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A B S T R A C T 

The processes operating in blazar jets are still an open question. Modelling the radiation emanating from an extended part of 
the jet allows one to capture these processes on all scales. Kinetic codes solving the Fokker–Planck equation along the jet flow 

are well suited to this task, as they can efficiently derive the radiation and particle spectra without the need for computationally 

demanding plasma physical simulations. Here, we present a new extended hadro-leptonic jet code – EXHALE-JET – which 

considers simultaneously the processes of relativistic protons and electrons. Within a pre-set geometry and bulk flow, the particle 
evolution is derived self-consistently. Highly relativistic secondary electrons (and positrons) are created through γ –γ pair 
production, Bethe–Heitler pair production, and pion/muon decay. These secondaries are entrained in the jet flow decreasing the 
ratio of protons to electrons with distance from the jet base. For particle–photon interactions, we consider all internal and many 

external photon fields, such as the accretion disc, broad-line region, and the dusty torus. The external fields turn out to be the most 
important source for particle–photon interactions go v erning the resulting photon and neutrino spectra. In this paper, we present 
the code and an initial parameter study, while in follow-up works we present extensions of the code and more specific applications. 

Key words: radiation mechanisms: non-thermal – relativistic processes – galaxies: active – BL Lacertae objects: general –
galaxies: jets. 
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 I N T RO D U C T I O N  

he emission of blazars is typically modelled with the so-called one-
one model, where the emission of the relativistic jet is approximated
s emanating from a single, small emission zone somewhere located
n the jet. This approximation is justified by the significant variability
bserved on all time-scales from years down to minutes, implying
 size-limited emission region. It is, indeed, remarkable that the
bserved luminosity of blazars can vary by orders of magnitude,
s for example in the sources PKS 2155 −304 (Aharonian et al.
007 ), 3C 454.3 (Vercellone et al. 2011 ), 3C 279 (Ackermann
t al. 2016 ; H.E.S.S. Collaboration 2019 ), PKS 1510 −089 (H.E.S.S.
ollaboration 2021 ), and CTA 102 (Zacharias et al. 2017b ). In these
xamples, the one-zone model is clearly justified. 

The location of the emission region is also debated for flaring
vents. The detection of flat spectrum radio quasars (FSRQs) at
ery high energy γ -rays ( E > 100 GeV) demands that the emission
egion be located outside of the broad-line region (BLR), even though
nverse-Compton (IC) emission of the BLR has been the standard
mission scenario for a long time (e.g. H.E.S.S. Collaboration
019 ). Additionally, the association of certain γ -ray flares with the
jection/motion of radio knots in the jets places the emission region
f these flares from a few parsec (Ahnen et al. 2017 ) up to several tens
f parsec (H.E.S.S. Collaboration 2021 ) away from the black hole. 
 E-mail: michael.zacharias@obspm.fr 
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In quiescent states, the one-zone approximation – even though
idely used – may not be justified at all, as the lack of variability
oes not allow one to derive a limit on the size of the emission
e gion. Furthermore, radio v ery long baseline interferometry (VLBI),
ptical, and X-ray observations of extended jet structures show that
ets contain relativistic particles emitting synchrotron emission on
ll scales up to the termination point of the jet (for a re vie w on
-ray jets see e.g. Harris & Krawczynski 2006 ). Most notably,

he detection of extended very high energy γ -ray emission along
he jet of Centaurus A (H.E.S.S. Collaboration 2020 ) indicates the
resence of highly energetic particles on vast jet scales. Another
nteresting example is the blazar AP Librae, where the γ -rays
annot be successfully reproduced within a leptonic one-zone model
equiring the need of an extended jet component to explain the γ -ray
pectrum (Hervet, Boisson & Sol 2015 ; Zacharias & Wagner 2016 ;
oychowdhury et al. 2022 ). In turn, the one-zone model is a bad
pproximation for these resolved structures. 

This demands radiation models beyond the one-zone model. While
agnetohydrodynamic (MHD), relativistic magnetohydrodynamic 

RMHD), and general relativistic magnetohydrodynamic (GRMHD)
odes have improved (and continue to do so) to model jets on
ast scales (e.g. Chatterjee et al. 2020 ; Dong, Zhang & Giannios
020 ; Fichet de Clairfontaine et al. 2021 ), the efficient calculation
f all kinds of radiation processes (for a recent re vie w, see Cerruti
020 ) is best done with kinetic models. In such models, the kinetic
quation go v erning the particle distribution under influences of
cceleration, cooling, and other losses is solved along the jet flow
© 2022 The Author(s) 
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y cutting the jet into numerous slices and imposing a fixed jet
eometry and bulk flo w e volution. While extended lepto-hadronic 
odels exist (e.g. Vila, Romero & Casco 2012 ; Pepe, Vila & Romero

015 ; Kantzas et al. 2021 ), these are applied to X-ray binaries,
uch as Cygnus X-1, with specific characteristics and particularly 
ood data sets. In the case of active galactic nuclei (AGNs), only
eptonic multizone models have been considered (e.g. Potter & 

otter 2013a ; Malzac 2014 ; Lucchini et al. 2019 ) implying that they
nly consider processes involving electrons and positrons. Notably, 
he radiation processes are synchrotron radiation and IC emission 
cattering ambient photon fields, such as the present synchrotron 
hotons (synchrotron self-Compton, SSC), as well as photons from 

he accretion disc (AD), the BLR, the dusty torus (DT), the host
alaxy, and the cosmic microwave background (CMB). Along with 
diabatic cooling and assumptions on the acceleration process, these 
odels can reproduce well the multiwavelength spectra of blazars, 

nd other jetted systems such as black hole X-ray binaries (e.g. 
dziarski et al. 2014 ). 
The possible association of neutrinos with blazars (IceCube 

ollaboration 2018 ; Hovatta et al. 2021 ) has rekindled the interest in
epto-hadronic models, where also relativistic protons are permitted 
ithin the jet. While relativistic protons can emit synchrotron 

mission in high magnetic fields, they also interact in multiple 
ays with the ambient photon fields, most notably through Bethe–
eitler pair production and pion production. Charged pions decay 

nto muons, which decay further into electrons and positrons. Neutral 
ions decay directly into photons exhibiting energies well in excess 
f hundreds of TeV. These photons can also interact with the ambient
ow-energy photon fields to produce pairs through γ –γ annihilation. 
s the pairs produced in all these processes are extremely relativistic, 

hey in turn produce highly energetic synchrotron and IC emission 
nitiating the so-called pair cascade, which is an avalanche of pairs.

eanwhile, the charged pions and muons – while short-lived – can 
lso produce synchrotron emission. 

Ho we ver, applications of the lepto-hadronic one-zone model to 
he blazar TXS 0506 −056 indicate that they cannot well reproduce 
he multiwavelength spectrum and the neutrino detection at the same 
ime (e.g. Cerruti et al. 2019 , 2021 ; Gao et al. 2019 ; Reimer, B ̈ottcher
 Buson 2019 ). This is further evidence that modelling of blazars

hould go beyond the one-zone models, and shows that it is important
o develop a radiation model that considers the extension of the jet,
s well as relativistic protons. As mentioned abo v e, the presence
f energetic protons substantially increases the prospects for a pair 
ascade. As pairs are stable particles – the jet medium is not thick
nough for pair annihilation to be important – they are carried along 
he jet increasing the leptonic content of the jet compared to the
rotons. This can help to explain the observed ratio of ∼20 for the
umber of pairs to protons in the radio lobes (Sik ora, Nalew ajk o &
adejski 2020 ). Naturally, this will depend on the ambient photon 

elds, and the external fields might be critical (Ghisellini et al. 1992 ;
elotti & Fabian 1993 ; Sikora & Madejski 2000 ; Celotti & Ghisellini
008 ; Ghisellini & Tavecchio 2010 ). 
In this paper, we present our newly developed extended hadro- 

eptonic jet code – EXHALE-JET – and provide a parameter scan 
n order to demonstrate its capabilities. The code description is 
eparated into two sections. In Section 2 , we discuss the assumed bulk
ow and geometrical structure. We also present the spatial evolution 
f the magnetic field, and our assumptions on the external photon 
elds. Section 3 describes the calculations performed in each slice, 
amely the ingredients and solutions of the Fokker–Planck equation, 
s well as the radiation and neutrino spectra. We then proceed with
 first set of parameters to describe in detail the results produced by
he code, along with a brief parameter study (Section 4 ). Lastly, we
ummarize and provide an outlook in Section 5 . 

As jets are supported and fed by the AD–black hole system, the
ccretion and Eddington luminosities provide important markers on 
he jet power. Simulations of magnetically arrested discs (MADs) 
ndicate that the MAD state can support a jet exceeding the accretion
ower (e.g. Tchekhovsk o y, Narayan & McKinney 2011 ) through
he Blandford–Znajek process (Blandford & Znajek 1977 ), and 

ight even support super-Eddington accretion rates for some time. 
o we ver, these time-scales are short compared to the jet’s lifetime.

n most lepto-hadronic applications to blazars, the jet power (vastly) 
xceeds the Eddington luminosity (Zdziarski & Bottcher 2015 ) 
equiring a careful consideration of the power demand in an extended
epto-hadronic model. In order to do so, we describe the particle
njection power as a fraction of the Eddington luminosity. This 
nsures a limited power budget, as we will show in Section 4 .
dditional constraints are put on the geometry and the bulk flow.
he current paradigm based on numerous VLBI maps, states, that 

ets exhibit initially a parabolic geometry (Pushkarev et al. 2017 ) in
hich the bulk flow accelerates. At larger distances, the jet geometry

s conical (e.g. Casadio et al. 2021 , for a recent example), where the
ulk flow is stationary. 

Throughout the paper, quantities in the observer’s frame are 
arked with a superscript ‘obs’, while quantities with a hat are in the

rame of the host galaxy. Unmarked quantities are in the comoving
rame of the jet/slice or are invariant. Positrons and electrons are
ollectively referred to as electrons in the remainder of this paper. 

 LARGE-SCALE  STRU CTURE  

n this section, we define global parameters and settings as a function
f distance from the base of the jet, such as the geometry, the bulk flow
volution of the jet, the evolution of the primary particle injection,
he magnetic field, and the external photon fields. These quantities 
re then used to derive the particle distribution in each slice of the
et (Section 3 ). 

.1 Geometry 

e ignore general relati vistic ef fects, and place the jet at the inner-
ost stable circular orbit, z 0 = 6 R g = 6 GM 0 / c 2 , of a Schwarzschild

lack hole with mass M 0 . G is the gravitational constant, and c is the
peed of light. The termination of our jet is set at z term 

, which is a
ree parameter. Between the jet base and termination, we construct 
 logarithmic grid z i implying the same number of slices per decade
f distance. The z coordinate, against which all parameters and 
quations are defined, is the arithmetic mean of subsequent grid 
oints, z = ( z i + z i + 1 )/2. In turn, the length of a slice is given by
 z ( z) = z i + 1 − z i . 
While any geometries can easily be implemented in our code, 

e here split the jet into a parabolic acceleration and a conical
oasting section (cf. Boccardi et al. 2021 ; Park et al. 2021 ). Following
ucchini et al. ( 2019 ), the bulk flow is accelerated by dissipating the

initially high) magnetic field. The evolution of the bulk Lorentz 
actor � b is then given as 

 b ( z) = 

⎧ ⎨ 

⎩ 

� b , 0 + ( � b , max − � b , 0 ) 
√ 

z − √ 

z 0 √ 

z acc − √ 

z 0 
z ≤ z acc , 

� b , max z > z acc . 

(1) 

ere, z acc is the length of the bulk acceleration region, � b, max is
he maximum bulk Lorentz factor, and � b, 0 = 1.09 its initial value.
hese are free parameters. The Doppler factor is given as δ( z) =
MNRAS 512, 3948–3971 (2022) 
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 � b ( z)(1 − βb ( z)cos θobs )] −1 , with βb ( z) = 

√ 

1 − � b ( z) −2 , and the
ree parameter θobs being the observation angle between the jet and
he line of sight. 

Apparently, a strong connection exists between the jet’s opening
ngle and the bulk flow (e.g. Pushkarev et al. 2009 ). Therefore, we
et the radius of the jet as 

( z) = ηR z 0 + ( z − z 0 ) tan ( ηo / � b ( z)) , (2) 

ith the free parameters ηR defining the minimum jet radius as a
ultiple of the jet base, and the multiple ηo of the opening angle. For

he latter, Pushkarev et al. ( 2017 ) found a median value of ηo = 0.26.

.2 Primary particle injection 

t the jet base, we inject a plasma of protons and electrons (in-
luding positrons, unless the distinction is necessary) with injection
uminosity L inj : 

 inj = q( z 0 ) πR( z 0 ) 
2 � z ( z 0 ) 

×
[
m p c 

2 I p1 + 

m e c 
2 

I e0 κpe ( z 0 ) 
I e1 I p0 

]
. (3) 

ere, q ( z 0 ) is the injection rate at the base, m i are the particle masses
or species i (protons and electrons, in this case), and κpe ( z 0 ) is the
roton to electron density ratio at the jet base. Protons and electrons
re injected with a power -law distrib ution (index p i ) with respect to
he particle Lorentz factor γ between a minimum and a maximum
alue γ i , 1 and γ i , 2 , respectively. The integrals over the injection
istributions are 

 ik = 

γi, 2 ∫ 
γi, 1 

γ k−p i d γ. (4) 

 detailed deri v ation of equation ( 3 ) is given in Appendix A . 
The jet power is provided by a fraction of the accretion power. The

orresponding AD radiates with a luminosity that is a fraction l edd of
he Eddington power, ˆ L AD = l edd L edd with L edd = 4 πGM 0 m p c / σ T ,
nd σ T being the Thomson cross-section. Relating L inj with the
ccretion dynamics, we can write 

 inj = 

f inj L edd 

2 � 

2 
b , 0 

, (5) 

here f inj is a free parameter that determines the power that is
njected into two jets in the form of particles. In this work, typically,
he power injected into the magnetic field is larger than that injected
s particles. Hence, f inj � 1 in cases where the Eddington luminosity
imits the jet power (cf. Appendix A ). It is convenient to define
 inj as a function of L edd , as we treat the accretion luminosity L AD 

s a free parameter. A comparison of the jet power to L AD will be
rovided in Section 4 . Combining equations ( 3 ) and ( 5 ) provides the
nitial injection rate q ( z 0 ). 

Under the assumption of conserved particle flux, the injection
ate of each slice obeys the continuity equation (cf. Potter & Cotter
013a ): 

d 

d z 

[
� b ( z) βb ( z) q( z) R( z) 2 � z ( z) 

] = 0 . (6) 

ence, at distance z from the jet base z 0 the normalization factor
ecomes 

( z) = q( z 0 ) 
� b ( z 0 ) βb ( z 0 ) � z ( z 0 ) 

� b ( z) βb ( z) � z ( z) 

(
R( z 0 ) 

R( z) 

)2 

. (7) 
NRAS 512, 3948–3971 (2022) 
s further discussed in Section 3 , the conservation of particle flux
s approximately true for protons, as we neglect at this point the
onversion of protons into neutrons and back. In case of significant
econdary pair injection, the electron flux is not conserved globally.
one the less, applying equation ( 6 ) from one slice to the next
rovides the injection rate for electrons in subsequent slices. 

.3 Magnetic field evolution and injection constraints 

he magnetic field B ( z) is evolved following the relativistic Bernoulli
quation (K ̈onigl 1980 ; Zdziarski et al. 2015 ): 

 b ( z ) 

[
1 + 

ηad u ( z ) + B( z ) 2 / 4 π

ρ( z ) c 2 

]
= const , (8) 

here we set the adiabatic index to its relativistic value ηad =
/3, u ( z) = u p ( z) + u e ( z) is the sum of the proton and electron
nergy densities, while ρ( z) = [ m p n p ( z) + m e n e ( z)] is the sum of
he proton and electron rest-mass densities. Equating the left-hand
ide of equation ( 8 ) to the respective fraction taken at the base ( z =
 0 ), we can solve for the magnetic field B ( z) depending on the initial
agnetic field B ( z 0 ), which is a free parameter. 
An unperturbed flow – i.e. assuming negligible energy gains and

osses, as well as no secondary injection – can be calculated with
he equations given in Section 2.2 . This allows us to calculate the

agnetic field along the jet first, and to impose this ‘unperturbed’
agnetic field on the jet. Hence, we fix the geometry, the bulk flow

volution, and the magnetic field, and then subsequently allow the
article distributions to evolve (including pair creation) as described
n Section 3 . 

With the help of the magnetization, i.e. the ratio of magnetic to
article enthalpy, 

B ( z ) = 

B( z ) 2 / 4 π

ηad u ( z ) + ρ( z) c 2 
, (9) 

e can rewrite equation ( 8 ) as 

 b ( z) [ 1 + σB ( z) ] 

[
1 + 

ηad u ( z) 

ρ( z) c 2 

]
= const . (10) 

sing the initial value at z = z 0 as the constant, we can solve the
esulting equation for σ B ( z) resulting in 

B ( z) = [ 1 + σB ( z 0 ) ] 
� b , 0 

� b ( z) 

1 + 

ηad u ( z 0 ) 
ρ( z 0 ) c 2 

1 + 

ηad u ( z) 
ρ( z) c 2 

− 1 

≈ [ 1 + σB ( z 0 ) ] 
� b , 0 

� b ( z) 
− 1 , (11) 

here the approximation holds for the ‘unperturbed’ flow. Demand-
ng at the termination point of our jet, z = z term 

, σ B ( z term 

) > 0
mmediately leads to the initial condition σ B ( z 0 ) > ( � b, max / � b, 0 )

1. As demonstrated in Appendix A , this condition restricts the
njection fraction f inj to 

 inj < 

c � 

2 
b , 0 η

2 
R z 

2 
0 B( z 0 ) 2 

4 L edd 

2 (
� b , max 
� b , 0 

− 1 
)

ηesc ζ

= 1 . 0 × 10 −5 

(
� b , 0 

1 . 09 

)2 ( ηR z 0 

10 15 cm 

)2 
(

B( z 0 ) 

50 G 

)2 

×
(

M 0 

10 8 M �

)−1 (
� b , max 

30 

)−1 (ηesc 

10 

)−1 
(

ζ

4 / 3 

)−1 

, (12) 

hich solely depends on input parameters. Here, ηesc > 1 is a multiple
f the light crossing time-scale (see below), and ζ > 4/3 is a function
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f the particle distributions (see equation A10 ). Equation ( 12 ) implies
hat the jet can only support a certain maximum initial particle density 
n order to satisfy equation ( 8 ) for a given bulk Lorentz factor and
agnetic field. 

.4 External photon fields 

e employ four external photon fields: the AD, the BLR, the DT, and
he CMB. For the AD, we use the standard thin-disc model of Shakura 
 Sunyaev ( 2009 ) extending between the innermost stable orbit and
 maximum radius defined by the point where the AD becomes 
nstable due to self-gravity (e.g. Netzer 2015 , his equation 2), 

ˆ 
 AD , max = 1680 R g 

(
M 0 

10 9 M �

)−2 / 9 

α2 / 9 l 
4 / 9 
edd 

(
ξ

0 . 1 

)−4 / 9 

. (13) 

ere, α is the disc’s viscosity, while ξ is the mass-to-radiation 
onv ersion efficienc y. We set α = ξ = 0.1. 

The temperature profile of the AD as a function of disc radius ˆ r AD 

s 

ˆ 
 AD ( ̂ r AD ) = 

( 

3 GM 0 ̂  L AD 

8 πξc 2 σT ̂  r 
3 
AD 

) 1 / 4 

. (14) 

n terms of the normalized disc temperature ˆ � AD = k B ̂  T AD /m e c 
2 ,

here m e is the electron rest mass and k B the Boltzmann constant,
he observed spectral luminosity of the AD becomes 

obs L 

obs 
νobs = 

l edd L edd cos θobs 

2 ξ ( R AD , min /R g ) 

( 

ˆ � AD , min 

ˆ � AD , max 

) 4 / 3 

×
(

hνobs (1 + z red ) 
m e c 2 ˆ � AD , min 

)4 

1 + 

(
hνobs (1 + z red ) 
m e c 2 ˆ � AD , min 

)8 / 3 exp 

{
−hνobs (1 + z red ) 

m e c 2 ˆ � AD , max 

}
, (15) 

ith the cosmological redshift z red , and employing ˆ � AD , min ≡
ˆ 
 AD ( ̂ r AD , min ) and ˆ � AD , max ≡ ˆ � AD ( ̂ r AD , max ). 
The BLR and the DT are approximated as a grey body radiation

elds at temperature ˆ T BLR and ˆ T DT , respectively, which are free 
arameters. We use the relations given in Ghisellini & Tavecchio 
 2008 ) to obtain 

ˆ 
 BLR = 10 17 

(
l edd L edd 

10 45 erg s −1 

)1 / 2 

cm , (16) 

ˆ 
 DT = 2 . 5 × 10 18 

(
l edd L edd 

10 45 erg s −1 

)1 / 2 

cm (17) 

or the BLR and the DT, respectively. The luminosities are generically 
et to 10 per cent of the AD luminosity. Ho we ver, in order to preserve
he isotropy approximation in the galaxy frame for these photon 
elds, we assume the following dependence of the luminosities on 
istance z (Hayashida et al. 2012 ): 

ˆ 
 BLR = 

0 . 1 l edd L edd 

(1 + z/ ̂  R BLR ) 3 
, (18) 

ˆ 
 DT = 

0 . 1 l edd L edd 

(1 + z/ ̂  R DT ) 4 
, (19) 

espectively. The spectral luminosities in the observer’s frame are 

obs L 

obs 
νobs = 

0 . 1 l edd L edd 

6 

(
hνobs (1 + z red ) 

k B ̂  T BLR 

)4 

× exp 

{
−hνobs (1 + z red ) 

k ˆ T 

}
, (20) 
B BLR 
obs L 

obs 
νobs = 

0 . 1 l edd L edd 

6 

(
hνobs (1 + z red ) 

k B ̂  T DT 

)4 

× exp 

{
−hνobs (1 + z red ) 

k B ̂  T DT 

}
, (21) 

espectively. The numerical prefactor 1/6 normalizes the energy 
pectra ensuring that the integral over L 

obs 
νobs provides the expected 

otal luminosity, namely 0.1 l edd L edd . 
The external photon fields have two impacts. First, they serve as

arget photons for proton–photon and electron–IC interactions, while 
econdly they act as absorbers of γ -rays through pair production. 

ithin the slices, these pairs add to the particle content as described
elow. Outside the jet, we only consider the absorption process 
esulting in a decrease of γ -rays from a given slice, if it is located at
 < R BLR, DT . For the external absorption, we use the code developed
y B ̈ottcher & Els ( 2016 ), where the BLR is represented by a quasar
emplate spectrum normalized to the BLR luminosity, ˆ L BLR , while 
or the DT a simple grey-body spectrum is used. 

 SLICED  C A L C U L AT I O N S  

aving imposed the geometry, the bulk flow, and the magnetic 
eld on the jet, we can now proceed and calculate the ‘perturbed’
article distributions and the resulting photon and neutrino fluxes. 
n each slice at distance z from the black hole, the particle
istributions are calculated employing a Fokker–Planck equation. 
s the following equations are the same in every slice, we omit the

xplicit dependence on z from the respecti ve v ariables, unless the
ependence is explicitly required. 
We solve the Fokker–Planck equation for four particle species, 

amely protons, pions, muons, and electrons. The particle mo- 
entum is given by p i = χm i c , where m i is the particle mass,

nd χ = γβ with γ = 

√ 

χ2 + 1 the particle’s Lorentz factor and 
= v/c = χ/ 

√ 

χ2 + 1 its speed normalized to the speed of light.
he Fokker–Planck equation then reads 

∂ n i ( χ, t) 

∂ t 
= 

∂ 

∂ χ

[
χ2 

( a + 2) t acc 

∂ n i ( χ, t) 

∂ χ

]

− ∂ 

∂ χ
( χ̇i n i ( χ, t) ) + Q i ( χ ) − n i ( χ, t) 

t esc 
− n i ( χ, t) 

γ t ∗i, decay 

. (22) 

ere, n i is the particle density, a is the ratio of shock to Alfv ̀en
peed, t acc the energy-independent acceleration time-scale, χ̇i the 
omentum gain and loss rate, Q i the particle injection rate, t esc the

nergy-independent particle escape time-scale, and t ∗i, decay the decay 
ime-scale of the unstable particles in their frame of rest. The escape
ime-scale in each slice is given by t esc = ηesc � z / c , and ηesc > 1
 free parameter parametrizing the adv ectiv e motion of particles in
ach slice. In Appendix B , we describe the numerical scheme to
olve equation ( 22 ). 

.1 Particle injection terms 

e consider in each slice the injection of primary and secondary
articles. We denote primaries as particles propagating from the 
pstream into the slice at hand, while secondaries are produced in
he slice itself. Protons are primary particles, and we assume that the
otal number of protons in the jet is conserved. Hence, protons follow
quation ( 7 ). 

Pions and muons decay rapidly, and we assume that they will
ot propagate through the jet but remain in the slice where they have
MNRAS 512, 3948–3971 (2022) 
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een created. Hence, pions and muons are considered to be secondary
articles only. 
For electrons the situation is more complicated. We inject at the

ase of the jet a population of electrons along with the protons. To
epeat, we denote with κpe ( z) = n p ( z)/ n e ( z) the number density ratio
f protons to electrons, which is a free parameter at the base of the jet,
 = z 0 . In each slice, pion production (followed by pion and muon
ecay), Bethe–Heitler pair production, and γ –γ pair production
reate secondary electrons. As electrons are stable particles, they
ropagate downstream implying a decrease of κpe ( z). 
Currently, we do not explicitly consider neutrons. The production

f neutrons through proton–photon interactions and their subsequent
volution would not allow us to conserve the proton number, which is
o we ver necessary to use equation ( 7 ) as is. Inclusion of the evolution
f neutrons is planned for a future update of the code. 

.1.1 Primary injection 

n each slice, the primary proton and electron injection functions take
he form of a power law: 

 i ( χ ) = q i χ
−p i H 

[
χ ; χi, 1 , χi, 2 

]
, (23) 

here the spectral index p i , and the lower and upper cut-offs, χ i , 1 and
i , 2 , respectively, are free parameters. Currently, we assume these to
e the same in each slice. In future applications of the code, we plan
o include a self-consistent evolution of these parameters along the
et. We note that the upper cut-off is reduced, if the Larmor radius
xceeds the radius of a given slice, i.e. we demand χ i , 2 ≤ ( e / m i c 2 ) BR .

With the help of Section 2.2 and Appendix A , we can derive the
ormalization factors q p for protons and q e for electrons, respectively.
or protons, the evolution along the jet is given by equation ( 7 ), while
lectrons get an additional update from the evolution of κpe ensuring
hat the created pairs are transported downstream. 

.1.2 Secondary injection 

or the pion production, we use the template approach of H ̈ummer
t al. ( 2010 ) approximating the cross-section by piecewise step
unctions. The strict separation into the different interaction chan-
els (ITs) – such as � (1232) resonance, higher resonances, direct
nd multipion production – is a simplification, but allows for the
abulation of the cross-section σ IT providing excellent agreement
ith the results of the SOPHIA Monte Carlo code (M ̈ucke et al. 2000 ).
ence, the pion injection rate becomes a sum o v er the different ITs: 

 πi ( χ ) = m πi c 2 
∑ 

IT 

n p 

(
E πi 

εIT 

)
m p c 

2 

E πi 

×
∫ ∞ 

εthr / 2 
d y n ph 

(
m p c 

2 yεIT 

E πi 

)
M 

IT 
πi f 

IT ( y) . (24) 

he injection is derived separately for the three pion types, namely
+ , π−, and the neutral π0 . The lower limit of the integral marks

he threshold beneath which the cross-section is zero. The threshold
s εthr = 294 corresponding to an energy of 150 MeV. The proton
istribution n p is e v aluated at the pion energy E πi = 

√ 

χ2 + 1 m πi c 2 

ivided by the mean energy fraction εIT that is deposited into the
aughter particles for a given interaction channel. The integration

ariable is y = 

√ 

χ2 
p + 1 ε relating the normalized proton energy

ith the normalized photon energy ε = h ν/ m e c 2 . The photon
NRAS 512, 3948–3971 (2022) 
istribution is described by n ph ( ε). 1 The functions M 

IT 
πi and f IT ( y )

epresent the multiplicity of daughter particles and the simplified
esponse function, respectively, of the interaction channel. The
unctions εIT , M 

IT 
πi , and f IT ( y ) ha ve been tab ulated by H ̈ummer et al.

 2010 ), which allow for a swift evaluation of equation ( 24 ). 
Given that neutral pions decay into photons within a proper time

f t ∗
π0 , decay = 2 . 8 × 10 −17 s, their decay is basically instantaneous

nd we derive their electromagnetic emission directly from the
njection spectrum (cf. Section 3.4 ). Charged pions decay in a proper
ime of t ∗

πi , decay = 2 . 6 × 10 −8 s, which is long enough to potentially
ndergo changes in their energy distribution (e.g. M ̈ucke et al. 2003 ).
herefore, we solve equation ( 22 ) separately for the charged pion
pecies and calculate their synchrotron emission. 

The charged pions decay into muons and neutrinos, 

+ → μ+ + νμ, (25) 

− → μ− + ν̄μ, (26) 

roviding the muon injection term 

 μi ( χ ) = 

n πi ( χ ) 

γ t ∗
πi , decay 

. (27) 

e again solve equation ( 22 ) separately for the muons and calcu-
ate their synchrotron emission. Muons decay after a proper time
f t ∗

μi , decay = 2 . 2 × 10 −6 s into electrons or positrons and related
eutrinos: 
+ → e + + νe + ν̄μ, (28) 

− → e − + ν̄e + νμ. (29) 

ollowing Schlickeiser ( 2002 ), we use 

 +−( χ ) = 

∫ 104 

1 
d γe 

γ 2 
e (3 − 2 γe / 104) 

104 3 
√ 

γ 2 
e − 1 

×
∫ γ γe (1 + ββe ) 

γ γe (1 −ββe ) 
d γμ

n μ+ ( χμ) + n μ− ( χμ) 

γμt ∗
μi , decay 

√ 

γ 2 
μ − 1 

, (30) 

here γ e, max = 104 is derived from the kinematics of the process
n the muon rest frame. We describe the calculation of the neutrino
pectra in Section 3.5 . 

Electrons and positrons are also produced through Bethe–Heitler
air production. Following Kelner & Aharonian ( 2008 ), the electron–
ositron injection rate for χp � 1 can be written as 

 BH ( χe ) = 2 c 
∫ ∞ 

1 
d γp 

n p ( χp ) 

2 γ 3 
p 

∫ m p 
γp m e 

( γp + γe ) 2 

4 γ 2 
p γe 

d ε
n ph ( ε) 

ε2 

×
∫ 2 γp ε

( γp + γe ) 2 

2 γp γe 

d ω ω 

∫ ω−1 

γ 2 
p + γ 2 

e 
2 γp γe 

d E −
W ( ω, E −) √ 

E 2 −
c 2 

− m 

2 
e c 

2 

, (31) 

here the initial factor 2 accounts for electrons and positrons. The
pper limit in the ε-integral is a consequence of the Born approx-
mation used in the cross-section (Kelner & Aharonian 2008 ). The
ross-section W ( ω, E −) is given in Blumenthal ( 1970 ), with ω and
 − being the photon energy in units of m e c 2 and the electron energy,

espectively, in the proton rest frame. The integrals with respect to ω
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nd E − depend solely on the electron momentum χ e , the proton mo-
entum χp , and the photon energy ε. Therefore, we have tabulated 

hese two integrals to save computation time in each time-step. 
Lastly, γ –γ pair production results in the injection term (Aharo- 

ian, Atoian & Nagapetian 1983 ): 

 γ γ ( χe ) = 2 
3 σT c 

32 

∫ ∞ 

γe 

d ε
n ph ( ε) 

ε3 

∫ ∞ 

ε
4 γe ( ε−γe ) 

d ̃ ε
n ph ( ̃ ε) 

˜ ε2 

×
[

4 ε2 

γe ( ε − γe ) 
ln 

(
4 γe ̃  ε( ε − γe ) 

ε

)
− 8 ε ˜ ε

+ 

2 ε2 (2 ε ˜ ε − 1) 

γe ( ε − γe ) 
−

(
1 − 1 

ε ˜ ε

)(
ε2 

γe ( ε − γe ) 

)2 
] 

, (32) 

here, again, the leading factor 2 accounts for electrons and positrons 
Cerruti et al. 2021 ). The photon distribution n ph containing all 
nternal and external photon fields is e v aluated at two normalized
hoton energies, namely ε and ˜ ε with the condition ε � ˜ ε. 

.2 Acceleration terms 

e assume that pre-accelerated primary particles (protons and elec- 
rons) are injected throughout each slice. These may be accelerated in 
ach slice at small turbulence regions or through gyroresonant inter- 
ctions with magnetohydrodynamic waves. Such pre-acceleration 
ones are treated in codes such as Weidinger & Spanier ( 2015 )
nd Chen, Pohl & B ̈ottcher ( 2015 ) showing that power-law-shaped
article distribution functions can be provided for the radiation 
one. While we do not consider this pre-acceleration explicitly, we 
eep acceleration terms in equation ( 22 ) in order to provide a mild
eacceleration of the particles in the radiation zone. 

The momentum gain and loss rate in equation ( 22 ) is given as χ̇i =
 ̇χi, loss | − χ̇acc . The acceleration term contains Fermi-I acceleration, 
hich is parametrized as 

˙acc = 

χ

t acc 
. (33) 

he acceleration time-scale is t acc = ηacc t esc , which is a multiple of
he escape time-scale, where ηacc is a free parameter. 

Fermi-II acceleration is provided by the scattering of particles on 
agnetohydrodynamic waves. This results in momentum diffusion, 

escribed by the diffusion coefficient (Weidinger & Spanier 2015 ): 

( χ ) = 

χ2 

(2 + a) t acc 
, (34) 

here we approximated the diffusion with hard-sphere scattering 
llowing for a momentum-independent acceleration time-scale. Fol- 
owing Weidinger & Spanier ( 2015 ), the parameter a = v 2 s /v 

2 
A is the

atio of the shock to the Alfv ̀en speed. For simplicity we set a fixed
alue of a = 10 throughout the simulations. A critical assessment of
his setting will be made elsewhere. 

.3 Momentum loss terms 

he momentum loss term χ̇i, loss depends on the particle species, 
s different loss processes are important for the different particles. 
e consider losses for protons through synchrotron, adiabatic, 
ethe–Heitler, and pion production processes. Pions and muons 

ose momentum through synchrotron and adiabatic processes, while 
lectrons lose momentum through synchrotron, IC, and adiabatic 
rocesses. 
Synchrotron cooling depends on the magnetic field energy density 
 B = B 

2 /8 π and the mass m i of the particle involved: 

− χ̇i, syn = 

4 cσT 

3 m e c 2 
u B 

(
m e 

m i 

)3 

χ2 . (35) 

he adiabatic term is adapted from Zdziarski et al. ( 2014 ) as 

− χ̇i, adi = 

3 c tan ( ηo / � b ) 

R 

(
γ − γ −1 

)
. (36) 

rotons lose energy also through Bethe–Heitler pair production, for 
hich we use the semi-analytical result of Chodorowski, Zdziarski 
 Sikora ( 1992 ): 

− χ̇p , BH = αS r 
2 
e c 

m e 

m p 

∫ ∞ 

2 
d κ n ph 

(
κ

2 γ

)
� ( κ) 

κ2 
, (37) 

here αS ≈ 1/137 is the fine structure constant, r e the classical elec-
ron radius, κ = 2 γ ε, with ε = E ph / m e c 2 being the normalized photon
nergy. We use the approximations to the cross-section integral � ( κ)
iven in Chodorowski et al. ( 1992 ). 
At high energies, protons lose momentum predominantly through 

ion production processes. We follow again the prescription of 
 ̈ummer et al. ( 2010 ). The loss rate is given by 

χ̇p , pion = χ
∑ 

IT 

M 

IT 
p � 

IT ( γp ) K 

IT , (38) 

here the sum goes o v er all ITs that constitute the pion production
ross-section. In equation ( 38 ), M 

IT 
p represents the multiplicity of

aughter particles, while K 

IT is the inelasticity of the process, and
he interaction rate � 

IT is given by 

 

IT ( γp ) = 

∫ ∞ 

εth / 2 γp 

d ε n ph ( ε) f IT ( γp ε) . (39) 

e note again that M 

IT 
p , K 

IT , and f IT are tabulated allowing for a swift
etermination of the cooling term. Pion production might result in the
onversion of a proton into a neutron. As we do not consider neutrons
xplicitly, we approximate this process as a continuous momentum 

oss process instead of an actual conversion using 

− χ̇p , neu = χ
∑ 

IT ,p ′ �= p 

M 

IT 
p ′ � 

IT ( γp ) , (40) 

ith the coefficients also provided by H ̈ummer et al. ( 2010 ). 
Charged pions and muons cool by synchrotron and adiabatic 

ooling, while electrons in addition exhibit IC cooling on the ambient
hoton field n ph ( ε). The IC cooling term is (B ̈ottcher, Mause &
chlickeiser 1997 ) 

− χ̇e , IC = c πr 2 e 

∫ ∞ 

0 
d ε n ph ( ε) 

G ( γe ε) 

ε
, (41) 

ith 

G ( x) = 

8 

3 
x 

1 + 5 x 

(1 + 4 x) 2 
− 4 x 

1 + 4 x 

(
2 

3 
+ 

1 

2 x 
+ 

1 

8 x 2 

)

 ln (1 + 4 x) 

(
1 + 

3 

x 
+ 

3 

4 x 2 
+ 

ln (1 + 4 x) 

2 x 
− ln 4 x 

x 

)

− 5 

2 x 
+ 

1 

x 

∞ ∑ 

1 

(1 + 4 x) −n 

n 2 
− π2 

6 x 
− 2 . (42) 

n the Thomson limit, that is x � 1, this can be Taylor expanded as 

G ( x) | x< 0 . 2 ≈ x 2 
(

32 

9 
− 112 

5 
x + 

3136 

25 
x 2 
)

. (43) 
MNRAS 512, 3948–3971 (2022) 
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he IC cooling term in this form requires isotropic photons. There-
ore as mentioned before, the external photons are angle averaged
fter the boosting into the comoving frame. 

.4 Radiation terms 

n each time-step, next to the Fokker–Planck equation for the
articles, we also solve the radiative transfer equations for the
hotons. This ensures that the updated photon distribution can be
sed in the next time-step for all particle–photon and photon–
hoton interactions. Along with the particle equilibria, an equilibrium
olution for the photon distribution is found. 

The radiative transport equation in the comoving frame of a slice
s given by 

∂ n ph ( ν, t) 

∂ t 
= 

4 π

hν
j ν( t) − n ph ( ν, t) 

(
1 

t esc , ph 
+ 

1 

t abs 

)
, (44) 

ith the emissivity j ν of all radiation processes, the photon escape
ime-scale from a slice t esc, ph ( z) = 4 � z ( z)/3 c , and the absorption
ime-scale t abs ( z) due to synchrotron self-absorption and γ –γ pair
roduction. From the photon distribution, we can calculate the slice’s
pectral luminosity in the observer’s frame: 

obs L 

obs 
νobs = δ3 

b 

hν2 V co 

t esc , ph 
n ph ( ν, t) , (45) 

ith the comoving volume of a slice V co = πR ( z ) 2 � z ( z ). 
The synchrotron emissivity of a particle species with mass m i is

iven by (Boettcher, Harris & Krawczynski 2012 ) 

 ν, syn = 

cσT u B 

3 π�(4 / 3) 

(
m e 

m i 

)2 

ν1 / 3 
∫ ∞ 

0 
d χ n i ( χ ) χ2 e 

−ν/νc 

ν
4 / 3 
c 

, (46) 

here �( x ) is the Gamma function, and 

c = 

3 eB 

4 πm i c 
χ2 . (47) 

Electrons also undergo IC emission with the emissi vity gi ven by
Dermer & Menon 2009 ; Diltz & B ̈ottcher 2014 ) 

 εs , iso = A i εs 

∫ 1 

−1 
d μ

1 − cos � 

( � b (1 + βb μ)) 2 

∫ ∞ 

χmin 

d χ
χn e ( χ ) 

γ
� c ( γ, μ) , 

(48) 

hich holds for isotropic photon fields in the galaxy frame. Here, εs 

s the normalized scattered photon energy, 

cos � = μμs + 

√ 

1 − μ2 
√ 

1 − μ2 
s , (49) 

s = 

cos θobs − βb 

1 − βb cos θobs 
, (50) 

min = 

εs 

2 

( 

1 + 

√ 

1 + 

2 � b (1 + βb μ) 
ˆ � i εs (1 − cos �) 

) 

, (51) 

 c ( γ, μ) = 

8 σT 

3 γ ε0 

( 

y + 

1 

y 
− 2 εs 

yγ ε0 
+ 

(
εs 

yγ ε0 

)2 
) 

× H 

[
εs ; 

ε0 

2 γ
, 

2 γ ε0 

1 + 2 ε0 

]
, (52) 

 = 1 − εs 

γ
, (53) 

0 = γ
ˆ � i 

� b (1 + βb μ) 
(1 − cos �) , (54) 

ˆ 
 i = 

2 . 7 k B ̂  T i 

m c 2 
, (55) 
NRAS 512, 3948–3971 (2022) 

e 
here the temperatures of the external fields are free parameters,
xcept for the CMB with ˆ T CMB = 2 . 72(1 + z red ) K. The constants A i 

epend on the photon field: 

 BLR = 

h ̂

 L BLR ( z) 

4 π ˆ R 

2 
BLR (2 . 7 k B ̂  T BLR ) 

, (56) 

 DT = 

h ̂

 L DT ( z) 

4 π ˆ R 

2 
DT (2 . 7 k B ̂  T DT ) 

, (57) 

 CMB = 

8 π5 m e c 
4 

15 

[
(1 + z red ) � 

obs 
CMB 

]3 
(58) 

or photons from the BLR, the DT, and the CMB, respectively. We
tress that � 

obs 
CMB is defined in the observer’s frame at redshift z red 

 0. Scattering AD photons, the IC emissivity becomes (Diltz &
 ̈ottcher 2014 ) 

 εs , AD = A AD εs 

∫ μmax 

μmin 

d μd 

(1 − cos �) 

[(
1 + βb μd 
βb + μd 

)2 
− 1 

]6 

˜ � AD [ � b (1 + βb μd )] 3 

×
∫ ∞ 

χmin 

d χ
χn e ( χ ) 

γ
� c ( γ, μd ) , (59) 

ith 

 AD = 

3 hGM 0 ṁ 

8 πm e c 2 z 3 
, (60) 

˜ 
 AD = 

2 . 7 k B ̂  T ( ̂ r AD ) 

m e c 2 
, (61) 

d = 

z √ 

z 2 + ̂ r 2 AD 

− βb 

1 − βb 
z √ 

z 2 + ̂ r 2 AD 

, (62) 

min = μd ( ̂  R AD , min ), and μmax = μd ( ̂  R AD , max ) (cf. Section 2.4 ). Most
elations of equations ( 49 )–( 54 ) hold, provided μ = μd and ˆ � i =
˜ 
 AD . We re-emphasize the radial dependence of the AD parameters.

n equations ( 48 ) and ( 59 ), we use a δ-function approximation to the
nergy distribution of the external photon fields using the peak of the
hermal distributions at E = 2.7 k B T , while we consider the full angle
ependence of the beaming pattern (Diltz & B ̈ottcher 2014 ). 
We also consider SSC emission for electrons, which is calculated

ccording to (Diltz & B ̈ottcher 2014 ) 

 εs , ssc = 

hεs 

4 π

∫ ∞ 

0 
d χ

χ

γ
n e ( χ ) 

∫ ∞ 

0 
d ε n syn ( ε) G ( εs , ε, γ ) , (63) 

here the synchrotron photon distribution is calculated with equa-
ions ( 44 ) and ( 46 ), while 

 ( εs , ε, γ ) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

8 σT c 

6 εγ 4 

(
4 εs γ

2 

ε
− 1 

)
ε

4 γ 2 
< εs ≤ ε, 

16 σT c 

3 γ 2 ε
G q s ε < εs ≤ 4 εγ 2 

1 + 4 εγ
, 

(64) 

 q s = 

[
2 q s ln q s + (1 + 2 q s )(1 − q s ) 

+ (1 − q s ) 
(4 εγ q s ) 2 

2(1 + 4 εγ q s ) 

]
, (65) 

 s = 

εs 

4 εγ ( γ − εs ) 
. (66) 

Neutral pions decay directly into photons. The resulting photon
missi vity is gi ven by (e.g. Boettcher et al. 2012 , their equa-
ion 3.100) 

 ν,π0 = 2 
h 

2 ν

4 π

∫ ∞ 

χmin 

d χ
Q π0 ( χ ) √ 

χ2 + 1 
, (67) 
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dependence on z at their respective outer radii according to equations ( 18 ) and 
( 19 ). This explains why the IC/BLR process can still be hugely dominating 
o v er (be comparable with) the IC/DT process even though the considered 
emission region is (far) outside the BLR radius in case A (case B). 
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ith the lower limit of this integral 

min = 

√ (
hν

E π0 
+ 

E π0 

4 hν

)2 

− 1 . (68) 

Lastly, in order to complete equation ( 44 ), the absorption time-
cale is required: 

 abs = 

� z 

c( τSSA ( ν) + τγ γ ( ε)) 
, (69) 

here τ SSA and τ γ γ are the synchrotron self-absorption and pair 
roduction opacities, respectively. The synchrotron self-absorption 
pacity for a charged particle of mass m i is (Dermer & Menon 2009 ) 

SSA ( ν) = − � z 

8 πm i ν2 

∫ ∞ 

0 
d χ P ν, syn ( χ ) χ2 ∂ 

∂ χ

[
n i ( χ ) 

χ2 

]
. (70) 

The pair production opacity is given by (Dermer & Menon 2009 ) 

γ γ ( ε) = 

8 � z σT 

3 ε2 

∫ ∞ 

ε−1 
d ̃ ε

n ph ( ̃ ε) 

˜ ε2 
ϕ̄ ( s) , (71) 

ith s = ε ˜ ε, and the cross-section 

¯ ( s − 1 � 1) ≈ 4 

3 
( s − 1) 3 / 2 + 

6 

5 
( s − 1) 5 / 2 

− 253 

70 
( s − 1) 7 / 2 , (72) 

¯ ( s � 1) ≈ 2 s( ln 4 s − 2) + ln 4 s ( ln 4 s − 2) − π2 − 9 

3 

+ 

ln 4 s + 9 / 8 

s 
. (73) 

e split the approximations of the cross-section at s = 1.4 (cf.
ermer & Menon 2009 , fig. 10.2). Equation ( 71 ) requires isotropic
hoton fields, which is fulfilled for internal photon distributions. The 
xternal photon fields are – similar to the proton–photon interactions 
angle averaged after beaming into the comoving frame. 
We note that for both synchrotron self-absorption and internal 

air production, we only consider the slice where the emission is
roduced. This is a simplification, which we intend to impro v e in a
ubsequent paper. 

.5 Neutrinos 

eutrinos are created through the decay of pions and muons. In the
ormer case, muon neutrinos are created, while in the latter case both
uon and electron neutrinos are produced. The production rate of 
uons from pion decay Q μ± , equation ( 27 ), directly provides us
ith the production rate of muon neutrinos: 

 

π
νμ

( E νμ
) = 

1 

m μc 2 

∫ ∞ 

E νμ

m π c 2 (1 −r M ) 

d γπ

γπ

Q μ± ( γπ ) 

1 − r M 

, (74) 

here r M 

= ( m μ/ m π ) 2 . 
For the muon decay, equations ( 28 ) and ( 29 ), we follow the

escription of Barr et al. ( 1988 ) and Gaisser ( 1990 ) with the neutrino
roduction rate for both types given as 

 

μ
νi 

( E νi 
) = 

1 

m μc 2 

∫ ∞ 

E νi 

d E μ Q 

μ
e ( E μ) 

d n 

d E νi 

= 

1 

m μc 2 

∫ 1 

0 
d y 

Q 

μ
e ( E νi 

/y) 

y 

d n 

d y 
, (75) 

ith y = E νi 
/E μ, and the muon decay rate Q 

μ
e =

 μi ( χ ) / ( γ t ′ 
μi , decay ). Both Q 

μ
e and Q μ± are in units of per

olume per time, while the neutrino production rates require per 
olume per time per energy, explaining the normalization of the 
ntegrals to the rest-mass energy of the muon. The function d n/ d m
escribes the neutrino production rate in the laboratory frame and is
pproximately as (Gaisser 1990 ) 

d n 

d y 
≈ g 0 ( y) + g 1 ( y) . (76) 

he functions g 0 and g 1 depend on the neutrino type and are for
uon neutrinos 

 0 ( y) = 5 / 3 − 3 y 2 + 4 y 3 / 3 , (77) 

 1 ( y) = 1 / 3 − 3 y 2 + 8 y 3 / 3 , (78) 

hile for electron neutrinos 

 0 ( y) = 2 − 6 y 2 + 4 y 3 , (79) 

 1 ( y) = −2 + 12 y − 18 y 2 + 8 y 3 . (80) 

Owing to the oscillation of neutrinos, the observer’s frame neutrino 
ower E 

obs 
νi 

L 

obs 
E obs 

νi 

= δ3 
b ( E νi 

/ (1 + z red )) 2 V co Q νi 
is equally distributed

 v er electron, muon, and tau neutrinos. Therefore, Q νi 
= ( Q 

π
νμ

+
 

μ
νμ

+ Q 

μ
νe 

) / 3. In the given framework, we have not distinguished
etween neutrinos and their antiparticles. 

 RESULTS  

n Table 1 , we provide an o v erview o v er all free parameters. The
aseline simulation 01 is described in detail in Section 4.1 . From
hese parameters we vary other parameters one at a time for the
arameter study in Section 4.2 . For each simulation, we produce two
pectral energy distributions (SEDs) – ‘A’ and ‘B’ – where the only 
ifference is the value of the AD Eddington ratio. As the BLR and
he DT also depend on this value according to equations ( 16 )–( 19 ),
his is going to have significant consequences on the results. 

.1 Baseline model 

e use simulation 01 as our baseline to describe in detail the
apabilities of EXHALE-JET . The results of the other simulations 
re briefly summarized in Section 4.2 . 

.1.1 Photon spectra 

he multiwavelength photon spectra of the baseline simulation are 
hown in Fig. 1 for both cases of the AD luminosity. It is obvious
hat the total spectra depend strongly on the external photon fields,
s the ratio of the γ -ray peak luminosity to the electron-synchrotron
eak luminosity is larger than unity for case A, while it is smaller
han unity for case B. This is a consequence of a significant decrease
n the γ -ray flux, while the electron-synchrotron flux only decreases 

ildly from case A to B. 
The individual spectra for the example slice at about 0 . 1 pc from

he black hole indicate that the γ -ray flux is dominated by IC emission
n the BLR and DT photon fields. The dependence of the BLR and
T on the AD luminosity explains the change in the relative strength
f the IC/BLR and IC/DT. In case A, the radius of the BLR (DT)
s 0 . 06 pc (1 . 6 pc), while in case B it is 0 . 006 pc (0 . 16 pc). 2 The
MNRAS 512, 3948–3971 (2022) 
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Table 1. Overview of the free parameters. Baseline parameters are used in simulation 01, while parameters listed under variation 1 and 
variation 2 are used in simulations given in parentheses. The value of the AD Eddington ratio defines the cases A and B of all simulation. 

Definition Symbol Baseline Variation 1 Variation 2 

Redshift z red 0.5 – –
Black hole mass M 0 (10 8 M �) 3.0 – –
AD Eddington ratio l edd – 10 −1 (A) 10 −3 (B) 
BLR temperature T BLR (K) 10 4 – –
DT temperature T DT (K) 5 × 10 2 – –
Jet length z term 

(pc) 100.0 – –
Length of acceleration region z acc (pc) 1.0 0.1 (02) 10.0 (03) 
Maximum bulk Lorentz factor � b, max 30 15 (04) 50 (05) 
Jet viewing angle θobs ( ◦) 1.9 3.8 (04) 1.1 (05) 
Multiple of jet opening angle ηo 0.26 – –
Multiple of initial jet radius ηR 10 – –
Multiple of escape time-scale ηesc 10 – –
Multiple of acceleration time-scale ηacc 10 – –
Initial magnetic field B ( z 0 ) (G) 50 30 (06) 100 (07) 
Multiple of injection power f inj 3 × 10 −6 3 × 10 −7 (08) –
Initial proton to electron ratio κpe 1.0 0.1 (09) –
Minimum proton Lorentz factor γ p, 1 2 – –
Maximum proton Lorentz factor γ p, 2 2 × 10 8 2 × 10 7 (10) 5 × 10 8 (11) 
Proton spectral index p p 2.5 2.1 (12) 3.0 (13) 
Minimum electron Lorentz factor γ e, 1 1 × 10 2 – –
Maximum electron Lorentz factor γ e, 2 1 × 10 5 1 × 10 4 (14) 1 × 10 6 (15) 
Electron spectral index p e 2.5 2.1 (16) 3.0 (17) 

Figure 1. Total photon spectrum in the observer’s frame and the individual contributions for the slice at the indicated distance for simulation 01 A (left) and B 

(right). The thin dotted line shows the total intrinsic spectrum, while the thick solid line includes the external photon fields and the (external) absorption at γ -ray 
frequencies. The remaining lines show the contributions of the different radiation processes as labelled. The proton-, charged pion-, and muon-synchrotron 
spectra are below the shown luminosity scale. 
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igher external photon density in case A compared to case B implies
 faster electron cooling in case A because of IC cooling than in case
, as discussed in Section 4.1.2 . 
A second influence of the external fields is visible through the

ifferent degree of external absorption at TeV energies. In Fig. 1 ,
he thin dotted line marks the intrinsic spectrum, i.e. the sum of the
lices boosted into the observer’s frame but discarding any absorption
utside of the jet, while the thick solid line marks the jet emission
NRAS 512, 3948–3971 (2022) 
fter considering absorption in the BLR and DT. While the emission
s attenuated between ∼1 TeV and a few PeV by up to a few orders
f magnitude in case A, there is barely a difference in case B. 
At photon energies abo v e 1 PeV, a third bump emerges, which is

ue to the decay of neutral pions. The photon densities below meV
nergies (required to absorb the γ -ray photons of the neutral pions)
re not sufficient to absorb these γ -rays entirely. This also means
hat the emission of the neutral pions does not take part significantly

art/stac754_f1.eps
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Figure 2. Total photon spectrum in the observer’s frame and its distance dependence (colour code) for simulation 01 A (left) and B (right). The thin dotted line 
shows the total intrinsic (i.e. no absorption outside the slice) spectrum, while the thick solid line includes the external photon fields (grey) and the (external) 
absorption at γ -ray frequencies. The thin coloured lines show the intrinsic spectrum of every tenth slice. 
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n the development of the pair cascade. The neutral pion bump 
s most likely not observable at the Earth given the cosmological 
bsorption through the extragalactic background light (EBL) and 
he CMB, which is not considered here. Nevertheless, the external 
hoton fields also play a role in the luminosity of the neutral pion
ump as the luminosity in case A is about two orders of magnitude
igher than in case B. In turn, the pion production largely depends
n the external photon fields. This is also evident from the neutrino
utput, as discussed in Section 4.1.4 . 
Notably absent from Fig. 1 are the synchrotron emission of 

rotons, charged pions, and muons. Their densities are too low to 
roduce meaningful radiative components. On the other hand, the 
lectron-synchrotron emission extends well into the γ -ray regime. 
his extension is a consequence of the highly energetic secondaries 

njected in each slice. Interestingly, SSC emission is also irrele v ant,
hile IC/CMB starts to become important at larger distances z (cf.
ig. D1 ). 
The non-trivial evolution of the photon spectra with distance z is

hown in Fig. 2 . In both cases, A and B, the electron-synchrotron
omponent increases gradually until about 0 . 1 pc from the black hole
nd remains relatively steady (even more in case B than in case A)
ntil it starts to decrease about 10 pc from the jet. 
On the contrary, the γ -ray component is dominated initially in both 

ases by IC on disc photons. Interestingly, in case A the IC/AD flux is
nitially very strong and decreases rapidly. In case B the IC/AD flux
ecreases too, but at a much lower flux level. This is a consequence of
quation ( 13 ), as the outer disc radius influences strongly the region
f influence of the AD on the IC process given that the outer regions
f the disc exhibit a different beaming pattern than the inner disc
arts. As equation ( 13 ) depends on the Eddington ratio l edd , the disc
s less wide in case B than in case A. With increasing distances from
he black hole, the IC process in the jet becomes first dominated by
LR photons and then by DT photons. This obviously depends on the

espective radii as discussed abo v e. The maximum IC luminosity is
ttained in the range from 0.1 to 1 pc from the black hole irrespective
f the case. The neutral pion bump evolution shows two peaks. In
ase A, the first peak is attained at 0 . 1 pc from the black hole and
s located at slightly lower energies than the second bump, which is
ttained at about 1 pc from the black hole. Apparently, the BLR and
T photon fields with their different energy distributions interact 
ith the protons at different distances from the black hole producing
ions of different energies. In case B, the first peak is seemingly
roduced with AD photons, while the second peak is probably due
o DT photons. 

While especially at γ -ray energies the resolution power will not 
e sufficient to resolve most jets – with the noteworthy exception of
entaurus A (H.E.S.S. Collaboration 2020 ) – it is still an important
uestion, where the γ -rays are produced within the jet given the
otential absorption processes. Within our model, the γ -rays do not 
merge from a single region, but are produced within 10 pc (1 pc)
n case A (B). While this may be a result of our steady injection
pectrum along the jet, it none the less emphasizes that γ -rays can
e produced on very different scales. 

.1.2 Evolution of the particle distributions 

he evolution of the proton and electron distributions as a function
f distance z is shown in Figs 3 and 4 , respectively. We also show
n the same figures the cooling time-scales highlighting the different 
rocesses shaping the particle distributions. 
The proton distributions do not differ strongly between case A and
 except at Lorentz factors above 10 6 for small distances z. Here, a
ip is visible in case A owing to stronger cooling through pion and
ethe–Heitler pair production. Clearly, the stronger external photon 
elds are responsible for the enhanced cooling in case A compared

o case B. At lower Lorentz factors, the cooling is dominated by
diabatic losses, while synchrotron cooling is negligible for the 
roton distribution in this simulation. 
MNRAS 512, 3948–3971 (2022) 

art/stac754_f2.eps


3958 M. Zacharias et al. 

M

Figure 3. Proton distribution function (top row) and cooling time-scales as a function of Lorentz factor γ and distance z (colour code) as labelled for simulation 
01 A (left) and B (right). For the cooling time-scales, the solid lines mark the total cooling time-scale, while the lines with a different style mark the individual 
process as labelled. The curves are in the comoving frame of each slice. 
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The electron distributions in Fig. 4 show remarkable features.
hile the primary injection spectrum between Lorentz factors 10 2 

nd 10 5 is visible, the secondary particles play a major role in
haping the final distribution (see also Appendix C and Fig. C1 ).
NRAS 512, 3948–3971 (2022) 
n turn, the electron distributions extend to very high Lorentz factors
eyond 10 11 . The imprint of the different external photon fields
etween case A and B is notable in the particle distributions and the
ooling time-scales. Case A exhibits a higher number of secondaries

art/stac754_f3.eps
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Figure 4. Same as Fig. 3 , but for electrons. 
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hat at low distances z also influence the distribution at Lorentz 
actors below γ e, 2 . Such a significant influence is absent in case B.
he cooling time-scale in case A is dominated by IC processes at
orentz factors below 10 5 . Abo v e this threshold, the Klein–Nishina
ffect significantly reduces the IC efficiency, and the synchrotron 
rocess starts to dominate. Ho we ver, for greater distances z, the IC
trength is also reduced compared to the synchrotron, and beyond 
 few pc – corresponding to the DT radius – the IC influence
ecomes negligible. In fact, with increasing distance z adiabatic 
ooling becomes important at lower and medium Lorentz factors. 
n case B, similar statements can be made with the difference
hat the IC process is less severe due to the weaker external
MNRAS 512, 3948–3971 (2022) 
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elds. In turn, the o v erall cooling strength is also weaker in this
ase. 

The cooling time-scales of protons and electrons (taken e x emplary
t Lorentz factors of 10 7 and 10 4 , respectively) are compared to
cceleration and escape time-scales in the top row of Fig. 5 . It is
vident that the electron cooling time-scale is al w ays below the
scape and acceleration time-scales indicating that the electrons are
n the fast cooling regime at all z for both cases A and B. The protons
n case A – at least at this Lorentz factor – initially cool faster than
hey escape, which then changes between distances of 10 −3 and
 . 01 pc, beyond which the cooling is again faster than the escape.
n case B, the protons initially cool much slower than they escape.
n fact at low distances, the cooling time-scale is comparable to the
ermi-I acceleration time-scale. Only at distances beyond 0 . 01 pc is

he cooling faster than the escape. As the escape time-scale depends
n the length � z ( z) of a slice, its increase with distance is evident.
imilarly, the Fermi-I and Fermi-II acceleration time-scales depend
irectly on the escape time-scale. 

.1.3 Jet evolution 

n the second row of Fig. 5 , we show the energy densities of the
agnetic field and the particles. The magnetic energy density is
 B ( z) = B ( z) 2 /8 π, while the total and rest-mass energy densities for
rotons and electrons are 

 i ( z) = m i c 
2 
∫ ∞ 

0 
γ n i ( χ, z) d χ, (81) 

 i n i ( z) = m i c 
2 
∫ ∞ 

0 
n i ( χ, z) d χ, (82) 

espectively. 
Both disc cases are actually similar for most constituents. The
agnetic energy density dominates at all distances, and the proton

alues dominate o v er the electron values except at large distances in
ase A. The main difference between the cases is the energy density
n electrons, as the (initial) stronger cooling in case A results in a
ower energy density of the electrons compared to case B. Only at
arger distances, when the IC cooling becomes less severe, do the
ases match again. 

The dominance of the magnetic energy density at all distances
lso implies that the magnetization σ B ( z), equation ( 9 ), is larger than
nity on all scales as shown in the third row of Fig. 5 . While σ B ( z)
ecreases in the parabolic section of the jet, it is constant in the
onical section, as expected. The high magnetization implies that
ur jet would energize the particles via magnetic reconnection on
ll scales. Ho we ver, as we only intend to perform initial tests here,
his is not a major concern. Different parameter sets result in lower
agnetizations on large scales (cf. Table D1 in Appendix D ). 
Additionally in the third row of Fig. 5 we show the evolution

f κpe . In both cases, the initial value is unity and there is no
ignificant change to that in case B. In case A, close to the AD γ –γ

air production is strong and significantly decreases κpe . It remains
onstant at larger distances. 

The fourth row of Fig. 5 shows the various jet luminosities in the
ost galaxy’s frame. For the magnetic field and the particles, the
uminosity is calculated as 

ˆ 
 i ( z) = πR( z) 2 � b ( z) 2 cu i ( z) , (83) 

hile the total radiative luminosity is 

ˆ 
 rad ( z ) = 

� b ( z ) 2 

δ( z ) 3 

∫ ∞ 

0 
L 

obs 
νobs ( z ) d νobs . (84) 
NRAS 512, 3948–3971 (2022) 
hese are compared to the injected (or initial) luminosity at the base
f the jet: 

ˆ 
 init = 

f inj 

2 
L edd + 

ˆ L B ( z 0 ) . (85) 

his initial luminosity is shown as the grey solid line in Fig. 5 . As a
nal reference, we also show the AD value, as well as the evolution
f the BLR and DT luminosities. 
Not surprisingly, the magnetic luminosity dominates the jet con-

tituents. Interestingly though, it is almost constant as a function of
istance. On the other hand, the proton and electron luminosities
eact to the different cooling strengths and the geometry of the
et, becoming constant only in the conical section. The radiative
uminosity shows an interesting behaviour. The initial decrease is
robably related to the γ –γ absorption process, which is particularly
trong at small z. In case A, a peak is visible at about 0 . 1 pc, while in
ase B no such peak is evident. While this points to a mild dominance
f jet regions around 0 . 1 pc for the radiative output in case A, one
hould note that even in this case the distribution is broad, and no
lear dominating emission region can be found. None the less, this
oints towards the delicate interplay of external photon fields (their
ocation and strength) and the acceleration of the bulk flow. In case A
he peak of the radiative luminosity is located around the edge of the
LR, while in case B the edge of the BLR has already been passed. 
The total luminosity is at or below the initial value at all distances.

n case A, the baseline parameters result in jet power below the
ccretion power, while in case B the jet power is initially about a
actor of 2 higher than the accretion one. The injection fraction f inj has
een set a factor of a fe w belo w the limit of equation ( 12 ). Ho we ver,
njecting at the maximally allowed limit would only marginally
ncrease the total luminosity. Hence for the baseline simulation,
XHALE-JET works within bounds similar to simulations of MAD
iscs (Tchekhovsk o y et al. 2011 ). 

.1.4 Neutrino emission 

he decay of charged pions and muons produces neutrinos. The
esulting muon neutrino spectrum in the observer’s frame and its
volution with distance z for the baseline simulation is shown in
ig. 6 . We also show the planned sensitivity of the IceCube-Gen2
etector (Aartsen et al. 2021 ). With the given parameter set of our
et, no neutrino detection is expected. It is none the less instructive to
onsider the differences in the neutrino spectra of case A and case B.

In case of strong external fields a higher number of neutrinos
re obtained than for weak external fields. While the peaks of the
istributions are attained at roughly similar energies of ∼10 8 GeV
observer frame), the spectral shape at lower energies is different. In
he strong-disc case, the neutrinos are mostly produced on distances
etween 0.1 and a few pc from the black hole. Interestingly, the
pectrum produced at ∼0 . 1 pc is broader and peaks at lower energies
han the spectrum produced beyond 1 pc. This again reflects the
elative importance between BLR and DT photons. In the weak-disc
ase, the neutrinos are mostly produced within 1 pc from the black
ole. In this case, AD and DT photons are important as indicated by
he distance evolution of the neutrino spectrum. 

.2 Parameter study 

n this section, we compare the 16 additional simulations with the
arameter variations as listed in Table 1 to the baseline simulation
1. We will not go into too much detail, but merely compare the
otal photon spectra and total neutrino spectra. These are shown in
igs 7 and 8 , respectively. Table D1 in Appendix D lists the numerical
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Figure 5. Jet parameters as a function of distance z along the jet for simulation 01 A (left) and B (right). The legend in each row corresponds to both panels. Top 
ro w: e volution of Fermi-I and Fermi-II acceleration, proton and electron (dotted), and escape time-scales as labelled. The cooling time-scale is taken e x emplary 
at proton and electron Lorentz factors of 10 7 and 10 4 , respectively. The time-scales are derived in the comoving frame of each slice. Second row: magnetic 
ener gy density, ener gy densities u i of protons and electrons, and the rest-mass ener gy densities E i n i of protons and electrons in the comoving frame of each 
slice. Third row: magnetization σB and proton-to-electron ration κpe in the comoving frame of each slice. The grey solid line marks unity. Fourth row: magnetic, 
proton, electron, and radiative luminosities. Also shown is the total of these luminosities for each slice, while the initial value (‘init’) and the AD are given as 
reference. The evolution of the BLR and DT luminosities are also provided. All luminosities are in the host galaxy’s frame. 
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Figure 6. Total muon neutrino spectra (red and blue thick solid lines) in the 
observer’s frame and their evolution with distance z (colour code) as a function 
of energy for simulation 01 A (left) and B (right). The thin coloured lines 
show the neutrino spectra of every tenth slice. In both panels, the grey solid 
line marks the expected sensitivity of IceCube-Gen2 (Aartsen et al. 2021 ). 
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alues of the magnetization σ B and the proton to electron ratio κpe at
he base z 0 , at the end of the bulk acceleration region z acc , and at the
nd of our jet z term 

. All simulations are done each for the strong-disc
A) and for the weak-disc (B) case. The magnetization is the same
or cases A and B for each simulation, while for most B simulations
pe remains at or close to the initial value. The latter implies a limited
air production due to the weak external fields. 
The length of the acceleration region z acc of the bulk flow

simulations 02 and 03) affects mainly the o v erall normalization,
ith a shorter (02) acceleration region increasing the flux, while a

onger (03) acceleration region decreases it. This is true for both cases
 and B, as well as for the neutrinos. The shorter acceleration region

ength implies that the jet reaches its maximum bulk speed deeper
ithin the external photon fields implying a greater efficiency for IC

nd proton–photon processes, while a longer acceleration region has
he opposite effect. 

Similar statements can be made for the variation in the maximum
ulk Lorentz factor � b, max of the jet flow (simulations 04 and 05). A
ower � b, max (04) reduces the o v erall normalization, while a higher
ne (05) increases it. A mild effect is also seen on the cut-off energy
f the neutrino spectra, where a smaller � b, max reduces the cut-off
nergy, while a higher � b, max increases it. We note that we also
hanged the observation angles in order to ensure that � b, max = δmax .

The variation of the magnetic field (simulations 06 and 07) results
n more complicated changes. A reduction in the magnetic field
06) increases the o v erall flux in case A. As we keep the particle
istribution fixed, the reduced synchrotron cooling results in more
igh-energy particles being available and, hence, producing more
ighly energetic radiation. In turn, more pairs are being created than
n the baseline simulation as can be seen in Table D1 . The reduced
xternal photon flux in case B implies a much reduced production
f pairs. In turn, the spectral change is closer to expectation with
 reduced synchrotron and a slightly increased IC flux. A higher
agnetic field (07) has the opposite effect. The increased synchrotron

ooling results in a weaker production of pairs compared to the
aseline, which in turn means a reduced o v erall flux in case A. In
ase B, we see a higher synchrotron and a reduced IC flux as expected.
he change in magnetic field only has a weak impact on pion and
eutrino production with no significant change in either flux except
t low neutrino energies for the here considered value of γ p, 2 . 
NRAS 512, 3948–3971 (2022) 
The reduction in the particle injection power by a factor of 10
simulation 08) merely reduces the o v erall normalization by roughly
n order of magnitude, as expected. On the other hand, an initial
ncrease of the electron density by a factor of 10 (simulation 09)
ncreases the electron-related emission by about the same factor in
ase B. Interestingly, there is no change to the photon spectrum in
ase A compared to the baseline. As indicated in Table D1 , the initial
alue of κpe = 0.1 has almost no effect on κpe at larger distances. In
imulation 09, there is no significant change in the neutrino spectrum
xcept at low energies. 

A decrease in the maximum proton Lorentz factor γ p, 2 (simulation
0) has no effect on the two main peaks in the spectrum, but
ecreases the electron-synchrotron flux beyond 1 TeV. Additionally,
he neutral pion bump and the neutrino spectrum cut-off at lower
nergies. On the other hand, increasing γ p, 2 (simulation 11) results
n an increase in the electron-synchrotron emission beyond 1 TeV,
s well as an increase in the neutral pion and neutrino cut-off
nergies. There is no difference in these effects between cases A
nd B. 

A harder proton injection distribution (simulation 12) has severe
onsequences. The resulting increase in the amount of highly
nergetic protons enhances their interactions – most notably by the
ajor pair cascade (cf. Table D1 ), increasing in case A the electron

ynchrotron and IC fluxes by three orders of magnitude compared
o the baseline model. In case B, the two main bumps show a

ildly reduced flux, as the harder proton spectrum implies a reduced
njection normalization, equation ( 3 ). With the weak external fields,
he pair production is much reduced compared to case A. None the
ess, the effect of highly energetic pairs being injected is evident by
he high flux beyond 1 TeV, which is electron-synchrotron emission
cf. Fig. D2 ). Interestingly, the neutral pion bump exhibits higher
uxes in case B than in case A owing to a much lower degree of
bsorption. The neutrino spectra increase considerably compared to
he other simulations. Ho we ver e ven in this set-up, it does not come
lose to the IceCube-Gen2 sensitivity. Softening the proton injection
istribution (simulation 13) reduces the amount of high energetic
rotons, therefore reducing the amount of secondaries (see Table D1 ).
n turn, all photon and neutrino spectra are much reduced in case
 compared to the baseline simulation 01. In case B, the reduced
roton–photon interactions imply much less pions and neutrinos,
hile the two main bumps in the SED remain almost unchanged

ompared to the baseline. 
Decreasing the maximum electron Lorentz factor γ e, 2 (simulation

4) only reduces the flux at the high-energy ends of the first and
econd hump in the SED. Increasing γ e, 2 (simulation 15) has the
pposite effect, while in case A even a higher normalization of the two
ain SED bumps is realized. With the IC emission reaching higher

nergies, more pairs are produced increasing the pair load of the jet
Table D1 ). Reducing the electron spectral index p e (simulation 16)
ffects notably the first and second SED components. Interestingly,
he nearly broken power-law shapes of the synchrotron peak in both
ases A and B are not intuitively expected. In fact, these peaks are
nfluenced even by slices at considerable distance from the black
ole close to z term 

. At these distances, the magnetic field is so low
hat the peak frequency has shifted from the X-ray domain into the
ptical domain explaining why the total peak is located in that energy
and (cf. Fig. D3 ). The flat γ -ray peak, on the other hand, is indeed
ust a consequence of the chosen spectral index. An increase of p e 
simulation 17) merely results in a softening of the spectra. In these
imulations (14–17) only primary electron parameters have been
hanged. Hence, changes in the neutral pion bump and the neutrino
pectra are minor, as expected. 
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Figure 7. Total photon spectra in the observer’s frame for every simulation as labelled with strong-disc simulations in the left-hand column and weak-disc 
simulations in the right-hand column. Grey lines mark the AD (dashed), BLR (dash–dotted), and DT (dotted). The baseline simulation 01 (black solid) is shown 
in all panels for reference. 
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 SU M M A RY  A N D  O U T L O O K  

XHALE-JET is a kinetic, lepto-hadronic emission code, which 
odels the radiation produced along the extended flow of a blazar jet.

n this paper, we have introduced the code and provided a parameter
tudy. For an efficient calculation, the jet is cut into numerous
lices, wherein the particle distributions and the radiation spectra 
re derived. This is similar to previous purely leptonic extended jet
odes (e.g. Potter & Cotter 2013a ; Zdziarski et al. 2014 ; Lucchini
MNRAS 512, 3948–3971 (2022) 
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Figure 8. Total muon neutrino spectra in the observer’s frame for every simulation as labelled with strong-disc simulations in the left-hand column and 
weak-disc simulations in the right-hand column. The baseline simulation 01 (black solid) is shown in all panels for reference. In all panels, the grey solid line 
marks the expected sensitivity of IceCube-Gen2 (Aartsen et al. 2021 ). 
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t al. 2019 ). The slices are connected by an assumed geometry and
ulk flow profile. We also consider the presence of external photon
elds, such as the AD, the BLR, the DT, and the CMB. 
The crucial addition compared to the aforementioned leptonic

odes is the presence of highly relativistic protons. Their interactions
NRAS 512, 3948–3971 (2022) 
ith ambient photons (via pion and Bethe–Heitler pair production)
nitiate an electromagnetic cascade (driven by γ –γ pair production)
esulting in the accumulation of highly relativistic pairs in the jet. As
hese pairs are stable particles, they are carried along in the jet flow
nd become primary particles downstream. This has the effect that the
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atio of protons to pairs decreases with distance from the black hole
xplaining the observed ratio in jets and lobes (Sikora et al. 2020 ). 

We have conducted a first parameter study. Within the assumed 
arameter range we find that the photon spectra are dominated by 
eptonic emission processes, namely synchrotron and IC scattering 
f external photon fields. Beyond a few TeV, electron-synchrotron 
mission of the cascade can be seen, while at ultrahigh frequencies 
beyond 10 30 Hz) the neutral pion bump is e vident. This sho ws that
he protons still have an effect in these set-ups even though their
irect (synchrotron) emission is not visible. Ho we ver, the influence 
f the protons depends strongly on the external fields, as the resulting
ffects are much more pronounced for bright external fields than for
eak ones. The produced neutrinos are also not sufficient to allow 

ndividual sources to be detected by current and future neutrino 
nstruments, such as IceCube-Gen2. 

According to Boccardi et al. ( 2021 ) and Park et al. ( 2021 ), jets
each their terminal velocity (or the break point from the parabolic to
he conical geometry) between 10 4 and 10 6 R g . In our simulations,
he jet reaches this point at 1 pc from the black hole corresponding to
bout 5 × 10 4 R g . As is shown with simulations 02 and 03, this range
as significant consequences on the photon and neutrino spectra. 
nfortunately, neither the reason for this range nor its relation to 

xternal entities (such as the BLR, DT, or other gas distributions) is
et known; but it could point towards important constraints on the jet
nd its surrounding. We also point out that we have terminated our
et calculation at 100 pc, even though the emission of more distant
et regions may also be important (e.g. Zacharias & Wagner 2016 ;
oychowdhury et al. 2022 ). 
In order to impro v e the code, we plan several additions and

mendments. First of all, except for the entrainment of the pairs
roduced in the cascade, the slices are almost independent of each 
ther. Most notably, the produced radiation of one slice has no effect
n other slices nor is it attenuated in downstream slices. These are
rucial processes, which we are going to deal with in a subsequent
aper. We will also add the production and evolution of neutrons, 
hich may play a crucial role in the energy distribution along 

he jet (M ̈ucke et al. 2000 ). Additionally, we hav e ne glected the
ight of the host galaxy. While its influence on the total spectrum
hrough IC emission is minor (cf. Potter & Cotter 2013b ) in most
ases (even though it may play a role in Centaurus A; H.E.S.S.
ollaboration 2020 ), the host galaxy light may serve as a target for
-ray absorption at TeV energies, which could be observable with 

he future Cherenkov Telescope Array (Zacharias, Chen & Wagner 
017a ). We also plan to include a more realistic particle acceleration
cenario to go beyond the current simplistic injection of the same 
ower-law shape in each slice. Further development plans include 
ime-dependent models to explain the observed variability (as in e.g. 

alzac 2014 ; Potter 2018 ), as well as radially dependent structures
n order to explain, for example, the limb brightening seen in radio
aps of several jets. 
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PPENDIX  A :  D E R I VAT I O N  O F  T H E  

N J E C T I O N  N O R M A L I Z AT I O N  A N D  T H E  

N J E C T I O N  FRAC TION  

n order to derive equation ( 3 ) we remind ourselves that the injection
uminosity equals the integrated injection rate (which is total energy
ensity per unit time) times the volume in which the particles are
njected. Assuming a power-law distribution of the injected particles
f species i (protons or electrons) between a lower ( γ i , 1 ) and upper
 γ i , 2 ) cut-off, we find 

 i ( γ ) = q i γ
−p i H 

[
γ ; γi, 1 , γi, 2 

]
, (A1) 

here H [ x; a, b ] is unity for a ≤ x ≤ b and zero otherwise. The
otal density of particles (considering escape) then becomes 

 i = q i t esc 

∫ γi, 2 

γi, 1 

γ −p i d γ = q i t esc I i0 , (A2) 

hile the total energy density can be written as 

 i = q i t esc m i c 
2 
∫ γi, 2 

γi, 1 

γ 1 −p i d γ = q i t esc m i c 
2 I i1 . (A3) 

n both equations we have employed the definition of the integral,
quation ( 4 ). 
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Relating the proton and electron densities with κpe provides us
ith 

 e = q e t esc I e0 
! = 

n p 

κpe 
= 

q p t esc I p0 

κpe 
(A4) 

⇔ q e = 

q p I p0 

κpe I e0 
. (A5) 

he total energy density then becomes 

 p + u e = q p t esc m p c 
2 I p1 + q e t esc m e c 

2 I e1 

= q p t esc 

[
m p c 

2 I p1 + 

m e c 
2 

κpe I e0 
I p0 I e1 

]
. (A6) 

ividing equation ( A6 ) by t esc to obtain the energy density per unit
ime, setting q p ≡ q , and multiplying with the volume of the base
lice (at z 0 ) provides equation ( 3 ). 

The total power L tot injected into the base of the jet (until the end of
his section we only consider quantities at z = z 0 ) from the accretion
rocess is distributed in particles and magnetic field: 

 tot = L inj + πη2 
R z 

2 
0 cu B = 

f tot L edd 

2 � 

2 
b , 0 

. (A7) 

ere, f tot is the fraction of the Eddington power injected into the jet
n the form of both particles and magnetic field. As L inj > 0, we
mmediately obtain a lower limit on f tot : 

 tot > f min : = 

c � 

2 
b , 0 η

2 
R z 

2 
0 B 

2 

4 L edd 
. (A8) 

From the condition on the ‘unperturbed’ flow, σ B > ( � b, max / � b, 0 )
1, and the definition of the magnetization, equation ( 9 ), we obtain 

 u B > 

(
� b , max 

� b , 0 
− 1 

)[
ηad u + ρc 2 

]
= 

(
� b , max 

� b , 0 
− 1 

)
qt esc 

×
[
ηad 

(
m p c 

2 I p1 + 

m e c 
2 

κpe I e0 
I p0 I e1 

)

+ m p c 
2 I p0 + 

m e c 
2 

κpe I e0 
I p0 I e0 

]
. (A9) 

nserting q and t esc as given in Sections 2 and 3 , and defining 

: = 

ηad 

(
m p c 

2 I p1 + 

m e c 
2 

κpe I e0 
I p0 I e1 

)
+ m p c 

2 I p0 + 

m e c 
2 

κpe 
I p0 

m p c 2 I p1 + 

m e c 2 

κpe I e0 
I p0 I e1 

= ηad + 

I p0 

(
1 + 

m e 
m p κpe 

)
I p1 + 

m e 
m p κpe I e0 

I p0 I e1 
, (A10) 

e obtain 

 B 

[
2 + 

(
� b , max 

� b , 0 
− 1 

)
ηesc ζ

]
> 

(
� b , max 

� b , 0 
− 1 

)
f tot L edd ηesc ζ

2 c � 

2 
b , 0 πη2 

R z 
2 
0 

. 

(A11) 

olving for f tot , we obtain an upper limit: 

 tot < f max : = f min 

⎡ 

⎣ 1 + 

2 (
� b , max 
� b , 0 

− 1 
)

ηesc ζ

⎤ 

⎦ . (A12) 

s f tot contains the contribution of both the particle and the magnetic
ower, we can set the particle fraction f inj to 

 inj : = f tot − f min , (A13) 
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hich immediately transforms equation ( A7 ) into equation ( 5 ), and
he upper limit, equation ( A12 ), into equation ( 12 ). 

It is instructive to discuss the implication of the limited range 
f the injection power. The lower limit is derived from the simple
emand that the particle content is larger than 0, while the upper
imit is a consequence of the Bernoulli equation in combination with 
he ‘unperturbed flow’ approximation. Both limits are separated by 
he second summand in equation ( A12 ), which we shall refer to as
 2 in this paragraph. It basically defines the amount of particle power
hat can be loaded into the jet. Recalling that ηesc > 1 and ζ > 4/3, f 2 
s determined by the ratio of the maximum and initial bulk Lorentz
actor. For the examples used in our parameter study, f 2 � 1 (on the
rder of 10 −3 ). Hence, the jet can only be loaded with a limited supply
f particle power in order to be able to fully accelerate to � b, max –
.e. satisfying the Bernoulli equation. Only for weakly accelerating 
ets ( � b, max � 5 � b, 0 /2), f 2 approaches unity. For non-accelerating
ets ( � b, max → � b, 0 ), f 2 approaches infinity, and the jet can be loaded
ith any particle power. 

PPEN D IX  B:  SOLV ING  T H E  

O K K E R – P L A N C K  EQUATION  

he Fokker–Planck equation, equation ( 22 ), is numerically e v alu-
ted using the solv er dev eloped by Chang & Cooper ( 1970 ) with
ignificant additions by Park & Petrosian ( 1996 ) and Chiaberge &
hisellini ( 1999 ). We provide a brief overview (see also Dmytriiev,
ol & Zech 2021 ) here. 
Equation ( 22 ) is discretized on two grids: one for the momentum

, and one for the time t . Designating grid points by χ j and t k ,
quation ( 22 ) can be written in the form 

 1 j n 
k+ 1 
j−1 + V 2 j n 

k+ 1 
j + V 3 j n 

k+ 1 
j−1 = n k j + Q 

k 
j �t, (B1) 

here � t is the integration time-step. As we are only interested in
quilibrium solutions, we set � t = 10 t esc ensuring the determination
f the equilibrium in only a few time-steps, while still running stably.
he coefficients in equation ( B1 ) are 

 1 j = − �t 

�χj 

C 

k ( χj−1 / 2 ) 

�χj−1 / 2 
W 

−
j−1 / 2 , (B2) 

 2 j = 1 + 

�t 

t esc 
+ 

�t 

γj t 
′ 
decay 

+ 

�t 

�χj 

[
C 

k ( χj−1 / 2 ) 

�χj−1 / 2 
W 

+ 

j−1 / 2 

+ 

C 

k ( χj+ 1 / 2 ) 

�χj+ 1 / 2 
W 

−
j+ 1 / 2 

]
, (B3) 

 3 j = − �t 

�χj 

C 

k ( χj+ 1 / 2 ) 

�χj+ 1 / 2 
W 

+ 

j+ 1 / 2 , (B4) 

ith 

χj = χj+ 1 / 2 − χj−1 / 2 , (B5) 

χj±1 / 2 = χj±1 / 2 + 1 / 2 − χj±1 / 2 −1 / 2 , (B6) 
 

±
j±1 / 2 = 

w j±1 / 2 exp 
(±w j±1 / 2 / 2 

)
2 sinh 

(
w j±1 / 2 / 2 

) , (B7) 

 j±1 / 2 = 

B 

k ( χj±1 / 2 ) 

C 

k ( χj±1 / 2 ) 
�χj±1 / 2 . (B8) 

he functions 

( χ, t) = | ̇χ( χ, t) | −
[

1 

t acc 
+ 

2 

(2 + a) t acc 

]
χ, (B9) 

( χ, t) = 

χ2 

(2 + a) t acc 
(B10) 

re e v aluated at the momentum grid mid-points χ j ± 1/2 . We note that
or large absolute values of w j ± 1/2 , the functions W 

±
j±1 / 2 are well

pproximated by W ≈ w or zero – depending on the case. 
Equation ( B1 ) represents a tridiagonal matrix, which can be solved

sing the steps provided in Press et al. ( 1989 ). The solution is
he particle distribution n i ( χ ) of a given particle species. In each
ime-step, this routine is employed for all radiating particle species 
except neutral pions). The equilibrium solution is accepted, if the 
otal densities n p and n e of protons and electrons do not change by

ore than 1 × 10 −4 relative to the previous two time-steps. This
ondition ensures a stable result. 

PPENDI X  C :  I N J E C T I O N  O F  S E C O N D  A R  Y  

LECTR  ON–POSI TR  O N  PA IR S  

n order to further discuss the influence of the secondary particles on
he electron distribution function, we show in Fig. C1 the electron
njection distribution and the individual injection distributions of the 
econdary production processes of the baseline simulation. These are 
he distributions before solving equation ( 22 ). 

The primary injection between Lorentz factors 10 2 and 10 5 is 
isible in the top row of Fig. C1 . At small Lorentz factors below 10 3 ,
–γ pair production dominates the secondary injection. Given that 

n terms of total number of particles, this energy regime provides
ost particles, we can deduce that o v erall most secondaries are

njected through γ –γ pair production. The conditions close to the 
ase of the jet must be very fa v ourable for γ –γ pair production, as
ost secondary electrons are injected there. The jet is slow and the

roduced γ -rays interact predominantly with AD photons. As the 
et accelerates and leaves the disc behind, the number of γ –γ pair
roduces secondaries drops quickly. 
In the secondary injection spectra, Bethe–Heitler pair production 

ecomes important in the Lorentz factor interval 10 3 –10 7 , as it is at
east comparable to γ –γ pair production or may even be dominating. 
t higher Lorentz factors between 10 7 and 10 11 the injection from
ecaying muons becomes important and even the dominant process 
epending on distance z. Beyond Lorentz factors of 10 11 , only a few
econdaries are injected from γ –γ pair production. While there are 
ifferences between cases A and B, they are only minor. 
MNRAS 512, 3948–3971 (2022) 
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M

Figure C1. Injection electron distribution function (top row) and secondary injection distribution functions as a function of Lorentz factor γ and distance z 
(colour code) as labelled for simulation 01 A (left) and B (right). The lines show the spectra for every tenth slice, and are given in the comoving frame of the 
slice. 
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PPENDIX  D :  A D D I T I O NA L  F I G U R E S  A N D  

A BLE  

n this section, we show three additional figures displaying the
ndividual spectral contributions for simulations 01 (Fig. D1 ) and 12
NRAS 512, 3948–3971 (2022) 
Fig. D2 ), as well as the evolution of the total spectrum of simulation
6 (Fig. D3 ). Table D1 lists the values of κpe and σ B for three
istances along the jet. 
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Figure D1. Same as Fig. 2 , but showing all individual radiative components. 
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Figure D2. Same as Fig. D1 , but for simulation 12. 
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Figure D3. Same as Fig. 2 , but for simulation 16. 

Table D1. Magnetization σB and proton to electron ratio κpe at three locations in the jet for the various simulations. These values are 
calculated for the steady-state solution in the respective slices, which is why especially κpe ( z 0 ) can differ from the injection value given 
in Table 1 . 

Sim σB ( z 0 ) σB ( z acc ) σB ( z term 

) κpe ( z 0 ) κpe ( z acc ) κpe ( z term 

) 

01 A 1.69 × 10 2 9.24 × 10 0 6.44 × 10 0 1.33 × 10 −1 2.65 × 10 −2 2.65 × 10 −2 

01 B 1.69 × 10 2 1.03 × 10 1 1.05 × 10 1 1.0 1.0 1.0 
02 A 1.72 × 10 2 7.29 × 10 0 1.61 × 10 0 1.02 × 10 −1 3.12 × 10 −3 2.97 × 10 −3 

02 B 1.72 × 10 2 8.84 × 10 0 1.09 × 10 1 1.0 1.0 1.0 
03 A 1.68 × 10 2 8.04 × 10 0 7.66 × 10 0 1.37 × 10 −1 4.61 × 10 −2 4.61 × 10 −2 

03 B 1.68 × 10 2 1.05 × 10 1 1.04 × 10 1 1.0 1.0 1.0 
04 A 1.68 × 10 2 2.03 × 10 1 1.75 × 10 1 1.60 × 10 −1 5.49 × 10 −2 5.49 × 10 −2 

04 B 1.68 × 10 2 2.25 × 10 1 2.26 × 10 1 1.0 1.0 1.0 
05 A 1.70 × 10 2 4.78 × 10 0 2.35 × 10 0 1.11 × 10 −1 1.21 × 10 −2 1.21 × 10 −2 

05 B 1.70 × 10 2 5.44 × 10 0 5.64 × 10 0 1.0 1.0 1.0 
06 A 5.85 × 10 1 7.04 × 10 − 1 1.79 × 10 − 1 7.07 × 10 −3 1.24 × 10 −3 1.24 × 10 −3 

06 B 6.07 × 10 1 2.62 × 10 0 2.67 × 10 0 1.0 1.0 1.0 
07 A 6.77 × 10 2 4.65 × 10 1 4.61 × 10 1 8.23 × 10 −1 4.11 × 10 −1 4.11 × 10 −1 

07 B 6.76 × 10 2 4.63 × 10 1 4.72 × 10 1 1.0 1.0 1.0 
08 A 1.69 × 10 3 1.06 × 10 2 7.42 × 10 1 1.33 × 10 −1 2.68 × 10 −2 2.68 × 10 −2 

08 B 1.69 × 10 3 1.18 × 10 2 1.21 × 10 2 1.0 1.0 1.0 
09 A 2.13 × 10 2 1.14 × 10 1 7.40 × 10 0 6.03 × 10 −2 2.10 × 10 −2 2.09 × 10 −2 

09 B 2.08 × 10 2 1.15 × 10 1 1.16 × 10 1 0.1 0.1 0.1 
10 A 1.69 × 10 2 8.82 × 10 0 5.51 × 10 0 9.03 × 10 −2 1.87 × 10 −2 1.87 × 10 −2 

10 B 1.69 × 10 2 1.03 × 10 1 1.05 × 10 1 1.0 1.0 1.0 
11 A 1.69 × 10 2 9.39 × 10 0 6.79 × 10 0 1.50 × 10 −1 3.06 × 10 −2 3.06 × 10 −2 

11 B 1.69 × 10 2 1.03 × 10 1 1.05 × 10 1 1.0 1.0 1.0 
12 A 1.71 × 10 2 5.17 × 10 − 1 1.07 × 10 − 1 5.90 × 10 −4 5.70 × 10 −5 5.69 × 10 −5 

12 B 1.89 × 10 2 1.44 × 10 1 1.49 × 10 1 0.99 0.99 0.99 
13 A 1.58 × 10 2 8.50 × 10 0 8.45 × 10 0 9.85 × 10 −1 8.60 × 10 −1 8.59 × 10 −1 

13 B 1.57 × 10 2 8.38 × 10 0 8.48 × 10 0 1.0 1.0 1.0 
14 A 1.69 × 10 2 9.31 × 10 0 6.80 × 10 0 1.33 × 10 −1 2.89 × 10 −2 2.89 × 10 −2 

14 B 1.68 × 10 2 1.03 × 10 1 1.05 × 10 1 1.0 1.0 1.0 
15 A 1.69 × 10 2 7.14 × 10 0 3.16 × 10 0 1.26 × 10 −1 7.45 × 10 −3 7.43 × 10 −3 

15 B 1.69 × 10 2 1.03 × 10 1 1.05 × 10 1 1.0 0.99 0.99 
16 A 1.73 × 10 2 8.36 × 10 0 3.21 × 10 0 1.32 × 10 −1 1.36 × 10 −2 1.34 × 10 −2 

16 B 1.73 × 10 2 1.05 × 10 1 1.06 × 10 1 1.0 1.0 1.0 
17 A 1.67 × 10 2 9.31 × 10 0 7.44 × 10 0 1.33 × 10 −1 2.88 × 10 −2 2.88 × 10 −2 

17 B 1.67 × 10 2 1.02 × 10 1 1.04 × 10 1 1.0 1.0 1.0 
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