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ANALYSIS OF COMPRESSIBLE BUBBLY FLOWS.
PART I : CONSTRUCTION OF A MICROSCOPIC MODEL.

M. HILLAIRET, H. MATHIS, AND N. SEGUIN

ABSTRACT. In this note, we introduce a microscopic model for the motion of gas bubbles in a
viscous fluid. By interpreting a bubble as a compressible fluid with infinite shear viscosity, we
derive a pde/ode system coupling the density/velocity/pressure in the surrounding fluid with the
linear /angular velocities and radii of the bubbles. We provide a 1D analogue of the system and
construct an existence theory for this simplified system in a natural regularity framework. The
second part of the paper is a preparatory work for the derivation of an averaged or macroscopic
model.
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1. INTRODUCTION

This note is the first of two papers in which we extend the derivation of averaged compressible
multiphase flows in presence of jumps at interfaces between the phases. For this purpose, we focus
in these papers on the construction of 1D models describing a mixture made of a leading viscous
compressible fluid transporting compressible gas bubbles. To this aim, we follow a classical scheme
for deriving averaged models. Firstly, we write a so-called ”microscopic” model, also refered as
“local instant configuration” in the literature [8, 9, 14, 21], where the two phases are separated
and occupy disjoint domains. We prescribe equations for both phases and fix interface conditions.
Secondly, we perform averaging operators on this microscopic model to derive an averaged or
macroscopic model. The terms ”microscopic” and ”macroscopic” are borrowed from large particle
systems. It should be noticed that, in our setting, the ”particles” are the gas bubbles so that we
keep continuum mechanics equations to describe the fluids in presence.

It is well known that the averaging method contains different severe difficulties. Beyond the
writing of a relevant microscopic model, the action of mean operators on nonlinear quantities
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2 M. HILLAIRET, H. MATHIS, AND N. SEGUIN

is classically problematic. In particular, ad hoc modelling assumptions are usually added after
averaging to fix the values of some interaction terms and close the system [8, 11, 13, 14, 21]. A
fully rigorous approach preventing from this problem is proposed in [4, 5, 6, 7], see also [1, 12, 16]
for previous tentatives. However, it is restricted to ideal interface conditions between the phases.
In particular, the interface is supposed to behave as a perfect transducer: it transmits with no
alteration the effort of one phase on the interface to the other phase, leading besides to a unique
velocity field in opposition to the full Baer-Nunziato model [2]. In this series of papers, we tackle
the introduction of more complex interface behavior. In particular, we shall consider different
families of models for the two phases: one phase is modelled with pdes while the other one is
modelled by a discrete set of odes. Surface tension effects are also considered in transmission
condition at interfaces.

In this first note, we tackle the writing and analysis of the microscopic model. The second
step, namely the averaging process, is the content of the next paper. This note splits then into
two parts. In the next section, we propose the derivation of the 3D microscopic bubbly flow
model. One originality of this model is that, focusing on the property that the bubbles remain
spherical, we propose to restrict the gas equations to a set of three odes per bubble: one equation
for the center of mass, one equation for the angular motion of the bubble and the last one for
the radius of the bubble. One key question is then to fix the influence of the surrounding fluid in
these equations. This question is now completely classical for what concerns the center of mass
and angular motion of the bubbles but we found no equivalent derivation for the radius equation.
For this, we propose herein to extend one method that is classically used in the case of rigid
bubbles [10, 17]: we identify formally spherical compressible bubbles as a compressible viscous
fluid whose shear viscosity is infinite (following [20, Lemma 1.1, Chapter 1] in the case of rigid
particles). So we start from a microscopic model where the two phases are viscous compressible
fluids. We write classical interface conditions: no mass transfer, continuity of velocity, jump of
normal stress proportional to surface tension. In passing, we derive a global weak formulation
for this set of equations. Then, we assume that the bubble remain spherical and send the shear
viscosity to infinity in the gas phase and compute formally a limiting model by considering special
test-functions in the weak formulation.

With this analysis at-hand, we propose an interpretation of the different terms involved in the
resulting set of equations from which we derive a 1D analogue system. This sytem reads as follows.
In Q = (—1,1), the bubble domains are:

B;=(¢;— Ri,ei + R;), Vi=1,...,N
where ¢; is the center of the i-th bubble and R; its radius. We write then the fluid equation

Q) Opy + Ou(ppug) =0
Oi(pruy) + 0ulpyu}) = 0. %5

in F:=0\ Uzj\il B; and where:

(2) Ly = psOsusr —ps(py)-
We denote here by py > 0 and py : (0,00) — (0,00) the viscosity and pressure respectively of the
fluid phase. The fluid equations are then complemented by boundary conditions:

(3) up(t, 1) =0  wus(t,c;+ R)=¢+ Ry, Vi=1,...,N.

As for the gas bubbles, we obtain equations for the centers of mass ¢; and radii R; (note that in
this 1D setting, there is no rotation). These equations read for i =1,..., N:

mié; = Xg(t,ci + Ry) — X¢(t, i — Ry)

4 s e
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where Y; is the gas bubble stress tensor:

Here we introduced the positive constants m; > 0 and p, standing respectively for the mass
(depending on ¢) and viscosity (independent of i) of the gas bubbles. We also introduced py :
(0,00) — (0, 00) the gas pressure law. The argument of p, is computed from the mass and radius
of the bubble noting that the density is constant in each bubble. Finally the surface tension in
the bubble ¢ reads:

(6) Ki = —

=

where k > 0 is a given parameter.

In the last section of the paper, we construct a Cauchy theory for system (1)-(6). We stick
to a classical regularity framework : we have L{°H} x (L°H! N L?H?) regularity for the pair
(pf,uys) and H? regularity of the bubble unknowns. However, the system being posed on a time-
dependent unknown domain, some preliminary work is performed to design a suitable regularity
framework for our solution. As in the classical case of rigid bodies moving in a viscous fluid [19], we
construct our notion of solution by fixing the fluid domain with a suitable change of unknown and
write the above regularity framework in this fixed-domain formulation. As classical (again) with
compressible 1D equations, a good choice for fixed-domain framework is to work with time/mass
lagrangian coordinates. Since there is no mass transfer through liquid/gas interfaces, this change
of variable also fixes the bubble domains. Section 3 then splits into two parts. Firstly, we write
the system in a fixed domain and analyse the regularity requirement in the moving frame that
corresponds to a classical solution in the fixed one (see Corollary 1). In the second step, we
prove local-in-time existence and uniqueness of solutions to the system in a fixed frame. We
remark here that in the fixed frame (1)—(6) becomes a standard quasilinear system with non-
standard boundary conditions (see (31)—(33)). We obtain then the existence/uniqueness result via
a standard perturbation approach (see Theorem 1).

Acknowledgement. The first author acknowledges support of the Institut Universitaire de
France and project ”SingFlows” ANR-grant number: ANR-18-CE40-0027. This paper was finished
while M.H. was benifiting a "subside a savant” from Université Libre de Bruxelles. He would like
to thank the mathematics department at ULB for its hospitality.

2. DERIVATION OF MICROSCOPIC MODEL FOR COMPRESSIBLE BUBBLY FLOWS

In this section we provide the formal derivation of a 3D microscopic compressible model for
bubbly flows. We start from a mixture of compressible fluids filling a container 2. We assume that
the mixture is made of one leading fluid — whose density/velocity /pressure are denoted (pf, us,py)
— that fills a subset

F-o\Um

i=1

which stands for the container 2 deprived from a finite number of inclusions B; — the bubbles.
Further on, we will assume that the B; are balls of radius R;. The bubbles B; are disjoint and
contain a different compressible fluid. Typically, the following model applies to a liquid (modeled
by the surrounding fluid) containing gaseous drops (modeled by the bubbles). We denote (p;, u;, p;)
the respective densities/velocities/pressures of this second fluid in the bubble B;. We impose in the
model that this second phase is the same in all inclusions by assuming that the physical parameters
(shear /dynamic viscosity and pressure law) do not depend on i. Namely, we write the Newtonian
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barotropic compressible Navier Stokes equations for all phases, and we obtain the systems:

Ovps + div(ppug) =0

. . 1., .

(7) Ou(pruy) +div(pruy @ uy) = div [Q,uf (D(uf) - 3d1vuf|3) + (Apdivuy —pf)|3:|

pr =ps(pr)
in F, and

Op; + div(pu;) =0
1

(8) O (piu;) + div(p;u; @ u;) = div [2ug (D(uz) - 3divui|3) + (Agdivuy, —pi)l3]

pi = pg(pi)

in By, for i =1,..., N. In these systems, we introduce (us, Af) and (g4, Ag) the respective shear
and volume viscosities of the two phases. The index f stands for "fluid” and g for ”gas”. We use
similar conventions for the pressure laws py and p,. We also introduce the symbol D to denote
the symmetric part of the gradient:

D(u) = % (Vu+V'u).

The symbol div stands for the classical divergence of vector-fields. In case we apply the divergence
to a matrix-application, it stands for the straightforward extension that one obtains by applying
the vector operator row-wise.

We prescribe then the continuity of velocities through the interfaces between both fluids and
a jump of stress due to a (constant) surface-tension. Precisely, we set:

9 vy =0 OB; fori=1,....N
(9) {(Eng)nnm on dB; fori=1,...,N,

In these conditions, we denote with n the normal to 0B; and we use the shortcut:

1
Zf = 2,uf <D(Uf) — 3diV7.Lf|3> + ()\fdiVUf 7pf)|3

and the corresponding definition for 3,. We emphasize that, with this convention, we can rewrite
the momentum equation for the fluid phase:

O(pyus) +div(psus @ ug) = diviy

and similarly with the gas phase. The k; are positive constants modelling the surface tension
at the interface dB;. It can be related to the state of B; (further on we will assume that it is a
function of the bubble radius) but it is constant over B;. We also prescribe that the fluid and

bubble domains follow the characteristics associated with velocities u; and u;:
3t11;+uf -Vigr=0
(10) in
at]lBi + u; - V]lBi =0

We complement the system with boundary conditions:
uy = 0 on 0N.

Since we have (9) we note that, if uy and u; are sufficiently smooth, we keep the property that
the (B;)i=1,.. N together with F realize a partition of Q.

We enforce now the further assumption that the B; are balls of gas with a constant density.
We denote X; the center of B; and R; its radius. Since the state of the bubbles is completly fixed
by their centers and radii, we propose to reduce the coupled problem (7)-(8)-(9)-(10) to a coupled
system in terms of (ps,us,ps) and ((X;, R;))i=1,...n. Our derivation is based on the following
remark
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Proposition 1. Let X € R® and R > 0. If u € H'(B(X, R)) satisfies

1
D(u) — gdivulg =0 on B(X,R)

then uw € C*°(B(X, R)). If we assume furthermore that:
(u(z) —u(X)) -n=cstt, onIB(X,R)
there exists (V,w,A) € R® x R® x R such that:

U(LL‘):V+LUX(.’E—X)+%(LL'—X)7 Vz € B(X,R).

This proposition is an extension of [20, Lemma 1.1, Chapter 1]. A proof is provided in Appendix
A. We point out that we choose the normalization factor 1/3 so that:

div <1;(x - X)) = A

With this proposition, we can interpret formally a bubble as a compressible fluid with infinite shear
viscosity. Then, for our derivation we propose to reverse the method yielding a weak formulation
for fluid/solid interaction system, see [18]. Namely, first, we write a unified weak formulation for
the coupled system in terms of a (composite) density/velocity/pressure p, u, p. Assuming that the
bubbles remain spherical, we send then formally 11, to co and compute a reduced system in terms
of ((Xs, Ri)i=1,...n, (ps,ur,pr)) with a good choice of test functions.

2.1. Unified system. Assume that (p;, u;, p;)i=1
(7)-(8)-(9)-(10). Let us define:
N N N

pi= Pf]lf+2m113,-7 U= ]lfo-i-Z]lBiui, pi= pf]lf+2pi113i.
=1 1=1 =1

~ with (pr,uy,ps) is a classical solution to

.....

Then, because of the coupling condition (9), we can formally combine (7)-(8) with (10) to derive
that (p,u,p) satisfies:
Op + div(pu) =0

O(pu) + div(pu @ u) = divE + Vk

(11) on )

1
Y =2u (D(u) - 3divu|3) + (Adivu — p)l3

with
N N N

n=nlr+ ) pels, A=Alr+) Alp, &= ilp,.
i=1 i=1 i=1
To address the well-posedness of the derived system, we should complement our system with a
pressure law:

p=p(lrp),  ple;p) =cpslp) + (1= c)py(p)
where 1 x and 1, are all solutions of the transport equation (with generic unknown 1)

Al +u-V1I=0.

In particular, assuming that there exist functions gy : (0,00) — (0,00) and g, : (0,00) — (0, c0)

such that:
d [ar(2)| _ ps(2) d [ag(2)] _ py(2)
< = d — () P2 0, 00),
dz [ z P il 20 (0, 00)
we derive that the ”composite potential energy”:
¢:=d(lrp),  qle,p)=car(p)+ (L —c)ge(p).

satisfies the equation:

(12) Orq + div(qu) = pdivu.
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Hence, multiplying the second equation of (11) with u and combining with (12), we conclude that

1
€= e(p,u, Q) = ip‘u|2 + q,

satisfies:

|uf®
5
We underline that the state-law that we write above for the composite pressure and the com-

posite energy is reminiscent of the idea that the indicator function plays the role of an order
parameter ¢ (see [3]).

(13) Oe + div (pu 4+ /<;I3)u> +2u|D(u) — %divu|3|2 + Adivu|? + [k - V]u = 0.

2.2. Identification of bubbles and their mechanical properties. In (13), the x term can be
handled by the positive dissipation. Hence, setting p, = oo, we conclude that

D(u) — %divu =0 on B; for all 4.
With the further assumption that B; remains spherical, we enforce also that
(u(z) — u(X;)) - (x — X;) = 2R;R;  on OB,
and thus, from Proposition 1, there exists (V;,w;, A;) € R® x R* x R for which

A
u(t,z) =V, +w; x (v — X;) + ?(ac — X;), on B;.
We recall here that X; is chosen to be the center of B; (and we denote by R; its radius). In
particular, we can replace u by this identity in the transport equation (10) satisfied by 1p,.
Solving the characteristics problem associated with the right-hand side, we get that, at time ¢ > 0,
there holds B; = B(X;(t), R;(t)) where X;, R; are computed by integrating the odes:
. . A
Xi =V, R; = éRi-

For later purpose, we introduce now some mechanical quantities characterizing the momentums
of the bubbles. Since p;1p, is a solution to:

O(pilp,) + div(p;1p,u;) = 0.

and we assumed p; is constant on B;, we get that p; = —A;p;. Next, we introduce the three
important quantities associated with the kinetic energy related to the possible motion of B;.
First, we define the mass:

4
(14) m; = / pi = lpz‘R?~

Given the differential equations satisfied by p; and R;, we get that m; is a constant, independent
of time-evolution (as could be expected). Second, we introduce the inertia matrix J; € M3(R)
standing for the unique (positive) symmetric matrix such that:

(15) Qiw) -@ = / pilw x (x— X;)) - (@ x (z — X;))dz, V(w,@)€R® xR
B;
We will see below that this matrix is related to the computation of the kinetic energy coming from
the bubble rotations. In the case of a homogeneous ball that we consider here, we have:

8 2
J; = —p; R3l3 = Sm; R?5.
1p Pt = pmittils

In particular, we remark that contrary to the case of a rigid ball, this quantity is time-dependent.
Finally, we introduce K; € R the equivalent characteristics to J; measuring the contribution of
dilation to kinetic energy. It reads:

(16) KZ-:/ Pilz — X;2d
B, 9
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and satisfies:
4 m;
K =—p R =2
T AT
According to the previous formulas, we have some specific algebraic identities that will come
into play in future computations. First, given (w,@) € R® x R?, applying the classical formula:

RZ.

O-w=(w-e)@-e)+(wxe) (@xe) VeecS?

with e = (z — X;)/|z — X;| and integrating in space, we obtain that

(17) (Jiw) -@ +/ pilw:(z—X;))(@-(z—X;)) = / piw - Ol — X;|%
Second, differentiating with respect to time the explicit formulas for J; and K; and applying the
differential equations for R; (as well as the fact that m; is constant) we deduce that:
. 2 : 2
18 Ki = *AiKi, Jz = *AZJl
To conclude, we illustrate our definition of (m;,Jd;, K;), by simply stating that, whatever the
value of (V,w,A) € R® x R?® x R, there holds:

/B.pl-(Verx(:nXi)+A(xXi))-(V+w><(:cXi)+

3 (r — X;))dx

w| =

k3

=m;|V|* + (Jaw) - w + K| A%

2.3. Extraction of dynamical equations for (X;, R;). We want now to understand the dy-
namics of the bubbly flow in the regime p, = co. We first remark that, by construction, we keep
the dynamical equations in the fluid domain (7) as well as the continuity of fluid velocities, with
the restriction:

A;
(19) u:Vierix(:c—Xi)Jrg(x—Xi), on 0B;, Vi=1,...,N.
where:
- R; .
(20) ‘/;:X“ Ai:3§7 V’L:L...,N.

To proceed, we still assume that the B; are disjoint far from 052, we consider a distribution of
velocities (V;,@;, A;) € R® x R3 x R and we construct a w that vanishes on 9§ and such that:

=

w(t,z) =V +@; x (x— Xi) + =L (z — X;), on B; , Vi=1,...,N.

|

We note that, though the distribution of velocities is time-independent, we obtain a time-dependent
w because the B; move inside the fluid domain (with time-varying radii and centers). Multiplying
(11) with w and integrating by parts, we obtain that:

/Q(at(pu)-i-div(pu@u))-w:_/QE:D(w)_’_/QVH.w'

We compute now independently the left-hand side and right-hand side of this identity. On the
right-hand side, we apply the definition of 3:

RHS = /fz, . D(w) +§;/B 241, (D(u) - ;divmg) : (D(w) - Zl)’divwl;;)

+ / (Agdivu — py(p;))divew + / Kiw -+ n.
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Here, we argue that D(w) — (divw/3)l3 = 0 so that the term in factor of ;14 vanishes. Then, we
integrate by parts the first identity and replace w by its explicit value. This yields:

RHSZ—/ diVEf”lU
].‘

N
+ZX/ &wﬁ+/(@f&MEmy@

+/aBi((ﬂ$ — X;)-2¢n) - A 4+ (A gAi — py(pi) + ki) Ai|Bi> .

As for the left-hand side, we split:
N

LHS = / (elpguy) +div(ppus @ up)) -w+ )  LHS;
f

i=1
with
LHS; = / Or(piui) - w + div(p;u; @ ug) - w
B;

Applying that B; moves with the velocity-field u;, we can integrate by parts

d
LHSi:dt{/ piui‘w]—/ pit; - (Opw + u; - Vw) .
B; B;

In this identity, we use the explicit formulas:

A;
w=Vi+tw; X (x—X;)+ —(z— X;),

w=Vi+& % (z—X;) + = (2 — Xp),

W‘>Iw

and, after tedious but straightforward computations, we obtain

/ piui - w = m;V; - Vi + (Jaw;) - @; + KiAA,,

and

/ Pill; * (Gtw+ule) :Tl +TQ+T3,
B;

where

B;
because X; is the center of B;, and

A A

3

Ty = — (Jiw;) - @i + — (Jaw;) - wi,

3

Ai ~ ~ 2 Ai 2
T3 = — piwi~(x—Xi)wi-(x—Xi)— piwi-wi|x—Xi\ —|-le|1\1| .

3 /s, 5, 3

i

Here, we apply (17) to yield that:

A;

Finally, this entails that:

=

Las; = 4

dt [(Jiws) - wi + Ki|A?] .

[mi‘/i Vi 4 (Jiwy) - @ + Kz'Ai[\z} -

w|
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Combining the previous computations for LHS and RHS and recalling that (py,us,ps) satisfies
the Navier-Stokes equations on F, we conclude that:

d - 1A
— {miVi Vit (Jiw;) - @ + KiAiAz} - =
< dt 3

N
[(Jiwi) - w; + K;|Ai|]

K2

§;</83i2fn~‘7i+/83i((x—Xi)xzfn).@i
+/88i((x — X;) - Spn) A + (AgAs — py(pi) +f€¢)/~\iIBZ—|> .

Choosing sequentially that only V; or @; or A; does not vanish, we end up with the system:

m;V; = —/ Xn,
dB;

(21)
%[‘Jiwi] =- /831. (r — X;) x (Zpn),
and
d 1 )

The two first equations are the classical Newton laws of solid dynamics. The latter one is new
to our knowledge. We point out that, in the last identity, all the quantities can be computed in
terms of R; and R;. In particular, the second term on the left-hand side is a geometrical term
that is induced by the fact that J; and K; are time-dependant because of the time evolution of
R;.

2.4. Conclusion. We conclude with a reformulation of our system in terms of the only unknown
(pf,us,py) for the fluid and (X;, R;)i=1,....n for the bubbles. Concerning the fluid, we have:

Ops + div(psug) =0,
O(psuy) +div(psus @ ug) = diviy,

in the fluid domain

N
Ft)y=a\J Bi,
i=1
where B; = B(X;, R;). This system is completed with boundary conditions:
up =X, +w; X (z—X;) + ﬁ(x —X;), ondB;,
uy =0, on 0f.

(23)

It is also coupled with the dynamical equations for the bubbles:

lez = —/ Efn,
0B;
d | 2m;
[ m R?wz} = —/ (x — X;) x (3fn),
5 OB,

dt
.2
(24) d rm; - miR? |2 3| R;
GlEmr] - 2 22 = [ (- X0 2w
dt { 5 } 3 |5 5| R; . f

Ri 3m1 4
+ (3)\9R — Py (47TI%3> + Hi) gTFR?
? 0
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where m; is the mass of bubble B;, )\, is its volumic viscosity, py its pressure law and X is the
fluid stress tensor given by

1. .
(25) X =2us (D(uf) - 3d1vuf|3) + (Apdivuy —pp)ls,  pr=prlpr).

We mention here that, in these latter Newton-like equations, the geometric term on the left-hand
side of the last equation handles the fact that the inertia parameters of B; depend on R;. As
for the right-hand side, it measures the different actions of the bubbles and fluid. We note in
particular that, in the last equation, the last term can be rewritten:

—/ u—xa.éy—zﬁ;“>mm
0B;

The factor 1/3 is here a dimensional artefact due to the algebra relating the dependencies of u;
and divu; in A;. In particular, the right-hand side is not properly the surface force applied on 0B;
(because the (z — X;) term appearing in the latter integral is homogeneous to a length).

2.5. 1D analogue. We propose now a 1D analogue to the system derived previously. So, we
consider a mixture that fills the 1D container 2 = (—1,1). We denote the bubbles

Bi:(Ci—Ri,Ci-l-Ri), Vi:].,...,N,
where ¢; € 2, R; > 0 for all 4, and
N
F=a\|JB.
i=1
Following the previous notations, we introduce (py,uy) the fluid density/velocity which solve the
1D compressible Navier Stokes system:

Opy + Ou(ppug) =0
Oi(pyus) + 0u(psu}) = 0: 35
By = pspuy —ps(ps)-
The motion of the bubbles is given by:

R
so that we add the no-slip boundary conditions:
u(t,e; £ R) =é+ Ry fori=1,...,N

u(t,£1) =0

ui(t,z) = ¢+ —=—(x—¢), onbB;

For the bubble dynamics, we introduce p; the density and m; the mass of the bubble B;. Requiring
again that m; is constant, we obtain that the kinetic energy of the bubble B; is given by:

. 2
1 . C-.Jr&(x,c.) dx_lm.|é.‘2+lmi7Rzz
2 Jp, P\ TR Al Ty

So, following the computations in the 3D case, we propose the following extended Newton laws
(note that there is no rotation here):

m;C; = Ef(ci + Rl) — Zf(ci — Ri),

.12
R;

R;

s d o P
%&[RlRJ — %|Rl|2 = R7 [(Zf(ci + Ri) + Ef(ci — Rl)) — 221‘ + Hi} ,
where the bubble stress tensor is given by:

R, m;
Ei:ugﬁ:_pg <2]?1>, on Bl
We note that the second equation simplifies:

#Rz‘ =[Eflei + Ri) +Eyp(ci — Ri)) — 25 + K] -
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Below, we assume that «; is computed for bubbles thanks to a Laplace-Young law [15, Chapter
VII):

K
ki = —  for some paramater x > 0.
R;
Hence, from now on, we drop k; in the system and we incorporate the surface-tension effects in
the pressure law p,.

3. CAUCHY THEORY FOR 1D COMPRESSIBLE BUBBLY FLOWS

In this section, we address the existence and uniqueness of classical solutions to the 1D com-
pressible bubbly-flow model that we derived in the previous section. We focus on the particular
case of polytropic pressure laws (in the fluid and in the bubbles). Precisely, we consider the sytem
with unknown (p,u) and (¢;, R;)i=1,...,~ given by the 1D Navier Stokes equations:

(26) { 9p + Oz (pu) = 0,

N
o) + 0un®) = s — py(py), IV VUl Rees Rl

with the boundary conditions:

(27)

u(t,e; £+ R) =é;+ R, fori=1,...,N,
u(t, +1) =0,

and complemented with generalized Newton laws:

m;i¢; = [0z — pr(p)]e,+R:s

(28) m; s Rz Vi=1,...,N.
?Rz = {/J’fawu - pf(p)}ciiRi -2 /’Lgﬁ - pg(Ri) )

In this system, we introduced the physical parameters: pyr, py (resp. my, ftg, pg) characterizing the
fluid properties (resp. the bubble properties). We emphasize that m; stands for the mass of the
bubble ¢ and can vary between the bubbles. We also constructed the pressure law with respect to
the radius R; since, the mass being conserved and the density constant in the bubbles, the density
of each bubble is directly related to its radius. This enables to incorporate also surface tension
effects thanks to a Laplace-Young law for instance. Finally, for a function f defined on the fluid
domain, we denoted:

[fleitr, = (f(ci + Ri) — f(ei — Ry)), {fYetr, = (flei+ Ri) + flei — Ry)), Vi=1,...,N.
We complete the system with initial conditions:
c(0)=¢c,  &(0)=¢,
{Ri(o) =R}, Ri(0) =R},
{p(O, ) = po(), N

Vi=1,...,N,
(29)
Voe (=1L, )\ | J(@ - Ry, ) + RY).

u(0, z) = uo(z), i=1

We state this system formally, but we obviously need that the bubble domains (¢; — R;, ¢; + R;),
i =1,...,N, remain well separated initially and with time-evolution so that all these equations
are meaningful.

This section splits into two parts. Firstly, we provide a functional framework for solving (26)-
(27)-(28)-(29). To this aim, we use a Lagrangian formulation with time/mass coordinates and
provide a unified formulation of the fluid+bubble system. We prove the equivalence between the
two formulations and we state our main result. The last subsection is devoted to the proof of our
main result.
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3.1. Functional setting and main result. We assume that the full system has unit mass. This
property does not restrict the generality up to a scaling of the viscosity and pressure laws.

As classical in the 1D setting, we look for a solution to (26)-(27)-(28) in the time/mass coordi-
nates:

(30) (t, m = /_ 1 A, z)dz>

where p is the extension of p by p; = m;/2R; in the bubble domains. Denoting

Cizl:Ri
mi:/ p(t,z)dz, Vi=1,...,N,

1
-1
and introducing the specific volume v = 1/p, our system reads in these new coordinates:
O = Opu, N

O (U)>’ on Fo := (0, 1)\ [ Jm; ,m]],

(31)
atu = am T —Tf i—1

with the boundary conditions:
{u(mii):c‘i:t].%i, fori=1,...,N,

(32) u(0) = u(1) = 0,

and complemented with generalized Newton laws:
+

i

m;C; = [ﬁamu — 7Tf(’U)] o,
v m

(33) . 2 Vi=1,...,N,
Mip [Py o _ e LA _
3 R; { » Ot ﬁf(v)}m; 2 (,ug z, pg(RZ)> ,

with previous notations for brackets. We also introduced in this system the specific volume pressure
law 7 (v) = py(1/v) for v > 0. We point out that, by construction, m;” and m; are constant and
that m;r =m; +m; for all ¢.

In order to handle the previous Lagrangian formulation of our problem, we work with extended
unknowns. First, we set:

v(tﬂm)ﬂ in ]:Oa

5(t,m) = 2R; . - ‘

ol m) —————, in(m;,m])fori=1,...,N,
m; —m,

and
u(t,m), in Fy,
u(t,m) = . . —m
(t,m) (¢ — Ry) +2Ri——"" " in (m;,m]) fori=1,...,N.
m; —

1 1
In the classical regularity setting for Navier Stokes equations, we look for a solution such that
the velocity-field u has C;H} N L?H? regularity in the fluid domain. Correspondingly, we must
have that v is W;">°L2 N H'H?. On the other hand, the bubbles prescribe that v is constant and
u affine in the intervals (m; ,m; ). Combining both remarks leads to the following construction of
function spaces. We introduce the symbol m which encodes the list of interval ((m;, mj))lzl N
and we denote, for p € [1, o0

. is constant Vi},

m)

LP = {v e LP((0,1)) s.t. L.
as well as, for k > 1:

HE = {u e HF((0,1)) s.t. U is affine Vi}.
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We emphasize that, a priori L2, and HY, do not coincide. In particular, contrary to the classical
setting, the differential operator 9, maps H), into L2, (and not H2)). With the above remarks,
we will require that a solution satisfies

ve HY0,T; H (Fo)) N C([0,T]; L2),

(34) € HY0,T;L%(0,1)) N C([0,T]; HL)) N L?(0, T; H*(Fy)).
)

We encode then the full system (31)-(32)-(33) into one system in terms of o,@. Indeed, if
((u,v), (¢, Ri)i=1,...,N) is a solution to (31)-(32)-(33) we first remark that we can compute explicitly
0;v and 0,,u on the bubbles (m; ,m;). This entails that we have the transport equation:

(35) O = Ot

on the whole interval (0,1). Second, given w € HL, we multiply the momentum equation in (31)
with w. After integration by parts and application of the continuity condition (32) and extended
Newton laws (33), we obtain:

(36) % [/01 faw} + /01 (%5‘mﬂ —7(m, 17)) Omw =0

where:
(37) p=pplr +pg(l—1z) m(m,v) =1z (v +Zﬂm by i)

with 7;(v) = pg(m,v/2) for i = 1,..., N. We point out that, contrary to the eulerian setting, we
cannot write the pressure law in terms of the indicator functions 1 x, only, since the quantity m;
is involved in the computation.

In conclusion, the solutions we are looking for are pairs (@, v) with the regularity (34) such that
v >0on (0,7) x (0,1) and that satisfy simultaneously (35) on (0,7) x (0,1) and (36) on (0,7
for any w € HL,. We perform our construction with viscosity and pressure law of the form (37).
In that respect, our main result reads:

Theorem 1. Consider viscosities (pf, pg) € (0,00) and pressure laws (7¢, (7;)i=1,...,n) that are
C' on (0,00). Then, given vy € L35 N H'(Fy) such that info )9 > 0 and 4y € HY,, there
exists To > 0 (depending only on inf o 1) Vo, [|Vol| Lo ((0,1)) [|Poll &1 (Fo)» @0l F1((0,1))) such that, for
arbitrary T € (0,Ty),there is a unique pair (i, ) satisfymg
i) condition (34) with inf o 1)x(0,1) ¥ > minvp/2,
ii) equations (35) on (0,T) x (0,1), and (36) on (0,T) for any w € HL,,
iii) 4nitial condition ©(0,-) = Uy and u(0,-) = 4y on (0,1).
We provide a proof of this result in the next section. Before going to this content, we note

that it implies existence and uniqueness of solutions to our initial system. Namely, we have the
following corollary:

Corollary 1. Consider viscosities (uy, ig) € (0,00), strictly positive masses (m;)i=1,..n and
pressure laws (pf,pg) that are C* on (0,00). Then, assume that initial data (2, RY);—1 .. and
(¢, RY);—1.... N ensure the non-overlap condition:

(¢ = RY, )+ RN () —RY, )+ RY) =0, Vi j
RY >0, (& =R, &)+ RY) e (—1,1), Vi,

Denoting FO := (—=1,1) \UX, (¢? — R?, & + RY), assume also that initial data (po,ug) € H*(F°) x

1771

HY(F°) satisfy the compatibility conditions:

N
/ po+ Y mi=1, min py > 0,
FO i=1

up(d + R =&+ RY, Vi=1,...,N, up(£1) = 0.
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Then, there exists Ty > 0 (depending only on inf g 1y po, min Ry, ||po|| g1 (o), [|wollm1(Foy and the
minimal distance between bubbles and between bubbles and container boundaries) such that, for
any T < Ty there exists a unique ((p,u), (¢i, Ri)i=1,... N) satisfying:

a) (ci, R;) € H*(0,T) with the non-overlap condition on (0,T) :
(¢, — Riyei + Ri)N(¢; — Rj,c;j+ R;) =10, Vi,
R, >0, (¢; — Ri,ei + Ry) € (—1,1), Vi,

b) the pair (p,u) has the regularity:

N

(pow) e H' | |J {t} x (-1, )\ [ J(ci = Ri,ci + Ry))

te(0,T) i=1

Oeuc L2 | | {t} x ((-1,1)\

te(0,T) i

(¢i — Ri,ci + Ry))

-

1

c) (p,u) satisfies equations (26)-(27)-(28) almost everywhere on their respective set of defi-
nitions and initial condition (29).

Proof. Consider initial data as in the previous statement and construct

N N
_ m;
po = (1 -> ﬂ(cg_Rg,cg+Rg)> Po+ D opo Let- RO+ RY):
i=1 ¢

i=1

Then set:

mE = / T ez, mo(a) = / " po(2)d.

—1 —1

We note that, by construction my is continuous piecewise C! with inf 9,mg > Co > 0. This shows
that mg realizes a one-to-one mapping between (—1,1) and (0,1) with an inverse continuous
piecewise C'!' mapping. We can then fix:

1
g(m) = ———— Vm e (0,1).
po(mg ' (m))
Under the assumption that pg has H'-regularity outside the bubbles, we get an initial data @y €
L N HY(Fo). Similarly, we set:

N
to(m) = uo(mgy ' (m)) Vm e (0,1)\ [ J(m;,m]).
i=1
With the regularity of uy and mg ! there holds:
N
o € H'((0,1)\ [J(m; ,m)).
i=1

Furthermore, since initial data are assumed to satisfy the no-slip condition on fluid /bubble inter-
faces, we have:

tio(miE) = up(c) £ RY) = & + RY.
Consequently, extending 4y with:

2(m —m;)

+ —
m; —my

ao(m) = (¢ — RY) + RY Vme (m;,m]})

we obtain iy € HL,. We have constructed initial data (%, io) that match the regularity assumptions
of Theorem 1. We have then at-hand T' > 0 and (@, 7) that satisfy items i)-ii)-iii). We show now
that there is a correspondence between these solutions and a ((p, u), (¢;, R;)i=1,... n) satisfying the
items a)-b)-c) of our corollary.
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Let counsider (7, @) the solution constructed via Theorem 1. Thanks to the transport equation
satisfied by o and homogeneous boundary conditions for  we have that the mass of ¥ is constant
on (0,7). We can then construct:

z(t,m) = -1+ /Om o(t, ¢)dC.

With this definition, x is piecewise C' on (0,T) x (0,1) with:
61551/' =1 am(E = .

In particular, for arbitrary ¢ € (0,1), we have that z realizes a W>°-change of variables with
Wl inverse mapping. Actually, for t = 0 we can replace 9,,2(0,-) with the initial change of
unknowns to realize that x(0,-) = m — 0~L. Since the mass of © does not depend on time, we have
that z(t,-) realizes an homeomorphism between (0, 1) and (—1,1) for all ¢t € (0,T).

At this point, for i =1,..., N, we fix:

+ +
1 m] t m;
R, = 7/ o(t,m)dm ¢;(t) =) +/ */ (s, m)dmds.
0

2 mi m>
i

mi

7 ,m;) aswell as 0,, 4. In particular, the H(0,T; L?(m; ,m;))-
regularity of 4 implies that R; € H?(0,T). Similarly, we obtain that:

v
1
¢ = —/ a(t,m)dm,

We note here that @ is constant on (m;

inherits the H'(0, T)-regularity of @ so that ¢; € H?(0,T).

We prove now that the non-overlap condition holds on (0,7). First, since v is bounded from
above and by below, we have that R; > 0. Second, we fix B; = z((m;,m;)). Since x is an
homeomorphism between (0, 1) and (—1,1) we obtain that B; is an interval and that B; N B; = ()
for i # j and B; € (—1,1) for all i. It remains to prove that B; = (¢; — R;,¢; + R;) on (0,T).

+

To this end, let denote z; ,x;] the endpoints of B;. We emphasize that these are continuous

time-dependent functions. We have:
+

of —a; = / " B(0)d¢ = 2R..

mi

Then, applying the definition of the change of variable, the transport equation for v together with
the fact that it is constant on (m; ,m]") (equal to 2R;/m;) we infer that:

1 1 m 1t
2Ri/ e = 2Ri/— x(t’oﬂ(t’odgzﬁ/_ o (t, Q)dC.

We can thus differentiate wrt time to yield that:

1o 1 1
zdz| = — Owx(t,()d :—/ u(t,)d¢ = ¢;.
2R¢/zl. mi/mit(ocmimiu)c

Since we have initially that B; = (¢? — R?, c? + RY) we conclude that:

17

4
dt

1
2R;

/ zdz =¢; on (0,T),
wr

and B; = (¢; — R;,¢; + R;). This concludes the proof of a).
To obtain b), we simply argue by change of variables. For t € (0,7) and y € (—1,1), we fix:
1

ult,y) =alt,a"'(ty)  plty) = (e 1ty)
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By classical change of variable arguments (since z(t,-) and x~1(¢,-) are L{W.1>° with norms
bounded by sup v and inf ©) we obtain then that w, p enjoy the regularity of b). In particular, we
have that:

Omu(t,m)

Ozu(t,z(t,m)) = o, m)

Opu(t, z(t,m)) + u(t, x(t,m))0yu(t, x(t,m)) = ou(t, m).

To conclude with ¢), we first reproduce the change of variables above to yield that outside the
(¢; — Ri,¢; + R;) there holds

! — o1
W (Oep(t,x) + ult,x)0pp(t,x)) = —00(t,z™ " (t,y))

and thus we have:

Omu(t, a~ " (t,1)),

Op+ 0x(pu) =0  on (—1,1)\ U(Cl — R;,¢; + R;).
Finally, we can plug in (36) any w € CS°(Fp). Equation (36) then implies that we have:
_ Ia2i — — -+
Ot = O (?8mu - 7Tf(1))> on (0,1)\ U(mi ,m;)
and, by change of variable:

Bi(pu) + 0o (pu®) = 0u(nsOeu = ps(pg)) on (=1, 1)\ | J(ei = Riyci + Ri).

Furthermore, by taking arbitrary @ that is affine on (m; ,m;") we get (33) and, after change of

variable (28). Thanks to the existence part of Theorem 1 we have finally the existence part of
our corollary.

The proof of uniqueness follows the same line. From a candidate solution ((p, w), (¢;, R;)i=1,...N)
we construct the extension:

N N

_ my;
p(t,ac) = p(hl’)(l - Z]l(ci—Ri,Ci-i-Rq,)) + Z TRH(Ci—RiaCi+Ri)
i=1 i=1 t

and construct the change of variable m as in the formula (30). A similar analysis as previously
yields that m is a W1 *°-homeomorphism between (—1,1) and (0,1) with W inverse. We
construct then:

B 1
= S m10)
and
u(t,m™(t,¢)), it ¢ € (0, 1)\ [ J(m; ,m]),
u(t,¢) = L), 2Ri(C-my) —
(cl RZ) + W, in (m;,m;).

With the regularity of b) we obtain with similar computations as in the previous part of the proof
that

N

ue H! ((O,T) X ((0, 1\ U(mi,m;r)>> Ommt € L*((0,T) x ((o, 0\ U(mi,mj)> ).

i=1 i=1
In particular, there holds:
@€ H'(0,T; L*(0,1)) N L*(0, T; H*(Fy)),

and thus @ € C([0,T]; H'(0,1) — w). To obtain continuity for the strong topology, we prove now
that [|@]| g1 ((0,1)) is continuous. For this, we remark that we already have continuity of the L2-norm
and of the H!-norm of the restriction to the bubbles. So, we focus on the 02| g1 (o )’ for

i€{l,...,N — 1} (computations on (0, mj) and (m},1) are similar).
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We fix ¢ and 0 < t; < to < T. By a multiplier argument and computation of the traces of 0;u

+ nfer:
on my ,m;, ,, we infer:

1 My miy
; [ L o= [ amu<t1,<>|2]

ta _ ta pm;
= Avu(t, ) Oma(t, )] — O4i(t, O)Ommii(t, O)d
ot sona i [ [ g 0ot oac

s ) ) ot
= / [(5i+1 = Rit1)0nau(t,m;, ) — (¢ + Ri)amﬂ(tvmj)] - / / oru(t, ¢)Ommu(t, ¢)dC.
t1 t1 m;
Hence, introducing:
8i(t,Q) = (& + By + G Z B Z R v o)

My — My

we obtain finally that:

1 miiy miiy
3 l/m+ |8mi7a(75270|2—/m+ 6mu(t17<)|2‘|

_ / /m m Ot C)Omi(t, €) + / ’ / ™ . Omi(,0)

t1 m;

+

_ / " / " d(t, OOt C)dC.

tl ’I’I’Li

At this point we argue that ¢; € L2(0,T; H'(m], m;,,)) because of the time-regularity of the ¢;
and R;. Since we also have

Oty Oy Oy @t € L2((0,T) x (mf,m;rl)),

the latter identity entails that:

t1—t2—0 m]

miiy miig
lim [ [ owatea0Pac - [ ot c)’ﬂc] 0.
my +
We conclude that @ € C([0,T];HL,). Hence, up to restrict T', we have that (u,v) satisfies item i)
of Theorem 1. We can then reproduce the computations in the introduction of this section to
yield that (7,a) satisfies also the item ii) and that it satisfies the item iii). We apply now the
uniqueness part of Theorem 1 to yield that (o, @) is the solution provided by Theorem 1. This
concludes the proof. O

3.2. Proof of Theorem 1. We conclude this section by providing a proof of Theorem 1 on the
basis of a standard perturbation approach. In the whole section we fix a N-uplet mq,...,my of
strictly positive masses and

Vg € Lzlo ﬂHl(]:o) Uy € H}n

such that inf g 1) Do > 0. We construct solutions as a fixed-point of a mapping C : (0, 4) +— (v, %) on
some sufficiently small time-interval (0,T). Precisely, we fix T > 0. Given K € (0,00) we denote
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by Sz[K] the set of pairs (u,v) satisfying (34) with (0, -) = 1o,

<l

(0,-) = vo and
1. . . _ _ _
— inf 79 < inf o< sup v < 2sup vy
2 (0,1) (0,7)%(0,1) (0,T)x(0,1) (0,1)
sup [|0]| £2((0,1y) + sup 1ol a1 (7)< 2 (100l 22((0,1)) + [P0l 1 (7))
(0,1) (0,T)
T
12 2
/0 1040|700 ((0,1y) < 2K

T
sup (121 (o.1)) + / 1Omml|22 5y < K.
0,T) 0

~ With standard arguments, we have that, whatever the values of 7' > 0 and K € (0, 00), the set
St[K] is a convex complete metric space when endowed with the distance:

ds((v1,11), (U2, U2))

2

T
= sup (o1 = Ball 20,1y + @ — B2l 2((0,1))) + (/0 10 (w2 — “1)@2(071))

Below, we endow Sp[K] with this topology. Now for fixed K € (0,00) we define C on Sp[K] as
follows. Given (v,u) € Sp[K], we compute (7, 1) := C[(0,a)] in two steps. First ¥ is the solution
to

(38) { 0i0 = O on (0,T) x (0,1)

1_1(0, ) = g on (0, 1)

Then, we compute % by solving the weak formulation:

d 1 Lol ) ) .
(39) I [/0 uw} + /0 (58mu — m(m, v)) Omw =0 forall weH,,
(0, ) = g on (0,1).

We recall here that p and 7 are defined by (37).
With these conventions, our proof reduces to the following Proposition:

Proposition 2. There erists a constant CO depending only on Sup(g,1) o, inf(o,1) Do and the
physical parameters of the system such that, defining

KO = [Cf,’o (H@oH?{l((o,l)) * 1)}

there exists Ty > 0 such that C realizes a contraction on St,[K°].

1
2

We split the proof of this proposition into two lemmas whose proofs are detailed below.
Lemma 1. There exists Ty > 0 (depending only on inf g 1) vo, [|Tollz2((0,1)), |Tollar(Fy) and
w0l 1 ((0,1))) such that, given T < Ty the following statements hold true.

a. For any (0,0) € Sp[KY)], there exists a unique
v € C([0,T); Lg,) N HY (0,75 H' (Fo))
solution to (38).
b. Moreover the solution v satisfies:
e the uniform bounds:

— inf 79 < inf.f < sup v<2supip,

2 (011) (O’T)X(Ovl) (O,T)X(O,l) (0,1)

sup [|9]|22((0,1)) + sup 0]l a1 (7) < 2 ([10oll2(0,1)) + Pl mr1(7)) »
(0,7) (0,7)

)
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e the control from above:
T
D 02
1001 oy < 21K
0

c. Furthermore, for any pairs (91,7%1) € St[Ko] and (2, 1s) € St[Ko] we have (with obvious
notations)

Nl

1 T
sup|172—171| 2((0, < - / Om 122—?11) 2
e | |L2((0,1)) 1 ( ; [0 ( [22((0,1))

Lemma 2. There exists a constant C%, (depending only on Sup(g,1y Vo, nf(o,1) Vo and physical
parameters) and To > 0 (depending only on inf ¢ 1y Vo, ||V0l|£2((0,1)), 190l (Fo) and |toll 71 ((0,1)))
for which, given T' < Ty, the following statements hold true.

a. For any (9,4) € S7[K°)] there exists a unique
ue H'(0,T5L*((0,1))) N C([0,T]; Hy,) N L*(0, T3 H?(Fo))

solution to (39).
b. Moreover the solution @ satisfies:

T
sup Nl o)+ | [ 10mmlaony ) < €% (laolfngo +1)-
(0.7) H1((0,1)) 0 L2((0,1)) H1((0,1)) )

c. Furthermore, for all pairs (91,1;) € St[K°] and (92, 12) € S7[K°] we have (with obvious
notations)

T 3
o _ 1 o
sup ||tz — @1l|z2((0,1)) + / [[Om (2 — U1)||2L2((o,1)) < 7 5w 02 = v1][22(0,1)-
(0,T) 0 (0,T)

Proposition 2 yields as a straightforward combination of these two lemmas. So, we end up
this section with the proof of these lemmas.

Proof of Lemma 1. To begin with, we consider Lemma 1. We pick T' > 0. We shall comment
on the smallness of T" which will fix Ty in order that a., b. and c. hold simultaneously.

We start with a. and b.. For this, we fix (9, @) in S7[Ko]. Equation (38) is integrated straight-
forwardly:

t
o(t,m) = g +/ Oma(t, ¢)dC.
0

Since g € L C L2, and, by differentiation, d,,u € C([0,T]; L)), there holds v € C ([0, T]; L2,).
Furthermore, we have vy € H'(F,) and, by differentiation again, 0,,u € L*(0,T; H*(F)), so that
v € HY0,T; H'(F)). In conclusion, v satisfies the expected regularity. This completes the proof
of a.

We proceed with estimates. Below we introduce Cy, that depends on the physical parameters
of the system only. It may vary between lines. First, since ¥ is constant on the (m;, m:r) and H'
on the complement, we have that 9(t,-) is piecewise continuous for all ¢ > 0 and thus bounded
from below. Then, we compute inf o(¢,-) by considering differently m € (m; ,m;") and m € Fo.
First, when m € (m; ,m;), since ¥(¢,-) is constant, there holds:

inf vg— o0 < o(t = — o(t,()dC < sup v o0 .
{nf % \/Wz‘/o 10¢9]| L2¢(0,1)) < O(t, m) / o(t,¢)d¢ < ?&?EUO+ \/ﬁz‘/o 10¢9| 2((0,1))

Replacing 0,0 with the time-evolution equation, we infer that:

i Jm;

inf 5y — CooTKY < 0(t,m) < sup v + TCo K°.
(0,1) (0,1)
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On Fy, we apply the embedding H' — L to yield:
T
[0(t,m) — vo(t,m)| < Coo/o (Il 2 (0,1)) + 10mm il L2 (7)) < VT CooK°,
up to assume that T' < 1. Consequently, for T sufficiently small wrt K° we obtain that:

1
— inf 79 < inf <  sup ©<2sup .
2 (0,1) (0,7)x(0,1) (0,T)%(0,1) (0,1)

Then, we have:

t
lo(t, )l L2 (0,1)) < IPollL2((0,1)) +/O allha < [[Dollz2((0,1)) + TK®

t
50y < ol + [ 10wl cz < ol 2 + VI
Hence, fixing T sufficiently small wrt K° we obtain:

19, ) L2(0,1)) + 10 M 7) < 2 (1ollz20,1)) + 1Tollar (7)) Vi€ (0,T).

Then, with similar computation as in the previous derivation of L*°-bounds, we use that v is
constant on any (m; ,m; ) to bound as follows:

T T
1
9,0|? _ < il < CuT|K?
/0 | t’U||Loo((mi mi)) = ﬁmi/o ||U||H1((o,1)) > K7

T T
/O 100512 w5 < / 22y < (14 T)|KOP.

This entails finally that, up to choose again T sufficiently small wrt K° we have:

t
| 1001~ oy < 2P
This completes the proof of b.

Finally, consider (71, ;) and (79, @2) in S7[K]. We have then:

v1(t,¢) = 1p(C /amu1 Ua(t,¢) = 1p(C /amuQ

so that:

(0,1)

T
sup [|2 — 01| L2(0.1) = VT </ (| O (T2 — ﬁ1)|2L2((o,1))> :
0

Hence, we get the expected property up to take /T sufficiently small again. This completes the
proof of c. O

Proof of Lemma 2. The proof of Lemma 2 deserves a little more details since the mapping
(0,1) — @ is nonlinear.

First, we obtain existence of a. and b. via a Galerkin method. Indeed, we remark that HL, is
a closed subspace of H}(0,1) and, as such, is a separable Hilbert space. We can then introduce a
linearly independent family (wy)ren that is total in HL . Without restriction, we can assume that
Wy, is smooth for arbitrary k.

Given P € N, we say that @p is a P-approximate solution, if ap € C([0,T];{(@wy,...,Tp))
satisfies:
d 1 1 U
T VO Up’w:| +/0 (58"117/19 — W(m,ﬁ)) Omw =0 for all w € (wy,...,0p),
up(0,-) = Pp[tog].

In this system, we denote Pp the projection (for the H}(0,1) scalar product) on (iy,...,wp).
Decomposing up on the basis ws,...,wp we remark that the construction of up reduces to a
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finite-dimensional (linear) differential system. We have then existence and uniqueness of a P-
approximate solution for arbitrary P € N.

‘We prove now estimates satisfied by the P-approximate solutions for arbitrary P € N. We intro-
duce below the symbol C% for a constant that depends only on the initial quantities sup v, inf g
and the physical parameters of the system. It may vary between lines.

First, we remark that the system solved by @#p can be rewritten:

(40) Oup — OmQp {'Z@muP—ﬂ(m )| =0

where Q, : L?((0,1)) — (w1,...,wp) is the (continuous) linear mapping defined by the duality
formula:

1 1
Q, i8]0 = / GO (i, @) € L2((0,1)) X (@, .., Bp).
0 0
In particular, we can multiply (40) with @p. This entails that:

1d o, L, 1 o
Sd [/o |up] ] +/O 5 10mup] —/O 7(m, ©)Om iip.

By a standard Cauchy-Schwarz inequality, we conclude that:

2 ‘min(gug, pg) / / / / 1]|7T m, D)
= bup up Omup|® < ||a +
2 0.1) / [apl”+ 2/[9]| o ((0,1)) | < ol oy

Here we argue that 7 is continuous on (0,1) x (0,00). Consequently, since ¢ is bounded from
above and below by a constant depending only on initial data, 9(m), 7w(m, d(m)) is also bounded
n (0,7) x (0,1) by a constant depending only on initial data. We obtain then that:

min(gy, pg)
41 — sup/ ipl? + / / 8,.a L +TC’
“ 2(01) el + 4voll o< ((0,1) Omup|* < ” OHHl((O 1)

We multiply now (40) with d;up € C([0,T); (w1,...,wp)). We infer that:
/ |0siip|? / =0 UpOmOiip = / 7w (m, 0(m)) O tip.

On the left-hand side, we have:

1 1 1

- _ 1d Bin — 12 / p

B OmupOndip = = — 210, 0y0|0m
[, Gonrtuoas =53 ||| ownot] + [ gooioumt

whilst we rewrite the right-hand side:

1 1 1
d
/ w(m, 5(m)) Ot = { / ﬂ(m,@)amuP} - / Do (m, B) D50 Tip.
0 dt [ Jo 0
We conclude thus that:
d 1 1 R ~ ~ ~
(42) Eilur) +/ |0yip|? = —/ 0, (aﬂ(m,v)amw + %|8mu1:\2)
t 0 0 20
where:
Ly 1
gl[ﬂp] ::/ —~|6m11p|2+/ W(m,@)aml_tp.
0 20 0
In this latter quantity, we can again use an L*°-bound for om(m,?). Introducing a standard
Minkowski inequality, we derive that:
sup(g,1) o|m(m, 0)?

1 1
_ 12 — 12 ) H — 2 0
Elup Z/ —|Omup|” — - Z/ —|Omup|® — Cg.

el 2 g ontel - ) 2y 40

At this point, we bound the right-hand side RHS of (42) as follows:

1~ o )
- 0|0om(m, )| 1 / 1 e
RHS < [, 1~ oloem(m D) (L Ly "y
<190l os ((0,1)) </O 2 + +||7~}||L ) | 26' o iip|
< Cgonat@”Lw((o,n) (1+&iapl) .
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This entails that:

d N _
[1 + &1 (up)] < CL00]| oo ((0,1)) (1 + Erltip])
(43)
/ |0iip|? < CL10:0]| Lo ((0,1)) (1 + Exlup]) .

Integrating the first inequality with a standard Gronwall lemma, we obtain, with the control on
at1~}7

Erlup] < (&1[Pp(uo)] + 1) exp (Cgo/o ||<9t17||Leo((o,1))>

< (E[Pp(uo)] + 1) exp (CLVTK®) .

Hence taking T sufficiently small wrt K°, we can bound the exponential in the latter right-hand
side by 2. Recalling the above bound for & [@p], we conclude that:

1t _
5 | 105r < % (1+ ol o)

Integrating now the second inequality of (43) we obtain that:

T 1
/0 / Brip|? < OO (1 + [[70]2 0.0

Combining (41) with the two latter inequalities, we obtain that, for T" sufficiently small (depending
only on the norm of initial data), we have:

T
ipl? Tk =112 0 2
sup ||up +/ 8muP| + 6Up < Coo To L +1).
o) | ||H1((O,1)) o (H |L2((071)) [0 ||L2((0,1))) (H 57 (Fo) )

The sequence @p is then bounded in
H'((0,7); L*((0,1))) N L>(0, T; H((0,1))) 0 L=((0, T); Hya)-
We can thus extract a weak converging sequence. The limit @ enjoys then the inequality:

T
s o + [ 100 o) < O (1ol oy +1)-

)

and, by standard argument (since the problem is linear in @) is a solution to (39). In particular,
extending the weak formulation to time-dependent w, which have compact support in Fy, we
obtain that @ satisfies

Oy = 0, (%fama - wf(ﬁ)) on (0,T) x (Fo)-
Consequently, we have:
B b — 4 (5) € L2(0, T H'(Fy)) and thus 9 € L2(0,T5 L%(Fo))

with (because ¥ is bounded by initial data):

T
/0 1061 72((0,1)) < Cox (HEJOH%{l(}‘O) + 1) :

We rewrite then the pde on Fy as:

A S 7
Omml = #—f (&gu + W}(U)@mv + ﬁamvamu) on (0,T) x Fo.
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With the above regularity of % and the assumed regularity of © we conclude that @ € L2(0,T; H*(Fy))

with

T
/0 Hanwn'a”%?(]-‘o)

T T
<ct. ( | 1030y + T sup [, + 510 [l [
0 (0,T) (0,1) 0

8mu|%°°(]—"o)>

and we have finally:

T
A ||ammU||L2(]_‘0) < CO (H’ELOH%’II(}})) + 1) ?

when T < 1. This concludes the proof of the existence part of a. and b. Uniqueness in a. will
follow from the contraction estimate below.

To obtain uniqueness and c., we consider (71, %1) and (@i, ¥2) in S7[K°] and 11, iis associated

solutions to (39). In particular, taking the difference between the weak-formulations for @; and
iz we have that @ = e — @ satisfies 4(0,-) = 0 with

d L L
(44) dt{/o uw}—i—/o . i WO W

# [ ({2~ ) s . 0) = 522 ) i =0

for all w € HL,. By a standard approximation procedure, we extend this weak formulation to

w € C([0,T]; H'((0,1))) N H'(0,T; L*((0,1)))

so that we can test with w = @. This entails:

1d ! —12 y —12 ' 1 1 - ~ = =
>% [/0 |al } —|—/0 6—1|8mu| —/0 (u (172_171> 8mu2—(7r(m,v2)—7r(m,vl))> Om .

At this point, we note that, if ©; = 99, the right-hand side vanishes which entails that @ = 0. This
proves the uniqueness part of a..

For the proof of the contraction estimate, we use again that v; and 5 are bounded from above

and by below by a constant that depends on initial data only. We can then bound the right-hand
side:

1 ! 1~ =2 1~
ris < g [ Lo ([ 200, 0+ [ Ljnton i) - w0
2 )y 0 0 (D201) 0o M

1 1u _ _ - -
<5 [ 10, +205 1+ [0l o) 2 = 035

where we applied that 7(m,-) € C! for all m € (0,1) with:

sSup HaQﬂ—(mv ')”L“(inf(OYl) v0/2,28upq,1) Vo) < C(())o < 00.

)

Consequently, we obtain:

e min(gyr, pg) / / 2 _— o
sup ||u Oma|* < C§° / Om 2|70 sup ||ve — v1]|.
owp il + el | [ 10wl < 5 [ 1omale any gup 7 = 2l

) )

To conclude, it is sufficient to prove that we can make

r 2
/0 10mia]2 011
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as small as we want by taking T sufficiently small. For this, we remark first that, on any (m; , m;"),
since s is affine, we have:

.
) 1o ora
Oualtom)] < - [ (0ntal < CFOmnalt, Mooy

While, on Fy we apply a refined Sobolev estimates which guarantees again that:
[Oma(t,m)[* < CNOmualLe ) + 10mzllr2 (7o) | Omm izl r2 (7o) -
Consequently, we have, for any ¢ € (0,7):
10miz (8 M7 0.1)) < CollOmb2llT2((0.1y) + 10mz| 20,1 |Omm sl 2 (7o) -

and thus, with the control from above yielding from b. of this lemma (applied to @s), we conclude:

T
./0 [Om iz (t, )17 (0,1

1
2

T
< C% | T sup \|8m172||2L2((0,1)) + VT sup [Om 2|l 22((0,1)) / |3mm172||2L2(f0)
(0,1) (0,7) 0

< CONVT(1+ ||o| 31 ((0.1))):

when T < 1. We can thus make the right-hand side of this inequality as small as we want by
taking T sufficiently small. This concludes the proof. U

APPENDIX A. PROOF OF PROPOSITION 1

In this appendix we provide a proof of the proposition:

Proposition 3. Let X € R® and R > 0. If u € H'(B(X, R)) satisfies

(45) D(u) — %divulg =0 on B(X,R)
then u € C*(B(X, R)). If we assume furthermore that:
(u(z) —u(X)) -n=cstt, ondB(X,R)

there exists (V,w, ) € R® x R® x R such that:
A
u(z) =V +wx (zzc—X)—i—g(ac—X)7 Vz € B(X,R).

Proof. Without restriction, we assume that X = 0 and R = 1 so that B(X,R) = B(0,1) =: B.
Furthermore, up to a convolution argument that we sketch below, we first consider that u €

C>(B).
Under the assumption of our theorem, we have that:
A A2 Ais
Vu(x) = —)\12 )\ )\23
—A13 —Aaz A

where A = 1/3divu and \; ; = 0;u;. Let focus on A2 to sart with. Following the method of [20,
Lemma 1.1, Chapter 1], we have that:

O1A12 = O12u1 = O A OaA12 = O9o; = —O1oUg = —O1 A
and:
0312 = Oz2uq

1
=5 (O32u1 — O31u2)
1
=5 (02(03u1 + O1uz) — 01(0zug + Daus))

=0.
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Eventually A\12 does not depend on z3 and its perpendicular gradient is the gradient of A. We have
thus that 01 A, 92X\ do not depend on x3 and satisfy:

011\ + 022X =0
Arguing similarly with A13 and A15 we infer that there exists 3 functions A1, A2, A3 such that:
OiN(x) = Ni(m;) + cstt
that solve:
Oidi(w;) + 0;Ai(w;) =0 Vi j.
Then, there exists three constants (a1, ag, az) for which:
Oi\(x;) = a;x; + cstt Vi,

Eventually, we obtain that :

a121 + a2z + a3xs a2T1 — Q12 asr; — a3
Vu(z) = a1T9 — AT a1T1 + asTe + asxs a3To — A3 + cstt
@173 — asx1 a2x3 — A3x2 a1z1 + asx2 + azxs

and thus, with a = (a1, a2, as) we have:

2
w(@) = uq(x) + uqpr(z), where Ug(z) = (a-x)x — a%

and u, s is an affine mapping. In particular, we have that u € C*°(B).
Let now make precise the convolution argument. If u € H!(B) satisfies (45) and ¢ < 1/2 a
convolution u. of w with an approximation of identity having support in B(0,¢e) will satisfy (45)

on B(0,1 — ¢) and be smooth on B. Reproducing the previous arguments, we construct a®) e R?

and an affine mapping u((ff)f so that u. = uge + ufff)f on B(0,1 — ) However, we see that there

exists a constant C for which
la®| = C’/ |divu, |2
B(0,1/2)
(e)

while u,;, is controlled by the skew-symmetric part of u. and the mean of u. on B(0,1/2).

Eventually, we obtain that, when ¢ — 0 we have a(®) — a in R® and ugff)f — Uqry in the set of
affine mappings with

U= Uq + Uqps ON B.

Next, we realise that
1
D(ug) — gdiv(ua)lg =0

so that the same property holds for u,ss. Combining this information with the fact that uqsy is
affine, we obtain the existence of V,w, A so that:

A
Ugrf(x) =V +w x (x—X)—l-g(a:—X).
At this point, we note that, on dB, there holds:
(u(:r)fu(O))~n:A+ua(9:)~x:A+?

which can be constant if and only if @ = 0. This ends the proof.
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