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Abstract

The regularized Schmid law (RSL) has recently been proposed as a plastic flow criterion for poly-
crystals under the crude assumptions of either uniform stress or uniform strain. We first reconsider
this law for application to heterogencous intra-crystalline plasticity, with reference to a
Homogeneous Equivalent Super-Crystal. We then extend the modeling to poly-crystals with the
goal to account for both stress and strain heterogeneities within as well as between grains. The
transformation field analysis (TFA) is used as the homogenization procedure. This TFA is known to
be accurate for materials that can be described as assemblies of plastically homogeneous domains.
Otherwise, the estimates of the material effective behavior that result from its application are too
stiff. Because stress and strain fields are almost everywhere uniform in laminates, we consider crystal
slip organizations into multi-laminate structures. It is demonstrated that laminate layers either
parallel to slip planes or normal to slip directions do not contribute to the over-stiffness due to the
TFA. Thus, hierarchical multi-laminate (HML) structures are introduced where the successive
laminate orientations are taken parallel to the crystal slip planes. It is shown that a conveniently
weighted superposition of all the possible plane hierarchies cancels out most of the undesirable TFA
contributions to the overall stiffness estimates. A relevant extension to poly-crystal plasticity of this
(RSL-TFA-HML) modeling is presented.
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1. Introduction

Under the rate independence hypothesis, the standard Schmid law (SSL) is the most
commonly invoked criterion for crystal plastic flow (Hill and Rice, 1972; Havner, 1973),
while power laws are the most widely used for the description of a viscous-plastic slip
(Asaro and Needleman, 1985). Yield surfaces resulting from the SSL, multi-potential flow
criterion are polyhedrons, the edges and vertices of which correspond to mathematical
singularities (Franciosi and Zaoui, 1991). Viscous-plastic modeling provides smoothed
yield surfaces, but suffers from other shortcomings, such as, for instance, the coupling with
elasticity when used within scale transition methods (Li and Weng, 1997; Sabar et al., 2002;
Berbenni et al., 2004).

Meanwhile, a regularized Schmid law (RSL) has been proposed (Arminjon, 1991;
Gambin, 1991, 1992; Imbault and Arminjon, 1998) that climinates the yield surface
singularities resulting from the SSL and yet does not require an assumption of time
dependence. As a single plastic-potential, microstructure-based model of interest,' this
RSL has since been extended in different ways to poly-crystals, mostly under the
assumptions of either uniform stress or uniform strain (Darrieulat and Piot, 1996;
Kowalczyk and Gambin, 2004). Here, we first consider the application of the RSL to
heterogeneous intra-crystalline plasticity, because it is now widely admitted that “perfect”
crystals also support heterogeneous plastic strains.

Heterogeneous crystal plasticity, although mostly encountered in aggregates where the
grains are submitted to multi-axial loading, is a common feature in situations of multi-
planar slip when observed at a small enough scale. And, as is now established from
Discrete Dislocation Dynamics simulations (Madec et al., 2003), interactions and crossing
of dislocations from different planes are less frequent than claimed in forest hardening
models (Franciosi, 1985; Kocks et al., 1991; Bassani and Wu, 1991). Increasingly, many
heterogeneous models of crystal plasticity attempt to capture similar features, either
through the introduction of strain gradients (Fleck et al., 1994; Acharya and Bassani,
2000), or by considering non-local hardening laws (Berveiller et al., 1993; Ortiz et al.,
2000), or still by resorting to homogenization (Ponte-Castaneda and Suquet, 1998; Masson
et al., 2000). Indeed, heterogenecous behavior strongly suggests treating crystal behavior as
an effective one, through an appropriate homogenization scheme. Thus, the extension of
the RSL to heterogeneous crystal plasticity proposed herein is performed with reference to
a Homogeneous Equivalent Super-Crystal (HESC).

In a second step, we extend the modeling to poly-crystals so as to account for intra and
inter granular stress and strain heterogeneitics. Because we anticipate plastically
homogeneous domains in heterogeneous crystals and in poly-crystals, we propose to use
transformation field analysis (TFA) as homogenization procedure (Dvorak, 1992; Dvorak
and Benveniste, 1992). The suggested (RSL-TFA) framework is presented in Section 2.
The description of the material as an assembly of plastically homogeneous domains is a
prerequisite for the TFA procedure to provide correct estimates of the effective material
behavior (Suquet, 1997; Chaboche et al., 2001). The TFA is always exact in the limit where
each point of the medium is considered a sub-domain. Otherwise, if only the perfect, i.e.

'When for example implementing crystalline plasticity into finite elements codes devoted to metal forming
simulations.



dislocation-free, lattice domains could be considered as plastically homogeneous, the
largest validity scale of the TFA would then be the dislocation structure level.

Such perfect lattice domains, corresponding to obstacle-free zones for slip, are well
identified by individual orientations in pole figures of single or poly-crystals, and their
statistical evolution under load can be quantitatively followed from an analysis of the
orientation distribution functions. On the contrary, their morphology in terms of spatial
arrangement and individual shapes obeys a complex plasticity-related evolution law which
hardly allows for a precise description.

As an attempt to address morphological complexity, we present in Section 3 a simple
heterogeneous description of crystal plasticity which formally fulfills the TFA requirement
of plastically homogeneous sub-domains. It assumes that, whenever several slip plane
orientations are active, slip plane activity is then spatially organized as a multi-laminate
structure. The stress and strain fields are known to be almost everywhere uniform in each
layer. Many works have been devoted to an analysis of the characteristics and properties of
such laminate structures (e.g. Francfort and Murat, 1986; Milton, 1988; Luskin, 1996;
Berryman, 2004). Applications to plasticity remain few, for lack of a fully realistic and
manageable scheme for microstructure evolution (Ortiz and Repetto, 1999).

The multi-laminate description of intra-crystalline plasticity set up here goes beyond the
validation of the proposed (RSL-TFA) framework. It opens applications to poly-crystals.
As a first result, we demonstrate the existence of a specific direction of lamination for
which the corresponding contributions to the over-stiffness due to the TFA cancel out. We
then consider “‘hierarchical multi-laminate” (HML) structures for slip organization. These
are structures made of successive heterogeneity levels of differently oriented rank one-
laminates, the orientation at each level being such that the related over-stiffness vanishes.
It is then shown that, for an appropriately weighted superposition of the different HML
structures that are realizable for a given slip system set, most of the material over-stiffness
as estimated from the TFA framework can cancel out.

We finally propose an extension to poly-crystals of this (RSL-TFA-HML) plasticity
model that provides correct overall stiffness estimates. As defined, the proposed modeling
can be seen as an explicit example, in the case of (poly-) crystal plasticity, of the coupled
Non-uniform TFA (NTFA) procedure formally introduced in Michel and Suquet (2003,
2004) for non-linear elastic-plastic heterogeneous solids. In the present work we treat
laminates as infinitely flat spheroids. Domain (or grain) edges and corners are not taken
into account (e.g. Sarma et al., 2002). Calculations are performed within the commonly
used ‘“‘small strain/large rotation” formalism. We do not incorporate specific features of
finite strains (e.g. Fish and Shek, 1999) since those are not expected to influence our main
theoretical results. Stiffness comparisons are reported upon in Section 4.

2. The transformation field analysis in a regularized Schmid law for super-crystals

We call “super-crystal” any real or virtual homogeneous structure of volume J where
plastic straining results from slip on NT systems (g) defined by a pair of orthogonal unit
vectors n? and m?, respectively normal to the slip plane and parallel to the slip direction.
For each slip system (g) we introduce the Schmid tensor RY = {m¢ ® n/}, where “{a®b}”

(resp. “}a®b{”) denotes the ‘“‘symmetric (resp. skew symmetric) part of a®b”. The
discussion is limited to the case where all the slip systems are identical and therefore to the



case where all the slip planes support a same (p)-set of coplanar systems. When real, a
super-crystal is a perfect and plastically homogeneous crystal with N slip systems and
P = N/p slip planes. The reader may find it useful to think of the octahedral slip in a FCC
lattice, where P = 4 and p = 3, as an illustration.

When virtual, a super-crystal is a homogeneous equivalent medium representing a real
heterogeneous (macro-homogeneous) structure of poly-crystalline nature. Those include
imperfect crystals, i.e. crystals that contain lattice disorientations which are either grown
(mosaic) or to plastic strain-due. Therefore, such a HESC superimposes all the slip systems
g(I) that belong to any homogeneous domain (/) of the considered structure, as illustrated
in Fig. 1.

2.1. The transformation field analysis (TFA) for heterogeneous crystal plasticity

For any slip system (g) in a super-crystal of volume ¥V, we set 19(r) = n? 6(r)m? = RY :
o(r)>0. It is the currently applied resolved shear stress (ARSS) at any point r in V.

From the affine approximation of Masson et al. (2000) for the homogenization of non-
linear heterogeneous materials with local behavior, the stress tensor o(r) = f(&(r)) at r

reads as
om) = g0 + (f(20m).2) : (80— £00) = Lo(em) : (20— £50)). (1)

Eq. (1), where f(xq), x = 0f(x)/0x|xy, is the behavior law of a linear comparison material
at r, with the current local tangent moduli L o(&(r)) = (f(€ o(r)), £), and with eigenstrains

go(r)=¢g0(r) —Lo(e (r))"! : 6(r). From the standpoint of the time iteration, the problem

is then formally the same as that of a thermo-elastic heterogeneous material (Levin, 1967),
with an additional iterative adjustment for the current tangent moduli of the “phases” (i.e.
the sets of points r in ¥ which are currently in the same state).

The resulting local stress tensor formally reads as g(r) = ]3 L,(1): }5 + grf(f(r), where the

macroscopic stress tensor X is the average stress &, where the stress localization

n2(11 nl(l) Tn1(2r)12(2) \L{ @ g \LK
| m2(1)
i | [ oo | R g g R
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Fig. 1. From left to right, a set of four, differently oriented, homogeneous crystals, a poly-(or multi-) crystalline
assemblage, the Homogeneous Equivalent Super-Crystal (HESC).



(or concentration) tensors B (r) depend on the moduli L(&(r)), and where the residual

stresses o-rLc(f(r) are obtained from the eigenstrain field as follows:

o) = /VELO(;’, r): £ 0°(r)dr’. ()

The tensors B (r) and F(r,r’) are respectively the stress “localization” and stress

“influence” tensors. Their introduction depends on the relevant material morphology. In
particular, when the plastic strain field is specified, TFA can be used as a homogenization
method (Dvorak and Bahei-El-Din, 1997; Suquet, 1997). The main features of the TFA
method (Dvorak, 1992; Dvorak and Benveniste, 1992) are detailed in Appendix A. Since
the Hooke elasticity law o(r) = C(r) : (&(r) — EP (r)) is a particular form of Eq. (1), with

C(r) as moduli L o(¢(r)), the TFA method can be seen as the affine formulation that uses

that elasticity law as linear material of comparison at r.
With plastic strains £”(r) seen as local eigenstrains, the TFA method exactly yields

o(r)=B(r): X +/ F(r,r'): ef()dr,
~ =T )& b

where B(r) = B —c(r) and F(r,77) = F , —c(r,17). In sub-domains V; = f, V" with uniform
elasticity moduli gl and homogeneous plastic strains £/, the average stresses ¢’ thus
read as

glzcl: (EI_EPI) 231:Z+ZFIJ:EPJ=]}1:Z+Z(H15U _fJLIJ) Pl
7 A A ~ -

=B :X+) [ FY 6", 3)

where &/ denotes the related average total strains.” The expressions for the operators l;l’

and I;U are given in Appendix A. The estimates for the moduli result from a 2-point

correlation analysis in the case of an inclusion/matrix structure (Ponte-Castaneda and
Willis, 1995) and from a self-consistent approach in the case of aggregates (Hill, 1965). For
the aggregates of interest in this study, the TFA method is introduced into the relevant
framework. In contrast with the affine formulation, the TFA method does not require a
step-wise adjustment of the phase moduli within the already iterative self-consistent
scheme. If p” = E + W7 is the plastic part of the displacement gradient, Levin’s formula

(1967) gives as effective plastic strains and plastic rotations the following quantities:
EP — {BP} — {Zf[%tl : SPI} — ZfIBII : SPI; WP — }BP{ — Zf[UII . sPI-
~ T T T - ~ T
“4)

2As in Eq. (3), we will use the notation fJQ” = ()Y for operators (.)” that are proportional to the volume
fraction f.



As in Eq. (3), the resulting expression for the strains in each phase (/) (Appendix A) then
takes the forms:

e =86+ =A"E+> DY e =AT:E4+) f,DY . (5)
5] ~ ~ ~ ~ ~ ~ ~ ~ ; ~ ~

J

Eq. (5) introduces the strain influence and strain localization tensors lg” =f,D" and 131 ,
which are dual to the stress influence and localization tensors F¥ = f,;F" and B'. The strain

localization tensors AI (which depend on the description of the material structure) yield BI =

CI AI Sfo where the effective elasticity moduli are given by Ceff (C A >if ICI AI

and Seff (S:B) = (Ceff)_ . The ARSS 2 on the system g(I) results from Eq. (3) as®

O =R B YRV FY g =MD Y R Y g (6)
~ ~ ~ ~ ~ ~ ~ J ~ ~ ~

2.2. The TFA framework in the RSL plastic flow criterion

The plastic strain increments in the domains ¥, =f,V are de’ =37, , R¥ d¥)
where dy*¢) is slip increment. With dE? from Eq. (4) and d E the macroscopic total strain

increment, the material behavior law becomes:

N
d§ _ ge[‘f : d]§ _ Z Z (fﬂg” : Bk(]) dyk(J)>>

J k(=1

N

=C": dE-) > MYV d—W)) @)
~ T T k=1 T

The treatment of such a heterogeneous medium as a HESC is justified by the similarity

of its effective plastic strain increment dE” = >, 373, M*) d7*) (written in terms of
the mean slip increment d7*) = £, dy*) over V) with that, given by dE? = S")  R¥ dy,
for a plastically homogeneous and perfect crystal.

At this point, consider first the SSL as flow criterion. Among the N, C N potential slip
systems which meet the condition max(F/?) = max(t9) — t9D) = 0, where 9! is the
current critical resolved shear stress (CRSS) for the slip system ¢(I), the active systems
N, € N, are those which also satisfy to max(dF/") = max(dt/? — dt¢®) = 0. Since
plastic strains are treated as ‘‘stress-free-strains” in the TFA context, £/, £ = 0, so that
the various partial derivatives in the expressions for dF/?) read as

N
(rf/(’),z) dE =MD dE =MD CTdE-3 3 MO ¢ M) g,

T k(D)=1

(8a)

3The tensors MY? are (i, j) symmetric by symmetry of X and of ¢!, since RY? : 131 X=X l}” s RID,



(2900 — D), ) = GUDKD 1. R ; V2 RKO) 4 gD _ oDk — HIDO),

(8b)
In Eq. (8b), ¢c/(1)k J) (Rg(l) J)) 6 gg(l)k(J) — RID . (B’,?"U)) S Y4
RID 5™ £ (FTE, 58Dy« gPL while the physical hardening matrix [h] results from an

evolution law for the CRSS t¢) of the form:

N
dfg(l) — Z Z JIDK) d/k(J) — Z Z/_Tt](l)k(J) dv"“). )

J k() J k()

For J#I, the moduli /7K correspond to the non-local hardening contributions if any.
But even in the case when the matrices [/], [¢] and [®@] only contain local terms (i.e., J = 1),

neither [Hy] nor its dual [Hg] = [Hy + M : geff : M] are local (for a prescribed incremental

stress and strain tensor) because of the presence of the matrix [R : F : R].

Now take the RSL as flow criterion. In this case, the plastic flow condition involves a
single “‘plastic potential” F and takes the form:

NN\ "
F=| Y 11> (W) — 1| Te rer = (FO)Tc e = O, (10)

1 gH=1 \Tc

where 7. ¢ 1S some ‘“‘reference’ critical shear stress. In the following, implicit summations
for g(I) or g are to be taken over the N slip systems of the crystalline domains (/). For any

domain V; = f,V one can write de” = f;de”" =3 R/ d7#") over V. Thus, in the
flow condition dFO = (FO,E)dE+3,5,,(F0,7%) 7" = 0, one has

rg(l)> n=1 MY

Pz =351 (55) = S s

I g() I g

=> > PoImeD = 15 0, (11a)

I gD

g()
PO = T k(D) J(D) £ c/(l)k(J)
=22/ (gm) (guw ) =2 > PO (11b)
g(

I g(I)

with?

ng(l)k(J) — </ q(I)k(J)( i];) _ ¢g(1)k(.l)> _ <Rg(1) . FIJ . Rk(J) + ¢g(1)k(1)>.
11 g P n = n X

Since leEp = (FO, §)‘EC ref d4 = (FO, §) di0 = NOle = 1:1 dA, the related mean slip

increments over ¥ become

&) = (F, 7)) di = (F0,7) d20 = f,P0" d10 = PO* d)0. (12)

*The difference between |H| and [Hy] is not significant since (9 /c¢®)" < 1 for weakly active systems.



Consequently, the unique incremental plastic multiplier d4 can be expressed as

—1)\ (r=D/n
A T\ d20
di= (Z 1Y (dyk(’) <—C >) = (13)

7 0] Tc ref Te ref

It corresponds to di0 = (ISO : d):“.)/(HOZ) for a stress load and to dA0 = (l}IO : geff :

dET)/(HOE) for a strain load.
The hardening modulus HOy (resp. HOg) for the HESC thus satisfies
HOx(dA0) = Hx(d2)? =Y 3 57 S Povtd 3" Pk d 0)?
I g() J k(J)
=3 > " e, (14a)

1J g(D).k(J)

HOg(d20)? = He(d2)? = (HO; +NO: C 150) (d10)?

=3 > " a0 a, (14b)
LJ g(D).k(J)
with H' %([)kw =H ?”kw +M¢D : " : MHY). The tangent plastic compliance tensor of the
HESC finally becomes
NO®NO
dEF =" M0 =N0di0= ~—"—|:dL=L":dX, (15)
- T o) - HOx R -

with
Lm0 Y S (00 (W 6 a7
= 17 gDk - -

The decomposition of the moduli ﬂ‘?nk(l) (see Eq. (11b)) yields the decomposition

HOy = HO"® 1 HORFRD) in Eqs. (14), where HORFR® ~ HORFR) apnd

HO®F® = _ 5™ 5~ pootd) (Rga) FY Rk(1)>ﬁ0k(1)
IJ gk - ~ T
-3 ¥ (?og“) (Rg“) ® RkU))Fokw) 2 2 (16)

17 g(DKT) ~ - ~

The larger the HOsy, the stiffer is the material response to loading. Eq. (16) expresses the
over-stiffness resulting from the TFA framework for the HESC of a heterogeneous

crystalline material. Note that, here, HOTFA = HORFR®) ~ fRFR)

2.3. Application to perfect crystals, disoriented crystals and aggregates

2.3.1. The ideally perfect and homogeneous crystal
A perfect—i.e. mosaic-free and plastically homogeneous-crystalline domain V corre-
sponds to sub-domains (/) that are identical in terms of their Schmid tensors RY, their
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Fig. 2. Yield loci obtained from the RSL-TFA modeling: (a) single crystals of orientation goss{110}<{001),
cube{100} {001, brass{110}{—112), copper{l112}{11—1), strange{123}<{63 —4); (b) isotropic aggregate
of spherical grains.

elasticity moduli C (such that é’ = ]NSI =1 VJ) and in terms of their slip activity which

yields [F] = 0. This amounts to removing all summations over / in Eq. (10). The model

~

then reduces, as expected, to the classical RSL form for crystals, that is

a2\ 1/n
79
F= Z (_g> ) =1 | tcrer = (FO)tc rer = 0. (17)

g=1n \T¢

Sections of yield surfaces for homogeneous crystals are obtained using Eq. (17) as flow
criterion. Typical ones are shown in Darrieulat and Piot (1996), or in Kowalczyk and
Gambin (2004). A few examples that validate the (RSL-TFA) modeling in this setting for
which (RSL-TFA)=(RSL), are shown in Fig. 2(a) reprinted from Berbenni and Franciosi
(2004). The selected FCC crystal orientations are typical of ideal FCC texture types and
the cubic elasticity anisotropy of aluminium crystals has been used.’

The only cause for stiffness evolution in such perfect crystals is the contribution H0"®
of physical hardening in the equivalent hardening modulus HO0y, and it mostly comes from
the matrix [/] that enters the hardening law in Eq. (9). Many tentative descriptions for the
physical hardening in crystals can be found in the literature; they will not be commented
upon herein (see e.g. Madec et al., 2003; Kocks et al., 1991; Franciosi, 1985, 1988; Estevez
et al., 1997). Any description of a local and anisotropic hardening requires at least a pair of
hardening moduli (40, k), so as to distinguish “weak’ and “‘strong” slip interactions, with
the “‘reference” modulus (#0) and the anisotropy ‘“‘amplitude” (a = h/h0>1) varying

3Cl1 = 114.5GPa, C12 = 42.9GPa, C44 = 28.6 GPa.



independently. Assuming isotropic hardening and neglecting rotation (i.e. h* = ho, =1,
and [¢] = 0, Vg, k € (1, N)) yields

N R N
z z C r¢
k=1 g=1 \T¢c Te Te

Te ref 221\/: =\
(5O
Te =~ \1.

since n = n — 1> 1. In general, relevant crystal hardening laws are anisotropic, non-linear,
and non-convex, as recalled in Section 4.

Now, regardless of the form of [4], the experimentally accessible matrix is [Hx] (or [HEg]).
Since [Hsx] only reduces to [h—¢] (resp. [Hg] to [h— ¢ + R:C: 13]) for vanishing

summations over I, J, measurements of the effective hardening [Hs] (or [Hg]) will only
provide correct physical hardening estimates for crystals with truly homogeneous
behavior.

I

ho, (18)

2.3.2. The disoriented heterogeneous crystal and the aggregate extension

When an imperfect and/or heterogeneous crystal V' is treated as perfect and
homogeneous, the (RSL-TFA) criterion proposed in Eq. (10) significantly differs from
the RSL criterion of Eq. (17). For sub-domains V; =f;V treated as homogeneous
crystals, the ARSS 7% and CRSS 77 in Eq. (17) must be understood as average values 7¥ and
74 over ¥V, and the RSL for such a structure would be of the form

n\ 1/n

N g(0)

F = Z (Zlf{rg(1)> > — 1 Teref = (FO)TC ref = 0 (19)
o=t \>_if 1T

The comparison of Eq. (10) with Eq. (19) clearly identifies Eq. (10) as the relevant
extension of Eq. (17) to a HESC that represents either an imperfect crystal or a poly-
crystal. Fig. 2(b) reports the (RSL-TFA) simulation of a yield surface section for an
isotropic aggregate of spherical domains (grains or sub-grains) for different values of n.
The related section of the yield surface from the SSL matches that of the RSL for n> 1.

A plot of (normalized) axial versus tangential stresses is compared in Fig. 3 with that of
a re-crystallized aluminium polycrystal obtained from experimental texture data in Althoff
and Wincierz (1972). This simulation is obtained from an idealized texture fitted to the
experimental one by using six appropriately weighted ideal orientations (Fig. 4). The use of
a normal Gaussian distribution of 100 orientations around each ideal orientation provides
2400 grain orientations by orthotropic symmetry (Bunge, 1982). As a comparison, for that
same texture, Fig. 3 also reports the Taylor—Bishop—Hill estimate which assumes plastic
strain uniformity (Bishop and Hill, 1951). As expected in the self-consistent framework,
the results with the (RSL-TFA) modeling are closer to the experimental results than those
with the Taylor-Bishop—Hill modeling.

The above arguments demonstrate that the (RSL-TFA) modeling is convenient for
determining aggregate yield surfaces, whether or not the description of the plastic field
heterogeneities is fully consistent from the standpoint of the TFA. The improvement of the
modeling of crystalline plasticity with regard to this consistency is addressed below.

10
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Fig. 3. Yield loci of recrystallized Al: comparison between the (RSL-TFA) modeling (dashed line), the
Taylor—Bishop—Hill upper bound (squares) and data (pentagrams) from Althoff and Wincierz (1972).
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Fig. 4. The considered experimental texture (the {111} pole figure from Althoff and Wincierz, 1972) and its
idealized orientation distribution function described by their Euler angles used in Fig. 3.

2.3.3. Effective (overall) versus crystal (local) hardening

For disoriented crystals as for aggregates, even the simplest local isotropic physical
hardening law in crystalline homogeneous sub-domains (/) corresponds, when non-linear,
to different current CRSS ¢/ and to different reference moduli /(. This is because they
exhibit different plastic strain states. The extended RSL enables us to consider various

11



possible descriptions of crystal hardening in terms of the local and non-local contributions
in [/] in Eq. (9). Interactions of non-local nature between sub-domain pairs (/—J) may lead
to disorientation effects (Mecif et al., 1997) or to strain gradient effects (Acharya and
Bassani, 2000) resulting from the spatial organization of slip. The latter is controlled by the
form of the allowed paths through the dislocation arrays. However, a hardening model
should not depend on a particular choice of homogenization framework, and variations on
[A] will not be addressed here.

Aside from [A], the “accommodation effects” in [Hx] = [(h — ¢) — (P + R : F : R)] result

~

from the operators [F] and from the matrix [@]. If comparing the inhomogeneous case with

its homogeneous analogue, the effective material stiffness HOy in the RSL now differs
from the actual stiffness HO"? because of the additional contribution HORFR® ~
HO®®) in Eq. (16) that is mainly because of the terms [R : F : R]in [Hs] ~ [h — R : F : R].

Because of the influence operators [F] whose terms are of the same magnitude as the

material elasticity moduli, the TFA is expected to result—for a fixed morphology—in the
largest and most substantial difference between effective and physical hardening. It is
through a maximal reduction of the difference ((Hx] — [A]), or (HOx — HO"*?)) that one can
hope to ensure the constraint of plastic homogeneity in the various sub-domains and thus
validate the use of the TFA.

Consequently, a good description of heterogeneous intra-crystalline plasticity must
satisfy [Hy] ~ [h], i.e. HORFRD ~ FoRFR) < o) Section 3 further comments on this,
prior to presenting a description which formally fulfills the TFA request of plastically
homogeneous sub-domains. The proposed description significantly reduces the value
HO™A ~ HORFR) compare to that of HO"? for heterogeneous crystals and for poly-
crystals.

3. Heterogeneous descriptions of intra-crystalline plasticity in the RSL-TFA framework

We introduce a heterogeneous description of crystal plasticity considering a self-
organization of multi-laminate nature for the slip activity. We point first at some specific
characteristics of intra-crystalline partitions into homogeneous sub-domains.

3.1. General features of the RSL-TFA framework for heterogeneous intra-crystalline
plasticity

Heterogeneous crystals which may exhibit sub-domains with different slip patterns can
be considered in a two-level extension of the (RSL)-(TFA) criterion of Eq. (10) of the form:

290D)

F= E:f)lE:fMU > <7mﬁﬁ)n

1 () gla(l)) Nte

1/n
) —1 |t =0. (20)

Eq. (20) has different possible meanings. The contribution sets a(/), related to a grain
type (1), can be seen either as sub-domains occupying volume fractions fy, or as different
possible flow solutions with occurrence probabilities f,;, or also as sub-groups of the N

12



slip systems (as for example the coplanar systems), to which possible different activity
“weights”, or volume fractions, f,, are assigned.

Under the first two assumptions, the number of the contribution sets «(/) in a grain is
freely defined while the number of the terms g(x([)) inside each set «([) is the slip system
number N. In that respect, the elementary sub-domains are crystal-like. Under the third
assumption of P sub-groups of slip systems, a(l)e(1, P), g(a(l))e(1,p = N/P), and the
elementary sets a(/) are sets of “crystal-unlike”” domains in the sense that all the N slip
systems are not identically able to activate in them. However, regardless of the
interpretation given to Eq. (20) and of the related morphology description, the
consideration of two heterogeneity levels in the (RSL-TFA) framework amounts to
modifying the stress localization and influence operators B/ and F” in the ARSS /) of

Eq. (6), as well as the related strain operators.
In the now heterogeneous domains (/), one has the effective stress o' =l§1 X4

_PJ ~PJ ~PJ . .
ijjg” e = gl : §+ZJI:U g, whereg = Zﬁ(hfﬁ(])lzfﬁ(") 1 £PPV) is the effective

plastic strain for the domain (J). This yields, in the sub-domain o(/):

O'OC(I) _ Ba([) : B[ . E+ZFIJ : EP‘,> i Zsz(I)[f(I) . apﬁ(l)
~ ~ S G -
=B X4y Fl e =g, (2la)
- - By N -

The operators B and F* b7 which substitute for the operators l}l and F” of Egs. (3) and
(6) read as

1 s"
Eiz — gfx(l) . ]21’ galﬁ/ - Fubr — ga(l) . gll . Efﬁ(J) +f—EW)ﬁ(1), fﬁ, :fJfﬁ(J)'

~ g~

~ Br~
(21b)

For elastically and plastically homogeneous grains, one has B*” = A*" =1, Va(1), and

F*ORD = p*DRD = 0, W(o(I), B(I)). Heterogeneous crystal plasticity with null or neglected

lattice disorientations corresponds to E“(”ﬁ(’);ég and D"‘(”W);ég, still with I}"‘(” =

A"D = 1.

A partition of each “phase” (/) into a number P of sub-domains where all the N slip
systems can operate will thus yield a (NP) set of operators Ij“” ) and a (NP x NP) matrix of

operators [F*DPD] A “crystal-unlike” partition into P identical sub-groups of p = N/P

identical slip systems as the coplanar system sets will accordingly correspond to a (pP) set
of operators l}“” ) made of P sub-groups of p identical operators, and to a (pP x pP) matrix

of operators [F*"#)] made of P x P blocs of p x p identical operators, as illustrated in

13



Egs. (22) for P =4 and p = 3:

(B0) = (B0, B0 B0, (LB, ), (B0, ) (LB, ), e

r Il i)

IOHD - plOID _plon GG Cplan
O RO . . L . L .

202D

00)) 1

(D)

L2l |2l
= 2=
[ 2=

)

[Exu)/f(l)} — {
|: E3(1‘)1(1)

(22b)
From Eq. (20), the overall hardening modulus HOy for the HESC is obtained by writing:

HOz(dXO) = ZZ ZZ Z Z g(a(”)k(ﬁ(f) d—k(ﬁ(l))d q(%U)))_ (23)

J o) B glaD)) k(BJ))

| 2=
| @ =g
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T 1

&

l. . .I
| —— |
| ——
|

In the effective hardening matrix [H ] of Eq. (23), as in Egs. (14), no particular choice of
physical hardening model can compensate for the contributions from the matrix
[R:F:R]. From now on, in order to formally ensure the TFA request of plastically

homogeneous sub-domains, we take HML structures to be the typical intra-crystalline
organizations of multi-planar slip (Franciosi and Berbenni, 2005, 2006). We first present
the HML structures that we consider in this study and we next examine them with regard
to resulting overall stiffness.

3.2. A hierarchical multi-laminate (HML) structure for intra-crystalline plastic slip

The investigated HML structures for intra-crystalline slip can be described as follows.

(1) Description of a HML intra-crystalline slip organization: The plastic strain is taken as
homogeneous in any domain where a single slip plane orientation (A) is currently active.
A second active slip plane orientation (B) is assumed to form a two-phase rank-one
laminate structure with (4), denoted A|(B). Similarly, a third slip plane orientation (C) is
assumed to form a second level of two-phase rank-one laminate structure with the
homogeneous equivalent medium (A4B) of level one. This results in a rank-two laminate
structure denoted by 4AB|(C) = A|B|(C). Successive laminations are thus repeated up to the
last slip plane orientation (P). Thus, P plane orientations form (P—1)-HML structures of
rank (P—1). For FCC crystals, P = 4 yields (3)-HML structures A|B|C|(D). As described,
the laminations are domains of incremental coplanar slip.

During each increment, a first “natural” assumption is that the successive laminations
are parallel to the different slip plane orientations, although, for compatibility reasons,
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Fig. 5. Scheme of an intra-crystalline (3)—HML structure for (a) the P/S/T/(Q) and (b) the S/T/Q(P) slip plane
hierarchy occurring at any point r in (c) the whole HESC, with p(a) and p(b) probabilities.

other orientations may be preferred, as Ortiz and Repetto (1999) thoroughly examined in
the case of FCC crystals. Another “natural” assumption is to choose the first laminate
orientation (A4) parallel to the Primary—i.e. most active—slip plane type (P), the secondary
laminate orientation (B) parallel to the Secondary active slip plane type (S), etc. When
P =4, this yields the P|S|T|(Q) hierarchy (with “7” for “Ternary” and “Q” for
“Quaternary’ active slip plane type), as illustrated in Fig. 5(a).

This lamination hierarchy can be expected to be generally the dominant one. However,
situations where several slip plane hierarchies are equivalent call for some weighted
superposition of the different hierarchy possibilities (i.e. the number P! of the slip plane
permutations) in terms of the respective occurrence probabilities.

We denote by I|J|K]...|(P) the hierarchy where the slip plane (/) defines the primary
laminate orientation (A4) but is not necessarily the Primary active slip plane type, where the
slip plane (J) defines the secondary laminate orientation (B) but is not necessarily the
Secondary active slip plane type, and so on. As an example, Fig. 5(b) displays for P = 4 the
hierarchy S|7Q|(P). The occurrence probability p!/I/1K--I(P) for the 1|J|K]|...|(P) hierarchy
can be expressed as

PpUVIKLA®) = p(p 1/ /K [T/T)

B p(J) p(K) = p(U)
_p(1)<1 —p(l)) (1—(p(1)+p(J))> o E 1—23_1‘;;(1/))’

(24a)
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where p(I) denotes the probability that plane (/) defines the primary laminate orientation
(A4), p(J/I) = p(Dp(J)/(1 — p(I)) stands for the conditional probability for plane (J) to
define the secondary laminate orientation (B) when plane (/) defines the primary one, etc.

Thus, at any point r of V as illustrated in Fig. 5(c), each of the possible HML structures
(h)e(1,P!) for slip organization can be found with probability p”’, the mean solution for
the plastic flow in V being obtained from their statistical average. In so doing, although
each individual HML organization yields a heterogeneous solution (%), the mean solution
can be considered as statistically uniform in the HESC. Finally, the probabilities p() can
be connected to the relative incremental slip activities on the planes (/). We here define
them as

Jall )
Yo" VPO
2@ 33 PO

These evolving probabilities account for incremental evolutions of the HML structures,
in terms of the plastic strain (and rotation) evolutions, even though the structures keep a
constant (P—1) rank.

(i) Constitutive equations for the HML organization of intra-crystalline slip: The
successive load increments are applied to the incrementally updated HESC. In the level-1
laminate structure A|(B), “‘phase” (B) is taken as the matrix phase, while “phase” (C) is
consecutively taken as the matrix phase in the level-2 laminate structure 4|B|(C), etc. At
each successive homogenization level, the newly added matrix phase can have a different
(differently oriented) elasticity tensor. Since all k-levels are two-phase laminates Q|(M), all
summations or mean values <.) involve only two terms J; = (£, M) at each level (k). This
yields the exact influence tensor at each level, and consequently yields an exact and unique
overall such tensor for each HML structure. The recurrent connection between the
successive levels (...,k—1,k,k+1,...) is that (omitting /) the average stress increment
(dgk,l) at level (k—1) defines that, dg,?, of the included phase at level (k). Thus, with

(deo p_1) = d X, the stress increments of the phases (J;) at level (k), read as, for ke (1, P—1)

p) = (24b)

P—1 ’ < pJ
dof=B/:BZ i |-:[BE cdE+ Y /TR ide |+
To
kl ! k ! — 24
DI LD ED WA LTt (250)
J! ~
k+l k

The P plastically homogeneous phases being the (P—1) matrix phases M, ke(1, P—1),
plus the included phase ©Q; at the first laminate level, one can write the intermediate
effective plastic strain increments as

dEII(J—JH:Zf(k)EH (ds”) :f(l»)grsz (dSII:J)_'_f(k)BtM ds
Tk

:fgc)lélrcﬂ; ( . (fg)gég<fg)§ﬁgid§fg +f$l)]§th:d§{’M)

+f G B A ) ) B e Y (25b)
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Egs. (25a, b) finally provide, for the plastically homogeneous “phases” =, 7" € (1, P), the
operators B" and F™ which characterize the (P—1)-HML structure presented here. These

operators relate the phase stress increments to the phase (homogeneous) plastic strain
increments according to

do" =B":dE+) [ F™ :de’. (26)

The operator sets (]NS”,E""/), n,n € (1,P), are a special case of the operator sets
(Ij“(”,E“mﬁ(D) for a grain or a crystal-like sub-domain (/) in Egs. (21). They are given in

Appendix B when P = 4 for general lamination volume fractions f,. From Eqgs. (25a, b),
the localization operators B" are products (B': ---: B? : B¥) of similar operators over k

successive lamination levels (1 <k<P—1). Accordingly, the influence operators F™ are
(P—1)-sums of mixed products (B':-..:B": (F) : ]}’i R ]5"/’), each mixed product
involving a single elementary influence operator F** that corresponds to that of the k levels

of the (P—1)-HML structure. The operators F™ of Eq. (26) will be examined in the next

section. Some key properties are first established under the assumption of preserved
homogeneous elasticity in the material (i.e. B* = I, Vrel). They are next shown to be valid

for aggregates of heterogeneous elasticity as well.

3.3. The particular characteristics of the considered HML structures

3.3.1. The form of the operators ™ for HML structures

From Eq. (26)—neglecting therwjterms [¢] and [@] given in Eq. (8b)—one can express the
ARSS increment on the slip system g(n) of the domain =« as

def™ = RY™ : d6™ = RY™ : B": dE+> > f, (RM (F Rk“’)) dy*™ . (27)
- ~ ' k(n') ~ ~ ~

Eq. (27) is valid regardless of the number of slip systems (whether it be one, a coplanar
set, or all) that are considered in each domain n. Now, in any (P—1)-HML structure
A|B|C|...|(P), the set of influence tensors, which contribute to the terms [l}:E:l}],

corresponds (Appendix B) to a set of “stress” Green operator integrals t %, n = 4, B,

C, ..., P—1 which are characteristic of the platelet-like laminate layers 4, B, C, ..., P—1.
Given slip-plane-oriented laminates, the resulting specific properties are

(1) A single platelet operator up to rotation for a given slip plane type: each platelet operator
t &, depends on the elasticity moduli C” of the matrix phase in the n-oriented layers. But

the lattice is identically oriented in all the platelet local frames when all platelets are
parallel to slip planes of a same type (like (11 1) planes in a FCC lattice). Therefore, all
the platelet operators involved are identical, up to a rotation, and can be denoted t .
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(i)

(iif)

(iv)

)

Platelet operator of isotropic-like elasticity: as long as one can assume isotropic
elasticity in the slip planes, the expression of the reference platelet operator is similar

. . .. P _ A B . A _
to that for fully isotropic elasticity, say t,,,, = ad, ,,(») + b, (w), with &, . (w) =
WjWpWpWy, 5fq/n(a)) = (Ajp0y@y)|(p.g)Gny and Where @) = sinfcos ¢, w, = sin0sin ¢,
w3 = cos 0 (Franciosi and Lormand, 2004), but with appropriate (a,b) coefficient
values.® Thus, in the platelet frame, the platelet strain Green operator t™ and its dual
stress operator t’ T = C—C: t" : C which appears in the tensors [F] (Appendix A) take

the non-zero forms reported in Table 1 (for ®"//x3 when 6 = 0, and using the 6 x 6
contracted matrix notation for the rank-four tensors in R>).
“Orthogonality”” property of platelet operators with Schmid tensors: in a slip-plane-

oriented laminate 7, the Schmid tensors RY™ for all coplanar systems in (r) take the
related vector form (0, 0,0, Rgg”), Rg’(l”) ,0) in the laminate frame where n/™ = (0,0, 1) and
my" = (m-‘f(”),mg(”) ,0). Consequently, RY™ : t'" = 0 and no product of the form RI™ :
tr: RK™) or RI™ t ¥ . R contributes to the terms RY™ : F™ : R¥™) characterizing
the HML structure from Eq. (27), i.e. in the HORFR® = HOTFA terms of Eq. (16). For
P = 4, the expression of these terms when the elasticity is homogeneous (B™ = I) can be

obtained from Table 2 which fully reports, in that case, the matrix of the stress influence
operators lj”“/ =f H,E’”‘/. It is noteworthy that slip systems having their slip direction

normal to a laminate plane (i.e. m™ = (0,0, 1), n9™ = (n“l’(”),ng(”),O)) also do not

contribute to the part HO™™ of the overall stiffness modulus:;.
Linear decomposition of the influence tensors into elementary operators: thanks to the

previous considerations, all the influence tensors E""/ =f n,E”‘/of any (P—1)-HML
structure A|B|C|...|(P) finally rearrange into linear combinations of the same set of
slip-plane-oriented platelet operators (t A t B t €,...) so that Ij““, = Zn,,qﬁzﬁ/g’ ™ The

last plane type (P) never contributes. But all the P plane types participate in turn since
all the (P!) plane permutations are taken into account with appropriate probabilities.

In this expression for lj“”/, not every coefficient ¢27f/ is positive, owing to the

dependency relations between the influence tensors that yield

S ¢ =0, Vre(,P), Vi'e(l,P-1),

n’'=1,P
S 19 =0, ¥o'e(l,P), ¥n'e(l,P—1). (28)
n=1,P

Generalization to heterogeneous elasticity: as far as elasticity heterogeneities
due solely to rotations are concerned, as is the case for heterogeneous crystals and

%(a, b) depends on the crystallographic type of the laminate plane and on the elasticity anisotropy of the
considered crystal.
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Table 1

The non zero parts of the dual platelet operators EP and t P as viewed from the platelet frame
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Table 2

The phase stress influence operators of the TFA, lj"”/ =f ",E”’ =Y

structure, in the homogeneous elasticity case (f’ ,3! =1-
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poly-crystals of a single crystalline phase, properties (i) and (ii) are maintained. For
property (iii), from the expressions l;ll

and f’JgIJ — El . (l 61J _f'JgIJ) — (l 51]

t/l . YI t/l

Ht]

t/l . Bll

t/l

—f B’) HJ for aggregates tredted in the

self-consistent scheme (Appendix A), all products of the form l}-"(”) (t i & t = ) or

(t/ Tf//

19

) & tw’"/) : R*™) also do not contribute to HOR'™® in Eq. (16). One also easily



verifies that Rg(”) H’Z H": R*™ = 0, since, as for t'™ in Table 1, the non-zero H;
terms of H” are for (i=1,2,6). For property (iv), a linear decomposition of the

influence operators still holds but only over the full set of elementary operators
H*,L™), n,n' = (4,B,C,...), with L™ =B": H" = H" : B"™.

3.3.2. Material stiffness resulting from the HML organization of intra-crystalline slip

The description of the HML structures reported in Section 3.2 does not specify in
detail how the different slip contributions of the = planes, me (1, P), stepwise interpenetrate
each other, or, in other words, how the plastic strain heterogeneity is spatially organized in

the material. Nevertheless, each possible slip plane hierarchy (4) = I|J|K]...|(L) among the
(hr"

nn’
heterogeneous plastic straining “‘mode”, with evolving occurrence probability p® from
Eq. (24a).

The statistical average of all these possible HML plastic straining modes provides a

P! ones that yield a specific coefficient matrix ¢ is a potential incremental

mean coefficient matrix (¢7,) = 31" p®$""" for the elementary influence operators t "~

nn’
Under the assumption of isotropic elasticity, the terms of the resulting matrix of mean
influence operators thus simply read (lj‘””/) => i P((z’) )t”r All P slip-plane-oriented

platelet operators are involved in that expression through the contributions of all P! plane
permutations. Finally, although the individual HML structures have been built assuming
spatially separated incremental slip plane activities, the mean solution obtained by
superposition of the individual ones can be considered as spatially homogeneous from an
ergodicity condition. This superposition also allows us to disregard length-scale and other
compatibility restrictions on the multi-laminate structures.

The P-heterogeneous partition of the crystal that results from this (HML) modeling
finally corresponds to assuming P sub-domain types whose relative volume fractions are
step-wise defined from Eq. (24b) as f, = p(I = n), and within which all P slip planes are
accounted for. The superposition of the P! different solutions from each possible (P—1)-
HML organization of slip amounts to coupling the corresponding P! heterogeneous intra-
crystalline plastic strain “modes”. In that respect, the proposed (HML) modeling can be
seen as a special case, for crystalline plasticity, of the coupled non-uniform TFA (NTFA)
proposed by Michel and Suquet (2003, 2004) for general non-linear elastic-plastic
materials. This NTFA has been shown to remove the over-stiffness due to the TFA by a
relevant choice of plastic modes, as the (TFA-HML) modeling does here. Thanks to
the HML structure attributed to slip, the resulting expression for HO™ ~ HO®RFR) from

Eq. (16), denoted HO™FAHML then reads as

HOTFA-HML _ ZZ Z PognRgn. n” Rkn PO )] <¢nn>

" mwn gmkn

gnkn'

using ( F7I7I =fu F”” = En/,<(/>27f/>t; ™ according to Appendix B.
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Since the mean weight matrix (¢7 ) obeys Eq. (28) for all the terms n” separately, this
incremental contribution of the TFA to the crystal stiffness globally vanishes in any symmetric

situation where the scalar terms POY"RY" @ R*™ PO*™ are identical for symmetric sets of planes.

This “symmetry property” is not specific to the HML structures since it does not depend on the
type of the influence operator. But, in the present case of (HML) intra-crystalline structures, the
stiffness term given by Eq. (29) can globally vanish even in the absence of such a symmetry if all
the products of the form PO-""(d)g;;,)POk”/ (no summations over repeated indices) where
7" #(n, ') are weak enough to have a total negligible contribution to HOTF4-HML Note that
these individual contributions are not zero because of the orthogonality property. This is nearly
achieved for the slip planes hierarchies considered here, whose non-vanishing terms dominantly
correspond to the slip planes of weak incremental activity. Therefore, when such a HML
structure is considered to describe a heterogeneous intra-crystalline plasticity, no or little
material over-stiffness comes from the TFA framework.

Consequently, for either an initial mosaic or a strain-induced -crystallographic
heterogeneity, a homogenization procedure using the (TFA-HML) scheme proves
consistent with the assumption that HOy ~ HO"% (i.e. [Hy] ~ [h]) when matching [H]
to experimental crystal hardening. Furthermore, this analysis of intra-crystalline plasticity
in terms of HML structures for the slip organization indicates an application method of
the (TFA-HML) scheme to polycrystalline structures.

3.4. Application of the (HML) modeling to poly-crystal plasticity description

Let us consider aggregates of homogeneous isotropic elasticity for simplicity sake. The
most straightforward extension of the (TFA-HML) scheme to a polycrystal is a direct
application of Eq. (29) to its HESC, with a double summation running over all pairs of slip
planes of all grains. But such a treatment of all slip planes at the same heterogeneity level
results in a total loss of grain shape effects. When conversely preserving the two distinct
heterogeneity levels that characterize aggregates of heterogeneous grains, the influence
operators from Egs. (21a) and (21b) enable us to extend HOTFAHML from HORFR) jp
Eq. (16) as follows:

HOTFA-HML _ Z( PoID) <R.c/(a(1)) I Rk(ﬂ(J))>TDOk(ﬁ(J))>
7 - ~ -

(DB gD KB
_ Z Z Z POIEDIRIGD) g REE() POk(n’(J»))
IJ w7 () gDk (J)) - -
ot ,
" (f S n([)f i 7(J) (EU + TEH(Dn (J)> > . (30)
~ J ~

The indices («, ) are changed into (m, ') to represent an intra-crystalline P-partition
“built from” the P slip planes of the grain (/) according to the previously defined mean

HML structure. Accordingly, P0Y®") = £ ,f n(,)POQ("(I)) =f mPO”(””)). The intra-granular
operators f n/(])E"(I)n/(D = (! ) ™I which result from the (HML) scheme, as given

in Eq. (29), are different P x P matrices of FrO7 M operators for each grain (/).
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On the contrary, all grains of an aggregate are described by a unique ‘‘shape” operator,
generally of ellipsoidal symmetry, tN’G, in such a way that one obtains F”/ = (1 — (3”/]'J)tN/G

in Eq. (30), from Eq. (A.10) and from the following ones in Appendix A. The TFA over-
stiffness for an aggregate of homogeneous grains then results from the non-vanishing

tensor products (R @ RV ) t @ that we now examine. Making use of the Inverse

Radon transform of the Green operators (Franciosi and Lormand, 2004), one can write
t ¢ = fQ ng)g “dw, which is a continuously weighted linear decomposition of t % on the

platelet operators t ® of w-oriented normal in R>.

This decomposition, with dw = sin 6 df d¢ running over the Q unit sphere, and which is
such that [, ‘P(Gw) do =1 and lI’(Gw)>0, enables us to establish that the tensor products

(?Og(””))Rg(“(”)®Rk(”/“))?0k(“/(1))) ::tN’G partly vanish because of the orthogonality

property pointed out in Section 3.3.1. In particular, the contributions involving the
platelets that are parallel to slip planes of dominant activity are eliminated, as well
as the contributions from platelets that are perpendicular to slip directions. This
implies that a relevant extension of the (HML) scheme to poly-crystals consists in part in

replacing the continuous decomposition t % by a discrete one t @ which only retains the

operators of the platelets oriented parallel to the slip planes in the aggregate, their
summation being weighted in a manner such as to take into account both the
relative plastic activities of the slip plane types, and the shape effect of the grains. This
set could be complemented, if necessary and under conditions that remain to be specified,
by the operators of the platelets which are orthogonal to slip directions,’ but those are
ignored here.

For example, let us take

G I
PRD V) SRIVEIS ST

tY =
13 G
~ > IZn(I)f «n )

instead of t/ % in the two-level (HML) scheme defined by Eq. (30). Apart from the effects of
relative gr;in concentrations and of relative slip activities through the f; and f, values,
respectively, the grain shape (and shape change) effect is preserved in g % through the
retained part (Y/f(,)) of the grain shape characteristic function (Y’(Gw)).

When intra-crystalline heterogeneities are disregarded, substituting g @ for g % isalso a

convenient extension of the TFA-HML approach to polycrystalline aggregates of
homogeneous grains. It is noteworthy that such a t @ operator is implicitly representative

of some mean HML organization of slip for the poly-crystal or its HESC.

"Laminates being plastically homogeneous everywhere except in small layers near their boundaries, the
arrangement of these platelets with regard to the slip systems are consistent with low energy dislocation planar
arrays as “‘carpets” and as “walls”, respectively in slip planes and normal to them (Kulhmann-Wilsdorf, 2002).
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4. Simulation examples comparing the (TFA) and (TFA-HML) modeling

For simplicity sake, we consider cases of bi-crystalline aggregates with grain volume
fractions f, f>, and with each grain type (/) possibly supporting one initial disorientation
(or CRSS heterogeneity) between two types of sub-domains with volume fractions f,
Jfo- Only two non-coplanar slip systems can contribute to the plastic strain in each
domain type (N = P =2, p = 1). At most, this corresponds, with reference to Fig. 1, to a
four-domain structure involving eight differently active slip planes. That structure will be
called the ““‘mosaic bi-crystal” for short. Particular sub-cases are the “‘bi-crystal” (no sub-
domains in the grains), the (single) “‘mosaic crystal”” and the (single) crystal.

The bi-crystal and the mosaic crystal are highly textured aggregates exhibiting only two
different lattice orientations. The domains have congruent ellipsoidal shapes and fixed
volume fractions for the bi-crystal, while they are of laminate type with slip-dependent
volume fractions for mosaic crystals. For each sub-domain «(/), the two (P! = 2) permitted
(1)-HML structures correspond to laminates that are parallel either to the Primary or to
the Secondary slip plane. They correspond to the hierarchies P|(S),; and S|(P),;, according
to previously introduced notation.

Egs. (24) provides their occurrence probabilities,

Pon(ozl)
p(al) = frur) = W’

and the intra-crystalline influence operators read as f,,F"C) =)

for n = (P,S) = (1,2),

~r(od)

’ " ~r(ad . ~rl(al
(d)zglcz% (ocl)>gn (@) _ . — 57{”/)“[3(% )’ with i r1(al)

~r2(al)
=f1(a1)£ +f2(od)£
’t\iG — L/SPH

= (1/4n) [, t“dw. In the HML

. For spherical
domains or sub-domains, one can write

modeling, the sphere operator ftfspH will be replaced by E/(SPH) =212l

, ~(od - .
Zn(mfnw)i’“(“” = Z[lealfocIE/(x " for the mosaic bi-crystal. In the bi-crystal case, the

. . . ~r(D)
summation over o vanishes and y(SPH) = Z,flzn(,}fn(,)y”(” = Z,f,f , so that the 4 x

4 matrix of the (TFA-HML) influence operators F*/*”/ =fif vE M7/ takes the form

~TFA-HML
[ _fl(lleS(SPH) | [ _fZ(I)fZ£(SPH) - /(SPH) 7 r, - /(SPH) ]
. . S/t S22
f t/(l) +f t/(l) ~ ~
we ]| el IR B R
(SPH)T T /(SPH SPH)] T SPH
R ATVEL P a2t SPD f1(2)f2g( ) f1(2)f2£( )
+f {/(1) r f/(l) +0 +0
1) ¢ g h -
FnIﬂ’J — - - _ ~
¥ - /(SPH - /(SPH >
~TFA-HML - o _f1(2)flg( ) _f2(2)flg( )
/(SPH) /(SPH)
fl(l)fli .fZ(I)/IL :| N NS
—f20)t +/20t
+0 +0 @ @
SPH)T T SPH SPH)Y] [ SPH
fl(])f]g( ) fz(l)flg( )} _fl(Z)f]g( ) —fz(zflg( )
+0 +0 ) ~1(2)
+f 1t -/ 1ot
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with ZH,J}NT“I“,J =0 and Z,anf,fn(,)lj‘“h/] =0, since fy +fop =1 for I=1,2. In
comparison, the related 2 x 2 matrix of the (TFA) influence operators reads as

/SPH /SPH
=/t St
Fnln’] _ ~ ~

~TFA _f] t/SPH _fl t/SPH

The intra-crystalline contributions in the (HML) scheme only concern the 2 x2
diagonal blocs in Eq. (31). A 4 x 4 matrix similar to Eq. (31) also holds for a mosaic
crystal, with

(i) the summation over (/) vanishing instead of that over «;
(i) t'SPH) replaced by t/(G) Do 0D n) 7T(%)t/”(") >SS t @ (no grain-like domain
shape); and
(i) the volume fractions f, a function of the relative slip amplitudes.®

The case of a mosaic bi-crystal results in a 8 x 8 matrix of operators that is obtained
from two diagonal blocs of 4 x 4 dimension like that given in Eq. (31), and complemented
by two 4 x 4 off-diagonal blocs for the inter-granular interactions.

In both cases represented by the 4 x 4 matrix of Eq. (31), the summation over the 2*
operators that yields HO™™A" ™ML from Eq. (30) rearranges so that, with P0” = fUPOU
and with E’(') standing for either E’(SPH) or i’(G),

HOTATME — .6 (PO R™ + PO*' R*') — (PO'*R'> 4+ PO R))
®((P0"'R" + PO’ R — (PO R + PO7R?))) :: ¢
— S (POURY — POY R @ (PO' R — PO* R2)) =
— [of 12/ 22 ((POPR*? — PO*R?) @ (PO*R* — PO"*R"?)) =: t
(32a)

If the terms P0” do not carry any heterogeneity, whether it may come from

disorientations or from CRSS heterogeneities within grains and between grains, then

A1)~
HOTFAHML — o yy/0), t/() @ as expected for a homogeneous crystal. The modulus

HOTFAHML §q 4150 zero for two crystals in situations that are symmetric with regard to the

applied loading.

Now, in general, one slip plane dominates in each sub-domain, then in each grain, and
finally in the bi-crystal. Let us for example take in Eq. (32a) the term (17) (resp. (1a)) as
dominant in each grain (/) of a bi-crystal (resp. in each sub-domain o of a mosaic crystal),
and the term (11) in grain or sub-domain (1) as dominating the term (12) in grain or sub-
domain (2) so that ', <f,, while P0'><P0'". One thus obtains

_ — = 12
HOTFA-HML ~f1f (POIIRII ® PollRll) . (flleg ) ~ 0, (32b)
1(x) 2(o)
%We have here used f, = P01(1)+sz( iﬁgl:z)wo’m resp. f o V1.
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Table 3
The grain and sub-grain slip system orientations used in the numerical simulations

Crystal 0Cx1,m1) d(x1,m) 0(x1,m2) d(x1,mo)

Al 0.81n 0.817+0.57 0.47666666667 0.47666666661—0.57
A 0.8 0.87+0.57 0.46666666667 0.4666666666m—0.57
A2 0.797 0.797+0.5n 0.45666666667 0.45666666661—0.57
Bl 0.76m 0.76n+0.57 0.4266666666T 0.42666666661—0.57
B 0.75n 0.757+0.57 0.41666666667 0.41666666661—0.57
B2 0.74n 0.74n+ 0.57 0.40666666667 0.40666666667—0.51
S 2n/3 2n/3+0.57 n/3 n/3—0.57

because f1f 1,/ 5(PO'' R @ PO''R') :: (f'ng“) =f2f 12/ (PO R @ PO*R") :: (flzglz)

= 0. It is then analytically verified from a simple example that the stiffness contributions
which do not totally cancel or compensate each other are those of minor importance.
Fig. 6(a) and (b) report tensile stress—strain curves (X, E) obtained for the mosaic bi-
crystal structures considered here, under the mixed loading conditions dE;; = de,
dX; =0, Vij#11. The prescribed strain axis is x1 and, as in Fig. 1, all slip planes contain
the x3-axis while all their slip directions are in the x1—x2 plane. The considered slip system
orientations are specified in Table 3 through the angles of the slip direction and of the slip
plane normal to the x1-axis (07!) = (x1, 09D $9*D) = (x1, m9™D)). For all domains,

a zero total rotation is assumed, i.e. dmzl(l) = —dmgél). Since the rotation vector is along
the x5 frame direction, one obtains d(i)gzl) = (0,0, (dy*™) — dy!@)/2) The slip system
orientations are step-wise updated using dn?*") = d ;) An/"D (resp. dm/D). All
performed simulations, which do not aim at matching experimental data, make use of a

local, non-linear and non-convex physical hardening law of the form (for g = 1, 2).

(a — (a— 1)%) + eyMax 4 (I — yMax
td + X

ded =Y Wyt =" 2ho(1 - R) )M,
k k

(33)
with in each domain, I' = >, y%, yM& = max(y¥),

0, for (tc) <tos,

R= ((TJ—T()H)’ if (tc) € (tor,7Ts)-

Ts — Toll

In the hardening law of Eq. (33), the coefficient a>1 introduces an initial hardening
anisotropy which decreases slowly during single slip (I' = yM#) and faster when multiple
slip operates (I'>yM®), according respectively to the cxa and to the ¢> a coefficient. The
single crystal reference curves in Fig. 6(a) and (b) typically exhibit a first single slip stage (I)
followed by a stiffer double slip stage (II), as in FCC crystals but not only in those. This
results in a concave behavior. The “recovery function” R then progressively reduces the
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Fig. 6. Simulated stress—strain curves for bi-crystals using the (RSL-TFA) and (RSL-TFA-HML) modeling for
(a) A1 and A2 closely oriented grains and (b) 4 and B grains.

Table 4

The elasticity and hardening parameter values which are used for the numerical simulations (Eq. (33))
Elasticity and yield u=30GPa v=03 70 = 2MPa 7.0l = 35MPa 7, = 45Mpa
Hardening hy =48 A=4 c=2 q =900 n=20

u and v are respectively the elastic shear modulus and the Poisson’s ratio.

stage-II hardening according to a Voce-type law, with (t.) = Z,f,Zodfa,Zg(“,)fg(a,)rg(“’)
as reference CRSS value; note that stage III, and subsequent stages (Franciosi, 1994), are
ignored. The values given to the elasticity and hardening moduli in the reported
simulations are collected in Table 4.

Fig. 6(a) reports a comparison of the stress—strain curves that result from the (RSL-
TFA) and the (RSL-TFA-HML) modeling for a bi-crystal (41U A2) with
(f 41 =f 4o =0.5). This bi-crystal is made of two closely oriented grain types (A1) and
(A42), with crystal (A42) stiffer than crystal (A1) since it is closer to a symmetric orientation
(S). The mean orientation of crystal (42) corresponds to that of a (A4) crystal. The bi-
crystal (41 U A2) is therefore a heterogeneous description of crystal (4). The figure also
reports a stress—strain curve obtained from the (RSL-TFA-HML) modeling for the mosaic
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crystal {4} = {41 U A2}, which is not a heterogeneous representation of crystal (4) since
the sub-domains have unequal and evolving volume fractions

(1 _ L) _ PO @) + PO*M) 0)
far(e)  POM2(e) + POP2(g) '

Fig. 6(b) corresponds to similar plots for a bi-crystal (4 U B) with (f , = f 5 = 0.5), made
of two highly disoriented grains (4) and (B), with crystal (B) stiffer than crystal (A4) since it
is closer to the symmetric orientation (S). The orientations of the (4) and (B) crystals are
too different to be regarded as components of a mosaic crystal {4 U B}, but, considering
two mosaic crystals {4} = {41 U A2}, and {B} = {B1 U B2}, a plot of the (RSL-TFA-
HML) behavior estimate for the mosaic bi-crystal ({4} U {B}) is also reported.

On both figures, it is first seen that, compared to the individual behaviors of the
constitutive phases (i.e. crystal pairs ((41), (42)) and ((4), (B)), respectively), the (RSL-
TFA) estimate for the stiffness of the corresponding bi-crystal is stiffer than the stiffest
constitutive phase, while that obtained from the (RSL-TFA-HML) scheme well is of
intermediate value. The (RSL-TFA-HML) estimate for the stiffness of the mosaic crystal
{A} = {A1U A2} in Fig. 6(a) is also between the estimates for the stiffness of the
constitutive two phases, but this is a case for which the (RSL-TFA) modeling does not
provide a direct comparison. The (RSL-TFA-HML) estimate for the stiffness of the
mosaic crystal {4} is greater than that of the bi-crystal (41 U 42) but it also remains
between the stiffness of the crystals (41) and (A42), although it approaches the stiffness of
crystal (42) with the increase of the volume fraction f.

In Fig. 6(b), the plot of the (RSL-TFA-HML) estimate for the stiffness of the mosaic bi-
crystal ({4} U {B}) appears stiffer than that for the bi-crystal (4UB) and approaches that
for the bi-crystal (42UB2) since the estimate for the stiffness of the mosaic crystal {4}
(resp. {B}) approaches that of the crystal (42) (resp. (B2)). Fig. 7(a) and (7b), respectively
present a zoom of Fig. 6(a) and 6(b), with further comments including some ‘““bound”
considerations. In Fig. 7(a), the comparison of the stiffness of crystal (4) with the (RSL-
TFA-HML) estimate for the stiffness of the bi-crystal (41U A42), of same mean
orientation, is a measure of the difference (H0sx — H0"®) between a homogeneous and
a heterogeneous crystal data analysis. That difference is close to zero as expected for a
validation of the proposed (HML) modeling for application to intra-crystalline plasticity.

Stress—strain curves that have been estimated under the assumption of uniform total
axial strain (denoted by (L)), are reported in Fig. 7(a) in the case of the bi-crystal
(A1 U A2), and in Fig. 7(b) in the case of both bi-crystals (4 U B) and (42 U B2). The (L)
estimate for the bi-crystal (42 U B2) is an overvalued approximation of the (L) estimate for
the mosaic bi-crystal ({4} U {B}), the latter being unknown. This (L) estimate is a close
approximation of the Lin-Taylor estimate,” which is a Ist order upper bound for elastic-
plastic behavior laws that derive from a convex plastic potential (Ponte-Castaneda
and Suquet, 1998). Here, although the behavior law is concave (see Eq. (33)), all the
(RSL-TFA-HML) estimates for the bi-crystals (41 U 42), (4 U B) and (42 U B2) seem to
be below their related (L) estimate.

These comparisons are sufficient to establish that the proposed (RSL-TFA-HML)
scheme for poly-crystal plasticity is noticeably more correct than that obtained by the

°The plastic strain is zero in the x3 direction such that dEy ~ dE§2 = —dEf] ~ —dE;, but dEzL2 = —y dElLl.
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Fig. 7. Zoom of Fig. 6 comparing different (TFA-HML) estimates of single and bi-crystals, and (TFA-HML)
estimates with (L)-estimates for (a) (41UA2), and (b) (AUB) and (42UB2) bi-crystals.

(RSL-TFA) as far as stiffness estimates are concerned. Slip-induced disorientations in
perfect crystals can also be initiated, as we have verified, by introducing a slight
heterogeneity between the initial CRSSs r”(l) of the sub-domains. But further evolutions
intimately involve the type of hardenmg law and will not be commented upon here.
Clearly, the orthogonality property between the laminate operators and the slip system
Schmid tensors in the HML slip structures makes the over-stiffness due to TFA mostly
vanish, if an appropriate superposition of the elementary solutions is performed. Taking
the RSL as flow condition, this result agrees with the coupled non-uniform TFA (NTFA)
of Michel and Suquet (2004) which also called for “orthogonal’ plastic modes to lower the
stiffness excess from the TFA.

The consideration of HESCs to represent poly-crystals legitimates the use of both the RSL
as flow criterion and the HML structure as slip organization for aggregate plasticity. But it is
noteworthy that the proposed (HML) scheme for slip also appears relevant for describing
polycrystal plasticity within the TFA framework independently of the chosen flow criterion.

5. Conclusion

Stress and strain heterogeneities in heterogeneous crystals and in polycrystals have been
taken into account in using the transformation field analysis (TFA) as homogenization
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framework, coupled with an extension of the crystal regularized Schmid law (RSL) as
plastic flow criterion. The intra-crystalline slip activity is described as organized into multi-
laminate structures. It has been demonstrated that laminate layers either parallel to slip
planes or perpendicular to slip directions do not contribute to the over-stiffness caused by
the TFA. Hence, we have considered hierarchical multi-laminate (HML) structures where
each successive lamination is parallel to a different slip plane orientation. Through a
careful accounting of all possible slip planes hierarchies as heterogeneous plastic strain
modes, we have shown that, for an appropriately weighted superposition of all modes with
regard to relative slip plane activities, most of the over-stiffness due to the TFA vanishes.
A relevant extension to poly-crystals of this (RSL-TFA-HML) modeling has been
proposed and numerically illustrated.
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Appendix A. The stress operators in the TFA applied to aggregates

Let o' be an elastic (ellipsoidal) heterogeneity with moduli 91 supporting uniform
eigenstrains £°/ in an infinite elastic matrix with moduli gM possibly supporting uniform
eigenstrains ™ as well. In the TFA, £/ is a plastic strain tensor €. The (uniform) strain

solution &’ in v/ (Eshelby, 1957) satisfies

g1 _ g/ : (sI _ 801) _ g/ : (AEI _AEoI> _ gMI : AE[ — (A.1)

Applying the uniform strain tensor E from infinity yields Ae’ = AE —i—i’ : p* in terms of

polarization stresses p*/, where A g = (¢ —g°™) and EI is the (uniform) modified Green

operator integral over I. For volume fractions f; of several inclusion types indexed by (1),
with ) ,f; =1 —f),, one obtains a system of linear equations that involves the spatial
distribution of inclusions. Assume ellipsoidal symmetry for the distribution of inclusion
pairs. Then

Ag! =AIE—LD:<p*>+LI:p*1, (A.2)

where ED is the characteristic Green operator integral (Ponte-Castaneda and Willis, 1995)
and “{.>” denotes Y_,f;(./). Eliminating Ag’ from Egs. (A.1) and (A.2) yields, with
ACM/T = cM _ .

-1
p! = (1 —ACM/T: 3’) : (AgM/’ : (AINE—ED : <p*>> +C: As”’). (A3)
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Solving first Eq. (A.3) for (p*), then for each stress tensor p*/, we get
J
p=q": AE—}-Zr” : Ag/ <p*> = <q> : AE—i—Z <r> :Ae? (A.4)
~ ~ ~ 7 ~ ~ ~ ~ ~ 7 ~ ~

-1
Ae! = (AgM/I) : <p*1 -c: As"’) —A:AE+Y /DY As”. (A.52)
~ ~ ~ ~ ~ 7 ~ ~

1

o :gl: ((él: <§eff:Z+AE”) + g fJQ”:Aa"J> —Aa"’)
~ ~ ~ ZTOT 3 e i
:13’;>:+§ fEY Ag? (A.5b)
S b

Taking as effective eigenstrains AE® = ZJfJ]E’J : Ag® (see Levin, 1967), one can write
f‘]gl‘l — g[ . (f'JQIJ _ £511> + g[ . él :f"]gl‘] — EI&]J _f.J’IgIJ' (A6)

Next, with II:((AQM/I)_I _ EI)_lsISIZII . (AgM/I)—l — I+II . ,EI’ ,EI . ISI — ISII . EI
in Eq. (A.3):

p¥ :1‘1: (l—f-iD : <’£>)71 : (AE—tD : <K:C:A£">) +I§I : g’:AE‘”,

=t (! o —q': szJ) KT tP <I—<"> ‘ ED) K (AT

Then, from Eq. (A.7) in Eq. (A.6), with A’ = K7 : (I +t?: (T))"" and B' = C' : A" : ST,
we obtain

fJEU — g[ . (fJDIJ _ 151]) + g] . él :fjl}t.l

zg[:<£1:51:g1_1>5lj_g1:él:(gtJ_ED:KJ:CJ)’

which gives, after some algebra and noticing that ISJ : QJ equals (I +(T) : gD) : geff : l}” :

w=((e-@)) @)



This solution includes the self-consistent scheme for aggregates, when f,, — 0, all
inclusions are congruent (t’ = ti VI) and in a shape-homothetic distribution tD = t', and

with gff replacing g Since (T) = 0, then N = t' and X = ceff ceff th ceff = t” (the
dual stress Green operator to L’), while from Eq. (A.8a) I;I’ C’ AI (I Ceff) =
—BI : Ceﬁ (1 —ti : Ceﬁ) = —131 it = I;I’I =—t": 13’1. This  yields L” BI t” :
13” H’ B” B’ Hf and ﬁ;auy f,g” _ 131 :(1 o — f,g”) = 5” —f, Bf) H’

Further manipulations of I;II yield Dvorak’s result (1992):

fE = (Bz 1) : (§1 _§eﬂ“>_l : (yu _flgu>; s’ = (g1)_1’ S — (geﬂ“)_l
(A9)

With (A§eff/ H=l = (§eﬂ' - §1 )~! related to (Ageff/ =1 in the same manner as E’i is related

to t/, H' is given by
-1
H = _! (I Seft (Aseﬂ/l) 1) : (t/i_ (Aseff/1>_l) = gyl g

where

~ ~ ~ ~

Y =Y = (t” — " AST t”)_l.

In the presence of a matrix phase, (6) + f,,6™ = X and the operators F/ are connected
through Eq. (A.5b) which becomes ),/ JEJI +/ v EMI = 0, VI. Homogeneous elasticity gM
yields é’ = B’ I and T’ = 0. But T’ (ACM/I) 1 =(1- CM/’ :t/)™' = I Thus,

H' =CY: ' M - =

—t"
sz_g CitP M -V =t V). (A.11)

If furthermore t” =t/ =t’, VI, then f,E” =(1 —f,)EM, f,E” =—f; EIM, with

FM t” VI, J. For any two-phase material (1, M), the 2 x 2 terms of the matrix [_] of
1nﬂuence operators are also proportional to the same FM# — E” since
o/ B/ : L =¢ — B : £ =0 when £’/ = £°™. Thus, from Eq. (A.9):

-1

B = g (B 1) (5 -87) = (#-8) (5 ")
~ M'\‘ ~. ~ ~ ~ ~ ~ ~
=5 (8 1): (s -8) a1
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Similar relations hold for the matrix [D] in Egs. (A.5), replacing E ¥ with DM = t i gM and

(B,S) with (A, C). The related column matrix of stress tensors reads as

N F)EY —(au)EN \ /s

o | =\ BY | EY —(—p ) EY (1—fy)FM

L Q

)

! also holds for the self-consistent modeling of

This expression for the stress tensor ¢
an aggregate, seen as a two-phase (gl ,(Nfeff) inclusion/matrix structure for each grain
type separately. The self-consistent approximation (I —ljl ): (§1 — §eff)_l = ]~3[ : g’i =

l}l : gerf (I- y : gefr ) yields Kréner’s elastic accommodation (Kroner, 1961), namely

~ ~

~ ~ ~ ~

-1
: (sPI—EP).

Appendix B. Elasticity moduli and local stresses in a (3)-HML crystal structure

g’:]j’;)g_c’;é’ : (l—ti:Ceff) : (apl—lwlp)

Consider P = 4 slip plane orientations in a crystal of volume V, denoted by 4, B, C, D
according to their hierarchy A4|B|C|(D) in a (3)-HML structure. They are assumed to
occupy distinct volume fractions F, ' of V, and to possibly have different elasticity moduli

C", n = A4, B, C, D, because of lattice disorientations. We denote by Ag“/ ™ the difference
(C" - g“,), by t™ the modified Green operator integral for the n-oriented laminate layers,

and by F” the operators F  of Egs. (A.12) and (A.13) in Appendix A. Note that there is no

need to keep the subscript i. With the planes (A4) defining the first lamination orientation,
and with the second phase of (B) planes taken as matrix, the effective elasticity tensor for

this first lamination level reads as QAB:QB —fA((AgB/A)_1 —fBEA)_], where

fi=F4/(Fsi+ Fp)=1—fp Next, for a second lamination orientation (B) and upon
taking the third phase of (C) planes as the level-2 matrix in which the (4B) homogeneous
equivalent medium is embedded, one obtains

-1
-1 -1
B¢ = gc —fun (AgC/B +f, ((AEB/A) _fgiA) > —chB ;

~

where [ s =(F4+ Fp)/(F4s+ Fg+ Fc)=1—f,. A third lamination orientation (C)
for a fourth matrix phase of (D) planes in which the (4BC) medium is embedded yields in

turn:
. -\ N\ B
gABCD _ go —Fane ( (AQD/C + (fAB ((AgC/B +/, ((ASB/A) ! —fB£A> ) —fcig) )) —fugc) ,
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as C3 amLs With [ pe = F4+ Fp+ Fc=1—fp =1— Fp. The related stress increments
in the 4, B, C, D phases read as

dg(A) _ BA : dg(AB) i (fB)EA : (dEP(A) _ dEP(B))’
do® = l}B s de“B — (1 —fB)EA : (daP(A) - dsP(B)),
B : (dEP(AB) _ dsP(C)>,

PABC) de P(D))

dg_(C) — l}C . dg_(ABC) _ (1 _fC)

de

/—\ Q|

de'” =B” :dE—(1—fp)E":
with

dO_(AB) _BAB dG(ABC)+ (fe )FB (dEPAB) dsP(C))’

de1BO — ]}ABC : dZ+(fD)E (dAP(ABC) ng(D)) and
dEP(AB) ZfBEtB . ng(B) + (1 _fB)BtA . dSP(A),
—P(ABC)
de =(1 _fc)]ngB : (fBEZB : dEP(B) +(1 _fB)EtA : dEP(A)) +fc§lc : dEP(C)_

Connecting the stress increments de'™ to the plastic strain increments de”™) yields the

operators ]3“ and g""/ for the (3)-HML intra-crystalline structure A|B|C|(D), i.e. the
operators ]3"(1) andwg‘“(l)ﬁ(l) that enter Eq. (21) for a domain (/). Each operator g“”/, n
n=A4,B,C,D, take; the form of a linear combination of the g"” operators, with nN” =A,
B, C. For homogeneous elasticity, 13" = l yields g“// =— L’”N (Appendix A). The operators

/ / . .
=3 ,,qﬁﬁﬁ _" =—Y . —¢m t'" are given in Table 2.
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