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Casimir boundaries, monopoles, and deconfinement transition in 3+1 dimensional
compact electrodynamics
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Y Institut Denis Poisson UMR 7013, Université de Tours, 37200 Tours, France
2 Pacific Quantum Center, Far Eastern Federal University, 690950 Vladivostok, Russia
(Dated: March 29, 2022)

Compact U(1) gauge theory in 3+1 dimensions possesses the confining phase, characterized by
a linear raise of the potential between particles with opposite electric charges at sufficiently large
inter-particle separation. The confinement is generated by condensation of Abelian monopoles at
strong gauge coupling. We study the properties of monopoles and the deconfining order parameter
in zero-temperature theory in the presence of ideally conducting parallel metallic boundaries (plates)
usually associated with the Casimir effect. Using first-principle numerical simulations in compact
U(1) lattice gauge theory, we show that as the distance between the plates diminishes, the vacuum
in between the plates experiences a deconfining transition. The phase diagram in the space of the
gauge coupling and the inter-plane distance is obtained.

I. INTRODUCTION

Physical bodies affect fluctuations of quantum fields
and modify dispersion relations of quantum fluctuations
in the vacuum around them. This phenomenon is the
essence of the Casimir effect [1], which predicts that the
energy of vacuum fluctuations is modified by the pres-
ence of physical bodies [2, 3]. Moreover, the shift in the
energy of virtual particles has a fundamental physical
consequence as the Casimir effect results in a tiny force
between neutral objects [4] that can be detected experi-
mentally [5-7]. The Casimir effect is one of the demon-
strations of the importance of vacuum fluctuations and
the physical significance of the mysterious vacuum en-
ergy.

Most straightforwardly, the Casimir effect reveals itself
in non-interacting field theories. However, even in the
absence of interactions, the shift in vacuum energy sets
a complex analytical problem apart from a few simplest
geometries of physical bodies. Therefore, the Casimir
effect is usually studied using, for example, the analytical
proximity force approximation [8], or utilizing numerical
tools [9] that include the world line approaches [10] and
first-principle methods of lattice gauge theory [11-18].

In the presence of (self-) interactions of fields, for ex-
ample, in quantum electrodynamics (QED), the calcula-
tions of the Casimir interaction become much more in-
volved. However, in the experimentally relevant cases,
the effect of interactions of fundamental fields is very
small due to the weakness of the QED coupling constant.
The electron-photon coupling affects the Casimir-Polder
force in the second-order of the perturbation theory, thus
making this contribution undetectable with current ex-
perimental techniques [19].

In strongly coupled field theories, interactions can sub-
stantially change the magnitude of the Casimir force
and, unexpectedly, modify the vacuum structure of the
theories themselves. In theories with dynamical matter
fields, the presence of reflective boundaries can affect vac-
uum condensates and generate new (and modify exist-

ing) phase transitions such as the chiral phase transition
in the four-fermion effective field theory [20-22]. Inter-
actions can also change the sign of the Casimir—Polder
force in fermionic systems with condensates [23], as well
as in the CPY~1 model [24] (see also [25]).

The Casimir geometry can also affect non-perturbative
phenomena associated with the gauge (vector) fields.
For example, vacua of compact Abelian U(1) gauge the-
ory and non-Abelian SU(2) gauge theory in two spa-
tial dimensions lose the confining property at sufficiently
small separations between, respectively, perfectly metal-
lic and chromometallic plates [17, 18]. In compact
Abelian theory, the deconfining transition is associated
with the binding transition of the Abelian monopoles,
which emerges in the monopoles plasma due to the pres-
ence of the boundaries [17].

We study the effect produced by two closely-spaced,
perfectly-conducting boundaries on the phase structure
of 3+1 dimensional compact U(1) gauge theory. The
study may be relevant to the MIT bag model, which
treats the hadron as a (spherical) deconfinement region
separated from the confining exterior by a (reflective)
wall [26, 27]. Thermodynamically, the wall is supported
from the collapse by a Casimir pressure of this finite-
volume system [28-30]. We also investigate the simplest
statistical properties of the Abelian monopoles in the
space between the plates since these topological objects
are responsible for the confinement of electric charges
and mass gap generation in the compact U(1) gauge the-
ory (31, 32].

The structure of this paper is as follows. In Section IT
we describe the lattice model, the monopoles, and the
definition of the perfectly metallic Casimir boundary con-
ditions. Then, in Section III we show how the Casimir
plates affect the monopoles. Next, we use the monopole
properties to determine the phase diagram of the model.
The deconfinement order parameter in the inter-plate
space are discussed in Section IV. The last section is
devoted to our conclusions.



II. COMPACT ELECTRODYNAMICS ON THE
LATTICE, CASIMIR PLATES AND MONOPOLES

A. The model

We study a 341 dimensional compact U(1) gauge the-
ory in lattice regularization suitable for numerical simu-
lations. The calculations in thermal equilibrium are per-
formed, after Wick rotation, in four Euclidean spacetime
dimensions. Below we briefly discuss the model, topolog-
ical defects, and the Casimir boundary conditions, fol-
lowing the discussion in 2+1 dimensional case [15, 16]
closely.

The compact U(1) gauge model describes the dynamics
of the lattice gauge (photon) field 6, ,, € [—m,+m) which
is defined on the elementary links | = {x, u} set by its
starting point x and the direction . In the continuum
limit, a — 0, the lattice field 6., = aA,(z) is related
to the continuum gauge field A, (x) and the lattice spac-
ing a. The lattice analogue of the field-strength tensor
F,, =0,A, —0,A, is played by the plaquette angle,

- 9m+f/,u - ez,u ) (]-)

constructed from the link fields (link angles) 6, ,. Each
plaquette P = P, ,, is set by the position x of one of its
corners and by two vectors of the plaquette plane, u < v,
with the axes labeled by the indices pu,v =1,...,4. The
indices p = 1,2, 3 correspond to spatial directions while
1 = 4 marks the imaginary Euclidean time.

In the continuum limit, the plaquette angle (1) reduces
to its continuum analogue 0p, ,, = a*F,,(x) + O(a*)
for small (perturbative) fluctuations of the photon field.
In addition to the perturbative fluctuations, the model
also possesses the topological configurations of the gauge
fields, the Abelian monopoles, which correspond to large
variations of the lattice gauge field ., ~ 1. These con-
figurations are singular in the continuum limit.

The action of the lattice model,

S[] =8> (1—cosbp) , (2)

Op

T, uv

= Oup + Ot

is given by the sum over all elementary lattice plaque-
ttes P. For configurations without monopoles, the lat-
tice action (2) becomes the standard photon action if one
associates the lattice coupling constant 3 = 4/e? with
the electric charge e. In the presence of the Abelian
monopole singularities, the continuum action becomes
more complicated as it includes singular Dirac sheets at-
tached to the worldlines of the Abelian monopoles. The
continuum formulation of the compact QED has been
briefly discussed in one of our previous papers [16].

The model (2) is also called the “compact” model be-
cause the Abelian gauge group of the theory corresponds
to a compact manifold, S*. The action is invariant under
discrete shifts of the plaquette variable, 0p — 0p +2mnp
with an integer np € Z. This invariance implies that
two lattice field strengths 6p and 6% = 0p + 27n with

n € Z are physically equivalent to each other, thus reduc-
ing the physical gauge group to a circle, R/Z ~ S1. The
same symmetry is also applied to the gauge field itself,
O, = O,y + 21k, with kg, € Z.

B. Magnetic monopoles and electric confinement

The compactness of the model naturally leads to
the appearance of singular configurations of the gauge
field, the Abelian monopoles. In the continuum limit,
the mentioned 27 shifts, which leave invariant the lat-
tice action (2), correspond to the physically unobserv-
able displacements of the singular Dirac sheets (i.e., the
worldlines of the Dirac strings attached to the Abelian
monopoles). The end-points of the open Dirac strings
correspond to the trajectories of the Abelian monopoles,
which are physical, gauge-invariant topological defects.

The monopoles are particle-like objects in the (3+1)-
dimensional compact electrodynamics. On the lattice,
the monopole current j, , can be determined via a finite-
difference divergence of the physical part

ép:9p+2ﬂ'kp€[—ﬂ',ﬂ'), kpel, (3)

of the lattice field-strength tensor 6 p. The monopole tra-
jectory corresponds to a collection of three-dimensional
cubes (3, which contain a nonzero magnetic charge,

jI,;L 7é 0:

: 1 .
Jrn = 5o > bpel. (4)
PcdC,,,

Here the sum goes over all elementary sides P of the
cube C; ., and the index pu specifies the local direction
of the monopole current. The index p is normal to the
three axes that form the 3d cube C, ,. For example,
if jz4 # 0, then the corresponding 3-cube is a spatial
cube which contains a static segment of the monopole
trajectory.

In the continuum limit, the sum in Eq. (4) reduces to
the divergence of the magnetic field, thus signaling vio-
lation of the Bianchi identities for singular field configu-
rations, €49, F,5 # 0. The monopole trajectory (4)
forms a closed loop defined at the dual hypercubic lattice
(for a review, see Ref. [33]).

It is convenient to define the global monopole density,

1 .
= Yol, ; el s (5)

where the sum is performed over the volume Vol of the
four-dimensional hypercubic lattice. We will also cal-
culate the density (5) and the related quantities in re-
stricted volumes (in between the Casimir plates).

In lattice gauge theories, the Abelian monopoles have
been intensively probed for their possible role in the
phenomenon of the charge confinement, which is, pre-
sumably, closely related to the color confinement in
non-Abelian gauge theories such as QCD [33-35]. The




monopole condensation in an Abelian gauge theory leads
to linear confinement of the electric charges because the
monopole condensate squeezes the electric flux emanat-
ing from the electric charges into a thin electric tube.
The tube plays the role of a confining string. Since the
string is a linear object with a constant energy density
o per string length, the increasing distance R between
the particle-antiparticle pair leads to a linearly rising po-
tential V(R) ~ oR at large distances. The dimensionful
parameter o has the sense of string tension.

This confining mechanism is similar (and dual) to the
formation of the Abrikosov vortices in superconductors,
where the electrically charged condensate of electron
Cooper pairs squeezes the magnetic flux into thin vor-
tices. If a monopole—anti-monopole pair were immersed
into the superconductor, it would be confined due to the
appearance of the Abrikosov vortex stretched between
the constituents of the pair. The mechanism of the charge
confinement based on the monopole condensation is often
called the dual superconductor mechanism [34, 35].

The dual superconductor mechanism was shown to
work in the four-dimensional compact electrodynamics,
which possesses the straightforward and unambiguous
definition (4) of the Abelian monopoles [36]. The onset
of the monopole condensation, related to percolation of
monopole trajectories [37], is a well-defined phenomenon
in this model. More complicated, non-Abelian Yang-
Mills theories were also shown to possess the dual super-
conductivity phenomenon in low-temperature, confining
phase [37-42].

C. Casimir plates for compact gauge fields

In (3+1) dimensions, the Casimir problem is defined, in
general, for three-dimensional physical materials possess-
ing two-dimensional surfaces. If the surfaces are made of
an ideal metal, then two tangential (to the surface at
each point) components of the electric field and a normal
component of the magnetic field vanish. These boundary
conditions can be written in a covariant form:

eMATE,\ (x)vg () =0, pw=1...4, (6)
where
orv 8—)\ o07° .
0u(®) = Ee / TE S 5t 5, 0~ HO). ()

is the dual 3-volume element of the world sheet of the
surface. The latter is described by the vector function

—

T+ = 71 (&) parameterized by the three dimensional vec-
tor 5 = (51752763)'

In our paper, we consider two static flat plates normal
to the z; axis set at the positions z1 = [y and 7 = o
as shown in Fig. 1. For each plate, the local volume
element of the corresponding world volume (7) is given
by the following formula

vp(z) = 0p10(x1 — o), a=1,2, (8)

L1y

Figure 1. The geometric setup of two parallel Casimir plates.

where the parameter a labels the surfaces. To derive the
above formula, one can use the parameterization of the
ath surface as follows: T# = (l,,&1,&2,&3). Consequently,
the covariant conditions (6), reduce to the three condi-
tions that include the normal component of the magnetic
field and two tangential components of the (Euclidean)
electric field, respectively:

By = F%(z) =0, 9)
Il—la

By = F*(x) =0, (10)
3,1=la

Es = F34(x) =0. (11)
Ilila

The definition of the lattice field strength tensor (1)
and its physical part (3), imply that the lattice Casimir
conditions (11) read as follows [15, 16]:

=1,  (uv)=(23,24,34), (12)

cos 0y

z1=lqo

for all possible (z2, 3, x4) and fixed 27 = I, witha = 1, 2.
The simplest way to implement the boundary condi-

tion (12) in the path integral formalism is to add a set of

Lagrange multipliers to the standard action (2):

S:[0] = Z,Bp(é‘) cosfp, (13)
3

To this end, we modify the lattice plaquette couplings
Bp — Bp(e). The inhomogeneous coupling

Bp(e) =B[1+ (e —1)dpy]. (14)

is a function of the dielectric permittivity € of the Casimir
plates. Here we used the notation V to denote the collec-
tion of plaquettes P, ,, belonging to the world volume of
the plates. The plates are effectively absent if ¢ = 1 while
in the limit € — oo, the components of the physical lat-
tice field-strength tensor (3) vanish at the word-volume
of the plates and, consequently, the lattice condition (12)
is satisfied. In this limit, the plates become perfectly
metallic [2].



We perform our simulations on a 24% lattice corre-
sponding to a zero-temperature model. To generate and
update gauge field configurations, we used the Monte-
Carlo heatbath algorithm [43, 44]. For each point, set by
gauge coupling constant 5 and distance between plates
R, we generated 7.5 x 10° trajectories. The first 10° con-
figurations are omitted to achieve thermalization.

III. MONOPOLES AND CASIMIR PLATES
A. DMonopole density in the absence of the plates

It is well known that in the strong coupling region
of the theory, 8 < 1, the monopole trajectory forms a
dense percolating cluster [37]. This cluster corresponds
to the monopole condensate, which, according to the
dual superconducting scenario, produces the confinement
of oppositely charged electric test particles. The prop-
erty of percolation implies that any of two points in
space have a nonzero probability of being connected by a
monopole trajectory. Furthermore, the infrared nature of
the monopole condensate implies that at infinitely large
separation between the points, the nonzero percolation
probability stays constant as the distance between the
points increases.

In the weak coupling regime, 5 2 1, the perco-
lation cluster breaks down, thus signaling that the
monopole condensate disappears. The confinement prop-
erty is, consequently, lost. The confining strongly-
coupled regime and the weakly coupled deconfining phase
are separated by the first-order phase transition [45, 46].
While we do not study the percolation properties of the
monopole cluster in our paper, the transition point can
be deduced from the behavior of the much simpler quan-
tity, the monopole density (5).

Before performing calculations of Casimir effects, we
consider case of the homogeneous lattice in the absence
of metallic plates. In Fig. 2, we show the monopole den-
sity p, the corresponding susceptibility,

Xo = (0%) = ()?, (15)

and the Binder cummulant (with p = p),

4

= G 1)

as the functions of the lattice coupling 8. The quan-

tities (15) and (16) characterize the fluctuations of the
monopole density p.

The monopole density diminishes with the increase of

the coupling constant 5. The position of the deconfining

phase transition,

B. = 1.010(1), (no plates) , (17)

is well visible from the discontinuity in the monopole den-
sity, Fig. 2(a). The discontinuity — which is pertinent
to the first-order phase transition — coincides with high
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Figure 2. (a) Monopole density p, (b) its susceptibility and
(c) the Binder cummulant (16) for O = p vs lattice coupling 8
in the absence of plates. The vertical line marks the position
of the phase transition calculated from these observables.

accuracy with the positions in the peaks of the suscep-
tibility of the monopole density, Fig. 2(b) and the cor-
responding Binder cumulant, Fig. 2(c). In the vicinity
of the phase transition, we take finely spaced values of g
with the step d8 = 0.001 to achieve reasonable accuracy
of our simulations in evaluation of the (pseudo)critical
values of . calculated as a maximal value of the deriva-
tive of the monopole density with respect to 3, and as a
position of the peaks of the susceptibility and the Binder
cumulant of monopole density. The position of the pseu-
docritical point (17) coincides, within the error bars, with



the infinite-volume result of Ref. [45].

B. Monopole properties with Casimir plates

Perfectly conducting Casimir plates are introduced via
the inhomogeneous coupling (14) which serves as the La-
grange multiplier that reduces physical fluctuations of the
gauge field at the plates. In practice, we take the suffi-
ciently large value of the dielectric constant, ¢ = 103,
which corresponds to the asymptotically large coupling
constant at the plates, 8p — co. The coupling constant
in bulk (outside and inside the plates) is fixed to take
a homogeneous value §. We consider the separations
R=|l; —l3] =1,...,8 between the plates.
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Figure 3. Typical examples of monopole configurations in (a)
the confining phase (8 = 0.8) and (b) the deconfining phase
(8 = 0.9) for the plates separated by the distance R = 3. The
monopoles and anti-monopoles are represented by the red and
blue dots, respectively. The plates, positioned vertically in the
middle of the lattice, are not shown.

We immediately notice that closely separated plates
affect the monopoles between them. The effect is readily
visible in the examples of the typical monopole configura-
tions shown in Fig. 3 for two values of the bulk coupling
constant 3. The plates tend to diminish the monopole
density in the volume between them compared to the
monopole density outside the plates. The suppression
effect is enhanced for larger values of the coupling con-
stant 8 (at weaker coupling), as one can see from com-
parisons of Figs. 3(a) and (b). The suppression of the
monopole density suggests that the confining property
should be weakened in between the plates, and therefore
the confinement-deconfinement phase transition should
occur at stronger values of the coupling constant (smaller
B’s). This observation will be confirmed below.

The ratio of the monopole density in between the plates
pins and the monopole density at the same [ in the ab-
sence of the plates, plf, are shown in Fig. 4 for various
separations R. All couplings § shown in the plot, the
shrinking plates lead to the diminishing monopole den-
sity. At weaker coupling (larger 3), the relative monopole
density is affected stronger than at stronger coupling

0.8

=
o

Pins/pgll:l,
=}
~

0.2

0.0

Figure 4. The ratio pins/pir, of the monopole density pins
inside the Casimir plates to the monopole density in the ab-
sence of the plates, pi-, vs. the inter-plate separation R for

a fixed set of the lattice coupling .

(smaller 8). The relative monopole density, pins/pir, has
an inflection point at certain R = R* at fixed 5. This
point moves towards smaller values of R as the lattice
coupling 8 decreases. The latter fact indicates that the
model may have a S-dependent transition which moves
towards smaller R as the coupling 3 gets larger.

In Fig. 5 we show the monopole density in between
the plates pins, its susceptibility, and the corresponding
Binder cumulant for three values of the inter-plate dis-
tance R. Omne can immediately make a few qualitative
observations from these figures.

Firstly, we notice that all these quantities behave simi-
larly to the case without plates (Fig. 2) implying affinity
of these transitions. Secondly, we notice that for any
fixed R, the monopole density, its susceptibility, and the
Binder cumulant experience the singularities at the same
value of the coupling constant 3, highlighting the pres-
ence of a genuine thermodynamic instability. Thirdly, the
positions of these singularities, 5. = 8.(R), shift towards
the strong coupling region as the distance between R the
plates diminishes. In other words, the closer the plates,
the weaker the monopole component of the vacuum.

The dependence of the critical coupling 5. of the inter-
plate distance R is shown in Fig. 6. As we discussed
above, the smaller R the smaller 8.. The dependence
can be fitted by the function

BE(R) = B° — avexp [—(R*/R})"] (18)

where the best fit parameter 8. = 1.0071(16) gives us the
critical coupling at the infinitely separated plates. This
value is close to the transition point in the absence of
the plates (17), highlighting the self-consistency of our
approach. The other best fit parameters in Eq. (18) are
as follows: a = 3.7(6), Ry = 0.28(7) and v = 0.257(16).
The best fit function is shown in Fig. 6 by the solid line.

The critical coupling (18) separates the confinement
phase (8 < B.) and the deconfinement phase (8 > f.).
The phase transition line is a rising function of the
inter-plate distance R. The critical coupling vanishes,
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--- B2 =1.007=0.002

Deconfinement

Confinement

Figure 6. The phase diagram of the vacuum of the compact
U(1) gauge theory in between the perfectly metallic plates
separated by the distance R. The solid line represents the
best fit (18) of the critical coupling B, which corresponds to
the confinement-deconfinement phase transition at the inter-
plate distance R. The R — oo limit is shown by the dashed
horizontal line.

BiY(R.) = 0, at the critical distance R. = 0.47(7).
Formally, at the separations smaller than critical value,
R < R., the theory cannot reside in the confining phase.

Since the inter-plate separation is a positive integer num-
ber in the discretized theory, R = 1,2,..., this asymp-
totic critical value cannot be reached on the lattice.

The loss of the confinement property of the vacuum
between the metallic plates in 341 dimensions, revealed
by Fig. 6, can be understood using the analogy with the
similar effect in the 2+1 dimensional theory [16]. Namely,
the monopoles and anti-monopoles interact with each
other via the long-range massless photon exchange. In
the absence of the plates, this interaction, in 3+1 di-
mensions, decays as |x|~2 as the 4-dimensional distance
x between the objects increases. In the presence of the
plates, the system experiences the dimensional reduction
from four- to three-dimensional spacetime. In the latter,
the interaction between the (anti-)monopoles strength-
ens and decays slower, as |z|~!. These two factors lead
to the breaking of the infrared monopole clusters into
smaller clusters and, consequently, to the disappearance
of the monopole condensate.

In the 2+1 dimensional model, the same effect leads
to the pairing of monopoles and anti-monopoles into
the magnetically neutral monopole pairs (the lower-
dimensional counterparts of the small clusters) and to
the decay of the Coulomb monopole gas (the lower-
dimensional analogue of the monopole condensate). The



neutral pairs (the small clusters) cannot support the con-
finement and confining property is lost between the suf-
ficiently close plates [16, 17].

IV. DECONFINEMENT ORDER PARAMETER

We determined the nature of confinement and decon-
finement phases in the whole phase diagram of Fig. 6 us-
ing the simple fact that these phases at finite separation
R are smoothly connected to the known phases in the
R — oo limit. In this section, we quantify this assertion
by calculating the deconfinement order parameter, the
expectation of the Polyakov loop, in between the plates.

Usually, the Polyakov loop is determined at a finite
temperature where the extension of the lattice in the
imaginary time direction is finite. The same order pa-
rameter can also be used on the zero-temperature lattice
with a finite extension in the temporal direction, Nrp.

In the Abelian gauge theory, the Polyakov loop P, at
the spatial space point x is given by a cyclic product of
temporal link variables:

NT—l
Pp= [ efewam=r. (19)
.’I)4=0

Due to the property of the temporal cyclicity, this quan-
tity does not depend on the time slice where it is defined.

The expectation value of this gauge-invariant quantity,
P = (P,.) serves as a deconfinement order parameter:
at an infinite-volume lattice, P # 0 in the deconfine-
ment phase and P = 0 in the confinement phase. At
finite lattice (as in our case), the expectation value of
the Polyakov loop is nonzero in both phases, being small
(large) in the confinement (deconfinement) phase.

We compute the expectation value of the modulus of
the operator (19) averaged over a set of lattice points in
a fixed timeslice of the 3-dimensional volume V3:

1
v 2

xeVs

e . (20)

The expectation value of the Polyakov order parame-
ter (20) in the absence of the plate is shown in Fig. 7. We
show the region around the phase transition point (17),
where the change in the behavior is well seen.

The order parameter evaluated in the space between
the plates is presented in Fig. 8. We show this quan-
tity, as a function of the inter-plate separation R, for the
same set of 8 values as used in Fig. 4 for the inter-plate
monopole density. The shrinking plates induce the de-
confining phase resulting in the increase of the Polyakov
loop (Fig. 8) in agreement with the diminishing monopole
density (shown in Fig. 4). The effect appears to work at
all values of the coupling constant 8. The similar ten-
dency is seen in Fig. 9 which shows the same quantity
vs. B at a set of fixed inter-plate separations R.

These results support the phase diagram of Fig. 6.

0.012

0.011

0.010

(IPDan

0.009

0.008

+ - - - - - -

0.96 0.98 1.00 1.02 1.04

Figure 7. The Polyakov loop as the function of lattice coupling
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Figure 8. The expectation value of the Polyakov loop in the
space between the Casimir plates at the separation R at a set
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V. CONCLUSIONS

Using the first-principle numerical simulations, we
show that the vacuum of confining gauge theory, the com-
pact U(1) gauge model in 3+1 dimensions, is affected
by closely spaced perfectly conducting parallel plates.
The non-perturbative Casimir effect modifies the vacuum
structure and leads to the Casimir-induced deconfining
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Figure 9. The Polyakov loop inside the plates vs § at fixed R.



phase transition in between the plates. Our main re-
sult, the phase diagram in the plane “coupling constant”—
“distance between the plates” is given in Fig. 6.
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