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UNIVERSALITY, COMPLEXITY AND ASYMPTOTICALLY
UNIFORMLY SMOOTH BANACH SPACES

R.M. CAUSEY AND G. LANCIEN

ABSTRACT. For 1 < p < oo, we show the existence of a Banach space
which is both injectively and surjectively universal for the class of all
separable Banach spaces with an equivalent p-asymptotically uniformly
smooth norm. We prove that this class is analytic complete in the class
of separable Banach spaces. These results extend previous works by
Kalton, Werner and Kurka in the case p = oc.

1. INTRODUCTION

The notion of asymptotic smoothness has become very important in the
recent developments of the geometry of Banach spaces. In this paper we
study the existence of universal spaces and the complexity, in the sense of
descriptive set theory, of a special class of asymptotically uniformly smooth
Banach spaces. For a given p € (1, 00|, we are interested in the class of sep-
arable Banach spaces that admit an equivalent p-asymptotically uniformly
smooth norm (we abbreviate p-AUS). In fact, it is one of the main results
from [4] that the existence of an equivalent p-AUS norm is characterized by
some /,, upper estimates for weakly null trees or in terms of a two player
infinite asymptotic game. We denote this property T, as a reference to the
), tree upper estimates. In Section 2 we recall these definitions and the main
characterizations of T,,.

If we denote Sep the class of all separable Banach spaces, it is known that
Too N Sep coincides with the class of all Banach spaces that are isomorphic
to a subspace of ¢g. This result was first explicitly proved in [8], but could
be readily extracted from ideas of N. Kalton and D. Werner in [11]. We also
refer to [9] for the optimal proof. One of the goals of this paper is to find
a space in T, N Sep which is both injectively and surjectively universal for
the class T, N Sep, with 1 < p < co. This is achieved in Section 4, where we
prove.

Theorem A. For any p € (1,00], there exists a space Uy in T, N Sep such
that every space in T,NSep is both isomorphic to a subspace and to a quotient

of Up.

We explain in Section 4 how this result can be deduced from previous
works by Odell and Schlumprecht [15] and Freeman, Odell, Schlumprecht
and Zsék [7]. However, we have chosen to explain the construction through
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the use of “press down” norms associated with spaces with finite dimen-
sional decompositions. All the necessary background on press down norms
is introduced in Section 3.

Finally, in Section 5, we address the question of the topological complexity
of the class T, N Sep. We first recall the framework built by B. Bossard in
[3] in which this problem can be rigorously formulated. Again, the question
was only open for p € (1,00), as O. Kurka proved in [14] that the class of all
Banach spaces that linearly embed into ¢ is analytic complete. We extend
this result by showing the following.

Theorem B. For any p € (1,00], the class T, N Sep is analytic complete.
In particular it is not Borel.

2. MAIN CHARACTERIZATIONS OF p-AUS-ABLE SPACES

All Banach spaces are over the field K, which is either R or C. We denote
Bx (resp. Sx) the closed unit ball (resp. sphere) of a Banach space X. By
subspace, we shall always mean closed subspace. Unless otherwise specified,
all spaces are assumed to be infinite dimensional.

We start with the definition of the modulus of asymptotic uniform smooth-
ness of X. If X is infinite dimensional, for 7 > 0, we define

px(7) Sup s v, msélgElly + 7l -1,
where cof(X) denotes the set of finite codimensional subspaces of X. For
the sake of completeness, we define py(7) = 0 for all 7 > 0, when X is finite
dimensional. We note that

px (1) = sup{limsupl||y + 7x,|| — 1 : (xx) C Bx is a weakly null net}.
A

We say X is asymptotically uniformly smooth (in short AUS) if

lim M =0.
=0+t T
We say X is asymptotically uniformly smoothable (AUS-able) if X admits
an equivalent AUS norm. For p € (1,00), the norm || || is said to be p-
asymptotically uniformly smooth (in short p-AUS) if there exists C' > 0 such
that
V1 € [0,00), px(T) < CtP.

We say X is p-asymptotically uniformly smoothable (p-AUS-able) if X ad-
mits an equivalent p-AUS norm. We say X is asymptotically uniformly flat
(AUF) if there exists 79 > 0 such that px(79) = 0. We say X is asymp-
totically uniformly flattenable (AUF-able) if X admits an equivalent AUF
norm. Of course, p-AUS spaces and AUF spaces are AUS spaces.

The dual notion is provided by the following modulus defined on X* by

Sv(t) = inf sup inf {|z*+ 7y*| — 1},
x(r) = inf sup inf {fla"+7y7 =1}
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where F runs through cof*(X™), the set of all weak*-closed subspaces of X*
of finite codimension. The norm of X™* is said to be weak* asymptotically
uniformly convez (in short AUC*) if

Vr >0 dx(r)>0.

For q € [1,00), it is said to be g-weak* asymptotically uniformly convez (in
short ¢-AUC?*) if there exists ¢ > 0 such that

Vr e [0,1), oy (1) > erd.

It is well known that the dual Young function of py is equivalent to 5}.
Here is the precise version of this (Proposition 2.1 in [6]).

Proposition 2.1. There exists a universal constant C > 1 such that for
any Banach space X and any 0 < o, 7 < 1,
(1) If px(0) < or, then 3y (CT) > oT.
(2) If 5 (1) > o, then px(g) <or.
(3) Letp € (1,00] and q be its conjugate exponent. Then || | x is p-AUS
if and only if || ||x+ is ¢-AUC*.

We now define the fundamental property, which turns out to characterize
p-AUS renormability, through a two-player game on a Banach space X. Fix
1 < p < oo and let g be its conjugate exponent. We denote by Wx the set
of weak neighborhoods of 0 in X. For ¢ > 0, we define the T'(¢,p) game on
X. In the T(c,p) game, Player I chooses a weak neighborhood U; € Wy,
and Player II chooses x; € U; N Bx. Player I chooses Us € Wy, and Player
IT chooses 3 € Uz N Bx. Play continues in this way until (2;)$°; has been
chosen. Player I wins if [|(z;)52, |y < ¢, and Player I wins otherwise, where

oo
(@)= |2 = it {c € (0, 00], Ya = (@), € 4y |S asaill < elall,}-
i=1
It is known (see [4], section 3) that this game is determined. That is, either
Player I or Player II has a winning strategy. We now let t,(X) denote the
infimum of those ¢ > 0 such that Player I has a winning strategy in the
T(c, p) game, provided such a c exists, and we let t,(X) = oo otherwise. We
can now define our class T.

Definition 2.2. Let p € (1, 00]. We denote T, the class of all Banach spaces
X such that t,(X) < oco.

Let D be a set. We denote {@} the empty sequence and DS" = {&} U
U, DY D<% = U DS" DY the set of all infinite sequences whose mem-
bers lie in D (including the empty sequence) and DS¥ = D<¥ U D¥. For
s,t € D<¥ we let s ~ t denote the concatenation of s with t. We let |¢|
denote the length of ¢. For 0 < ¢ < |t|, we let ¢|; denote the initial segment
of t having length i, where t|g = &. If s € D<¥, we let s < t denote the
relation that s is a proper initial segment of ¢.
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Given D a weak neighborhood basis of 0 in X and (z;);cp<w C X, we say
(2¢)iep<w is weakly null provided that for each t € {@} U D=,
(74~ )uep is a weakly null net. Here D is directed by reverse inclusion.
We can now recall the main characterizations of this class, which are
proved in [4].

Theorem 2.3. Fix 1 < p < oo and let ¢ be conjugate to p. Let X be a
Banach space. The following are equivalent
(i) X €T,.
(ii) There exists a constant ¢ > such that for any weak neighborhood
basis D at 0 in X and any weakly null (x¢);ep<e C Bx, there exists
T € D such that ||(z-),), 1§ < c.
(iii) X is p-AUS-able (resp. AUF-able if p = o0).
(iv) X admits an equivalent norm whose dual is ¢-AUC*.

Moreover, if X € T,, then any separable subspace of X has a separable dual.

3. PRESS DOWN AND LIFT UP NORMS

We introduce in this section two constructions of norms on a Banach space
with a finite dimensional decompositions (we abbreviate FDD). We will
recall the necessary background on FDD’s, shrinking FDD’s or boundedly
complete FDD’s. However, we refer the reader too [13] for possibly missing
information. One can trace back the use of lift up norms in the works of
S. Prus [16]. As we will see, it has also been widely exploited in the work
of Odell and Schlumprecht [15] or Freeman, Odell, Schlumprecht and Zsak
[7]. For the press down norm, we refer for instance to [5] for a general
presentation.

We let (u;)5°, denote the canonical basis of coo (the space of finitely
supported scalar sequences). For subsets E, F' of N, we let E' < I denote the
relation that £ = @, F' = &, or max E < min F'. For f = Zil a;u; € coo,
we let supp (f) = {i € N : a; # 0}. For f,g € coo, we let f < g denote
the relation that supp (f) < supp(g). Forn € N, E C N, and f € ¢y, we
let n < E denote the relation that either E = @ or n < min F, and we let
n < f denote the relation that n < supp (f).

We recall that a finite dimensional decomposition for a Banach space Z
is a sequence H = (H,)2%, of finite dimensional, non-zero subspaces of Z
such that for any z € Z, there exists a unique sequence (z,)>2; € [[72, Hy
such that z = 3°°° | 2,. Then, we let P! denote the canonical projections
PH(2) = 2, where z = >0 | z, and (2,)22,; € [[02, Hy,. For a finite or
cofinite subset I of N, we let PH = 1" = Y onel PH. When no confusion can
arise, we omit the superscript and simply denote IH by I. It follows from the
principle of uniform boundedness that sup{||[I"||, I C N is an interval} is
finite. We refer to this quantity as the projection constant of H in Z. If the
projection constant of H in Z is 1, we say H is bimonotone. It is well-known
that if H is an FDD for Z, then there exists an equivalent norm | | on Z
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such that H is a bimonotone FDD of (Z,| |). Finally, we denote coo(H) the
space of finite linear combinations of elements in Hy,..., Hy, ...

Assume now that Z is a Banach space with FDD (H;)?2; = H and p €
[1,00]. We first define the lift up norm associated with Z,H and p and the
corresponding Banach space Zy ,(H) as the completion of coo(H) under the
norm

lzllve = sup{||(17:2112) 2, ||, : i # 2.0 < o <o N = U
P

We now define the press down norm associated with Z,H and p and the
corresponding Banach space Zx ,(H). For z € ¢oo(H), we set

[z]mp = mf{H(HJZZHZ)ilue 2 J; 7& g, i< Jo<...,N= U;')iy]i}-
D

Note that the conditions imposed on the J;’s imply that they are intervals.
Then we define
m m

Izllnp = inf { Y eulap: m €N, 2 € coo(H), 2 = Zzn}.

n=1 n=1
It is easily checked that || ||, is @ norm and we denote Z ,(H) the com-

pletion of coo(H) under || ||Ap. It is clear that H is a FDD for Z, ,(H). We
shall use the following easy technical simplification.

Proposition 3.1. Let Z be a Banach space with FDD H and p € (1, 00].
Then for any | < m in N and any z € @T:lHj, there exist intervals Iy <
... < I, such that U} ,I; = [l,m] and

el = [[(M5202)1, | -
p

The following lemma will be useful for our estimates.

Lemma 3.2. Assume moreover that H is a bimonotone FDD of Z. Let
Iy < I intervals of N and z1, zo € coo(H) with supp (z;) C I;, then

21+ 22 € conv{yr + 2, supp (i) C Liy [yilnp < l2illnp}-

Proof. 1t follows from standard arguments that the closed unit ball of Z, ,(H)
is the closed convex hull of those z € cyo(H) such that [z],, < 1. Since H
is bimonotone, we clearly have that for any interval I C N and 2z € Z,
[Iz]pp < [2]rp. Combining these two facts, we get that any z in the closed
linear span of {H;,j € I} is in the closed convex hull of those y’s in the
closed linear span of {Hj,j € I} satisfying [y]ap < ||2||a,p- This finishes the
proof. O

We now detail a simple but crucial effect of the press down procedure.

Proposition 3.3. Let Z be a Banach space with bimonotone FDD H. Fix
1 < p < oo. Then, the FDD H of the space Zx ,(H) satisfies upper p block
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estimates, with constant 1. More precisely, for all z,y € coo(H) so that
x <y, we have

|l + A
In particular Zx ,(H) has Tp.

e < NzlAp + lylln,.

Proof. Let z,y € coo(H) so that x < y and I < J intervals such that
supp () C I, supp(y) € J and I U J is an interval containing 1. By
Proposition 3.1, there exist m,n € Nand I; < ... < I,y such that U | I; =

I, U™t I; = J and

m n
Bo=> Lzl and R, = Y Lz}
i=1 i=m+1
We complete with (I;)j>m+n an arbitrary interval partition of N\ (I U J).
Then

)
lz +ylRp < [z +yR, <D iz +y)lIf —leffﬂllp + Z 17yl
=1

i=m-+1
= [x]’i,p + WA p

).

The conclusion now follows from Lemma 3.2.
These upper p block estimates, with constant 1 clearly imply that || ||A is
p-AUS and therefore that Zx ,(H) € T, O

We now need to recall some basics on dual FDD’s. If Z is a Banach space
with FDD H = (H,)2°,, we let H* denote the sequence (H})>° . Here, H}
is identified with the sequence ((PH)*(Z*))22,. This 1dent1ﬁcat10n need not
be isometric if H is not bimonotone in Z. We let Z*) = coo(H*) € Z*. The
FDD H is said to be shrinking if Z*) = Z*, which occurs if and only if any
bounded block sequence with respect to H is weakly null. The FDD H is
said to be boundedly complete if H* is a shrinking FDD of Z(*) (in that case
Z is canonically isomorphic to (Z(*))*).

The duality between press down and lift up norms is described by the
following proposition, which is a special case of Proposition 2.1 in [5].

Proposition 3.4. Let Z be a Banach space with bimonotone shrinking FDD
H. Let p € (1,00] and q be its conjugate exponent. Then Zx ,(H)* is canon-
ically isometric to Zy 4(H").

The following is an immediate corollary of Proposition 3.3.

Corollary 3.5. Let Z be a Banach space with bimonotone FDD H and
p € (1,00], then H is a shrinking FDD of Zx ,(H).

Remark 3.6. Note that for p = oo, it follows from Proposition 3.3 that if 7 is
a Banach space with bimonotone FDD H, then Z, ~(H) is simply isometric
to the (3°:;2, Hi)ey- In particular, for any e > 0, it is (1 + €)-isomorphic to
a subspace of c¢y.



4. A UNIVERSAL SPACE FOR SEPARABLE p-AUS-ABLE SPACES

4.1. The main result. The statements from this section can all be found
either explicitly or implicitly in [7]. We recall the main steps. The only
difference with [7] is the emphasis that we choose to put on press down
instead of lift up norms.

Theorem 4.1. Let p € (1,00] and X be a separable Banach space with Tp,.
Then

(i) There exists a Banach space Z with a bimonotone shrinking FDD H
such that X is isomorphic to a subspace of Z ,(H).

(ii) There exists a Banach space Y with a bimonotone shrinking FDD N
such that X is isomorphic to a quotient of Y ,(N).

Proof. Assume that X € T, N Sep. Then, by Theorem 2.3, X* is separable
and X satisfies £, upper tree estimates (condition (4¢) in Theorem 2.3). This
easily implies that X satisfies subsequential upper £, estimates in the sense
of [7], from which we just have to apply Theorem 1.1 in [7] to conclude.
To be more accurate, this information is in the proof of this Theorem 1.1,
where the authors actually show the existence of weak* isomorphisms from
X* onto a quotient of Zj ,(H*) by a weak™ closed subspace (resp. onto a
weak™ closed subspace of Y, ,(N*)), where ¢ is the conjugate exponent of p.
The conclusion then follows from Proposition 3.4. (]

The next idea from [7] is to use the complementably universal space for
Banach spaces with an FDD built by Schechtman in [17]. More precisely,
Schechtman proved the followiwng: there exists a Banach space W with
bimonotone FDD J (where J is a sequence of finite dimensional normed
spaces which is dense in the space of all finite dimensional normed spaces
for the Banach-Mazur distance) such that if Z is any Banach space with
bimonotone FDD H, then there exist integers m; < mo < ... and a bounded,
linear operator A : Z — W such that A(H,) = Jp,, for all n € N and

1
Vze Z, Sllzllz < llAzllw < 2lz]lz

and such that A(Z) = span{J,, : n € N} is 1-complemented in W via the

map P:ww— Y 7, P#%w. Then one can prove:

Proposition 4.2. Let p € (1, 00].

Keeping the above notation, we have that A : coo(H) — coo(J) extends to
an isomorphic embedding A : Z ,(H) — W ,(J), the range of which is still
1-complemented in W ,(J) by P.

Combining Theorem 4.1 and Proposition 4.2, we deduce the following
ultimate result. We insist on the fact that it can be extracted from [7],
although it is only stated there for embeddings (Corollary 3.3) and the
construction is made in terms of lift up norms in the dual FDD’s.
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Theorem 4.3. Let p € (1,00] and J be a Banach-Mazur dense sequence
of finite dimensional normed spaces. Then every space in T, N Sep is both
isomorphic to a subspace and to a quotient of Wh p,(J). In other words,
W p(J) is both universal and surjectively universal for T, N Sep.

Remark 4.4. We conclude this section with the following elementary and well
known remark: one cannot expect an analogous statement for p-uniformly
smoothable spaces. Indeed, for all ¢ € [2,00), the space ¢, is 2-uniformly
smooth. Now let X be a Banach space containing an isomorphic copy of
all 2-AUS separable Banach spaces. Then X isomorphically contains ¢, for
2 < g < o0. It follows from standard arguments that X has trivial cotype,
therefore is not super-reflexive and thus does admit any equivalent uniformly
smooth norm.

4.2. A few remarks on this universal space. .

For a Banach space X, we denote by S(X) the class of all Banach spaces
isomorphic to a subspace of X and by Q(X) the class of all Banach spaces
isomorphic to a quotient of X. In the following proposition, the case p = oo
is an old result by W. B. Johnson and M. Zippin [10].

Proposition 4.5. Let p € (1,00] and J be a Banach-Mazur dense sequence
of finite dimensional normed spaces. Then

Tp N Sep = S(Whp(J)) = Q(Wa,p(J))-

Proof. By Proposition 3.3, W, ,(J) has T,,. The property T,, passes clearly to
subspaces and also passes to quotients, by characterization (iv) of Theorem
2.3. The other inclusions are insured by Theorem 4.3.

Remark 4.6. Note that W o(J) is not isomorphic to c¢yp. For instance,
because W o0 (J)* uniformly contains the ¢Z’s while ¢; does not. We recall
in passing that T N Sep = S(cp) and also that Q(cy) € S(ep). See [10] for
the inclusion Q(cp) C S(cp) and note that the dual of a quotient of ¢y has
cotype 2 unlike the dual of Y = (>, _; #1)¢, and Y linearly embeds into co.

O

Proposition 4.7. Let p € (1,00] and J be a Banach-Mazur dense se-
quence of finite dimensional normed spaces. Then, the space £,(Wh ,(J))

(co(Wh,00(J)) if p=00) is isomorphic to W ,(J).

Proof. We treat the case p € (1,00) (the case p = oo is identical). Denote
X = Whp(J). We first show that Z = ¢,(X) is isomorphic to a comple-
mented subspace of X. Indeed, there exists a bijection ® : N — N x N
such that the space Z has an FDD K with the property that, K, = Ji if
®(n) = (i,k) and ||z + y|ly < |zl|% + |yl whenever 2,y € coo(K) with
x < y. Clearly, this upper ¢, block estimate implies that Z, ,(K) is isomor-
phic to Z. It then follows from Proposition 4.2 that Z is isomorphic to a
complemented subspace of X.
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We now conclude the proof with Pelczynski’s classical decomposition
method. Let E be a subspace of X such that X ~ ¢,(X) @& E. Then

Cp(X) = £y (0p(X) ©p B) = £p(6p(X)) ©p £p(E) = £p(€p(X)) ©p Lp(E) ©p E
~ 0, (X)@p E) ®p E ~ 1p(X) ®p B~ X.
|

We conclude this section by showing that W, ,(J) does not depend (up
to isomorphism) on the choice of the dense sequence J.

Proposition 4.8. Let p € (1,00] and J and K be two Banach-Mazur dense
sequences of finite dimensional normed spaces. Then W ,(J) is isomorphic
to W/\yp(K).

Proof. Denote X = W, ,(J) and Y = W), ,(K). As in the previous proof,
we deduce from Proposition 4.2 that Y is isomorphic to a complemented
subspace of X and X is isomorphic to a complemented subspace of Y. Let
FE be a subspace of X such that X ~ Y @ E. We can now apply Pelczynski’s
decomposition method together with the previous proposition to get:

X@pY = lp(Y@p E)®pY = 6p(Y) ©p Y @ bp(E) ~ £,(Y) ®p £p(E)
~0,(Y @p E) ~ (X)) ~ X.
For symmetric reasons, X @©, Y ~ Y. This finishes the proof. O

5. COMPLEXITY OF THE CLASS OF SEPARABLE p-AUS-ABLE SPACES

5.1. Preliminaries. We recall the setting introduced by B. Bossard in [3]
in order to apply the tools from descriptive set theory to the class Sep of
separable Banach spaces.

A Polish space (resp. topology) is a separable completely metrizable space
(resp. topology). A set X equipped with a o-algebra is called a standard
Borel space if the o-algebra is generated by a Polish topology on X. A
subset of such a standard Borel space X is called Borel if it is an element
of the corresponding o-algebra and it is called analytic (or a $i-set) if there
exists a standard Borel space Y and a Borel subset B of X x Y such that
A is the projection of B on the first coordinate. The complement of an
analytic set is called a coanalytic set (or a I} set). A subset A of a standard
Borel space X is called X1-hard if for every 2} subset B of a standard Borel
space Y, there exists a Borel map f:Y — X such that f~1(A) = B and it
is called X1-complete if it is both ¥1 and X}-hard. We refer the reader to
the textbook [12] for a thorough exposition of descriptive set theory.

Let X be a Polish space. Then, the set F(X) of all closed subsets of
X can be equipped with its Effros-Borel structure, defined as the o-algebra
generated by the sets {F € F(X), FNU # (0}, where U varies over the
open subsets of X. Equipped with this o-algebra, F(X) is a standard Borel
space.



10 R.M. CAUSEY AND G. LANCIEN

Following Bossard [3], we now introduce the fundamental coding of sepa-
rable Banach spaces. It is well known that C'(A), the space of scalar valued
continuous functions on the Cantor space A = {0,1}", equipped with the
sup-norm, contains an isometric linear copy of every separable Banach space.
We equip F(C(A)) with its corresponding Effros-Borel structure. Then, we
denote

SE ={F € F(C(A)), F is a linear subspace of C'(A)},

considered as a subspace of F(C(A)). Then S€ is a Borel subset of F(C(A))
([3], Proposition 2.2) and therefore a standard Borel space, that we call the
standard Borel space of separable Banach spaces.

Let us now denote ~ the isomorphism equivalence relation on S€. The
fundamental coding of separable Banach spaces is the quotient map ¢ : S& —
SE&/ ~. We can now give the following definition.

Definition 5.1. A family G C SE/ ~ is Borel (resp. analytic, coanalytic)
if c71(G) is Borel (resp. analytic, coanalytic) in SE.

It is worth noting that there are other natural codings of separable Banach
spaces, for instance as quotients of £1. They yield the same definition of Borel
or analytic classes of separable Banach spaces, as it is shown in [3].

5.2. The class SepN T, is analytic complete. It is easily seen that the
class of separable Banach spaces that linearly embed into a fixed separable
Banach space Z is X} (see Lemma 3.6. in [2] for instance). So, it follows
immediately from the existence of a universal space for the class Sep N T,
that SepN T, is ¥1. The main purpose of this section will be to show that
this is optimal.

Theorem 5.2. Let p € (1,00]. Then, the class Sep N T, is S1-complete.

The case p = oo was settled by O. Kurka in [14], where he showed that
the class of all Banach spaces that linearly embed into ¢y (which coincides
with SepN T) is ¥i-complete. Our result will follow from an adaptation of
Kurka’s argument, which relies in particular on the use of a Tsirelson-type
Banach space constructed by S. A. Argyros and I. Deliyanni in [1] that we
shall describe now. We denote K(2V), the set of compact subsets of 2V, the
power set of N. For M € IC(2Y), one can define a space, denoted 7T s* [./\/l%] in
[14], but that we will just denote Ta¢ here. Let us gather here the properties

of Ty that we shall need (see [14]).
Proposition 5.3. Let M € K(2Y). Then

(1) The canonical basis (un)o>y of Ta is normalized and 1-unconditional.

(2) If M contains all 3 elements sets, then (u,)52 is shrinking.

(3) If M consists only of finite sets, then (uy)o2, is boundedly complete.

(4) If M contains an infinite set, then Ty is isomorphic to a co-sum
of finite dimensional spaces. More precisely, there exists an infinite
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sequence 1 =mg < my < ...<my < ...such that for allx = (z,) €
€00

< 2sup H Ty Unp,

sup H Ty Unp
keN

keN Trm

oo
< H Z TnUn T
n=1
A key tool in Kurka’s argument is the following particular case of a the-
orem due to Hurewicz (see [14] and references therein).

Theorem 5.4 (Hurewicz). Let Z be the set of all infinite subsets of N. Then
{IM e K2N), MNT # 0} is Si-complete.

We also need to recall the construction of the g-convezification of a Banach
space X. So let ¢ € [1,00) and X be a Banach space with a normalized 1-
unconditional basis (e,)52 ;. Let

o
X9 = {x — ()2, €RY, 29 =3 g lte, € X}

n=1

and endow it with the norm ||z||xs = quHl/q We also denote (e,)5; the
sequence of coordinate vectors in X 9. It is clear that (e,) ; is a normalized
1-unconditional basis of X7 and that X! is isometric to X. Also, the triangle
inequality implies that X? is g-convex with constant 1, meaning that for any
xl, . 2" € X9

oo
|22 e o119 Vo< (ot i + -+ o) .
7=1

Note that it follows that if x!,...,2" € X7 have disjoint supports with

respect to (e)22;, then

lzy + -+ @allfs < et lla + -+ 2" l%a

In particular, the norm of X7 is clearly ¢-AUS and therefore X¢ € T,. Note
also that, if ¢ > 1, the above inequality implies that (e,) is a skrinking basis
of X4.

We shall need a few other properties of X? that we list in the next lemmas,
in which we will always assume that (e,); is a normalized 1-unconditional
basis of the Banach space X and ¢ € [1,00).

Lemma 5.5. Assume moreover that there exists a constant C > 1 and
an infinite sequence 1 = mo < m; < ... < mg < ... such that for all

x = (zp) € coo:

c Z H Tnen < H Zmnun < CZ H TpUnp, X

keN n=mg_1 eN n=mg_3

Then X9 is isomorphic to an £4-sum of finite dimensional spaces.
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Proof. Tt is clear that for all x = (z,,) € coo,

mp—1
1 k q >
|l X we|,, < || D@
keEN n=my_1 n=1

q

q
<C H TpU
Xa Z ] xa

keEN n=myp_1

O

Assume now that (e,)52; is a boundedly complete basis of X. It is
immediate to check that the coordinate vectors, still denoted (e;,)0 , form
a boundedly complete basis of X9. In this situation, we shall denote (X9),
the predual of X9 given by the closed linear span in (X?)* of the dual basis
of (e,)2% . Recall that, if ¢ > 1, (e,) is also a shrinking basis of X?, which
is therefore reflexive. We can now prove the following.

Lemma 5.6. Let g € (1,00) and p be its conjugate exponent. Assume that
X is reflexive. Then £y is not isomorphic to any subspace of X4. Moreover
(X7), does not belong to T,.

Proof. Assume that ¢, is isomorphic to a subspace of X?. Then we can
find a normalized sequence (z,,) is X9 which is equivalent to the canonical
basis of £,. Since this sequence is weakly null in X9, we can as well assume
that the x,’s have finite consecutive disjoint supports with respect to the
basis (ey). Denote now y, = 27, € X, which is normalized in X. Using the
1-unconditionality of (ey) in X, it follows from our assumptions that there
exists C' > 0 such that for any a1,...,a, € R:

[ el =[St = [ St 23l
=1

This implies that (yn) is equivalent, for the norm of X, to the canonical
basis of #1, which contradicts the fact that X is reflexive. We have proved
that ¢, is not isomorphic to any subspace of X1.

Assume now that (X?), € T,. We already explained that X? € T,.
Then we can inductively construct two normalized sequences (x,) in X1
and (z}) in (X9), with consecutive supports with respect to the respective
bases of X? and (X?),, that are biorthogonal to each other and such that
(2r) is dominated by the canonical basis of ¢, and (x},) is dominated by the
canonical basis of ¢, (also use the fact the bases are l-unconditional). It
then readily follows from Holder’s inequality that (z,,) is equivalent to the
canonical basis of ¢,, which is a contradiction. ([

We are now ready to prove our result.

Proof of Theorem 5.2. Fix p € (1,00) and denote ¢ its conjugate exponent.

Let us denote A3 the set of all subsets of N of cardinality at most 3. For
M € K(2V), we denote X g = Tmua,. For any M € K(2V), the basis (uy,)
of X a4 is 1-unconditional and shrinking. Note also that M U . A3 contains an
infinite element if and only if M does. So X, is reflexive if and only if M
contains no infinite element and otherwise X is isomorphic to a cy-sum
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of finite dimensional spaces. The space Yy := X}, has a l-unconditional
boundedly complete basis (e,) and so does Y}, (the g-convexification of
Y). We then set Zag = (Y})«. By abuse of notation, for any M € (2N,
we shall denote (e,,) the canonical basis of Y or Y}, and (u,) the canonical
basis of X g or Z .

If MNZ # (), then we apply property (4) of Proposition 5.3 and Lemma
5.5 to deduce that Y/(]A is isomorphic to an fz-sum of finite dimensional
spaces. Then Z, is isomorphic to an £,-sum of finite dimensional spaces
and therefore is in T,. On the other hand, if MNZ = (), then X 4 is reflexive
and, by Lemma 5.6, Zyq ¢ Tp. Our next goal is to show the existence of a
Borel map O : K(2Y) — S& such that for all M € K(2V), ©(M) is isometric
to Znq. For this, we only have to slightly modify Kurka’s argument. We
shall first use the following.

Lemma 5.7 (Fact 3.4 in [14]). Let My, My € K(2V) and | € N so that
{An{1,...,1}, Ae My} ={AN{L,...,1}, Ae My}
Then ||z||1y,, = [|2llTp, , for all x € spanfus, ... w}.

We claim that the spaces Z, satisfy the same property. Indeed, assume
as above that

{An{1,...,1}, Ae My} ={An{1,....l}, Ae My}
Then,
{AN{1,...,1}, Ae MU As} ={AN{1,...,1}, Ac MaUAs}.

So, [zl xpn, = [#llxp,, for all z € span{us,...,w}. Thus, for all y €
span{e1,...,er}, [[Yllva, = lyllyn,- Here we just use the definition of a
dual norm and the fact that the basis (u,) is monotone. Clearly we then
have that ||yHY;\1/11 = ||33HY;\1/12 for all y € span{ey,..., e}, and using Hahn-

Banach Theorem and the fact that the basis (e,) is also monotone we get
that ||lz[|zy, = 2|z, for all z € span{ui,...,u;}. Now we can deduce
from [14] (see argument in the proof of Lemma 3.8) that for every x € cqp, the
map M — || 3252, ziui|z,, is continuous from K(2N) to R. It finally follows
from Lemma 2.4 in [14] that there exists a Borel map © : K(2V) — S& such
that for all M € K(2V), ©(M) is isometric to Z .

By Hurewicz’s Theorem, C' = {M € K(2%), M N T # 0} is ©}-complete
in K(2Y) and we have that ©(M) € T,, if and onlt if M € C. This is known
to imply that T, is ¥1-complete (see Lemma 2.1 in [14]).

U
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