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Foreword

These notes correspond to a lecture given by Sylvain Ervedoza within the LIAFSMA Inter-
national Graduate School in Applied Maths 2021, and are strongly inspired by some lectures
taught in 2013 in the master program of Université Paul Sabatier, Toulouse, France.

These lecture notes aim at presenting some insights on the derivation of Carleman esti-
mates and their use in some specific applications, using a self-contained approach requiring
only the knowledge of basic theory for elliptic PDE and Fourier transforms.

Of course, we are fully aware that this approach will not allow to reach the many results
that have been derived in the extensive literature on Carleman estimates, for which we refer
to more advanced textbooks, such as the excellent books [27], [30], [12], [3], among many
others.

Still, we believe that our approach offers new perspectives on Carleman estimates and
underlines the reasons why they work in a somewhat pedestrian manner. In fact, this
methodology is closely related to the ones in [6], [15], among others.



Chapter 0

Prerequisites

This chapter gathers several results which we will assume to be known next.

0.1 Functional spaces

0.1.1 Lebesgue spaces

We assume that the reader is familiar with measurable functions, integrable functions, and
more specifically to the Lebesgue space L'(2) for Q an (non-empty) open set of RY, d €

N\ {0}.

The Lebesgue spaces are then defined as follows:

Definition 0.1 (Lebesgue spaces). Let 0 an (non-empty) open set of RY, d € N\ {0} and
p € [1,00). We set

LP(Q) = {f : Q — C, measurable, with |f|? € L*(Q)},
L>(Q) ={f: Q — C, measurable,
such that there exists a constant C' such that a.e. |f| < C},

and

1/p
I larie = ([ 1717 de) . 1flmoy = inf(C > 0 such that ] < € )
Q
The study of these Lebesgue spaces is classical and can be found for instance in [B]
Chapter 4], where the following results are proved:

Proposition 0.2 (Banach spaces). For allp € [1,00], the Lebesgue space LP()) is a Banach
space when endowed with the norm || - || r(q)-

Proposition 0.3 (Duality). For all p € (1,00), the space (LP(Q)) of all continuous linear
forms on LP(QY) can be identified with LP (Q), with p' given by

We also present some useful estimates:



Proposition 0.4 (Holder’s inequality). Let p, q, r € [1,00]® such that

1,11
p oq T
Then, for all f € LP(Q) and g € LI(QY), fg belongs to L"(Q) and

Ifallry < I fllze@llgllLaca)-

Proposition 0.5 (Young’s inequality). Let p, q, 7 € [1,00] with

1 1 1

4+ =14-=

p q r
Then for f € LP(RY) and g € LY(R?), the convolution of f by g, denoted by f*g and defined
by

frot) = [ f-vowdy o cr,

is well-defined as a function of L"(R?) and

1 * gl @y < flle@allgllLea)-

0.1.2 A quick reminder on distributions

We start by recalling the definition of distributions in a bounded domain §2 and some ele-
mentary properties, see for instance [I4].

Definition 0.6 (Test functions). Let 2 be an (non-empty) open set of R?, d € N\ {0}.
Then 2(Q) denotes the set of all functions ¢ : Q — R which are infinitely differentiable in
Q and with compact support in Q. The set D(Q) is called the set of test functions.

Using this set 2(Q2), we can define the set of distributions on :

Definition 0.7 (Distributions). Let © be an (non-empty) open set of R4, d € N\ {0}. Then
a distribution u on Q) is a linear form on Z(Q) such that for all compact K C €, there exist
Ck >0 and px € N such that for all p € P(Q) with Supp p C K, then

lu(p)| < Crx sup || DY@l Lo (k-
|| <pr

The set of all distributions is denoted by 2'(€2).

Notation: In the following, as it is commonly done, for v € 2'(Q2) and ¢ € 2(Q), we
will denote u(p) by (u, ©) g (@),2(Q)-

A key remark is that functions can be viewed as distributions through the following
identification: if u € L}OC(Q)EL then we define the corresponding distribution by, for all
p e 2(%),

(u, ) 9(9),2(9) :/S)U(I)W(x)dx-

Note however that they are distributions which cannot be identified with locally integrable
functions, such as, for instance, the Dirac delta distribution dy on R defined by V¢ € Z(R),
(00, 0) 2 (m), 2(r) = ¥(0).

Another important point is that the classical derivatives can easily be extended on dis-
tributions by the following formula:

lLl

loc

(£2) denotes the set of functions whose restriction to any compact K of Q belongs to L!(K)



Definition 0.8 (Distribution derivative). Let Q be an (non-empty) open set of R, d €
N\ {0}, u € 2'(Q), and i € {1,---,d}. Then O;u is the distribution defined by: for all
pe2(Q),

(O, ©) 97 (), 2(0) = — (U, 0iP) 9(0),2(9),
where in the right hand side of this identity, 0;p is the classical derivative of @ with respect
to the i-th variable.

One easily checks that Definition together with the identification of L}, .(Q2) as a
subset of 2'(Q), extends the classical definition of the derivative, as a straightforward con-
sequence of the following integration by part formula: if u € C*(Q) and p € 2(Q),

B0y ) = /Q u(a) s () die = /Q Bu(z)p () da.

0.1.3 Sobolev spaces

We shall not give an extensive review of Sobolev spaces, but only some of their properties,
which can be found for instance in [I0] Chapter 5]. In particular, we will simply focus on
the Sobolev spaces which have a Hilbertian structure.

Spaces H*(Q), H}(Q), H~1(Q)

Definition 0.9 (The spaces H*(Q), k € N). Let Q be an (non-empty) open set of R?,
d € N\ {0}. For k € N, we define

H*(Q) = {f € L*(Q), such that for all a € N® with |a| < k,0f € L*(Q)},

where for a € N4, |a| = E‘Ll la;| and 0% = 07" --- 07" denotes the derivative in the sense
of distributions.
The set H*(Q) is endowed with the norm

1/2

I lrey = | D 10%flZa@y | - (0.1)

lee| <k
We have the following proposition:

Proposition 0.10 (Basic properties of H*(Q)). Let Q be an (non-empty) open set of RY,
d € N\ {0} and k € N.

Then the set H*(Q) is a separable Hilbert space.

If Q is bounded and its boundary O is of class €', then the set €>(Q) is dense in
HF(Q).

We shall also often use the space H{(€):

Definition 0.11 (The spaces H}(2) and H=1(Q2)). Let Q be an (non-empty) open set of
R?, d € N\ {0}. Then H(Q) denotes the closure of the set Z(Q) for the topology of H'(L2).
The set H=(Q) is defined as the toplogical dual of HZ(£2).



Fourier transforms and fractional Sobolev spaces

It turns out that we will precisely deal with boundary data quite often. In order to do that,
we will use the Fourier transform and define fractional Sobolev spaces.

Definition 0.12 (The Fourier transform). Let f € L'(R?) N L?(R?). Then the Fourier
transform of f is given by

1 .
ar _ —iz-£ d
FUNO = s [, S S e, cer?
When no confusion occurs, we will simply denote it by f
We have the following classical theorem:

Theorem 0.13 (Parseval’s identity). The Fourier transform Z can be extended as an

isometry of L?(R%):
/ (@) dz = / FOP de.
R4 Rd

Its inverse is given, for g € L*(R%) by

7l = W /R g(€)e™* dg, x e R™

Definition 0.14 (The fractional Sobolev spaces H*(R%), s > 0). For s > 0, the set H*(R%)
is the set of all functions f € L?*(R?) such that & w (1 + |£]?)*/2f(&) € L*(RY). For
f € H*RY), we set

R 1/2
e = ([ 0+ gPrIR@RaE)

If s € N, this norm is equivalent to the norm HF(R?) for k = s given in (0.1)).
For all s > 0, the set H*(R?) is a Hilbert space.

We are then in position to define fractional functional spaces for an open set € of RY,
following for instance [31].

Definition 0.15 (Definition of H*(Q) and H*(92), s > 0). Let Q be a bounded subset of R?
whose boundary has €°° regularity. For s > 0, the set H*(2) is defined as the restrictions
to Q of functions of H*(R?), and is endowed with the norm

ull 770y = W {||U || o ey for U € H*(R?) with Ulg = u}.

The definition of H*(9Q) for s > 0 is slightly more involved, and we follow the pre-
sentation of [3I]. We assume that {2 be a bounded subset of R? whose boundary 99 has
¢ regularity. This means that there exists a finite family of open bounded sets O,
j€{1,--- N} of R? which covers 9Q and such that for all j € {1,---, N}, there exists a
%> mapping ¢; from O; to a neighborhood V; of 0 in RY, such that it is invertible on V;
as a ¥°° mapping, and

i (0;NQ) =V;N{ya >0}, ©;(0;NN) =V;N{ya=0}, ©;(0;\Q)=V;N{ya <0}



We then require that if O; N O; # 0 then there exists a ¥°° homeomorphism J; ; from
»i(0;NO;) to ¢;(O; NO,) with positive jacobian such that

Vo € 07, n Oj, <pj(x) = JZJ(QDZ({L'))

We then consider a partition of unity associated to the covering O;, j € {1,--- ,N} of
0Q, by choosing N smooth functions «;, j € {1,---, N}, such that for all j, a; is compactly
supported in O; and Z;\le a; =1 on Of).

We then set

H*(09) = {u € LA(T), such that ¥j € {1, , N}, ¢/ = (a;u) (97 ' (v/,0)) € H*(R* )},

where the function y’ — (ozju)(go;l(y’, 0)) is extended by 0 outside V; N {yq = 0}.
We also define the corresponding norm

1/2

N
ull s a0y = Z 1y = (Oéju)(@j_l(l/’0))”?{5(1@«1—1)
j=1

Note that the definition of H*(0Q) and of || - || g=(sq) @ priori depends on the choice of
the covering O;, j € {1,---, N}, the charts ¢;, j € {1,---, N} and the partition of unity
aj,j€{1,--- N}

It turns out that one can prove (see [31]) that the space H*(99) is in fact independent of
all these choices, since two norms corresponding to different choices of covering, charts, and
partition of unity, necessarily are equivalent. We refer to [31] for a more detailed discussion.

Trace theorems

Let © be a smooth bounded. The question we address here is under which circumstances
we can define the value of a function on the boundary of 2. It turns out that this can be
done only under some regularity conditions, that we recall hereafter, see [31]:

Theorem 0.16. There exists a unique continuous map o from H'(Q) to L*(9S) such that
Jor all f € €>(Q), v(f) = flon-

This map is called the trace map.

The trace map is continuous surjective from H(Q) to HY?(9Q) and its restriction
Yolmz(a) to H3(R) is surjective from H?(Q2) to H3/2(0%).

Besides, Kervyo = H(Q).

Similarly, to define the normal derivative of a function, one needs to add some regularity
condition:

Theorem 0.17. There exists a unique continuous map y1 from H?(Q) to L?(09Q) such that
for all f € €°(Q), v1(f) = Onfloq, where O, f denotes the normal derivative of f on ONQ.
The map 1 is continuous and surjective from H?(Q) to H/?(0%).

For more properties, we refer to the classical textbook [31].



0.2 Elliptic equations

In this section, we briefly recall the existence theory for the Laplace problem

—Au = f, in Q,
{ u=g, on 0f), (0-2)

where 2 is a smooth (%) bounded domain of R?, and A = 011 + - - - + 044 is the Laplace
operator.
Following [5 [10], we get the following result, as a consequence of Lax-Milgram theorem:

Theorem 0.18. Let f € H () and g € H'/?(0Q). Then there exists a unique function
u € HY(Q) such that

e You = g, where vy is the trace map defined in Theorem |0.10
e for allv e H(Q),

Q Vu-Vudz = (f, U>H*1(Q)7HS(Q)'

Such a function u is called a weak solution of (0.2]).
Besides, there exists a constant C' such that

sy < € (1 -1y + 9l o omy)
One can also prove the following regularity result, see e.g. [10]:

Theorem 0.19. Let f € L*(Q) and g € H3/?(0Q). Then the function u provided by
Theorem satisfies u € H?().

Besides, there exists a constant C such that

el przcay < € (1 oy + 19l arsrzcomy ) -

Let us finally remark that these theorems apply as soon as the open set §2 is smooth
and bounded in one direction, since then Poincaré’s estimate holds: there exists a constant
C > 0 such that for all u € Hg (), [ull 2y < ClIVull2(q)-

In our case, we will repeatedly use this property in the case of a vertical strip 2 =
(0,1) x R see the next chapters.



Chapter 1

Introduction: On the Laplace
operator in a strip

1.1 The Cauchy problem

Our starting point is the so-called Cauchy problem for the Laplace operator. To be more
precise, we consider a solution u of an elliptic equation in a smooth domain € of R%:

Au=f, inQ, (1.1)

where A = 011 + - - - + 9qq is the Laplace operator and f is assumed to be known.
We also assume that there is a non-empty open part of the boundary I' C 92 on which the
Cauchy data are known, that is to say we know

U =49p, on F7
{ Ontt = gn, onT. (1.2)

Here, the indexes D and N respectively stand for the Dirichlet and Neumann data on T'.
The Cauchy problem is then the following one:

Given the data f in Q, gp and gy on T, can we determine the solution u of (1.1)—(1.2)?

Here, recall that if f is given in Q and gp is given on the whole boundary 02, problem
71 is well-posed and has a unique solution, see Section and e.g. [5] (see also
Exercise 7 hence the above question is obvious when I' is the whole boundary, and the
difficult case is the one corresponding to I' # 0f2.

We shall not give any precise answer to that question in this full generality, but we will
give some insights on it. In order to do that, we focus on the case

Q=(0,1)xR¥ (deN), and T ={0} xR (1.3)

i.e. the case of a strip observed from one side.
In that situation, we may rewrite the problem (1.1)—(1.2)) as follows:

Ou+ Alu = f, for (z1,2') € (0,1) x RI~1,
u(0,2") = gp(x'), for 2/ € R4-1, (1.4)
A u(0,2") = gy (), for 2’ € RI-1,

10



where A’ = Ogg + - - - + 04q is the Laplace operator in the variable ' = (z,--- ,24) € R47L.
In that setting, a natural approach consists in taking the Fourier transform of u in the
#'-variable only. Therefore, for x; € [0,1] and ¢ € R4~! we introduce

a(ml’ /) Fa H5’“('7“‘17 )7
f@1,8) = Fose f(a1,9),
gp (5/) Fur el '9p(+),
gn(€) = Fosegn (),

where .7,/ ¢ is the Fourier transform in the variable z/, defined for function v € .%(R?~1)
of z’ € R4~ by

_ 1 n o —ix’-¢’ ’
_W/Rdlv(x)e da’.

Taking the partial Fourier transform %,/ _,¢ of ([1.4]), we obtain

Ve R (Funev)(€)

A — €)% = f, for (z1,&) € (0,1) x R4,
@(0,€") = gp(&'), for £ € RI~1, (1.5)
911(0,€) = gn(€),  for & e RI-1,

At ¢ € R4 fixed, these equations can be solved explicitly in z; and the solution (-, £")
is given by

sinh(|&’|z1)

ﬂ<$1,§/> = COSh(|§/|$1)§D(£I) + ‘§/|

an(€)
/“ sinh(|¢’|(z1 — x))

+

0 €'l

Up to now, our arguments were mainly formal. The above computations require in
particular the Fourier transform to be well-defined for w(zq,-) for almost all z; € (0,1).
It is certainly the case if u is assumed to be for instance in L2((0,1) x R471), or even
L?(0,1; S (R41)).

An important difficulty arises here. If we do not know a prior: that u exists and wonder
if one can find a solution u to the Cauchy problem (|1.4), one needs to guarantee that one
can take the inverse Fourier transform of formula But, at 1 € (0,1) fixed, @(z1,-)
may contain growing exponentials of the form & — exp(a¢’|) with @ > 0. Such function
does not belong to S'(R?~!) and its inverse Fourier transform is not defined.

On the opposite, if we know from the beginning that u exists and belongs to some class
where the partial Fourier transform is well-defined, then it is uniquely determined by the
above formula . But even in that case, it may be difficult to derive good estimates on
u via the use of formula (L.6), as we only have, for all 1 € (0,1) and & € R*™!,

f(x, &) dz. (1.6)

a1, )| < Cexp(i€'|a) (9D<§'>| +lax()l+ | " i) dx) ,

11



for some constant C' independent of (x1,£’). This allows to derive

1
/ / (e, €)% exp(~2/€|a) de'dey
0 JRd-1

<o ([, ook [ @R+ [ ] 1 e e

C (llgnllFa gty + g 2oy + anLz((o,l)defl)) :

Of course, the left-hand side defines a norm on wu, but it is a very weak one, weaker than
any norm of the form L2(0,1; H *(R~1)), k > 0. Actually, the Cauchy problem is
the prototype of a problem which is not well-posed in the sense of Hadamard, as this norm
contains an exponential degeneracy.

1.2 The case of additional information

In the above discussion, we explained that it is difficult to get estimates on u in a reasonable
norm in terms of norms of the data f, gp and gn. The goal of this paragraph is to explain
that it can be much better if we further assume that u is known on the other part of the
boundary {1} x R4~ To simplify the computations, we will assume that the solution u of
satisfies the homogeneous Dirichlet boundary conditions

u(l,2) =0 for 2’ € R (1.7)
In that case, equation (|1.5)) should be completed with the extra boundary conditions
a(1,&) =0 for & e R4, (1.8)

Of course, formula (1.6) still holds, but it does not use the full strength of the additional
boundary conditions ([1.7). We shall rather use the structure of the operator

O — €2 = (0 + €' (01 — €]

This structure indeed suggests to introduce

b1, €) = (0 — [¢)alwr, &) for (21, € (0,1) x RIL, (1.9)
Following, the equations 1} rewrite:

Ot —|Elu=10 for (z1,¢') € (0,1) x RI~L,

o0+ |€/|ﬁ = f for (Il,f/) S (0, 1) X Rd_l, (1 10)

(1,¢&) = for ¢ € RI~1, ’

@(075)—91\1( )= 1€lgp(g")  for & e RITL

Here, we check that the equations in ¢ do not depend on 4 and can be solved independently.
The solution @ can then be computed in terms of ¢ from equations (1.10)); 3. Besides,
straightforward computations show

8(z1,€') = exp(—|¢22)8(0,€) + / " exp (1€ (@1 — ) F2.€) de. (111)
i, ) = / exp (—1€'|(z — 21)) 9(z, €' da. (112)

12



Both formula contains only decaying exponentials (in |¢’|), and we will then be able to derive
estimates from them.
Indeed, we immediately get from the above formula that

i, &) = - / exp (— €|z — 1)) exp(~|¢[2)0(0, ') dx

1

_ / e (1€ =) ([ exp(—1€ltz — 2) f(@.€) ) o

—5(0,€) / exp (—|¢'| (2 — 1)) da (1.13)

/ f@ (/m{m} exp(—|€'|(2z — 1 — :z))dx> dz. (1.14)

For fixed ¢’ € R?~! we estimate the L2(0, 1)-norm of each term of the right hand-side. We
get for some constant C' independent of & that

C

< 80,8,
sony | L EPP

5(0.¢') / exp (—[€'|(22 — 21)) da

1

and for (1.14)), we obtain
(/ exp(—[¢'](22 — 21 — 7)) dm) di
max{x1,Z} £2(0,1)

/ (& / exp(—|¢'|(2x — 21 — %)) dzx | dF
max{z1,z}

£2(0,1)

< £ (@, &) exp(—[¢/||z1 — &) dz

1+ \5/| / L£2(0,1)
< S |17 Lo %o (1€ N1 Ly 20|

1+ (¢ oTmERY ETS I L2 (0,1)

¢ £ ’ !

< 14+ ‘§/| f(’g) £2(0,1) ||eXp(_|€ H‘rl‘)1$1€(—171)HL1(7171)
<

1+ \§’|2 Hf L2(0,1) ’

for some constant C independent of £’. We hence obtain, for C independent of &', that for
all ¢ € RI-1L,

(4 I 06 €) 720,y < COHIENIO.)P +C[ 7 (1.15)
Integrating in ¢ € R%"! and using Parseval’s identity, we derive
el 72 0,1, 02 ma-1y) < C /R DIV dE + Clf oo 1) wmary - (116)

Using the equation, d;1u = f — A’u belongs to L?((0,1) x R?~!) and can be estimated by
the right hand side of (1.16]). Besides, the explicit form of ¢(0,¢’) in (1.10)4 shows that

[ @ IEDIo0.€)P de’ < Cllanl sy + C llaw o

13



Similar estimates can also be done on (1 + |¢/|)d14 in L?((0,1) x R?"1), thus on dyu in
L2(0,1; HY(R4~1)). We thus conclude

[ull 20,1y xre-1) < C IfllL2((0,1)xre-1) T C 9Dl g3/2@a-1y + Cllgnll gz @a-y - (1.17)
Note that solutions w of equation (1.4)—(1.7]) also satisfy the stronger estimate

[l 20,1y xra-1) < O fllz2((0,1) xra-1) + C gDl 32 (ma-1y » (1.18)

recall Theorem [0.19] which can be proved along the same lines in this geometrical setting,
see Exercise [L1]

Nevertheless, the above proof of is important to keep in mind as it is the one that
will be used and adapted in more intricate situations in the following chapters.

1.3 Exercises

Exercise 1.1. Let u be a solution of

Ou+ Au = f, for (z1,2') € (0,1) x R4,
u(0,2") = go(z'), for a' € RI-1, (1.19)
u(l,z") = g1(2'), for a' € RI-1,

for some f € L2((0,1) x R¥1), go, g1 € H¥/?(R41).
Our goal is to show the following estimate:

”uHH?((O,l)x]Rd*l) <C ||f||L2((0,1)><Rd*1) +C ||90||H3/2(Rd71) +C H91HH3/2(RGZ*1) . (1.20)
1. Taking the Fourier variable of (1.19); in x’, show that 4(x1,&’) satisfies the identity:

sinh((1— e)[€) | . . sinh(z|€])
snn(e]) ) e

N /1 sinh([¢](1 = @) sinh(a1[¢']) f(z. &) |

a(r1,€') = go(&')

' sinh(|¢]) |
ey o SIB(EN — @) sinh(@a €D f(@.€)
# [ (e ey — oy + S SRIED ) [ )

2. Using similar estimates as in Section[I.4, show that there exists a constant C' independent
of £ such that

(L I a0, € a0y < C | FCED]| L+ CO+IE2) (0(€)] + 131D

L2(0,1)

3. Deduce estimate (|1.20]).
N.B.: The same result can be found in [5] where it is proved using variational formulations
in a more elegant way.

Exercise 1.2. 1. Show that if u € H'((0,1) x R4™1) solves

611U+A/U:f7 fOT (I17x/) € (031) X]Rdila
u(0,2") = &1u(0,2') = 0, for 2’ € R4—1 (1.21)
uw(l,z’) = g1(z'), for ' € R,
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for some g1 € H¥2(R4™1) and f € L?((0,1) x R4™Y) satisfying
flz1,2') =0 forall z; € (0,1/2), 2’ € R,

then u(z1,2') =0 for all 71 € (0,1/2), ' € RI7L.
2. Would that property be true if we do not assume dyu(0,2') =0 ¢

15



Chapter 2

A Carleman estimate with a
linear weight function and
application to the Calderén
problem

2.1 Introduction

The goal of this chapter is to present the most simple example of a Carleman estimate for
an elliptic equation.

Similarly as in the previous chapter, we will again focus on the case of an elliptic equation
in a strip:

onu+ A'u = f, for (z1,2') € (0,1) x RE™L,
u(0,2") =u(l,2') =0, for 2/ € RI~1, (2.1)
A u(0,2") = gn(z'), for 2’ € RI-1,

where A’ = Ogp + - - - + Ogq is the Laplace operator in the variable 2’ = (x9,--- ,24) € R¥L

Our goal is to explain how the estimate
||u||H2((0,1)><]Rd*1) <C Hf||L2((o,1)de*1) +C ||gN||H1/2(]Rd*1) ) (2-2)

proved in can be modified by the introduction of a linear weight functiorE] of the form
e k1 where k is a free parameter assumed to satisfy k > 1.

To be more precise, we will show that for some constant C' independent of k, for all
k > 1, all solutions u of with source term f € L2((0,1) x R?"!) and Neumann data
gn € L?(R471) satisfy

B [lue™ | o o,1)cra-1y < C e | 2oy a1y + OB llgwll 2 ga-sy »

see Theorem for precise statements.

n the context of Carleman estimates, the weight function usually is the function appearing in the
exponential. Here, the terminology “linear weight function” comes from the fact that the function x — k1
is linear.

16



The freedom in the parameter k > 1 and the precise knowledge of the dependence of this
estimate in k£ is what makes Carleman estimates a powerful tool, as we shall see in several
situations along this course.

Indeed, it allows in particular to prove similar estimates when the elliptic equation in-
volves lower order terms, potentials for instance. This is precisely one of the properties we
shall deeply rely onto in order to show uniqueness in the Calderén problem, see Section [2.3

2.2 A Carleman estimate

2.2.1 Main result

The goal of this section is to prove the following result:
Theorem 2.1. There exists a constant C > 0 such that for all k > 1, any solution u of
1) with source term f € L?((0,1) x R4™1) and Neumann data gy € L?(R?™!) satisfies

k2 Hue*’”l ) + HVue*’”l

2 2
||L2((O,1)><]Rd—1 HL2((0,1)><R‘1_1)

kg |2
< Chllgn e gty + CllFe ™ [Fagomymasy - 23)

We will give three different proofs of Theorem in Section each of them having
its own interest, see Section [2.2.3]

But before going into the proof, let us emphasize that the constant C' in Theorem [2.1] is
independent of £ > 1. For instance, as a straightforward corollary of Theorem we get
the following:

Corollary 2.2. Let ¢ € L>=((0,1) x R1). There exists a constant C > 0 such that for all
k> 1, any solution u € H'((0,1) x R4~1) of

311U+A/U+quzf, fOT’ (mlax/) € (071) XRdilv
u(0,2) = u(l,2’) =0, for o’ € R~1 (2.4)
d1u(0,2") = gn (2'), for ' e R,

with source term f € L2((0,1) x R~Y) and Neumann data gy € L*(R4™1) satisfies (2.3)).

Proof. If u € L%((0,1) x RI~1) solves (2.4), it also solves (2.1)) with source term f — qu.
Applying Theorem we obtain, for all £ > 1,

e 112 w112
k? H“e g 1||L2((O,1)><]Rd—1) + HVue g 1HL2((0,1)de—1)

ks |12
< Ck ||9N||2L2(Rd—1) +20 || fe* 1HLz((o,nxw—l)

—kx

+2C Hquw((o,l)de*l) Hue ' Hi?((og)de*l) :

Taking k% > 4C ||q||im((0’1)de,1), we can absorb the last term, and we obtain

—kx —kzy |2
k? [lue™r )t [Vue™® 1||L2((0,1)><Rd—1)

2 —kx 2
< 2Ck |lgn |2 ga-r) +4C (e [ 120 1) sma-1y -

2
||L2((0,1) xRd~1

17



for all k > k, = 2/C 9]l o< ((0,1)xra-1)- As the weight function is uniformly bounded for
k € [1, k], this last estimate is also true for some constant C for k € [1, k,]. Modifying the
constant if needed, we deduce the existence of a constant C' such that (2.3) is true for all
k> 1. O

Let us also remark that the Carleman estimate involves an additional information
gn on the hyperplane 21 = 0, corresponding to the set where the weight function —kz; is the
largest on the domain [0, 1] x R4~1. This is a general phenomenon in Carleman estimates,
as the weight function gives more weight where the additional information is available, and
reflects the direction of propagation of the information.

In order to illustrate that, let us revisit the result of Exercise

Corollary 2.3. Let ¢ € L=((0,1) x R¥1), and u € HL((0,1) x R4™1) be the solution of
[2-4) with Neumann data gn = 0 and source term f € L?((0,1) x RY™1) satisfying, for some
a € (0,1),

flz1,2")=0 forz; €(0,a), 2’ € R4L,

Then u vanishes in (0,a) x RI~1.

Proof. Apply the Carleman estimate (2.3]) to u: for all k£ > 1,

ki [Jue=" HLZ((OJ)deﬂ) <O et HL2((O,1)><R‘1*1) : (2.5)

But on one hand,
llue™ | oo, yxma1y 2 B llue™ | oo, apema-1y = ke el za o mpxra-y -
On the other hand, using the fact that f vanishes in (0,a) x R4~1,
||f€7’m1 HL2((0,1)><Rd*1) et 11122 (0.1 xR -
The estimate then yields, for all k > 1,
kllullp2(0,0)xra-1) < Clf 20,1y xRa-1) -

As k can be chosen arbitrarily large, u necessarily vanishes in (0,a) x R4~ O

Remark 2.4. Note that Corollary states the same result as in Ezercise but now
allows non-trivial lower order terms in the elliptic equation. Note in particular that the

potential ¢ may depend on both x1 and T’ in an intricate way, as we only assumed it to be
in L.

2.2.2 Proof of Theorem [2.1]

Strategy. Since we have to prove estimates on ue ¥*' in terms of fe **1, it will be
convenient to set

{ Uz, ") = u(zy, 2" )e ko1

Flay.a') = flzr.a)e—ko for (z1,2") € (0,1) x R4-1, (2.6)

If u satisfies (2.1)), then U satisfies

O (e U) + A (eF1U) = Feb™,

18



which yields to the equations
o U + 2ko U + KU+ AU = F, for (1'17.%‘/) S (0, 1) X Rd_l,
U,2')=U(1,2') =0, for 2/ € R4~1, (2.7)
alU(O,ZL’/) = gN(x/)a for IL’/ e Rdil’

Starting from there, we will present several proofs of the estimate

K ||ue7kw1||L2((0 1xra-1) S OF ||QJVHLZ Ra-1) +C | fem e ||L2((o 1)xRd-1) (2.8)
or equivalently

2 2 2
KU 2201y xra-1y < Ckllgn T2 a1y + CI1F 17201y xra-1y - (2.9)

Approach 1: Fourier approach and explicit resolution. Similarly as in Section
and Section we can then take the partial Fourier transform in the z’-variable:

U(mlag/) = yx’—)ﬁ’U(l‘h ')a
F(xlag/) = LQ.w'—)f’}?(xla ')7
IN(E) = Farsergn ().

Taking the partial Fourier transform %,/ _,¢ of (2.7)), we obtain

811U+2]€81U+ k20U |f ‘QU F for (1’1,5/) € (0,1) x Rdil,

(075 ) - ( a€ ) - 7 fOI‘ fl S Rdila (210)
U (0,2") = gn (€, for ¢ € R4 1,

We now remark the factorization of the operator as follows:
On +2k0y + K — €' = (01 + k)* = [€]7 = (01 + k + €' (01 + k — [€]).
Following the idea of Section we then introduce the function
V=(0+k— U

We are then back to the system of equations

U+ (k=|ENT =V for (a1,) € (0,1) x RO,

31V+ (k+|&))V =F for (z1,¢') € (0,1) x R, (2.11)
00,€)=00,8)=0  fore e R, |
V(0,¢) = g () for ¢ € R

For fixed & € R%™!, we can then solve this system in two steps:
1. Compute V in terms of F' and of jy;
2. Compute U in terms of V.

The computation of V is straightforward:

V (@1, €) = exp(—(k + [€)21)dn (€) + / Y exp(— (k1€ — ) F (&) e (2.12)
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The computation of U also is straightforward, but now we have two possible formulae,
depending whether we use the boundary condition at 1 = 0 or at z; = 1:

Uz1,§) = /O”“ exp(—(k — [€') (@1 — )V (z,¢) da, (2.13)

Uw1,€) = —/ exp(—(k = [¢]) (21 — 2))V (2, €) da. (2.14)

1

Here, we see that we have to choose between two formulae, and we may choose the one we
prefer to work with. In particular, as we want estimates as small as possible in terms of
k, we will always choose formula that do not contain exponentials of positive terms. This
means that our choice will depend on the frequency parameter |¢'|: we will take formula

(2.13) if |¢'| < k, and formula (2.14) if |¢'| > k.
In what follows, the constants denoted by C' are independent of the parameters & and k
and may change from line to line.

The case |¢'| < k. In that case, combining and (2.13)), we get
A z1
U(z1,¢) :QN(E')/ exp(—(k — [§'])(z1 — 2)) exp(—(k + ' ])z) dz
0
N /x o= (k=€) (@1-2) </w e(k+f’><wi>p(@7§/)d¢> i
0

0
Z1

— g (€) exp(—(k — [¢')a) / exp(~2/¢'|x) da

+ /z F(&,&)e Mo (/z el (@t —20) dx) di.
0 T

On one hand, direct estimates yield

Hgms’) exp(~(k = |¢ D) [ " exp(—2)e'le) do

L2(0,1)

. 1 1 c ... ..,
<@ (1571) (T e ) < sl

On the other hand, writing

Xy . N ] S 1 N
/ F(&,&)e M=) (/ el€'I@+e—22) dx) dz :/ F(%,&)H(z, — &,€) di
0 T 0

with <
H(Xg'):lboef(kﬂ&'\))f/ 21 g
0
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we obtain by Young’s inequality

‘ /w1 F(‘%,g,)efk(a:lfi) (/ml e|€/‘(i+Z172I) dl’) dz
0 T

L2(0,1)

< (. ¢ N,
<P, IO o
R 1 1
gc F'v !
‘ :¢) £2(0,1) (1+k—|§’|> (1+£’|>

C il -
<7 F'7 ! .

k (&) L2(0,1)

We then derive, for ¢ € R~ with |¢/| <k,

c .o Clua
< oElav@l+ 2| 6.

|01, €)

L£2(0,1) L2(0,1)°

which also yields

2
< Cklgn (€)]? (-, € . .
< CHlgn @) + O FCO| L (2.15)

“ 2
k2 HU , /
(z1,£) L20.1)

Note that, in this case, all the informations come from z; = 0 and our formulas are very
close to the ones obtained in Section [l

The case |¢'| > k. In that case, combining (2.12)) and (2.14)), we getthe following formula:

1
Uw1,€) = —gn (&) / exp(—(k — [¢')(z1 — z)) exp(=(k + [¢'])z) dx

1 T
_/ o= (k=1€')(@1—2) (/ e—<k+£’>(x—f>ﬁ(:z,g’)di> dx
T 0

1
= *QN(fl)ef(kflgll)“"l/ e~ 2N gy

Z1

1 1
_/ F(i,’é-/)efk(zlfi) / e\&'\(zlJra'cme) de | dz
0 max{Z,r1 }

1
= —QN(fl)e_(k_lfll)“/ e 211 gy

Z1

1 ~ , ~ 1—max{Z,z1} ,
,/ F(z,¢)e H o) o= €]le=3] (/ e 2lE dx) di.
0 0

The first term above can be bounded directly:

1
”—QN(fl)e_(k_lfll)“ / e 21 gy

1 £2(0,1)
C /
<« —C g (ehye D
L+ |¢| ‘ In(E)e L2(0,1)
c ., 1 c ..,
< < .
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The second term can be bounded as follows:

1 1—max{Z,z1}
—/ F(f,f/)e_k(g”l_j)e_lg/”“_jl (/ e~ 20| d:r) dz
0 0

£2(0,1)

1 ~ , ~ 1—max{Z,z1} ,
< / |F(£,§’)|e*k(11*m)e*‘5 |21 —2Z| </ e 21E e da:) di
0 0 L2(0,1)
1 0o
< ‘/ |E(z,¢)|ek1e Dl =2 (/ e2f’lmdx> di
0 0 L2(0,1)
< ¢ F N1 (k—l€" D]
ST [F|(21,€)a1e(0,1) *a1 € £2(0.1)
C |- ,
< = |Fe,e H (k=€ )] |
€'l ’ G o I L}(-22)
C ! C 2 !
<oy O Olon < [FCO] L,

We thus obtain the same estimate as in (2.15) when |¢'| > k.
Note that here, similarly as in Section [I.2] we use only one information at z; = 0, and
one more information at z; = 1.

Conclusion of Approach 1. Since (2.15) holds for all ¢ € R~ we integrate it with
respect to & € R%"! and we immediately obtain ([2.9) by Parseval’s identity.

Approach 2: Fourier approach and multiplier type argument. This approach
starts similarly as Approach 1, up to the equations , by taking the Fourier transform
in the z’ variable and factorizing the operator.

Then, instead of deriving explicitly formula for U in terms of £ and the observation gy,
we first estimate V in terms of £ and of gn, then U in terms of V. These two estimates can
be done using multiplier type arguments in a rather straightforward manner.

For convenience, we rewrite system (2.11):

{ NV 4+ (k+ &)V =F for (z1,¢&') € (0,1) x RI-1L, (2.16)
V(0,¢) = gn(¢) for £ € R4-1, :
and . . A
{ U+ (k=|E)U=V for (z1,¢') € (0,1) x R4—L, (2.17)
U0,¢)=0(1,¢)=0  for& e R, ‘

To estimate V, we take the square of each side of (2.16) and integrate by parts in x1, and
we obtain:

1
| (07 @ €07 + G+ €07V (@1, €0F) dan + G+ €DV €

1
- / B, ) Py + (k + [€)V(0, )

To estimate U from V, we also take the square of each side of (2.17) and integrate by
parts in x:

1 R . 1 .
[ (1000 ©F + (k= D217 0, €F) don = [V w1, P,
0 0
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Combining these two estimates, and using Poincaré’s estimate in (0, 1), we easily have:

1 1
/ 0 (a1, )2 day < C / 00 (21, )2 das
0 0

1

1
<o (] P €f + e+ DT 0.0)P).

which of course easily implies (2.9)).

Approach 3: A multiplier argument. Here, we directly start from , by multiplying
the equation (2.7) by 61U

2K U1 (0.1 1) = / FOLU dayda’
(0,1)xRd—1

1 1
+f/ |81U(O,x’)|2dx’—f/ U1, 22 da,
2 Joucs 2 Joucs

so that
2 C 2 2
ENOU o)) < 7 IR aynzo sy + Clonagasy- (218)

Third, using the fact that the strip has bounded width in z; € (0, 1) and that U satisfies
homogeneous boundary conditions at 1 = 0, we can use Poincaré’s identity:

2 2
U 20,1y xra-1) < C 01Ul 12((0,1) xr-1) -
Hence we have from (2.18) that
2 2 2
B2 MU 20yt < C IFIs oty + CR llg [ 2y - (2.19)

Conclusion.

Starting from (2.8), equivalently (2.9), we can readily estimate Vue %1 using classical
elliptic estimates on u. Indeed, In order to estimate Vue **1, we multiply the equation

[B10) by ue2t:;

— / |Vu|?e= 251 dayda’ + k2/ lu?e=2k1 day da’
(0,1) xRd—1

(0,1)xRd—1
:/ fue 2k dgy da
(0,1) xRd~1
so that

_ 2
HVue kleLz((O,l)de*U

g k2 ||ue—k}(121 —kwl

2 —kx
HLQ((o,l)defl) + ||fe g 1HL2((0,1)><]Rd*1) H“e ||L2((0,1)><]Rd*1)’

Using (2.8]), we immediately derive

Hvue_kzl Hi?((o,l)defl) < Ck ||9N||12(Rd*1) +C er_kxl Hiz((o,l)de*U ’ (2'20)

This concludes the proof of Theorem [2.1
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Exercise 2.1. Let us assume the setting of Theorem[2.1] and use the notations of the above

proof.
1. Show that there exists C > 0 s.t. for all & € R and k > 1,

< O+ |12 g (&) + Ch | B ()

L+ 12 [OC.¢)

L2(0,1) L2(0,1)

(Following Approach 1 or Approach 2).
2. Deduce that there exists C > 0 such that for all k > 1,

—kx

2 2 2
e IHLQ(O,I;HQ(R'J‘”)) < Ok lgnlligs /2 ga-1y + O I F 2 o,1) xa-1y -

3. Deduce that for all (i,7) € {2,--- ,d}?,

1 —kay ||2 2 2

ﬁ ||(3”'LL)€ ! ||L2((071)X]Rd—1) < Ck ”gN”Hl/?(Rd*l) +C ||FHL2((O,1)><Rd*1)
4. Estimate 311U and showAthe same estimate as above for O11u e~k
5. Estimating (1 + |¢'|)01U, show that the same estimate also holds for Oy;ue %1 with
ie{l,---,d}.
At the end, we have proved that

7’6{1}1

2 2 2
|U€ ||H2((0,1)de—1) < Ck ||gN||H1/2(]Rd—1) +C ||F||L2((o,1)de—1) (2.21)

1
ey
2.2.3 Advantages of each approach

In this section, we discuss the advantages of each approach developed in the proof of Theorem

21

When reading the various proofs, it seems that the easiest one is Approach 3. Indeed, this
approach, based on pure multiplier arguments, has the advantage of requiring integration
by parts only. In particular, one can easily get convinced that it can be adapted quite easily
to more general domains (see next section, in which the domain € will not need to be a
strip orthogonal to the gradient of the weight function), and to general elliptic operator with
Lipschitz coefficient (at least for strictly pseudo-convex functions, see next chapter). For
this reason, it clearly appears that this is the most robust and efficient approach in general.

However, Approach 3 does not allow to be very precise on the boundary terms. In
particular, for a source term in L?(2) and homogeneous Dirichlet boundary conditions,
solutions u of belong to H?(f2), and it would be much more natural to consider the
observation in the space H'/2(9€). This method does not really allow to do this.

Approach 2, which relies on performing a Fourier transform in the transverse variable,
factorizing the operator, and doing multiplier type estimates on (2.16)—(2.17), is much more
precise when it comes to the boundary conditions, since all the estimates are done frequency
by frequency, and thus allows to consider the boundary conditions in appropriate Sobolev
spaces. We refer for instance to [16] where such computations are done for strictly pseudo-
convex weight functions (see next chapter for the definition) and non-homogeneous Dirichlet
boundary conditions, or in the case of elliptic operators with discontinuous conductivities
to the recent works [25] 24] (again, for strictly pseudo-convex weight functions).

Still, to use it, one needs to get the possibility of factorizing the operator, which leads
to some technicalities in general settings (general bounded domains, or general weight func-
tions), that can be solved using appropriate semi-classical techniques, or, as we will do in
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the next chapter, proving it by hand on this particular case by suitable localizing process
and change of coordinates.

Approach 1, finally, might seem even more restrictive, since the computations are already
quite involved, even in that specific case of a strip with a weight depending linearly on x;.
However, this is a good point of view when deriving LP Carleman estimates, since Parseval’s
identity holds only in Hilbertian setting and has no substitute in the LP setting. Thus,
Approach 1, which provides a “good” (meaning, yielding to nice estimates, at least in L?)
formula for the solution of is useful in this setting. Then, to derive good LP estimates,
the strategy consists in going back in the original variables and perform a detailed analysis
of the kernel function, using Hardy-Littlewood-Sobolev theory, see for instance the textbook
[34] and the articles [19], [§] and [22] and the references therin.

2.2.4 More general setting
The goal of this section is to generalize Theorem to more general domains.

Theorem 2.5. Let Q be a smooth (C?) bounded domain of RY.
There exists a constant C > 0 such that for all k € R with |k| > 1, any solution
u € HYHQ) of
{ Au = f, forx e (2.22)

u(z) =0, for x € 09,

with source term f € L*(Q) satisfies

|l<:|2 Huefk"” + ||Vue7]”:

2
||L2(Q)
< OM 0™ L gy + C e gy (223)

2
HL2(Q)

where Ty, = {x € 09, |k -n, <0 }, where ny is the outward pointing normal vector at x.

Proof. Setting U = ue ™ and F = fe *?, one easily checks that U satisfies

. 2 —
{AU+2k VU + |k]?PU = F for x € Q, (2.24)

U(z) =0, for x € 09.

We then follow the strategy developed in Section [2.2.2] based on Approach 3. Multiplying
the equation by U, we first derive

IVU 72y < CIEP T Z2(0) + CIF 72, - (2.25)

Multiplying (2.24) by k- VU, we derive

/Fk-VUdm:2/|k.VU|2dx+ 8nUk~VUda—1/ k -1y | VU do
Q Q a0 2 Jaq

:2/ |/c-VU|2dx+1/ k- ng|0,U|? do,
Q 2 oN

where we used that, as U = 0 on 99, VU = (9,U)n, on 9.
Similarly as in (2.18), this yields for some constant C' independent of k& € R? that

/|k.VU\2dz</|F|2dx+|k|/ |0,U? do.
Q Q Ty
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Using the fact that  is bounded, we can use Poincaré’s inequality and we obtain a constant
C independent of k such that for all k € R¢,

B2 U720y < CIFI 20 + RH102U I (r, -
Combined with ([2.25)), we thus derive
B2 U220 + VU 220y < CIFI20) + EH102U 172, - (2.26)

Recalling that ue™* = U and Vue *? = VU + kU, we immediately conclude estimate
2.23). 0

Remark 2.6. An H? estimate on U similar to (2.21)) can also be proved: Indeed, from the
equation ([2.24)),

1
I HAU||i2(Q) < Clkf? HU||2L2(Q) +C ||VU||2L2(Q) +C ||F||2L2(Q) :
Since U vanishes on the boundary, we obtain

2 2 1 2 2 2
EP Uz (@) + VU0 + e U2y < ClNIFIL20) + RI0n U2y - (2:27)

2.3 The Calderéon problem

2.3.1 Setting and main result

The Calderén problem is also known in the physical literature as the Electrical Impedance
Tomography (EIT in short). This corresponds to a medical imaging technique which consists
in the recovery of the conductivity of a tissue (or a material) by applying currents on the
surface on the body and measuring the electrical potentials on the surface of the body.

To be more precise, let Q be a bounded domain of R?, and consider the elliptic problem

{ div (eVu) =0, for z € Q, (2.28)

u(x) = gq(x), for z € 09.

Here, 0 = o(z) is a scalar function modeling the conductivity of the material.

The Dirichlet boundary data g4 is a voltage imposed on the boundary of the object. In
the EIT process, it is assumed that for all Voltage g4, we can measure the current (cVu)-n,
on the whole boundary 9f2. This is the so-called Voltage-to-current map.

The question known as the Calderén problem is then the following:

Can we determine the conductivity of the material o from the knowledge on the Voltage-
to-Current map?

Before going further, let us give some more precisions on the mathematical setting under
consideration.
First, we assume that the conductivity o belongs to the class:

o€ C'Q), 3C, >0, s.t.Vz € Q, Ci <o(z) < C. (2.29)

Under these conditions, the elliptic problem ([2.28)) is well-posed for Dirichlet data g4 €
H'/2(0Q) (see Theorem and [5]), and the solution u of (2.28)) belongs to H(f2).

26



We are then able to define (0Vu)-n, as a function of H~1/2(9Q) by the following formula:
for all g € H'/2(09Q), there exists v, € H'(Q) such that v, = g on 9, and we define

<(0’VU) Ny, g>H—1/2(aQ)7H1/2(aQ) = /QO'VU . va dx. (230)

Remark 2.7. More generally, for a function v € (L?(Q))¢ such that div (¥) € L*(S2), we
can define ¥ -n, € H-Y2(0Q) by the formula: for all g € HY/?(09Q),

<17 nw,g>H71/2(aQ)7H1/2(aQ) = / div (17)U)g +/ - ng d.’L’,
Q Q

where wy, is any function of H'(Y) such that wy = g on O9.

Following, the Voltage-to-Current map is defined as follows:

. HY2(00) — H~'/2(09)
7" ga— (0Vu)-n,, where u solves (2.28).

Calderén’s problem now consists in studying the map

A (2.31)

A:o— A,
But let us emphasize that Calderén’s problem contains many different subproblems:

e Uniqueness: If A,, = A,,, can we deduce o1 = 027 This corresponds to the injectivity
of the map A.

e Stability: If Ay, — A, is small (in suitable norms), can we deduce that o1 — o9 is small
(in suitable norms)? This corresponds to the continuity of the inverse of A.

e Reconstruction: Given A, can we compute o? This corresponds to the construction of
the inverse of A. Note that there, this also includes questions like design of numerical
schemes to recover o, being able to propose a good numerical algorithm even in the
event of imperfect measurements (noise), . ...

In the following, we shall only focus on the uniqueness question, and we shall not address
the problem in its full complexity. The interested reader may have a look on [37} 33, [7].

Remark that the map A is non-linear. Of course, this is one of the main difficulties of
that problem.

Besides that, we shall assume that

e o is known on the boundary.
e /o belongs to W2°°().

These conditions allow us to perform the so-called Liouville’s transform: Setting v = o*/2u,
u solves (12.28)) if and only if v solves

Av+quv =0, for x € Q,
{ v(z) = ha(z), for = € O9. (2.32)
with »
A(o'/?)
_ 1/2 B
ha=ot o 4= ==
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As o is known on the boundary, this potential ¢ € L>°(£2) determines uniquely the conduc-
tivity o.
It is then natural to introduce the map

HY2(0Q) — H'/2(0Q)
hg — Opv,  where v solves ([2.32)).

To simplify notations, we shall further assume that there is no nontrivial solutions of
when hy = 0. Otherwise, the above map should be defined as a set-valued map (or set of
Cauchy data). In the following, we simply omit this issue for sake of simplicity (Also note
that, if the potential ¢ corresponds to some conductivity o satisfying , there is no
non-trivial solutions of when hg = 0).

In particular, if we restrict ourselves to classes of conductivity ¢ for which are
satisfied, o is known on the boundary, and \/o € W2, the injectivity of the map o + A,
is equivalent to the injectivity of the map

A9

(2.33)

A:ge L™(Q)— AL
Our goal is to prove the following result:

Theorem 2.8. Assume that the dimension is greater than 3, i.e. d > 3. If q1, g2 belong to
L (Q) and A" = A% then ¢1 = go.

The proof is done in the following sections.

Let us emphasize that our result focuses on the case of a dimension d > 3. This is due
to our proof based on the so-called Complexr Geometric Optics solutions. The 2d case can
also be handled, but using a completely different construction based on complex analysis
(see [2)).

2.3.2 Preliminaries
Let us begin with the following remark:

Proposition 2.9. Let g € L>®(2). Then the map A? is self-adjoint.

Proof. Let ¢ € L>(Q) and, for hy and hy in HY/?(98), set v; and vs as the respective
solutions of

Avy 4+ qu; =0, for x € Q, Avg + qug = 0, for x € Q,
vi(z) = hi(x), for z € 011, va(x) = ha(x), for z € 0.

According to the definition of the normal derivative on the boundary,

<Aqh1, h2>H—1/2(6Q)7H1/2(6Q) = <8nv17 v2>H—1/2(89),H1/2(69)

:/Avlvgder/Vvl‘vadz
Q Q

:7/q1}11}2d$+/vv1'v1}2dl’
Q Q

= (h1, Ah2) g2 (00), H-1/2(50)
and this concludes the proof of Proposition 2.9 O

We then show the following polarization formula:
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Proposition 2.10. Let q; and g in L>=(Y). Then for all hy, hy in HY/?(0Q), the solutions

U1, U2 Of
A’Ul +qv1 = O, fO?” xr e Q, AUQ + q2U2 = O, fO’I‘ S Q, (2 34)
vi(x) = hi(x), for x € 092, va(x) = ho(x), for z € 091, ’
satisfy
<(AQ1 - qu)hl, h2>H_1/2(BQ),H1/2(BQ) = / (QQ - ql)’Ul’UQ dx. (235)
Q
Proof. We compute
(AT, ho) 17200, 1172 (00) = (OnV1,V2) H-1/2(50), H1/2(00)
= Avivedr + | Vv - Vuydx
Q Q
= —/ q1U1v2 dx —|—/ Vv - Vs dz.
Q Q
Similar computations yield
(h1, AT h2) /290y, H-1/2(00) = —/ q2v1V2 dT +/ Vuy - Vg dx.
Q Q
As A% is self-adjoint from Proposition [2.9]
(h1, A® ho) 17200y, H-1/2(00) = (AP ha, ha) g-1/2(00), 1172 (00)
and the subtraction of the two above identities immediately yield (2.35]). O

The polarization formula is very important as it gives a simple way to describe the
condition A?* = A%, In particular, we see that, if we are able to show that the set described
by the products vivy is dense, then go = g;. This is where the Complex Geometric Optics
solutions come into play, see afterwards.

2.3.3 Complex Geometric Optics solutions

Let us begin by a brief description of the main idea. The first basic remark is that, if p
denotes a constant vector,
AePT =p-pef®.

In particular, we see that, if p-p = 0, e”* is an harmonic solution. This suggests to take
complex vectors p € C? with

p=a+ib, a,becR% a-b=0, lal=1b, (2.36)

which implies that p-p = |a|> — |b]?> + 2ia - b = 0. As e’ is an harmonic function and
a potential function is a low-order perturbation of the Laplace operator, we expect it to
“almost” solve

(A+q)e”* =0
at high-frequency.

To give a precise meaning to these insights, we show the following result:
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Theorem 2.11. Let ¢ € L>®(2). There exists C > 0, such that for all p = a +ib € C? as
in ([2.36) with |a| > 1, there exists a solution v, € L*(Q) of

Av, +qu, =0 in €, (2.37)
that can be written as
vo(x) = e”% +e%r,(x), (2.38)
with v, satisfying the estimate
lal{|7pll L2y < C- (2.39)

Proof. First remark that v, as in (2.38) solves (2.37) if and only if r, solves
e (A4 q)(err,) = —qe™® in Q.

We set § = —qe?®®. The question is then reduced to show that there exists T, € L2(%2)
solution of

e (A4 q)(e"r,) = ¢ in Q, (2.40)
and satisfying estimate (2.39)). Though it is completely straightforward that one can choose
r, € L?(2) solving (for instance by setting r,(z) = e~ **R, where R solves (A+¢)R =
Ge™® in 2 with R = 0 on the boundary 0f2), the difficult part is to show that one can choose
r, solution of such that it moreover satisfies the estimate ([2.39)).

The function r, solves if and only if for all w € 2(Q),

/ rp (e (A 4 q)(e” " w)) dz = / qu dz, (2.41)
Q

Q

or, by density, for all w € HZ(Q).
It follows that the set of 7, solving (2.40) is an affine space with vector space

{e" (A + q)(e™ " w), w € HF(Q) }+2@,
Therefore, the solution 7, of (2.40) of smallest norm should belong to the set

L*(Q)

{er*(A+ q)(e**w), w € HF(Q) }.

Note that
e T(A+q)(e” " w) = Aw — 2a - Vw + a*w + qu.

Hence, applying Carleman estimate (2.27) with k = —a and U = w, we get
af? 0l2agq) + g 0l < Clle (A + g) (e w)||; 2.42)
a w L2(Q) W w H2(Q) S e ( qg)le w L2(Q)° ( .

for some constant C' independent of a (Cf Corollary and its proof: this is is the place
where we use the fact that ¢ € L>°(Q2)). Following, the set

{e""(A+q)(e " w), w € HE(Q) }

is closed in L2(£2). Indeed, if w, is a sequence of HZ(Q) for which (e®*(A + q)e~*%w,,) is
a Cauchy sequence in L?(Q), then (2.42)) implies that w, is a Cauchy sequence in H?(2).
Thus there exists W € HZ(£2) such that

rp =€V (A +q)(e” VW) (2.43)
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satisfies (2.41)), i.e. r, solves (2.40), and is the solution of (2.40)) of minimal L?(2)-norm.
Now, to derive estimates on r,, we apply (2.41) to W: that way, we obtain

/Q € (A + ) (e~ W) dr = / W d < [l W]l

Using (2.42)), we check that

Clll~ _ Clall
a] a]

1/2
([le=@+ae=mwya) <
Q
Using the definition of 7, in (2.43]), we conclude (2.39). O

2.3.4 Proof of Theorem 2.8

Let g1 and g9 in L () be such that A = A%2. According to Proposition [2.10} this implies
that

/(Q2 —q)vive =0 (2.44)
Q

for all v1, va solutions of ([2.34)).
The idea is to use the CGO solutions v, given by Theorem 2.11]in order to construct, for
all £ € R, solutions v; and v, corresponding respectively to potentials ¢; and go according

to ([2.34)), so that
V1vg ~ e KT

We will not be able to do that exactly, but we will manage to get sequence of solutions v ,,
v2,», such that the product vy v, converges to e~ iz,
Indeed, let ¢ € R?. Consider a, 3 in R? of unit norm such that

a-B=p-(=a-£=0. (2.45)

Note that this requires d > 3.
For each n € N satisfying n > ||, there exists 7, > 0 such that

Pn1 =na+i (%5 - g) y Pn2=—no—i <%ﬁ + g)

both satisfy (2.36) (take v, = /n? — |£|?/4). Note that this step requires the orthogonality
2K

conditions | , and that by construction,
Pn,1 + Pn2 = —i&.
According to Theorem [2.11] one can construct
vy = ePmT 4 e, 1 (x), vy = e e, o(T),
solutions of corresponding respectively to potentials ¢; and ¢o, with

C
L2(Q) + Hrn72||L2(Q) < e (2.46)

175,11
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Using the polarization formula (2.44)), we obtain

/ (g2 — q1)e " da
Q
=— / (g2 — q1) (e—i(vn6—£/2)xrn’l(x> 4 ei(vn6+§/2)xrn)2<x) + Tn,lTn,2) dz.
Q
and thus we have

|7 ((q2 — q1)10) (&)

< Cllaz — a1l oo () (HrnJ”Lz(Q) + ||rn,2HL2(Q) + ||7"n,1||L2(Q) Hrn72”L2(Q)> :

Using (2.46)) and letting n — oo, we deduce that the Fourier transform of (g2 —¢q1)1q vanishes
identically, hence g2 = g1 on ). This concludes the proof of Theorem [2.8

Exercise 2.2. The goal of this exercise is to study the stability of the map q — A? when
d>=3.

Let m >0 and let LZ, () = {q € L=(Q)] [lq]| p (o) < m}-
1. Show that there exist C' and ap > 1 depending only on m such that for all g € L%Om(ﬂ),

for all p = a+ib € C¢ as in (2.36) with |a| > ao, there exists a solution v, € H'(Q) of
that can be written as with r, satisfying the estimate .

2. Show that for all n € C°(Q), the above constructed r, satisfy, for some constant C
depending on m and independent of p and g € L, (€2), that

anrpHLz(Q) <C

Hint: Use ([2.40)).

3. Let O be a bounded open set such that Q C O. Extending the potentials by 0 outside Q
and applying the above estimates to derive solutions v, on O, show the following result: there
exist C and ag = 1 depending only on m such that for all q € L%Om(ﬂ), for all p = a+ib € C?

as in (2.36) with |a| > ag, there exists a solution v, € H(Q) of (2.37) that can be written
as (2.38) with r, satisfying the estimate (2.39) and

Hvrp||L2(Q) <C
4. Deduce from these estimates that for some constant C' independent of p and g € LZ,, (Q),

||vP||H1(Q) < Cecla‘(l + lal).

5. We recall that for v € H'(Q) satisfying Av € L*(R), we have v|pq € HY?(0Q) and
Onvlon € H_l/z(ﬁQ) with

[vloall zrrr2(a0) + 10nvloall g-1/290) < C (||”HH1(Q) + ||AU||L2(Q)) :

Using the polarization formula (2.35)) and following the above proof, show that there exists
C > 0 and ng such that for all ¢ € R, and n € N larger than max{ny, |£|},

n  C
17 (@1 — 22)10) ()] < C A" = A%l g 1200 112 (00)) € + o = 2ll o) -
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6. If |[ATT — A%
€] < log(1/[|AT — Aq2HQ(Hl/z(ag),Hflﬂ(aQ)))7

S(H/2(60),H-1/2(0%)) S small enough, deduce that for all & € RY with

\Z (@1 — ¢2)10)(6)] < ¢ 1 .
og (HA”“ )

= Al g (5112 (00), 1172 (00))

7. Recalling that q1 — q2 € L*(Q), and extending g1 — g2 by 0 outside Q, for k > 0, deduce
an estimate on ||q1 — g2l -k (ray-
Hint: Estimate

17 = ata) (@ P+ 1€P) s

and divide the integral in the parts || < p and €| > p and optimize in p.

2.3.5 Further comments

In this chapter, we focused on the Calderén problem for a scalar conductivity . But this
question also makes sense for conductivity o taking value in the set of positive definite
matrices: physically, this corresponds to anisotropic materials.

In the case of anisotropic conductivities, L. Tartar proposed a simple construction to
show that uniqueness cannot hold. Indeed, given any C? diffeomorphism ¥ on Q with
¥ = Id on the boundary 052, then

A=A, where 5(y) (D\PT(‘I"I(y)) x o(WH(y)) x D‘I’(\I"l(y))> .

|det (DU(T~(y)))]

This shows in particular that one cannot distinguish between ¢ and ¢ when allowing
anisotropic conductivities.

Actually, this counterexample is the basis of several recent works on invisibility, see
for instance the article [38], where one possible idea is to construct diffeomorphisms that
approximate the singular transformation between B(0,2) \ {0} and B(0,2) \ B(0,1) given
by

U(x) = (1 + Jz]).
||

In such case, the material inside the ball B(0, 1) will be invisible from the boundary.
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Chapter 3

Carleman estimates with
general weights in a strip

3.1 Introduction
In Corollary we saw that if u € H'((0,1) x R4~1) solves
Au+qu=0in (0,1) x R4 (3.1)
for some g € L>®(Q), satisfy
u(0,2') = 01u(0,2') = 0, for all 2’ € R~ (3.2)

and u(1,2") = 0 for all 2’ € R?~!, then u vanishes everywhere.

In this chapter, our goal is to generalize this result to more intricate situations. In
order to do that, we will produce new Carleman estimates corresponding to more general
weight functions, still considering the case of a strip Q = (0,1) x R?~! with an additional
observation on ' = {0} x R4,

3.2 General Carleman weights in a strip for a weight
function depending on z;.

3.2.1 Goal

The goal of this section is to understand if the Carleman estimate obtained in Theorem [2.1]
in the case of a strip can be generalized to more general functions, but depending on x
only.

To be more precise, we want to know under which conditions on ¢ = ¢(z1) we can
guarantee an estimate of the form

» (33)

5% [ue* || 20,1y xra-1) < C |Aue®® |12 1yxra-1) + Cs?

9nu(0, .)ew<0>’

L2 (Rd—l)

for all solution u of (2.1), with some constants C' and 61, 62 independent of u and s, and
valid for all s > 1.
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3.2.2 Analysis

In this section, we explain what would be the conditions on ¢ to develop the same type of
proof as in Section 2.2}
In order to do that, for u solution of

Ou+ Alu = f, for (z1,2') € (0,1) x R4~1,
w(0,2') =u(l,2') =0, for 2’ € R¥~Y (3.4)
Au(0,2") = gn ('), for 2’ € RI-1,

we set
Ulzy,z') = u(zy,2)e*?@) F(zy,2') = f(x,2)e?@) | Gu(z)) = gn(2)e*? ). (3.5)
Easy computations show that U satisfies the equation

011U — 25815081U + (S2|81§0|2 — 5811<,0)U + AU = F, for (xl,x/) S (0, 1) X Rdil,
U,2")=U(1,2") =0, for z’ € RI-1,
0 U(0,2") = Gn(2"), for z/ € RI~1,
(3.6)
Similarly as before, we can then take the partial Fourier transform in the z’-variable:

U(th/) = yz’—)E’U(xh ')7
F(ml,f’) = ywlﬁglF(fL‘l, '),
GN () = FurseGN ().
Using these notations, U (x1,£') solves

U — 250100, U + (s2]010|? — s0110)U — [€'2U0 = F,  for (x1,&') € (0,1) x R~
U0, =U(1,¢) =0, for ¢ € RI-1,
0U(0,2") = G (), for ¢ € R4—1
(3.7)
Here again, the key is that this operator can be factorized into

(91 — 8010+ |€'])(01 — 501 — [€']),

or

(91 — 8010 — |€'])(01 — 5D + [€']).

But the information on the first derivative can only come from the left. It follows that one
should have for all z; and &',

—sOp— &' =20 or —sOp+I[E]=0.
Taking &' = 0, we will thus require the condition
Op(x1) <0, forall z; € (0,1). (3.8)
Using this condition, it is natural to set

V(21,¢) = (01 — s01p — [€')U (21, £),
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so that we have

AU + (—sohp— &)U =V for (x1,&) € (0,1) x R,

81V + (—sOip + |¢ NV =F for (x1,¢&') € (0,1) x R4-1, (3.9)
U0,¢) = ( &)=0 for ¢ € RI-1, '
V(0,¢) = Gn(E) for ¢ € RI-1L.

Similarly as in Section , we first solve the equation in V, which is well-posed:

Ve, €) :ew(m)—\s'\ml@n@/H/m e+ sola) 1€ 191 (g 1)
0

One should then solve the equation on U. We see there that the solution U can be expressed
as an integral of exponentials involving only negative coefficients if for all ¢ € R?~1 there
exists z¢ € [0, 1] such that

—sOip(xe) — €] =0,
and

{ Vay € [0,2¢], —s01p(z1) =[] =0
Vay € [xe, 1], —sOip(xr) — €] <0,

In that case indeed, for z; < x¢, we solve the equation from the left, whereas for z; > x¢,
we solve the equation from the right.
As for all X, there exists ¢ € R? such that —sd;¢(X) — |¢'| = 0, this later condition is

satisfied if
Ve, < X, —soip(z1) = —s01p(X),

vX €(0,1), { Vo, > X, —sdip(x) < —s01p(X),

i.e. if O1¢p is non-decreasing, i.e.
611(,0 = 0. (310)

Under this convexity assumption, for all ¢’ € R4, we have the following cases:

e Low-frequency case: for all z1 € [0,1], —sO1p(x1) — |£'| > 0. In that case, we have
A~ ajl ’ ! A
U(x1,¢) :/ sl HE o gmse(@) =&y (4 ) d. (3.11)
0
e High-frequency case: for all z; € [0,1], —sd1p(z1) — [€'] < 0. In that case, we have
A~ 1 ’ ’ A
U, €) = _/ 3@ HE 01 =500~ I€ 0P (5 ¢7) iy, (3.12)
z1

e Intermediate range: there exists ¢ € [0, 1] such that —sd1p(z¢) — |§'| = 0. Then, for
x1 < x¢, we use formula (3.11)), whereas for z1 > x¢, we use formula (3.12)).

One may then estimate the solutions U(-,£’) in L2(0,1) for fixed ¢’ € R as in Section
distinguishing between the above cases.

Roughly speaking, the low frequency and high frequency cases will follow the same path
as in Section In order to deal with these cases, we will use that ¢ is strictly decreasing,
i.e. the assumption

sup dro(zr) < —a,
116(0,1)
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for some a > 0.
The new case corresponding to the intermediate range of frequency will require a deeper
analysis. First, to make it simpler, it is usually assumed that ¢ is strictly convex instead of

(3.10)), i.e. we will assume
inf Onp(z1) = B,

z1€(0,1)

for some S > 0. In particular, this condition implies that in the intermediate range of
frequency, there exists a unique z¢ such that —sdip(ze) — €| = 0. One then needs to get
estimates on the weight function sp(z1) + |¢'|#1, which can be deduced by the facts that
U(z1,&) = sp(xq) + [&']xy satisfies U(0,£') = 0, 01V (xe, &) = 0, and 91 ¥ > sB. We
will not give more details about that explicit approach as the computations rapidly become
heavy.

Still, Approach 2 in the proof of Theorem can be performed here assuming that

Ja >0 and 8 > 0, such that sup O1p(z1) < —a, and  inf J11p(z1) 2 6. (3.13)
z1€(0,1) z1€(0,1)

Indeed, one can perform multiplier type arguments on the system (3.9)), by estimating V in
terms of F and GN, and on U in terms of V.
Indeed, since V satisfies

{ 07+ (ot €DV for (z1,£7) € (0,1) x T, (3.14)
V(0.¢) =G () for ¢ € RY, |

taking the square of the equation and integrating in z1, we obtain:

/ (107 (1, €0 + (~sDrptan) + D +50119) [Var, €)F) don
(ot +IEDITLENR = [ 1R €0 e + (s + IEDIGNE
hence, due to , for some constant C' > 0 independent of s and £/,
/ (1017 @ O + (s + €121V (@1,€)) do
<0 [ 1Fn 0 i+ Cls ENGHE. 315)
To estimate U, we also take the square of both sides of

{ nU + (—s01p — |§/|)ﬁ =V for (z1,¢') € (0,1) x R, (3.16)

U(0,&)=U(1,¢)=0 for & € RI-1,

and integrate in the x; variable:

| (0@ €07 + (—stretan) = D2 +50110) [0ar.€)) dos

1
:/ \V(x1,&)|?dzy.  (3.17)
0
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Here, we emphasize that the term (—sd;¢(z1) — |€/|)? may vanish, but this does not matter
as the other term sdq1¢ is always is strictly positive according to (3.13]). Therefore, we get
that for some constant C' independent of s and &',

1 1
/ (|81U'(951,£’)|2 +S|U(x1,§')\2) dry < c/ |V (x1,6")|? day . (3.18)
0 0

Combining the estimates on U and on V, we easily deduce that there exists a constant C'
independent of s and &', such that

1 1
43+mm24|Uumsm2wa<c{é|F@hen%m1+c@+weméN@w?

Accordingly,
8
(s +1¢')
1
<C [ 1) P dey+ sl ()P
0

31A /2d <C 32 1F /2d C é/Z
[0 dn < O [ 1R dn + G (€)

Integrating in &’ and using Parseval’s identity, we obtain:
33/ U (2)[? dz < c/ F@) dz + Cs |G |2 - (3.19)
Q Q

3.2.3 A Carleman estimate for strictly convex weight functions

Based on the analysis done in the previous section, we derive the following result:

Theorem 3.1. Let ¢ = ¢(z1) be a C*([0,1]) function such that there exist o > 0 and 3 > 0
for which
sup Op(r1) < —a, and inf  One(xr) = 5. (3.20)
z1€(0,1) z1€(0,1)
Then there exists a constant C' > 0 such that for all u € L*((0,1) x RI~1) solution of
with source term f € L?((0,1) x R4™Y), and for all s > 1,

2 2
$° lle*ulla((o,.1) wra-y + 5 1€Vl La((0.1) wrar)

2
s 2
<C (e ? 20,1y xra-1) T 5 ‘

essa(O)alu(O, )‘

L2(Rd—1)> . (3.21)
Remark 3.2. Note that the fact that the powers of the parameter s in are strictly
greater than the powers of the parameter |k| in Theorem . This allows to handle first-
order potentials W and zero-order potentials q, while Corollary [2.3 based on Theorem [2.5
only yields unique continuation for zero-order potentials q.

In fact, strictly speaking, Carleman estimates usually refer to cases in which the strict
convexity condition in 18 satisfied, so that the linear weight does not truly correspond
to a Carleman weight function. In fact, using the wording of [20)], it is usually referred to
as a limiting Carleman weight.
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Proof. We present below a proof of Theorem which relies on similar arguments as the
Approach 3 presented for the proof of Theorem

Let u € L2((0,1) x R%~1) be a solution of (3.4) with source term f € L%((0,1) x R?~1).
Let U and F be as in (3.5). Then U solves (3.6).
Multiply the equation (3.6) by s01p1U:

// F581<p81U
(0,1)xRd—1

- // (811U — 2501001U + (5%|01p|* — 50119)U + A’U) 501U
(0,1)xRd—1
s

S
= */ 81<p|VU|2 + *// 311<,O|V/U‘2
2 Rd—1 2 (O,l)XRd71

3 3
_ // (Samaale +25°(D19)* | U* + samp(aw)QlUlz)
(0,1)xRd—1 2 2

11:1

x1=0

2
s
+//( = ((0119)* + 01901119) U |2
0

,1)xRd—1 2

Using the conditions ([3.20) and using the bound

1
‘// FsalgaﬁlU < Z// F2 +52 // (81<p)2(81U)2,
(0,1)xRa=1 (0,1)xRa—1 (0,1) xRd—1

we have proved:

S 353
/ / (almalUF + 210U + 511@(01¢)2U|2>
(0,1)xRa-1 \ 2 2

S

< f// 611¢|V’U|2+Cs/ VU (0,22 da’
2 JJo,1)xra-1 Rd-1

+C// |F|> 4 Cs? // U2 (3.22)
(0,1)xRd—1 (0,1)xRd—1
S

5 // onp|V'U|?, (3.23)
(0,1)xRd—1
we multiply the equation (3.6 by sd110U:

// FsangaU
(0,1)xR4—1

= // , (011U — 2501901 U + (s*|01]> — s0110)U + A'U) s0110U
(0,1) xRd—1

S
= —8// d1e|VU* + // AU + 52 // O (0190119)|U|?
(0,1) xRd—1 2 JJ0,1)xri—1 (0,1)xRd—1
+ 83 // O1p(019)?|U)? — s° // (0119)*|UJ?.
(0,1)xRé—1 (0,1)xRé—1

In order to estimate
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Accordingly,

s// 11| VU|? < 8° // d1(019)* U
(0,1)xRd-1 (0, 1) xRe—*

+C// \F\2+052// U (3.24)
(0,1) xRd—1 (0,1) xRd—1

Combined with (3.22)), we easily deduce the existence of a constant C' > 0 such that

S 83 S
// *611(,0|81U|2 + 82((9190)2‘31U|2 + *611(,0(31(,0)2|U|2 + *81190|VU|2
(0,1)><Rd71 2 2 2
<C ||F||i2((o,1)defl) +Cs|01U(0, ')Hiﬂ(Rd*l) +Cs” ||U||i2((0,1)><Rd*1) .

Using the assumptions (3.20) on ¢, we deduce the existence of a constant C > 0 and of
sg = 1 large enough such that for all s > s,

//(0 1)xRd—1 (sIVUF + 810U + s°|UT)
s 1) X -
2 2
< ClFI L2 0,1y xri-1y T C 181U (0, )| L2 a1y -

We then write ue? = U and Vue®® = V(Ue *%)e*? = VU — sVU. Straightforward
estimates then yield (3.21)) for s > sg. As the weight function is bounded, modifying the
constant if needed, the Carleman estimate (3.21)) holds for all s > 1. O

Remark 3.3. Note that a direct approach consists in multiplying the equation of U by
2881(,031[] + 8811<pU.

But the two above terms do not play the same role. Here sO1001U corresponds to a multiplier
chosen for analyzing the propagation in the x1 variable. The other term, sO119U, rather
corresponds to an energy method to compensate the “bad” term coming from the
multiplier sO1p01U. Note in particular that sO11pU is a weaker order term in U than
881 gp@l U.

Remark 3.4. Another approach would consist in writing (3.6) under the form
AU + SU = F for (z1,2') € (0,1) x R,
with

AU = —2881(,081(] — 3611<pU,
SU = AU + s2|01¢|U,

corresponding respectively to the skew-adjoint and symmetric parts of the conjugated opera-
tor. Then we can write:

/|F|2dx:/(|AU|2+|SU\2)d:z:+2/ AU SU dz.
Q Q Q
and computations will yield that

/AUSUd.TZZSS/ 811(,0(81@)2‘U|2d$— f/ 81111@|U|2d$—8/ 81<pﬁ-é’1|61U|2 do.
Q Q 2 Q o0
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According to Assumptions (3.20), we get some positive constants c, and C such that for all
s large enough,

/ AU SU dz > 0*83/ \U|? da — CS/ |01U(0,2")|* dx’.
Q Q Rd—1

This gives another proof of Theorem using multiplier type arguments, also in the spirit
of the third approach developed for the proof of Theorem [2.1]

Exercise 3.1. (Difficult) Prove the same estimate as in (3.21) using Approach 1 in Section
222

3.2.4 A Carleman estimate for coefficients depending on z;

One may wonder under which general settings the above strategy can be applied. It is quite
clear that it can be extended when the coeflicients of the tangential derivatives possibly
depend on z1, while the coefficients in the derivatives with respect to x1 should not depend
on xj.

We present below a class of coefficients for which we can perform the above strategy. As
it turns out, we will be able to use these computations in the next Chapter in a much more
general setting.

We introduce constants ;= Ay ; defined for j, k € {2,--- ,d}, and we let X7 > 0 be
such that there exists ¢ > 0 such that for all ¢’ € R4~ and z; € [~ X1, X1],

d
1§17 =21 > Nkl = el (3.25)

jk=2

We also assume the following condition

d
Je. >0,V € RN TN kG 2 ald, (3.26)
k=2
‘We then let
Xo € [-X1,0], Q,=(Xo,X;)xRI! (3.27)

and, for s > 0, and G € L?(Q,), we consider the equation:

Aw — 21 Zikz? k00w — 2501w + s*w = G in Q,,
w(Xo, ') = w(X1,2') =0, for 2/ € R4-1, (3.28)
Ohw(Xq,2") =0, for o' € R4-1,

Remark 3.5. Setting w(x) = w(x)e %", one easily checks that w solves (3.28) with s > 0
and G € L*(Q) if and only if w solves

AW — T Z?,k:Q )\j)kajakﬂ} = é m Qw,
w(Xo,2') = w(X1,2") =0, for o' € RI—1, (3.29)
w(Xy,2') =0, for 2’ € RI-1,
with é(m) = G(x)e ™. Accordingly, equation (3.28)) should be seen as the conjugated
operator of (3.29)).
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We then claim the following result:

Lemma 3.6. Let (\;1), X1 satisfying assumption (3.25)) with ¢ and (3.26) with c., and

consider the geometry given by (3.27).
Then there exist positive constants C and sg = 1, depending only on ¢ and c., such that for

all s 2 sg and w satisfying (3.28)),
2 2 1 2 9
s” lwllzzq,) + s IVwllz2q,) + 3 ||‘D2w||L2(QI) < CGl12q,) - (3.30)
Proof. Taking the Fourier transform in the transverse variable, we obtain

L L.o=H

)

where

d
Lo=01—s— |[€P—a1 Y Na&ibn, 21 € [Xo, Xu], & €R,
J.k=2

d
Ly=01—s+ || —21 > Nw&ibe, 71 € [Xo, X], & € R,
Jrk=2

d
H=G- al |£l|2 — 21 Z )‘j,kgjgk {U\a r1 € [XOaXl]a 5/ S Rdil'
j.k=2

It is easy to prove that
Z=L,w, (3.31)

satisfies, for some constant C' independent of s and & € R4~1,

(s 1EDIZC N xouxn) + 190z xp x0) < [ B8

. 3.32
L2(X0,X1) ( )

Indeed, for ¢ € R4™1,
L_Z=Hin (X0, X1), 2(Xo,&)=0. (3.33)

Taking then the L? norm of both-sides of this identity, we easily deduce the estimate (3.32))

from the assumptions (3.25)) with ¢ and (3.26]).
The estimate of @ is more involved. Taking the L?( Xy, X1) norm of both sides of (3.31])
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at ¢’ fixed, we obtain

~ 2
||Z('v§/)HL2(XD,X1)

2
d
~ 2 —~
= 100, € e xox0) + || | 5= | €12 =21 D Ajwésn | @(,€)
J.k=2 L2(X0,X1)
X1 d
= [ e(yler - X g | 1@t )P den
Xo jk=2
p 2
~ 2 ~
= 100 ) 2 x0x0) + || | 5= | 1€17 =21 D A& | @(,€)
k=2 L2(X0,X1)

/ M 2 D |W(x1,&)? doy
\/|§/|2_551 ij 2 AjkEi&k

In particular, in view of (3.25) and (3.26)), the last identity provides, for some C > 0
depending only on ¢ and c,,

~ 2
||Z(‘af/)HL2(XO,X1)
2

d
> 101D €T axg ey T || | 5= €12 =21 D N | @ €)

k=2 L2(Xo0,X1)

X1
e / €'l w(ar, €2 das.
Xo

It follows that we always have, for some C strictly positive independent of s and &/,

/\

2 —~ 2
1Z(, )”L2 (X0,X1) © > [0, )HL?(XO,Xl) +C(s + |€/|) ||w(',§/>||L2(X0,X1) :

We then easily conclude that
. 2 . 2
(s +1¢')? ||31w('7f/)||L2(X0 x)t (s +1€')? ||w('»§/)||L2(XO,X1)

~[12 —~ 2
‘H‘ SCHG‘ +ClE'P? @ N2 x0,x,) -

L%(Xo,X1)

L2(Xo0,X1)

In particular, for s large enough, we get

~ 2
(54 €0 10T )l ) + 5+ ED° 1T, <6 1

We can then integrate in & € R?~! use Parseval’s identity and obtain
S w7z + 5% 101072, + 5 IV w||L2 o)t ||31V/7UHL2(Q ) < ClGI72q,) -
From the equation satisfied by w, we easily check that

d
Aw — 11 Z )\j,kajakw < 031/2 ||GHL2(QJC) )

Ji k=2 L2(9y)
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Besides, the operator A — x; ijﬁ Aj,10;0k is elliptic due to the assumption (3.25)), so the
standard elliptic regularity results give

1
172 ”w”H?(QI) <C HGHLz(Qm) :

This concludes the proof of Lemma 3.6 O

Remark 3.7. In fact, the estimates on w in the direction of ey are better than in the other
directions. We have indeed proved that there exists C' > 0 such that for all s > s,

2 2 2
57 101wll72(,) + 101V W20,y < ClIGIL2q,) -

As we also have the estimate

~12 Al
1017120, < C 6] -

recalling the definition of z, we easily check that we have in fact

2 2 2
52 [01wll72(0,) + 101 VW72, < CIGlL2q,) - (3.34)
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Chapter 4

Global Carleman estimates

4.1 Elliptic Carleman estimate under Hormander’s strict
pseudo-convexity condition: the distributed case

The goal of this chapter is to prove a Carleman estimate for solutions of Laplace equation
with homogeneous Dirichlet boundary conditions. More precisely, we consider a smooth
bounded domain Q of R%, and u such that

Au=f in €,
{ u=~0 on 0f). (4.1)

Then, we have the following result:

Theorem 4.1. Let 2 be a smooth bounded domain. Let w be an open subset of 2 with
W C Q. Let p € C4(Q) be such that there exists o, 3 > 0 such that

inf |Vo(z)| >« (4.2)
zEMN\w

and Vr € Q\ w, V&€ € RY,
V()| = €] and Vp(z) - € = 0= D20, (Ve(a), V() + D*p.(€,€) = B|Vp(x)*. (4.3)

and
Ve € 09, ¢(x)=0, and Opp(x)<DO. (4.4)

Then for all e > 0, there exist C, sy > 0 such that for all s > sq, for all u € L*() solution

of (1) with source term f € L*(2),
s°lle*?ullZz () + slle*?VullLa i) < C(lle? fllLz () + * e ulliz(w.)) (4.5)
where w. = {x € Q, d(z,w) < e}.

Remark 4.2. Assumption (4.3)) is often referred as Hormander’s strict pseudo-convexity
condition.

Proof. Here, we provide a proof of Theorem using Fourier techniques as we did earlier.
As before, we start by setting

w=¢e"¥u, F=¢e"f, (4.6)
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which verifies

{ Aw — 25V - Vw + s2|[Vo|*w — sApw = F, in Q, (4.7)

w=0on 09,

In order to prove Theorem 4.1, we will prove it locally. Namely, for zq € Q\ w, we introduce
Nao () a cut-off function and

Wy () = M, (T)w(2), (4.8)

which solves

A'wa:o - Qva : vwﬂ:o + S2|V(p|2wi?0 = FZO’ in Q’ (4 9)
Wy, =0 on 09, ’
where Fy, is defined by
Fry =Moo B+ sApwy, + [A, N Jw — 28|V - V, 1, |w, (4.10)

where for operators A and B, [A, B] denotes the operator AB—BA, i.e. the commutator of A
and B: in the above cases, [A, 1y, |Jw = 2V, Vw+ Ang w and [V V, 1z Jw = V- Vi w.

In particular, all our proof is based on the following Lemma, whose proof will be post-
poned to Section [£.2}

Lemma 4.3. There exist constants C > 0 and so > 0 such that for all xo € Q\ w, and for
all Fy, € L*(Q) and w,, satisfying ([4.9), we have

1
53”“’1’0”%2(9) + s||Vwm0||%2(Q) + ;szo”%{z(g) < C||Fmo||2L2(Q)~ (4.11)

for all wy, supported in B(xq,s™ /%) N Q.

We will thus choose
Mo () = 1°(s"/3|2 — x| )

with Suppn® C [0,1) and 7°(p) = 1 for p € [0,1/2). Therefore, we obtain, for C' and s
independent of x,

5[ wao |72 () + 5IVwa, [72(0) < Clineo FllZ2(0)
+ Cll| A [w]|Z2 () + CllIViwo | Vel ) + O [ Vimo w22 o)

and then,

51120 wl|72 0y + $lwo Vll72 () < Cllno Fll72 ()
+ Cll|Anz, [wl172(q) + ClIV L, V0l F2 0y + C* [ Viiao |w]| 720

Now, integrating in zg €  \ w and using Fubini’s identity, we get

& / po(@) 2w (@) dz + s / po(@) [ V() d < © / po(@) [F () ? da

+ C/Q(pr,l(w) + 8% pr2 (@) [w(@)® da + C/Qpr,z(w)Ww(CC)dea
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where the weights pg, pr; are defined as follows:
po(@) = [ (@) day
Q\w
pral@) = [ B (o) dao
Q\w
prale) = [ [V, (@) o,
Q\w

Now let € > 0. We check that:

Vz € Q7 |p0(l')‘ < Csid/gv

VeeQ, |peai(z)] < CsY/37Y3,
Vo €Q, |pra(x)| < Cs*P73,

1 s~d/3 2
If s > , Ve € Q\ we, |po(z)| = HnOHLz.

~ min{e3, d(w, Q)3 } 3

Thus, for s large enough,

53/ \w(x)|2dx+s/ |Vw(x)|2dx<c/ |F(2)[? dz
Q\‘*’E Q\WE Q

+ O3 lw(z)[? dm+052/3/

we w

|Vw(z)|* de.  (4.12)
Adding then

53/w |w(x)|2dx+s/w |Vw(x)|? de

e e

to both sides of (4.12]), we get:
33/ lw(z)|? ders/ |Vw(x)|? d
Q Q

<C/ \F(m)\Qd:v+C’s3/
Q w

To remove the term in Vw in the right hand-side we take a smooth cut-off function 7, taking

|w(z)|? dz + Cs/ |Vw(z)|* dz

e We
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value 1 in w. and vanishing in Q \ wae and Writ
s | |Vw(z)]?dr < s/ N ()| Vw(z)|? dz
wW2e

we
< —s/ wVn, - Vw — s/ N wAw
wWae W2e
<
2e

/ Ang|w|? - s/ Nww(F + 25V - Vw — s%|Vo*w + sApw)
w Wae

Nl N ®»

<

/ Anylwf? — s / nowF + 57 / V) w]?
wae wWae W2e

+s3/ nw|V<p|2|w\2—52/ nwA<p|w|2
Wae W2e

<033/ |w|2+0/ |F|2.
wWoe Q

This concludes the proof of Theorem up to the proof of Lemma [4.3| since ¢ > 0 is
arbitrary. O

Remark 4.4. The above argument relies on the local character of Carleman estimates: A
global Carleman estimate, such as (4.5)), can be deduced by gluing local Carleman estimates
such as (4.11]).

4.2 Proof of Lemma 4.3

In order to prove the local Carleman estimate stated in Lemma we first rewrite the
problem (4.9) in suitable coordinates, which will turn out to be adapted to prove the local

Carleman estimate (4.11]).

4.2.1 A suitable change of variable
We fix 29 € Q \ w and introduce L; € R? and A; € R¥? as follows:
Ly = V(o) € RY,  A; = D?p(xg) € R4, (4.13)

We then introduce d — 1 vectors (L;);cya,... ay such that the family (L1, (L;)ieqo,... .4 }) form
an orthogonal basis of R¢, and such that for all i € {2,--- ,d},

|Li| = [Lal.
For i € {2,---,d}, we then introduce self-adjoint matrices A; such that
1. A;Ly = — AL,
2. forje{2,---,d}, AiL;- L; = A Ly - L.
3. for (j,k) € {2,---,d}? with 4, j, k two by two distinct, A;L; - Ly = 0,
4. forje {2, ,d} with j £, A;L; - Lj = — ALy - L.

IThis estimate is also known as Cacciopoli’s inequality.
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It is then easy to check that each matrix A; is fully determined. Indeed, writing the matrix
Aj; in the base of (L1, (Li)ie{2,.. a 1), the first condition imposes the first column of A;, and
thus its first line as A; is symmetric. The second condition imposes the lines 2 to d of the
i-th column of A;, and thus also its lines. The two last conditions then imposes the lines 2
to d of the the j-th line of A; for j ¢ {1,7}. It remains to check that A; is symmetric. This
is a consequence of the third condition.

We shall then introduce the following coordinates for x in a neighborhood of z:

y1(z) = ¢(x) — ¢(z0), (4.14)

. 1
forj e {2,---,d}, yj(x) =L; - (x —xo) + §Aj(x —x9) - (z — x0), (4.15)
By construction, there exists a neighborhood, whose size depends on the C? norm of ¢
only, such that = — y(z) is a local diffeomorphism between a neighborhood of zy and a
neighborhood of 0. In particular, for s large enough, we can ensure that the ball of center

zo and radius s~/3 is included in a set on which = — y(z) is a diffeomorphism, and its
image is included in a ball B(0,Cs~1/3). Therefore, for w,, solving (&.9)), we set

By) = wy(@) for y=y(e), Py)=Fole) for y=ylo).  (416)

Explicit computations then give that w satisfies

d
> bjw(@)0y,0,,5(y(@)) + Vyib(y(@)) - Apy()
j,k=1
d
=250, 0(y()) + 8 V(@) Piy(@) = Fly(@), inQ, (417)
where

bjk(x) = Vy;(x) - Vye(z), and  ¢;(z) = V() - Vy;(2),

We then remark that ¢;(z) = b;1(z) and that b; x(z) = by ;j(x) for all z. We now briefly
analyze the coeflicients b; . By construction of the coordinates y;, we easily check that

bk (w0) = |L1[*6; ks
d
Obj i (o) = > (60 (w0)dsyk(x0) + 0y (20)DeDiyi (o))

i=1
d
= ((Ajei - e0)(Li - €i) + (Lj - e:)(Age; - 1))
i=1
= Ajeg - Ly + Agey - Lj = (Aij + Aij, ez),
so that we have in particular that
L¢-Vbjk(wo) = (Aj Lk + AxLy) - Ly,

and, corresponding to j = k =1,

Vo(wo)l* = |Laf*,  and  9e(|Vep(0)[*) =2 udip(wo)dsp(wo) = 241 Ly - ey
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We can thus analyze b; /| V| close to x = zo:

bj.k '
Wolxp ") =

bj.k 1
Lf'v(le( )2) (@o) = 17 (AiLw+ AwLy) - Le = 20561 L - L)

In particular, for all j,k € {1,---,d}?,

Lg-v< bi.k )(mo):Owhenﬁe{Q,--~,d}.

Ve(z)[?
When ¢ = 1, the behavior of this quantity is more interesting:
e lfj=k>2
Ly-V (b“> (z0) = 2 (AiLj - Ly + ALy - Ly),
Ve(z)[? e
e If j=k=1,

LV (e ) =0

o If j £k and j,k > 2,

b 2
L - _ R - __ = ..
- (et il

o If j or k equals 1, and j # k,

Consequently, as a consequence of Taylor expansion of b; . /|Ve(x)|? close to x = zo,

- +Z \L |2 (A1Lj - Lj+ ALy - Ln))y1 (%)) 0;;w(y(x))

d

2 -
e Z y1(x) Ay Lj - Li,0;0,w(y(x))
k=2, j#k

2 2
< Clz —xol? w2 < Clyl? wllze - (4.18)
We thus obtain that

anw-i-z |L ‘2 AlL L + AL - Ll)yl)a

d 2

L2

| Ay Lj - L0 — 2591 + 8w = G, in B(0,Cs1/3),  (4.19)
J,k=2,j#k

Ul
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where
~ 1 ~ N .
60) - e ) - Vo) Au(al))| < Ol (020)

If the ball B(0,Cs~1/3) intersects the boundary of Q, then we simply recall that the weight
function ¢ has been chosen such that ¢ = 0 on the boundary. In particular, the boundary
is locally parametrized by y;(x) = Yy, where Yy = —p(x0) < 0, and € can be locally defined
by y1 > Yy. Thus, in this case, the equation of w should be completed with

w(Yy,y') =0, fory € RIL (4.21)

Remark 4.5. To better understand this change of variable, it is interesting to focus on the
case of a weight function depending only on the x1 variable. Then, after some computations
left as an exercise, the above strateqy amounts to transform equation into equation
, and the strict convexity of the weight function  in x1 is then equivalent to .

4.2.2 Proof of Lemma [4.3]
For (j,k) € {2,---,d}?, we set

2
Nj=1t5A1L; - Lj+ AL -Ly) and A

e Aky - L)

L= 2
SRV HE

In particular, for all £ € R1,

d d d
2

> Nk = P AiLy - L€+ A ) GLy) - O &Ly)
k=2 ! =2 =2
_ 2P

[Ve(xo)[?
where (' = %"Z?:Q & L; is of modulus |Ve(zo)| and satisfies ¢’ - Vip(xzg) = 0. Thus,
condition (4.3) at a point zg is in fact equivalent to the condition (3.25). We can thus apply
Lemma to each wWg,: There exist C > 0 and sg > 0 independent of xy such that for all
s > 59 and all w,, supported in B(zq,s'/3),

(D%pa, (Vep(0), Veo(0)) + D04, (¢, ()

- 5 1 ~
53”“’%“%2(%) + 5||wao||2L2(Qy) + g”wm()”?{?(ﬂy) < C”GIOHQL?(Qy)'

Using the estimate (#.20)) and the fact that w,, is supported B(0,s~/3), we get for s large
enough,

_ - 1 . _
53meo||%2(9y) + SHVM-’EOH%Z(Qy) + gHwI()”iIZ(Qy) < C”F-’ﬁo”%Q(Qy) + CHVwmolliz(Qy)-
Taking s large enough, the last term can be absorbed and we obtain
_ ~ 1 -
33”“’%”%2(9@) + 5||wao||2L2(Qy) + ;”ww()”?{Q(Qy) < C||Fxo||2L2(Qy)-

We then undo the change of variable, and conclude immediately the proof of Lemma [£.3]

Remark 4.6. We can add a non-homogeneous boundary condition in H3/?(0Q) and do the
same thing.

We can also get a similar estimate with a source term F lying in H=1(2) and a non-
homogeneous boundary condition in HY/?(0SY), see [13].
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4.3 Elliptic Carleman estimate under Hormander’s strict
pseudo-convexity condition: the boundary case

We next derive a similar estimate when the observation is on the boundary.
Again, we consider a smooth bounded domain Q of R%, and u a solution of (4.1]).
Then, we have the following result:

Theorem 4.7. Let ¢ € C*(Q) be such that there exists o, 3 > 0 such that

inf [Vp(z)] > a >0 (4.22)
€S

and Yz € Q, V¢ € RY,

V()| = [¢] and Vp(z) - € = 0= D*p(Vy(x), Vi(z)) + D*p(&,€) > BIVe(a)]*. (4.23)

Then there exists C, sq > 0 such that for all s > sq, for all u € L*(Q) solution of ([4.1)) with
source term f € L*(Q),

s*lle*?ulfaq) + slle*?Vullta(q) < Clle* fllzz() + sle™*dulliar,)), (4.24)

where
'y ={z €09, Ohp(z) >0}.

Remark 4.8. Note that by standard elliptic regularity result, if u € L*(Q) is solution of
[4.1) with source term f € L%(Q), then u belongs to H*(Q2), and therefore expression ([4.24)
makes sense.

Remark 4.9. Assumption (4.23) is often referred as Hormander’s strict pseudo-convexity
condition.

Note that the linear weight function x — €- x for a unitary vector € does not satisfy the
convezity condition (4.23|). This explains why the powers of the parameter |k| in Theorem
are not the same as the powers of the parameter s in Theorem [{.7}

Actually, it is easy to check that it satisfies the degenerate convezity condition (4.23)) with
8 =0.

When condition (4.3) is saturated, that is when

Vo € Q,¥¢ € RY with [€] = |V(x)| and €-Vp(z) =0,
D?p,(Vep(x), Vip(x)) + D*0u(€,€) = 0,

the weight function belongs to the so-called Limiting Carleman Weights, see e.g. [9, [20],
where it is used to solve the Calderon problem in dimension d > 3 with partial knowledge of
the Dirichlet-to-Neumann map.

Remark 4.10. Actually, @ does not necessarily need to be bounded. It is sufficient to
assume @ and all its derivative to be bounded on € to obtain the same result.

As usual, to prove Theorem we work on the conjugated variable and source term
w=eYu, F=e"f

which verifies

2 2, RV s
{Aw+sVLp|u 25V -Vu—sApu=Fin ), (4.25)

w = 0 on 0N.
Then Theorem [£.7] is implied by the following Carleman estimate on w:
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Theorem 4.11. Let p € C*(Q) verify (4.22)) and ([#.23). Then there exists sg,C > 0 such
that for all s > so and all w € L?(Q) satisfying ([.25) with source term F € L*(Q), we have

33”“’”%2(9) + 32”52”%2(9) + 5||Vw”2L2(Q) < C(”FH%z(Q) + 5||anw||%2(rg,))a (4.26)
where
52 = (VU) : 77) ,
with for all x € Q
Vo(z)
n(z) = :
V()|

In Theorem the term 52||£2||%2(Q) emphasizes that we obtain a better estimate on
the component of The gradient in the direction of V¢ than on the total gradient. B
We now focus on the proof of Theorem From now on, we consider ¢ € C*(Q)

verifying (4.22]) and (4.23)).

4.3.1 Some basic estimates
For any w € H}(Q), we define
Psw = Aw + s*|V|?w
and
Pyw=—-2sVp- -Vw— sApw.

The operators Ps and P4 are respectively symmetric and skew-adjoint, as for any w,w €
Hg (),
(Psw, @) g—1(),mp () = (W, Ps®) 2 (), 1-1(0)
and
(Paw, @) g-1(0),51(0) = — (W, PAD) g1 (), 11 (0)-
We start with some basic estimates that shall be useful in the following.
Proposition 4.12. There exists a constant C > 0 such that for any w € H?(2) N H} ()

and s > 1,
s*[1€2ll72 ) < C(1PawlF2q) + *lwliZzq), (4.27)

1
16111720y < C(s*lwl|72q) + 2 (HPSw||2L2(Q) + ||PAw||2L2(Q)) ), (4.28)

and

5 1
s /Q D%, &)l do < C (s wlifaq) + == (IPswliei + IPavliaey) ), (4.29)

Vs
where
Vw = &1 + &,
with
V()

52:(V’w~l})u, I/(SC): 751'52:(1

V()|
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Proof. Estimate (4.27) is direct as
1

Ve - V|

and
25V -Vw =—-Paw - sVpuw.

To prove estimate (4.28]), we note that

/Pswwdx:—/ \Vw|2d:v+52/ IVl |w|? d.
Q Q Q

As |[Vw|? = [&]? + |&]?, we obtain for some constant C' > 0

[latar<c( [ lap o2 [ | [ Puwd
Q Q Q Q

Estimate ([4.28]) then follows from

1 52
Pawwdzx <—/ Psw2da:+—/ wzdac,
/ 5z [ 1Pl de+ 5 [ qul

and estimate (4.27)). Finally, estimate (4.29) simply comes from the inequality

).

s [ 1Dl dr <5 [ [af do v 05 [ el dr,
Q Q Q
and estimates (4.28]) and (4.27)).
Lemma 4.13. For any w € H*(Q) N H () and any s > 1,
/ Psw Pywdz = 25° / D?p(Vp, V) w|? de — f/ A2 |w|? dx
Q Q 2 Jo
+ 25/ D?*p(Vw, Vw) dx — s/ Onp |Onw|*ds(z).
Q Q
Proof. By definition, for any smooth function w,
/ Psw Pawdzr = / (Aw + *|Vep|*w) (-2 s VoVw — sVew) dz,
Q

Q

so we have to compute each term appearing in the product.
First term: we have

/ Aw(-2sVeVw)dr = 725/
Q

(Opw) (Ve - Vw) ds(x) + 2 s/ Vw-V(Vp - Vw)de.
o9 Q

On the boundary of €2, as w = 0, we have Vw = (Vw - n)n, hence

—253 w -vw)dslr) = —28 wQSZ‘.
2 /m(an Y(Ve - Vw)ds(z) = —2 /{)Qanwlan |* ds(z)

On the other hand, an easy computation shows that

1
Vw - V(Ve - Vw) = D*o(Vw, Vw) + §V<p -V(jwl|?),
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which leads to
2sVw-V(Vy-Vw)dr = 28/ D?p(Vw, Vw) dx + S/ V- V(lw?) dz
Q Q
= 23/ D?p(Vw, Vw) dz + s/ Onp |Opw|* ds(z) — s/ Ay |w|? de,
Q o9 Q
where we have again used that on 9, Vw = (Vw - n)n. So we finally obtain
/ Aw(—2sVeVw)dz = 23/ D?p(Vw, Vw) dx
Q Q
- s/ Ay |w|* dr — s/ Onp |Opw|? ds(z).  (4.30)
Q 1)
Second term: as w = 0 on 0f), we have
—3/ Aw Apwdr = s/ Ap|Vw|? dx + s/ Vw - V(Ap)wdx
Q Q Q
:s/ A@\Vw\de+§/ V(w]?) - V(Ap) d
e 2 Ja
= s/ Ap|Vw|* dx — f/ A?p |w|? d. (4.31)
0 2 Ja
Third term: first we note that

V- (Ve Vel?) =2D*o(Ve, V) + [Vo|* Agp.

Therefore, we obtain
— 253/ IVo|>w Ve - Vuwds = 753/ Vo> Ve - V(lw|?) dz
Q Q

:53/ V- (Ve Vel?) lw|?dx
Q

=2s° /Q D?p(V, Vo) w|? de + 53 /Q |V|? Ap [w|? da. (4.32)

Fourth term: nothing to do here, the fourth term simply reads
— 53/Q |Vo|? Ap |w|? d. (4.33)
Adding equations (4.30)), (4.31)), (4.32) and (4.33)), we obtain the desired result. O

Lemma 4.14. For any w € H*(Q), we have

2 2
D2p(Vi, Vi) > &P 2 PVONVE) | g2 pDEVOVR) o pae ), (a3)

Vel? [Vel?
with
Vuw =& + &
and v
52 = (vw'y)ya l/(.’L’) = |Vig§|’ 51 '52 =0.
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Proof. 1t is clear that
D*p(Vw, Vw) = D*¢(€1,61) + 2 D%p(&1, &2) + D*p(&2, &2).

By construction,

\Y%
= g”'\5|

verifies ) ]
&1 = [Ve| and & - Vo = 0.

Therefore, Hérmander’s pseudo-convexity condition (4.23)) implies that
D*p(&1,€1) > BIVel* — D*p(Ve, V).
An easy computation shows that

D2p(V .V
20 (62, 62) = |52|2W,

which ends the proof. O
Lemma 4.15. For any w € H*(Q) N HE (), we have

D2p(Vp, Vi)
D*p(Vp,Vo)|wf?de —s | —=r1-12
/ o |V<P|2

(V%Vw) 8/ (D%(V%Wv)) 5
/B Vol? 2/, ) Il e (439)

|Vw|? dz

Proof. We have

2
/Psw Dp(Ve, Vo)

|V80\2
D2
:53/ D?*o(Vp, Vo) w|? d:c—|—s/ Aw @(VV;pl,ngo)

D2
=3 /D2 V@,Vg&)w|2dx—s/|vz;p’2v@|Vw|2dx

(V%Vw))
/Q < V|2

wdx

1
As Vww = §V (|w|2), another integration by parts of the last term gives the result. O

4.3.2 Proof of theorem [4.11]
To prove Theorem we first note that w solution of (4.25)) verifies
Psw+ Pyw=F € L2(Q),

with implies in particular w € H?(Q) (see remark , hence Psw € L*(Q) and Paw €
L2(€2). Therefore, it is readily seen that

||PSw||2L2(Q) +2 (PSw,PAw)L2(Q) + ||PAU’||2L2(Q) < ||F||2L2(Q)~ (4.36)

Then, Theorem is a direct consequence of the following result, whose proof is postponed
afterwards:
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Proposition 4.16. There exists sq, C > 0 such that for any w solution of (4.25) and s > s¢,
s ullfs@y < C (1PswlEa) + (Psw, Paw) ga(qy + I1Pawllie) + slldawl?, ) . (4.37)

Proof of Theorem[{.11 Proposition and equation (4.36) implies that for any s > s,

s lwlfea) < € (IFI32(@ + sloawl?, ) -
Then, if we write
Vw =& + &
with - ( )
X

§2 = (Vw vy, v(z) = y §1-& =

[Ve(a)]
Proposition implies that for any s > max(sg, 1),

lalfz@ < C (IPawliz@ + 5 lwliz )

and
sllEulz ) < C (s*lwllfee + IPswlifz) + I1Pawlieg))

which, combined again with Proposition and equation (4.36)), gives (4.26]). O
Proof of Proposition[{.16, From Lemma we know that

/PSwPAwdac72s /D2 (V, Vo) w]? do — /A2<p|w|2dx
—|—23/ D*o(Vw, Vw) dx—s/ Onp |Opw|?ds(x),
Q 0
which immediately implies
(Psw, Paw)r2(q) —|—3/F On @ |Onw|?ds(x)
>2s° /QDQ@(V@,Vwﬂdem—%/{2A2<p|w\2da:+28/QD2<,0(Vw,Vw)dx. (4.38)
Now, from Lemma [1.14] we get
23/QD2L,0(Vw,Vw)dx225/9G(Lp)|§2|2dx+286/9|£1|2dx
_23/QG<¢)|51|2dx+2s/QD%(&,&), (4.39)
D*p(Ve, Vo)

Vel?
|€1)% + €)%, we see that (4.39)) is equivalent to

where we have introduced G(¢) = to shorten notations. Using that |[Vw|? =

23/D2 (Vw, Vw) d 4s/G |§2|2dx+2sﬁ/ 1% dx
—23/G(@)|Vw|2dx+4s/ngp(fl,fg). (4.40)
Q Q
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Hence, equation (4.38]) implies
(Pgw, PAw)Lz(Q) + 8/ On |8nw|2ds(x)
F‘P
>2s° / D?*p(Ve, Vo)|w|* dz — g/ AQwIw\de+48/ G(p)|&2|* dx
Q Q Q
+256 [ P de—2s [ GIVuPdotds [ DPo(e6o)
Q Q Q
from which we obtain using Lemma
(Psw, Paw)r2(q) —|—s/ 3n<p|8nw|2ds(x)
Ly
> 23/ Psww G(p) dx — s/ AG() |w* dx — f/ A?p |w|? dx
Q Q 2 Jo

2 2 2

We have already seen that in the proof of Proposition that
/|§1\2dx:s2/ |Vg0|2|w|2dx—/ |§2|2dm—/ Pswwdx
Q Q Q Q
hence (4.41)) and |Vp| > a gives
(Psw, Paw)r2(q) +s/ 3n<p|8nw|2ds(x)
Fﬂp
> 25/ PswwG(p)dx — 5/ AG(p) |w* dx — f/ A?p |w|? dx
Q 0 2 Ja
+2s3ﬂa2/ |w|2d:c725/ |§2\2dx72s/ Pswwdzx
Q Q Q
+4s/ G(p)|&* dx + 4 / D2p(€1, &) dx.  (4.42)
Q Q

As ¢ € C*4(Q), there exists a constant C' such that |G(p)] < C on Q. Combined with
estimate (4.27]), we obtain that there exists a constant C' > 0 such that

2s

/ (2G(p) — Dl de
Q

C

< SIPaula + Cs [ u da, (4.43)
s Q

whereas a simple computation shows that

2s

/(G(Lp) —1)Pswwdx
Q

< Cs/ | Psw w]| dw
Q

C C s°/2
< 5AlPsullam + 5 [ ol de (4.44)

Additionally, estimate (4.29) gives a constant C' > 0 such that

C
48 /QDQQO(gl,gQ) dl’ < 6185/2/('2 "UJ|2 + ||P5’LU||%2(Q) + HPA’UJ”%z(Q)) . (445)

vl

58



Inserting estimates (4.43)), (4.44) and (4.45) in (4.42), and furthermore using that there

exists a constant C' such that

S

[ (860 + 5a%) ol de
Q

< Cs/ |w|? de,
Q

we obtain that there exit constants ¢, > 0 and C' > 0 such that
(Psw, PAw)L2(Q) + 5/ Onp |8nw|2ds(x)
F‘P

> (c,8° — %7 — C’s)/Q lw|* dx — ||Png%2(Q) + ||PAw||2L2(Q)> . (4.46)

< (
NG

We obtain the result using the existence of C' > 0 such that |0,,¢| < C on 9 and choosing
s = 8p, with sg > 0 such that 0*53/2 —Cs%2—(Cs >0 for all s > so. O

4.4 Some comments on the Hormander’s strict pseudo-
convexity condition

In this section, we give some comments on the Héormander pseudo-convexity condition:

4.4.1 Case of a weight function depending on z - ¢ only

We suppose in this section that ¢ € C*(Q) depends only on the coordinate z - e, where e is
a fixed direction, that is e € S~!. Let us denote

m=minz-e, M =maxz-e,
z€Q €N

and suppose ¢(z) = f(z -e), for some f € C*([m,M]). Then Vo = f'(z - €)e, hence
[Vl > a > 0 directly reads |f’| > o on [m, M], that is a strict monotonicity condition for
f on [m, M]. Furthermore, for all a,b € R?, it is straightforward to see that

D%p(a,b) = (a-€) (b-¢) f"(x-e).

As furthermore all £ € R? verifying & - Vo = 0 necessarily verifies £ - e = 0, the condition
that there exists 4 > 0 such that for all z € Q, all £ € R?,

V()| = [¢] and Vo(z) - £ = 0= D*p(Ve(x), Vo(z)) + D*0(,€) = BIVe(z),

simply rewrites -
" (z-e)> B onQ,

which reads as a strict convexity condition for f on [m, M].
These are precisely the two conditions verified by the weight function we used in our
study of the previous chapter, in the case of a strip.
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4.4.2 Construction of a weight function

Let us now consider Q an arbitrary smooth bounded domain of R?, and I' C £ nonempty
and open. Suppose that we want to use Theorem [£.7] with an observation localized on T,
that is such that

'y, ={xz €09, Opp(x) >0} CT,

where ¢ is the weight function in the Carleman estimate (4.24)). The existence of such a
weight function satisfying furthermore |[Vy| > o > 0 on Q and Hérmander’s strict pseudo-
convexity condition is not obvious. But it turns out it is always possible to construct
a function ¢ verifying all the require properties. The key result to do so is the following
proposition.

Proposition 4.17. There exists a function 1 belonging to C*(Q) such that
inf {|Vy(z)|} >0, and VredQ\T, d¥(z)<0. (4.47)
€

Proof. See for instance [36, Appendix 3]. O

The process to construct ¢ from v is often called convexification. It consists in defining
@ as e M, for a parameter A > 0 chosen sufficiently large.

Proposition 4.18. Let ¢ be given by Proposition and ¢ = e ¥ with X\ > 0. There
exists Ao > 0 such that for all X > Ao, ¢ satisfies I', C T,

inf [Ve| >0,
TEQ

and Hérmander’s strict pseudo-convezity condition (4.23)).
Proof. First of all, as Vo = Ao Vi), Ao > 0on Q and I'y, C I, we clearly have

inf [Vo|=a>0and T, CT.
€
It then remains to consider Hérmander’s pseudo convexity condition.
First of all, we denote
oy = inf P(x), ay = inf [Vy| >0, 3 = sup |[D*(e,e)|.
z€Q €N ecSd—1
A simple computation shows that for all @, b € R?, one has
D*¢(a,b) = A (a- V) (b- V) + A D2p(a,b).
Therefore, for all z € Q and all £ € R? such that
&l = Ve(x)] = Ao(z) [V ()],
and & - Vo = 0, or equivalently & - Vib = 0, we have
D*p(Ve(x), V() + D*p(€,€)

_ 2 2172 4 A D? WW) 2 <5 f)]
Vool olo) [ 190 + 3 D% (o ) +a0% (6]

hence
D*o(Vp(x), Vo(x)) + D?*p(&,£) = V() e 7 [\ — 27y -

Choosing Ay > 27—7’2) gives the result. O
Qy
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Remark 4.19. Interestingly, choosing a weight function ¢ of the form e ¥ gives a new
parameter A that can be chosen arbitrarily large. This extra parameter is of paramount
importance in some applications, see e.g. [25].

Remark 4.20. In fact, once a function ¥ is constructed satisfying the conditions of Proposi-
tion it is interesting to look for ¢ under the form ¢ = f(v) for some strictly monotonic
function f. In particular, such process will not modify the level sets of the function v, so
that the quantity D2, (€,€) for & satisfying & - V() = 0, which corresponds to curvatures
of the level set of the function, is barely modified, while the convexity in the direction of Vo
will be strongly modified. In fact, condition then reads: for all x € Q, V¢ € R with
€l =1 and € - Vp(x) = 0

Vetp(x)  Vatp(x)
Vatp (@) [Vatp(2)]

It is then clear that this could be achieved by taking f" large enough compared to f', which
is precisely what the choice f(y) = exp(\y) does when X is large enough.

This choice “convezifies” the function . In particular, one needs f to be sufficiently
convex in the direction of Vi compared to the curvature of the level sets {1 = ¢}. This
process is called a “convexification” process.

Pt + £ (D% )+ D2a(e8)) > 5

4.4.3 [Easier set of assumptions

Here, we consider again the setting of Theorem and we mention that if we impose some
additional conditions, then we can derive an easier proof than the one of Theorem

Theorem 4.21. Let ¢ € C4(Q) and assume that there exist o > 0 and (8 > 0 for which we
have

inf [Vep(z)| > a, (4.48)
zeN
and 2 2 2
—|Vo|*Ap 4+ 2D*p(Vp, Vo) > B[Vl
inf - {Apll +2D%0(6,6)} > 5 (4.49)
S
ger?, Jg|=1

Then there exists a constant C > 0 such that for all u € L?(Q) solution of ([4.1)) with source
term f € L?(Q), for all s > 1,

s 2 s 2 s 2 s 2
S e ulfag) + slleulllay < C (1€ fliaq + sleOnuliagr,)),  (450)

where
', = {x €09, 0,p(x) > 0}.

Conditions (4.48)—(4.49)) have to be compared with (4.22))—(4.23)), which are more general.

Before going into the proof of Theorem [4.21] let us mention the following result, which
indicates that the additional observation may be done on any arbitrary subset of the bound-
ary:

Lemma 4.22. Let ' be a non-empty open subset of the boundary 0. Then there exists a
smooth function ¢ satisfying condition (4.48)—(4.49) and I', C T.
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Proof of Lemma[{.23. Similarly as for the proof of Proposition we start by taking
as in Proposition [4.17, then look for ¢ of the form ¢(z) = e**(®) for some parameter A > 1
large enough. Explicit computations yield

Ve = AVyp
Ap = N|VyPPo+ Ay
D%*p = XNVyTVipp 4+ AD%*.

First, according to condition (4.47)), we easily check that I', C T
We then compute
— V|2 Ap + 2D%p(Vep, Vo)
= =N V[’ = ND*)(V, V)® + 201 VY ['e® + AP Ay [ V|2
= XVy|'e® = ND*(V, Vi) + A Ag| Ve,
According to conditions (4.47)), condition (4.49); is satisfied for A > A;.
Similarly, explicit computations yield
Aple|* +2D%p(&, €)
= M|V PIEPp + AAY[€1 20 + 2X2 (V9 - €)%p + AD?P(E, ).
Again, due to condition (4.47)), we can make this term positive on Q by taking A > \; large
enough.

Therefore, the choice ¢ = e for A sufficiently large satisfy all the assumptions of
Theorem with I', C T'. O

Proof of Theorem[4.21. We set U = uexp(sp) and F' = fe5¢. Then
F=e**Au=e?A(e™*?U) = AU — 25V - VU + s*|Vo*U — sAp U,
so that U solves

{ AU — 25V - VU + s%|Vp|2U — sApU = F in Q,

U=0 on 0f2. (4.51)

We thus write
PU = AU + $3|V|?U, PyU = —25ApU —25Vp-VU, RU = —sApU.

so that
P1U+P2U:F+RU,

and P;, P, roughly correspond to the self-adjoint and skew-adjoint parts of the operator in
(14.51)).
It follows

2/ PlUP2U<2/ \F\2+2/ |RU|%. (4.52)
Q Q Q

We thus compute the product of PiU by P,U. We will denote by I; ; the cross product
between the i-th term of P, and the j-th term of P». Of course, our computations will
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strongly use the fact that v and thus U vanish on the boundary.
Iy = —25/ AgoUAU:Zs/ Aap|VU|2—s/ A?p|U|?
Q Q Q
Q
= 23/ VU-V(W~VU)—2S/ Onp|0nU|?
Q oQ
= 23/ D?p(VU,VU) —s/ Ap VU2 —s/ Onip|0nU?
Q Q o0
i = 25 [ [VePaplUP
Q
e = -25° [ [VePVe-VUU = =5 [ [VePVe- V(UP)
Q Q
= 53/ (IV@|2Ap + 2D2%p(Ve, Vi) (U2
Q
Combining these estimates,
/PlUPQU:s3/ (—[Vel2Ap 1 2D%p(V, Vo)) U] —s/ A2 UP
Q Q Q
+5 | Ap|VU]2+2s | D*o(VU,VU) — s/ On|0,U|%. (4.53)
Q Q o0
Using Assumptions (4.48)—(4.49), we obtain, for s > s large enough, that

33/ |U\2+s/ IVU|? <C/ PlUPzU—i-Cs/ |0, U2
Q Q Q r

¢
Using (4.52)), we obtain

33/ |U\2+s/ VU2 <c/ \F\2+cs2/ |U|2+Cs/ 0, U 2.
Q Q Q Q r,

Hence taking sg larger if necessary, for all s > s,

53/ \U|2+s/ VU2 gc/ |F|2+Cs/ 0.2,
Q Q Q T

@

We now remark that U = ue®¥ hence
lul?e?*? < |U|?  and |Vu|?e**? < 2|VU|* + 25?|U|?,

that yields the claimed result. O

4.5 Application to unique continuation

The main result of this section is the following one:
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Theorem 4.23. Let g € L>(Q) and W € (L>(2))%, and let T be a non-empty open subset
of the boundary 9S2. Then any solution u € H}(Q) of

Au+qu+W - -Vu=0 for x € Q,
u=20 for x € 09,

which further satisfies O,u = 0 on I' vanishes identically on €.
This property is the so-called unique continuation property through I'.

Proof. Choose a weight function ¢ so that ', C T according to Lemma [£.22] and apply the
Carleman estimate of Theorem with f = —qu — W - Vu: For all s > 1,

s 2 s 2 2 s 2 2 s 2
8 e*2ulfa ) + 5 € Vullfzay < C (lalli le™ulFaga) + IW I3 lle*Vulfa) )
Taking s large enough, we easily obtain v = 0 in €. O
Exercise 4.1. Arquing as in C’orollary check that if u € Hg () solves

Au+qu+ W -Vu=f for x € Q,
u=0 for x € 09,

with a source term that vanishes on a set of the form {p > a} for some ¢ satisfying (3.8])—

[#49) and Onu vanishing on Ty and ¢ € L>®(Q), W € (L°°(Q))%, then u vanishes on the
whole set {¢ > a}.
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Chapter 5

Conclusion

In this lecture, we have explained how Carleman estimates can be derived for the Laplace
operator, using several different techniques and approaches.

We emphasize that Carleman estimates can be derived in much more general settings,
regarding the PDE under consideration or the question at stake. The approach we presented
here are quite far from being general, and somehow shortcuts semi-classical arguments by a
careful study of what happens in the case of a vertical strip and coefficients depending only
on rj.

For more about Carleman estimates, in particular regarding more PDE and presenting
several applications, we refer to the textbooks [27], [7], [12], [30], [21], [I7], and to the survey
articles [26], [T1], among many others.

This lecture was focused on Carleman estimates considered as a tool, for which we give
only few applications, namely to the Calderén problem and to the unique continuation for
elliptic equations. We should nevertheless close this lecture by emphasizing that Carleman
estimates appeared in many fields and have much more applications.

As we discussed, Carleman estimates can be applied to derive unique continuation prop-
erties in many settings, and yield several related properties. For instance, they can be use to
derive propagation of smallness of solutions of PDE, in which the question is the following:
if the solution u of some PDE is small in some set w, can we prove that the solution is small
in the whole domain ? See an instance of such result in Theorem As a matter of fact,
this question is also related to the Cauchy problem for the Laplace equation that we saw
in the beginning, in which this question can be recast into a stability problem. Carleman
estimates can also be used to prove the so-called three sphere inequality, which is a classical
property for harmonic functions, and can be general to solutions of elliptic PDE, see e.g.
the survey article [I]: there exist C' > 0 and 6 € (0, 1), such that for u € L?(B(4)) solution
of Au =0 in the ball B(4) of radius 4,

0 1-6
lullp2(B2y) < Clullz2(py) Ul p2(p) -

Related to these unique continuation properties, we may quote the Landis conjecture: is it
true that, if u € L} (R%R) satisfies |Au| < |u| in R? and for some C > 0 sufficiently large,
|u(z)| exp(Clz|) € L= (R?), then u vanishes? This example should be thought of as a unique
continuation problem at oo, meaning that the solution is supposed to be appropriately small
in a neighborhood of the infinity. It should be emphasized that the Landis conjecture is still
a conjecture, except in the 1d case, but decisive results have been made using Carleman

estimates, see e.g. [4] for results in general dimensions, used in the proof of Anderson
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localization for the Bernouilli models, and the recent work [32] for an almost proof in the
2-d case.

As we have explained for the Calderén problem, Carleman estimates can also be used to
derive stability results for many inverse problems, and we refer to the textbooks [17], [21],
[7], |3] for many applications in the context of inverse problems. Of course, this is a very
rich field and there is no time to present it in more details.

Another broad application of Carleman estimates is to derive observability estimates
for PDE, which basically corresponds to quantification of the unique continuation for PDE.
Such observability properties are often used to derive controllability results, which are equiv-
alent one to another through classical duality arguments (see for instance [36]). Therefore,
Carleman estimates are of the main tools used to derive controllability results for PDE, in
particular since the pionneering works [I3] 28] which proved null-controllability of the heat
equation in arbitrary geometric settings.

We will not list more the various applications which use Carleman estimates, but we
would like to point out that this list is not exhaustive (by far!), and they can be encountered
as well to establish the logarithmic decay rate of waves when no geometric control condition
is satisfied ([29]), or to prove that a weak solution of the Navier-Stokes equations which
belongs to L>(0,T; L3(R%)) is smooth up to the time T (18} [35]).
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