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LARGE COUPLING IN A FITZHUG-NAGUMO NEURAL NETWORK:
QUANTITATIVE AND STRONG CONVERGENCE RESULTS
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Université Paul Sabatier, Institut de Mathématiques de Toulouse,
118 route de Narbonne - F-31062 TOULOUSE Cedex 9, France;
email: alain.blaustein@math.univ-toulouse.fr

ABSTRACT. We consider a spatially extended mesoscopic FitzHugh-Nagumo model with interactions
and prove that in the regime where strong and local interactions dominate, the probability density
of the potential throughout the network concentrates into a Dirac distribution whose center of mass
solves the classical non-local reaction-diffusion FitzHugh-Nagumo system. In order to refine our
comprehension of this regime, we focus on the blow-up profile of this concentration phenomenon.
Our main purpose here consists in proving that it is Gaussian by deriving two quantitative and strong
convergence estimates: the first one in a L' functional framework and the second in a weighted L2
functional setting. We develop original relative entropy techniques to prove the first result whereas
our second result relies on propagation of regularity.
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1. INTRODUCTION

1.1. Physical model and motivations. Neuron models often focus on the regulation of the
electrical potential through the membrane of a nerve cell depending on the input it receives. This
regulation is the result of ionic exchanges between the neuron and its environment through its
cellular membranes. A very precise modeling of these ion exchanges led to the well-known Hodgkin-
Huxley model [22]. A simplified version, called the FitzHugh-Nagumo model [18] [27], keeps its
most valuable aspects while remaining relatively simple on a mathematical point of view. More
precisely, the FitzZHugh-Nagumo model accounts for the variations of the membrane potential v of
a neuron coupled to an auxiliary variable w called the adaptation variable. It is usually written as
follows:

{ dvt = (N(vt) — w + Iext) dt + \/idBt,
dwt = A(vt7wt) dt?

where the drift N is a confining non-linearity with the typical form
N@w) = v — v®,

even though a broader class of drifts IV is considered here, and A is an affine transformation that
has the following form

A(v,w) = av — bw + ¢,

where a, ¢ € R and b > 0, which means that A also has linear confining properties. Here, the
Brownian motion B; has been added in order to take into account random fluctuations in the
dynamics of the membrane potential v;. Another mathematical reason for looking at this system
is that it is a prototypical model of excitable kinetics. Interest in such systems stems from the fact
that although the kinetics are relatively simple, couplings between neurons can produce complex
dynamics, where well-known examples are the propagation of excitatory pulses, spiral waves in
two-dimensions and spatio-temporal chaos. Here, we introduce coupling through the input current
It More specifically, we consider that neurons interact with one another following Ohm’s law
and that the conductance between two neurons depends on there spatial location @ € K, where K
is a compact set of R?. The conductance between two neurons is given by a connectivity kernel
® : K x K — R. Therefore, in the case of a network composed with n interacting neurons described
by the triplet voltage-adaptation-position (v;, w;, €;)1<i<n, the current received by neuron ¢ from
the other neurons is given by

1 « .
Ie.rt = _nzlé(w“w]) ('U%—’Ug)’
j:

where the scaling parameter n is introduced here to re-normalize the contribution of each neuron.
According to the former discussion, a neural network of size n is described by the system of equations

A . , 1 <& ,
dvi = | N@}) — w! — EZ@(%%)(U; —vf) | dt + v2dB;,
j=1

dw! = A(v}:,wi) dt,

where i € {1,...,n}. In the formal limit n — +o00, the behavior of the latter system may be described
by the evolution of a distribution function f := f(¢,x,u), with u = (v,w) € R?, representing the
density of neurons at time ¢, position & € K with a membrane potential v and adaptation variable
w € R. It turns out that the distribution function f solves the following mean-field equation, see
for instance [1, 4, 26, 24] for the FitzHugh-Nagumo system and [3] for a related model in collective
dynamics,

atf+av((N(v) -—w _Ké[f])f) +aw(A(v7w)f) _83f =0,
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where the operator Kg[f] takes into account spatial interactions and is given by
Ko[fI(t,z,v) = / oz, a’) (v — ) ft, ', u)da' du'.
K xR?

Various other types of kinetic models have been derived during the past decades depending on
the hypotheses assumed for the dynamics of the emission of an action potential. They include for
example integrate-and-fire neural networks [6, 7, 8, 9] and time-elapsed neuronal models [28, 11, 10,
12].

Let us be more specific on the modeling of interactions between neurons. A common assumption
consists in considering that there of two types: strong short range interactions and weak long range
interactions (see [5], [29] and [24]). Here we consider a connectivity kernel of the following type

O (xz,x') = 250(33 —z') + U(z,2’),

where the Dirac mass §p accounts for strong short range interactions with strength ¢ > 0, whereas
the connectivity kernel ¥ : K x K — R is more regular and represents weak long range interactions.

The purpose of this article is to go through the mathematical analysis of the neural network in the
regime of strong interactions, that is when ¢ < 1. More precisely, we prove that the voltage distri-
bution concentrates to a Dirac mass by providing a comprehensive description of this concentration
phenomenon.

1.2. Formal derivation. The purpose of this section is to formally derive the result which is at
stake in this article and to introduce the quantities we will work with throughout our analysis.
First, we define some integrated quantities associated to our system. We consider the spatial
distribution of neurons throughout the network

@) = [ f(twu)du.
R2

It is straightforward to check that pf is indeed time-homogeneous, integrating the mean field equa-
tion with respect to u € R?. Second, we introduce the averaged voltage and adaptation variable at
a spatial location x

po () Ve(t, ) = / v fo(t,x,u) du,
R2
(1.1)
@) Wite) = [ w (e du.
R2
In the sequel, we use the vector notation U = (V°, W* ) and we re-normalize f¢ as follows
por = f°,

where, for all positive &, uf is a non-negative function which lies in €° (]RJr x K, L (]Rz)) and
which verifies for all positive &

/ pe(t,e,u)du = 1, V(t,z) € RY x K.
R2

With these notations and our modeling assumptions on the connectivity kernel ®¢, the mean field
equation rewrites

1
(1.2) Ot + divy [bTpf] = O p® = — p5 00 [(v = Vo) 7],
where bf is defined for all (¢, z,u) € Rt x K x R? as
Nw—w—m%ww@w)

b (t,xz,u) = < Aw)



Furthermore, one can notice that the non local term Ky[pgp°] can be expressed in terms of the
macroscopic quantities

Kuloh 1°1(t @, 0) = U, phl@) v — W%, (05 VF) (L),

where *, is a shorthand for the convolution on the right side of any function g with ¥
U, g(x) = / U(z,z')g(z')dz’ .
K

1.2.1. Limit of u° as € vanishes. Coming back to the analysis of the strong interaction regime, we
look for the leading order in (1.2). In our case, it is induced by strong short range interactions
between neurons, and as € — 0, we expect

(v = V) =0,

which means that u® concentrates towards a Dirac mass centred in V* with respect to the v-variable.
Indeed, multiplying equation (1.2) by |v — V|? and integrating with respect to u € R?, we obtain

pe(t, x, u) -~ do(v — Ve(t, @) ® u(t, ¢, w),

where V° is given by (1.1) and j° is defined as the marginal of u° with respect to the voltage variable

g (t, ¢, w) = /,ug(t, x,u)dv.
R
Multiplying equation (1.2) by v (resp. 1) and then integrating over u € R? (resp. v € R), we obtain
that the couple (V°, i) solves the following system
XV: = N(OV°) = W — L [V] + E(p7),
(1.3)
O fi° + Oy <a/v,u5dv —bw i + c[f) =0.
R
In equation (1.3), Ly [V°] is a non local operator given by
Ly [VF] = VoW k0 g — Wty (95))
and the error term & (u°) is given by
(1.4) E(W(t,x,)) = N@)ps (t, , u) du — N(V°).
R2

Both equations on V¢ and € in (1.3) depend on the distribution function p°. However, our interest
lies in the regime of strong interactions, therefore we replace u® in (1.3) by the ansatz

5V€ & ,aa )

and deduce that as € vanishes, (V°, i° ) converges to the couple (V, i), which solves

0V = N(V) ~ W — L, [V],
(15) {

O i+ 0w (AV, w) i) =0,
with
W = /w,u(t, x,w)dw.
These considerations lead to )
pe — 0y ®fQ,
e—0

which may be interpreted as the expansion at order 0 of u® in the regime of strong interactions.

Before going further into our analysis, we emphasize that the latter result was studied in a
deterministic setting in [13] using relative entropy methods. More generally, this result is related

to other concentration phenomena occurring in various kinetic models. We mention [23], where the
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authors go through the asymptotic analysis of a collisionless and non-diffusive Vlasov-type equation
undergoing strong local alignment forces, and also [19] and [16], where the authors study the large
time behavior of a Vlasov-Navier-Stokes system respectively in bounded (with periodic boundary
conditions) and unbounded domain.

1.2.2. First correction in the expansion of uf. In this article, we refine the latter result by investi-
gating the concentration profile of the solution u° in the regime of strong interactions, in order to
improve the convergence rates. The strategy consists in considering the following re-scaled version
v of uf

1 _ 151
p (t, x, u) = ﬁzf: <t, T, UHEV,w—WE>,

where 0° shall be interpreted as the concentration rate of u° around its mean value V¢. For a proper
choice of 0%, we expect ° to converge to some limit as € vanishes.

The first step consists in determining the proper concentration rate #°. To this aim, we derive
the equation solved by v¢, which is obtained performing the following change of variable

Ve
(1.6) (t,v,w)'—><t,v0:},w—W€>
in equation (1.2) and using the first equation of (1.3) on V*. It yields
. 1 0
Opv° + divy [bg ] = GE O [((H‘E)'OE + ?(95)2> v 4 Oy 1/6] ,

where b{ is a centered version of b® and is given by

) ' Bs (t, @, 6°v, w)
(1.7) b (t, @, u) = ’ ,
Ap (0°v, w)

where Bj is defined as
Bilt, @, u) = N(V* + v) = N(V) = w — v pi(@) — & (),
and where Ag is the linear version of A
Ap(u) = A(u) — A(0) .
A natural choice for 6% would be 6° = /e, since it leads to the following equation
B, v + dive [b51°] = é (]
where by is given by (1.7) with §° = /e and where the Fokker-Planck operator is defined as
Fog (V5] = Ou[ppov® + 0y 7] .
Keeping only the leading order, it yields
Ve o~ My @ 0F,

e—0
where the Maxwellian M o5 is defined as
_ [re(=) |v]?
Mg = 5= oxp (= i) 1)

whereas ¢ is the marginal of v* with respect to the re-scaled adaptation variable
oty @, w) = /1/5(15, x,u)dv,
R
and solves the following equation, obtained after integrating equation (1.10) with respect to v

(1.8) " — b0y (W) = —a958w/vye(t, x,u)dv.
R
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Once again, the dependence with respect to v° is removed from the latter equation when we replace
v* with the ansatz

Mps @ V°.
Therefore, 7° converges to 7, where 7 solves the following linear transport equation
(1.9) v — b0y (wr) =0,

which corresponds to the same equation as (1.5) for i after inverting the change of variable (1.6).

The latter approach is the object of [2], where weak convergence results are obtained in proba-
bility spaces, as well as [29], which follows a method coming from the analysis of Hamilton-Jacobi
equations. In the present article, our purpose consists in deriving quantitative convergence results
in strong topology. There are two major difficulties we shall overcome in order to achieve this goal

(1) considering the concentration rate §° = /¢ in the scaling (1.6) has one major drawback:
since the norms associated to strong topology are usually not scaling invariant, this choice
comes down to considering well-prepared initial conditions. We seek for a stronger result
which also applies for ill-prepared initial conditions. Therefore, we need to find a
scaling which suits our problem.

(2) The choice of functional framework is crucial in our analysis: it should be consistent on a
modeling point of view and it should also enable to propagate regularity along the trajecto-
ries of equation (1.10) in order to recover the optimal convergence rates.

1.2.3. Derivation of the appropriate concentration rate °. We mentioned that a significant difficulty
in our analysis stems from the fact that the natural scaling §° = /¢ in (1.6) comes down to
considering well-prepared initial conditions. To overcome this difficulty, our strategy consists in
adding the following constraint to the concentration rate

0°(t =0 =1.
The equation obtained on ¢ after operating the change of variable (1.6) reads as follows
. 1 1d g
1 4 divy [b51°] = Wa” Kth 60°)% + % |9€\2> wf+avy6] .
Since the concentration profile is independent of the initial condition puf, we shall still observe

concentration with Gaussian profile M: as e vanishes. Therefore, considering the stiffer term in
the latter equation, it turns out that 6° should verify

1d 05
- 95 2 70 95 2 — & .
S 01+ 22 = 5
With this choice, the equation on v° rewrites:
i 1
(110) 8tya+dlvu[b61/5] = W]:pg[l/a} s
where by is given by (1.7) and where 6° solves the following differential equation
1d 05
Z 6t 2 Fo 9 2 _ e
S 07 2 = g
0°(t =0) =1,
whose solution is given by the following explicit formula
(1.11) 0°(t, 2)? = (1 — exp(—(2p5(@)t) /€)) + exp (—(2p5(x)t) /<).
In the end, we deduce the following result
(1.12) Ve V= My @0,
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which after inverting the change of variable (1.6) yields

c _
(113) l/l/ 5::0 MPO‘96‘72 ('U - V)®M

This result may be interpreted as the expansion of u® up to the first corrective term. We can now
answer our initial question: u® concentrates around ) with respect to the v-variable with Gaussian
profile M, and concentration rate §°, which is of order /e, up to an exponentially decaying cor-
rection due to ill-preparedness of initial conditions.

1.2.4. Appropriate functional framework. In [2], we proved that (1.13) holds up to an error of order
€ in the sense of weak convergence in some probability space. The analysis is based on an analytic
coupling method to estimate Wasserstein distances. To be mentioned that O (¢ ) is, at least formally,
the optimal convergence rate in our setting (see [2] for more detail). In the present article, we aim at
providing strong convergence estimates for (1.13). We present two separate results associated
two different functional frameworks.

On the one hand, in section 3, we derive convergence estimates in a L' setting, which is the natural
space to consider for such type of conservative problem. Our approach follows similar arguments
as the ones developed to study various kinetic models. We mention [15] and [20], which focus
on the diffusive limit for the Vlasov-Poisson-Fokker-Planck model for (respectively) single species
and multi-species. The main difference being that, in our setting, we obtain explicit convergence
estimates since we do not make use of any compactness argument.

On the other hand, in section 4, we provide convergence estimates in a weighted L? setting which,
although less natural on a modeling point of view, allows us to recover the optimal convergence
rates obtained in [2] and in which we are able to derive pointwise convergence estimates with respect
to time. This analysis is in line with [26], which focuses on the regime of weak interactions between
neurons (this corresponds to the asymptotic € — +00 in equation (1.2)), and in which the analysis
is performed in a similar setting. We also mention [21], which makes use of a similar functional
setting to study the large time behaviour for the Vlasov-Poisson-Fokker-Planck equation in various
regimes.

We start this article by Section 2, where we provide the assumptions on the data of the problem: N,
U, 15 and where we present preliminary results concerning existence and uniqueness for equation
(1.2) and convergence of the macroscopic quantities V° and V¢ in the regime of strong interactions.
We also define a modified relative entropy and justify why our analysis crucially relies on this
quantity.

2. PRELIMINARIES

2.1. Mathematical setting. In this section, we give our set of assumptions on the data of our
problem: N, ¥, and pug.

We suppose the drift N to be of class 2 over R. Then we set w(v) = N(v)/v and suppose that
the following coupled pair of confining assumptions are met

(2.1a) limsup w(v) = —o0,
|v] = +o0
w(©)]
(2.1b) sup — < +o00,
w>1 0Pt

for some p > 2. A typical choice for N would be any polynomial of the form
P(v) = Q(v) — Culofr™,

for some positive constant C' > 0 and where ) has degree less than p.
7



We turn to the connectivity kernel ¥. We suppose ¥ € ¢° (Kw, L' (Km/)) and assume the
following bound to hold

(2.2) sup / |U(z,2')| de < +oo.

reKJK
Moreover, for some r > 1 we define its conjugate ' > 1 as 1/r + 1/’ = 1 and we suppose
(2.3) sup/ |U(z,2)|" da’ < +oo.

zeK JK

Our set of assumptions on the connectivity kernel is quite general. On the one hand, we consider
non-symmetric interactions between neurons. On the other hand, we authorize the connectivity
kernel to follow a power law, a case which is considered in the physical literature (see [24]).

We now state our assumptions on the sequence of initial data (,uam)s S0 We suppose for each e > 0

(2.4) po€¢® (K, L' (R*), p® >0 and /2 pi(z,u)du =1, Vo e K.

R
We also suppose the spatial distribution of the network pf to be continuous over K and uniformly
bounded from above and below, that is, there exists a positive constant m, such that for all € > 0
(2.5) p5 €€°(K) and my < p§<1/m..

Furthermore, we assume the following condition: there exists two positive constants m, and m,,
independent of €, such that

(2.6) sup / [P (z, w) du < my,,
zeK JR?

and such that

(2.7) [ P s ) dude < m,,
Kx R2

where p and 1’ are given in (2.1b) and (2.3).

2.2. Modified relative entropy. Our analysis crucially relies on the following modified relative
entropy Hy [ |v], given for any « in (0,1) as

(25) Halulv] = [ o (OW’{_@)) du,

for two non-negative functions i, v € L! (RQ) with mass equal to one. In our setting, H, has
several technical advantages in comparison to the L' norm or the usual relative entropy. On the
one hand, the latter modified relative entropy, where the denominator is a convex combination of
u and v is well defined for all positive functions p and v with mass 1, with no further condition on
the domain on which they vanish. Indeed, it holds

Hylplv] < —In(a) < +o00.
We even prove the following stronger result (see [2], Lemma A.1. for details)

Lemma 2.1. For any two non-negative functions u, v € L'(R?) with integral equal to one, the
following estimate holds
(1 — a)? 2 1 -«
S = v e < Halulv] <

On the other hand, relative entropy makes explicit the dissipation due to the Laplace operator,
the Fisher information, defined by
I
Opyln | ————
' ((1—a)V+au>

(2.9) Tnlulv) = [
8

= vilpge -

2
pdu .




Therefore, it enables to derive L' estimates in the context of non-linear degenerated parabolic PDEs.
We illustrate this idea in the following abstract Lemma, which of course, is stated such that it fits
the present problem at best, but which might have extensions in other contexts

Lemma 2.2. Consider § in {0, 1} and smooth solutions f and g to the following equations

{ O f + diVy[a(t,y,f) f] + )‘divf[(bl + b3)(t7y7‘£> f] = )‘gAffa
Org + divy[a(t,y, &) g] + Mdive [ba(t, y, &) g] = §A? A¢g.

where (y, &) € RY x R%®, with d; > 0 and do > 1, and where
(a R x RY x R Rd1> and (bi . R xRY x RZ ]Rd2> . ie{1,2,3),

are given vector fields. For all positive A, it holds
d
(2.10) g Melf@1g®] < R(H), VieR",

where R is defined as

R = [ (i [br — by f*f + Aldive [byg + (5 — 1) wggu> (ty, dyds.

In particular, for all positive A, it holds
(2.11)

12 = 9 |y (rareany < 272 (Hfo A, ( / R(s ) ) ViR,

Proof. We consider the quantity h := (f + ¢) /2, whose equation is obtained multiplying by 1/2
the sum of the equations solved by f and g, that is

A A2
Ok + divy [ah] + 5 dive[(by + bg) f + bag] = M Ach = (5-1) - Acg.

Then, we compute the time derivative of the quantity H, [ f|g] integrating with respect to both
¢ and y the difference between the equation solved by f multiplied by In(f /h) and the equation
solved by h multiplied by f /h. After an integration by part, it yields

d
dtHl/Q[f|g] + NLp(flgl = A+ B,

where A and B are given by

A= ;\/RdﬁdQ(bl —bg)v§<1n(f>> fdyde,

3:_/ divi[bgg—i-(5—1))\V§9]idydf'
]Rd1+d2 h

To estimate A, we notice that |g/h| < 2 and we apply Young’s inequality. This yields

1
A< NLp(fle) + 4/ b1 — by | fdyde.
Rd1+d2

To estimate B, we simply notice that | f /h| < 2 and take the absolute value inside the integral.
In the end, we obtain

A+ B <R + MLyl flgl,

where R is defined as in Lemma 2.2. Hence it yields the first result (2.10). Then, we deduce (2.11)
by integrating (2.10) between 0 and ¢ and applying Lemma 2.1. O
9



2.3. Existence and uniqueness for equation (1.2). We first define the notion of solution we
consider for equation (1.2).

Definition 2.3. For all ¢ > 0 we say that u° solves (1.2) with initial condition ug if we have
(1) ue lies in
¢ (Rt x K, L' (R%)),
(2) foralle € K, t >0, and ¢ € €,° (Rz) , 1t holds

/]R? o(u) (p°(t, z, u) —pg(x, u)) du = /0 /]R2 [(Vaup b + 020) ] (s, z,u) duds

Mt v=V) ] (s, x,u)duds
] 1o 0= i) s s,

where V° and b® are given by (1.1) and (1.2).

With this notion of solution, equation (1.2) is well-posed. Indeed, according to [2] (see Theorem
2.3), it holds

Theorem 2.4. For any € > 0, suppose that assumptions (2.1a)-(2.1b) on N, (2.2)-(2.3) on ¥ and
(2.4)-(2.5) on the initial condition are fulfilled and that p§ also verifies

sup/ e|“|2/2ug(m,u)du < M*®,
R2

€K
(2.12) ’
sup/ In[pg(x, w)]pg(z, u)du < +oo,
xzeK JR?
and
5
(2.13) sup Hv oy ST

where M and m® are two positive constant. Then there exists a unique solution u® to equation
(1.2) with initial condition uf, in the sense of Definition 2.3 which verifies

sup / e|”|2/2;f(t,a:,u)du < 400,
(t,z)€l0,T]xK JR2?

for all T > 0.

Furthermore, the macroscopic quantities V¢ and W¢ given in (1.1) lie in €° (R+ X K).

We mention that to prove this result, we extensively make use of the modified relative entropy
defined in section 2.2.

We consider the following solutions for the limiting system (1.5)

Definition 2.5. We say that (V, f) solves (1.5) with initial condition (Vo , fio) if we have
(1) Ve?? (R" xK) and p € ¢° (R x K, L' (R)),
(2) V is a mild solution to (1.5),
(8) for allt > 0, all x € K and all ¢ € €.°(R) we have

/¢utwwdw—/¢u0wwdw+//z4vw O P(w) (s, x, w)dwds.

With this notion of solution, we prove the following well-posedness result (see [2] Theorem 2.6)

Theorem 2.6. Under assumptions (2.1a)-(2.1b) on N, (2.2)-(2.3) on ¥ and (2.5) on po, and for
any tnitial condition
Vo, i) € €° (K) x ¢° (K, L' (R)),
10



there exists a unique solution to (1.5) in the sense of Definition 2.5 with initial condition (Vo , [io).
Furthermore, ¥V and W are uniformly bounded over R™ x K, where W is given by

W((t, x) = /Rw,u(t,m,w)dw.

2.4. Moment estimates and convergence of the macroscopic model. In the next result, we
provide convergence estimates for the macroscopic quantities (V°, W¢) defined by (1.1) and the
error term &£ (u°) defined by (1.4). We also provide uniform estimates with respect to ¢ for the
moments of u° and for the relative energy given by

M, () () = [l (2 w) du
RQ

Dy ) (tw) i= [ o= V(b)) du,

where g > 2. These estimates are important in the forthcoming analysis since we use them to bound
the non-linear terms in equation (1.10) on v. Relying on [2], it holds

Theorem 2.7. Under assumptions (2.1a)-(2.1b) on the drift N, (2.2)-(2.3) on ¥, (2.4)-(2.7) on the
initial conditions pg and under the additional assumptions of Theorem 2.4, consider the solutions p®
and (V, @) provided by Theorem 2.4 and 2.6 respectively. Furthermore, define the initial macroscopic
error as

Emac = |Uo = U || oo (zy + [P0 = 05 | oo () -
There exists (C', gg) € (Rj)Q such that

(1) for all e < eg, it holds
[UE) = U | poozey < C min (€7 (Emac +€),1),  VteR",
where U and U are respectively given by (1.1) and (1.5).

(2) For alle >0 and all q in [2, 2p] it holds
Mk l(ha) < O, V(ha) € R XK,

where exponent p is given in assumption (2.1b). In particular, U is uniformly bounded with
respect to both (t, €) € RT x K and ¢.

(8) For alle >0 and all q in [2, 2p] it holds
Dy pf](t,x) < C [exp(—qrmi) —1—53}, V(t,z) e RT x K.
(4) For all € > 0 we have
|E(p(t,x,-))| <C {exp<—2m*z> —1—5} , V(t,z)eR" x K,

where € is defined by (1.4).

In this theorem, the constant C' only depends on m,, m,, m. (see (2.5)-(2.7) ) and on the data of
the problem N, Ay and V.

The proof of this result can be found in [2]. More precisely, we refer to [2, Proposition 4.4] for
the proof of (1), [2, Proposition 3.1] for the proof of (2) , [2, Proposition 3.3] for the proof of (3)
and [2, Proposition 3.5] for the proof of (4).

Building on these preliminaries, we may now focus on our main goal which consists in providing

quantitative convergence estimates for (1.13) in strong topology. We provide two results: the first
11



one in a L' functional framework (see Section 3) and the second one in a weighted L? functional
framework (see Section 4).

3. CONVERGENCE ANALYSIS IN L1

In this section, we derive convergence estimates for the solution p® to equation (1.2) in the
functional space

L™ (K, L' (R?)).
To carry out our analysis, we consider the re-scaled version ¢ solution to (1.10) and prove that it

converges towards v defined by (1.12). Let us outline the main steps of our approach on a simplified
example

3.0.1. An illuminating example: diffusive limit for the kinetic Fokker-Planck equation. Let us give
some insight on our approach in the context of a simplified example: the diffusive limit for the
kinetic Fokker-Planck equation

1 1
atf5 + gv'vmfs = ?vv'(vfe + vag)y

where (z, v) lie in the phase space R? x R?. In this context, the challenge consists in proving that
as € vanishes, it holds

fa(t>mav) ~ M(v)@p(t,m),

e—0
where p is a solution to the heat equation
op=ANDzp,

and where M stands for the standard Maxwellian.

Relying on a rather classical relative entropy estimate (see Proposition 3.6) it is possible to prove
that f¢ converges to the following local equilibrium of the Fokker-Planck operator

M® p°,
where the spatial density of particles p® is defined by
p° = fedv.
R4
Then, the difficulty lies in proving that the spatial density of particles p® converges to p. The

convergence analysis is made intricate by the transport operator, which keeps us from obtaining a
closed equation on p°

1
o p° + Vz-/ vffdv = 0.
e Rd
To overcome this difficulty, our strategy consists in considering the following re-scaled quantity
o (t, x) = fft,x —ev,v)dv.
Rd

On this simplified example, the advantage of considering n¢ instead of p° is straightforward as it
turns out that 7° is an exact solution of the limiting equation. Indeed, changing variables in the
equation on f¢ and integrating with respect to v, we obtain

8t7r8 = Amﬂa.

Therefore, the convergence analysis comes down to proving that 7€ is close to p°. It is possible to
achieve this final step taking advantage of the following estimate

HPE - 7T€HL1(Rd) <A+ B,
12



where A and B are defined as follows

A=1|f - M®P€‘|L1(R2d) + IMOTcpp® — Tcw fEHLl(de) )

B= [ M@© £ = 7o 5 s o) 5,

and where 7., stands for the translation of parameter o with respect to the x-variable. To estimate
A, we use the first step, which ensures that f€ is close to M ® p°. Then, to estimate B, it is sufficient
to prove equicontinuity estimates for f¢, that is

15 = Tao [ Ml 1 (m2ay S (2ol -
In the forthcoming analysis, we adapt the latter arguments to our context.

3.0.2. Main steps of the analysis. We come back to our initial concern, which consists in proving
that the solution v* to (1.10) converges towards v defined by (1.12). Our approach relies on a
rather classical entropy estimate (see Proposition 3.6) to prove that v converges to the following
local equilibrium of the Fokker-Planck operator

Mpg Q.

However, the analysis becomes more intricate when it comes to the convergence of the marginal v°.
Indeed, the proof of convergence is made challenging by the source term in equation (1.8), which
still depends on v*

8w/v1/€(t,:z:,u)dv.
R

Remark 3.1. As already mentioned, this issue is analogous to the difficulty induced by the free
transport operator in the context of kinetic theory, when it comes to closing the equations on the
macroscopic quantities.

To overcome this difficulty, we consider a re-scaled version ¢¢ of v* whose marginal g solves a
similar equation to the one solved by »® without the latter source term and with an additional
diffusion term which enables to propagate the error between g° and . In Section 3.3.2, we prove
that the re-scaled marginal g converges to the limiting marginal 7. Then we conclude proving
that g° is close to v°. This final argument relies on a uniform equicontinuity estimate provided
in Proposition 3.4. All along the forthcoming analysis, we extensively make use of the modified
relative entropy defined in Section 2.2.

In this section, we denote by H and I the Boltzmann relative entropy and Fisher information,
defined by (2.8) and (2.9) with @ = 0. Furthermore, we denote by H [-] = H [-|1] the Boltzmann
entropy. Before stating our main result, we introduce the following notations

LYLy == L™ (K, L' (R?)) .

In addition, for any given wy lying in R, we denote by 7, the translation by wy with respect to the
w-variable

TwoV(t, x, v, w) =vt,z,v,w+ wy) .

3.1. Main result. We proceed in two steps: we first state a convergence result on the abstract
quantity v¢, which solves the re-scaled equation (1.10). Then we interpret the result on our initial
problem, that is on the distribution of the network p°, which solves (1.2).

3.1.1. Convergence of v°. In the following result, we provide explicit convergence rate for v towards
the asymptotic concentration profile of the neural network’s distribution ©° in the regime of strong
interactions. We prove that the profile of concentration is Gaussian and we also characterize the
limiting distribution with respect to the adaptation variable w.

13



Theorem 3.2. Under assumptions (2.1a)-(2.1b) on the drift N and under assumptions (2.2)-(2.3)
on the interaction kernel ¥, and under the assumptions of Theorems 2.4 and 2.6, consider the
sequence of solutions (u)eso to (1.2) provided by Theorem 2.4 with initial conditions satisfying
assumptions (2.4)-(2.7) and consider the solution v to equation (1.9) with an initial condition v
such that

(3.1) vpe L™ (K, W*'(R)), and (wbp) e L™ (K, L' (R)).
On top of that, suppose that there exists a positive constant my such that it holds
(3.2) Sup 105 = i 6 lrgeny, < mafwl. Vg € R

e>

and suppose that there exists a positive constant mo such that
2
(3:3) sup || H [15] HLoo(K) < my.
e>0

Then, there exists a positive constant C independent of € such that for all € less than 1, it holds

t

/ |15 = Mg @D || ooy (5)ds < 2V2tEm + Ve (6\/£m2 + Ce%t> , VteRt,

O @x u

where the initial error Eyn; is given by

1
Emi = 176 = Pollfoerr -
In particular, under the compatibility assumption

Eini = O (ve),

—0
it holds

sup [e_m/o [5(s) = Mpg @ 5(5) || oy, ds | = O(VE)-

teRT e—0

In this result, the constant C' only depends on my, my, m, and m, (see assumptions (2.5)-(2.7))
and the data of the problem vy, N, ¥ and Ag.

The proof of this result is divided into two steps. First we prove that v* converges towards the
following local equilibrium of the Fokker-Planck operator

Mpg Qv .

This proof relies on a rather classical relative entropy estimate: see Proposition 3.6. The second
step consist in proving that the marginal 7° converges towards 7 using a re-scaled marginal (see
Section 3.3.2).

Let us make a few comments on the result itself before going back to the initial problem on ©®

(1) We do not consider "well-prepared” initial condition. Indeed, it is not required for v§ to be
close to the Maxwellian with respect to the voltage variable in order for our result to hold
true.

(2) We point out that our set of assumptions on the initial data v is rather weak. Indeed, we
only suppose that the entropy (see (3.3)) and the moments (see (2.6)-(2.7)) of the initial
condition stay uniformly bounded as € vanishes. Apart from the equicontinuity assumption
(3.2), no additional uniform regularity is required on the initial condition vf.

14



(3) We obtain L' in time convergence estimate. This is a consequence of the relative entropy
estimate between v° and M, (see Proposition 3.6), which in our setting, provides L' in
time convergence estimate for v° towards My ® v°. This is somehow similar to what is
obtained in various classical kinetic models. Let us mention for instance the diffusive limit
for the Vlasov-Poisson-Fokker-Planck equation for single species (see [15], Proposition 5.1) or
for multi-species (see [20], Proposition 2.1) or the diffusive limit for the Poisson-Boltzmann
model (see [25], Lemma 3.1). We mention that pointwise in time convergence estimate is
provided in the Section 4 of the present article (see Theorem 4.1).

3.1.2. Interpretation on the initial problem: asymptotic expansion for p®. In the following result,
we invert the change of variable (1.6) and deduce from Theorem 3.2 an expansion for the solution
uf to equation (1.2) in the regime of strong interactions, that is, as & vanishes.

Theorem 3.3. Under assumptions (2.1a)-(2.1b) on the drift N and under assumptions (2.2)-(2.3)
on the interaction kernel ¥, and under the assumptions of Theorems 2.4 and 2.6, consider the
sequence of solutions (u)eso to (1.2) provided by Theorem 2.4 with initial conditions satisfying
assumptions (2.4)-(2.7) and (3.2)-(3.3) and consider the solution (V, i) to equation (1.5) provided
by Theorem 2.6 with an initial condition fig which fulfills assumption (3.1). On top of that, we
suppose the following compatibility assumption to be fulfilled

0 (VE) .

1
(3.4) |ty — Us iy + 10— i lieacy + 185 = Folligny =,

There exists (C, gg) € (Ri)Q such that for all € less than g, it holds

t
/0 | s — NHL;OL}L(S)dS < Ce’tye, VYteRH,

where the limit v is given by
/_L = MPO|95|72 (U - V)®,a

In this result, the constant C' and ey only depend on the implicit constant in assumption (3.4), on
the constants my, mg my, m, and m, (see assumptions (3.2)-(3.3) and (2.5)-(2.7)) and on the data
of the problem g, N, ¥ and Ap.

Proof. Since the norm || - ||;1(g2) is unchanged by the change of variable (1.6), this Theorem is a
straightforward consequence of Theorem 3.2 and Theorem 2.7, which ensures the convergence of
the macroscopic quantities (V°, W*) .

U

Before detailing the proof of Theorem 3.2, we provide some comments on Theorem 3.3.

(1) In this theorem, the choice of a non-homogeneous in time concentration rate #° plays a
key role. Indeed, if ° = 1/+/z, then the following relation holds true after inverting the
change of variable (1.6)

1 1
g ()
pr— _ —_— > —_——
Hlw] = H[wr] 21n(5)_ 2111(5);;4‘00;
which comes down to considering well-prepared initial conditions. Therefore, 6°(¢ = 0) needs
to stay lower bounded as € vanishes in order for the result to hold true without considering
well-prepared initial data.

(2) We obtain the convergence rate O(+/c) instead of the optimal convergence rate, which
should be O(¢) as rigorously proven for weak convergence metrics (see [2], Theorem 2.7).
This is due to the fact that we use the Csizar-Kullback inequality to close our L! convergence
estimates. Therefore it seems quite unlikely to recover the optimal convergence rate in a L'
setting.

15



3.2. A priori estimates. The main object of this section consists in deriving equicontinuity esti-
mates for the sequence of solutions (v°), . to equation (1.10). Namely, we prove

Proposition 3.4. Consider a sequence (v°), o of smooth solutions to equation (1.10) whose initial
conditions meet assumption (3.2). There exists a positive constant C' independent of € such that for
all e > 0, it holds

1
|5t ®) = Tug v, @) [| 1 g2y < C e (‘ebtwo‘ + ‘ebtw0‘2> . Y(wo, ) ERXK.

Constant C is explicitly given by

C = /max(8my, 1/Db),
where my appears in assumption (3.2).

Proof. We fix some  in K and some positive €. Then we consider some wg in R and the following
re-scaled version f of v*°

ft,w,v) = e bt yF <t, T,v, e*btw> i
We compute the equation solved by f performing the change of variable
(3.5) w — e Pt
in equation (1.10). f solves the following equation

1 1
0uf + Ou [ A0, 00 f | & 0 [B5 (10 0 M) 1| = g B (1],
where Ag and B are given by (1.7). On top of that, we define g := 7, f, which solves the following
equation
1 1
Org + Oy [ebtAo(Oev, O)g} + ﬁ&; [BS (t, x, v, e_bt(w+w0))g} = W}—pﬁ (9] -

Thanks to the change of variable (3.5), we can apply Lemma 2.2 to f and g with the following
parameters

(0,A)=(1,1/6°),
a(t,w,v) = e’ Ay (6°v, 0),

v,

by (t,w,v) = Bj (t,w,eev, e_btw) ~

(ba, bg) = (7w, b1,0) .
According to (2.11) in Lemma 2.2, it holds

1
1 1 — e—2bt 2
1F@) = 9O I @ey < 2V2 1 fo = 9011212y + (b> lwo| , VteR".

Therefore, according to assumption (3.2), we obtain the result after inverting the change of variable
(3.5) and and taking the supremum over all x in K.
O

We conclude this section providing regularity estimates for the limiting distribution 7 with respect
to the adaptation variable, which solves (1.9). The proof for this result is mainly computational
since we have an explicit formula for the solutions to equation (1.9).

Proposition 3.5. Consider some vy satisfying assumption (3.1). The solution U to equation (1.9)
with initial condition Dy verifies

17() oo i weaqry) < X (208) 1|70 | poo (i woamy) »  VEERT,
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and
1w 0w 7(t) | oo i, piqry) = W00 I poo(re prry) » YEERT.

Proof. Since v solves (1.9), it is given by the following formula
v(t, ,w) = ebtﬂo(m,ebtw>, V(t,z) € Rt x K.
Consequently, we easily obtain the expected result. O

3.3. Proof of Theorem 3.2. The proof is divided in three steps. First, we prove that the solution
V€ to (1.10) converges to the local equilibrium

MPS ® 176 9
by applying a rather classical entropy estimate. Then we prove that an intermediate quantity g®
converges to the solution 7 to equation (1.9) (see Proposition 3.7 and the preceding discussion for
more details). We prove this result thanks to a relative entropy argument relying on the modified

entropy Hy/p. At last, we prove that g° is close to 7 thanks to the equicontinuity estimate provided
by Proposition 3.4 and therefore conclude that the marginal 7 converges U (see Proposition 3.8).

3.3.1. Convergence of v* towards Mys ® U° : relative entropy estimate. This step relies on a rather
classical relative entropy estimate for the solution v* to equation (1.10): we investigate the time
evolution of the quantity H [1/‘E | M o5 ] along the trajectories of equation (1.10).

Proposition 3.6. Under assumptions (2.1a)-(2.1b) on the drift N and (2.2)-(2.3) on the inter-
action kernel U, consider a sequence of solutions (uf)e=o to (1.2) with initial conditions satisfying
assumptions (2.4)-(2.7) and the additional assumption (3.3). Then, there exists a positive constant
C independent of € such that for all for all € less than 1, we have

(1) for all x lying in K, it holds
t
/ H [ (s, x) | Mps @ 7°(s, x)| ds < 2eH[y5(x)] + Ce(t +1), Vao e K,
TE
where the time T¢ is given by

3.6 T¢ =
(3.6) Y.

3

[n(e)] .
(2) In particular, it holds

t
/HVE(S)—MPS®V€HLOOL1 ds < 2Vetmg + Ce(t+1), Vt >0,
0 xT u

where mg is given in assumption (3.3).

In this result, the constant C' only depends on my, m, and m, (see assumptions (2.5)-(2.7)) and
the data of the problem N, ¥ and Agp.

Proof. All along this proof, we choose some « lying in K and we omit the dependence with respect
to (¢, ®) when the context is clear. We compute the time derivative of H [v° |MP8] multiplying

equation (1.10) by In (u€ / M pé)- After integrating by part the stiffer term, it yields
d

1 £
T el [V IMg] = A,

16°]

A:—/divu b v° ln(l/E)du.
[ v b 1 (5

After an integration by part, A rewrites as follows
1 Ve
A = g /R2B8(t, x,0°v, w) 0, {ln <Mp5>] v®du + b,

17
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where Bf is given by (1.7). According to items (2) and (4) in Theorem 2.7 , V* and £(u°) are
uniformly bounded with respect to both (t,2) € RT™ x K and € > 0. On top of that, according to
assumptions (2.3) and (2.5) on ¥ and pj, ¥ *, pf is uniformly bounded with respect to both € K
and € > 0. Consequently, applying Young’s inequality, assumption (2.1b) and since N is locally
Lipschitz, we obtain

1

A< —=T[vF[Mp] + C’(l + / (\051)\279 + w2> Ve du),
2 |6%] R?

for some positive constant C' only depending on m., my, m, and the data of the problem: N, A and

U. Then we invert the change of variable (1.6) in the integral in the right-hand side of the latter
inequality and apply item (2) in Theorem 2.7. In the end, it yields

A <

WI[VE|MPE] + C.

Consequently, we end up with following differential inequality

d

which we integrate between 0 and ¢ to get

—+ WI[VE‘MPS] S C,

t
1
Hpmwﬂ+/zﬂf®mmﬂ®SHU@Mﬁ+C“
0 216°(s)|

Then we point out that the logarithmic Sobolev inequality for Gaussian measures reads as follows
in our context (see [17])

2H [V° [ My @07 < T[v° [ Mg ] .
We inject this inequality in the former estimate, and multiply it by € . Then, making use of the
explicit expression of 6 (see (1.11)), we deduce that

1 €

2 7 6= (s)
as long as ¢ is less than 1 and s is greater than T, where T¢ is given by (3.6). Consequently,
we obtain item (1) in Proposition 3.6. Item (2), is obtained after applying the Csizar-Kullback
inequality

D) _
V" = My @ 7° HLl(R?) < 2H [V Mg @77 ],

taking the supremum over all  in K, and noticing that since equation (1.10) is conservative, it
holds

T€
/Hf@—M%@WWU®§2T§Cﬁ.
O x u
O

3.3.2. Convergence of g° towards v. We mentioned that proving that 7® converges is intricate
because of the source term in equation (1.8)

8w/v1/5(t,m,u)dv.
R

To overcome this difficulty, we remove this term by considering the following re-scaled version g¢° of
VE

vV(t,x,v,w) = ¢ (t,x,v,w + (t,x)v),
where ¢ is given by

ae
¥ (t, x) = 0° (t, x) .
¢, @) () ¢, )
Indeed, operating the following change of variable in equation (1.10)
(3.7) (t,v,w)— (t,v,w + " v),
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and integrating the equation with respect to v, the equation on the marginal §° of ¢° defined as

g@(t,m,w=/gf<t,m,v,w>dv,
R

reads as follows

2
(3.8) 8, + %faw U(Bg(t, x, 95v,w’y€v)+b0€v)gedv} - <ap5) 825 = By [bwi'],
0 R 0

where By is defined by (1.7). In our analysis, the main advantage of considering equation (3.8) on g°
rather than equation (1.8) on 7° stems from the fact that equation (3.8) displays a vanishing diffusion
with respect to the w-variable. This diffusion should be interpreted as the result of regularizing
effects with respect to the v-variable due to the Fokker-Planck operator, which are transferred to
the w-variable thanks to the source term in equation (1.8). Taking advantage of the regularizing
properties of the diffusion, we derive convergence estimates for g°: it is the object of the following
result

Proposition 3.7. Under assumptions (2.1a)-(2.1b) on the drift N and (2.2)-(2.3) on the interac-
tion kernel W, consider a sequence of solutions (u)eo to (1.2) with initial conditions satisfying
assumption (2.4)-(2.7) and the solution U to equation (1.9) with initial condition Dqy satisfying as-
sumption (3.1). There exists a positive constant C' independent of € such that for all € less than 1,
it holds

1
15°) — 20l zry < 2V2 1155 — Polligy, + O Ve, VieRY.

In this result, the constant C only depends on m,, m, and m, (see assumptions (2.5)-(2.7)) and
the data of the problem vy, N, ¥ and Ay.

Proof. All along this proof, we choose some x lying in K and some positive £; we omit the dependence
with respect to (¢, ) when the context is clear. Since 7 and g° solve respectively equations (1.10)
and (3.8), Lemma 2.2 applies with the following parameters

(d17d2767)\) = (07 1707a€/p6)7
by (t, w) = —&bw,
ace
£
by (t, w) = by (t, w) + / (B§ (¢, x, 6°v, —va)+b95v)%dv,
R

bs (t, w) = —w,
where Bf is given by (1.7). According to (2.11) in Lemma 2.2, it holds

1
1 t 2
15°() — v 1wy < 2V2 (]gg — 170H21(R) + </ Ri(s) + Ra(s) ds> > , VteRT,
0

where R1 and Ry are given by

Ri(t) = ‘11/]12{

ac ac
Rot) = pg/R 9 w7 + 5 |07 du.

2
g dw,

151
/R(Bg(t,m, 0°v, — 7 v) + b@ev)%dv

Let us estimate R;. According item (2) in Theorem 2.7 , V¢ is uniformly bounded with respect
to both (t,z) € RT x K and € > 0. On top of that, according to assumptions (2.3) and (2.5) on
U and pg, U *, pg is uniformly bounded with respect to both £ € K and ¢ > 0. Consequently,
applying Young’s inequality, assumption (2.1b) and since N is locally Lipschitz, we obtain

Rift) < 0 [ (1670 4 1070 + |€) ) g'du
R2
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as long as ¢ is less than 1 to ensure that +° given by (3.7) is less than a 6° / m,. We invert the
changes of variable (3.7) and (1.6) and apply items (3) and (4) in Theorem 2.7

Ri(t) < C (e—208<w>f/€+5) .
Then to estimate Ry, we apply Proposition 3.5. According to assumption (2.5) it holds
Ro(t) < Cee?bl,

We gather the former computations and take the supremum over all  in K: it yields the expected
result.

g

3.3.3. Convergence of v° towards v. In this section, we gather the result from the last steps to

v
deduce that 7¢ converges towards v

Proposition 3.8. Under the assumptions of Theorem 3.2, there exists a positive constant C' inde-
pendent of € such that for all € less than 1, it holds

t 1
/ |75 — 7 lpoops ds < 2V2t || 75 — U0 |joopr + 4Vetma + Ce?tye, VteRT.
0 @x w x w

In this result, the constant C' only depends on my, my, m, and m, (see assumptions (2.5)-(2.7))
and the data of the problem vy, N, ¥ and Ag.

Proof. All along this proof, we omit the dependence with respect to (¢, x) when the context is clear.
We consider the following triangular inequality

17 = 7z, < A+B.

where A and B are given by
{ A =177 = gy, -

B =15 — 7lpers -
We estimate B applying Proposition 3.7, which ensures
1
B < 2V2 |5 - mollte,, + etV

at all times ¢ in RT. Then we notice that inverting the change of variable (3.7), it holds

—e — =€ 7 i, v
196 — VOHL%’L}U < 176 - VOHL?L%U T /RM(U) H Y07 T(ygv) VOHLgOL}H dv.

Therefore, according to the regularity assumption (3.1) on 7y, we obtain
1
B < 2V2|| 55 — Do, + CelveE,

for all € less than 1.

To estimate A, we invert the change of variable (3.7) and apply the triangular inequality. It
yields
A< A + Ay,

where A; and Ay are defined as follows

Ar =7 = Mg @7 || o1+ [ Mg @ 7o) 7 = T4 0) V7 || o

do = s [ Mg 15 = 7 oy
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According to Proposition 3.6, it holds
t
/ Ai(s)ds < 4Vetmy + CVe(t+1), Vit >0,
0

where my is given in assumption (3.3). In addition, we apply Proposition 3.4 and derive the following
estimate for As

Ay = Cyee?bt,

We obtain the result gathering the former estimates. O

Theorem 3.2 is obtained gathering the results from the first and the last step.

4. CONVERGENCE ANALYSIS IN WEIGHTED L2 SPACES

In this section, we derive convergence estimates for u° in a weighted L? functional framework.
We take advantage of the variational structure of L? spaces in order to derive uniform regularity
estimates for p°. Thanks to these regularity estimates, we prove a stronger convergence result than
the one presented in [2] while keeping the same rates (which are, at least formally, the optimal
convergence rates in our setting).

4.1. Functional framework. We consider the following weighted L? space

LQ(ms):{V:R2—>R| \V(u)|2m§c(u)du<+oo},
R2

where the weight m;, is given by

(4.1) ms,(u) = 27 exp (1 (p§(z) [v]* + H\w|2)> ,

VPG 2

for some exponent s > 0 which will be prescribed later. We equip L?(ms,) with its natural Hilbertian
structure

(V) s2gugy = [ v (wda,
R2

to which is associated the norm: || v H2L2(m5) = (1, V) [2(jne)- We also introduce the associated weight
with respect to the adaptation variable

m(w) = ﬁ exp <g |w|2) .

We carry out our analysis in the functional space HY(mg,), given by
HE (me) = {I/:}RQ—HR]VZGN,Z < k:0lve L3 (mg) }

for kin {0, 1, 2}. We equip the latter functional space with the norm
2 l
1<k

On top of that, we define the spaces % (m®) for k in {0, 1, 2} as follows

2
L2(mg)

HF (mf) = {V:KXRQ—HR\V:BGK vz, )€ HE (ms) } ,
which are equipped with the norm
19 ke = 590 {12 (2, ) s | -
reK
We denote by 2% (m) the associated functional space without the voltage variable

A (7)) = {D:KX]R—HR]V:BEK:y(m,-)er(m)}7
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which are equipped with the norm
s RUCIRL e

4.2. Main results. We proceed in two steps: we first state a convergence result on the abstract
quantity v*, which solves the re-scaled equation (1.10). Then we interpret the result on our initial
problem, that is on the distribution of the network p¢, which solves (1.2).

4.2.1. The re-scaled problem. In the following result, we provide explicit convergence rate for v°
towards the asymptotic concentration profile of the neural network’s distribution p° in the regime
of strong interactions. We prove that the profile of concentration is Gaussian and we also characterize
the limiting distribution with respect to the adaptation variable w.

Theorem 4.1. Under assumptions (2.1a)-(2.1b) on the drift N and the additional assumption

(4.2) sup (v w(v) — CoN'(v)) < +o0,

[v] >1
for all positive constant Cy > 0, supposing assumptions (2.2)-(2.3) on the interaction kernel ¥, and
under the assumptions of Theorem 2.4 and 2.6, consider the sequence of solutions (u)eso to (1.2)
provided by Theorem 2.4 with initial conditions satisfying assumptions (2.4)-(2.7) and the solution v

to equation (1.9) with an initial condition vy. On top of that, consider an exponent k which verifies
the condition

(4.3) K € (211),—1—00) ,

and consider a rate o, lying in (0, 1-— (2b/~€)_1) . There exists a positive constant C' independent
of € such that for all € between 0 and 1 the following results hold true

(1) consider k less than 2 and suppose that the initial condition pf is such that the quantity v,
obtained performing the change of variable (1.6), lies in % (mf), where m? is defined by
(4.1) with exponent k. Then the unique solution u° to equation (1.2) provided by Theorem
2.4 is such that for all time t, the quantity v°(t) lies in 2% (mf). On top of that, it holds

t
/ sup / |:
0 zeEK JR2

(2) Consider k in {0, 1} and suppose that the sequence of initial profiles (v5), < o stays uniformly
bounded in Y for weight m® defined by (4.1) with exponent k, that is

Oy (85, Ve m5> ’

(ms)_l} (s, z,u)duds < +oo, VteRT.

(4.4) sup | g [l st mey < 00,
e>0

and that g verifies
(4.5) vo € A F(m).
Then for all time t in R™ it holds

1058 = ) ey < €7 (Ehi + C 1V lgpirs ey (VE + min {1, emoemamic 1)) |

where the asymptotic profile v is given by

k

and the initial error £ is given by

k _ —
Eni = 76 — Do Hyfk’(m)'
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(8) Supposing assumption (4.4) with index k = 1 and assumption (4.5) with index k = 0, it

holds

155(t) = 7@ oy < €% (€% + C 156 Lyraneye VIEl + 1), VEER,.

In this theorem, the positive constant C' only depends on Kk, o, My, My, My (see assumptions (2.5),
(2.6) and (2.7)) and on the data of the problem: N, Ay and V.

We prove items (2)-(3) in section 4.4: it is the main object of the forthcoming analysis. The proof
of these results relies on regularity estimates for the solution ¢ to equation (1.10) (see Proposition
4.7). These regularity estimates allow us to bound the source term which appears in the right hand
side of equation (1.8), and therefore to deduce the convergence of the marginal 7° of v* towards .

Before coming back to the initial problem on ¢, let us comment on this result

(1)

(2)

We achieve pointwise in time convergence estimates. This is an improvement in comparison
to our result in the L' setting, where we only proved L' in time convergence estimates (see
Theorem 3.2). This is made possible thanks to the regularity results obtained for v* (see
Proposition 4.7), which we were not able to obtain in the L! setting.

We make the additional assumption (4.2) on N due to the structure of L? spaces with inverse
Gaussian weights. This condition arises naturally in the analysis. Indeed, if v solves

v+ 0, [Nv] =0,

then multiplying the latter equation by v m® and integrating by part with respect to v, we
obtain

d :
1By = [ (G0N = N0) b medu.

Therefore, the L?(mf) - norm is propagated if the quantity inside the integral is upper
bounded, which leads to assumption (4.2) (see Lemma 4.4 for more details). At the end of
the day, this assumption is not constraining in our setting since it is verified by polynomial
of the form

P(v) = Q(v) — Culolf™",

for any p > 2 and any positive constant C' > 0, where () has degree less than p.

4.2.2. Interpretation on the initial problem. In the following result, we invert the change of variable
(1.6) and deduce from Theorem 3.2 an expansion for the solution p® to equation (1.2) in the regime
of strong interactions, that is, as € vanishes. Since the m® defined by (4.1) depends on e through
the spatial distribution pf, we introduce weights which do not depend on ¢ anymore and which are
meant to upper and lower bound m*. We consider (x, u) lying in K X R? and define

N|=

e (5 (mle) o + elul)).

m (w) = (po(a) 1) -

With these notations, our result reads as follows

Theorem 4.2. Under assumptions (2.1a)-(2.1b) and (4.2) on the drift N, (2.2)-(2.3) on the inter-
action kernel ¥ and supposing the assumptions of Theorems 2.4 and 2.6, consider the sequence of
solutions (u)eso to (1.2) provided by Theorem 2.4 with initial conditions satisfying assumptions
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(2.4)-(2.7) and the solution (V, ) to (1.5) provided by Theorem 2.6 with initial condition [ .
Consider an exponent k which verifies the condition

1
K € <2b,+oo> ,

and a rate o lying in (0, min {1 — (20K)71, M. /2 }), where m, the uniform lower bound of pf
(see (2.5)). The following results hold true

(1) Consider k in {0, 1} and suppose
(4.6) sup || 16 | srsr(m+y < +09,
e>0
as well as the following compatibility assumption
(4.7) [Uo — Us [ poo(rey + I1P0 = 06 ey + ([0 — Fo [ ewm+) =, 0().

On top of that, suppose that there exists a constant C' such that

(4.8) SU_I()) | o — Two Bo lggr(m+y < C lwol, Vwo €R.
e>

Then for all integer i, there exists (C;, €g) € (Ri)2 such that for all € less than ey, it holds

LEE

1
+Z _|_ e*a*

S

7 . eci _ 1
1w = V) (55 = 1) () ey < Cie (Hee™) (E € 2) , VteRy,

where the limit v is given by
n = MPO|‘98|_2 (U — V) ®IH
(2) Suppose assumption (4.6) with k = 1, assumption (4.8) with k =0 and

18 = U§ lloeiey + 10 = 05 lzooqacy + 15 = o Loy =, O (& v/Tne] ) .
There exists (C, o) € (Ri)2 such that for all € less than eg, it holds
155(t) — (t) | pom-y < Ceer/Ine|, VieRy.

This result is a straightforward consequence of Theorem 4.1 and the convergence estimates for
the macroscopic quantities given by item (1) in Theorem 2.7. We postpone the proof to Section
4.5. Let us first comment on these results.

(1) Similarly to Theorem 3.2, the choice of a non-homogeneous in time concentration rate 6°
plays a key role. Indeed, we have the following relation after inverting the change of variable
(1.6)

1
2

116 oty = sup g ([ 106 (@ V5 + 650, W5 + w) )
xzecK Yy R2
Therefore, §°(t = 0) needs to stay lower bounded as e vanishes in order for the result to
hold true without considering well-prepared initial data.

(2) This result justifies our approach, which consists in working with the re-scaled version v° of
©e. Indeed, it would not have been possible to derive L? convergence estimates to quantify
the distance between p° and 4y ® i simply because the limit displays a Dirac mass and
therefore does not lie in L? spaces.

(3) We recover the optimal convergence rate for the marginal ¢ of p° towards the limit g, up
to a logarithmic correction. The logarithmic correction arises due to the fact that we do not
consider well prepared initial data (see Proposition 4.12 for more details). In the statement
(1), we prove convergence with rate O( ") for all i. This is specific to the structure of the
weighted L? at play in this result (see Section 4.5 for more details).
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4.3. A priori estimates. The main purpose of this section is to propagate the #*-norms along
the trajectories of equation (1.10) uniformly with respect to . We outline the strategy in the case of
the ##%-norm. Its time derivative along the trajectories of equation (1.10) are obtained multiplying
(1.10) by v* m® and integrating with respect to u

1d 9 1 .
5& H 1/5 HLZ(mE) = W <°FPS [1/5] s I/E >L2(m5) — <d1Vu [bg VE] 5 VE >L2(m5) .
We first point out that according to the following Lemma, the term associated to the Fokker-
Planck operator is dissipative and is consequently a helping term in the upcoming analysis

Lemma 4.3. For all x in K, it holds
<Fp6(m) [V] y V
), where the dissipation ng s given by
Do [v] = [, 10 (vl (m5) ™" du > 0.

Proof. The Fokker-Planck operator rewrites as follows

Foi (V] = 0, | (m3) ™" 0, (vm3)

) painey =~ Drit [¥] <0,

for allv € H' (m;

x

Consequently, the result is obtained integrating by part Fe (4) [v] against v m® with respect to wu.
O

Therefore, the main challenge is to control the contribution of the transport operator div,, by
with the dissipation D¢ brought by the Fokker-Planck operator. This is done in the following key
Lemma, on which rely all our results. The main difficulty to prove this result is to take advantage
of the confining properties of N and A.

Lemma 4.4. Under assumptions (2.1a)-(2.1b) and (4.2) on the drift N, (2.2)-(2.3) on the inter-
action kernel ¥, consider a sequence of solutions (u)e o to (1.2) with initial conditions satisfying
assumptions (2.4)-(2.7). Then, for all positive € and any « greater than 1/(2bk), holds the follow-

ing estimate
o

- d u bE 9 meE S NG
(divy [bgv] V>L2( <) (95)2

Dysay [V] + Cllv 2 ge) -
for all (t,z) € RY x K and all v € H' (m5,); where C is a positive constant only depending on
a, K, My, My, My (see assumptions (2.5), (2.6) and (2.7) ) and the data of the problem: N, Ay and .

Before getting into the heart of the proof, we point out that as long as the latter Lemmas hold
with some « less than 1, we have
1d
2dt
which ensures that the .7%-norm is propagated along the curves of (1.10) uniformly with respect
to e. We follow the exact same strategy in order to propagate the #*-norms when k is not 0: see
Proposition 4.7 for more details. On top of that, we emphasize that the constraint (4.3) on x in
Theorem 4.1 arises from the lower bound on « in Lemma 4.4.

el P

Remark 4.5. Due to the structure of the space L? (m?), we added the confining assumption (4.2)
on the drift N to Theorem 4.1. Our proof of Lemma 4.4 crucially relies on this assumption ; it is
the only time that we use it as well.

Proof. All along this proof, we consider some ¢ > 0 and some (¢, ) in Ry x K; we omit the
dependence with respect to & when the context is clear. Furthermore, we choose some v in H! (m5,).
Since by is given by (1.7), we have

— (divu [bgr], V) p2gey = A1 + A2 + A3,
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where

( 1
A = — | Oy[wr]vmdu — Ow [Ap (0°v, w)v] vm® du,
08 R2 R2
Ay = _é B, [(N(VE 4+ 6°0) — N(V))v] vm du,
R2
Az = / Oy [(U\I/ xr pg + E(K) (95)_1>V:| vmdu.
\ R2

To estimate A;, we take advantage of the confining properties of A. When it comes to As, the
estimate relies on the confining properties of the non-linear drift N. Az gathers the lower order
terms and adds no difficulty.

Now let us detail the computation and start with Asj, which rewrites as follows after exact
computations and an integration by part,

2 e
According to the definition of Ap and applying Young’s inequality, we obtain
1 C e 12 m bR o) o 2
< ———=7Dpe — |6° C = - = °d C )
Ay e D)+ [ (S0 (Om o B )R W mdu Ol

for all positive 1y and 79 and for some positive constant C. We set a— = (a + 1/(2bk))/2,
n2 =1/(2c_) and m; = (bx — 12) /(2C). According to the condition on « in Lemma 4.4, we have
n1 > 0. Consequently, we obtain

A = - / (kw Ag (0°v, w) — By Ag) |v]* mf du — / wv (m‘E)I/2 l&, [vm©] (m‘s)_l/2 du .
R2 R2

o_ 2 2
(4.9) A < WDPS [v] + C/R2 |050|* |v|* m® du + CHVH%QW),

for some positive constant C' only depending on Ag, k and «.

To estimate Ay, we take advantage of the super-linear decay of N (see assumption (2.1a)) in
order to control the terms growing at most linearly. We emphasize that the decaying property of N
is prescribed at infinity. Consequently, it may not have confining property on bounded sets. Hence,
the main point here consists in isolating the domain where N decays super linearly.

After some exact computations and an integration by part, A, rewrites
1 ()
Ag = 3 / [ng (N(VF 4+ 6°v) — N(V°)) — N' (VS +6°0) | |[v]* m®du.
R2
We consider some R > 0 and split the former expression in three different parts

Ay = Aap + Az + Aos,

where
r £
Au = B2 [ g no (NOF 4 0°0) = NOF) of? e du,
RQ
1 ()
Aoy = 2/ ]l|05v\<RU |:lgg (N(V+6°v) — N(V9)) — N’ (VE + 6°v) |y|2 m® du,
R2 B
1
das = =5 [ Haon N 05+ 60) of? i du.

Asg1 corresponds to the the contribution of N on the domain where it decays super-linearly. Con-

sequently, A9 is non positive for R great enough. We take advantage of the helping term As; to

control Asg, which corresponds to the contribution of N on bounded sets. We estimate A3 taking
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advantage of the confining term Ag; coupled with the confining assumption (4.2) on N.

Let us estimate Ag;. According to item (2) in Theorem 2.7 , V¢ is uniformly bounded with
respect to both (¢, ) € Rt x K and e. Furthermore, since N is continuous, we obtain

0cv

2

]1‘9614 >R0€'U (N(Vs + GE’U) — N(VE)) S ]l‘gev| >R <’V€ + 96'0‘ W(VE =+ 05'1)) m —+ C ’6€U|) y
where w is given by assumption (2.1a) and where the constant C' depends on both N and the
uniform upper bound on V¢. Since V¢ is uniformly bounded and applying assumption (2.1a), the
right hand side in the latter inequality is non positive for R sufficiently large. Hence, since 6° < 1,
we obtain a radius R only depending on N and the uniform bound on |V?| such that

Ao < / (% 1\9€v|>R |V8_|_08U|2w(y8+98y) + 0‘9511’) |1/|2 me du,
R2

where m, is the lower bound of pj given by assumption (2.5). From now on, we fix R such that
the latter estimate holds. Furthermore, we introduce the following notation

N = / Lioeo|> R Ve + 0502wV +6°0) [ m®du < 0 when R > 1.
R2

The term N corresponds to the contribution of NV on the domain where it has super-linear decaying
properties. In the sequel, we use N to control the contribution of the other terms. With this
notation, the estimate on Ay rewrites

Ayt < C/ 6%0] [v[? m® du + 2N
B2 4

where C' and R only depend on N and the uniform bound on |V¢|.

We turn to Age. Since N has %! regularity and relying item (2) in Theorem 2.7 , which ensures
that V*® stays uniformly bounded, we obtain

(>
dry < O [ o ot du + Cloagey
R2

where C' is a positive constant which may depend on m,, N and the uniform bound on |[V¢|. We
estimate the quadratic term in the latter inequality with the following relation

1
/ (v5 lw|? — 1) > mfdu = / v Oy (vm®) du.
2 Jp2 R2

It is obtained after exact computations and an integration by part in the right hand side of the
latter equality. We apply Young’s inequality to the former relation and in the end it yields

n 1
dr < Do+ 0 (5 [ 0708 bt )

for all positive n and for some positive constant C' depending on m,, N and the uniform bound on
Vel

We estimate the last term Ay3 taking advantage of the confining properties corresponding to N.
Indeed we have

e

* 1
Aaz + N = / Ligeo>R M ‘v"zw(vl) — —N' (V) > mfdu,
8 R2 8 2

where we used the shorthand notation v = V° + 6°v. Hence, according to assumption (4.2), we

deduce
(2

8

Az + N < C”’/H%%me),
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for some positive constant C' depending on m, and N. Gathering these computations, we obtain

M

8

1
(410) A2 S (QZ)QIDPS [1/] + C (77 + 1) /R2 |9€U|2 ’y‘z 7’)’L6 du + CHV”%Q(ms) +

for all n > 0 and where C' is a positive constant which may depend on m,, R, N and the uniform

bound on |VF|.

N,

We turn to Az, which gathers terms of lower-order. We integrate by part and apply Young’s
inequality. It yields

Ui 1 2 212 2 2
&éwy%ww%ow%y@meww+wmwmwg,
for all positive . According to item (4) in Theorem 2.7 , £(uf) is uniformly bounded with respect
to both (t,z) € RT x K and € > 0. On top of that, according to assumptions (2.3) and (2.5) on
U and pg, ¥ *, pg is uniformly bounded with respect to both € K and ¢ > 0. Consequently, we
obtain

Ui ¢ 20,12 2
411 < 1 _p,. hd 0° °d ).
(@11) Ay < Dol + o (100 bl )
for some positive constant C' which may depend on m, (see assumption (2.5)), m, and m, (see
assumptions (2.6) and (2.7)) and the data of our problem N, ¥ and Aj.

Gathering estimates (4.9), (4.10) and (4.11), it yields

. € Oé,—|—277 1 e 12 2 € =
— (divy [b5v], v) < W%M +c<1+n> /Rz (|9 o] +1) v m du 4+ ZEN

for all positive . Hence, we choose 2n = « — a_, for which condition on « in Lemma 4.4 ensures
that 7 is positive. Therefore, replacing A by its definition, the former estimate rewrites

. o m
—(divy [bir],v) < Wng [v]+ / (C (|9€v‘2 + 1) + Ljpey|>r ?* |1/‘2 w(v’)) v m® du,
R2
where we used the shorthand notation v’ = V¢4 6°v. To conclude, we estimate the right-hand side
in the latter inequality applying assumption (2.1a) on N. Since V¢ is uniformly bounded, we obtain

— <diVu [bgy] , V>L2( ng [V] + CHVH%Q(mE)’

< @
mg) - (6&-)2
for some constant C only depending on «, K, ms«, m,, M, and the data of the problem: N, Ag and W.
O

We also mention the following general result, which may be interpreted as a Poincaré inequality
in the functional space L? (m?)

Lemma 4.6. For all x € K and all function v in H (mS), holds the following estimates

1 2
< = ||3wV||L2(ms) and HwVHL?(mE) = n ||awy||L2(m5) :

1 sy <
Proof. The proof relies on the following relation

;/ 1+ sz)’I/’2 m(u)du = —/ wv (Oyv) mi(u)du,
R2 R2

which is obtained by an integration by part in the left-hand side of the equality. From the latter
relation we obtain the result applying Young’s inequality in the right-hand side for the first estimate
and Cauchy-Schwarz inequality for the second one.

O
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From Lemma 4.4, we deduce regularity estimates for the solution v* to equation (1.10). The
main challenge consists in propagating the s#°-norm. Then we easily adapt our analysis to the
case of the #*-norms, when k is greater than 0. Indeed, the w-derivatives of v° solve equation
(1.10) with additional source terms which we are able to control with the dissipation brought by
the Fokker-Planck operator. More precisely, equation (1.10) on v° reads as follows

vt + F°[1V°] =0,

where the operator /¢ is given by

€ g : g € 1 g

(4.12) /€ [V°] = divy [byv ]—w]:pg[y ].
With this notation, the equations on the w-derivatives read as follows

1
(4.13) O h® + F°[h°] = E&,Vs+bh6,
where h°® = 0, v°, and

2
(4.14) Ohg® + A" ze—eavhs—l—2bg€,

where ¢° is given by 0.2 1°.

Proposition 4.7. Under assumptions (2.1a)-(2.1b) and (4.2) on the drift N, (2.2)-(2.3) on the
interaction kernel VU, consider a sequence of smooth solutions (uf)e>¢ to (1.2) with initial condi-
tions satisfying assumptions (2.4)-(2.7) and (4.4) with an exponent k greater than 1/(2b). Then,
for all e > 0, holds the following estimate

|akvece, @) | < |0k vp(a) |

, V(t,x) € Rt x K,

L2(mg,) L2(mg)

for all integer k less than or equal to 2 and some positive constant C only depending on K, M., my,
my (see assumptions (2.5), (2.6) and (2.7)) and the data of the problem: N, Ay and V.

Proof. We start with k = 0. We compute the time derivative of || v |32 (me) Mutliplying equation
(1.10) by v*m and integrating with respect to u. After integrating by part the stiffer term, we

obtain
1

1d .
5& H I H%2(m5) + WDPS [1/8] = — <d1Vu [bg ya] , Ve >L2(m5) ’
for all e > 0 and all (¢, ) € Ry x K. Since « is greater than 1/(2b), we apply Lemma 4.4 with
a = 1. This leads to the following inequality

4

dt
for some constant C only depending on x, ms, my,, m, and on the data of the problem: N, Ay and
U. According to Gronwall’s lemma, it yields

15 @) ey < € 1070, @) Iz > ¥ (ha) € RY x K.

| v° H%Q(ms) < Ol H%Q(mf) '

In the remaining of this proof, we shall adapt the former computations to the cases 8£ v® when
k less than or equal to 2. Due to the linear properties of equation (1.10) with respect to w, these
terms solve the same equation as v* with additional source terms which add no further difficulty.

Let us now treat the case k = 1. We write h° = 9, °. We compute the derivative of || 2 ||%. (m?)
multiplying equation (4.13) by h°m° and integrating with respect to w. After integrating by part
the stiffer term, we obtain

1d
2dt

I3 1 g : 13 I3 13 g
1 22 ey + @DPS [h°] = = (diva [DGA] 5 h°) pagney + b1 [ F2(me) + B,
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for all ¢ > 0 and all (¢, ) € Ry x K, where B is given by
1
B=— Opy V" h*mfdu.
0° Jre

We estimate B integrating by part and applying Young’s inequality. It yields

C n
B < = |05 [ 2imey) + ——3 Do [B°] -
77 || HL2(m ) (95)2 Po [ }
for some positive constant C' and for all positive . Then we apply Lemma 4.6, which yields
C n
B < —||h%|3s, oy + —— Dy [B°]

and conclude this step following the same method as in the former step of the proof.

The last case k = 2 relies on the same arguments as the former step. Indeed, equation (4.14) on
02 v° is the same as equation (4.13) on 0, v° up to a constant. Consequently, we skip the details
and conclude this proof.

O

Due to the cross terms between the v and w variables in equation (1.2), we are led to estimate
mixed quantities of the form w! 352 v°. These estimates are easily obtained from Proposition 4.7
and Lemma 4.6

Corollary 4.8. Under the assumptions of Proposition 4.7, we consider (k, ki, ko) in N3 such that
ki 4+ ko = kand k < 2. Then, for alle > 0, it holds

L2(ms) = <;2~;>k1 ! H Oy VS(m)‘

for some positive constant C only depending on k, m«, my, My (see assumptions (2.5), (2.6) and
(2.7)) and the data of the problem: N, Ay and V.

, V(t,z) € R" x K,
L2(mg)

H (wkl 8£2> ve(t, o) ‘

Proof. We consider (k, k1, k2) in N 3 such that k1 + ko = kand k < 2 and point out that according

to Lemma 4.6, we have
2\ "1
< (2)
L2(mg,) K

Consequently, we obtain the result applying Proposition 4.7.

H (wkl 8£2> ve(t, x) ‘

‘ajyff(t, a;)(

L2(mg)

O

We conclude this section with providing regularity estimates for the limiting distribution 7 with
respect to the adaptation variable, which solves (1.9). The proof for this result is mainly computa-
tional since we have an explicit formula for the solutions to equation (1.9).

Lemma 4.9. Consider some index k lying in {0, 1} and some g lying in " (). The solution
v to equation (1.9) with initial condition vg verifies

1
17() [l s (my < exp ((k + 2> bt) 170 Lsgr(my » VtERT.
Proof. Since U solves (1.9), it is given by the following formula
Uro(w) = g o <6btw> , V(t,x) e R xK.

Consequently, we easily obtain the expected result. O
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4.4. Proof of Theorem 4.1. In the forthcoming analysis we quantify the convergence of v towards
the asymptotic profile v given by

v = Mp(f) KU,

in the functional spaces J#* (m®). We introduce the orthogonal projection of v onto the space of
function with marginal M with respect to the voltage variable

I = M 05 ® U°.
Furthermore, we consider the orthogonal component v of v* with respect to the latter projection

v] =1 — IIv°.
With these notations we have

2 2 _ — 2
12" = vk mey = 1V 5erimey + 1177 = D500y

for k in {0, 1}. Therefore, we prove that v] and 7 — ¥ vanish as € goes to zero in both 20 and
N

4.4.1. Estimates for v . Our strategy relies on the same arguments as the ones we developed in the
former section to prove Proposition 4.7. Indeed, the equation satisfied by v{ is the same equation
as equation (1.10) solved by v with additional source terms. It reads as follows

(4.15) oS + A5 ] = S [vF, TF],

where the operator /¢ is given by (4.12) and the source terms are given by
SV, V] = Oy [a&a/vysdv./\/lpg — bwllv® | — div, [byIIv®] .

Consequently, our strategy consists in estimating the source terms using the regularity estimates

provided by Proposition 4.7. Then, we adapt our analysis to the case of 9, v, which we write
¢ = Owv] and which solves again the same equation up to extra terms that add no difficulty

1

(4.16) Ok + /7 [h] = S [0 IRF] + bhT +

Oy V°,
where we used the notation h® = 9, 1°.

Proposition 4.10. Under assumptions (2.1a)-(2.1b) and (4.2) on the drift N and (2.2)-(2.3) on
the interaction kernel U, consider a sequence of solutions (uf)eso to (1.2) with initial conditions
satisfying assumptions (2.4)-(2.7) and (4.4) with an index k in {0, 1} and an exponent k greater
than 1/(2b). Then, for all & between 0 and 1 and any o lying in (0, 1 — (2bk)™1) , there exists a
positive constant C' independent of € such that

IS )ty < € N6 lgrsamey (CVE + min{ 1, emoxt/eeman/Cma) vy e R,

In this proposition, the constant C' only depends on o, Kk, My, My, My, (see assumptions (2.5), (2.6)
and (2.7)) and on the data of the problem: N, Ay and V.

Proof. We first treat the case k = 0 . All along this step of the proof, we consider some ¢ > 0 and
some (t, ) in R} x K; we omit the dependence with respect to (¢, ) when the context is clear. We
compute the time derivative of || v H%Q(mg) multiplying equation (4.15) by v m® and integrating
with respect to u

1 d 1> 13 &g € 1> (3 1> 1>
5@”’&”%2(”;) = (& [, 7], Vi )12(mey — (& [vil, Vi) 12(me) »

and we split the contribution of the source terms as follows

(v ] v ) paney = A1 + Az,
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where the terms 4; and Ay are given by

1
A== [ 0B, @, 070, w) LA ] i,
RQ

Ay = —a@E/ v 0y [ITv°] v] m® du,
R2

where Bf is given by (1.7).

Let us estimate A;. After an integration by part, this term rewrites as follows
1
A = / By(t,z,0°v, w) ITv° (ms)% 9731; [V m®] (ms)*% du.
R2

According to items (2) and (4) in Theorem 2.7 , V¢ and £ (1°) are uniformly bounded with respect
to both (¢, ) € Rt x K and . On top of that, according to assumptions (2.3) and (2.5), ¥ *, pj
stays uniformly bounded with respect to both @ € K and € as well. Consequently, applying Young’s
inequality to the former relation and using assumption (2.1b), which ensures that N has polynomial
growth, we obtain

n c 2 2 —£|2 —
A < Wng[l/i] + p /R2 (|051)| Pt jwl® + 1) [D°]" Mps mdu,
for all positive 1 and for some positive constant C' which only depends on m., m, and m, and the
data of the problem N, ¥ and Ag. Taking advantage of the properties of the Maxwellian M e and
since p{ meets assumption (2.5), the latter estimate simplifies into
n C i cn2 e 2
Algwquﬁ[ﬁj+—n(|uﬂu%m)+uwuau%m)-
Furthermore, according to Jensen’s inequality, it holds
—e 2 —e 12 2 2
175 e my + N0 P I Lomy < 15 1 L20mey + 1w S [220mey -
Therefore, we apply Corollary 4.8 and obtain the following estimate for .4;
n C o 2
Ap < WDPE [vi]+ P 16 [z, (me) -
To estimate As, we apply the Cauchy-Schwarz inequality, use the properties of the Maxwellian
) ppPly y q Y prop
Ms and assumption (2.5). It yields

—e 12 2
Az < C (11007 [Fame) + 11V [F2gne)) -
According to the same remark as in the former step, it holds
—e 12 2 2 2
10w 7 122y + 1V NZ2mey < 107 11220mey + 10w V" L2(me)
hence, applying Proposition 4.7, we obtain

Ay < Ce 10 Iy ey -

To evaluate the contribution of &7 we replace it by its definition (4.12) and integrate by part
the stiffer term. It yields

1 .
— (@], VD) r2gme) = —pra [v1] = (diva [bgri], v1)2gme) -
In order to close the estimate, we apply Lemma 4.4 and Proposition 4.7 to control the term associ-
ated to linear transport. It yields
: @ c 2
— (divy [bgrv ], v] >L2(m5) < prg (V5] + Ce | v HL2(mf) )
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for all positive constant « greater than 1/(2bk). Consequently, the former computations lead to the
following differential inequality

1d l—a—n C 2
o V22 mey + T D [vi] < e 16 s (mey -

Based on our assumptions, exponent k is greater than 1/(2b) and it is therefore possible to choose
the constants o and 7 such that o, = 1 — a —n lies in ] 0,1—(2bk)~* [ Furthermore, in our
context, the Gaussian-Poincaré inequality rewrites

11 Z2gmey < Dog [¥11,

see [14] for a comprehensive analysis of this inequality and its extensions. According to the latter
remarks, the former inequality rewrites
2 oy

d €112 €112 Ct €12
at ”VLHL2(m6) + W ||VL||L2(m5) < Ce g HH}U(mS) .

toq
exp (20, | ——ds ),
Xp( “ /0 (6°)? S)

and integrate between 0 and t. In the end, we deduce the following inequality

t
12 oy < 156 By 270 (14 € [ eeree00as)
0

I(t) = /0 (91)2(15

Taking advantage of the ODE solved by 6° (see (1.11)), we compute explicitly I
In (6°(t)%) .

We multiply this estimate by

where [ is given by

t
It) = -
0= +5,;

Consequently, the latter estimate rewrites

_oax

t Qs
1A W2gmey < 1106 Wy ey €72 = (0°(0)) 70 (1 e / eCr 2o (6°(s))" ds) .
v 0

Then we notice that according to the explicit formula (1.11) for #°, given that ¢ lies in (0, 1), we
have on the one hand
92 Q%

e (O5(1)

o
N
=
=
/N
—
)
(V]
Q
*
o
™
s
~——

and on the other hand
0 20 —s t —2x
<05((j§> 70 < min<262a*tT,C(l + e 2 g pO)).

We inject these bounds and take the supremum over all  in K in the latter estimate. In the end,
we obtain the estimate for the case where k = 0 in Proposition 4.10.

We turn to the case £ = 1 in Proposition 4.10. We make use of the shorthand notation
¢ = Oy V5. We compute the time derivative of || h% || (me) Multiplying equation (4.16) by h3 m®
and integrating with respect to u

1d

o | Wi Tagmey = (F7 [R5 TIRT] B ) paey — (% (W] WD) pogmey + BIAT [F2(me) + A,
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where A is given by

1 g 1,€ &g
A= E R28UV hJ_m du .

We estimate A integrating by part with respect to v and applying Young’s inequality. After applying
Proposition 4.7, it yields
L e 2 n
A< He ”V6:HL2(m5)+WDP8[hi}7
for some positive constant C' and all positive . Then we follow the same argument as in the last

step and obtain the expected result.
O

4.4.2. Estimate for (v° — ). It solves the following equation
(4.17) (P —1v) — b0y |w (P° —0)] = —ab® 0y [/vusdv} ,
R

obtained taking the difference between equations (1.9) and (1.8). It is the same equation as (1.9)
solved by 7 with the additional source term on the right-hand side of the latter equation. Conse-
quently, our strategy consists in estimating the source term. We point out that since the source
term is weighted by 6°, it sufficient to prove that it is bounded in order to obtain convergence.
However, it is not hard to check that the source term cancels if we replace v* by its projection IIv*°

Ow |:/UHl/Ed’U:| =0.
R

Consequently, based on the estimates obtained in the first step on v (see Proposition 4.10), we

expect
0% Oy [/vyedv] = O(e).
R e—0

This formal approach was already rigorously justified in a weak convergence setting in [2]. In our
setting and due to the structure of the source term, we use regularity estimates to achieve the latter
convergence rate.

Lemma 4.11. Consider a sequence of solutions (uf)z>¢ to (1.2) with initial conditions satisfying
assumption (4.4) with an index k in {0, 1} as well as the solution U to equation (1.9) with some
initial condition Uy lying in ,%”’“(m) The following estimate holds for all positive &

t

. . c . - el
155 = Dl < € t(nus = ol + [ 00 \uiuH/gﬂ(ms)ds), V(i) € RY x K,
where k lies in {0, 1} and for some positive constant C' only depending on k, m, and A.

Proof. We start with the case k = 0. We consider some ¢ > 0 and some (¢, ) in Ry x K; we omit
the dependence with respect to (¢, ) when the context is clear. We compute the time derivative of
|o° — v H%g(m) multiplying equation (4.17) by (7° — ) m and integrating with respect to w. We
integrate by part the term associated to linear transport and end up with the following relation

b/
7o == 1 — kw? l/a—z/dew—aHE/ v, V5 (V¢ — ) mdu.
2 dt H HLQ(m) 9 R ( ) | ’ R? J_( )

According to Cauchy-Schwarz inequality and applying assumption (2.5), the source term admits
the bound

_aee/RQvaw Ve (5° — p) mdu < CO | D |l 2me) | 7 = 7 |l120m)
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for some positive constant C' only depending on A and m,. On top of that we bound the term asso-
ciated to linear transport using that the polynomial 1 — kw? is upper-bounded over R. Gathering
the former considerations we end up with the following differential inequality

5317 = Pl < C (17 = 7 am) + CO IR lizgne) 17 = 72w )
for some positive constant C only depending on s, m, and A. we divide the latter inequality by
| 7¢ — 7 ||L2(m) and obtain

d, . _ e
G 17 = 7l < C (17 = Pl + CO AL l2gme)) »

We conclude this step applying Gronwall’s Lemma.

We treat the case k = 1 applying the same method. Indeed, 7 — 7 and 9, (7 — ) solve the
same equation up to an additional source term which adds no difficulty.
Il

Proposition 4.12. Under assumptions (2.1a)-(2.1b) and (4.2) on the drift N and (2.2)-(2.3) on
the interaction kernel U, consider a sequence of solutions (uf)eso to (1.2) with initial conditions
satisfying assumptions (2.4)-(2.7) as well as the solution U to equation (1.9) with some initial condi-
tion Uy and an exponent k greater than 1/(2b). Then there exists a positive constant C' independent
of € such that for all € between 0 and 1 hold the following statements

(1) suppose that assumptions (4.4)-(4.5) are fulfilled with an index k in {0, 1}, then
155(t) = (1) | vy < € (H’78 — Vollpramy + C V5 ||;fk+1(ms)\£) , VteRT.

(2) Supposing assumption (4.4) with index k = 1 and assumption (4.5) with index k = 0, it
holds

175(t) = 7@ lrogmy < € (175 = Pollrogm) + C 106 lpapmeye Vel +1), VEeRT.

In this proposition the positive constant C' only depends on k, my, my, My, (see assumptions (2.5),
(2.6) and (2.7)) and the data of the problem: N, Ay and V.

Proof. We prove item (2) in the latter proposition. According to Lemma 4.4, we have

t
7% = 7l r2m) < (!Vf) = 70 2w + /o o Hyi”%(ms)ds> '

Therefore, the proof comes down to estimating the integral in the right-hand side of the latter
inequality

t
A ::/ =50 || 15 | g (me) s -
0

We apply the second estimate in Proposition 4.10 and Cauchy-Schwarz inequality. This yields

t 1/2 t . 1/2
A < C N g ey (/0 16°|2 ds> (/0 e+ min{l, e~ 2ot om } ds) .

Then we inject the following estimate in the latter inequality

: —2axS/€e —ax [/ ms — 2o & _— o=
min< 1, e € <1 1 + 1 1 e cg mx,
’ {sg—ralna} {s>—2—alna}
mox mx

On top of that, we use the explicit formula for 6° given by (1.11). In the end, we obtain
A< C v HHa(ma) eVt + 14/|lne| + 1.

Hence, we obtain the expected result taking the supremum over all & in K in the latter estimate.
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Item (1) in Proposition 4.12 is obtained following the same method excepted that we estimate .4
using Proposition 4.7 with index k instead of Proposition 4.10.
O

Let us now conclude the proof of Theorem 4.1. Item (1) is a consequence of Theorem 2.4 coupled
with the regularity estimates provided in Proposition 4.7. Item (3) corresponds to item (2) in
Proposition 4.12. Finally, we treat item (2) gathering the estimate in Proposition 4.10 and item (1)
in Proposition 4.12.

4.5. Proof of Theorem 4.2. All along this proof, we consider some ¢y small enough so that the
following condition is fulfilled
100 = o llpoo iy < s /2,

for all € less than 9. We omit the dependence with respect to (t,z,u) € RT x K x R? when the
context is clear. We start by proving item (1) in Theorem 4.2. Since the cases k =0 and k =1 are
treated the same way, we only detail the case £ = 0. We consider some integer ¢ and take some &
less than 3. Then we decompose the error as follows

I = V)" (F = 1) Ollgom-) < A+ B,
where A and B are given by

A= l(v = V) (1° = 7y 0 Do () llaom) »
B = (v =V (7-u: o Do (v) = ) llgo(m-y »

where v is the limit of v* in Theorem 4.1 and is defined by (1.12) and where the operators 7_ e
and Dg- respectively stand for the translation of vector —U® with respect to the u-variable and the
dilatation with parameter ((9‘5)_1 with respect to the v-variable, that is

1 Y=
T_ye © Dge (V) (t, T, u) = 98y<t7m71}(951}7w_ws).

The first term A corresponds to the convergence of the re-scaled version v° of ;¢ towards v whereas
B corresponds to the convergence of the macroscopic quantities.

We estimate A as follows
A< C(A + As),

where C is a positive constant which only depends on 7 and where A; and As are given by

A= |0 = V) (1 = 7 © Dy ()]

)

HO(m™)
Az = ||V = Vo) 165 = 71t © Doe () llygo - -

According to item (2) in Theorem 2.7 , V¢ and W* are uniformly bounded with respect to both
(t,z) € RT x K and € > 0, and 0 < #° < 1, hence

m~ (x,v,w) < Cm° (m, 11\;2;2, w — W€>,

which yields

1
4 — yE 3
.A1§Csup</ (U—VE)2Z‘ME—T_MEODge(V)|2mE<.’B,U v ,w—W5>du> ,
zeK R2
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for another constant C' > 0 depending only on &, m,, m, and m, (see assumptions (2.5)-(2.7)) and
on the data of the problem N, ¥ and Ap. Then we invert the change of variable (1.6) and notice
that

2%, € v €
vi'mfle, —,w| < Cm®(x,u),
< V2 ) (@, u)
for some constant C' > 0 only depending on i and m,. Consequently, we deduce

A <C H(ea)i—%

Lo (K) 7= = v llgogme) -

Therefore, applying Theorem 4.1, using the compatibility assumption (4.7), and thanks to the
constraint 6 (¢ = 0) = 1, which ensures

196 s (mey < CHG et gy >

for some constant C' depending only on m,, x and m,, we finally get

1 ] - t 1 t . _Qx
A < CeCle1 (E% + e*’m*2> (55 + e" e ¢ 2m*) .

Moreover, since o, < my /2, we deduce

To estimate Az, we apply item (1) in Theorem 2.7 and the compatibility assumption (4.7), which
ensure

IV = Vi) < Cetet

Then we follow the same method as before. In the end, we end up with the following bound for A5

Ay < Cet <e€i+i + e & ei_%) )

Gathering these results, we obtain the following estimate for A

[3 1 1
A< Cet (55+1 L oemos 5_§> .

LICS

We turn to B. Similarly as before, we apply the triangular inequality and invert the change of
variable (1.6). Then we apply Theorem 2.7, which yields

B < Cellei (5% + e*im%) HV TV e w) (Mp0®17)‘

3

HO(D 5 (me))

where D 5 (m®) is a short-hand notation for

Dy (mf) (2, u) = m° <:c\/v§w)

Then we decompose the right-hand side of the latter inequality as follows

< Bi + By + Bs,

I iy 09

where By, By and B3 are given by

B =7 - T(WE*W)EHHO(WL) ’

By = [l 7w ? gy [| M5 = 7m0y Mis

#O (M}l) ’
Po
IV VI o ey / 2e2)

)

By = HT(WE—W)DHHO(rn) HMP8 — My HHO(MQ)
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where we used that
D 5(mf) <m, and m® = M;(E)lm.

Since equation (1.9) is linear, 7 — T, I also solves the equation, therefore, applying Lemma 4.9
with wg = W® — W, it yields

Bi < Cest || 7y — T(we—w) 7o 300y -
Furthermore, since m < m™ and relying on assumption (4.8), we deduce
Bi < Cedt W = Wl -
Therefore, according to item (1) in Theorem 2.7 we conclude
B < CeClte.

To estimate By and Bs, we follow the same method as for B;: we first apply the following relation

0 (M ;1) N
Po

1
Ve — 2
Po |~

EV’2
e

-1

[ Mos = 7y 2 L1

which ensures

M=

ve-v 2

0

Py -y
ge

£

Po

£
e 0

| Mo = ey My

<
HO (M —;) -
Po

Furthermore, we apply Lemma 4.9, which ensures that

L (K)

_ c
HT(WE—W)VHHO(m) < Cetl
Therefore, applying item (1) in Theorem 2.7, we obtain
By < CeC(t—i—aeCt) 6% )

Then to estimate B3, an exact computation yields

=

| 2

PO — P%
[ Mg = Mg HHO(M_1> = sup |2 : -
£ €T
£ P — (po — p5) (Po + /5 — (po = p5) >
Therefore, according to assumption (4.7) and item (1) in Theorem 2.7, which ensures that

IV VB i)/ @mae) o CeCte

this yields
By < CeC4ee)
In the end, we deduce the following estimate for B
B < Cellttee) (554% + e‘””*ﬁﬁ) :

The proof for the statement (2) in Theorem 4.2 follows the same lines as the former one excepted
that we apply item (3) in Theorem 4.1 instead of item (2) to quantify the convergence of 7° towards
v. Therefore, we do not detail the proof.
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5. CONCLUSION

In this paper, we have characterized the blow-up profile of the voltage distribution in the regime
of strong and short-range coupling between neurons and have computed the limiting distribution
for the adaptation variable as well. Our result should be interpreted as the expansion up to the
first term of the network’s distribution as € vanishes. A significant aspect of our analysis lies in the
fact that we obtained quantitative convergence estimates in strong topology. More specifically, we
provide two results. On the one hand, we prove convergence in a L' functional framework. Our
analysis relies on a modified Boltzmann entropy (see section 2.2) which is original to our knowledge.
On the other hand, we prove convergence in a weighted L? setting, in which we take advantage of
the variational structure in order to obtain regularity estimates. This enables to recover the op-
timal convergence rates obtained in a weak convergence setting in probability spaces (see [2]). In
many ways, the problem at hands in this article shows similarities with other problems coming from
kinetic theory. Therefore, we hope for the relative entropy method developed in Section 3 that it
might have applications in a broader context.
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