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Nodal sets of eigenfunctions of sub-Laplacians

Suresh ESWARATHASAN* and Cyril LETROUITY

January 21, 2023

Abstract

Nodal sets of eigenfunctions of elliptic operators on compact manifolds have been stud-
ied extensively over the past decades. In this note, we initiate the study of nodal sets of
eigenfunctions of hypoelliptic operators on compact manifolds, focusing on sub-Laplacians.
A standard example is the sum of squares of bracket-generating vector fields on compact
quotients of the Heisenberg group. Our results show that nodal sets behave in an anisotropic
way which can be analyzed with standard tools from sub-Riemannian geometry such as
sub-Riemannian dilations, nilpotent approximation and desingularization at singular points.
Furthermore, we provide a simple example demonstrating that for sub-Laplacians, the Haus-
dorff measure of nodal sets of eigenfunctions cannot be bounded above by /A, which is the
bound conjectured by Yau for Laplace-Beltrami operators on smooth manifolds.

1 Introduction and main results

1.1 Eigenfunctions and nodal sets

Let Q be a bounded open subset of RY and let A be the (non-positive) Laplacian on € with
Dirichlet boundary conditions on 9f). It has a compact resolvent, and the spectrum of —A,
denoted by

O< A< <. <. > +oo,

is discrete and tends to +0o0. The nodal set Z,, = gp/(l(O) of a mode ¢, satisfying —Apy = Apy
is physically interpreted as the set of nodes of the vibration profile ) of a drum of shape 2, and
it can be observed, when N = 2, by pouring sand on a vibrating drum of shape Q (the famous
Chladni experiment).

On the mathematical side, nodal sets of eigenfunctions on Euclidean domains and Rie-
mannian manifolds have been studied extensively over the past decades. Let us only mention
Courant’s nodal domain theorem and Pleijel’s asymptotic bound on the number of nodal do-
mains, Donnelly and Fefferman’s proof of Yau’s conjecture in the analytic setting, and the recent
advances by Logunov and Malinnikova concerning the smooth case of the Yau conjecture. For
all these results and a global overview of the subject we refer the reader to [I7] and the references
therein. A stream of results has also emerged in the past twenty years regarding nodal sets of
random waves (i.e., random linear combinations of eigenfunctions); for this we refer the reader
to the recent survey [25] and the references therein.

In the present paper, we initiate the study of nodal sets of eigenfunctions for operators
more general than Laplacians, specifically a certain class of non-elliptic operators called sub-
Laplacians. Sub-Riemannian geometry is a natural extension of Riemannian geometry whose
tools are suited to the analysis of sub-Laplacians.
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1.2 Sub-Laplacians

We start with the general definition of sub-Laplacians, and give immediately after concrete
examples of sub-Laplacians.

Let N € N* = N\ {0} and let M be either R" or a smooth, connected, compact manifold of
dimension N without boundary, endowed with a smooth volume u. Let X1,...,X,, be smooth
vector fields on M satisfying Hormander’s bracket-generating condition:

The vector fields X1, ..., X;, and their iterated Lie brackets [X;, X;], [X;, [X;, Xj]], etc.
span the tangent space 1T, M at every point x € M.

(1.1)

In particular, Xi,...,X,, are not assumed to span T'M. The sub-Laplacian A is then defined
as

A=— i XIX; (1.2)
=1

where X = —X; —div,(X;) is the adjoint of X; in L?(M, u). Sub-Laplacians are in general not
elliptic since X1, ..., X, are not assumed to span T M.

Instead of the usual elliptic estimates, sub-Laplacians satisfy subelliptic estimates of the
forrrH (see [11], Inequality (3.4)], [15} Theorem 1.5])

[ull /e ary < Clllull2any + 1Aull L2 (ar)); (1.3)

where r € N* is called the step of the sub-Laplacian A and will be defined later. We only
mention that when X7, ..., X, span T'M, then r = 1 and we recover usual elliptic estimates. In
turn the estimate implies the following form of regularity, called hypoellipticity (see [11]):
if Au € C°(U) for some open set U C M, then u € C(U).

Sub-Laplacians are a natural generalization of FEuclidean Laplacians and of the Laplace-
Beltrami operator in Riemannian geometryﬂ They have been studied extensively since the
1960’s and Hormander’s seminal work [I1]. Let us illustrate the definition with several examples.

Example 1.1. On M = (-1,1), x Ty (where T =R/27Z), we set
Apa = 6§ + .2926;

This sub-Laplacian is the so-called Baouendi-Grushin operator. In this case, X1 = 0, Xo = x0,
and p is the Lebesgue measure dxdy. Then Apq is elliptic except along the singular line x = 0,
where Xo = 0. Along this line, X1 = 0, and [X1, X2] = 0y span the tangent space, so that (1.1
1s satisfied.

More generally, for any @ € N* we can consider the sub-Laplacian 02 + a;QO‘Bg, which
is also elliptic except along {x = 0}. In this case X; = 0, Xo = %0y, and the bracket
(X1, [X1,...,[X1, Xo]...] where X appears a times generates the missing direction 0.

Yif M = RN, for any compact set K C RY there exists a constant C' such that holds for any smooth
function supported in K.

2To see that the Laplace-Beltrami operator on a Riemannian manifold (M, g) is a sub-Laplacian, take u to
be the Riemannian volume and take a partition of unity 1 = Zszfol xk(x)? where Y3 is smooth and supported
in a chart where g admits an orthonormal frame (Y7*,...,Y%¥). Then set m = KN and XNk4j = X;ch-k for
j€{l,...,N} and 0 < k < K — 1. One can check that with this construction Y "~ X;X; = —A,.



Example 1.2. Sub-Laplacians can be defined on real Heisenberg groups in a natural way. Given
d € N*, we denote by Hy the Heisenberg group of dimension 2d + 1, i.e., R** endowed with
the group law

d
(2,9.2) - (&, 2) = (@ +alsy + o2+ 2 = > 2y,
j=1

where z,y, 2,y € R? and z, 2 € R. When d = 1, this group law comes from the representation
of Hy as the group of 3 x 3 matrices of the form

1 =z —z
01 vy
0 0 1

for x,y,z € R, endowed with the usual product of matrices (the higher-dimensional case has a
similar representation).
The set of left-invariant vector fields on Hy is generated by 0, together with the 2d wvector
fields
ijaxj, Y]-:ayj—:cjaz, fOTjIl,...,d.

The Heisenberg group Hy admits lattices, such as T' = (v/21Z)?? x 277. Left-invariant vector
fields can be considered as vector fields on the compact left-quotient I'\Hy. We define the sub-
Laplacian on T\Hy by

d

2 2

AF\Hd = ZXj + Y7
=1

We note that [ X;,Y;] = —0. for any j, hence (1.1) is verified.

Example 1.3. More generally, sub-Laplacians arise naturally in the setting of Carnot groups,
which are a family of nilpotent Lie groups whose simplest non-FEuclidean examples are real
Heisenberg groups (see Exzample . A Carnot group G of step r is a connected, simply con-
nected, finite-dimensional Lie group whose Lie algebra g admits a step-r stratification, meaning
that there exist nontrivial linear subspaces Vi, ..., V, such that

g=Vi&®...eV,, V1,Vi] =Vig1 fori=1,...;r =1 and [V1,V,] = 0.

The stratum V; contains iterated brackets of length i between elements of V1. Taking a basis
of Vi composed of left-invariant vector fields Xy, ..., X,, (where m is the dimension of V1),
and taking p to be the Haar measure on G, we obtain a sub-Laplacian thanks to the formula
(1.2). Quotienting by an appropriate lattice and using the left-invariance of A, we can define
sub-Laplacians on compact quotients of G (see Example .

To make this example more concrete, we now explain how G can be identified to (RN, %) for
N =57, dim(V;) and x a specific group law. For each i € {1,...,7} we pick a basis of vector
fields of V;, which all together form a basis X1,...,Xn of g. Then the exponential map exp is
a globally defined diffeomorphism from g = RN to G (since G is connected and nilpotent):

N
exp: (1,...,TN) — exp (Zx,X,) € G.
=1

This allows to identify G with RN, and the group law x derives from the Baker-Campbell-
Hausdorff formula. Following this procedure with X1 = 0, Xo = 0y — 20, and X3 = 0., the
group which is obtained is isomorphic to the Heisenberg group Hi of Example [I.3. Besides
Heisenberg groups, other examples of Carnot groups include the Engel group, for which r = 3.



Our results concern the nodal sets of eigenfunctions of A (i.e., the set where an eigenfunction
 vanishes) and the nodal components (i.e., the connected components of {¢ # 0}). They extend
results which are well-known for eigenfunctions of Laplace-Beltrami operators.

1.3 Main results: Courant’s theorem and density of the nodal set

Our results address the validity of Courant’s nodal domain theorem [§] for eigenfunctions of sub-
Laplacians and the 1/ Vv A-density of the nodal set with respect to an adapted distance, called
the sub-Riemannian distance.

Let Q C M be a connected open subset, assumed to be bounded and with Lipschitz boundary
if M = RY. We denote by C>°() the set of smooth functions whose support is contained in 2.
The operator A : C°(Q) — C°(2) is non-positive, symmetric and densely defined in L2(€2, p).
In the sequel, we denote by (Aq,D(Aq)) its Friedrichs extension (see [21] and Section |2 for
reminders). When 92 # (), this naturally enforces Dirichlet boundary conditions.

Proposition 1.4. The selfadjoint operator (—Aq, D(Aq)) has discrete point spectrum
0K A < <...<s <. v+

(with repetitions according to multiplicities). There exists an orthonormal basis {¢ntnen of
L2(, 1) such that for every n € N, o, € D(Aq) and —Aqpn = An@n.

In our next results, we are going to rely on two assumptions.

Assumption 1.5. We assume that either Q) = M, or the boundary of 2 is smooth and non-
characteristic, meaning that for any x € 02, there exists i € {1,...,m} such that X;(x) ¢ T,08.

Under Assumption the eigenfunctions of —Agq are smooth up to the boundary 92 (see
[14, Theorem III, point (4)]), which will be important in the proofs.

Assumption 1.6. We assume that one of the following holds:
1. The (topological) dimension of M is N = 2;
2. or the manifold M, the volume p and the vector fields X1, ..., X, are real-analytic.

Under this assumption, it is known (see [7] and [24]) that any u satisfying (Aq — A)u = 0 in
Q) for some A € R and vanishing in a non-empty open subset of {2 vanishes in fact everywhere in
). This unique continuation property will be used in the proof of the second part of Theorem
m
We denote by
Zi={f=0} D

the zero set, or commonly the nodal set of a function f. A nodal domain of f is a connected
component of '\ Z;. We are in position to state an analogue of the Courant nodal domain
theorem for sub-Laplacians:

Theorem 1. Under Assumption[1.3, for any n € N, any eigenfunction of —Aq with eigenvalue
An has at most n + mult(\,) — 1 nodal domains, where mult(\,) denotes the multiplicity of Ay,.
If moreover Assumption is satisfied, a stronger bound holds: the number of nodal domains
of any eigenfunction with eigenvalue A\, is bounded above by n.



For our second result we introduce the sub-Riemannian metric: it is defined for ¢ € M and
v e TyM as

9q(v) = inf {Zu? |v= ZuiXi} . (1.4)
=1 =1

This metric is finite if and only if v € D = Span(X7y,...,X,,). It induces a notion of distance
d: M x M — Ry, and the distance between two points is always finite thanks to the bracket-
generating condition (due to the Chow-Rashevsky theorem [4, Theorem 2.4]). The sub-
Riemannian balls are then defined as

B:(q) ={d € M, d(q,q') <&} (1.5)
for g € M and ¢ > 0.

Theorem 2. Under Assumption there exists C > 0 depending only on €1 such that for
any A € R and any eigenfunction ¢y with eigenvalue X\, the nodal set Z,, intersects any sub-
Riemanmnian ball of radius greater than CA~1/2.

Theorem 2] is illustrated by a simple example in Section below.

An important distinguishing factor of sub-Riemannian geometry from Riemannian geometry
is that sub-Riemannian balls are anisotropic whilst Riemannian balls are isotropic. The ball-box
theorem captures this difference in more precise language (see [4, Corollary 7.35]): it states that
at any point g € €, there exist a system of privileged coordinates ¢, = (z1,...,zn) : U — RN
defined in a neighborhood U of ¢, positive integers wi,...,wy, and constants Cy,e, > 0 such
that for any € < ¢4, the sub-Riemannian ball B.(g) verifies

Box(Cy'e) C (1hg)+(B:(q)) C Box(Cye) (1.6)

where
Box(e) = [—€¥, 6]y X ... X [—e¥N, e¥N], . C RY (1.7)

(note that C; does not depend on ¢). Sub-Riemannian balls can thus be approximated by
FEuclidean rectangles in an appropriate coordinate system, with side-lengths scaling differently
in each direction. Section [5.3[s example serves as a useful illustrator of the ball-box theorem.

As a consequence, roughly speaking, if 2 is some subset of RV, starting from a fixed point
q € ) and following a given direction Z, one expects to cross the nodal set many more times
in some directions ¢ than some others, when the eigenvalue is large. This phenomenon is also
explicitly expressed by Section [5.3]s example.

1.4 Yau-type bounds for sub-Laplacians

In this section we explain that Yau’s conjecture, unless properly modified, is not true for sub-
Laplacians. Yau conjectured that for any smooth closed Riemannian manifold (M, g) of di-
mension N, there exist constants ¢, C' > 0 such that for any eigenfunction ¢, of the associated
Laplace-Beltrami operator —A, with eigenvalue A,

VA< AN HZ,) < CV (1.8)

where s#N~! is the (N — 1)-dimensional Hausdorff measure. This conjecture has been proved
in the real-analytic setting by Donnelly and Fefferman [9], but it is open in the case of general
smooth manifolds.



In sub-Riemannian geometry, it is known, under the condition that the w; in (1.7]) are
independent of ¢ EL that the Hausdorff dimension with respect to the sub-Riemannian metric

(1.4) of M is equal to

N
Q=> w (1.9)
i=1
(see [18]), which is strictly greater than N as soon as the vector fields X1, ..., X,, do not span
TM. For instance, in the Heisenberg group Hy of Example [I.2] there holds N = 3, wy = 1,
wo = 1, wg = 2, and hence Q = 4. It is also known that hypersurfaces have Hausdorff dimension
Q — 1 with respect to the sub-Riemannian metric (see [0, Section 0.6.C]).
The following result shows that Yau-type bounds like (with N replaced by Q) do not
hold for sub-Laplacians: in general we do not expect better bounds than

VA< AN Z,,) <ONT2

where the step r is defined in Section below and is equal to 2 in the Heisenberg case. Here
and in the sequel, % denotes the Hausdorff measure of dimension K.

Theorem 3. There exists an analytic sub-Laplacian A on an open subset Q of R3 satisfying the
following property. There exist constants c1,ca > 0 and sequences of eigenfunctions (Y1,m)meN
and (p2,m)men of —A with respective eigenvalues (A m)men and (A2,m)men tending to +oo,
such that

A (Zp, ) < 1/ Am (1.10)

and
<%:S(Zsﬂz,m) = C2)‘2,m- (111)

The fact that the two bounds in our result are not of the same order is due to the fact that
some sequences of eigenfunctions oscillate much more in the directions needing brackets to be
generated (like 0, in the Heisenberg group) than what is possible for Laplacians. In fact, the
constructed —A is similar to the sub-Laplacian on the 3D Heisenberg group, demonstrating the
need for a reformulation of Yau’s Conjecture.

1.5 Open questions
1.5.1 Pleijel bound

The Courant bound for Laplace-Beltrami operators is known to be non-optimal as the eigenvalue
tends to +o00: the Pleijel bound asserts that when n becomes large, the number of nodal domains
of an eigenfunction with eigenvalue \,, is at most cn for some explicit constant ¢ < 1 (see [19] for
the case of 2-dimensional Euclidean domains, and [6]). An analogous result for sub-Laplacians
would require new ideas since the appropriate isoperimetric inequality that one uses in the usual
proof of the Pleijel bound is not known.

1.5.2 Relation between elliptic and subelliptic bounds

In the analytic case, Yau’s conjectured bound (1.8) for the Laplace-Beltrami operator is known
to hold (see [9]). If we consider a family of Laplace-Beltrami operators of the form

Ay = Asg + €24, (1.12)

3this is equivalent to the condition that the sub-Riemannian flag is equiregular, see Section for definitions.



where Agr is a fixed analytic sub-Laplacian and Ay, is a fixed analytic Laplace-Beltrami operator
(defined on the same domain of RY), how do the constants ¢ and C' in behave as € — 07
This question is motivated by the fact that the “sub-Riemannian limit” of operators has
already attracted attention in other related contexts, see for instance [23].

1.6 Organization of the paper and new contributions

The proofs of our results follow the same broad strokes as those for elliptic Laplacians. However,
to the best of our knowledge, it is the novel application of tools and techniques unique to sub-
Riemannian geometry and hypoelliptic equations within the subject of nodal geometry that is
our main contribution. We elaborate on this in our outline.

In Section we prove Proposition [1.4f our proof mostly relies on the compactness of
the resolvent of sub-Laplacians, which follows from well-known subelliptic estimates due to
Hormander. In Section [3| we prove Theorem [I| using the usual strategy for proving Courant-
type bounds, and a combination of a robust argument by Colette Anné [2] with subelliptic
estimates. In Section [4 we gather tools coming from sub-Riemannian geometry, namely the
nilpotent approximation and the desingularization procedure. In Section |5, we prove Theorem
using the aforementioned tools as basic building blocks for estimating the first eigenvalue of
a sub-Laplacian in a small ball. Finally, in Section [6] we prove Theorem [3 by constructing a
sub-Laplacian and explicit examples of eigenfunctions.

Acknowledgments. We thank Hajer Bahouri, Yves Colin de Verdiere, Valentina Franceschi,
Thomas Letendre, Fugenia Malinnikova, losif Polterovich and Luca Rizzi for interesting discus-
sions. The first author is supported by an NSERC Discovery Grant and the second author is
supported by the Simons Foundation Grant 601948, DJ.

2 Proof of Proposition [1.4

We first recall briefly the classical Friedrichs extension construction ([2I]). We denote by ¢q the
quadratic form on C2°(f2) given by go(v,w) = (Av,w) where (-,-) denotes the L?(Q, 1) scalar
product. It is closable and we denote by gq its closure. Explicitly, denoting by H the Hilbert
space completion of C2°(Q2) with respect to the scalar product (v, w)y = (v, w) + ga(v, w), the
inclusion map ¢ : C°(Q2) — L2(, 1) extends by continuity to a linear map 7 : H — L*(Q, ).
The quadratic form ¢q also extends by continuity to a quadratic form gq over H, so that if v
and w denote the equivalence classes of {v,, } and {w,} in H, then ¢(v,w) = lim;, 00 g0 (v, wy,).
One can check that 7 is injective, hence gn can be seen as a quadratic form on L?(€2, i), with
domain D(gn) = 7(H). More concretely, the domain D(gqn) consists of those v € L?(£2, i) such
that there exists {v,} C C°() such that v, — v in L?(2, u) and gq (v, —vg) — 0 as £,n — oo.
Then, the Friedrichs extension of (A, C°(Q)) is the operator (Aq, D(Aq)) where

D(Aq) = {v € D(qa) : Ga(v,-) is L*(Q, ) — continuous} (2.1)

and Aqv € L%(Q,p) is defined through the Riesz representation theorem by the relation
(Aqu,w) = Ga(v,w) for any w € D(gn) (note that D(gq) is dense in L2(Q,u)). By the
same procedure, for any bounded open set U C M (including the cases of U = M and
U = Q) we obtain the Friedrichs extension (A, D(Ar)) of the non-positive symmetric operator
A:CP(U) — C®(U) (densely defined on L?(U, u)).

In the next lemma, for any v € D(qq), we denote by Ewv its extension by 0 in M \ Q.

Lemma 2.1. Let v € D(qq). Then Ev € D(qa) and quar(Ev) = ga(v).



Proof. Let v, € C°(Q) such that v, — v in L*(Q, ) and gq(v, —ve) — 0 as n, ¢ — co. We
have Ev, — Ev in L?(M, ;1) and

qav (Bv, — Evg) = (A(Ev, — Evy), Evy, — Evg) = (A(vy, — vg), v — vg) = go(vp, —vg) — 0.

n,—00
Thus Ev € D(qn) and gu (Ev) = ga(v). O

We start the proof of Proposition [1.4] with the following particular case of the subelliptic
estimate [22, Estimate (17.20)]: whenever a and b are in C$° (M) with sufficiently small support
and b = 1 on the support of a, there exist s > 0, C' > 0 such that

laullgs ar) < CZ(HijUHL?(M) + [|bull L2 (ar))-

m
J=1

Using a partition of unity and the fact that commutators of X; with smooth cutoff functions
are multiplication operators, we can globalize this inequality: there exist s > 0, C' > 0 such that
m
lllsary < C Y (1Kl z2qary + llull 2 (an)- (22)
j=1

Squaring this inequality, we obtain ||u|]§{S(M) < C(—=Apu+u,u)r2(pr), which together with the
Cauchy-Schwarz inequality implies that

[wll sy < ClIlAd = Anr)ull p2(ar).- (2.3)

Case 1: M is compact. In this case, the Rellich—Kondrachov theorem gives that the resolvent
(Id — Aps)~t is compact from L?(M) to L?(M). Using [20, Theorem XIII.64 p.245], this implies
that p,(Apr) — +o0o where

(Ay) = inf G (v). 2.4
pin(Anr) wonf | max am(v) (2.4)
dim(W)=n llv]=1

Note that in [20, Theorem XIII.1 p. 76] the quantity p,(Aas) is defined differently, but it is
well-known that g, (Apr) is in fact also equal to ([2.4)) (see for instance [16, Theorem 5.37]). This
implies thanks to Lemma [2.] that

pn(Ag) = inf  max go(v)
W'CD(qq) veW’
dim(W")=n [lv]=1

tends to +o0o as n — +o00: indeed, by extending all elements of W/ C D(gq) by 0 outside €,
we obtain an n dimensional subspace W C D(qar), hence pin(Anr) < pn(Aq) for any n € N.
Applying again [20, Theorem XIII.64 p.245], this time to (Aq, D(Agq)), we obtain the existence
of a complete orthonormal basis {¢,}72; in D(Aq) so that —Aqy, = Anpn with 0 < A <
o< <0 > Fo0o.

Case 2: M =R In this case, recall that we assumed in the introduction that 2 is bounded
and has Lipschitz boundary. The inequality applied to u € C°(Q), together with the
density of C°(€2) in L?(Q2), proves that (Id — Ag)™! : L?(Q) — H*(Q2) N D(Aq) is continuous.
Since the injection from H*(Q) to L?(f2) is compact (we use here the fact that the boundary
of Q is Lipschitz), we obtain directly that the resolvent is compact, and we conclude by [20,
Theorem XIII.64 p.245].




3 Proof of Theorem [1]
We start the proof of Theorem [I| with a lemma containing an integration-by-parts formula. We
do not give its proof, which follows from the definition of the quadratic form gq recalled above.

Lemma 3.1. If u € D(qq), then X;u € L*(Q, p). Moreover if u,v € D(qq), then

do(u,v) = — Z /Q(Xiu)(Xiv)du.

We denote by E), the eigenspace associated to the eigenvalue A\; of —Aqn. We have the
following min-max principle:

Lemma 3.2. 1. ¢ € D(qq) \ {0} belongs to E, if and only if it minimizes over D(qq) \ {0}
the Rayleigh quotient
Ziﬁil ||Xi90||%2(9,u)

lellZ2.,,

R(p) = (3.1)

In this case R(p) = A1.
2. If ¢ € D(ga) \ {0} is orthogonal to Ey,,...,E\,_, and R(p) = A, then ¢ € Ey, .

The proof is standard and follows for the first point from the computation of R(p + ) for
¥ € D(gq) and € — 0, and for the second point from the decomposition of ¢ in the orthonormal
basis given by Proposition

The next two lemmas are classical in the Riemannian setting but their proofs require some
care in the present sub-Riemannian (sR) context.

Lemma 3.3. Let D C M be a connected open set with 0D # (). Then A\1(D) > 0, and there
exists an eigenfunction of —Ap with eigenvalue A\1(D) which is non-negative.

Proof. Assume for the sake of a contradiction that A\;(D) = 0 and let u # 0 be an eigenfunction
Au = 0. Then (Au,u) = 0 hence by definition gp(u,u) = 0, which implies || X;ullz2p ) =
0 for any 4 thanks to Lemma But thanks to hypoelliptic regularity [11] we know that
u € C*(D) (a priori not up to the boundary if D is arbitrary) hence X;u = 0 in D. Then
[Xi,, [Xiy,.-.]...Ju = 0 for any bracket of the vector fields, hence by the Hormander bracket-
generating condition u is constant in D.

Let us prove that the only constant u which belongs to D(gp) is 0. We choose (uy)sen such
that uy € C°(D) and up — u, X;up — 0 in L?(D) as £ — +oco. We denote by u (resp. u,) the
extension of u (resp. ug) to M by 0in M \ D. First, u € D(gp) according to Lemma Let
v € D(qur), and vy € C2°(M) such that v, — v in L2(M, u) and qaz(vs, —ve) — 0 as £,n — +oo.
Then

m m
gy (u,v) = lim (Xi@e7XiW)L2(M7M) = lim (Xiug, Xivp)

= l—
tooiq teoiq

L2(supp(ug),) = O

since (X;v¢)sen is bounded in L?(M, ), and thus in L?(supp(u¢), ). Hence u € D(Ays) and
Apru = 0. By hypoellipticity, u € C°°(M), which is impossible since u is not smooth across
0D # 0.

Let ug # 0 be in the first eigenspace of Ap. Then |ug| € D(gp) and for any ¢ € {1,...,m},

Xiup  a.e. in {ug > 0}
Xilupl =10 a.e. in {ug =0} . (3.2)
—Xug ae. in {up < 0}



Both statements follow from [10, Chapter 5, Exercise 17]: the main steps are to apply the chain

rule to F; o ug where F.(2) = v/22 + 2 — ¢ and then use the dominated convergence theorem.
From we deduce that R(|ug|) = R(up) where the Rayleigh quotient R is defined in

. According to Lemma this implies that |ug| is also in the first eigenspace of Ap. [

Lemma 3.4. Let u € D(Agq) satisfying —Aqu = Au in Q. Let D be a nodal domain of u. Then
the restriction u of u to D belongs to D(Ap), and it is an eigenfunction of the Dirichlet problem
in D, associated to the smallest eigenvalue A = \1(D).

Proof. Thanks to Assumption u is smooth up to the boundary of  (see [14, Theorem III,
point (4)]), hence u is smooth up to the boundary of D. Without loss of generality, we assume
that u is non-negative. We follow the proof of Lemma 2.0.1 in [2], which does not use any
regularity on the boundary of the nodal domain.

We fix a Riemannian metric gg on M, which induces a distance dist,,, and a gradient V,,

in order to conveniently conduct our local analysis. Let x,, € C2°(D) be a cut-off function such
that there exists a constant C' > 0 independent of n such that

o xn(z) =1 for disty,(z,0D) > 1/n

e xn(z) =0 for disty, (z,0D) < 1/(2n)
* [IVgrxnlre < Cn

o [VixalLe < Cn?

(the existence of x,, is shown in [2]). Since X7, ..., X}, are smooth, this implies that || X;xp |/ L <
Cn and | X xn|ze < Cn for any i, and ||Axy||z~ < Cn? (the constant C' may have changed).

It suffices to show that u arises from a Cauchy sequence in D(gn) and that u generates a
continuous linear functional on L?(D, 1) via the quadratic form §p. We set u,, = xnu. We have
up — w in L?(D, ). Let us prove that ¢p(u, —ug) — 0 as £,n — co. To simplify notations, we
set a0 = Xn — X¢- We have

lgp (un — ug)| = /D Zz;(Xi(un —w))? dp = /D Zan,éUX;((Xian,é)u + ape(Xiu))dp

=1

:—/ amguzAan’g du—/ oziguAu du
D D
m

_ /D (Z(Xiozmg)(XZ‘u)ozn,gu + (Xl-*an,g)(Xiu)an,gu> du (3.3)

i—1
=L+ 1+ 1.

We show that I; — 0 for j = 1,2,3, a n,f — +00. We denote by A, the support of Vy,, in
particular vol(A,) — 0. We have

/ an’gUQAamg du‘ < C€2/ u? dp + CnQ/ u? du. (3.4)
D Ay An

We use the fact that v is smooth up to the boundary to get that u? < C¢~2 in A, and similarly
u? < Cn~?% in A,,. Hence

n,f—+00

|| = ‘/ Ozn7gu2ACkn,g du‘ < C(vol(Ay) + vol(Ay)) — 0.
D

10



Then, we have

n,f——+o0o

‘/ a%juAu d,u' = )\/ a%lu? dp < C(vol(4y) + Vol(An))/ w?dp — 0.
D D D

One can also check that
I3 = —— / u2 (Z an’gXl?Oémg + (Xianjg)2 + an,g(X;)zan’g + (X:an’g)z + Oéij(divu(Xi))Q) d,u
D i=1

and once again

13| < 052/ u? dp+ ch/ u? dp < C(vol(Ay) + vol(4,)) — 0.
Ay An n,f——+o0o
All in all, |gp(un — ug)| — 0 as n,¢ — +oo. Hence u € D(gp).
Next, we have to check that |gp(u,v)| < C(u,v)r2(p, for any v € D(gp). It is sufficient to
check it for v € C°(D) and then extend it by density to D(gp). Let v € C°(D). We have

o) =~ tm [ D )Xo di =l (Bt Do
= (AQ,U)LQ(D,;L) = _)‘(@7 U)L2(D,u)

since u,, = u on Supp(v) for n sufficiently large. Hence u € D(Ap) and u is an eigenfunction
with eigenvalue \.

By Lemma we know that A;(D) > 0. Assume for the sake of a contradiction that
A > Ai(D). Let us denote by ug a non-negative function in the first eigenspace of —Ap, which
exists thanks to Lemma 3.3 Then according to Proposition [1.4] ug and u are orthogonal for the
L?(D, i) scalar product. At the beginning of the proof, we assumed without loss of generality
that w is non-negative, but since D C Q\ Zgz, we even know that u is strictly positive in D.
Hence up = 0 a.e. in D, which is a contradiction with the fact that A\;(D) > 0. We conclude
that A\ (D) = A. O]

We start the proof of Theorem [I] by proving its second part. For this, we follow the arguments
of [8, Chapter VI (p. 453-454)] (see also [0, Appendix D]). Suppose that u € F), has at least
(n 4+ 1) nodal domains Dy, ..., Dpy1. We also assume A\,—1 < A,. For 1 < i < n, we denote
by w; the restriction of w to D;, which lies in the first eigenspace of the Dirichlet problem in
D; according to Lemma In particular its Rayleigh quotient R(u;) is equal to A, due to
Point 1. of Lemma We extend u; by 0 in Q \ D;, and we still denote by wu; this extension,
which belongs to D(gq) according to Lemmal[2.1] We can determine (a1, ..., a,) € R™\ {0} such
that f = >, a;u; is orthogonal in L?(€, u) to the (n — 1) first eigenfunctions ¢1, ..., p,_1 of
—Agq on . We have R(f) = Ay, hence f is an eigenfunction for A, according to the min-max
principle (Point 2 of Lemma . But f vanishes in the open set D, in contradiction with
the unique continuation property of eigenfunctions which is satisfied thanks to Assumption [1.6

The first part of Theorem [I] follows from similar arguments, except that we avoid using the
unique continuation property in the endﬁ Assume for the sake of a contradiction that u € Ej,
has at least m,, = n + mult(\,) nodal domains Dy, ..., Dy, . By standard linear algebra, there
exist mult(\,) + 1 linearly independent functions f;, j = 1,...,mult(\,) + 1 of the form

Mn
fi = ajiu,
i=1

4We would like to thank Tosif Polterovich for sharing with us this argument, itself communicated to him by
Dan Mangoubi.
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with a;; € R, u; is the extension by 0 of the restriction of u to D;, and f; is orthogonal in
L?(, 1) to the (n — 1) first eigenfunctions ¢1,...,p,_1 of —Aq on Q. For any j we have
R(f;j) = An, hence f; is an eigenfunction for A, according to the min-max principle (Point 2 of
Lemma [3.2)). The f; are mult(\,) + 1 linearly independent eigenfunctions with eigenvalue Ay,
which is impossible.

Remark 3.5. Counterexamples to the unique continuation property are known when Assumption
is not satisfied, for operators of the form A+ V where V is a smooth function on 0 (see

13))-

4 Sub-Riemannian tools

This section introduces the notations, the terminology and the tools of sub-Riemannian (sR)
geometry which will be needed in the proof of Theorem[2} For a more comprehensive introduction
to sR geometry, we refer to [I] and [4].

4.1 Sub-Riemannian flag
First, we define the sR distribution
D = Span(Xy,..., Xn)
and then the sR flag as follows: D° = {0}, D! = D, and, for any j > 1,
DIt =D 4 [D, D).
For any ¢ € M, this gives a flag
{0}=D)cD)C...cD; ' ¢ D9 =T,M. (4.1)

where Df] denotes D taken at point q. The integer 7(q) is called the step, or non-holonomic
order, of D at g. In the case of Example it is equal to 1 except on the singular line {z = 0},
where it is equal to 2 (or «). In the case of Example it coincides with the step r defined
there; in particular it is equal to 2 in Example at any point.
For i € {0,...,r(q)}, we set
ni(q) = dim Dfl.

The sequence (n;(q))o<i<r(q) 18 called the growth vector at point g. We say that ¢ € M is regular
if the growth vector (n;(q"))o<i<r(¢) at ¢’ is constant for ¢’ in a neighborhood of ¢q. Otherwise,
q is said to be singular. If any point ¢ € M is regular, we say that the structure is equiregular.

Remark 4.1. The Heisenberg sub-Laplacian of Example is equiregular (with ny = 2d, ny =
2d + 1), but the Baouendi-Grushin sub-Laplacian of Example 1s not equireqular.

The number

Qq) =Y i(ni(q) — ni-1(q)), (4.2)
i=1
coincides at any regular point ¢ with the Hausdorff dimension of the metric space induced by
the sR distance on M near ¢ (see [1§]).

We define a non-decreasing sequence of weights w;(q). Roughly speaking, w;(q) is the minimal
length of the brackets of X7, ..., X, needed to generate ¢ independent directions at ¢q. Formally,
given any ¢ € {1,..., N} and ¢ € M, there exists a unique j € {1,...,7(q)} such that n;_1(q) +
1 <4< nj(q). We set w;i(q) = j. It is not difficult to check that coincides with Zf\;l w;i(q)
(see (1.9).
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4.2 Nilpotentization

The aim of the following paragraphs is to introduce a system of local coordinates, called privi-
leged coordinates, in which it is natural to write Taylor expansions of vector fields defined on the
sR manifold (see [4, Section 4], [12, Chapter 2]). The first order term in the Taylor expansion of
a vector field in privileged coordinates is called the nilpotent approximation of the vector field.
A typical example of privileged coordinates system is given by some exponential coordinates
with respect to a frame of T, M which is “adapted” to the sR flag (see below).

4.2.1 Non-holonomic orders.

The non-holonomic order of a smooth germ of function is

ordy(f) = min{p € N: Jiy,...,4, € {1,...,m} such that (X; ... X;, f)(q) # 0}

where we adopt the convention that min () = +ooc.
The non-holonomic order of a smooth germ of vector field X at ¢, denoted by ord,(X), is
the real number

ordg(X) =sup{o € R:ordy(X f) > o+ ordy(f), VfeC>®(q)} € Z.

In other words, applying X to a function f “increases” the non-holonomic order by at least
ordy(X) (we put quotation marks to indicate that since ord,(X) may be negative, applying X
may in fact decrease the non-holonomic order).

There holds ord,(fg) = ord,(f)+ordy(g), ordy(fX) = ordy(f)+ordy(X) and ordy([X,Y]) >
ordg(X)+ordy(Y). As a consequence, every X which has the property that X (¢’) € Dfl, for any
¢’ in a neighborhood of ¢ is of non-holonomic order > —i.

Example 4.2. Let us illustrate these definitions on Ea:ample where X1 = 0, and Xo = x0,.
At (z,y) = 0, the non-holonomic order of the function f(x,y) = x is 1 and the non-holonomic
order of f(x,y) =y is 2 since X1Xoy = 1. The non-holonomic order of 0, is —1, the non-
holonomic order of 0, is —2, and the non-holonomic order of x0, is —1.

4.2.2 Privileged coordinates.

A system of privileged coordinates at ¢ is a system of local coordinates (z1,...,xy) near g
verifying
ordg(z;) = w;, for 1 <i< N. (4.3)

In particular, privileged coordinates satisfy 0, € D;U i(Q)\DZf (@01 o ¢, meaning that privileged
coordinates are adapted to the flag (see definition below). Omne can also check that for any
(Oél,...,CMN) S NN;(/BIW"?BN) S NN7

N

ordg (.G OL . OIN) =) (i — Bi)wy. (4.4)
=1

We now describe a construction showing that privileged coordinates systems exist at any
g € M. A family (Zi,...,Zn) of vector fields is said to be adapted to the sR flag at ¢ if it

is a frame of T,M at q and if Z;(q) € D:}Ui(q) for any ¢ € {1,..., N}. In other words, for any
i€{l,...,7(q)}, the vectors Z1,...,Z, () at ¢ span Dé.
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If (Z1,...,Zy) is an adapted frame at ¢, it is proved in [12, Appendix B| that the inverse of
the local diffeomorphism

(X1,...,2n) — exp(x127) ... exp(znZN)(q) (4.5)

defines privileged coordinates at ¢ (called exponential coordinates of the second kind).

4.2.3 Dilations.

As we mentioned in the introduction, sR geometries are anisotropic. The natural sR dilations
that we now define are thus also anisotropic.
Fix ¢ € M. For every ¢ € R\ {0}, the dilation d. : RY — R is defined by

0o(x) = (€W, ... e Dy y)

for every x = (21,...,zy) - we omit the dependance in ¢ in the notation.

A dilation . acts also on functions and vector fields on RY by pull-back: &7 f = f o d. and
82X is the vector field such that (62 X)(5%f) = 6*(X f) for any f € CH(RN).

In particular, given a system of privileged coordinates ¢, : U — RY, for any vector field X
in U of non-holonomic order k there holds 67 (1),)«X = e %(1,)«X. We will use this property
many times for vector fields of the form .

4.2.4 Nilpotent approximation.

We now turn to the definition of the nilpotent approximation, which is a first-order approxi-
mation of vector fields in privileged coordinates near a point ¢ € M. An explicit example of
computation of nilpotent approximation is given in [12, Example 2.8], it may help to understand
the definitions which follow.

Fix a system of privileged coordinates 1, = (1, ...,2x) : U — R defined in a neighborhood
U of ¢q. Coming back to the vector fields X1, ..., X,;,, we write the Taylor expansion

(wQ)*Xl('T) ~ Z aa,jxaawj' (46)
acNN
je{L.,N}

Since X; € D, its non-holonomic order is —1. Hence, when a,; # 0 for some o =
(a1,...,ay) € NV and j € {1,...,N}, the monomial vector field 28, has non-holonomic

order > —1, which implies that Zf\il w;(q)oy = wj(q) — 1 according to (4.4). Therefore, we may
write X; as a formal series

W)X =XV 4+ x0 4 xW (4.7)
where Xz-(k) is a homogeneous vector field of degree k, meaning that

s x® = ek x®), (4.8)

We set R
Xe=x"Y 1<i<m (4.9)

which is a vector field on RY. Then X 7'is homogeneous of degree —1 with respect to dilations,
meaning that 67 X! = e~ 1 X7 for € # 0. For € > 0 small enough we have

X§ 1= 6% (1hg)+ X; = X{ + eR{, (4.10)
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where RZE depends smoothly on e for the C*° topology (see also [I, Lemma 10.58]).

Finally, the nilpotent approximation of Xi,..., X, at ¢ is defined as M4 ~ RN endowed
with the vector fields X L. ., XZ. This definition does not depend on the choice of privileged
coordinates at ¢ because two setsAof such coordinates produce two “sR-isometric” sR structures.
An important property is that (X7{,...,X},) generates a nilpotent Lie algebra of step r(g) (see
[12, Proposition 2.3]).

The nilpotent approximation of a measure u on M at ¢ € M is the measure on RY

At = lim =205 () (4.11)

where the convergence is understood in the vague topology. It follows from this definition that
17 is proportional to the Lebesgue measure.

4.3 Desingularization

The estimates we will need at some point in the proof of Theorem [2] blow-up at singular points.
However, when ¢ € M is a singular point, it is possible to lift locally in a neighborhood U of
q the vector fields Xq,...,X,, to vector fields )?1, .. .,)Z'm on U = U x RX . so that the lift
qd = (q,0) of q is a regular point in U and many properties of the vector fields are preserved.
This lifting procedure will allow us to recover uniform estimates in Section [5.2

Lemma 4.3. [12, Lemma 2.5 and Theorem 2.9] Let q be a point in M. Then there exist K € N,
a neighborhood U C M of q, coordinates (x,y) on U = U x RE and smooth vector fields

K
Xl(x,y):Xl(x)+2bl](x,y)ay], /L':]-a-”vmv
j=1
on U such that
° )?1, ey X satisfy Hormander’s bracket-generating condition in [7;

e cvery p in U is regular;

e denoting by :~ﬁ — U the canonical projection, and by d the sR distance defined by
X1,..., X on U, we have m, X; = X;, and for p € U and € small enough,

B.(p) = = (B(,0))). (4.12)

Example 4.4. A possible (global) desingularization of the vector fields X1 = 0, and Xy = x0,
on R? is given by the vector fields X, = 0, and X9 = 0, + x0y on R3.

5 Proof of Theorem [2

The proof of Theorem [2] splits into two steps. The first one consists in proving an asymptotic
upper bound for the first eigenvalue of the Dirichlet sub-Laplacian in a sR ball centered at ¢ € M
whose radius tends to 0. This upper bound is uniform in ¢ when ¢ is a regular point. The second
step is to use Lemma (i.e., a desingularization) to conclude.
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5.1 The first eigenvalue of the sub-Laplacian in a small sR ball

We fix ¢ € M and we take a chart ¢, : U — RY of privileged coordinates at ¢, with Yq(q) = 0.
We denote by R(q) the maximal radius such that Bp,(q) C U.

As seen in Section the nilpotent approximations of X1, ..., X,, (resp. of u) at ¢ are
vector fields X? (resp. a measure fi9) in RV,

For ¢ < R(q), we set

Lg = LZ((T/JQ)*BE(Q)a (1q)«t)-
We also fix u; € C2°(Box(1/2)) such that u;(0) # 0. Finally, we set

uz—:(x) = 6_Q(Q)/Qul (61/5$) (5'1)
and we have u. € C2°(Box(¢/2)).

Lemma 5.1. If X is a vector field on RN which is homogeneous of degree k € R (in the sense
of ([4.8)), then there exist c¢(q) > 0,e(q) > 0 such that for any € < e(q) and any 1 < i < m,

1Xuel| 2 < e(q)e®[luel 2 (5:2)

Proof. First, the ball-box theorem (1.6|) (see also [4], [12, Corollary 2.1]) yields the existence of
0 < a < 1 (depending on ¢) such that

Box(ae) C (1q)«B:(q) C Box(a™¢). (5.3)

We use (5.1) and the homogeneity in € of X, Box(e) and 9. Due to (4.11) this implies the
following two convergences

e %D 2R Xuc|| 12 Box(e) (wa)em) = € SV 2 Xt ]| 12(Box(1).5 (6q) ) 2 IXull L2 Box(1). )

e 2D e L2 Box(aze), oy = € TV 2 N0l L2 (Box(a®) a2 e 3 0]l L2(Boxa2) 20)-

Taking the ratio of the two convergences (justified by the fact that u;(0) # 0 hence the last
limit is # 0), we obtain

X e || 22 (Box(e), (9q)e ) < (@)™ 1t || L2(Box(a2e) (1)) - (5.4)
Using twice (/5.3]), we obtain

X ucll 2 < 11X el 22 (Box(a-1¢), (6q)er) < (@)X el L2(Box(ae) (g)ep) < (@) ue]l 2
which implies the lemma. O

Corollary 5.2. For any q € M, there exist c(q) > 0 and £(q) > 0 such that for any e < €(q),
there holds M\1(B:(q)) < c(q)e™2.

Proof. We fix g € M and 1 < i < m. According to (5.3]), we know that wu,e is supported in
(¥g)+Be(q). We set RY = (14)+X; — X, which is a vector field on (¢4)«(U) C RY. Let us assume
for the moment that we have proved the existence of C(q) such that for e sufficiently small,

IR wacll72 < C(q)l[uacl7z (5.5)
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Then we can write

@) Xittaell3y < 2 (IR0 uacl2z + |1 R uac 22
< (el@)e™ + C(@))luacl3:

~
< C/(Q)‘siQHUozaH%g

where in the second inequality we used Lemma with X = X'lq , and . By the min-max
principle (Lemma , we get the result.

There remains to prove (5.5). We can write R{ = >}, af 0y, where the af are smooth
functions of . We then apply Taylor’s theorem for multivariate functions with exact remainder
to each af,. Recalling @7, and the fact that R! = (¢q)«X; — )?f has homogeneous
components of order > 0 only, this yields a decomposition (“factorizing out from R monomial
vector fields of order 07)

= Z bg,jYJ

JjeT
where qu is a smooth function of x. Here [J is a finite set such that (Y;)jes consists of all

monomlal vector fields Y which are homogeneous of degree 0, i.e. Y is of the form Y = z;0,,
for some indices i,k € {1,...,n} satisfying w; = wg. Then we can write

IR uac 2 < D16 Yivacllzz <Y1 (). B2 (0) | Vittae | 2 < C (@) |tac | 2
€T €T

where the last inequality comes from Lemma applied with & = 0 (and the fact that bz ; is
smooth, hence bounded). This concludes the proof of ([5.5)).

Remark 5.3. One can in fact prove that e2X1(B:(q)) converges to the first eigenvalue of the
Dirichlet sub-Laplacian Al o on L2(Bi(q), i), which is a stronger statement than C’orollary
Here, A1 = > 1(Xq) and By (q) C RY denotes the sR ball computed with the metric obtamed
by replacing in ) the vector fields X; by the nilpotentized ones Xf.

However, what we will need for our purpose is the uniformity of the convergence with respect
to q, and it is easier to prove the uniformity of c(q) with respect to q (see Lemma than the
uniformity of the convergence of €2\1(B:(q)) with respect to q. This is why we prefered to keep
our weaker statements.

Lemma 5.4. When q is regular, the constants c(q) and €(q) in Corollary can be taken
uniform in a small neighborhood of q.

Proof. We use the fact that taking a nilpotent approximation is a “uniform” procedure near a
regular point (but it is not uniform near a singular point). This fact is described in Section
2.2.2 in [12], and it mainly relies on the property that ¢ being regular, there exists a frame
Y1,...,Yn which is an adapted frame at every point ¢’ in some neighborhood V of ¢q. This
yields a continuously varying system of privileged coordinates in V', and a “continuous” nilpotent
approximation in V' (see Definition 2.9 in [12]).

It follows from Theorem 2.3 in [12] that the constant « in can be taken uniform over
¢ € V. The convergence is also uniform over V', so the inequality remains true in V'
with a uniform constant ¢(V'): there exists (V) > 0 such that for any ¢’ € V and any ¢ < ¢(V),

12X tte | 22 (Box(e), (i ) < EV)EF el L2 (Box(a2e) (15,0 o)

All in all, (5.2) is seen to hold at any ¢’ € V, with a constant ¢(¢") uniform over ¢’ € V.
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Following Definition 2.9 in [12], we know that ¢’ — (¢¢)«Xi(¢') —X’iql(q/) = Rg/ is continuous
in ¢ € V. This implies that the constant C(g) in (5.5) can be taken uniform over V. More
precisely, this means that there exist C(V) > 0,e(V) > 0 such that for any ¢ < (V') and any

/
qgev,

q 2 2
IR thaclZ2 (0, . o) 0oy < COVUacl L2 (). Betar). (w0 )om) (5.6)
This implies that the constants ¢(q),e(q) in Corollary can be taken uniform over V', which
proves Lemma [5.4] O

Remark 5.5. Corollary establishes an upper bound for the first Dirichlet eigenvalue as
r — 0. Note that lower bounds on the first Neumann eigenvalue were established in [13], this is
equivalent to Poincaré’s inequality.

5.2 End of the proof of Theorem

We assume that ¢, is an eigenfunction of —Agq not belonging to the first eigenspace Ey,. We
denote by D; its nodal domains. According to Lemma the restriction of ¢y to each domain
Dj is an eigenfunction of the Dirichlet sub-Laplacian Ap,, it belongs to its first eigenspace, and
AM(Dj) = A for each D;. Now, if z € Q and d(q, Z,,) > €, where d is the sR distance, then
B.(q) C D; for some j. By the min-max principle, it implies that A = X\;(D;) < A1(B:(q)). But
A (B:(q)) < ¢(q)e~? thanks to Corollary hence € < ¢(q)A"1/2.

If ¢ is regular, using Lemma we obtain that the constant ¢(q’) above is in fact uniform
for ¢’ in a neighborhood of q. Hence any sR ball centered in a neighborhood V' of ¢ and of radius
> d(V)A"Y/2 will intersect Z,, which concludes the proof of the theorem “locally near ¢” in
this case.

If ¢ € Q is a singular point, the idea is to desingularize the vector fields at ¢ thanks to Lemma
in order to recover a regular neighborhood but in a higher-dimensional space, and be able
to apply the result we just obtained in the regular case. Following the notations and defined
quantities of Lemma [£.3] we consider

K

le(x7y):Xl(x>+zbz](xay>8yja Z.:lv"-:ma
j=1

for (z,y) € U x RE. N
We will build a sub-Laplacian A satisfying the following key properties:

e It is defined on the bounded set Q x TX where T = R/27Z.

e In a neighborhood of (¢,0) we have A = — > )N(Z*)NQ Its domain D(A) is constructed
as in Section 2|

e The vector fields defining A satisfy Hormander’s bracket-generating condition everywhere
in Q x TX.

The construction of A is achieved through cut-offs and extensions of the vector fields X; to
vector fields which are periodic in the y; variables and thus defined on €2 x TK. In the sequel,
T is identified with [—7, 7) (with periodic boundary).

Without loss of generality we assume that U is contained in the fundamental domain € x
[—7, )%, We fix a compact set V' C U which is a neighborhood of (g,0). We consider cut-off
functions satisfying:

o xo: 0 xTK — R is a smooth function which is equal to 1 in V and 0 in Q x TK \ U.
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e x1:Qx TK - Rt is a smooth function which is equal to 0 in V and > 0 outside V.

We consider the vector fields

K
Xi(zy) = Xi+ ) xo(@,9)bij(x,9)0y, (5.7)
j=1

forie {1,...,m} and Y; = x1(z,y)9y, for j € {1,..., K} on Q x TX and the sub-Laplacian on
Q x T defined by

" mo _ K
A== (X)X, =) VY
i=1 j=1

Lemma 5.6. The family of vector fields Xl, . ,Xm, Y1,..., Yk satisfies Hormander’s bracket-
generating condition (1.1)), it is reqular at (q,0), and the non-characteristic boundary condition
(Assumption is verified on O(€) x TX).

Proof. In V' there holds X ;= X;. By Lemma this implies that the Hérmander bracket-
generating condition is satisfied in V. We notice that for any i1,...,i, € {1,...,m},

(X (X [ X, ] = [Xays (X, [+, X ] mod Y7,...,Yk.

Since the Y; do not vanish outside V', using that the vector fields X1, ..., X,, satisfy Hormander’s
bracket-generating condition in €2, we obtain that the family of vector fields )Z'l, ceey )N(m, Yi,..., Yk
satisfies Hormander’s bracket-generating condition outside V.

The regularity of the family at (¢,0) follows from the fact that in V' there holds X P = X;
and Y; = 0 for any ¢ € {1,...,m} and any j € {1,..., K}. By definition of the desingularized
vector fields )NQ, they form an equiregular family, so in particular a regular family at (g, 0).

The non-characteristic boundary condition on 9(Q x TX) follows from the non-characteristic
boundary condition satisfied by the vector fields X; on 92 (Assumption and the fact that
X, = X; on 9(Q x TX). O

Let x(x) be an eigenfunction of —Ag, with eigenvalue \. We consider 1y : {2 x TK - R
defined by 9x(z,y) = ¢a(x). This is an eigenfunction of —A with eigenvalue \.

We apply the arguments of the beginning of Section m to A: they imply that there exist a
neighborhood V' C  x TX and a constant ¢(V) > 0 independent of A such that

VGeV, Ve > c(V)ANTV2 Z, N B.(q) #0. (5.8)

These sR balls are computed with the vector fields defining 8, and these vector fields coincide
near (q~,0) with X; thanks to ; hence it is equivalent to compute the sR balls with the vector
fields X; since we are considering small balls near (¢,0), with radius much smaller than §. By
the projection property , since Zy, = Zy, X TX, we finally obtain that

VgeV, Ve = c(V)ANV2 Z, NB(n(q) #0 (5.9)

where 7 : Q x TX is the canonical projection. The constant involved in (5.9) is thus uniform in
a neighborhood of ¢. Using the compactness of {2 we obtain the result.

Remark 5.7. One could wonder why we do not simply consider in the proof the sub-Laplacian
-y )?j)?z on U xRE instead of A (the adjoint being computed with respect to fi = p® Lgx,
where Lgr is the Lebesgue measure on R ). In fact this does not work for our purposes, since
the formula ¥y (x,y) = p(z) does not define an L*>(U x RX) eigenfunction.
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5.3 An example

In this section we illustrate Theorem [2] with an example.

Fix o € N* and consider the generalized Baouendi-Grushin sub-Laplacian Agg = 0?2 +:c2°‘8§ on
(—1,1); x Ty. For k € Z we denote by v, a non-trivial element of the lowest energy eigenspace
of the 1D operator Hy = —02 + k%z2* on (—1,1),. The associated eigenvalue satisfies

Ca|k|2/(0¢+1) < < Ca|k|2/(0¢+1)

as k — 400 for some constants co, Co > 0. Then ¥y, : (z,y) — ¢ (x) cos(ky) is an eigenfunction
of —Apg with eigenvalue py. Its nodal set is

Zy, = (—1,1)4 x (U WZZ>

nel y

i.e. it is a union of “horizontal” lines separated by 7/k (in Euclidean distance).

Using the ball-box theorem , the sR ball centered at a point (0, y9) on the singular line, and of
radius e, can be compared with ball-boxes of the form [—Ce, Ce], x [yo— (Ce)* !, yo+ (Ce)* 1],
the weights w; in this case are w; = 1 and we = a4+ 1. The sR ball is more squeezed in the y
direction due to the fact that brackets are needed to span this direction; we refer the reader to
[4, Section 3.1] and the picture in [4, Section 3.3] for the case o = 1. Hence, the statement that
any sR ball of radius c¢/,/py intersects the nodal set of Wy, is true for c large enough but false
for ¢ small enough. This proves the sharpness of Theorem

6 Proof of Theorem [3

We consider the vector fields X = 9, and Y = 9, — 20, on Q = (—2m,27)3 with coordinates
x,1, z and endowed with the Lebesgue measure. The sub-Laplacian is

A=-X*X Y'YV =X?+Y2
We introduce the sets
Ac ={(z,y,2) € Q| y=c}, B, ={(z,y,2) € Q| z=c}.
We make the following observations:

e All these hypersurfaces have Hausdorff dimension 3 (see [B, Section 0.6.C]).

e All hypersurfaces A. have the same 3D Hausdorff measure (denoted by a) since X and Y
are invariant under translation in the y direction.

e Similarly, all hypersurfaces B, have the same 3D Hausdorff measure (denoted by b) since
X and Y are invariant under translation in the z direction.

We first consider eigenfunctions which depend only on y, of the form o1, (z,y, 2) = cos(my)
for m € Z, for which the corresponding eigenvalue is A1 ,, = 27m?. The nodal set is the (disjoint)
union of the sets A, for ¢ = kn/m, k € {=2|m|+1,...,2|m| — 1}. Its Hausdorff measure is
(4/m| — 1)a which is bounded above by ay/A1 .-

Secondly, we consider eigenfunctions which depend only on z, of the form ¢, (x,y,2) =
Ym(x) cos(mz) for m € Z, where v, denotes a non-null element of the first eigenspace of
the 1D operator —d?/dz? + m2x? on (—2m,27). The first eigenvalue Mg, of this harmonic

20



oscillator, which is also the eigenvalue associated to @2, is |m|+ o(1) as |m| — 4o0. Since
Y does not vanish, the nodal set of g, is the (disjoint) union of the sets B, for ¢ = km/m,
ke {-2/m|+1,...,2|m|—1}. Its Hausdorff measure is (4|m| — 1)b which is bounded below by
CX2,mb for m # 0 and some C' > 0 independent of m.

This completes the proof of Theorem
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