers can only be balls for small e, which is precisely Theorem A.

A first step for the proof of Theorem B is to observe that any (A, r)-minimizer E of F , satisfies in
fact a weak quasi-minimality property of the form

P(E; B,(z)) < CP(F; B.(x))

for every set of finite F' such that EAF CC B,(x), for every x € R” and 0 < Ar < 1 —+, where C
depends only on n, G and ~. It is well-known that this kind of quasi-minimality only gives weak
regularity properties on E (see [16, Theorem 5.6]; the original proof can be found in [7]). Namely,
it ensures that the 1"~ !-density of 9*F (where H"~! is the (n — 1)-dimensional Hausdorff measure)
is bounded from below and from above (here, not depending of £). One can notice the analogy
with the case of functions u € H} _(R") satisfying, for some C' > 1 and some open set  C R", the
quasi-minimality property with respect to the Dirichlet functional

/\Vu|2 §C/|Vv|2
Q Q

for every function v € H{ () such that spt(u —v) CC €. This type of quasi-minimality ensures
Holder-regularity in §2, but not better in general for n > 2 (see [18, Chapter 6] and references therein).

The main point of our work is to build upon this minimal regularity and obtain higher order regularity
for (A, ro)-minimizers of . ... The proof of our C**-regularity theorem is inspired by the usual strategy
for almost-minimizers of the area functional developed in the literature by De Giorgi (see for example
[9, 29, 19]), Almgren, Allard, Bombieri, Federer, Schoen, Simon (to name only the main figures). Here
we follow the presentation of [25].

The key point in the standard strategy is to prove that if the excess in x € EF is small enough at
some scale g > 0, then it decays as a power function at every scale smaller than rg, i.e.,

2a

e(E,z,r) < <:> e(E,z,rg), Vr € (0,79).
0

Since the excess measures the oscillation of the normal to the boundary at a given scale, it is well-known

that such a power decay implies C1®-regularity of the boundary by a Campanato-type argument.

To proceed, we distinguish between two scales, small scales when r < ¢, and large scales when r > e.
If the excess is small enough at some large scale r > e, then P. should be treated as the perimeter, so
that, formally F. , ~ (1 —~)P. In that regime, we are able to adapt the proofs in [25] to obtain power
decay of the excess down to the scale €'~ > ¢ for any 8 > 0 arbitrarily small, that is, down to any
scale which remains much larger than e.

Using the fact that the excess is now small at scale =7, the scaling property of the excess and (H5)

allow us to jump to a smaller scale ce for an arbitrary constant ¢ > 0.

We now know that the excess is small at a small scale ce, so we can use (H4) to treat the nonlocal
perimeter as a volume term. The classical almost-minimality with respect to the perimeter functional
then readily gives us that the excess decays as power function down to any smaller scale.

Since small scales can be treated in a standard way using the almost-minimality with respect to the
perimeter, the major part of the work consists in handling the case of large scales. We follow the usual
global strategy, but the nonlocal term needs to be treated with particular care, especially to obtain a
Caccioppoli-type inequality.
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Let us sketch the four main steps of this strategy, among which two differ substantially from the case
of the perimeter functional. We first need to introduce the cylindrical excess and some more notation.
Let

C(z,r,v)=x+ {y—l—tu .y € vt such that |y| < rand t € (—r,r)}
denote the (truncated) cylinder centered at € R™ with direction v € S?~!, basis radius r and height 27.

Definition 1.4 (Cylindrical excess). For any set of finite perimeter £ C R™ and any cylinder C(z,r, v)
centered at © € OF we define the cylindrical excess of E in C(x,r,v) by

1 _ 2
e(E’Jj”[’" y) = — / %d%g—l
rr 9*ENC(zx,r,v) ’

We can now proceed with the sketch of the proof for large scales.

Step 1. We show that if the excess of a (A, 7g)-almost minimizer E of F, , is small in a cylinder
C(xz,4r,v), then 0FE N C(x, 2r,v) is almost flat and almost entirely covered by the graph of a Lipschitz
function u. The proof of this is standard. Indeed, thanks to the quasi-minimality property, F satisfies
uniform lower and upper density estimates. Thus, plugging results from [25, 10], we see that almost-
minimizers satisfy the so-called height bound property, which is the main tool needed for this step.

Step 2. We show that the function u “almost” satisfies an equation of the form (A — yAg,)u =0 in
C(z,r,v), where Ag. is a nonlocal operator converging to the Laplacian as € — 0. For this part, we
proceed as follows: 1. we write the Euler-Lagrange equation (actually, inequation) associated with
deformations of E in the direction of v, 2. carefully discarding the negligible long-range interaction
terms, we “localize” the equation to the cylinder C(z,2r,v), 3. we pass the equation on 9F to the
graph of u using their proximity, 4. we linearize the equation.

Eventually, since 7 is much larger than e, formally (A —vAg.) ~ (1 —v)A in C(z,r,v), so that u is
close to a harmonic function.

Step 3. Since w is close to a harmonic function, we show that the flatness of E (see Definition 4.1) at
some smaller scale A\r is much smaller than the excess at scale 4r, up to tilting the direction. This part
is standard.

Step 4. By analogy with functions, one should think of the excess of E as the Dirichlet energy of u,
and think of the flatness of F as the L? norm of w. To transfer the smallness of the flatness at scale Ar
to the excess, we prove a Caccioppoli-type inequality (or Reverse Poincaré), stating roughly

0
e(E,x,\r/2,v) S E(E,x, Ar,1p) + (%) e(E,x,\r,1g) + “smaller terms”
r

whenever Ar is still much larger than . Our proof of the Caccioppoli inequality relies on an improved
quasi-minimality condition when the set E is already known to be sufficiently flat (see Proposition 4.2).
To obtain this improved quasi-minimality, we heavily use the 1D slicing techniques already introduced
in [26] and end up having to prove that the half-plane minimizes a quantity which can be interpreted
as the average shadow of the boundary of a set obstructing a tube (see (4.18)).

Eventually, suitably iterating Steps 3 and 4, we obtain the needed power decay of the excess down
to any scale ! =5,

Motivation.

As mentioned at the beginning of the introduction, problem (P) is linked with Gamow’s liquid
drop model for the atomic nucleus. More precisely, if G € L'(R"), then the problem (P) actually
corresponds to the Gamow-type problem

min {P(F) + / G(z —y)dazdy : F C R™ measurable such that |F| = m}, (G)
FxF
where G = 2vG and m = E%‘~ Indeed, using the integrability of G, we have

/ Gla —y) dedy = 2ym|| G s — 27/ G(x —y) de dy,
FxF FxFec
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so that (G) is equivalent to

min {P(F) - 27/ G(z —y)dzdy : F C R"™ measurable such that |F| = m}.
FxFe

1
Setting E := ¢F', where ¢ = (ﬁ) ", by Proposition 2.8 (with 7 = ) we then see that (G) is indeed

m
equivalent to (P). This is in particular the case for Bessel kernels or integrable compactly supported
kernels.

As indicated by its name, problem (G) was introduced by Gamow in the 1920s as a simple model for
the atomic nucleus in dimension n = 3 with G(z) = ﬁ (see [6] for a short overview of this problem).
This model gave a first qualitative explanation to the phenomenon a fission. Indeed, it was shown that
there are two possibly equal critical masses 0 < m; < mg such that the problem admits a minimizer
below m; (and it is necessary the ball, up to translations), but existence is lost above mo (which is
interpreted as fission). This fact was rigorously proven much later and extended to arbitrary dimension
in [22, 23]. As a prototypical example of a model exhibiting a competition between short-range attractive
forces and long-range repulsive ones, this model has been extensively studied and generalized the past

decade. The case of Riesz kernels R, (x) == M% has lead to many works, where the picture is similar
to the 3-dimensional case with the Newton potential |1?|: for every a € (0,n), there exists a critical
mass below which the ball is the unique minimizer (see [21, 4, 12]), and for every « € [n — 2,n), there
exists a critical mass above which the problem admits no minimizer (see [4, 22, 23, 24, 13, 15, 14]).

If we consider a class of kernels which are integrable near the origin (to ensure that Gamow’s problem
rewrites as (P)) and with a finite first moment, the nonlocal term can be regarded as a nonlocal
perimeter. In that case, in contrast with Riesz kernels, the problem admits minimizers for any mass
large enough whenever IL < Kf—n, and after rescaling minimizers converge to the ball as the mass goes
to infinity (see [27, 26]). Our work improves this result by establishing the following, which is a direct
consequence of Theorem A. If G € LY(R"), I’lé < WQH and G satisfies (H1), (H3) and (H5), then there
exists m, > 0 such that for every m > m,, the ball of volume m is, up to translations, the unique
minimizer of (G).

It is worth mentioning that one can observe the same behavior (the ball is the unique minimizer for
large masses) in the case of Riesz kernels by considering

/ a(x)dHI !
*E

instead of the perimeter, where a is a density which grows sufficiently fast at infinity (see [1]).

Outline of the paper. The structure of the paper is as follows. In Section 2, we recall and prove a
few facts about nonlocal perimeters as well as some useful results from [27, 26] on minimizers of (P).
We then establish uniform density estimates for (A, r)-minimizers of F. , and show that minimizers
of (P) are almost-minimizers of F. . Eventually, we recall some basic properties of the excess and
argue that such almost-minimizers satisfy the height bound property. In Section 3 we prove the
Lipschitz approximation theorem at scales which are much larger than e (Theorems 3.1 and 3.2), which
corresponds to the steps 2-3 sketched above. In Section 4, we establish the Caccioppoli inequality for
(A, 70)-minimizers of F. .. Finally, building upon Sections 3 and 4, Section 5 is devoted to establishing
power decay of the excess from large scales down to arbirarily small scales and consequently Theorems A
and B.

Notation.

We write any point x € R™ as x = (a/,2,). We denote by B,.(z) C R™ the open ball of radius r
in R™ centered at 2. When = 0 we simply write B, for B,.(0). For open balls in R"~!, we write
D,.(z') and simply D, when 2’ = 0. For any m € N, w,, denotes the volume of the unit ball in R™,
that is, its Lebesgue measure in R™.

For any set E C R™, we denote by E° := R™\ FE its complement, and write | F| for its volume whenever
E is measurable. For any m € N we denote by H"" the m-dimensional Hausdorff measure in R™. When
integrating with respect to the measure H™ in a variable x, we use the notation dH}" instead of the
standard but less compact notation dH™(z). If A is of dimension m and f is H™-measurable, we often
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/A /i /A f(z) anz,

Similarly, we will sometimes use the compact notation f, == f(z).

When v = e, (the n-th vector of the canonical basis of R™) we write C,.(z) for the cylinder C(z,r,v)
and simply C, if in addition x = 0. We also write e,(E,z,r) for e(E,x,r e,) and for x = 0,
e,(E,r) =e,(FE,0,r). Moreover, when there is no risk of confusion we drop the explicit dependence
on F.

use the convention

2. PRELIMINARY

2.1. Nonlocal perimeter and first variation. In this section we recall a few basic properties of the
nonlocal perimeter depending on our assumptions on G.

The following proposition is a consequence of [8] and our choice of Ié;. It ensures that P. is well-
defined on sets of finite perimeter and is bounded from above by the standard perimeter. We also state
it for a general K, not necessarily normalized, since we will often use it with other kernels.

Proposition 2.1 (Upper bound). Assume that K : R™ — [0,00) satisfies (H1) and z — |z|K(z) €
LY(R™). Then, for every set of finite perimeter E in R™, we have

Px(E) <Ky I} P(E). (2.1)
In particular, for the kernels G, we have
P.(E) < P(E), Ve > 0. (2.2)

Let us recall that P. is continuous with respect to the L' topology along sequences with bounded
perimeter.
Lemma 2.2 (Continuity). Assume that G satisfies (H1) and (H2). Let Ej, be a sequence of sets of
finite perimeter in R™ and E C R™ such that
1
sup(P(Ex) + | Ek]) < o0 and E, X5 EB.
k

Then, for every € > 0, we have
lilgn P.(Ey) = P.(E).

Proof. Let C := supy, (P(Ey) + |Ex|) < co. Setting
ug(z) = g, (r+2) —1g,(z)|dx and u(z) = 1g(z+2) — 1g(x)|d,

RW, RTI,
by the L' convergence of Ej to E, for every z € R™, uy(2) converges to u(z). In addition, we have

P.(Ey) = / ug(2)Ge(2) dz
and
ur(2)G-(2) < P(Ey)|2|G.(2) < C|2|G-(2) € L*(R™).
Hence by dominated convergence, limy, P.(Fy) = P.(E). O
Depending on the integrability assumptions on G, we may estimate the difference P.(E) — P-.(F)
from above by a perimeter term, a volume term, or an interpolation of the two. This type of estimates
is relatively standard in the context of nonlocal perimeters (see for instance [11, Lemma 5.3] for a
similar statement in the case of s-perimeters). The last interpolation estimate will allow us to show a
useful quasi-minimality property at small scales for (A, rp)-minimizers of F. ., (see Proposition 2.12).
Lemma 2.3. Let E, F C R" be two measurable sets, and let € > 0. We have:
(i) if G satisfies (H1) and (H2), then
P.(E) - P.(F) < P(EAF); (2.3)
(ii) if G satisfies (H1) and G € L*(R™), then

212,
P.(E) — P.(F) < T|EAF|Z
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(iii) if G satisfies (H1), (H2) and (H4), then there exists C = C(n,G) > 0 such that

|EAF
e

P.(E)-P.(F)<C ( )1_50 P(EAF)*. (2.4)

Proof. We decompose the proof in two steps.
Step 1. We establish P.(E) — P.(F) < P.(EAF). To this aim we note for A, B C R",

®.(A,B) = / G.(z —y)dady
AxB
so that P.(FE) = 20.(E, E°). Tt is readily checked that
O.(E,E°) — 0.(F,F°) = d.(ENF, F\E) + ®.(E\F, E° N F°) — &.(E N F, E\F)
— &.(F\E, F° N E°)
O.(EAF, (EAF)®) — 2[®.(E N F, E\F) + &.(F\E, F° ( E°)]
o.(EAF, (EAF)°).

IN

This concludes the first step.

Step 2. We deduce the different cases. Case (i) is direct consequence of Step 1 and (2.2). If G € L'(R")
then

P.(E) < 2G| 1wy |E|
which gives (ii). For (iii), let us write, for any R > 0 and any £ C R",

P.(E) :/ G:(z) Ixe(x + 2) — xg(x)|dedz + G:(z) Ixe(x + 2) — xg(x)|dx dz.
R"\Bp R R

Br
Using
IXE(r + 2) — xp(z)|dz < 2|E]|
Rn
and
IXB(2 + 2) — xp(2)|dz < |2|P(E),
]Rn
we deduce
P.(E) <2|E| G.(z)dz + P(E)/ |2|G:(z) dz
R"\BR Br
2/E| (2.5)
=— G(z) dz+P(E)/ |2|G(2) d=.
€ JrRM\Bg/. Brye
Next, we claim that (H4) implies
/ G(z)dz < g, Yr >0 (2.6)
R"\ B, 750
and
/ |z|G(z) do < Crl—*o, vr > 0, (2.7)
B,

for some C' = C(n,G) > 0. It is of course enough to check these statements for either small or large r.
We start with (2.6). Thanks to (H4), it holds for small r. If instead r > 1,

1 Ik
[ @t [ @< e <
R™\ B, r R™\ B, r 750

We now turn to (2.7). By (H2) it is enough to prove it for r € (0,1). In this case, we have
o0 o0 r
|G (z) dz = / Gy dz < S / G(z) dz
/BT kZ:o By, \By— (et Z 2k Bi\B,—(k+1),.

= r 2 * 1-s = 1 1-s

k=0
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proving (2.7).
Plugging (2.6) and (2.7) into (2.5) yields

P.E)<C <f' (%) +Pw) <f)1> .
|

Finally choosing R = %, we get

P.(E)<C ('f)l_ P(E)%.

This concludes the proof of (iii). O

We will use the following computation from [26, Lemma 2.3] to estimate the derivative of the nonlocal
perimeter under rescaling.

Lemma 2.4. Assume that G satisfies (H1), (H2) and (H3). Then for any set of finite perimeter
E CR"™, the function t — P-(tE) is locally Lipschitz continuous in (0,+00), and for almost every t,
we have

d n 1~
dat [PE(tE)] = ?PS(tE) - gpe(tE)v
where P.(E) is defined by
P.(E) = 2/E - Ge(z—y) (y — ) - vp(y) dH)* da. (2.8)

We now compute the first variation of the energy.

Lemma 2.5. Assume that G satisfies (H1), (H2) and (H3). Let T € C1(R";R™) a compactly supported
vector field, and let us define f; := Idgrn + tT'. Then for any set of finite perimeter E C R™, € > 0,
v € (0,1) and A > 0, the function t — F.,(f:(E)) is differentiable at t = 0 with §F. (E)[T] =

(L7 (fi(E))] 1—o given by

6F-~(B)[T) = dive TdH"
O*E

— 2y (/EXE divT(2)Ge(x — y)dzdy + /*E/EGE(IC — ) (T(z) = T(y)) - ve(y) dde;1>

where divg T is the boundary divergence of T on E, defined by
divg T(z) =divT(z) —ve(z) - VI(z)vg(z), Vzed*E.

Proof. Since the computation of the first variation of the perimeter is standard, see e.g. [25, Theo-
rem 17.5], it is enough to compute the first variation of P.. We will show that (recall the notation
T, =T(x))

B =2 T sy

+2/*E/EGE($_y) (T —Ty)~uE(y)dxd'H;}71.

Notice that using (2.2) and the fact that T is Lipschitz continuous, (H1) and (H2) imply that both
terms on the right-hand side are well-defined. Since € does not play any role we may assume without
loss of generality that ¢ = 1. We set F(t) := 2 P1(fi(E)). Note that choosing to < 1/[|VT ||, fi is a
diffeomorphism of R™ for every ¢ such that |¢t| < ¢y. In particular fi(E) is a set of finite perimeter (see
e.g. [25, Proposition 17.1]). Thus, Fg(t) is well-defined for every t € (—tg,t). We then set (for the
moment this is just a notation)

F(0) = [E . divT'(z)G(z — y) dedy + /E [E Gz —y) (Tn — T,) - vp(y) de dHI L

We claim that as t — 0,
Fg(t) — Fg(0) — tF5(0) = oft). (2.9)
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This would show that Fg is differentiable in 0 with derivative F(,(0), concluding the proof. Changing
variables, for any ¢ small enough we have

Fo() = [ GUila) = fiy)) det D) det Dffy)dody.
Since det Dfi(z) = 1 + tdivT(z) + O(t?), we find
Fo(t) :/E  Glfla) = )1+ £div T(a) + v T(y) + O(F)) do dy.
Notice that by the reverse change of variables and (2.2),

/ Glfu(x) — fuly)) dedy < C / Gz — ) dedy < CP(f,(E)) < CP(E).
ExEc fe(E)x fe(E)°

Therefore
Fg(t) = /E . G(fi(x) — fe(y)(1 + tdiv T (x) + tdiv T(y)) dz dy + O(t?).
Now, using that
1
G(fi(z) = fily) — Gz —y) = t/o VG(fa(@) = fae(y) - (To — Ty) ds

and the Lipschitz continuity of T', we have

/ G(fi(x) — fi(y)) divT(z)dzdy — / Gz —y)divT(z)dx dy
ExEc° ExEc

1
<cll [ [ 1VG(ile) = falw)lle vl dedyds

<cltl [ [ 19G(fale) = futi)|fala) = o] dadyds

1
<o / / VG (x — )|z — y| dz dyds
fst(E)X(fst(E))e

< C’IWG||t|/ (fu(B))ds < CTogy ],

where we used again (2.1) but for the kernel K = |- ||VG|. Since the same holds with divT'(z) replaced
by divT(y), in order to prove (2.9) it is thus enough to show

| cti@ sy [ Gla=yaray
i </ExE Gl =y divTy)dedy = /E /E Glo—y) (To = T,) - ve(y) do dHZ_1> — o(t).

Writing as above that

/ Gfi(@) = fily)) dady — / Gz — y)dady
ExEc ExEc°

—t/ /EXEC fst ) fst(y)) . (TI _Ty) dz dy ds

we reduce it further to the proof of

lim / | VGUala) = fulw) - (T =T dedyds = [ VGla—y)- (T~ T)drdy (210)

together with the integration by parts formula

/E B VG(x —vy) - (T, —T,)) + Gz —y)divT(y) de dy

:/ /G(m—y)(T:,;—Ty)~uE(y)dxd’H;’71. (2.11)
oEJE
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Notice that this would be easy to prove if G was a smooth kernel with compact support. However,
since our assumptions on G seem too weak to prove these directly we will argue by approximation.
Let G be a sequence of smooth compactly supported radial kernels with

lim |2||[G — Gi](2)|dz =0 and lim |2*|V[G — Gy](2)|dz = 0.

k—oo Rn k—oco R
Since we assumed that I}, + I |2vc\ < oo it is not difficult to construct such a sequence. We start with
(2.10). For every fixed s € [0, 1], we have

/ VG(fat(x) = fa(y)) - (T = Ty) dzdy — / VG (fat(x) = fa(y)) - (T = Ty) dady
ExE°

ExEc°
<C VG = VG](fat(x) = fst(y)l|lz — y[dz dy
EXxXEc°
<C IVIG = Gi](z — y)l|lz — y|dz dy
Jst(B)x fsr(E)°

<c ( [ |z|2|V[G—Gk](Z)|dZ) P(fu(E))
<o [ 96 - Gl

where we used (2.1) with K = |- ||V[G — Gi]| (which is radially symmetric). Integrating in s and using
a simple diagonal argument, this proves (2.10). We now turn to (2.11). Since
—divy(G(z —y) (T, — Ty)) = VG(x —y) - (Tp — Ty) + Gz — y) div T (y),

the integration by parts formula (2.11) holds with G replaced by Gj. By the previous computations it
is therefore enough to observe that on the one hand

/EXEC G(x —y)divT(y) dedy — /

ExE°

Gi(z —y)divT(y) dz dy‘ < CP(E) /Rn |z||[G — Gi](2)| dz

and on the other hand,

/ / Gz —y) (T, — Ty) - ve(y) dz d’;’-lZ*1 —/ / Gz —y)(Tp — Ty) - ve(y)dx d’HZil
g JE o*EJE

SC/*E/E|$_yH[G—Gk](l'—y)|d$d’HZ_1 < CP(E) /R 12[|[G — Gil(2)| d=.
O

2.2. Perimeter quasi-minimizing properties of minimizers. We recall from [27] that if G satisfies
(H1) and (H2) minimizers of (P) exist for ¢ small enough (in [27] the extra hypothesis G € L!(R") was
imposed but as pointed out in [26, Theorem 2.7] it is not used in the proof).

Proposition 2.6. Let v € (0,1) and assume that G satisfies (H1) and (H2). Then there exists eex > 0
and a function ¢ : (0,4+00) — (0,400) vanishing in 0, both depending only on n, G and ~ such that,
for any € € (0,eex), (P) admits a minimizer, and any minimizer E satisfies, up to a translation and a
Lebesgue-negligible set,
Bi_5c) € E: C Bi4s(e)-
We also recall from [27, (4.2)] that using (2.2) it readily follows that if E satisfies F. ,(E) < F. (B1),
then

1
P(E) < P(By) + ﬁ (P(B1) = P(B1)) < {— P(By). (2.12)
We now use the scaling properties given in Lemma 2.4 to prove the equivalence between (P) and the
unconstrained minimization problem

min {]-'M(E) +A[|E| - |Bi]| : ECR" measurable} )

if A is large enough, not depending on . As a consequence, minimizers of (P) are (A, rg)-minimizers
of Fe .
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Proposition 2.7. Assume that G satisfies (H1) and (H2) and let v € (0,1). There exists C = C(n) >0
such that for every v € (0,1), e >0 and A > C/(1 — 7), problems (P) and (P’) are equivalent, in the
sense that (P') admits a minimizer iff (P) does, and their minimizers coincide. In particular, any
mianimizer of (P) is a (A, ro)-minimizer of F. , for any A > C/(1 —~) and any ro > 0.

1 2 \\ P(B))
o= — (1 .
0 1—'y( +(”+K1,n>) Bi]

Proof. Let us set

Since

inf F.~(F)>infF E
L Fen(E) > i Fey a(B)

it is enough to prove that for A > Ag, the converse inequality holds and that any set minimizing F; ~ a
must have measure equal to w,. This in turn is equivalent to the claim that if E is such that

|E| #w, and  F.,a(E) < inf  Fo . (F)
E|=|B1|

then A < Ag. Let E be such a set. Recall that E satisfies (2.12). Let A be such that |AE| = |By|. We
then have

P(E) = yP-(E) + A||E| — |Bi|| = Fey A (E) < Fey(AE) = X" 7' P(E) — yP-(AE).

Reorganizing terms we find

Awn A" = 1] < (\""1 = 1)P(E) +7|P-(E) - P.(\E)). (2.13)
By Lemma 2.4 and (2.2), for any ¢t > 0 we have
1 ~ 1 2
Lipamy <t (nPE(tE) +|Ps (tE)\) < = (nP(tE) + 2P(tE)IL) <t"72 (n + ,
dt t ‘ t Kin

thus

|P.(E) — P.(AE)| < /A % [P.(tE)] dt’ < CA"t = 1|P(E),

where C; := (n 4 > ). Inserting this into (2.13) and using (2.12), this leads to
Ky

1
Awp| A" — 1] < i (14 Ciy) P(B)A" ! —1].
Since [A"~1 — 1| < |A" — 1] we conclude that A < Aq.
U

To simplify the proofs, we will often rescale sets in order to assume cylinders are of unit length.
This is justified by the following elementary scaling properties, which is given by a simple change of
variables.

Proposition 2.8. For any set of finite perimeter E, any € > 0 and any r > 0 we have
Fery(E) = r”fl]-'a/,«,,y(E/r).
In particular E is a (A, ro)-minimizer of Fe ., if and only if E/r is a (A, " )-minimizer of Fe/p .

We now prove that (A, ro)-minimizers of F, - are quasi-minimizers of the perimeter and thus have
density bounds which are uniform in €.

Proposition 2.9 (Weak quasi-minimality). Assume that G satisfies (H1) and (H2) and let v € (0, 1),
€>0,A>0andrg >0 with Arg <1 —~. Then, for any (A, ro)-minimizer E of F. , and every set F
with EAF CC By(z) with 0 < r < 1o we have
4
P(E; By(x)) < 1—— P(F; By (2))- (2.14)

As a consequence, there exists C' = C(n) > 0 such that for every x € OF and every 0 < r <y,
1-v\" _|ENB, 1—~\" 1—-v)"t  P(E;B,
2\ ENB@] (=9 A=yt PEBE) O,
4 " 4 C rn—l 1—1

In particular, we have

H"YHOE\ 9*F) = 0. (2.16)
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Proof. We only prove (2.14) since it is standard that weak quasi-minimality implies density upper and
lower bounds, which then imply (2.16). To obtain the correct scaling in -y, one can repeat the proof in
[25, Theorem 21.11]. By scaling and translation, we may assume that r = 1 and « = 0. Testing the
(A, r9)-minimality of F against F', we have

P(E; By) < P(F; B1) + 7 (P:(E) — P(F)) + A[EAF|

(2.3)&(2.2)
< P(F;By) +yP(EAF) + A|[EAF|.

We now argue as in [25, Remark 21.7],and use the isoperimetric inequality to infer
\EAF| = |[EAF|R [EAF|'% < %P(EAF).
We thus find
P(E;B,) < P(F;By) + (7 + 2) P(EAF) < P(F;By) + (7 + 2) (P(E;B1)+ P(F;By)).
Rearranging terms and using that A/n < (1 —+)/2 yields (2.14). O

Remark 2.10. By Proposition 2.7 we can choose e.g. A := C/(1 —~) and rq := (1 —v)?/C, so that
minimizers of (P) are (A, ro)-minimizers of F,  with Arg <1 —~.

Remark 2.11. Thanks to (2.16) if E is a (A, ro)-minimizer of F, , with Arg < 1 —~, we will not
distinguish anymore between OF and 0* E when integrating.

Under hypothesis (H4) we prove that minimizers of (P’) are also almost-minimizers at scales which
are small compared to e.

Proposition 2.12. Assume that G satisfies (H1), (H2) and (H4). Then there exists C = C(n,G,~) >0
such that for every v € (0,1), £ >0, A > 0 and 1o > 0 with Arg < 1 — 1, every (A, ro)-minimizer E of
Fe~ and every set F' with EAF CC By(x) and r <19, we have

P(E;B,(z)) < P(F; B.(z)) + ( > r"=s0 4 A|EAF). (2.17)

51_80

Proof. We may assume that P(F'; B,(z)) < P(E; B,(z)) otherwise there is nothing to prove. Arguing
as above using the (A, rg)-minimality of E we have

P(E;B,(z)) < P(F; By(z)) + v(P-(E) — P.(F)) + A|EAF|
< P(F;B,(x)) + Cy (|E€AF|) - P(EAF)® + A|[EAF)

c

51—50

) P50 4 A|EAF).
O

Remark 2.13. Proposition 2.12 indeed yields classical almost-minimality for the perimeter at scales
smaller than e since letting r = ¢ and F = x + ¢F, we find for every FAFE CC By,

P(E; B;) < P(F; B;) + O™ ™% 4 Ae| EAF).
2.3. Basic properties of the excess. We recall two basic properties of the excess that we use

extensively in the rest of the paper. The cylindrical excess and spherical excess are respectively defined
in Definition 1.3 and Definition 1.4. We refer to [25, Chapter 22.1] for more details on the excess.

Proposition 2.14 (Scaling properties). Let E C R™ be a set of finite perimeter, x € OF, v € S*~!
and 0 < r < R. Then we have

R n—1
e(E,x,rv) < (r) e(E,z,R,v) and

we have

e(Ex,Ta 07 ]-7 V) = e(E,x, Ra V)'

In addition, setting E, , = @

Note that this property holds for the spherical excess as well.
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Proposition 2.15 (Changes of direction). Let v € (0,1) and € > 0. There exists C = C(n,v) > 0
such that for every (A, ro)-minimizer E of F.  with Arg < 1—1y, every v, 1y € Sl 2 € OF andr >0
such that /2r < ro, we have

e(E,x,rv)<C (e(E,x, V2r,vo) + v — V0|2) .

The proof is identical to the one in [25, Proposition 22.5] and relies only on the density estimates for
minimizers. Since it is very short, we write it for the reader’s convenience.

Proof. Using the inequality |v — vg(y)|? < 2|v — vo|? + 2|vp — vE(y)|?, and the facts that C(z,r,v) C
C(z,v/2r,v9) and C(z,r,v) C B s3,(z), we have

P(E; B 3, (x))

rnfl

/ o —ve@)
rnt AENC (z,v/2r,vp) 2
The results follows from (2.15). O

lv — o2

2.4. The height bound. Thanks to the density estimates of Proposition 2.9, (A, ro)-minimizers of F ,
satisfy the same “height bound” property as quasi-minimizers of the perimeter (see [25, Theorem 22.8]).
This property is a crucial tool that we shall use very often to prove the Lipschitz approximation theorem
and the Caccioppoli inequality.

Proposition 2.16 (The height bound). Lete >0,y € (0,1), A > 0 and ro > 0 with Arg < 1—~. There
exist positive constants c(n,7y) and C(n,v) such that the following holds. For every (A,rg)-minimizer
E of F.., everyx € OF, v € S"~! and r > 0 with 2r < ro, if

en(z,2r) <e,

then
sup {\xn —yn| + (Y, yn) €EOEN Cr(m)} < Crey(z, 2@2(?171),

Proof. Asrecalled by F. MAGGI, the only step where the almost-minimality with respect to the perimeter
is used in the proof of [25, Theorem 22.8] is to obtain the “small-excess position” of Lemma 22.10
therein. In fact, this lemma holds as long as we have density estimates on the perimeter for E, as is
shown in [10, Lemma 7.2]. Hence, thanks to (2.15), the same height bound holds for (A, ro)-minimizers
of F. ., whenever Arg <1 —~ and 2r < rg. O

3. LIPSCHITZ APPROXIMATION THEOREM

This section is devoted to the proof of the Lipschitz approximation theorem for (A, rg)-minimizers
of F. ., which can be divided into two parts. A first part states that a small excess of such an
almost-minimizer F in a cylinder implies that the boundary of F in that cylinder is almost entirely
covered by the graph of a Lipschitz function u. This part relies only on density estimates and on the
height bound. A second step states that the aforementioned function u is close to a harmonic function
as long as the scale is much larger than e.

3.1. Lipschitz approximation and harmonic comparison. Since the first part of the Lipschitz
approximation theorem relies only on standard properties on the excess, the density estimates and the
height bound, by Propositions 2.9 and 2.16, the proof can be reproduced almost verbatim from Steps 1
to 4 of the proof of [25, Theorem 23.7]. Without loss of generality we state this first part for z = 0.

Theorem 3.1 (Lipschitz approximation I). Assume that G satisfies (H1), (H2) and (H3). Let € > 0,
v € (0,1), A > 0 and r9g > 0 with Arg < 1 —~. There exist positive constants i, = Tip(n, ),
do = 0o(n,y) and C = C(n,v) such that the following holds. If E is a (A, ro)-minimizer of Fe ~ with
0 € OF and, for some r such that 4Ar < o,

(S7%) (47“) < Tlip»

then, setting
M :=0EnN Cgr,
1 -

and there exists a 5-Lipschitz function u : R ! — R such that:
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(i) Jullp= < C’ren(4r)z(T171> <L

(ii) H" =Y (MAT,) < Ce,(4r)r"~1;
1
(i)~ / IVl < Ce, (4r).

2

‘We show that the function v in the conclusion of Theorem 3.1 is “almost” a solution to a nonlocal
linear equation of the form (A —yAg.)u =0 in D,.

Theorem 3.2 (Lipschitz approximation II). There exists C = C(n,~, I3 5) > 0 such that under the
same assumptions as Theorem 3.1, the function u satisfies for every p € CX(D,.).

rn{l (/D Vu -V —7y /DMD%(U(ZJ) —u(y)(p(x') = o(y)Ge (2" —y',0) da’ dy’)

< OVl (enldr) +Q (é) +Ar).

By scaling it is enough to prove Theorem 3.2 for » = 1. Since the proof is quite long, we postpone it
to the next section and show first how it leads to a harmonic approximation result.

Proposition 3.3 (Harmonic approximation). Let vy € (0,1) and assume that G satisfies (H1) and (H2).
There exists eparm € (0,1) such that for every 7 > 0, there exists o = o(n, G,v,7) > 0 with the following
property. If for some € € (0, eparm), w € HY (D) satisfies

|Vu|* < 1
Do

and, for all p € C}(Dy),

Vu- Ve -2 / (u(’) — u(y)) (&) — o) Gela’ — ¢/, 0)da’ dyf| < [Vl gowo,

Dy D2 X D>

then there exists a harmonic function v on D1 such that
Vo] <1 and lu —v]? < 7.
Dy D

Proof. As there is no risk for confusion, to simplify the notation we use z,y instead of z’, 1y’ for points
in R"~1, and write G.(r) instead of G.(2’,0). Arguing by contradiction, let us assume that there
exist vanishing sequences (e;) C (0,1) and (oy) C (0,1), a positive constant 7 > 0 and a sequence
(up) € HY(Ds) such that the following holds:

(i) / |Vug|* < 1 for all k € N;
D,
(ii) for every ¢ € C°(D1) we have

Vuy - Vo — 27/ (ur(z) — ur(y))(@(x) — ©(¥))Ge, (z — y) dz dy| < ok ||Vl pe;

D, D2 x D2

(iii) there is no harmonic function u on D; such that
|Vu|> <1 and lup — ul? < 7.
D1 Dl

Without loss of generality, up to adding a constant to each uy, one may assume that | D, Wk =0, 80
that by Poincaré-Wirtinger inequality, we have

lup> < C | [Vup* < C, Vk € N. (3.1)
Dg D2
In particular, (ug) is bounded in H!(D,). Thus, up to extraction of a subsequence (not relabeled),

there exists u € H'(D3) such that u; converges strongly to u in L?(Ds) and Vuy converges weakly
to Vu in L?(Dy; R"~1). We claim that for every ¢ € C2°(Dy),

lim (ur(z) — ur(y))(p(z) — 9(y))Ge, (v —y)dzdy = % Vu - Ve, (3.2)
Do x Do D,
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which we prove further below. By the weak convergence of Vuy to Vu, the fact that v # 1 and (ii),
this implies

Vu -V =0, Yo € C°(Dy);
Dy

in other words, u is harmonic. By (i) and lower semicontinuity with respect to the weak H! convergence,
we have

|Vul? <1, (3.3)
D,

and since uy converges to u in L?(D;), for any k large enough, we have
lup — ul* < 7.
Dy
With (3.3), this contradicts (iii).

We now prove (3.2). Using the change of variable z = x — y, we have

[ ) - @) - p1)Ga e - ) dsdy
Do x Do
///D R (Vug(z +ty — ) - (z =) (Vo(z + sy — 2)) - (x — y))Ge, (x — y) dedy ds dt

:/0 /0 /Rn 1/D2 1p,(x + 2) (Vup(z +t2) - 2) (Vo(x + s2) - 2) Ge, (2) dzdz ds dt.

(3.4)
For each s,t € (0,1) and = € D5, using polar coordinates, we have

/ ) 1p,(x + 2) (Vug(x +tz) - 2) (Vo(x + s2) - 2) G, (2) dz
e (3.5)

4
= / " ge, (r)/ 1p,(z +ro)(Vur(z + tro) - o) (Ve(z + sro) - o) aH 2 dr.
0 Sn—2

Using the fact that for every s,t € (0,1) we have |[Vo(z + sro) — Vo(z + tro)| < r||D?¢||~ and
Cauchy-Schwarz inequality, we deduce that for every s,t € (0,1) and every o € S*~2,

/ 7" ge, (1) / 1p,(z +ro)(Vur(z + tro) - o) (Ve(z + sro) - o) dedr
0 Ds

4
— / " ge,, (1) / 1p,(z +ro)(Vur(z + tro) - o) (Ve(z + tro) - o) dedr
0 Ds

4 2
< O D%~ ( / r”“gsk(r)dr) ( / Vu|2)
0 Do
4

lim g, (r)dr=0
k—oo  Jo

Notice that

since r — r"g(r) € L'(R) and

4

/04 g (r)dr = /Oei(skr)r”g(r) dr |
- /ﬁ(akr)r”g(r) dr + /:k (exr)rg(r) dr

Ve

< 4\ﬁ/ r)dr+ 4/ r"g(r)dr.
Ve
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Therefore, in view of (3.4) and (3.5), in order to prove (3.2), we only need to compute the limit of
1 4
/ / 7" e, (1) / / 1p,(z+7r0)(Vup(z + tro) - o) (Ve(z + tro) - o) dedH ) drdt
0 0 Sn=2 J Dy

= / / 7" ge,. (1) / / 1p,(y —tro)1p,(y + (1 = t)ra) (Vuk(y) - o) (Ve(y) - )
0o Jo Sn-2 JRn-1
dydH? =2 drdt

= / /a T"Q(r)/ / 1p,(y — tegro)1p,(y + (1 — t)epra) (Vur(y) - o) (Ve(y) - o)
o Jo Sn=2J D,

dy dH?2 dr dt,
(3.6)
where we used a change of variables and the fact that ¢ € C°(D;). By the weak convergence of Vuy
to Vu, for any r > 0, t € (0,1) and o € S*~2, we have

liin . (Vug-0)(Ve-0) = /D1 (Vu-0)(Ve- o)

and

/D 1p,(y — tepro)lp, (y + (1 — t)exro) (Vuk(y) . 0) (Vgo(y) . U) dy — / (Vuk . 0) (V(p . 0)

Dy

<

/ Vur[ Vel
D1\ (Da(texr)UD2((1-t)exr)

1
2

< IVulzzon | [ Vel? ) A==,
Dl\(DQ(tEkT)UDQ((l—t)EkT’)

where we used the inequality ||Vug|[r2(p,) < 1 to pass to the limit. Thus, for any r > 0, t € (0, 1)
and o € S"2, we have

lilgn 1p,(y — texro)lp, (y + (1 — t)exro) (Vur(y) - o) (Ve(y) - o) dy = / (Vu-0) (Ve o).
D, Dy

Hence, using once more ||[Vug||z2(p,) < 1 and Cauchy-Schwarz inequality, applying the dominated
convergence theorem yields

lilzn/o /Oa r"g(r) /Sni2 /D1 1p,(y—texro)lp, (y+(1—t)exro) (Vuk(y)-o) (V(p(y)-a) dydH? 2 drdt
_ [ r"g(r u(y) - o ¥y n=2dr. .
= [ o [ ] () 0) (Tetw) o) ayarz a7

This concludes the proof of (3.2) in view of the normalization (1.2) and the fact that for every
z,y € R*1

/ (z-0)(y-o)dH % =z - </ a®od7—£§2>y= (/ |a1|2d7-{,22>:1:'y
Sn—2 S§n—2 §n—2
1 n—1
= 5 - |O-1| dHG’ LY, (38)

where the last equality comes from a direct computation (see [27, Lemma 3.13]). g

3.2. Proof of Theorem 3.2. We start by “localizing” the Euler-Lagrange inequation implied by the
(A, rp)-minimality condition and the first variation of F. , given by Lemma 2.5.
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Lemma 3.4. Under the assumptions of Theorem 3.1, there exists C = C'(n,~y) > 0 such that for every
¢ € CH(Dy) we have (with a slight abuse of notation we identify ¢ with a function of R™)

/ (Ve ve) (e - ea) + 27 / / Ge(z — y)(p(x) — 9(y)) (wi(y) - en) dzdHE ™
OENC2 OENCy J ENCy

<c(Q(y)+A) Ivelum. (9)

Proof. By Proposition 2.16 we may choose 7, = Tiip(n,7y) small enough so that

1 1
{$n<—4}ﬂCQQEﬂCQg{{En<4}ﬂ02. (310)

To simplify notation we write v for vg and recall the convention T, for T'(x). We may assume without
loss of generality that |Vl = 1. We start with the following simple observation. For every
measure p and every sets A, B such that A x B C {(z,y) e R" x R™ : |z —y| > 1/4},

Ge(z —y)du(x)dy < 4M(A)/ |2|Ge(2) dz = 4u(A)Q < ! ) . (3.11)

AxB R™\B; 4e
4

Let now o € C((—1,1);[0,1]) be such that « =1 in (=3, 1) and [[a/[|p~ < 4. We then consider the
vector field T' € C}(Cy) defined by T(z) = ¢(z')a(zy, e, for all z € R™. We first claim that

<C (Q (415) + A) . (3.12)

This would conclude the proof of (3.9) since T'(z) = ¢(2’)e,, in Dy x (—3%,1) and

/ v-(VTv)+2y / Ge(z —y)(Tp — Tyy) - vyda d?—[;fl
oF ENCy

OENC»

Ge(x —y)(Ty — poren) - vyde d?’-lZ'_1

/19Em02 /En(cg\(mx(—;,;)))

(3.11) 1
< C/ / Ge(r —y)dx d?—lZ_l < CQ () ,
dENC; En(CQ\(sz(_l 1 )) de

222

where we used (3.11) with g = H" " 1LOF and the fact that P(E;Cs) < C by (2.15).
We thus prove (3.12). Notice that divT(z) = ¢(a’)a/(z,). In particular, by (3.10), divT vanishes in

(OENCp)U <Eﬂ {zp, < -1lorz, > —;}) .

By (A, rp)-minimality of E, setting fi(x) = = + tT'(x) we have
Fer(B) < Feoy (fe(E)) + AEAf(E)|. (3.13)

One the one hand, it is standard that for any |¢t| small enough

2.15

)
pap®) <2 [ 1o et
oOF

On the other hand, for any |t| small enough, we have
Fer(fi(E)) < Fer(E) + (01 (E)[T]) + o(t).

Hence, by Lemma 2.5, (3.13) implies, for any |t| small enough
—t [/ divg TAH" ™! — 2y </ divT(x)G.(x — y) da dy
o E ExEe

+ / . /E Ge(z —y) (T(x) = T(y)) - ve(y) dz deZl)} < Clt/(A + o(1)).
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Since this holds for £t and for arbitrary small |¢|, in terms of T' this gives

/ v-(VIv)+2y (/ / divT(z)Ge(x — y) dydz
OE ENCin{z,<-1}

+/ /Ga(m—y)(Tm—Ty)~yydxd7-£§}_1>
OFE JE

Using again that P(F; Cq) < C by (2.15) and (3.11) with A = Eﬂ Cin{z, < -1}, B=E° and u the
Lebesgue measure (recall that E°N Cy C {(2/,2,,) : @, > —1}) we see that in order to prove (3.12) it
is enough to show that

<CA. (3.14)

/ / Ge(z —y)(Ty — T,) - vy dz dH)
oE JE

—/ / Ge(x —y) (T — Ty) - vy da dHZ_l
dENC, J ENC,
Recalling that T = 0 in C{] we write
/ / NTy —Ty) - vydadH) ! / / (x —y)(To = T,) - vy dwdH) ™"
oF OENC, J ENC,
= —/ / Ga(x—y)Ty-yydde;“l—F/ / Gg(x—y)Tw-Vyddegfl.
OENC, E\CQ BE\Cg ENC,
Considering the last term on the right-hand side and using integration by parts we have
/ / Ge(z —y) Ty - vy dz dH) "
OE\C2 J ENC,
= / / Ge(x —y) Ty - ve, (y) dz d?—t;’_l - / / VG.(x —vy) - T, dzdy.
EN8C, J ENC, E\C; JENC,

Using Fubini’s theorem and integration by parts again leads to

/ / VG (x—vy) T,dxdy
E\CQ ENCy
z/ / VG.(x—vy) T,dydx
ENC,; JE\C»
= / / Gz —y) T, - vp dydH» ™ — / / Ge(z —y)divT(z)dydx.
OENC, E\Cg ENC, E\Cz
Putting everything together we find
/ / Ge(x —y) (T, — T,) -yyddeZ_l —/ / Ge(x—y) (T, — T,) -yydscd’HZ_l
oE JE dENC, J ENC,
= —2/ / Ge(x —y)Ty - vy do d’HZ_1 + / / Ge(z —y) Ty - vo,(y) dz d”HZ_1
dENC; JE\C, ENdC, J ENC,

+ / / G:(z —y)divT(x)dydx.
ENC, E\Cz

Using (3.11) with either A = O9ENCy, B = E\Cg, p=H" 'LOE (and P(E;C;) < C), A= ENJCa,
B=ENCy, u=H"1LdCs 0or A= ENCy, B=E\C, and p the Lebesgue measure we conclude the
proof of (3.15). O

<CQ <415> . (3.15)

We now pass transfer this information to the graph of u.
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Lemma 3.5. Under the assumptions of Theorem 3.1, there exists C = C'(n,~y) > 0 such that for every
¢ € CH(Dy) we have

/F (T v ) v, ) + 2y / u /E G =)o) — P i () - ) Ay
<C (en(4) +Q (416>> ;

E, = {(;v’,a:n) : 2’ € Dy and z,, < u(m')}

(3.16)

where

Proof. As above we may assume without loss of generality that ||V¢| L~ = 1. To simplify notation we
write v for v and v* for vg, and will use the convention T, = T'(z). We recall that M = 0FE N Cs.
Since it is classical (see e.g. the proof of [25, Theorem 23.7]) that

< Cey(4),

/F (Ve vE,)(vE, - €n) —/ (Vo vp)(vE - en)

M

from (3.9) it is enough to prove that

| [ e - o)y endsany = [ [ Ga e - o)y e o ity
Iy JE, M JENC,

< Cen(4)[VellLe-.
(3.17)
To this aim we write

/1"u /Eu Ge(x —y)(pa — ) (v - €n) dzdHy~! — /M /Em% Gz — 4)(0n — 0y)(vy - €n) da AN
- /pu (/E Ge(z = y)(pa — py) dz — [Em% G=(z = y)(pa — ¢y) dx) (V- e,) AHIL
' /r /J;m02 Ge(r =) (0o — 9y)(vy) - €n) dudHy™
- /M /Emc2 Ge(z = y)(pa — ) (vy - en) dx dHZ_l.

We claim that

/ / Ge(z — y)|ps — py| da d’;’-[Z*1 < Ce,(4) (3.18)
. JE,A(ENCs)

and

/ / Ge(z — 1)(0s — )V - ) dz dH?
', JENC>
G- ey e de iy < Con(@), (3.19)
M J ENC»

from which (3.17) would follow. We start with (3.18).
By (ii) of Theorem 3.1, there exists a set A C Dy such that H""1(A4) < Ce,(4) and

En{(@,t) : te(-2,2)} =E,n{(z',t) : t€(-2,2)}, Va'e Dy\A,

since

(v eDs s Y HNENC, 1, ({y'}) NI, N Ca} = I (MATY),
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where II,, : (¢, yn) — yn. Thus, since ¢ and u are Lipschitz continuous we find

// Gl — 9)los — py| da dHI !
E.A(ENCy)

/// Go((&,1) — (') — y| dt da’ dH?!

SC‘/A‘/DQ/I‘QGE((J;/?IS)_UZ//)(x/’t)_uy’|dtdy/d$/
SC’Hn—l(A)/ 12|G(2) dz < CH " L(A).

n

We now turn to (3.19). Notice that H" !-a.e. on I', N M we have v* = £v. Moreover, setting
Iy =T,NMnN{v* = v} and arguing exactly as in [25, (23.51)], we have H" 1 ((M NT,)\I'1) < Ce,(4).
Recalling that by (ii) of Theorem 3.1, H"~}(MAT,) < Ce,(4), we find

Ge(z = y)(pz — ‘Py)(V; “en)dz dHZ_l

—/ / Ge(x —y)(pa _QOy)(Vy -en)ddeZ_l
M JENCy

< / / G.(x — y)lz -yl dw dH;!
(MATD)U((MNLC,)\I'1) J ENCy )

< Cep(4) /]Rn |2|Ge(2) dz < Cep(4).

ENCsy

In order to conclude the proof of Theorem 3.2, we are left with the linearization of (3.16).

Proof of Theorem 3.2. Since arguing verbatim as in [25, Theorem 23.7] we have

Vu- Vo — / (Vo -vr, )(vE, -en)| < Ce,(4),
Ty

D

by Lemma 3.5 it is enough to prove that (recall the notation u, = u(a’))

Ugt
/ / / G.(2' =yt —uy)(pw — @) dtda’ dy’
Dy J Dy J—2

[ e — )Gl — o0 o’
DQXDQ

<c (en(4) +Q (415)) . (3.20)

For 2’ # 3" we have

/z Gs(x'—y’7t—uy/)dt:/ Y G.(2' — ', s)ds

-2 —2—u,

-1 0 Uyt — Uy
= / Ge(x' -y, s) ds+/ G.(2' — o, s) ds+/ G.(2' —y,s)ds. (3.21)
-1 0

—2—u,,

On the one hand we observe that

0
/ (gpxz — @y,)/ GE(JT, _ y/’ 3) dsdz’ dy’ =0. (3.22)
D2><D2 —1
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On the other hand, since ||u||p~ < 1, for any y’ we have —2 — u,» < —1. Thus, using the fact that ¢ is
1-Lipschitz, we compute

-1
/ / / GE(I/ - yla S)(Spcc’ - Sﬁy/) dt dl’/ dy/
D2 D2 727uy/
-1
S/ / / 2" — |G (2" — o/, 5) da’ ds dy’ (3.23)
Do —Q—Uy/ Do

<[ [ |z|G€<z>dzdy'<ccz(1).
Ds n\Bl 48

Combining (3.21), (3.22) and (3.23) yields

/ / / : G.(2' =yt —uy)(pw — @) dtda’ dy’
D2 JDy J—2

—/ / DG~y Do — ) dida’ dy
Dox Do JO

<0Q (415) . (3.24)

Using again that ¢ is 1-Lipschitz and Fubini’s theorem, we estimate

Ut —uy/
/ / (Ge(a' =y t) = G(2" — ¢, 0)) (par — ) dt da’ dy’
Dox Do JO

1 \umlfuy/\
< / / / tlr' — o ||VGe (2 — o, st)| dt dz’ dy’ ds
0 DQXDQ 0

11 (3.25)
= / / t/ lugr — uy [* |2 — || VGe(a' — o, stlug — uy|)| da’ dy’ dt ds
0 0 Dox Doy
11
< / / / [ugr — wy | |2 — Y ||VGe(z' =y, st|ug — uy])| da’ dy’ dt ds.
0 0 DQXDQ
Set G, = e~ (D G(-/e) where G = |- || VG| and @, (2, y) == (2/ — 1/, st(ug — uyr)). Observing that

[Din (2, 9)] > |2" — y'| we have for every fixed s, t,
[ =Pl = 96 st — ] dy
D2><D2
<[ = uy PO ) de’
D2><D2

Observing that 1 '1(3 =1 EVG‘, Lemma 3.6 below yields

/ |tar — uy/|2C~¥5(|<I>Sm(x’,y’)|)d:c’ dy' < Cf\zvcw/ [Vul? < Cf\zvqen(l‘l)»
D2><D2 D2

where we used that by (iii) of Theorem 3.1, sz |Vu|? < Ce,(4). Combining this with (3.25) and (3.24)

concludes the proof of (3.20).
O

In the proof of Theorem 3.2 above, we used the following technical lemma.

Lemma 3.6. Let G : R" — RT be a radial kernel such that (recall definition (1.1)) It < co. For
u € Lip(Ds), we define the map ®, : Dy x Dy — R"™t x R by

Oy (2",y) = (@' =y, u(@’) —u¥)). (3.26)

There exists a constant C = C(n) > 0 such that if ||Vul|p=(p,) < & then

/ (u(’) — u(y)2C(@u (e, y)) da’ dy < CI / IVl (3.27)
Do x Do D>
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Proof. We start by estimating

[ )~ ul) PO ) d dy
D2><D2
1
< / / 1, (') Lp, ()| Vula! + (' — )22’ — o PG(®u (o, y)) da’ dy dt
0 JRP—IxRn—1

1
_ / / 1n, (& — t2")1p, (& + (1 — )2)[Vu(@) 2|7/ PC(®u(# — t,3 + (1 — 1)2)
O Rnfl XRnfl
43’ do dt
1
< / |Vu(2')? [/ |2/[PG(®y (2" — 2,2 + (1 —t)2'))dz’ | da’ dt,
0 Do Rn—1

where we made the change of variables 2z’ =y — 2/, 2’ = 2’ + t2’, and used that by convexity of D,
Dy (t2') N Da(—(1 —t)2") € Dy. We finally claim that for every fixed ¢ € [0,1] and 2’ € D,

/ 1 2G(@u(a — t 2" + (1— 1)) de < CIL, (3.28)
Rn—1

which would conclude the proof of (3.27). For this we set G(z) = g(|z]) for some g : RT — R*. and
write using polar coordinates

/ |2/ 2PG(®y (2" — 2/, 2" + (1 —1)2))d2’
Rr—1

= [ [ e R e = 0 drdn (320

We finally notice that for every fixed t € [0,1], 2’ € Dy and o € S" 2, the function ¥(r) :=
V12 + Ju(z’ —tro) —u(z’ + (1 — t)ro)|? is Lipschitz continuous with

V5 5 3

57Tz U(r)>r  and 1= V'(r)> ——

257

so that making the change of variables s = ¥(r) we find
/ |2/ 2G(y (2" — /2" + (1 —1)2))d < C’/ s"g(s)ds = CI{.
Rn—1 0

This concludes the proof of (3.28).

4. CACCIOPPOLI INEQUALITY
Let us first introduce the standard notion of flatness for sets of finite perimeter.

Definition 4.1 (Flatness). For any set of finite perimeter £ C R™ we define the flatness of E in z € OF
at scale r > 0 with respect to the direction v € S*~! by

1 —2) v —cf?
f(E,z,r,v) = inf / =) v=cf dHR
0*ENC(z,r,v)

ceR rn—1 r2
When v = e,, we write £,,(E,z,r) for f(E,z, 7 ep).

Using the harmonic approximation result given by Proposition 3.3, we will be able to show that
f(E,z,ar,v) < o?e(E,z,r,v) for (A,ro)-minimizers of F. -, as long as r is much larger than e. To
pass this estimate to the excess at scale ar/2, we prove in this section a Caccioppoli-type (or Reverse
Poincaré) inequality. The key argument is to prove first that for sets which are sufficiently flat, the
quasi-minimality condition (2.14) can be upgraded.

To that effect, we need to introduce some notation. For any ¢ > 0 and z € R"!, we define
K:(z) = D¢(z) x (—1,1), and we simply write K; when z = 0. For any cylinder K;(z), any set of
locally finite perimeter E, and any constant ¢ € R, we define the quantities

DAY
F(E,Ky(2),¢) = / Md%”*l (4.1)
Ki(z)no=E U
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and
E(E,K(2)) = P(E;Ky(2)) — H" 1 (Dy(2)). (4.2)
When z = 0, we make the abuse of notation &(F,t) = &(E,K(z)) and .Z (E,t,c) = &(FE,K(z),c).
Let us point out that these two quantities are respectively linked with the (non-scale-invariant) flatness
and excess of E at scale ¢ in the direction e,. Indeed, if 0 € E and if for some h € (0,1)
{(,2,) €Ky @ 2y < —h} CENC; C{(2',2,) €Ky : x, <h},
then

) 1
500 = i

H" (D) = / VE - e
8*ENC,
(see [25, Lemma 22.11]), thus, for any ¢ € (0,1),

1 t
g(E7t) B / (1 ~ Ve e”) d’H"*l - 7/ |VE - €7L|2 danil - (
9*ENC; 2 Jo~Enc,
In particular, notice that &(F,-) is increasing in (0, 1).

Eventually, recalling the definition of the function @ in (1.3), for any 8 € [0, 1] we define the function Qg
by

E(E7t7c)7

and

n—1

) en(E,1).  (4.3)

Qi_g(t) =Qt'™%),  Vvt>o. (4.4)

4.1. A refined quasi-minimality condition. We improve the quasi-minimality condition (2.14) for
sets which are sufficiently flat. For any € > 0, let us define the “critical” energy functional

FA(E)=F1.(FE)=(P—P.)(E).

Proposition 4.2. Assume that G satisfies (H1) and (H2), and let € € (0,1), v € (0,1), 6 € (0,1] and
A >0 with 4A <1 —~. There exists C = C(n) > 0 such that if E is a (A,4)-minimizer of F. 5 with

1 1
{xn<—4}ﬁK3§EﬂK3g {l‘n<4}ﬂK37

then the following holds. If t € (0,2) is such that H"~1(0K; N OFE) = 0 then for any set F of finite
perimeter such that EAF C K; and any set of and

1 1

we have
S(E,1) < (iz) E(F,t) + (12_77) [6(E,t+£%) — &(B,1)]
¢ 1 A 1+3’Y n—1/g9%
+ WQH (5) + WIEAFl + a 77)7{ (0*F NOKy). (4.5)

Proof. To simplify a bit notation set 1 :== H"~1(9* FNOK;). Since H" 1 (0K;NOE) = 0 and EAF C K;
we have

P(E) - P(F) = P(E;K,) — P(F;K,) - 1. (4.6)
By (A, 4)-minimality of E we find
(1=7)P(EKy) < (1= 7)P(F:Ke) +[Fe(F) = Fo(E)] + A|[EAF| + (1 = 7). (4.7)
In the next two steps we prove that
1
Fo(F) = F.(E) <28(F,t+ %) + CQi_yg (5) . (4.8)

Step 1. In this first step we localize the estimate. Setting for simplicity
Dt = Dt+597 Kt = Kt+56

and defining the “localized” functional

]:;OC(E) = P(E;f{t) — / _ Gz —y)dady,
(ENK.)x (E°NKy)
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we claim that

Fo(F) — Fo(E) < FPF) — FXE) + CQi_g(c™). (4.9)
Since EAF C K, cC K, P(E) — P(F) = P(E;K,) — P(F;K,) and thus in order to prove (4.9),
we just need to consider the nonlocal part. Setting ®(A, B) = [, 5 Ge(z —y) dz dy and using that
ENAF C K; we have

P.(E) — P.(F) = ®(E, E°) — ®(F, F°)

= [e(ENK, ECNK,) — ®(F NK,, F°NK,)| + ®(E NK,, EA\K,) — ®(F N Ky, E°\K,)
+ ®(E\Ky, E°NK,;) — ®(E\Ky, F° N K,)

IN

D(ENK;, E°NKy) — ®(FNKy, FCNKy)

|+ oK, E°\K,) + ®(E\K,, E°N K,)

<

P(ENK;, E°NK,) — D(FNKy, FCNKy)| + 20(K,, (K)°).

In order to prove (4.9) it is thus enough to estimate ®(Ky, (K;)¢). For this we write that

K (R)) = [ Gulo—y)dody
K x(K¢)°
= / 1k, (¥)1ge (2 + 2)Ge(z) dz dz
R™ xR" t
= / 1k, (2)1ge (2 + 2)1gn\ B, (2)Ge(2) dz d2
R™ xR™ t

< / 1k, (z)1k; (7 + 2)1gn\B_, (2)Ge(2) dzdz
R™ xR"™

1
< 3 </]R"\B€9 |2|G:(2) dz) P(Ky)

<OQip(e™"),
where we used (2.1) with K = 1gm\p_, Ge.

Step 2. In this step we show
FLYF) — Fl(B) < 28(F,t 4+ %) + CQ1_o(e71). (4.10)

Together with (4.9) this would conclude the proof of (4.8).
In this step, we will use the slicing techniques introduced in [26, Section 3], rewriting P and P.
as an average over 1-dimensional slices. Let us set p(t) = w,_1[t|""tg(|t|) and p.(t) == e 2p(c~1t)
for ¢ € R\ {0}. For every line segment L C R", we define the one-dimensional nonlocal perimeter
functional in L

PP L) = [

LxL

(o) ~ Le(wlps(o — ) ity = 2 [ pel — y) dHL A

(ENL)x(E°NL)
and the one-dimensional critical energy in L by
FIP(E; L) =H(O*ENL) - PP(E;L).

Proceeding as in [26, Proposition 3.1 & Corollary 3.3] (the only difference is the restriction to K;) we
have

1
Floo(B) =

2wn—1

/ / FIP(B; Ly ) dH2 dH T,
sn—1 J{o}+

where we set _ _
Loy =2+Ro, and L,;:=Ls,NK;.

In particular

1
FEF) = F2(E) =

= / / (FIP(F; L) — FIP(E; L)) dz dHI L. (4.11)
2wn_1 sn=1 J{o}+

Step 2.1. We claim that for every o € S"~! and H" '-a.e x € {o}*, we have
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‘FEID(F;ZO'J) - fle(E;za',m)
o it 0*F N Ly, =0, i
-] 2 (7—[0(3*}7' N EJI) - 1) +0Q1_p(e7h) otherwise. (4.12)

By the standard properties of one-dimensional restrictions of sets of finite perimeter (see e.g. [3]), it is

enough to prove (4.12) for E, F C R and EJ@ = L = (0, a) for some a > 0. Notice that since E and F’
are of finite perimeter in L, they are just a finite union of disjoint intervals.
By [26, Remark 3.2], for any set of finite perimeter E C R, we have P!P(E;R) < H°(OE), which

implies 7P (E; L) > FIP(E;R) > 0. Thus, if H*(OF N L) = 0 (that is, OFNL— 0), then F1P(F; L) —
FIP(B;L) < FIP(F; L) < —PP(E;L) <0. If HO(OF N L) > 2, then
FIO(F;L) — FIP(B; L) < FIP(Fy L) < HO(OFNL) <2 (H(OFNL)—1).
There remains to focus on the case where H°(0F N L) = 1. In this case we claim that
FIP(F;L) = FIP(E; L) < CQig(e 7). (4.13)
Let tg be such that LNOF = {tr} then either FNL = (0,tr) or FNL = (tg, a). Since both cases are

similar, we treat only the case F N L = (0,tr). We distinguish two sub-cases.

Case 1: d(tp, L°) . In this case we argue somewhat similarly to (4.9). Using the fact that

/ / pe(s—1 dsdt—2/ tpe(t)dt =1, Ve € R, (4.14)

we compute

tF a
f;D(F;L):pQ/ /ps(s—t)dsdt

0

tp oo tp
—2/ / pe(s—t)dsdt — 2 / /pgs—tdsdt
oo Jitp tp
oo 0
2/ / pg(s—t)dsdt+2/ / pe(s —t)dsdt
0 o] oo
/ (/ pe(s—1) dsdt+/ pg(s—t)ds> dt
—00 a—tp tr
0 0o
/ / pe(s —t)dsdt
—oo Je?

Sy RCEETUER

IN
o

IN
N

thus
FIP(F;L)<C |2|Ge(2) dz = CQ1_p(e™ 1),
R\ B_o
proving (4.13) in this case
Case 2: d(tp, L¢) < €. Either O <tp<e? <aor0<a—e? <tp <a. Since both cases are similar,
we treat only the case O <a—-¢ <tp<a.
Notice that EAF C K; implies tr € OF and

Fen(a—e’a)=E°N(a—e’a)=(a—e’ a). (4.15)
Let us write E N (0,a) = szl I;, where k > 1 and I; C (0,a) are open intervals. Then let
{81,y 8kyst1,- .., tk, } be the elements of OF N (0, a) such that
0 51 <8y < ...<s8p and ] <t <... <, =tp;
e for each j, s; is a left endpoint of some I;, and ¢; is a right endpoint of some I;.
Note that s; may not be the left endpoint of I; (if I; = (0,¢1)), so that k; may be different from ko
(see Figure 1). The fact that ¢, = tp is due to (4.15).
For 1 < j < ky, we denote by A; the connected component of E°N L which is immediately on the

left side of s; (that is, its right endpoint is s;), and by Ej the union of all the connected components of
E N L on the right side of s;. Similarly, for 1 < j < ks, we denote by B; the connected component of
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1 1 1
1 I 1
tp=1t; @ 0 S1 t; S22 ty S3 0 tp=ts

0 t;1 S1 to S9 9

F1cURE 1. Two examples of the situation in Step 2.1, Case 2 in the proof of Propo-
sition 4.2. On the left, k1 = 2 and k; = 3, and on the right, k1 = ko = 3. The thick

segments represent the set £ N (0, a).

E N L which is immediately on the left side of ¢;, and by ﬁj the union of all the connected components
of E°N L on the right side of ¢;. See Figure 2.

.Bl . Ay . By . Az . .B3 .
(I) tll SI1 t; 5.2 5'9 tr ': ts c=L
Ay o : : : i i

FIGURE 2. An example of the situation in Step 2.1, Case 2 in the proof of Proposi-
tion 4.2, when k1 = 2 and ko = 3, with the representation of the A and the B

Then using that H°(OE N L) = k; + ko and decomposing the domain of integration of PXP(FE; L) we

see that
k1

fle(E;L):Z [1—2/ _ pe(s—t)dsdt
AjxBj

Jj=1

1—2/ _ pe(s—t)dsdt
BjxA

ko
2

j=1
Each term of each sum is nonnegative by (4.14), and since Ay, = (tp,a) by (4.15) and By,
this implies in particular

FIP (B L) > 1—2/ pe(s —t)dsdt = FXP(F; L),

(07tF)><(tF,a)

- (OvtF)

concluding the proof of (4.13) in this case as well.

Step 2.2. For 0 € S*~! we define 7, as the projection on {}+. We then set

Sh(F;K,) == H" N (myr (0 F NK,)) dH2 1
Sn—l

= ~ n—1 n—1
B /Sn_l /{a}L l{L(,,ma*F#@} dH, " dH; .

1
P(F;Q) = / HY(O*F N Ly, NQ)dHEHdHE
an,l sn=1 J{o}L ’

Since

we have

P(F;K,) = / HO(O* F N Lyyp) dHHdHE !
Sn 1 {O'}J‘

> 1~ dxr—tayr—1t.
_/STH /{U}l {LyNO*F#0} ~ "% o

(4.16)



28 M. GOLDMAN, B. MERLET, AND M. PEGON

Thus, inserting (4.12) into (4.11) and using the fact that
~ n—1 n—1
/Snfl /{VO.}L 1{Ln,z?ﬁ@} dHI dHo’ S O

FL(F) = Fl°(E) < 2(P(F; Ky) — Sh(F;Ky)) + CQ1g(e71). (4.17)
By Lemma 4.3 below, Sh is minimal when F' N I~{t =R} N I~{t, which gives
Sh(F;K¢) > H" (D).
In view of (4.17), this concludes the proof of (4.10).

gives

Step 3. We may now conclude the proof of (4.5). By (4.8) and (4.7), we find
(1 =NP(E;K;) < (1= 7)P(F;Ke) +7 [26(Ft +¢%) + CQip(e™")] + A|[EAF| + (1 = y)n.
Subtracting (1 — v)H"~!(D;) from the previous inequality and using that by (4.6)
EFt+e%) —&(F,t)=E(E,t+°%) — (B, t) +n,

yields
(1—7)E(E,t) < (1 —)EF,t) +298(Fit + %)+ CyQi_g(e™") + A|[EAF| + (1 +7)n
=(1+7)E(Ft) +2v[E(F it +€%) — &(F,t)] + A|EAF| + (1 +7)n
=(1+7)EF,t)+2v[6(E,t+e%) — (B, )] + A|[EAF| + (1 + 3v)n.
Dividing by (1 — «) concludes the proof of (4.5). O

Let my denote the orthogonal projection on a vector space V' C R™. We now prove that among
sufficiently flat sets, the quantity

1

Sh(E;Ky) = o1

/ H" N 7myr (0FENK,))dHE! (4.18)
Snfl
is minimal when F is flat.

Lemma 4.3. For any t > 0, and any set of finite perimeter E C R™ such that
{z, < -1/4}nK; C EnK; C {z, <1/4} NK,, (4.19)
we have
Sh(E;K;) > Sh(D; x (—1,0); K;) = H" *(Dy). (4.20)
Notice that the equality Sh(D; x (—1,0); K;) = H"~1(D;) follows arguing as for (4.16).

Proof of Lemma 4.3. We start by fixing some notation. We denote by S : R” — R" the symmetry
with respect to the vertical line {Ogn—1} x R, that is, for £ = (£, &),

SE = (=€, &)

We write

1
Sh(E;K;) = o 71/Sil [H" (e (" ENKy)) + H' N (m(soyL (FENKY)) dHETH. (4.21)

We claim that for every o € S*~!, the integrand is minimal when 9* E is horizontal in K, that is,
H N7, (0P ENKY)) + 1 50y (0 ENKy)) = H* Hmpu (D)) + H* Hmsoye (Dy)). (4.22)

After integration this would conclude the proof of (4.20). The proof of (4.22) is done in two steps. In
the first step we prove it for n = 2 and in the second step we use slicing to reduce ourselves to the
two-dimensional situation.

Step 1. We first prove (4.22) for n = 2.

Step 1.1. By [2], we may decompose the set of finite perimeter E = En K, into its (measure
theoretic) connected components. By assumption (4.19) one of these components denoted E‘l contains
(=t,t) x (—1,—1). Its external boundary is a Jordan curve v € C°([0,1),[—t,] x [-1, 1]) and we have
~([0,1)) C OME, C OF up to a H'-negligible set, where OME is the essential boundary and OF, the
usual topological boundary of El. Moreover, by (4.19) we may assume up to a reparameterization that
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) to

[0,4] is a parameterization of the broken line made of the three oriented segments joining (—t, f%
’2

(—t,—1), then (—t,—1) to (t,—1) and (¢, —1) to (t,— 7).

Denoting
s1:=max{s € [3,1) : y(s) € {t} x R},
s2 == min{s € (s1,1) : y(s) € {—t} x R},
we obtain the parameterization of an arc «y : [s1, so] — [—t,t] x [-1, 1] with

’7(81) € {t} X Rv ’7(82) € {_t} X Rv '7((81732)) g (_tvt) X [_iv i]
Let I be the segment [y(s1),7v(s2)]. Obviously, any straight line intersecting I also intersects the arc
v([s1, s2]), hence for every o € S, m 1 (v([s1, s2])) contains 7,1 (I), so that

HY (1,1 (1)) < H (151 (7([51,82)))) < H (mpr (M ENKy))=H (7,0 (" ENK,)). (4.23)
Step 1.2. For o € S, let 6 € [0, 5] be such that

{Ro, R(So)} = {R(Z: Z) ’R<_sicr(1)599> }

and ¢ € (=%, %) be such that I has direction (3°%). We compute

sin ¢

H (7,0 (1) + H (m(50)2 (1)) =

(Isin(0 — )| + | sin(6 + »)])

cos
_JAt|tanpfcos® if 0 <6 <y < T,
) 4tsind if o] <0< Z.

Since tan ¢ is increasing in (6, 5) we have |tan p|cosf > sinf if 0 < [p| < 5 and thus

H (7 (1)) + H (s (1)) = Atsin 0 = H (o (1)) + H (s (11)):
Together with (4.23) applied both to o and So, this proves the (4.22) when n = 2.

Step 2. The case n > 2. There exists e € S"~1 N [R"~! x {0}] ~ S"~2 such that
o= (0-e)e+ onen, So=—(0-e)e+ onen.

Denoting P := Span{e, e, }, V := PL and P, =y + P for y € V, we have

(1 (P E N Ky)) = / HY(m,2 (07 E MK, 0 P,)) dHI—2, (4.24)
VNBy ’
H' 750y (0P ENKy)) = /VmB H (T(50)2 (0"ENKy N Py)) dH) 2. (4.25)

Next, for almost every y € V, E N P, is a set with finite perimeter in the plane P, and up to a
H!-negligible set, Op, (ENPy) = (0. E) N Py.
Noticing that for |y| > t, K; N P, = () and that for |y| < ¢, K, NP, =y + {z1e + 226, : |2z1| <

V2= y2, [o2| <1} ~ (=12 = |y|2, /12 — [y]?) x (=1,1) and using Step 1 in K; N P, concludes the
proof. O

Remark 4.4. In Proposition 4.2, we introduced a parameter 6 € (0,1] to find a proper balance between
the terms
1
[6(EB,t+%) —&([E,t)] and Qi <) .
€
As we will see, through an averaging argument, we can roughly estimate
[6(B,t+% — &(B,1)] < fe(B,2t) (4.26)

se the first quantity gets smaller the closer 6 is to 1. However, Q1_g(¢~!) gets larger as  goes to 1.
In particular when 6 = 1, Q1_¢(r/e) = Q(1) is a constant (non-zero unless G is compactly supported
in By), which would prevent us to obtain a decay of the excess through iteration. We can choose later 6
small enough so that Q;_g(r/e) stays sufficiently small down to any scale e'~# with 8 € (0,1). As long
as 6 is non-zero, (4.26) will be sufficient to proceed with the iteration.



30 M. GOLDMAN, B. MERLET, AND M. PEGON

4.2. A Caccioppoli-type inequality. From the improved quasi-minimality condition given by
Proposition 4.2, we first obtain an intermediate weaker form of a Caccioppoli inequality. We refer to
(4.1), (4.2) and (4.4) for the definitions of .#, & and Q1_s.

Proposition 4.5. Assume that G satisfies (H1) and (H2), and let € € (0,1), v € (0,1), 8 € (0,1] and
A > 0 such that €% € (0, 1) and 4A <1 —~. Then for every (A,4)-minimizer E of Fe  with
1 1
{xn < —8} NKs C ENKj3 C {xn < 8} NKs,

the following holds. For every ¢ € R such that |c| < % and every t € (4¢%,1), we have

&(B,t/2) < C <(£(E,t)fi(E,t, c))% + <€;> E(B ) +Q1g(e™!) + At”1> , (4.27)

where C' depends only on n and .
Proof. For almost every t € (4<%, 1), we have

H"HOK; NIE) = 0. (4.28)
Let us fix such a t. If F(E,t,¢) > & (E, t), then using the fact that &(F,-) is nondecreasing, we have

E(B,1)2) < E(E.t) < EE,DVEET) < A(E(E,H).F(E.t,c))?

thus (4.27) holds. Hence, we now assume .7 (E, t,c) < =& (E,t), and set A = ia(gftt)c) €(0,1). As
in [25, Lemma 24.9] we want to use for s € (0,1) the construction of [25, Lemma 24.6] as competitor

inside K; for Proposition 4.2. To this aim using for instance [25, Theorem 13.8], we approximate E by
smooth sets Ej with |[EAFEy| — 0, P(Ey) — P(E) and

1 1
{xn<—4}ﬁK3CEkﬂK3C{xn<4}QK3. (429)

By the Morse-Sard lemma, for almost every s € (0, 1),
0K N OEy is a (n — 2)-dimensional hypersurface. (4.30)

For every such s we may apply [25, Lemma 24.6] with a = (1 — A)st and b = st, and use the inequalities
VI+t2<1+t?and 1 — (1 —X)""! < (n— 1)), to construct an open set of finite perimeter F; such
that (4.29) holds for F,

F;n oK, = B, N 0K, (4.31)
and
5(F, st) < C ()\sth(st) + )\1th(st)> , (4.32)
s
where we have set
d
Vi(a) = - (8(Ey, a) = H" (0K, NOEL) — H"2(0D,)
and
Vz(a) = i(a{?(E;wa, ) = / (zp — ) dH" 2
da 0K, NOE},

Applying Proposition 4.2 with, F' = (Fy; N Ky) U (E\K,) and noticing that by (4.31) and [25,
Theorem 16.16], for a.e. s, H"~1(0*Fs N 0Ky) = H" Y ((EAE,) NOKy,) we find for such s,

E(B, st) < c(g(Fs, st) + [E(E, st + &%) — E(EB, st)] + AKu| + Qu_(e ™)

FH Y (BAER) N 8Kst))

(4.32) 1
<C ()\sth(st) + ﬂVg(st) + [6(E,st+%) —&(B,st)] + A"+ Qi_o(e )
s

(4.33)

+H" Y (EAER) N 8Kst)) .
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We now integrate (4.33) for s between 1/2 and 3/4. First, since &(E,-) is nondecreasing, we have

N

%g’(E,t/2)§/ E(E, st)ds. (4.34)

1

2

Second, we compute

/,

N[

[E(E, st +¢) — &(E, st)]ds = %/T[éa(E,a + &%) — &(E,a)] da

1 %-"—Ee % 1 %4‘59 59
-2 / £(E,a) da—/ E(E,a)da ) < E/ &(E,a)da < <t> E(E,1), (4.35)
t 3

0 3t
+e )

N+

where we used the fact that &(E, ) is nondecreasing for the last inequality. Third,
3t
T

3

[2 stVg(st)ds < Z/ Ve(a)da = Z <g (Ek, ?Z) -& (Ek, ;)) < %g(Ek’t). (4.36)

2

-
o+

Finally, with a similar argument using that a — a®.% (E}, a, ¢) is nondecreasing, we have
i1
/ LV (st)ds < 27 (it ). (4.37)
1S
2

Inserting (4.34), (4.35), (4.36) and (4.37) into (4.33) yields

E(E,t/2) <C [Aéa(Ek,t) + iﬁ(Ek,t,c) + <€:) E(B ) + M+ Q1 (e ) + |EAE,€|} . (4.38)

By (4.28) we can send k — oo to obtain

69

&(E,t/2) < C [Aé“"(E,t) + if(E,t,c) + <t> E(E,t) + A"t + Ql—Q(E_l)] .

Recalling that A\ = ‘i(gtt;) concludes the proof of (4.27) for a.e. t € (4¢?,1). By the left-continuity
of &(E,-) and Z(E, -, c) this actually holds for every t € (4¢?,1). O

We now postprocess (4.27) to obtain the desired stronger Caccioppoli inequality. The main difference
with [25, Theorem 24.1] is that in our case we cannot apply (4.27) at scales which are smaller than .

Proposition 4.6 (Caccioppoli inequality). Assume that G satisfies (H1) and (H2), and let € € (0,1),
v €(0,1), A >0 and ro > 0 with Arg < 1 —~. There exist a constant Tcae = Teac(n) > 0 and universal
constants ocac > 0 and Meae > 1 such that the following holds. If E is a (A, rg)-minimizer of Fe
satisfying, for some x € OE, v € S*™, r >0 and 6 € (0,1],

E 9
e(vav Meacr, V) < Teacs Meacr < 10, (;) < Ocac,
then
e\? r
e(E,z,r/2,v) <C|f(E,z,r,v)+ (7) e(E,z,m,v)+ Ar+ Q19 (g> , (4.39)
r

where C' = C(n,G,7).

Proof. Up to a translation and a rotation, we assume x = 0 and v = e,,. Up to rescaling, we may
assume that r = 1, e < 0cc and F is a (A, 2 )-minimizer of F. , with A (22) <1 —+. Up to choosing
M_ac large enough and ocac small enough, we may assume that F is a (A, 4)-minimizer of F, , with
4A <1 —~ and 16¢? < 1. Thus, (4.39) amounts to proving
>) . (4.40)
(

n) small enough, we have

M | =

e (B, L) <C <fn(E, D +ee, (B, 1) +A+Qig (
By Proposition 2.16, choosing M.,. even larger if necessary and Tcaec = Teac

{(m’,wn) €Cy : z, < —;} CENCyC {(x',xn) €Cy : 2, < 515} (4.41)
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Thus for every z € D1, we have
1 1
{(m’,xn) eKs(z) @ x, < _8} CFENKj(z) C {(w’7mn) eKs(z) @ x, < 8}’

so we can apply Proposition 4.5 to E + (z,0) with 2s for every s € (2¢?, %) Thus, for every s € (27, %)
such that Das(z) C Dy, we have

1 0 1
guaK4a>sc(@ﬂEJQA@LQQLK%@x@V+(ﬁ)<ﬂEJ@4a>+QPﬁ(€>+Af/Q
(4.42)
Setting
h:= inf / (2, — )2 dH" !
‘C|<i C1No*
multiplying (4.42) by s? and taking the infimum over |c| < 1, using the fact that
7 (E,K
2T (B, Kay(2),¢) < % < %
for every s € (2%, 1) with Dyy(2) C Dy, we find
1 1

PE(E,K(2)) < C ((Szg(EKzs(z))h) 4 9E(E, Kou(2)) + 5201 o <E> + A) . (4.43)

Set
U := sup {525(E,K5(2)) : Dos(z) C Dy and s € (45‘9, ;) }

If

U =sup {s’6(E,K,(2)) : Doy(z) C Dy and s € (4e”,8¢%)}
then (4.40) holds. Indeed, using the left-continuity of ¢ — & (E,K;) and the fact that &(E,K;(z)) <
&(E,K1) whenever Dyg(z) C Dy, in that case we find

&(E,Ky) S hd

< Ce?&(E,K,),

which gives (4.40) recalling that e, (E, ) = 25(E, K1) (see (4.3)). We can thus take the supremum

over s > 4’ or s > 8¢” for . For any z and s such that Da,(z) C Dy and s € (8¢, 1), we cover D,(z)

by N = N(n) balls Dz (z;) with centers z, € Dy(z). Then since § > 2¢? and Dy (z) C Dy, we can

apply (4.43) to each (2)2 &(E,Ks (2x)). Thus, by the subadditivity of &, and by definition of ¥, for
such z and s € (8%, 1), we deduce

1 N
PEEK) < 13 (2) 68K ()

1

p
g: ( (Zk))h)% +e'E(E, Ky (1)) + 5°Q1-9 <1> +A) (4.44)

<C(F+59\IJ+Q1 9( >+A>

Recall that ¥ is in fact obtained by taking the supremum over the s, z such that Dss(z) C Dy and
s € (8¢%, 1) by the above discussion, thus, (4.44) yields

\1/<C(F+59\IJ+Q1 9( >+A>. (4.45)

If
U4+ Qp_ 9< >+A<r

then (4.45) implies ¥ < Ch. Otherwise, (4.45) implies

w<c< 4 Q, 9(1>+A> <c< 98B, K1) + Q. e<1>+A>
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Recalling e, (E, %) =2&(F, K%), the left-continuity of ¢t — &(F, K;) and the definition of h, combining

the different cases yields (4.40). This concludes the proof. O

5. UNIFORM REGULARITY

5.1. Excess decay for r S e. If G satisfies assumptions (H1), (H2) and (H4), by Proposition 2.12
and Remark 2.13, it is standard to obtain power decay of the excess starting from a scale comparable
to . One can for example apply the regularity theory of [29] for sets E satisfying the almost-minimality
property
P(E;B,(z)) < P(F; B.(z)) + w(r), with w(r) = Ar"=1tso,
for any competitor F' such that EAF CC B,.(z) with r < rg and x € R™.
As a consequence, we have the following power decay of the excess for small scales.

Proposition 5.1 (Excess decay at small scales). Assume that G satisfies (H1), (H2) and (H}), and
let v € (0,1), e >0, A >0 and ro > 0 with Arg < 1 —~. Then for every a € (0, IESO), there exist
positive constants 75.. = 75..(n, G,v,a) and C = C(n,G,~,a) such that the following holds. If E is a
(A, ro)-minimizer of F. . which satisfies, for some x € OE, R > 0 with 4R < r¢ and v € sn1,

R
e(E,z,4R,v) + A (€> < THees (5.1)

then we have )
e(E,z,r)<C (%) e(E,z,4R,v), vr € (0, R).

5.2. Excess decay for r > e. Starting with a small excess at a given scale much larger than ¢, we
show that the excess is smaller at a smaller scale, up to tilting the direction.

Lemma 5.2 (Tilt lemma). Assume that G satisfies (H1), (H2) and (H3), and let v € (0,1), € > 0,
A >0 and rg > 0 with Arg < 1 —~. Then there exists a positive constant Ay, such that for every
A € (0, Aig), there exists Ty depending only on n, G, v and A such that the following holds. If E is a
(A, ro)-minimizer of F. ., which satisfies, for some v € OE, v € S"™1, 0 <r <y and 6 € (0,1],

e(E,z,rv)+ Ar+ <§)0 < Tiilt,
then there exists vy € S"~1 such that
e(E,x,\r,1p) < C()\Qe(E,m,r, v)+ )\Ar) +CQ1—¢ </\;) , (5.2)
where C = C(n,G,7).

Proof. We follow relatively closely the proof of [25, Theorem 25.3]. Let A € (0, A¢irt), with Agiye and 7y
to be chosen later. Up to a translation and a rotation, we assume x = 0 and v = e,. Up to rescaling,
we may assume that r = 4, e, (E,4) + 4A < 7y, € < e and E is a (A, 4%)-minimizer of F. , with
A (4%) <1—~. In particular E is a (A, 4)-minimizer of F, , with 4A <1 —+. In the rest of the proof,
we shall write e, (r) for e, (E,0,r) and f(r,v) for f(E,0,r,v).

Assuming that 7y < 7Tip, we can apply Theorem 3.1 with r = 1. Let C; = Ci(n, G, ) be a large

constant, and set
1
L=0C (en(4) +Q <€> + A) .

L < min( AP~ D0+3) 52y (5.3)
where o(n, G, 7, \) is the constant given by Proposition 3.3 with 7 = A"*3 then there exists vy € S*~!
such that

We proceed in two steps.
Step 1. We claim that if

f(\, 1) < CNL, (5.4)
where C = C(n, G, 7). Let us assume that (5.3) holds, and let us set ug = —7- By Theorem 3.1, ug
satisfies

|Vug|* < 1

D>
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and, choosing C large enough, for all ¢ € C°(Dy),

Vug - Vi — 7/ (uo(a”) = uo(y"))(p(a") — (y))Ge (2’ —y',0) da’ dy’ < VL||Vep|| o=

Dy D2 x Do

Assuming 71y < €parm, then since VL <o by assumption, Proposition 3.3 gives that there exists a
harmonic function vg € H*(D;) such that

Vo> <1 and lug — vo|® < A3,
Dy Dy

Setting v == \FL@O, v is a harmonic function in D; such that
/ Vo2 <L and / lu— v < AL (5.5)
Dy D,

Consider w(z) == v(0) + Vv(0) - z the tangent map of v at the origin. Then since v is harmonic, up to
choosing At small enough we have

lv = Wl (p,) < CINV]Z2p,) < C)A'L,

thus with (5.5), this implies
1

— u—w|? < C(n)A\2L. 5.6
W/DJ 2 < o) (5.6)

Defining the new direction
(=Vv(0),1)

vy = e——,
V14 |Vou(0)|?

using (5.5) and (5.6) and the consequences of Theorem 3.1, proceeding exactly as in Step 1 of the proof
of [25, Theorem 25.3, pp 343], we obtain the claim (5.4).

Step 2. For X fixed, we can assume that 7 is chosen small enough depending on n, G, v and A to
enforce (5.3). Then, a key observation is that with that choice of vy, we have

lvo — en|? < C(n) |Vo? < C(n)L.
D

Thus, since C(0,7,v) C C(0,v/2r,e,), by Propositions 2.14 and 2.15, if Ay is small enough so that
Mcacﬁ/\ < 4;
1
e(Meac, 1) < C(n) (en(MeacV/2N) + |1 = €a?) < C(n) (Wen(zx) + L) (5.7)

Whence, by (5.3), up to choosing A even smaller if necessary
e(Mcac/\a VO) < C(n)/\(n—l)(n+2) < Teac-
As a consequence, we can apply Proposition 4.6, which yields
6 A
e(A/2,10) < Cy <f()\, v)+ (5) e v0) + A+ Qi (5)> , (5.8)
where Cy = Cs(n, G, 7). Since e? < T, up to choosing 7 even smaller if necessary depending on A,

we have

o0 N G Ly 2
Cs (X) e(\w) <C (X) e(McacA, 19) < An—1+6 = A°L.

Thus, for Ay, small enough, (5.4) and (5.8) give

A
e(A/2,v9) < CN2L +CA +CQ1_p (6) .
Since @ is nonincreasing, this gives (5.2) with » = 4 and A\/2 in place of A, which concludes the
proof. O

As a corollary, iterating properly Lemma 5.2, we get the following power decay of the excess down
to scales ' =# for any arbitrary small 5 > 0.
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Proposition 5.3. Assume that G satisfies (H1), (H2), (H3) and (H5), and let v € (0,1), A > 0
and ro > 0 with Arg <1 —~. Given any a € (0,3), 6 € (0,1) and B € (0,1), there exist positive
constants 75, =15 (n,G,v, @) and £, = e.(n,G, v, a, 3,0) > 0 such that the following holds. If E is

dec

a (A, ro)-minimizer of F. . with € € (0,¢,) satisfying, for some x € OF and 0 < R < ro,
e(E,z,R)+ AR <74, and <P <R,
then, for all v € [e'=# R], we have

e(E,z,r)<C [(;)Qa (e(E,z,R) + AR) 4+ Q19 (;\;)]

<c [(;)m (e(E, 2, R) + AR) + r("HpO)(le)(lBB)]

where \ and C' depend only on n,G, v, .

Proof. Let A = A(n,G,v,a) to be chosen later small enough, and 71, = 7ue(n, G,v,A) given by
Lemma 5.2. Then let € € (0,e,) with e, = e.(n,G,v, A, 0, 3) to be chosen later as well. First, notice
that by Proposition 2.14

2a
e(B,z,7) < 2"e(E,z, R) < C(n, a) (%) e(E,z,R), Vre (% R)

Thus (5.9) holds for any r € (£, R) and we may focus on r € [¢177, £]. By definition of the spherical
excess, using the fact that C(z, R/2,19) C Br(z) and Proposition 2.14, there exists vy € S*~! such
that
e(E,z,R/2,1p) < C(n)e(E,z,R) < C(n)ré...

Hence, up to redefining R and Tﬁec, we shall now assume

e(E,z, R, 1) <75, (5.10)
and are lead to proving (5.9) for r € [e7#, R]. Let us choose 74, = T, Next, we choose &, =
g«(n, G,v, A, B,0) small enough so that

T — Ttilt
o(-) <0 #) <
Q1 9(5) < Qi-g(e.7) < 1,
where C; = Cy(n,G,v) > 1 is chosen larger than the constant C' of Lemma 5.2. Let kg € N be the
largest integer so that

vr € [¢'78 R, (5.11)

MNoR > gl=F,
Thus by (5.11),
AR Ttilt
ol — 1 < Vk 0,....k 5.12
Ql 9( e )_4017 6{7 70}7 ( )

and up to choosing ¢, smaller if necessary, we also have

6 .
(ﬁ) <P < %, Vk € {0,.. ., ko). (5.13)

Combining (5.10), (5.12) and (5.13) we have in particular
0
e(Ev x, Ra VO) + AR + (%) S Ttilt

so we can apply Lemma 5.2 to obtain that there exists 11 € S such that

AR
e(E,z,\R,11) < Cy (\e(E,z, R, 1) + MR) + C1Q1_¢ <€> . (5.14)
Defining the quantity
e(t) = < inf e(E,z,t,y)) + At,
vesSn—1
1

since a € (0, 3) we can now choose A small enough depending on C; and « so that (5.14) implies

S(\R) < \* (e(E, z, R,vp) + AR) + C1Q1_¢ (fz) . (5.15)
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If kg = 0, then AR < ¢!~ < R and by scaling of the excess, we have

1 T 2o _
e(E,I‘,T) S m (E) e(Ea‘TaR)v vr € [51 BvRL

thus we now assume ko > 1. With (5.10), (5.11) and (5.13), by (5.15) we have €(AR) + (ﬁ)g < (3) 7,
so we can find yet another direction to apply Lemma 5.2. In fact, we see that we can apply Lemma 5.2
repeatedly kg-times. We find the induction formula

k
E(/\kR) < /\Qkag(/\k—lR) +C1Q1-9 ()\SR) , VEk e {l,..., ko}.

Iterating, using the fact that @ is nonincreasing we get, for all k € {1,...,ko},
k—1

S\ R) < CA* (e(E,z, R) + AR) + Cy Y _A¥°Qy_ (W' RTT)
j=0

< CA?* (e(B,z,R) + AR) +2C1Q1-¢ (\*Re™") . (5.16)

Consider an arbitrary » € [¢!77 R]. By definition of kg, there exists k € {0,...,ko} such that
MR < r < A¥R. By scaling of the excess, from (5.16) we deduce

- 1 C T 20 r
where C = C(n,G,7). Recalling that A = A(n,G,~,a), the fact that e(E,z,r) < €(E,z,R) and
assumption (H5), this gives (5.9) and concludes the proof. O

5.3. CY*-regularity. Eventually, combining Propositions 5.1 and 5.3 we obtain power decay of the
excess down to arbitrary small scales.

Theorem 5.4. Assume that G satisfies (H1) to (H5), and let v € (0,1), A > 0 and ro > 0 with
Arg < 1—7. Then for every a € min(lase, ni‘;o), there exist 5 = B(n, G, @), Tdec = Tdec(n, G, 7y, ) and
e« = &«(n, G, 7, a, A) such that the following holds. If E is a (A,ro)-minimizer of Fe  with € € (0,¢4)

satisfying, for some x € OF and 0 < R < 1,
e(E,z,R)+ AR < 7gec and =P <R,

then

e(E,x,r) <C (%>2a, vr € (0, R), (5.18)

where C = C(n, G, vy, A, a).

Proof. Let a € min(15%2, 2-). Given p € (0,po) to be chosen later, we choose § = 6(n, G, p) such
that

(n=1+po)(1—-0)=(n—1+p).

Then notice that for every g < n%rp, we have & == (n — 1 —&-p)(%)/Q < 1. Let 8 to be chosen later as

such and consider the corresponding a. Eventually let €, and Tfec given by Proposition 5.3, depending
onn, G, v, @ and 0, and set Tgec = Tfec. By Proposition 5.3, we thus have

o n— _B
e(E,z,r) < C (%)2 + (=149 (25) gc(%)( 1”)(“’3), vrele' P R,  (5.19)

where C' = C(n, G, ~, A, @) and the last inequality comes from our choice of &. In particular, for r = ¢!'=#
we find

e(E,z,et7F) < Cen=14p)8 (5.20)

where C = C(n,G,v,A,@). Let 75,. = 75..(n,G,~, ) given by Proposition 5.1. By scaling of the
excess (see Proposition 2.14), (5.20) implies

C

A75ec
e(E,x, ( 4 )5,1/0) < D)

e(E,x,slfﬁ) < CePP < Toecs
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where for the last inequality we took e, = e4(n, G, v, a, 8, A) even smaller if necessary. We can thus
apply Proposition 5.1 with R = (%) € so that

2c

o(E,z,r) < C (g) e(E, z, (4}) e ) <C (%)2‘1 ePf=20 g (0, (The)e). (5.21)

Recall that we can choose 3 arbitrarily close to 1/(n + p), making pf arbitrarily close to ;1. Since

2a0 < —£2— | choosing p close enough to pg, we have 2« < pf. Hence (5.21) gives

n+po’
2c s
e(E,z,1) < C (%) vr e (0, (Ze)e). (5.22)
Then, for any r € [(T‘?\ec )e.e'™7), by scaling of the excess once again and using (5.20) we estimate
el=B\" ! r\PB
e(E,x,r) < C ( . > e(E,z,e' 7P 1) <CePP < C <E) , (5.23)
Since (n —1 +p)(%) > pf > 2a, combining (5.19), (5.22) and (5.23) yields (5.18). O

Proof of Theorem B. Using that the spherical excess of a (A, r¢)-minimizer E of F. ., decays as a power
function, it is then standard (we refer to [25] for this argument) to see that starting from a small
cylindrical excess in a cylinder C(z,r,v), the boundary of E in fact coincides with the graph of a
1-Lipschitz function v in a smaller cylinder C(x,r/2,v(x)) (notice the possible tilt of direction), and
the cylindrical excess with respect to v(x) decays as a power function. Rewriting the cylindrical excess
in terms of u, this power decay implies that Vu meets Campanato’s criterion for Hélder-continuous
functions. In the end, we obtain the C1*®-regularity theorem, that is, Theorem B. (|

Proof of Theorem A. Together with the lower semicontinuity of the excess, the uniform regularity
criterion of Theorem B can be used in a standard way (see e.g. [25, Theorem 26.6]) to improve the
Hausdorff convergence of OF to dB;, which is given by Proposition 2.6, and obtain uniform convergence
of the outer unit normals. We deduce that F is a nearly spherical set, that is, its boundary is a Lipschitz
perturbation of 9B; which vanishes as € — 0. Then, Theorem A is an immediate consequence of [26,
Theorem 2]. O
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