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THE VOTER MODEL WITH A SLOW MEMBRANE

XIAOFENG XUE AND LINJIE ZHAO

ABSTRACT. We introduce the voter model on the infinite lattice with a slow membrane and investigate
its hydrodynamic behavior. The model is defined as follows: a voter adopts one of its neighbors’
opinion at rate one except for neighbors crossing the hyperplane {z : 21 = 1/2}, where the rate is
aN~B. Above, a > 0, 8 > 0 are two parameters and N is the scaling parameter. The hydrodynamic
equation turns out to be heat equation with various boundary conditions depending on the value of
B. The proof is based on duality method.

1. INTRODUCTION

One of the main issues in statistical physics is to derive partial differential equations from mi-
croscopic systems. Roughly speaking, for symmetric systems the macroscopic behaviors are usually
governed by diffusive equations, and for asymmetric systems usually by hyperbolic equations. We
refer the readers to [9, 13] for a comprehensive understanding of the above subject. Recently, it has
been a popular topic to establish PDEs with various boundary conditions from interacting particle
systems. For example, Gongalves, Franco and their collaborators have obtained the heat equation with
Dirichlet /Robin/Neumann boundary conditions from the symmetric simple exclusion processes in one
dimension [1, 5, 6]. The microscopic models they considered are either defined on a ring with a slow
site/slow bond, or defined on a segment with slow boundaries. The results have also been extended to
higher dimensions in [7, 14].

The voter model also plays an important role in the theory of interacting particle systems, and its
hydrodynamic behavior has been considered by Presutti and Spohn in [12]. For each x € Z%, imagine
there is a voter at site x. Each voter has one of two possible opinions on an issue, and the possible
opinions are denoted by 0 or 1. The dynamics is quite simple: a voter adopts one of its neighbors’
opinion at rate one. Although the voter model has the same macroscopic behavior as the symmetric
exclusion process, it differs from the later in essential points: the magnetization of the voter model
is not locally conserved and the static correlations decay slowly. We refer the readers to [12, 11] for
details of the above properties. A natural question is to consider the impact of the slow dynamics
introduced in [1, 5, 6] on the voter model, which is the main aim of this article.

In order to obtain boundary conditions, we let the voters at sites x and x + e; adopt the other’s
opinion at rate « N ~# if z; = 0. Above, x; is the first coordinate of site z, and {ei}1<i<a is the canonical
basis of Z?. The two parameters o > 0,3 > 0 denote the strength of the boundary interaction, and
N € N is a scaling parameter. We consider the voter model in dimensions d > 4, and derive Robin
boundary conditions if 5 = 1 and Neumann boundary conditions if 8 > 1. There are no boundary
conditions in the case 0 < 8 < 1.

The results are not surprising since such boundary conditions have been well understood for the
exclusion process. However, the proof differs a lot from the exclusion process because of the two
properties we addressed above. The standard approach to prove a hydrodynamic limit result is as
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follows: we first write down a martingale formula for the empirical measure of the process by using
Dynkin’s formula, and then prove the so called replacement lemmas to close the equation. To ensure
uniqueness of solution to hydrodynamic equations, an energy estimate is usually also needed. For
exclusion process with boundary dynamics, the replacement lemmas and energy estimates are proved
by investigating the entropy production of the process. This is not a easy task for the voter model with
boundary terms since the invariant measures of the voter model in this case are not explicitly known.
Instead, we adopt the duality method and investigate the correlation functions of the model. It is
well known that the duality of the voter model is coalescing random walks, cf.[11] for example. For
the voter model with boundary dynamics we introduced above, the duality turns out to be coalescing
random walks with slow bonds. Along the proof, we exploit an invariance principle for the random
walk with slow bonds, proved very recently by Erhard et al. in [3]. We also remark that no replacement
lemmas are needed in Presutti and Spohn’s paper [12] since the process is linear.

We believe the results should also hold for dimension d = 3. The main issue is to investigate the
meeting probabilities of two independent random walks with slow bonds in dimension d = 3, which
has long been a hard problem and has its own interest. This case is presently out of our reach and we
leave it open. For dimensions d < 2, we refer the readers to the remark at the end of [12, Section 2].

The rest of the paper is organized as follows. In Section 2, we define the model rigorously and state
our main results. We outline the standard approach to prove hydrodynamic limit results in Section
3. Replacement lemmas are proved in Section 4, and they are crucial to close the martingale formula
as we addressed above. Finally, we prove the tightness and energy estimates for the voter model in
Section 5.

2. NOTATION AND RESULTS

2.1. The voter model. The state space of the voter model is Q4 := {O,l}Zd, d > 4. We use
x,y (resp. u,v) to denote points in Z¢ (resp. RY), and z; (resp. u;), 1 < i < d, to denote the i-th
component of the point = (resp. u). Let {e;}1<;<4 be the canonical basis of Z?. For a point z € Z,
denote |z| = Z?Zl |z;|. Fix parameters a > 0, 8 > 0. We use N € N to denote the scaling parameter.
The generator of the process Ly acting on local functions f : Q4 — R is given by

Lafm)= > &, (F™) = f(n), (2.1)

z, yezd,
|e—y|=1

where n™¥ is the configuration obtained from n by flipping the value of n(x) to n(y), i.e., n*¥(z) = n(y)
and n*¥(z) = n(z) for z # z, and the flipping rates fi\)’y =&, [T —y| =1, are given by

aN—8 ife; =0,y =1
&y, = . (2.2)
1 otherwise

We refer the readers to [11] for a construction of the process.

2.2. Hydrodynamic limit. Hereafter, we fix a time horizon T > 0. We first introduce weak solutions
of heat equations with/without boundary conditions.

Definition 2.1 (Hydrodynamic equation for 0 < 8 < 1). Let py : R? — [0,1] be continuous. A
bounded function p: [0,T] x R? — R is said to be a weak solution of the heat equation
{&p(t,u) = Ap(t,u), t>0, ucR?

p(0,u) = po(u), ue R (2
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if for any H € C*(R?) and any t € [0,T],

/Rd p(t,u)H (u)du = /Rd po(u)H (u)du + /Ot /Rd p(s, ) AH (u) du ds.

For the case 8 > 1, we first introduce the notion of Sobolev spaces. For an open set U € R?, let
H1(U) be the Sobolev space which consists of locally integrable functions with weak derivatives in
L2(U), i.e., for any o € H(U), there exist d elements in L?(U), denoted by 9y, 0, . -, Ou, 0, such that

| etwonmudu =~ [ o, 0w H(w)du
U U

for any test function H € C°(U) and each 1 < i < d. Denote by L?([0,T],H'(U)) the space of
measurable functions p : [0, 7] — H*(U) such that the norm defined by

T d
2
HPHQLQ([O,T],Hl(U)) 5:/0 /UZ(auiP(tu)) du dt
=1

is finite. We refer the readers to [4, Chapter 5] for properties of Sobolev spaces.

In this paper we are concerned with the case where U = R\{u € R : wu; = 0}. For simplicity,
from now on we write {u € R?: u; € A} as {uy € A} for any A C R. For any f € H' (R*\{u; = 0}),
we have that f|u1>0 € H! ({u; > 0}) and f|u1<0 € H' ({u; < 0}). Then, we use f(-7) to denote the
trace of f‘u1>0 on {u; = 0} and use f(-7) to denote the trace of f’u1<0 on {u; = 0}. The following
property of f(-*) and f(-7) is crucial for this paper. For any bounded D C {u; = 0}, according to
the trace theorem (c¢f. Theorem 1 in [4, Section 5.5]), it is easy to check that

Aver5,+f’D — f(-+)‘D and Aver&_f’D — f(-_)’D (2.4)

in L*(D) as € — 0, where

1
AVerE’+f(U) = (2&‘)T15 f(u + 'U)d'U
—e<wv;<e for 2<i<d,
0<vy<e
and )
Aver&_f(u) = @(S)Tlg f(u + ’U)d’U
—e<v;<e for 2<i<d,
—e<v1<0

for any u € {u; = 0}.
To give test functions in definitions of weak solutions to hydrodynamic equations in the cases g > 1,
we use C to denote the set of functions H such that

H(u) = H" (u)1y, 50y + H (u)1{u, <0}
for some H*, H= € C2(R?). Then for any H € C and u € {u; = 0}, it is reasonable to define
H(u%)=H"(u), Hu")=H (u), 0f H(u) = 0y, H" (u) and 9, H(u) = 9y, H (u).

Note that functions in C may be discontinuous at the boundary {u; = 0}.

Definition 2.2 (Hydrodynamic equation for 8 = 1). Let py : R? — [0,1] be continuous. A bounded
function p : [0,T] x RY — R is said to be a weak solution of the heat equation with Robin boundary
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condition
Op(t,u) = Ap(t,u), t >0, ueRN{u; =0}
O p(t,u) = 0y, p(t,u) = a(p(t,ut) — p(t,u”)), wi =0, (2.5)
p(0,u) = po(u), u € R?

if p € L2([0,T), H*(R\{u1 = 0})) and for every function H € C, for every t € [0,T),

[ ptwn@de= [ pofu) ()
R4 R4
t d t
—l—/ / p(s,u)Z@i,iH(u)duds—F/ / p(s,u)0% H(u)duds
0 R4 =2 0 ’IJ,17$0
t
[ p B H ) = )0 H )+ alpu(u”) — p () H() ~ o)) dS ds.
0 U1:0
Definition 2.3 (Hydrodynamic equation for 8 > 1). Let py : R? — [0,1] be continuous. A bounded

function p : [0,T] x R? — R is said to be a weak solution of the heat equation with Neumann boundary
condition

Op(t,u) = Ap(t,u), t >0, ueRN{u; =0}
o p(t,u) =0 p(t,u) =0, uy =0, (2.6)
p(0,u) = po(u), u e R

if p € L*([0,T], H  (R?\{uy = 0})) and for every function H € C, for every t € [0,T],

p(t,w)H(u)du = | po(u)H (u)du
R4 Rd
+/Ot/de(&u)zd:aiH(u)duds_k/Otlliop(s7u)831H(u)dud5

=2

+ /0 / ~ ps(u+)a;'_1H(u) — ps(u_)ﬁng(u) dsS ds.

Remark 2.4 (Uniqueness of weak solutions). It is well known that the weak solution to the heat
equation (2.3) is unique. Following the ideas in [5, Section 7.2], it is easy to prove the weak solutions
to the above PDEs (2.5) and (2.6) are unique. We also refer the readers to [7, Section 7] for the
uniqueness of weak solutions to the above PDEs if the underlying space is the torus T?.

Throughout the paper, we assume the initial distribution, denoted by ppn, of the process satisfies
the following condition.

Assumption (A). Fir an initial density profile po : RY — [0,1] such that py has continuous and
bounded partial derivative with respect to the first coordinate uy. Under ppy, {n(x)},eza are independent
and

pn(n(z) =1) = po (%)
for every x € Z2.

Let n; be the accelerated process with generator N2£y and with initial condition uy. To make
notations short, we omit the dependence of the process 7; on N. Denote by P the probability measure
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on the path space D([0,T],q) associated with the process 1, and the initial distribution py, and by
E the corresponding expectation.
Now we are ready to state the main result of the article.

Theorem 2.5. Assume d > 4. For every t € [0,T], every e > 0 and every H € C.(R?),

lim IP(‘— H(z/N) — /Rd p(t,u)H(u)du’ > 5) =0,

N —o0
IGZd

where p(t,u) is the unique weak solution

(i) to the heat equation (2.3) if 0 < 8 < 1;

(ii) to the heat equation with Robin boundary condition (2.5) if § = 1;
(iii) to the heat equation with Neumann boundary condition (2.6) if 8 > 1.

3. PROOF OUTLINE

In this section we outline the proof of Theorem 2.5. The procedures are quite standard, cf. [9,
Chapter 4], and the main ingredients are the replacement lemmas proved in Section 4.

Denote by M (R?) the space of Radon measures on R? endowed with the vague topology, that is,
for a sequence {vV}n>1, v € M4 (RY), vV — v as N — oo if for every f € C.(R?),

Jim (o) = (v.f).

For a configuration n € Qg, define the empirical measure 7 () € M4 (RY) as

N(n; du) = N Z Og /N (du).
zezd
Put 7 (du) = 7 (n:; du). Let QN be the distribution on the path space D([0, T], M (R%)) associated
to the process m and the initial measure uy-.

By Lemma 5.1, the sequence {Q" }n>1 is tight. Whence, any subsequence of QV further has a
subsequence that converges as N — oo, whose limit is denoted by Q*. Moreover, Q* is concentrated
on trajectories which are absolutely continuous with respect to the Lebesgue measure. Denote by
p(t,u) the corresponding density.

Now we characterize the limit. Fix a test function H : R® — R which will be specified later
depending on whether 8 < 1 or § > 1. By Dynkin’s martingale formula,

t
N (H) = =Y (H) +/ N2Ln{(x H)ds + M} (H), (3.1)
0
where M}N(H) is a martingale, whose quadratic variation is given by

t
/ (N?Ly (Y 1) — 2N (x H) Lo (N, ) ds.
0

A simple computation shows that the last line is bounded by CyN2~¢ for some finite constant Cpy,
hence, by Doob’s inequality,
lim E{ sup (MtN(H))z} =0. (3.2)

N—oc0 0<t<T

A tedious but elementary computation shows that the integrand in Eq. (3.1) is equal to

—d Z Z,?S H(Z) —|—N Z ns(x)02 H (%) +on(1) (3.3)

reZd =2 z17#0,1
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+ NN g (@)05 H(%) = NN ng(@)o, H (%) (34)
r1=1 xr1=0
+ QNP N (@) (H(252) = H(%)) +aN>"0 3 ) (H(552) — H(%)). (35)
x1=0 z1=1

For a configuration i and a positive integer k € N, define the space average of 1 over a box of size

ey
@) = G |y_zgg:gkn(y).

k centered at = as

Similarly, the space averages over the right/left boxes are defined as

P = o Y ), @ = Y ),

| z,k' yGA:k ‘Ax,k| yEA;k

where
Ay ={y:ly—al<kwy>m}, AL, ={y:ly—=[ <ky <z}

Next we discuss the three cases respectively.

The case 0 < 3 < 1. Take H € C%(R?%). Whence
O H (%) = 0 H(R)-
By Lemma 4.1 (i), we could replace ns(x) by 7V () in (3.4). Note also that if |z — y| = 1, then

N

for some finite constant C'. Whence, the time integral of the term (3.4) converges in probability to zero

—c —c c
7 @) - 77| <

as N — co. The term (3.5) vanishes in the limit in the same way. Therefore, the limit Q* concentrates
on trajectories whose densities p(t,u) satisfy

/Rd p(t,w)H (u)du = /Rd po(u)H (u)du + /Ot /Rd p(s,u) AH (u)du ds

The case B = 1. Take H € C. By Lemma 4.1 (i), we could replace the time integral of the term
(3.4) with the time integral of

Nl dZ—€N+ % Nl dZ—sN — (%)

xr1=1 x1=0
The term (3.5) is handled in the same way. Observe that
TN (@) = () +ow(D), () = (rY 0T, )+ on (D),
where
1F, () =274 e 1{0 < vy —uy < e, v —wi| < 6,2 <0 <d},

ou(v) = 2 e e <y —uy <0, | — | <e,2<i<d}.

Therefore, by Eq. (2.4), as N — co and ¢ — 0, the limit density p(t,u) satisfies

/Rd P(t,u)H(u)du:/ po(u)H (u)du

Rd
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t d t
+/ / p(&u)Z@iH(u)du ds+/ / p(s,u)02 H(u)duds
0 Jre = 0 Jui#0

+/O / » ps(uT)OF H(u) — ps(u™)0y H(u) + a(ps(u™) — ps(u™))(H(u") — H(u™))dS ds.

The case > 1. Take H € C. This case is similar to the case § = 1. The difference is that the
term (3.5) converges in probability to zero as N — oo since S > 1. Therefore, the limit density p(t, u)
satisfies

[ ottmtdn= [ s

¢
// (s,u) (u)duds+// p(s,u)02 H(u)duds
Rd 2 0 U1;ﬁ0

+/0 / » Ps(u‘*')@;H(u) — ps(u™)dy, H(u)dS ds.

In Lemma 5.2, we show that any limit Q* of the sequence {Q"} ~N>1 is concentrated on trajectories
whose densities belong to the space L2([0,T], H'(R¥\{u; = 0})) if 8 > 1. Together with the above
observations, @Q* is concentrated on trajectories whose densities are weak solutions to the corresponding
hydrodynamic equations. Since the weak solution is unique, the limit Q* is uniquely determined. This

concludes the proof.

4. REPLACEMENT LEMMA

The aim of this section is to prove the following replacement lemma.

Lemma 4.1 (Replacement Lemma). For every 6 > 0,

(i) if 0 < B < 1, then for every H € C%(R?),

Ly timeup P( / NS (@) - @) () as| > ) =

The same result holds with the summation over {x1 = 1} replaced by over {z1 = 0}.
(i) if B > 1, then for every H € C

lim limsup P / Nid Z ns(z) — Nt (2))H (£) ds‘ > 5) =0

e=0 Nooo

The same result holds with the summation over {z1 = 1} replaced by over {x1 = 0}, and with

N,+
s

(x) replaced by =™~ (z).

Before proving the above Lemma, we first recall in Subsection 4.1 the duality relationship between
the voter model and the coalescing random walk introduced in [8], and in Subsection 4.2 an invariance
principle for one dimensional symmetric random walks with slow bond proved recently in [3]. The
proof of the above Lemma is presented in Subsection 4.3.
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4.1. Duality. In this subsection we recall the duality relationship introduced in [8]. Let {Yt{\é}tzo be
the random walk on the one dimensional integer lattice Z with generator Q2 g given by

fl+1) = f(i) + fi—1) = f(i) ifi #0,1,
Onpf(i) = 4 aNPf(1) = f(0)] + f(=1) — f(0) ifi=0,
aN=P[f(0) = fF()] + f(2) — f(1)  ifi=1
for every f : Z — R. Roughly speaking, the above random walk jumps to its neighbor at rate one
everywhere except across the bond (0,1), where the rate is aN~?. We further denote by {U;}+>0
the usual simple symmetric random walk on Z, i.e., the generator of Uy is given by Qy g with («, 3)
replaced by (1,0). Let {ng}tzo be the random walk on Z? that {{Xt% (4) }+>0}1<i<a are independent,
{X3(1)} >0 is a copy of {Y; 5} >0 and {X[V;(i)}is0 is a copy of {U;}i>0 for i = 2,3,...,d, where
XfNﬁ(z) is the i-th coordinate of thyﬂ. We write thyﬂ as XtN[f when Xé\fﬂ =z.
For given s > 0 and = € Z¢, we denote by {Xgéw’s}tzo the frozen random walk on Z¢ that
Xivﬂws =z for u < s and {Xﬁ_’f”;}tzo is an independent copy of {Xgém}tzo. Intuitively, the random
walk {Xgém’s}tzo stays frozen at site x until time s, and then performs the random walk as {ng’x}tzo

after time s. For given z,y € Z%, s > 0 and {th\féz}tzo, {Xﬁéy’s}tzg which are independent, we define

N.B,s _ .ox N Ny,
Tea " =1inf{u > s: Xup =Xuj }—s,

ie., Tgf’s is the time it takes for XNﬁl and )A(J\;y‘s to meet after )A(]\%yé is unfrozen from y.
N,y,

For given z,y € Z% and s > 0, we denote by {Xt 3 *}4>0 the random walk on Z? that
Nys
>N,y,s _ Xt,ﬁy s if ¢ <s+ Tw]\,ri/ﬁ’sﬂ
t,B,x Xt]?/;éai ift>s + 7_1]:\,]?;,6’,3.

Note that {)N(tNﬁ’%’f}tZO and {Xgﬁ’y’s}tzo have the same distribution but {Xgﬁ’%’z’s}tzo is not independent

of {XtNBI }e>0. The process {(XtN[f, vaﬁyxs) }t>0 is the so-called coalescing random walk.

To distinguish from the accelerated voter model, let {1t }+>0 be the process with generator given by
L. According to the duality-relationship between the voter model and the coalescing random walk
given in [8], for given z,y € Z% and t > s,

P(in(@) =1) = Y P (X} =) Plio(w) = 1), (4.1)

u€Z?
and
P (o) =s(y) = 1) = 3 > P (X0 =, XL = 0) Pliio(w) = o(v) = 1)
u€Zd vezd
= 3 P(XN = <) Plio(w) = 1)
u€eZd
3 SRR = R =0 > ) Blio(u) = () = 1) (42)
u€Zd v#£u

Above, we also use P to denote the law of the process {7} }:+>0 and the random walks since this will
not cause confusion. We refer the readers to [8] or [11, Section 3.4] for proofs of the above duality

relations.
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4.2. Invariance principle. In this subsection we recall the invariance principle given in [3] of the
random walk {Y,";},>0 on Z with slow bond (0,1). We denote by {B;}¢>¢ the 1-dimensional standard
Brownian motion and write B, as B} when By = u. For any 8 > 0, we define {B; g};>0 as follows. If
0 < B8 <1, then B, g = By, i.e., the standard Brownian motion. When 8 > 1, then B, 3 = |By*| when
Bysg =u € [0",00) and By g = —|B}*| when By g = u € (—o0,07], i.e., By g is the reflected Brownian
motion. When 8 = 1, then B; g is the snapping out Brownian motion with parameter 2o introduced
n [10]. More precisely, for every u € (—oo0,07]U [0, +00) and f € Cp, ((—00,07]U [0T, +00)),

1+ e*QOLLt 1— 67204Lt

Bulf (8] = B | (<5 ) F Gl + () £ (sl

where Ly is the local time of {B;};>¢ at point 0. We write By g (resp. Yt%) as By'g (resp. YtAé“) when
By g = u (resp. Yoj,\% = u). The following invariance principle is proved by Erhard et al. in [3].

Theorem 4.2 ([3, Theorem 2.2]). The following invariance principle holds for the one dimensional

symmetric random walk {Y,"3}y>0 with a slow bond (0, 1),
N,|[uN]
(i) for everyu #0 and t > 0, M converges weakly to By, 5 as N — +00;
N,z

Y
(i) for every x € {1,2,...} and t >0, “V —228 converges weakly to BQt 5 as N — +oo;

N,z

Y
(iii) for every x € {—1,-2,...} and t >0, ”]\(?‘B converges weakly to thﬁ as N — +oo.

Note that although statements (i¢) and (¢é¢) in the above theorem are not listed in the main theorem
of [3], they are direct corollaries of Lemma 5.2 and Eq. (5.11) of [3].

4.3. Proof of Lemma 4.1. Now we are ready to prove Lemma 4.1. We only prove statement (i7)
since (i) could be handled with in the same way.

Proof of Lemma 4.1, (ii). By Chebyshev’s inequality, we only need to show that

2
lim limsup E <N1 d/ Z ne(z) — 7N T (x ) H (%) ds) =0. (4.3)

e=0 N4 o0o 21=1

We start with writing the expectation above as I? 4+ II, where

I=FE [Nl d/z 778 €N+( ))H(

x1=1

2=
~—
QU
V)
| E—

and

IT = Var (Nl d/ > (nelx) = N (@ ))H(fv)ds>.

r1=1

Then, Eq. (4.3) holds if we can check that

lim limsupI =0 (4.4)
e=0 N 400
and
lim II=0 (4.5)
N —4o00

for every € > 0.

To check Eq. (4.4), we define
Wig = (Wip(1), Wi 5(2), ..., Wi(d)),



10 XIAOFENG XUE AND LINJIE ZHAO

as the ((—oo0,07] U [0F, +00)) x R%~!valued stochastic process, where {{W; (i) }+>0}1<i<d are inde-
pendent, {W; 3(1)};>¢ is an independent copy of By, g introduced in the last subsection, and W; g(i)
is an independent copy of {Ba}i>o for 2 < i < d. We write Wy 5 as W5 when Wy 5 = u. By Eq.
(4.1) and Assumption (A),

E[ns(x)]zE[po (XN%BH and  E[f EN+(3;)}:A1N 3 E{po <X1\;1\\’]/3):|
wenly

for every x € Z¢. Hence, by Theorem 4.2,
t -
limsupI = / / H(0,u)E [po (Ws(ﬁ u))} duds
N—+o00 0 JueRd-1 ’

- H (0, u) 7/ E [po (W% ) dv b duds,
/0 /ue]Rd—l {6(2€)d_1 veE[0,e] x [—e,e]d—1 { 0 ( 5. )]

According to the definition of W, g,

. (0 u)4wv o (0t ,u)
lm B[ (W5 )] =B o (W5 )]
v; >0 for 2<i<d

for every u € R9~! and hence Eq. (4.4) holds.

Now we check Eq. (4.5). According to the fact that the covariance operator is bilinear and 1, = 72,
it is easy to check that Eq. (4.5) is a direct corollary of the following claim.
Claim. For every s > 0,

lim ~ sup  Cov (i:(),7s(y)) = 0. (4.6)

=400 N>1 4,yczd

Now we prove the claim. By Eq. (4.1) and Assumption (A), for s < t,

P (7 (x) = 1) B (7, => > ( i =) P (XN =) 0o () 0o ()

u€Z veZd

w€eZd vezd
= > DB (X = w XN =) o0 (%) p0 (%)
weZd vezd
Then, by Eq. (4.2),
Cov (¢(2),7s(y)) = LI+ IV + V,

where
m= Y IP(X;VB’ = u, P <) o (%))
u€eZ4
== Y Y PN = w KT = T <) oo (%) oo ().
u€Zd vEu
and

N,x N,y,t—s 2 (u
_Z]P(Xtﬁ _Xt,By —“)Po(ﬁ)'
u€Z4
Since 7:(x), s (y) are positive correlated under Assumption (A) and IV,V <0,

0 < Cov (7it(x), is(y)) <ML < P (7,7 < 400) .
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According to Markov property,
P(rr <o) = 30 P (X7, = ) P (70 < +o0).
u€Zd
For any = = (21,%2,...,74) € Z%, we define 2t = (29,...,24) € Z?1. Denote by {Vi};>o the

symmetric simple random walk on Z?~!. For w,w € Z¢~1, let

pi(w, @) z]P(V} :w’VO :w), I(w) :IP’(Vt:Ofor sometEO’Vozw).

. 1
According to the definition of {XtNﬂ’x}tzo, {(thvﬂx — thtfﬂ,y,o) } is a copy of {Va:}i>0 with Vp =
>0

(z—y)*. Asaresult, P (770 < +00) <T ((u—y)*) and hence -
P(r:f4 < oo) < Y P (XthB = u) I ((u—y)t).
uezZ?

Without confusion, we also use | - | to denote the ['-norm on R%~!. Then lim,|, oo I'(w) = 0 since
d —1 > 3. Therefore, for every ¢ > 0, there exists M = M (J) such that I'(w) < ¢ if |w| > M. As a
result,
P(rft <o) <o+ Y P(XV7,=u).
uil(u—y) = |<M
N\t
Since {(Xtﬁq‘) } is a copy of {Vi}s>0 with Vo = zt,
>0

P (ry 17 < 400) 6+ P (|Vims —yt| < M|V = a) <84 (2M + 1)* p,—(0,0).

$'l/

As a result,

limsup — sup  Cov (74(), 75 (y)) < 6+ (2M + 1) Aim pe—5(0,0) = 4.
t—+o0 N>1,z,ycZ?

Since ¢ is arbitrary, Eq. (4.6) holds. As we have pointed out above, Eq. (4.6) implies Eq. (4.5) and
the proof is completed. O

5. TIGHTNESS AND ENERGY ESTIMATES

In this section, we prove tightness of the sequence {Q™V} ~>1 and an energy estimate for the densities
of the limit points. The energy estimate is crucial to ensure the uniqueness of weak solutions to the
hydrodynamic equations.

5.1. Tightness. The aim of this subsection is to prove the following tightness result.

Lemma 5.1 (Tightness). The sequence {QN}n>1 is tight. Moreover, any limit point of QY is
concentrated on trajectories which are absolutely continuous with respect to the Lebesque measure.

Proof. The proof of tightness is standard, and so we only sketch the proof. The second statement in
the lemma follows directly from the fact that |n(x)| < 1 for all . To prove tightness, by [9, Chapter
4], we only need to prove for any H € C?(R%),

lim limsupIP’( sup |[(m, H)| ZM) =0 (5.1)
M=o Nooo 0<t<T
and for every € > 0,
lim hmsupIED sup ‘/ T, ds‘ > 5) =0. (5.2)
=0 N—oo 0<t—s<5
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Eq. (5.1) follows from Chebyshev’s inequality and the fact that (7}, H)| < C for some finite constant
Cpy. To prove Eq. (5.2), we only need to prove it separately for the martingale M}¥ (H) defined in Eq.
(3.1) and the terms (3.3)-(3.5). The martingale term satisfies (5.2) by Cauchy-Schwarz inequality and
Eq. (3.2). Observe that all the terms (3.3)-(3.5) are bounded by Cp for some finite constant Cp,
whence satisfy Eq. (5.2). This completes the proof. O

5.2. Energy estimates. In this subsection, we shall prove the following result.

Lemma 5.2 (Energy estimate). Fiz 3 > 1. Any limit Q* of the sequence {Q™ } N>1 is concentrated
on paths m(du) = p(t,u)du such that p(t,u) € L*([0,T], H}(R¥\{u; = 0})).

By Lemma 5.1,
Q" (me(du) = p(t,u)dufor all 0 <t <T)=1.

By [7, Section 5.3], to prove Lemma 5.2, we only need to prove the following result.

Lemma 5.3. For any M > 1, there exists a constant K = K(M) < +o0o such that

T T
sup </ / (Ou, H)(s,u)p(s,u)duds — 1/ H%s,u)duds)] <K,
"H \Jo Jre 2 Jo Jra

where the supremum is carried over all functions H € C%1([0,T] x R?) with compact support contained
in [0,T] x ([=M, M]"\{|w1| < 57})-

Eg-

Based on the above lemma, the proof of Lemma 5.2 follows from the same analysis as that given in
the proof of [7, Lemma 5.7], where a crucial step is the utilization of Riesz’s representation theorem,
the details of which we omit here.

To prove Lemma 5.3, we need the following lemma.

Lemma 5.4.
Q" (p(t,u) = Eq-[p(t,w)] for all 0 <t <T) =1.

Proof of Lemma 5.4. Since @Q* is concentrated on cadlag paths, we only need to show that

Q" (mi(H) = Eq-[m(H)]) =1 (5.3)
for every 0 < ¢ < T and H € C.(R?%). To prove Eq. (5.3), we claim that
. N -
NLHEOO Var (7 (H)) =0 (5.4)

for every 0 <t < T and H € C.(R?).

We first use Eq. (5.4) to prove Eq. (5.3) and then check Eq. (5.4). Note that . is the weak limit
of a subsequence of {m"}y>; but we still write this subsequence as {7V} y>1 for simplicity. Since
Tt (f) <1,

7 (H)| < Ol Hl|oo
for every N > 1, where |H||co = sup,czq |H(u)| and C < 400 is a constant only depending on the
compact support of H. As a result, by dominated convergence theorem,
JIm  Elm (H)] = Eq-[r(H)). (5.5)
Then, Fatou’s lemma and Eq. (5.4) imply that

Varg- (m(H)) < liminf E | (n}" (H))*] = (Eq: [r(H)))?
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= fim (B[ (#)"] - =N (H)") = lim Var(r) (H)) =0

and hence Eq. (5.3) holds.
Now we check Eq. (5.4). According to an analysis similar with that leading to Eq. (4.6),

Var (x (H)) < <5z PPy 1 (5)| |2 ()| Covtmta).mw))
o 3 S ) ) <
Y zZ;iH@)HH@»r«w»

Since d —1 > 3, for any € > 0, there exists M = M(g) < 400 that I'(u) < & when |u| > M. Since H is
with compact support, there exists C = C(H) € [1,+00) that H(u) = 0 when |u;| > C. As a result,
for sufficiently large NNV, the last formula is bounded by

WS S WG S ()

< CHE +Cy(2M + 1) 1N,

This is enough to prove Eq. (5.4). O

At last, we prove Lemma 5.3.

Proof of Lemma 5.3. By Lemma 5.4, we only need to show that

T 1 /7 ,
5111{p </0 /Rd(aulH)(s,u)EQ*[p(s,u)]duds - 5/0 » H (s,u)duds) < 400 (5.6)

for each M > 0, where the supremum is carried over all functions H € C%'(]0, T] x R%) with compact
support contained in [0,7] x ([-M, M]\{|u1| < 37})-

Since Q* is any weak limit of the sequence {Q" } x>1 along some subsequence, which we still denote
by {QN}N21 for simplicity,

T T s, < e1) — s, =
/ Rd(aulH)(S,U)EQ*[ p(s,u)]duds = lim lim % Z H (s, & +0e1) — H ( ’N)E[m(x)]ds

5—0 N—+o00 Jg ot 0
) . ns(x — Ndeq)] — Ens(x)]
T
= (%II% Nlu_r& ; ~a EEZd H —N 5 ds,

where e; = (1,0,...,0). Above, the first identify follows from Eq. (5.5) and the second from summation

by parts. By Eq. (4.1), )
Bl (o) = & o (252

u—adey
/T/ (Ou, H) (s,u)Eg+[p(s,u)]|duds = hm/ H(s,u) Eleo(Wes )}5 Elpo (W )}duds (5.7)
Rd Rd

where W, g is defined as in the proof of Lemma 4.1.

By Theorem 4.2,
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For all 8 > 1, we claim that there exists C' = C(8, po, M) < +oo that

Elpo(Wy5")] ~ Elpo(Wats)l| _ (5.8)
| _ |

for every (u,s,d) satisfying |uq| € [ﬁ, M] ,0<s<Tandf < ﬁ This is enough to prove Eq. (5.6)
since by Cauchy-Schwarz inequality, we may bound the right-hand side of (5.7) by

1t 2 c? d
- H=(s,u)duds + —T(2M)“.
2 0 R4 2

It remains to prove Eq. (5.8). Without loss of generality, we assume that uy € [47,
1
2M >

M| since the
other part can be checked in the same way. If 8 > 1, since u1,u; — 9 > 0 when § <

5= (BR (D] BE2(2), ., By(d), W5 = (IBR (D] BE2(2),...., Bz (d))

according to the definition of W, g given in Section 4, where {B(i) : t > 0}1<i<q are independent
copies of standard Brownian motions and Bf(i) means By(i) = a for 1 < ¢ < d. By translation
invariance,

B3 (1) =a BY() +w, B (1) =4 BL(1) + w1 — 6.

By Lagrange’s mean value theorem,

Elpo(W'5°")] = Elpo(Wy5)]
)

< HaulpOHoo

and hence Eq. (5.8) holds for 5 > 1.
When g =1,

= (BRL BRI, By (), WG = (BRI, BR(2), . By (@)

where {B;1}:>0 is the snapping out Browning motion with parameter 2a. For any u € R% v € R471,
let f,1(t,v) be the density function of (B;?(2), B;*(3),..., B} (d)) at v, then

Elpo(Wy'5" )] — Elpo(Witg)] _ /RH E [”0 (Bgﬁé’”)} ~Eleo (552, v)] fur(2s,0)dv.  (5.9)

] 4]

As we have recalled in Section 4,

1+ e—20L2s 1 — e—2Las

Bl (832,01 =& | (Z2 ) w830+ (F 55— ) o (1)

1+ €—2aL25(—u1) 1— e—QOLLQS(—Ul)
= [(RE ) o (8 ko) + () o (1B, k)

where L, is the local time of {B;};>0 at point 0 and L(a) is the local time of {B;};>¢ at point a. Note
that in the above equations we utilize the fact that B¢ hits 0 if and only if BY hits —a when we write
B¢ as BY + a in the sense of coupling. Similarly, we may write E[po(Bgleé, v)] as

<1 + e—20¢L25(—u1+5) 1— e—QQLQS(—u1+6)

E 5 )po (Bgs+u1—5|,v)—|—< 5 )po (—Bg8+u1—5|,v)1.

Hence,
E [0 (B3i®0)| ~ E [po (Bsd,v)] = T+1L
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where

I=-FE [(W) po (| B + U1|7U)} +E [(1 i 6—20;2s(—m+5)) po (|Bgs +u1 — 5|,U)]
and
M= —-F [(1_6_2?2(_7“)) po (—1BY, + U1|7U)} R Kl - e—2a;25(—u1+6)> oo (=B, + 1 — 6|7v)} .

We only calculate I since II can be calculated in the same way. For any a # 0, we define 7, =
inf{t: BY = a}. Let p(t,a) be the density function of 7,, then by strong Markov property,

1 +e—2aL25(—u1) 14+ e—QaLQS(—ul)
E |:<2 Po (lBgs + ’U,1|,U) =E f Po (|BSS + U1‘7’U) 1{"'—111325}
14+ e—QOths(—ul)
+E [(2 oo (1B, + w1l 0) 1, 2

2s 14 e—2alzs—0 o 0
= /0 p(97 _ul)E |:(2> Po (B2s—07U):| df + IE |:p0 (|B25 + Ul‘,’l}) 1{7'7u1>2s}:| )

where we utilize the facts that L;(a) = 0 when t < 7, and that (L;(—a), B; * + a) and (L;, BY) have
the same distribution. As a result,

I=1I+1V,

where
1+ e—2alzs—p

2s
1= [ 6.+ 6) 6,0 E | (FE ) o (188l 0)| a9
0
and
IV=E {Po (|B(2)s tuy — ($|,’U) 1{T*U1+5>23}] —E |:p0 (|Bgs + U1|,?)) l{T,ul >23}] .

It is shown in [2, Chapter 8] that
a 2

p(ﬂ,a):me_%@e_ .

As a result, there exists C; = C1(M) < 400 independent of 0 < s < T that

J,fa
Od

Vo

—ap(¢97a) do < Cy

for any 0 < r < 2T and 53 < a < M. Then, by Lagrange’s mean value theorem, for § < 53

M >
11|
P -
U<
Now we deal with IV. Since 7_y, 15 < 7—y, for {B?}i>0,
IV=V+4+V]
where
V==K [po (1B, +u1 = 8,0) 1r_, 5205y
and

VI=E [(po (|Bgs +up — 5|,’U) — Po (|Bgs + U1|,’U)) 1{7Lu1+5>2s}:| .
According to the expression of V and the definition of p(¢,a),

2s
V1 < ool / 1p(0, s + 8) — p(0, —uy)| do
0
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and hence %‘ < C1lpolloc When § < 537 by Lagrange’s mean value theorem. Since ||z — [y|| < |z —y|,
by Lagrange’s mean value theorem,

V1]
I < [0uy polloc-
As a result,
I I + [IV
B TV < o6 o + 00,0l (5.10)
when § < . Note that Eq. (5.10) still holds when [I| is replaced by [II| according to the same

analysis. Therefore,

E[po (B3i7%0) | ~E|po (B32,0) |
5

< 2(201HP0H00 + ||au1P0||00)
when 6 < 71+ and hence Eq. (5.8) follows from Eq. (5.9) when 3 = 1. This completes the proof. [
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