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ABSTRACT. We establish an algebraic rate of convergence in the large number of particles limit
of the value functions of N-particle stochastic control problems towards the value function of the
corresponding McKean-Vlasov problem, also known as mean field control. The rate is obtained in
the presence of both idiosyncratic and common noises and in a setting where the value function
for the McKean-Vlasov problem need not be smooth. Our approach relies crucially on uniform in
N Lipschitz and semi-concavity estimates for the N-particle value functions as well as a certain
concentration inequality.

1. INTRODUCTION

We consider an optimal control problem with a large number of particles. The value function for
this optimization problem reads

T N
. 1
VN (to, x0) == ale%v E[/t (% k§:1:L(Xf, of) + F(m¥,))dt + g(mﬁT)}, (1.1)
where T' > 0 is a finite horizon, to € [0, T] is the initial time, and xo = (2}, ..., z{) € (R)V is the

initial position of the N particles. The infimum is taken over the set AN of progressively measurable
(R4)N_valued processes a = (a*)N_, in L2([0,7] x Q; (RY)Y) and X = (X1,..., X" satisfies, for
each k € {1,...,N},

t
Xt —ab+ [ akds+ VE(BE - BY) 4 VEa(B) - B)  t€ 1) (12)
to

The (B*);>o are independent d-dimensional Brownian motions defined on the fixed filtered prob-
ability space (Q,F,F,P) satisfying the usual conditions, and L2([0,T] x ©; (R4)") denotes the set
of square-integrable and progressively measurable processes taking values in (R%)", and m%t is the
empirical measure of X;. The cost function L : R¢ x R? — R is supposed to be convex in the second
variable and smooth while the maps F,5 : P;(RY) — R are assumed to be smooth and bounded
over the space P;(R?) of Borel measures on R? with a finite first-moment (precise assumptions will
be given in section 2). The constant ag > 0 is the level of the common noise, and the (B¥);>1 are
viewed as independent or idiosyncratic noises.

1.1. Our results. To describe our result we need to introduce the map U : [0, 7] x Po(R?) — R,
where P5(IR?) is the space of Borel measures on R? with a finite second-moment, given, for (t9,mg) €
[0,7] x P2(R?), by

T
U(to,mo) := inf Ef / (L(X0, 0a(X0) + FL(XFP)) + GL(X|FE D], (13)

to
where the infimum is taken over an appropriate set A of admissible controls (this will be made

precise later), FB' = (S"tBo)ogtST denotes the filtration generated by B°, L(X;|FB") is the law of
1
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oy 0
X; conditioned upon FZ", and

t

X = X4, + / as(Xs)ds + V2(By — By,) + V2a0(B) — BY.), (1.4)
to

with B another Brownian motion, 7,50 a random initial condition with law mg and B°, B and 7,50

mutually independent.

Although it is known that, as N tends to infinity, VV converges to U, the existing convergence
results come without any rate

Our main result is the following algebraic convergence rate: there exists 8 € (0,1], depending
only on the dimension d, and C' > 0, depending on the data (F,3G, H), such that, for any (¢,x) €
[0, T] x (RT)™

|V (¢, x) — U(t,my )| < ON~F(1+ Ma(mY)), (1.5)
where Ma(ml) = N—1 Zﬁl |z¢|? is the second-order moment of the measure m2.
Although the exact value of 8 could be traced back through the computation, it is clearly not
optimal. In particular, it is very far from the one obtained for a standard particle system. Similarly,
even if some dependence with respect to a moment of the measure mY is expected, the dependence
given here is probably far from sharp.

1.2. Background and related literature. The convergence of V¥ to U was shown by Lacker [22]
in a general framework and for suitable initial data but without common noise, that is, with ag = 0
n (1.2). Recently, the results of [22] were extended in Djete, Possamal and Tan [14] to problems
with a common noise and interaction through the controls. Beside [14, 22] several other papers have
studied the question of the mean field limit of optimal control problems, for example, Cavagnari,
Lisini, Orrieri and Savaré [9] and Fornasier, Lisini, Orrieri and Savaré [15] investigate the problem
without noise using I'—convergence techniques. The recent contribution of Gangbo, Mayorga and
Swiech [17] studies the mean field limit without idiosyncratic but with common noise using partial
differential equations (PDE for short) techniques. This is possible thanks to the fact that V¥ solves
the Hamilton-Jacobi (HJ for short) equation

—0, VN (t,x) — ZAIJV (t,x) —QOZtr DQVNtx))
Jj=1 i,j=1
(1.6)
H(z', ND,; VN (t,x)) = F(m?%) in (0,T) x (RHN

X

|M2

YN (T, x);g(mN) in (RN

X

where H(x,p) = supgepe[—pP - @ — L(z, )], while U is expected to solve (in some sense) the infinite
dimensional HJ equation

—U(t,m) — (1 + ao) /Rd divy (D, U(t, m, y))m(dy)
—ao [ (Dl .l W
—i—/d H(y, Dy U(t,m,y))m(dy) = F(m) in (0,T) x Po(RY),

W(T,m) :Rg(m) in Py(R%).

For the definition of the derivatives D,, U and D2, U we refer to the books of Cardaliaguet, Delarue,
Lasry and Lions [5] and Carmona and Delarue [8].

One of the reasons for introducing the value functions is that they provide optimal feedbacks for
the optimization problems. For the particle system, this optimal feedback is given (rigorously) by
aif(t,x) = —DpH (z;, ND,, VN (t,x)), while for the limit system it takes the form (at least formally)
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aj(x,m) = —DpH(z, Dy, U(t, m, z)). The difficulty in the PDE analysis of [17] is that, in the absence
of the idiosyncratic noise, the value function V¥ is not smooth in general, and, thus, (1.6) has to be
interpreted in the viscosity sense. A suitable notion of viscosity solution for the infinite dimensional
HJ equation (1.7) without idiosyncratic noise is introduced in [17] , and then is proven that VV
converges to this viscosity solution. In the presence of idiosyncratic noise the notion of viscosity
solution to (1.7) is not understood yet and we will not try to use this approach.

This being said, we believe that our technique of proof applies when the idiosyncratic noise is
degenerate. Indeed, none of the estimate on VY that we need relies on its €2 regularity. Although
the non-degeneracy of the idiosyncratic noise is regularizing at the level of the N-particle system, it
does not facilitate the analysis of the limit problem for which the value function is not necessarily
smooth. We emphasise that the presence of the idiosyncratic noise is the main difficulty that we
want to address in this paper. In particular it prevents any use of viscosity solutions techniques in
Hilbert spaces as in [17].

1.3. More about our results. While the existing results mentioned above demonstrate the con-
vergence of VYV to U under many different technical hypotheses and using a variety of techniques,
none provides a rate of convergence. Our main result fills this gap in the literature, by providing a
rate of convergence of VY to U in the presence of both idiosyncratic and common noise.

We emphasise that quantitative information about the convergence toward the mean-field limit is
particularly important for numerical applications. Obtaining a convergence of the value functions
with a rate also happens to be a useful starting point in order to prove finer propagation of chaos
results, as illustrated in [7] which is based on the results of the present paper.

The primary challenge we face is related to the (lack of) regularity of U. Indeed, if U is a smooth
solution solution to (1.7), then the projections UV : [0, 7] x (R9)Y — R given by UV (t,x) = U(t, mY)
are smooth solutions of the HJ equation

N
-9, U (t,x) — ZA AUN (8, x) — ag Ztr DQVNtX))
j=1 ig=1
1,
+NZH($J7ND1juN(t,X)) =F(md)+ Enx(t,x) in (0,T) x (RHY
j=1

UN(T,x) = §(mY) in (RHN

X

with Ex(t,x) = —N~2 Ejvzl t1( Dy W(E, mE 2, 1)),

If Dy W is bounded, then it is immediate that |E,| = O(1/N). Thus, U" solves the same equation
as VN up to a term of order O(1/N). By a comparison argument, we conclude that |[U—V| = O(1/N),
that is, there exists a constant C such that, for all t € [0,7] and x € (RN [VN (¢, x) — U(t,mL)| <
C/N. See also [18] for more on what convergence results can be obtained once (1.7) has a sufficiently
smooth solution. This argument is similar to the approach taken in [5, 8] to study the convergence
problem in the context of mean field games (see Lasry and Lions [26]) in situations where a classical
solution to the so-called master equation is known to exist; also see Bayraktar and Cohen [1] and
Cecchin and Pelino [11] for related results. In this setting, convergence is related to the propagation
of chaos for the optimal trajectories of the game.

Of course, the simple argument outlined above works only when the value function U is smooth.
For instance, this would is the case if the maps F and § are convex and sufficiently smooth (see the
discussion in Chap. 3.7 of [5]). However, we do not assume such a convexity property and the map
U is expected to present discontinuities in its first-order derivative, as can be seen in, for instance,
Briani and Cardaliaguet [3]. Because of this, the techniques in [5, 8] break down.

When the value function is not smooth, the convergence rate has been studied primarily in the case
of finite state space; see Kolokoltsov [20] and Cecchin [10]. In this finite state space setting, the
convergence rate is of order 1/ V'N. Indeed, as explained in [10], the particle system is then a kind
of discretization of the continuous McKean-Vlasov equation.
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The situation is different and much more difficult in the continuous state space setting. This might
come as a surprise since the convergence rate for particle systems is very well understood; see, for
instance, Fournier and Guillin, [16]. The main difficulty, however, is that, even though the optimal
feedback in the particle system remains bounded independently of N (see Lemma 3.1), it cannot be
expected to be uniformly continuous as a function of the empirical measure. Indeed, this uniform
continuity would imply the C!—regularity of the limit U, which does not hold in general. So it is
necessary to find a way to show that, despite the fact that the controls played by each particle might
be very different, a kind of concentration of measure takes place.

Finally, we mention that a result similar to the one we prove here in the context of Mean-Field
Control, remains an open question in the context of Mean-Field Games. The difficulty is that the
N-player game is described this time by a system of N coupled HJB equations, instead of just one
HJB equation in the present case. And it proves difficult to obtain estimates on the PDE system
which are uniform in the number of players.

1.4. Strategy of the proof. We discuss briefly the strategy of the proof. We first point out that
we do not rely on a propagation of chaos, which we cannot prove at this stage. Indeed, as for a given
initial condition there might be several optimal trajectories for the limit problem, a propagation
of chaos is not expected to hold without additional assumptions on the initial data. The main
ingredients for the proof are, uniform in N, Lipschitz and semiconcavity estimates for VY, and a
concentration inequality. To bound from above VY by U is relatively easy, because VV can be
transformed into an approximate subsolution for the Hamilton-Jacobi equation (1.7). The opposite
inequality is much trickier, because it seems impossible to transform an optimal control for the VVV,
in which the control depends on each particle, into a feedback for U. We overcome this difficulty
by dividing the particles into subgroups in such a way that the optimal controls for the particles in
each subgroup are close and show a propagation of chaos, based on a concentration inequality, for
each subgroup. The proof being technical, we first show the result when there is no common noise,
and, in a second step, extend the result to problems with common noise.

1.5. Organization of the paper. In the rest of the introduction we fix notation. We state the
assumptions and the main result in section 2. As the proof of the convergence rate is technical, we
start in section 3 with the problem without common noise. Indeed this case contains the main ideas
without the extra technicalities due to the common noise. We first give some estimates on Vv and
U (subsection 3.1), then show the relatively easy bound from above for VYV in subsection 3.2. The
main part of the proof, that is, the bound from below, which is the aim of subsection 3.3 requires
a concentration inequality proved in subsection 3.4. We explain the adaptation of the proof to the
case with common noise in section 4.

1.6. Notation. We work on R¢, write I for the identity matrix in R?, and Bpg for the ball in R¢
centered at the origin with radius R. For x = (z1,...,2") € (RHN, mY € P(R?) stands for the
empirical measure of x, that is, m& = % Ef;l 8gi. If o : [0, T] xR — R% is smooth enough, we write
Dy, Ap and D% for the derivatives with respect to space and 0y and Oy¢ the derivatives with
respect to time. Similarly, for V = V(¢, 2!, ...,2) : [0,7] x (R})Y — R, we define the derivatives
DV, AV, 0;V. We denote by P(R?) the set of Borel probability measures on R? and note
that, if m € P(R?) has a density, for simplicity of notation, m is also used to denote the density.
Given m € P(RY) and p > 1, M,(m) is the p"—moment of m, that is, M,(m) = [;. |z[Pdm, and
Pp(R?) the set of m € P(R?) such that M,(R?) < co. We endow P,(R?) with the Wasserstein
metric d, defined by db(m,m’) := infcrim,m) Jga |z = y|Pdn(z,y), where II(m,m’) is the set of
all 7 € P(RY x RY) with marginals m and m’. Let L be the set of all 1-Lipschitz functions from
R? to R. We recall the duality formula di(m,m’) = supgey, [pa ¢d(m —m’). For U : P1(R?) — R

oU
smooth enough, S : P1(R%) x R — R denotes the linear functional derivative, which satisfies, for
m

all m,m’ € P;(R?) and all h € (0, 1),
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U(m') — U(m) = fol 2a 22((1 = h)m + hm',z)(m/ — m)(dz)dh. We use the standard convention

oU ou
Jza 5—(m,x)m(d:v) = 0 for all m € P1(R%). If S is differentiable with respect to the space
m m

variable, we define the L-derivative of U by D, U(m,z) = ng—U(m,x). Higher order derivatives
m

are defined similarly.

We refer to [5] Chapter 2 and [8] Book 1, Chapter 5 for the properties of the L-derivatives.
Finally, throughout the paper we use C' for positive constants that depend, unless otherwise noted,
on the data and may change from line to line with this being made explicit.

2. ASSUMPTIONS AND MAIN RESULT

2.1. Assumptions. We now state our standing assumptions on the maps H, F' and G, which con-
stitute the data of our problem. We keep in mind that L : R x R? — R is a Legendre transform of
H with respect to the last variable, that is, L(x,a) = sup,cga[—a-p — H(z,p)]. We assume that

{H € C%(RY x R%: R) and for some ¢, C > 0 and all (z,p) € R? x R?, (2.1)

—C +clp|> < H(z,p) < C+Llp|* and |D.H(z,p)| < C(lp| +1).

H is locally strictly convex with respect to the last variable,
that is, for any R > 0, there exists cg > 0 such that (2.2)
D2 H(z,p) > cglq for all (x,p) € R x Bp,

{for any R > 0, there exists Cr > 0 such that o (2.3)
|D2,H (z,p)| + |D2,H(z,p)| < Cr forall (z,p) € R?x Bp,
F € C*(P1(R?);R) with F, Dy, F, D2, F and D7, F uniformly bounded, (2.4)
and, finally,
G € C*(P1(R%); R) with all derivatives up to order 4 uniformly bounded. (2.5)
For simplicity, in what follows we put together all the assumptions above in
assume that (2.1), (2.2), (2.3), (2.4) and (2.5) hold, (2.6)

Remark 2.1. We make the following comments regarding (2.6).

(i) The strict convexity of H with respect to the gradient variable is standard in optimal control. In
particular, it implies that L has the same regularity as H.

(ii) Although the at most linear growth in p of D, H, which is used to obtain, independent of N,
Lipschitz estimates on the value function V¥ (see Lemma 3.1), is somehow restrictive, we do not
know if it is possible to avoid it. It is, however, satisfied by, for instance, a Hamiltonian of the form
H(z,p) = |p|>+V(x)-p for some smooth and globally Lipschitz continuous vector field V : RY — R
(iii) The fact that the “full” Hamiltonian (z,p,m) — H(z,p) — F(m) has a separate form is not
completely necessary. In particular, our method allows to handle dynamics of the form

dX; = b(Xy, L(X,|FB))dt + audt + V2dB, + v/2agd B

for some bounded nonlinear drift b : R? x P(R?) — R? with bounded derivatives. However this
leads to much heavier computations that we decided to avoid to keep the paper as clear as possible.
(iv) The uniform bounds on D,,F and D,,§ imply that both maps are Lipschitz continuous in
P1(R%). The additional smoothness is used to obtain, independent of N, semiconcavity estimates
on the value function V¥ (see Lemma 3.4).

(v) As L is the Legendre transform of H, (2.2) implies, after a simple calculation, that, for any
R > 0, there exists Cr > 0 such that

|DoL(z,a)| < Cgr for all (z,a) € R? x Bg. (2.7)
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2.2. The formulation of the problem. For concreteness, we fix throughout the paper a filtered

probability space (2, F,F = (F)>0,P) satisfying the usual conditions and hosting independent d-
dimensional Brownian motions B® and (B*)xen.

2.2.1. The definition of VN. The definition of V¥ and the relevant quantities/functions were given
and discussed in the introduction—see (1.1) and (1.2),where it was also explained that, assuming (2.6),
V¥ is the unique classical solution to the Hamilton-Jacobi equation (1.6) and that the infimum in
(1.1) is achieved (in feedback form) by the function a = (a®)_, : [0,7] x (R)N — RY given by

ar(t,x) = —DyH(z* ND_« VN (t,x)). (2.8)

2.2.2. The definition of W without common noise. Suppose now that ag = 0. To define U, it is more
intuitive to work with closed-loop controls, and to view the problem in terms of deterministic control
of the associated Fokker-Planck equation.

For fixed (to,mo) € [to, T] x P2(R?), let A(to, mo) be the set of pairs (m, o) with m = (mq)eft,, 1) =

(m(t,))iefto,r) € CO([to, T]; P2(R?)), a : [to, T]xR? — R¥ measurable such that ftf Jga la(t, ) Pm(t, dz)dt <
oo and m solves (in the sense of distributions) the Fokker-Planck equation

oym = Am — div(ma) in (to,T] x R? and mito,-) = my.

Then we define U : [0, T] x Po(RY) — R by

u(t07 mo) =
i ‘ (2.9)
et L L ot 2, ) 5 5m)i + 5(ma)

Notice that it is not restrictive to consider feedback controls which are only function of the time and
space variables instead of controls which depend as well on the probability measure m(t). Indeed, if
a:[0,T] x RY x Py(R?) is such control with corresponding trajectory m € €([0, T], P2(R%)), we can
obtain the curve ¢t — m(t) with the same cost by considering the control «a(t, z) = a(t, z, m(t)).
One advantage to using this deterministic formulation of the McKean-Vlasov control problem is that,
at least in the absence of common noise, the dynamic programming principle is straightforward. In
particular, we can assert the following, which will be useful in what follows.

Proposition 2.2. Assume (2.6). Then, for any 0 <to <t <T,

t1

Uty me) = inf {/ (/ Lz, at,))me(da) + Fm))dt + Wty mi,) }.
(m,oz)GA(to,mo) to Rd

2.2.3. The definition of U with common noise. To define U when ag > 0, we use again a form of

closed-loop formulation, but this time the relevant Fokker-Planck equation becomes stochastic and

we work with a notion of weak solution.

For fixed (to,mg) € [0,T] x P2(R%), we define a control rule R € A(tg,mg) to be a tuple R =
(Q,F,F,P,W,m,a), where (Q,F,F) = (F1)o<i<r,P) is a filtered probability space supporting the
d-dimensional Brownian motion W, a = (ay)t,<t<7 is a F-progressively measurable process taking
values in L°°(R?; R?%) and such that « is uniformly bounded, in the sense that

| sup el Lo (mamayll Lo (@) < 00 (2.10)
tE[to,T]

and m satisfies the stochastic partial differential equation
dmi(z) = [(1 4 ao)Amy(x) — div(meay(z))] dt

2.11
+v2agDmy(x) - dW; in (to,T] x R with my, =mg in R (2:11)
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The last condition means that, P—a.s., for any smooth test function ¢ € C°°([0,T] x R%) with a
compact support and for any ¢ € [to, T,

[ or@mtdn) = [ owmin) + [ [ @0n@) +0u(@) - Doste)

+ (14 ao)A¢y(z))m(dz)ds + /t V2a0 g Déy(z)ms(dz) - AW,

Now we define

U(to,mo) =
, o [T (2.12)
et E [ /t ( /R Lw, ar(a))my(da) + F(my))dt + S(mr))|.

The connection to the informal description (1.3) of U is that, if a is a bounded L>(R?; R?)-valued
process defined on some filtered probability space probability space (2, F,F = (F;)o<i<r, P) sup-
porting independent Brownian motions B and W, « is a adapted to the filtration of W and X is a
strong solution to the McKean-Vlasov equation

t

X, =X, + / os(Xs)ds + V2(B, — Byy) + v 2a0(W, — Wy,), (2.13)
to

then (Q,F,FW W, m,a) € A(tg, mo), where m; = L£(X;|W), that is, m is the conditional law of X

given the filtration of the Brownian motion W.

As in the case ap = 0, we have the following dynamic programming principle.

Proposition 2.3. Assume (2.6). Then, for any 0 <tg <t; < T, for U defined by (2.12), we have

ty
Uto,mo) = inf  E U (/ L(@, on(@))me(de) + F(me))dt + Uty my,)
(m,a)EA(to,mo) to R4

Unlike in the case without common noise, where the control problem is deterministic and thus the
dynamic programming principle is straightforward, in the common noise case we will need to use
some machinery from Djete, Possamai and Tan [13] and Lacker, Sholnikov and Zhang [23] to verify
that the dynamic programming principle holds. To streamline the presentation, we present the proof
of Proposition 2.3 as well as of some other technical results from [13, 14, 23] in the Appendix.

Remark 2.4. We could have defined U using (2.12) when ag = 0 as well, and, in the end, it
would be possible, thanks in part to Lemma 3.3 below, to prove that this is equivalent to (2.9). We
chose to define things separately with and without common noise mostly to avoid some unnecessary
technicalities and to simplify the presentation for the reader interested in the case without common
noise. The only mathematical reason for splitting up the definitions is that, for technical reasons,
it is convenient to work with L —feedback controls in the case of common noise, whereas without
common noise we have no difficulty working with square-integrable controls.

2.3. The main result. With V¥ defined by (1.1), U defined by (2.9), if ag = 0, or (2.12), if ag > 0,
we have the following result.

Theorem 2.5. Assume (2.6). Then there exists 8 € (0, 1] depending only on d and C > 0 depending
on the data (F,G, H) such that, for any (t,x) € [0,T] x (RN,
VN (t,x) — U(t,mY )| < CN=F(1 + My(my)).

For the convenience of the reader we repeat here the strategy of the proof. We detail in section 3
the proof of Theorem 2.5 when ay = 0, the adaptation to the case ag > 0 being the aim of section 4.
The proof of Theorem 2.5 requires several steps: We first obtain uniform in N regularity (Lipschitz
and semiconcavity) estimates on VY in Lemma 3.1 and Lemma 3.4 respectively. Then we show
how to bound from above V¥ by U plus an error term (Proposition 3.7). This estimate is relatively
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easy and boils down to transforming the map VV into a subsolution of the HJ equation (1.7). The
converse estimate, which is more involved, is the aim of Proposition 3.8. The technical reason is
that we found no way to embed U into the equation for VN as a subsolution. Actually, since U is
semiconcave, it is naturally a supersolution of that equation and the remaining term is a priori large.
We overcome this issue by using locally optimal feedback of the N —problem for the continuous one,
the main difficulty being to compare the empirical measure in the N—problem to the solution of the
Fokker-Planck equation. This step, which is difficult, relies on a key concentration inequality, which
we prove in section 3.4.

3. THE PROOF OF THEOREM 2.5 WITHOUT COMMON NOISE

We assume that ag = 0 and, throughout the proof, we use the fact that V¥ is the unique solution
of the uniformly parabolic backward PDE (1.6) and, therefore, is smooth.

3.1. Some regularity estimates. We first establish the, uniform in N, regularity estimates for
VN,

Lemma 3.1. Assume (2.6). There exists a constant C > 0 such that, for any N > 1, |VV]| +
N sup; [ Dys VV [loo + [0V [loe < C.

Remark 3.2. The estimate on D,; VY implies that the optimal feedback of the problem, given by
o (t,z) = =D, H(x', ND,; VN (t,x)) remains uniformly bounded.

Proof. The bound on V¥ is obvious.
We note that w® = D,: VY satisfies

N
) ) 1 )
—yw' (t,x) — I; Agiw'(t,%) + 5 Do H (2", ND,VN(t,x))
. —
+> " DpH (2" ND VN (£,x)) - Dy (£, %) (3.1)

k=1

:%Dm?(mf,xi) in (0,7) x (RHN,

. 1 _
w'(T,x) = NDmg(mfy,xz) in (Rd)N,

and observe that the maximum principle for linear parabolic equations (see e.g. Theorem 8.1.4 of
[21]) together with the condition | D, H (z,p)| < C(1 + |p|) from (2.1) gives

1 1Dl
N N

[Dm Gl oo

)ds + N

c ;
< N+O/t ||w (s,-)HLm ds

Taking a supremum in x and then applying Gronwall’s inequality gives

C

D,:VN (¢ < —
DV (L) < <

as required.
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Similarly w* = 9, VY satisfies

—Btw ZA pw’ (t,x)+
N
+3 " DpH(2* ND VN (t,%x)) - Dyprw' (t,x) = 0 in (0,T) x (RN
k=1 (3.2)

N
1 1
w'(T,x) = -~ Ztr {D;mg(mf,xk) + N[Dfmmg(mf,xk,xk)
k=1

1 k N _k Ny d\N
+N¥H(x ,DimG(my,2%) — F(my' ) in (RY)
and the uniform bound on ||3; V|| this time follows directly from the maximum principle. O

Lemma 3.3. Assume (2.6). There is C > 0 such that, for all to,so € [0,T] and mo, Ty € Po(R?),
|U(tg, mo) — U(so,Mp)| < C(|t0 — 50|12 + dl(m,m)>. Moreover, if (to,mo) € [0,T] x P1(RY) and
(m, a) is optimal in the definition of U(to, mo) in (1.3), then ||allw < C.

Proof. The result is standard so we only sketch the argument and refer to [3] and [12] for more
details. Fix (to,mo) € [0,T] x P1(RY). Tt follows from (2.6) that there exists at least a pair (m, a)
optimal in the definition of U(tg,Mg). Moreover, for such optimal pair (m, «), there exists a map
u € €% ((to, T) x R?) with ay(x) = —D,H (x, Du(t,z)) and such that (u,m) solves the system

—owu(t,x) — Au(t,z) + H(x, Du(t,z)) = g—i(mt,x) in (to,T) x R?
dimy () — Amy(x) — div(DpH (x, Du(t,z))ms(s)) = 0 in (to,T) x R,

my, = o, u(T,x) = g—i(mT,x) in R%.

Arguing as for the Lipschitz estimate in Lemma 3.1, one can check that ||Dullcc < C for some
constant C' > 0 and, since o« = —DpH (z, Du), ||a|lcc < C. The standard parabolic regularity theory
then implies that || Dallec = | D[DpH (-, Du(,-))]llee < C.

Fix 77, € P1(R?) and let u be the solution to 9y — Ap+div(pua) =0 in (to, T) x R? with wu(to)
m1. It is easy to check that there exists C' = C(||[Dal|oo,T') such that sup,ep, 71 di(u(t), m(t))
Cdy(m1,mo). Thus, for some C depending on 7', on the regularity of L, F and § and ||Dal| o,

<

T
1me>s/p/L@m@MMA@+ﬂmmw+ﬂmn>

to R4

T

s/ V’L@%@WMmm+9MWMﬁ+am@»+c sup dy (u(t), m())
to JRd tefto,T]

< U(to,mo) +Cd, (ml,mo).

This establishes the estimate
|u<t0, mo) - U(to,moﬂ < Cdl(mo,mo). (33)

Finally, we fix sg < to, and we choose (m, @) optimal in the definition of U(sg,mg). By the dynamic
programming (Proposition 2.2), we have

U(so,mo) f (f]Rd x, at, x))my(dx) + Sr(mt))dt—k U(tg, my, ), and, thus,
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to

W50, m0) — Ulto, mo)| < | (/R Lz, a(t,2))mi(dz) + Fm,) )t

S0

+ |U(t0,mt0) — u(to,mo)l < C(to — SQ) + Cdl(mto,mo)
< C(to — s0) + C(to — s0)"/?,

where we have used (3.3) and the boundedness of «, together with the fact that (2.2) implies a
similar inequality for L. This completes the proof. O

The key estimate on VYV is discussed next.

Lemma 3.4. Assume (2.6). There exists an independent of N constant C, such that, for any
N>1,8=(¢) € RN and & €R,

N
Z D2, VN (tx)E - €423 D2,V (tx) - €0 + DEVN (1, %) (£0)?

7,j=1 =1
C N
szucso

Remark 3.5. Inequality (3.4) plays a crucial role in the proof of Lemma 3.12 below. Since
VN converges to U, it follows that (3.4) implies the semi-concavity of the extension u: [0,T] x
L2((Q,F,P);RY) — R defined, for X € L2(Q,R%), by U(t, X) := U(t, £(X)), where (Q,F,P) is a
fixed atomless probability space and £(X) is the law of the random variable X.

Proof. For 1 <14,j,k < N, let
W=D VN . € whi = Di IJVNgz §J WO =9, Vg, w0 =9, VN (£9)2

Wi =0 =9, D, VN . £0¢ & = ZMZO W and o = Zij\io D rw.

A straightforward computation gives

N N
— 0@ =Y Ap@+ Y Dyl DypH (¥, NDw VN (¢, x))
k=1 k=1
N N
=N Y D2 H(z* NDVN(t,x))ox - op —2 Y D2 H(a" ND VN (t,x))E" 0%
k=1

N
- % Z ngH(xzuanlvN(tux))glgl

N2 Z D} F(mY 2t al)¢! §J+—ZDD F(my,a")E €'

i,j=1 =1

Denote by ~ the right-hand-side of the equality above. Recalling that H is strictly convex in
the p variable and that N0,»VY is bounded, we have, for all 1 < k < N, —NDngak - O —

2DZ HE .oy < £|¢%2. We can use again the Lipschitz bounds on V¥ and (2.3) to deduce that
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v(t,x) < % Zszl |€12. Next, fix (to,%o) and consider the weak solution m® to
N
orm™ (t,x) — Z Aem™ (t, x)
N
=Y div(DH(z*, ND VN (8, %x))m™) =0 in (to, T) x (RN
k=1

N(to,) = 0x, in (RY)Y
Integrating the @—equation against m®¥, we find that, for all (tg,xo) € [0,T] x (RH)N, G(to,x0) <
supy [|W(T, x)|o0 + % Zszl |€¥|2. In order to bound the right-hand side of the inequality above, we
first note that, by the equation satisfied by VV, we have
OVN(T, x) = — Z]kvzl A SN (x) + % E]kvzl H(z*, ND_« GV (x)) — FN(x), where
FN(x) := F(m) and GV (x) := G(mL'), and, similarly,
ZVN(T,x) = — SN A& VN (T, x) + Yooy DpH (%, NDx GV (x)) - Dyr 8, VN (T, x). Recalling
the expressions of the derivatives of IV and GV in function of the derivatives of F and G in Propo-
sition 5.35 of [8], we find, after a tedious but straightforward computation that, under our standing
assumptions on F and G, for some C, supy [|&(T,%)[|loc < < SN €72 + C(€9)2. O

3.2. The easy estimate. The second step in the proof of Theorem 2.5 is an upper bound of V¥
in terms of U. Our strategy will be to first compare U to VYV, where

DN — N N J
VN (t,m) /(Rd)Nv (t,x) [ m(da?). (3.5)
j=1

We start with a Lemma, whose proof is a straightforward computation which is essentially the same
as the one carried out in the proof of Proposition 3.1 in Cardaliaguet and Masoero [6]. Hence, we
omit the details.

Lemma 3.6. Let VN be given by (3.5). Then VN is smooth and satisfies the inequality
—9,VN(t,m) — /Rd div(D,, VN (t, m, y))m(dy)
/ H{(y, Dy VN (¢, m, y))m(dy) < FN¥(m) in (0,T) x P1(R?),
VN(T m) §V(m) in Py(RY),
where FN (m = Jgay~ H;V L m(da?) and G (m = Jgayn S(m )vazl m(da?).
Next we prove the easier inequality in Theorem (2.5).

Proposition 3.7. There exist constants C' depending on the data and 8 depending only on d such
that, for all (t,xo) € [0,T] x (RH)N

YN (t,m ) < U(t,md) + %(1 + My (md)). (3.6)
Proof. Theorem 1 in [16] gives constants C' and 3 depending only on d such that, for any m € Py (R?)
and for all N € N, [(ga)~ di (mdY,m) [T, m(da?) < %MQ/Q(m).

Fix (tg,mo) € [0,T) x P2(R%) and let a* be optimal in the definition of U(ty,mg). Using Lemma
(3.6) together with a standard verification argument, for example, using It6’s formula in Theorem
5.99 of [8], we see that

~

W (to.me) < inf {/tT(/RdL(x,a(t,x))mt(dx)+§"N(mt))dt+§N(mT)}

a€A(to,mo)
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and, hence,

T
T?N(to,mo)g/t (/Rd/:(x,a*(t,x))+§N(mt))dt+§N(mT). (3.7)

0

Since, in view of Lemma 3.3, o™ is uniformly bounded by a constant independent of N, an easy
computation shows that the corresponding state process satisfies
SUDet0,7) Jra [21*m(t, dx) < (14 CT) [pa [2[*mo(dz) + CT. Tt then follows from the Lipschitz con-

tinuity of F with respect to d; that

AN’ITL — m mNm m J,'j
[ (1)) - 5( <t>>}sc/(Rd)Ndl< N, m() [] (e, da?)

and, similarly ‘gN(m(T)) — 9(m(T))‘ < %(1 + M21/2(m0)).
Using the optimality of a*, (3.7) and the estimates above
T
- C
VN (to, mo) < E[ / (L(Xesa7) + F(L(X)) ) dt + S(L(X0))] + 175 (1 + 23" (m))
to

C
< U(to, mo) + W(l + My (mo)).

Fix now xo € (R?)". Then the Lipschitz estimate on V¥ and the same argument as above yield
5 C

VN (to,x0) — VN (to,m¥)| < W(l + Mé/z(m%)). Putting together the last two estimates gives

(3.6). O

3.3. The main estimate. The aim of this section is to prove the opposite inequality.

Proposition 3.8. Assume (2.6). There exists 8 € (0,1] depending only on the dimension and
C > 0 depending on the data, such that, for any N > 1 and any (t,x) € [0,T] x (RH)V,

N
C 1 -

Ny _ yWN < - 12' )

Ut ) =V (63) € 50+ 5 3 1) (33)

As pointed out in the introduction, the main difficulty is that it does not seem possible, at least to
us, how to transform an optimal control for the VY which depends on each particle into a feedback
for U. We overcome this difficulty by dividing the players into subgroups in such a way that the
optimal controls for the agents in each subgroup are close and showing a propagation of chaos-type
result for each subgroup using a concentration inequality.

We begin explaining how to create the subgroups based on an appropriate partition of {1,..., N}.

Lemma 3.9. For each § > 0 there exist a constant C' depending only on the data (?,S,H)), a
partition (Cj)je{l ,,,,, 5y of {1,...,N} such that J < Co~% and, for j = 1,...,J, controls @ € R?
such that, for all k € C7,

|H (2§, NDx VN (to,%0)) + @ - (NDe VN (to, x0)) + L(zf, @)| < C6. (3.9)

Proof. Let a*(t,x) = —D,H(a*, ND,»VN(t,x)) be the optimal feedback for particle k, and recall
(see Remark 3.2), that there exists R depending only on the data such that |a*(¢,x)| < R.

Given § > 0, we can find a d-covering of Br C R consisting of J < C§~¢ balls of radius & centered
at (@;)jeq1,....5y C Br.
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s so that, for each k € C7, |ak(¢,x) —a?| < 6. It follows

.....

Then, we choose the partition (C7);e1
using (2.7) that, for each k € C7,

|H (zk, ND« VN (t9,%0)) + @ - (ND VN (to,%0)) + L(zh,a@)|
= |(aj - ak(t07x0)) : (NDszN(tme)) + L(l’g,a]) - L(x07 (t07X0))|
< (ND VN (t0,%0)) + [ DaLll oo i gy ) [@" (to, X0) — | < C6.

0

For 6 > 0 we consider such a partition (Cj)je{l ,,,,, gy of {1,..., N} with associated controls at,...a’

satisfying the conditions of Lemma 3.9 and we define nd = |CJ] for all j € {1,...,J}. Fix j €
{1,...,J},set o =@ if k € O, let, for tg,s0 € [0,7] and Xg,yo € (RN

Xt]f)_,_T :170—|—7'a —I—\/_Bk and YSU_‘_T*y’g—I—Tozk—F\/ﬁBf,

1
my = 5 Oxr and m%( = g Sy (3.10)
to+T n] to+T 0+T n] so+T
keCiy keCJi

consider the solution mJ to

om?! —Am? +@ -Dm? =0 in (so,T) x R? and m?(s,-) = mg,o in R%, (3.11)

1 o
and, finally, set m(s) = N > jeg nIml(s).

We state next the concentration inequality we need for the proof of Proposition 3.8.

Lemma 3.10. There exist a positive constant 5 € (0,1/2), depending on d and a positive constant
C, which depends only on sup, [@’|, d and T, such that, for all h >0,

E[di(m? (so + 1), mdy, )] < €O+ My (mI (50)) (/) (3.12)

E [di(m(so + Bk, )] < 09) D Jab =l + €0+ M3 2 (s0)) (/)P (3.13)

keCJ
and, as a consequence,
E [du(m(so + B, m¥), )] < €O+ Malm(s0))E)(/N)° (3.14)
N
E [d(m(so + 1) mi, )] < 5 Do lab — bl + CoP (4 Malm(so) ) (W/N). (315)
k=1

Proof. Inequality (3.12) is precisely the concentration inequality (3.24) that we treat separately in
Proposition 3.13 of Section 3.4 because it is interesting in its own. Being YS’ZM — thmLh =yb — xf
for all h > 0 and all k € {1,... N}, inequality (3.13) follows in a straightforward way from (3.12).
Similarly (3.15) follows from (3.14). It remains to prove estimate (3.14).

Using (3.12) as well as the Cauchy-Schwarz inequality, the concavity of the maps n — n'=# and

n — n'=28 the fact that >, = N, and the assumption that 3 € (0,1/2), we obtain the following
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string of inequalities

ni | |
E[di(m(so +h),m¥, )] <D NIE [dum? (so+h) ik, )]

jeJ
< CZ (14 My"?(m? (s0))) i
JjEJ (nJ)B

nd)1—8 n’ i n?

< Chﬁ[z % + (Z NMz(mJ(SO)))l/Q(Z W)W]
= e jeJ
. 1-8

< Chﬁ[% Z% —|—M21/2(m(so)) %(Z%(nj)l—w)l/z}

JET jed

< O (14 M3 (m(s0)))-

Recalling that J < C6~¢ is enough to conclude.

We are now ready, using the above construction, to prove Proposition 3.8.

Proof of Proposition 3.8. Following a viscosity solutions-type argument, we double the variables
and, for 6, A € (0, 1), we set
M = *(U(s,m)) — VN (¢,
(t.), (s, yfg%xﬂx(wwe (tismy ) )
1 N (3.16)

z i A A
MD ~oP gyl =t = 55 WP

We denote by ((tg, X0), (S0,y0)) @ maximum point in the expression above. Using the uniform bound
on U and VY and the Lipschitz estimate for V¥ we can estimate the error related to the penalization.
We find that there exists C' > 0 such that,
1 1 C
5 I~ whl? + lso —tof? < €6 amd >yl < S (317)
i=1 1=1
Now we fix § > 0 and we define (X;)i>t,, (Ys)s>s0, m? and m according to (3.10) and (3.11)
for some partition (Cj)je{l ,,,,, gy of {1,...,N} with associated controls @', ...a’ satisfying the
conditions of Lemma 3.9. By estimate (3.17) it holds, in particular, + 377 | |af — yi| < C and
Mg(m(SQ)) < CA~ L.
The Lipschitz regularity of U in Lemma 3.3 and the definition of X; and Y, give, by definition of
M

3

M 2 B[ Ulso + homd, ) = VY (to + b Xrn)
11 & A Sy
3 (N DYoo = X nl + (o - )> = o3 2 Wil
—1 i=1

.\ hP
> E[e ™ (U(so + hym(so + ) = VN (to + by Xay )| = C6~ % (1 +A7H)

NB

N

A .
2, 2 i 1/2\2
( E b — =6|? + 50_750))__2N§ (lyb| + CRrM/2)2.

=1
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To continue, we need a dynamic programming-type argument, which is stated next. Its proof is
postponed for later in the paper.

Lemma 3.11. With the notation above, we have

U(sg + h, m(sp + h)) > U(so, my[z)v)

so+h J 1 . ) )
_/ O g —nI L(x, o )m? (s, z)dz + F(m(s)))ds.

Using Ité’s formula for VN we find

Yo

so+h J
M 2 e Usn,m) = e [ ST ol L 5, a)do + () ds
S0 j:l

J.
S
k=1

to+h
_eso—i-hE VN(tQ,XO)“F/ (at+ Awk +Oék Dmk])VN(t7Xt)dt _
to
_ap _1 hﬁ 1.1 & k12 al 1/2

Since the @ are uniformly bounded, the map L(-,@’) is uniformly Lipschitz independently of j.
Hence, using Lemma 3.10 and Lemma 3.17, we find

so+h J
/ / Z n? L(z, @ )m? (s, z)dxds
RY 5

so+h J
1 . 1 . ) )
<E / S LX) + iy (5) k)i
50 j=1 keCi

B to+h N 1
<E / ; NL(X’“ oF)ds

to+h N
<E / Xk o*)ds
to

J
1 . .
j=1
hB

—dp _%
+ OO+ CO (L4 A7%) 5

Note that in the last inequality we used exactly the same argument as for the proof given above for
the third inequality of Lemma 3.10.

Hence, recalling the optimality of (xg,¥yo) in (3.16) and employing the equation for VV, we get

hB
NB

0> (eSoTh — e%0)(U(s, mi,\{)) — VN (to,x0)) — Co~ (1 + )\7_)

N
— CARYENTES " Jyi| — COh — e 'E
=1
1 to+h N

— e[ [ YL ab) +af - (VD V(s X))
k=1

so+h
| @) - 5, s

s0

+ H(XE, ND,V(s,X,)))ds].
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Using the Lipschitz regularity of ¥ and Lemma 3.10 to deal with the difference of the F and (3.17)
to deal with the term in ), |yj|, we find

— CA'2p'2 — Con — Ch?

N

0> en(W(so, m3) VN (1o, x0)) — C5~ (14 A~ H) 1
to+h N

— e thE| N/ D (L(XE oF) +oF - (NDV(s, X))

to k=1
+ H(X¥ ND,V(s,X,))ds)ds].

The regularity of L and H and the uniform boundedness of the a* and of ND_ VN allow to infer
that

— CA\Y2p1/2 — coh

Yo

L hP

0> e h(U(so,md ) — VN (to,x0)) — Co~(1 + AE) 5
N 1 to+h N

— COh? —e%ot E[N/ > (L(xf, a*)ds + o - (ND,iV(s, X))

to k=1

+ H(zk, NDV(s,X,)))ds| — Ch3/2.

and, in view of (3.9),

. hB
0 > e*h(U(sg,m2 ) — VN (Lo, x0)) — C6~ (1 + xa)% —COXV/2p1/?

Yo

— —CE

to+h N
/ ST IND VN (5,X,)) = NDo VN (s, x0)lds (3.18)
to k=1

— COh — Ch*/? — Ché.

The semiconcavity of VY and the penalization by the term in 6 give the next lemma. The proof is
postponed to end of the section.

Lemma 3.12. For any (t,x) € [0,T] x (RH)N

N
Z | D VN (8, x) — D VN (to, %0)|

C & C & RS
NZWC — x|+ (N_Z (|2* — ag| + 2" —$§|2)> 91/2|t—t0|l/2
k=1 =1
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We continue with the ongoing proof. Inserting the estimate of Lemma 3.12 in (3.18), we obtain

Yo

+ (0 +8)h + h*/?)

N
0> e h(U(so, md ) — VN (to,x0)) — C(6-%(1 + At A/2p1/2

& 1
— CE [ (5 Y IXE a1+ (g o0 -+ 1% = b))
o Vi3 NO =

c
+ mls — t0|1/2)d8

hB
NB
— C(6+ 6)h — CAY2pY2 — o~/ 2n(hY? 4 h)Y/2,
Dividing by h we find, for each choice of §,A,0 >0 and 0 < h < (T — sg) A (T — to),
hA-1
NB§dB

> e h(U(sg, mY ) — VN (tg, x0)) — C6 (1 4+ A72)

Yo

e* (U(so, miy ) — VN (to, x0)) < C (L+ A2 4+ C0 +6) + ONV2p1/2

+ ChM49—1/2,

We take 6 = hot, § = (A0 Yoo ) = N5 and h = N,

Making appropriate choices of oy, s, as and oy we deduce
e* (U(sg, md) — VN (t,x0)) < CN~F (3.19)

for some 3 = B(8) € (0,1/2) and for N such that h = N~ < (T — s) A (T — t).
For N such that h = N~ > (T'—sg) A(T —tg), we have by (3.17) that (T'—so) V(T —so) < h+C0,
and, so, using Lemma 3.1 and Lemma 3.3, we find

[U(so,myy,) = VY (to, x0)| < [U(so,mg,) — G(mgy)| +[G(myy) — G(mag,)|

+15(mY ) = VN (29, %0)| < C(h + 0)/2 + CO+ C(h+6) < CN~P,

where in the last line we choose 5 even smaller if necessary. With this choice of E, we have now
established that (3.19) holds for all values of N.
Finally, we conclude that, for all (¢,x) € [0,7] x (R%)Y,

N
A .
N N s0 N N P P
e (Ut ) = VY (8:30) < e Ulon,g) = V¥t 30) + 5 3 '

N
s 1 .
— min(8,a3) 7|2
<CN 3(1+N§_1|w|).

O

Before proving the various lemmas used in the proof of Proposition 3.8, we complete the proof of
the main result.

Proof of Theorem 2.5. Combining Proposition 3.7 and Proposition 3.8 we know that there exist
B € (0,1] depending on dimension and C > 0 depending on the data such that, for any (¢,x) €
[0, T] x (R)Y,

Ut my) = VN (%)) < ON TP (14 My (m ) + My(my)) < CN 7P (1 + My(my)).

We continue with the proofs of the several auxiliary results sated earlier.
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Proof of Lemma 3.11. For K € N and any nonnegative integrable functions
md,...,m on R such that Y1, mk € P(R?), let

K 1 Ky ._ ) mk )dzx
U (tg,mp, ..., m&) : ot gty B mKﬂK/ /RdZL )) (t,x)d
Zm dt—i—S(Z m*(T)),

k=1

where the infimum is taken over the tuple of measures (m*, 3¥) (the 8% being a vector measure)
with 8% << m* such that (m*, 3¥) solve in the sense of distributions,

omF — AmF +div(B*) =0 in (to,T] x RY and mF(ty) =m§ in R

We establish next that U (tg, md, ..., m) = U(te,m$ + - - + mf), and the result will then follow
from Proposition 2.2.

Since obviously U (tg,m{,...,m&) < U(to,m$ + -+ + m{), next we concentrate on the reverse
inequality.
Fix & > 0, let (m', 8%,...,m%X, 85) be e—optimal for UK (tg,m}, ..., m{), and set g = S p_, BK

and m(t) = Sn_, m¥(t). Then (m, ) solves
om — Am 4 div(8) =0 in (to,T] x R and m(ty) =mo in RY
and we have

e+ UK (tg,mg,...,mE)

TS e, Be) i) o s
> /t (/}Rd;L(a@, 2] D) m(t,:v)d:v—i—&"(;m ())dt + 50> m*(T))

’ k=1

=

T k T
> [ e St ) e+ Fm(t)))it + Sm(T))

to JRA m(t,z)

2 u(t07 m0)7

where the second inequality follows from the convexity of the map (8,m) — mL(x, ﬁ) and the
m
third one by the definition of U. O

Proof of Lemma 3.12. Set p* = D xV(to,%o) and p* = 3;V(tp,%0). Then, in view of Lemma 3.4, we
have, for any (t,x), (to,%o) € [0,T] x (RN,

N
Z 2% — 2k + C(t — to)2
k=1

2|Q

N
VN (t,x) — VN (t, x0) Zpk o —af) — pl(t —to)
k=1
The optimality of (tg, Xo, S0, ¥yo0) also gives, for any (¢,x),

X 1
|* —y6|2 + %(t—so) —I—VN(t,x)

Mz

1
20N
(3.20)

Z‘H i

N ‘ )
Z — o> + 29( 0 —50)% + V¥ (to,x0).

k_ ok
- S0 — 1t
- % and pt =22

From (3.20), we conclude that p* WO -
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Furthermore, rearranging (3.20) yields

N
1

VN (t,z) — VN (¢ > — k_ a* — b2+ to — snl?

( 7‘T) (07%0)— 20N P |x0 yO 20NZ| 29N| 0 SO'

1 1 & R

S PR S ko k2 L k_ _k k. ky2

gt~ ol = gy Do lob v~ gy~ 22 )+ o )
+ aelto = sof? = It — t0) + (to — s0)

0t —snl? — |t — _

D Y7 A R

N N 1
_ k(. k_ _k ¢ ko k2 2
—ZP (z —$0)+p(t—t0)—ZM|$ — g —%(t—to)-

k=1 k=1

and, after some elementary manipulations
1 = 1
N _ tp gy S B k2 g2
VN (t,x) — VN (to, x0) ZP (a" —af) = p'(t —to) > 20N 2~ 2" — g 20 (t —to)
Assuming that 6 < (2C)71, it follows that
w(t,x) = VN (tg, x0) — VN (t,x)
N o
£ @R —ab) = to) + o D [ — a2+ Ot~ to)?
k=1 k=1

is convex and satisfies 0 < w(t,x) < 7% Zk L |@* = §|? + §(t — to)*. Thus, for any (t,x) and any
(s,y), we have

> Daew(t,x) - (y* — 2%) + duw(t, x)(s — t) < w(t, x)

+ i Dgew(t,x) - (yF — 2®) + dyw(t, x)(s — t)
k=1
N 1 ,
<o) < g S b+ o o)
Letting y* = af + 30N D, vw(t,x) and s = to + 200,w(t, ) in the inequality above, we obtain
T Z |Drw(t,x)|” < Z Dyew(t,x) - (2% — zk) + dyw(t, z)(t — to), (3.21)
k=1 k=1

and, after using the Cauchy-Schwarz inequality,

N N 1/2
Z |Drw(t, x)| < N2 (Z |Dzkw(t,x)|2> (3.22)

k=1 k=1

N 1/2
4 4
< N2 | k. k ~ |
=N (No ;; |20 — &®|| Darw(t, x)| + < |G (t, )|t to|>

Recalling the definition of w and that |D,«V¥| < C/N and |6, V| < C, we find
2C

2C
|Dorw(t,x)| = | — D VN (£, %) + p" + == (2% —zF)| < CN~! + ~

N

ja* — af]

and
Opw(t, )| = | — VN (to, x0) + 2C(t — to)| < C.
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Returning to (3.22), we have

2C
ZI— N(tx) + 9"+ (@ - )]

1/2
C
(NQZVCO_ngH‘ leo—w” |t_t0|> ;

from which we deduce the result by the definition of p*. O
3.4. A concentration inequality. This section is devoted to the proof of the following concentra-
tion inequality.

Proposition 3.13. Tuake a constant drift a in R?, initial position Ys, -y in R? for some N > 1
and consider (Y,})i>o, ... (Y )i>o0 defined, for all1 <k < N andt >0 by

Y} = at + V2BF,
where (B})>0, ... (B")t>0 are N independent d-dimensional standard Brownian motions defined

on some probability space (2, F,P). Define as well the empirical measure m% = N Z(Sytk and

m € C([0,T], P2(R?)) to be the solution to

B _ . d
{ om+a.Dm—Am =0 in (0,+00) x R (3.23)

m(0) = my, .
Then, there exists a positive constant 8 € (0,1/2) depending on the dimension d and a positive
constant C, depending on ||, d and T such that, for all h € [0,T] it holds

E [di(m(h),m¥,)] < C(1+ My *(m¥,))(h/N)°. (3.24)

To prove Proposition 3.13, it is convenient to introduce first a few facts and notations.

We denote by L denote the set of all 1-Lipschitz functions from R? to R, and let Lz be the set of
all 1-Lipschitz functions ¢ : Bg C R? — [~R, R]. For any ¢ € Lg, we denote by qNS the extension
¢ : R — [~R, R] given by

R $(x) o < R,
o(z) = § TRl Lr) R < 2| <2R,
0 |x| > 2R.

Note that (;NS is also 1-Lipschitz.
Let £(¢, R) be the e-covering number of L with respect to the L>°-distance, that is,

L(e,R) = inf{k € N : there exist ¢1, ..., ¢r € Lg such that for all
¢ € Lg, ||¢ — ¢l < € for some j}.
It is known (see, for example, [19]) that
L(e,1) < exp{Ce™}, (3.25)

and, after a rescaling argument,
R
L(e, R) < exp{C(=)"}. (3.26)
€

Indeed, if {¢1,...,¢n} € L is ¢/R-dense in L, then {51,...,5,1} is e-dense in Lp, where gl(x) =
Ré(x/R). Thus (3.26) follows from (3.25).
To prove Proposition 3.13 we need two preliminary estimates.
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we recall the notation after Lemma 3.17.
Lemma 3.14. There exists a constant C > 0 such that, for any ¢ € L, P[[z. p(m(h) —mi) ) >
x] < exp{—%ﬂf}.
Proof. Let u be the solution of
—0u—Au—a-Du=0 in (0,h) xR? and u(h)=¢ in R

and note that, since |D¢|| < 1, ||Du|lo < 1.
Using It6’s formula and the equation for m, we get

o(m(h) — myh —V2— Z/ Du(s,YF).dB".

Rd

The random variables h~1/2 foh Du(s,YF¥)dB¥ are independent and sub-Gaussian, uniformly in k.
Indeed, viewing h=1/2 [ Du(-,Y*)dB* as a time-changed Brownian motion, we have that B, =
h—1/2 foh Du(t,YF)dBF, where B is a standard Brownian motion and 7 < 1 is a stopping time (we
use here that || Du||o < 1). In particular, ]P’[foh Du(s, Y})dB% > 2] < Plsupg< <y |Bi| > h'/?a], from
which the claim follows easily.

We now apply Hoeflding’s inequality (see, for example, Proposition 2.5 in [28]) to complete the

proof. O
Lemma 3.15. There exists a constant C' such that, for any R > 0,
E[ sup / g(m(h)— )] <C(1+Rd+2)NTh#2_
¢ELR JR4

Proof. We fix € > 0 and use the estimate on L(e, R) to choose K < exp{C’(%)d} and ¢1, ..., ¢k in
Ly such that, for each ¢ € Ly, there exists k € {1, ..., K'} such that ||¢ — ¢k||L<>O(BR) < ¢, and hence
<e.

H(;_ 5;@} Loo(RY) —

Then, using Lemma 3.14 and the upper bound on K, for any x > ¢, we have

P[ sup d(m(h) — my, ) > z] <P[3k such that o (m(h) — my,) >z — €
Rd

¢€ELR JR?
s ~ R.a N(z—¢)?
S;P[ Rd(bk(m( ) — myh)>x—e]<exp{0(z) _T} (3.27)
We fix a small positive parameter v, and note that, if € = 7_5Rhl/dx_2/dN_l/d, then
R.q Na? Nz? N(x—e¢)?
Rexp {C(?) - W} = Rexp{Cw T on . (3.28)
Further computations reveal that there is a constant C' such that x > 2¢ as soon as
d 1
Ratz hoz
>0 (3.29)
Fyﬂ Nm
3. d (3.28), that, for some constant C' and

By choosing v even smaller, we deduce in view of (3.27)
all R, x as in (3.29), P[supyey,, fRd (m(h) —my,) > 1]

an
<e p{ Na? } It follows that

_ C( & -
E[ sup gb(m(h)—m%)] S/O 1da:—|—/ - exp{ é\;j??}d:r

¢€LRr JR
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Finally, we give the proof of the concentration inequality.

Proof of Proposition 3.13. Throughout, C' is a positive constant which, although changing from line
to line, depends only on d, T', and |a.

We fix R > 0, and note that, any ¢ € L normalized with ¢(0) = 0, can be written as ¢ = $+ ®,
with ¢ € Lg and [p| < [z[1p..

Thus, for any h € (0, 1], we get

Eld1(m(h),m¥,)] = E[sup ¢( (h) —my,)]
¢€EL

Eip [ B+ [ Jaltmgm(e) + B[ folLagmd,
¢€ELR J R4 R4 R4

N My(m(h))  E[Ma(m¥)]
R A L

<E[sup [ (m(h)- myhnww.
¢€eLr JR

Using Lemma 3.15, we find that

E[dy (m(h), myh)] <C(+ Rt )NT shave 4 CMMQ—]W
< C(1+ R)NT=ho + c<1+M2—R(m(O))),

Optimizing in R, that is, taking R = NZ@rip~ %1/ + Ma(m(0)), gives the result with 8 =
1

' O

2d+4

4. THE PROOF OF THEOREM 2.5 WITH A COMMON NOISE

We now show that the method developed above can be adapted to problems with a common noise,
that is, for ag > 0. Recall that V¥ and U are defined by (1.1) and (2.12) respectively.

Proof of Theorem 2.5 when ag > 0. Since the proof follows closely the one in the case a® = 0, here
we emphasize and explain the main differences.
We first note that the estimates of Lemma 3.1 and 3.4 remain valid (with the same proof), that is,
there exists C' > 0 such that V|| + Nsup; | Dy VV]|o + |0:VV || < C, and, for any (t,x) €
[0,T] x (RN, (€)i=1,..v € (R)N and €° € R,

N
Z D2, VNt x)E - & +23 " D2, VN (,x)€°€0 + DLV (t,x)(£0)?
7 1 =1
J= ; v
<O IEP +CE
=1

We note for later use that the observation above implies that the conclusion of Lemma 3.12 still
holds, because its proof relies only on the above estimates.

However, the proof of Lemma 3.3 does not adapt to the case ag > 0. Hence, we need a new argument
which relies on some results of [14].

In particular, we have the following analogue of Lemma 3.3.

Lemma 4.1. Assume (2.6). There exists a constant C' > 0 depending only on the data such that,
for all s,t € [0,T), all r > 2 and all m,m’ € P.(R?) [U(s,m) — Ut,m’)| < C’(dl(m,m’) +t— s|),
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and, moreover, for any € > 0 and (to,mg) € [0,T] x Po(R?), there exists an e-optimal control rule
R=(QFFP,W,m,a) € A(tg, mo) for U(ty, mg) such that ||al|e < C.

Proof. Fix R > 0 and let VY% and UF denote the values of the problems defining V¥ and U when
controls are restricted to the ball Bg C R%.

More precisely, define AN to be the set of @ = (a¥)Y_,’s such that |a*| < R for each R, and
AF(tg,mg) to be the set of (Q,F,F,P,W,m,a) € A(tg,mo) such that |a| < R. Then define V-
exactly as in (1.1) but with AY>® replacing A and define U exactly as in (2.12) but with A% (tg, mo)
replacing AF.

Then Proposition 5.1 and Theorem 3.6 of [14] give imyx_oo VVE(t,xV) = UE(t,m) where x¥ =
(', ...,2N), m € P.(R?) and z?, ..., 2V € R? are such that

N N
1 i|r 1 . d
sgpﬁzlbc |" < oo and N§6ml N, M E Pa(RY).

It follows from Lemma 3.1 and Lemma 5.2, that there is Ry > 0 such that VN>Bo = VN and U = U,
and so we infer that, for all z; and m as above, limy_,o, VN (t,x") = U(¢,m). Hence, the uniform
regularity on V¥ established in (3.3), which, as noted above, holds equally well when ag > 0, is
enough to conclude that, for some C' > 0,

U(s,m) — Ut,m')| < C(di(m,m’) + |t —s|) for all m,m’ € P,(R?). Finally, for any ¢ > 0 and
(to,mo), we can choose an e-optimal pair (m,«) for UR0, and that this control is also e-optimal for
U. This completes the proof. O

Let VY be defined in Lemma 3.7. Then it is easily checked that VYN is smooth and satisfies, with
FN and G as in Lemma 3.7,

—9, VN (t,m) — (1 + ao)/ divy(Dm\?N(t,m,y))m(dy)
Rd

—ao / (D2, 9N (¢, 2, m, o)) m(dy)m(dy)
R2d

+ [ H DY (6 moy)m(dy) < Fom) i (0.7) x PR,
VN(T,m) = G(m) in P(R?),

Then, as in the proof of Lemma 3.7, it is possible to use It&’s formula for conditional measures (see,
for example, [8] Book 2, Chapter 4) to infer that, for any solution (m, «) to (2.11),

T
T7N(t0,m0) <E l/to (/]Rd L(z, az(z))mys(x)dx + §"N(mt))dt 4 §N(mT)

Using the same argument as in the proof of Lemma 3.7 with Lemma 4.1 replacing Lemma 3.10, we
arrive at

VN (tg,mY) < Ulto,mE)) + C(1 + My (mLY ))N~7.
We now turn to the opposite inequality. As before, for 6, A € (0, 1), let

M:= a S(U(s,mY) — VN (¢,
(150 (.3) € [0.T]x (RN (" (Us,my ) (&)

1 1 A
i 112 2 0|2
__§ — — s —t __E
20N ; " =] 29'8 | 2Ni 1|y|’

and denote by ((t9,X0), (S0,¥y0)) a maximum point in the expression above.
As in (3.17) we have

N N

1 o 1 | B

NZ|I6—y6|2+|to—So|2§092 NZM)F <Ox (4.1)
1=1 =1
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Next, for § > 0, we use the partition (Cj)je{l)m)‘,} of {1,..., N} constructed in Lemma 3.9.
We set of =@’ if k € C7, and let

Xk o=af + 1o +V2BE + V20082, YE,  =yb +raF + V2B + V24082,
» 1
J —
and my = — Z 5ysko+7_;
keCi

and m? the solution to
{ dm] = {(1 +a®)Am] — o ~Dmi} +V2aoDm? - dB? in (so,T) x R?

I —=md i d
ml, = my, in R

Finally, we set ms = N~' Y7, ;n/m], and claim that, for all h > 0 and j € {1,...,J},
, , e .
E[di(m], k. )] < CO+ M2l )h /() (4.2)

and
E [dl(mso+h, mgtw)} <00+ C5 (1 + A28 NP, (4.3)

The proof follows from Lemma 3.10 and estimate (4.1). Indeed, to establish (4.2), we first note that
the process (my)ie(s,, 7] solves (2.11) in the sense of distribution (with B° replacing W) if and only
if the process m; = (Id —v/2a%(B? — By,))tm; solves P—a.s. in the (classical) sense of distributions,
with & (z) = oy (z + v2a°(BY — BY)), the equation

din(z) = [Amy(z) — div(edy(z))] dt in (to, T] x RY g, =mo in RY, (4.4)
Next, we consider
Wl e = (Id—V2a"B)tm] . and Y§  =YF,  —V240B,

and notice that i’ and Y* solve the same equations as in Lemma 3.10, and, hence, (4.2) holds with

~j . j j . J
my ., replacing my ., and mg replacing MY oin

to+h

Since
J =~
My = Mgy 7 %0, /500

and

, 1 1 ,
J _ _ N - — )
MY ooir = i E : 5Y50+T+\/2a032 (nj E : 5y§0+7) * 0, /345 BO My * 0\/2aB0>
keCi keCi

we can conclude that

J J _ J J
E [dl(msﬁh,myswh)} =F [dl (m50+h *J Bavp0 Ty, L, * ) TQOBQ)

- [dl(m]s°+h7mi~(so+h)] ,

and so (4.2) holds. The proof for (4.3) is similar.

We proceed with the proof noticing that the dynamic programming principle in Lemma 3.11 still
holds but with an expectation, since now the measures are random, and with Proposition 2.3 re-
placing Proposition 2.2.

Moreover, since the conclusion of Lemma 3.12 also holds as already pointed out, we can argue as in
the proof of Proposition 3.8 (the time-regularity provided by Lemma 4.1 replacing that in Lemma
3.3) that U(t,mY) — VN (t,x)) < CN7P(1 + & Zi\;l |7¢|?). The conclusion then follows as in the
proof of Theorem 2.5. O
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5. APPENDIX

We adapt some technical results from [13] and [14] to our setting. Most importantly, we infer
the dynamic programming principle (Proposition 2.3) in our setting from the dynamic program-
ming principle which is stated in Theorem 3.1 of [14]. Most of the arguments are straightforward
adaptations of the superposition and mimicking results achieved in [23], and so the proofs are only
sketched.
Following Definition 2.1 in [13] and Definition 2.3 [14] we define, for each (tg,mo) € [0, T] x P2(R9),
the set of weak controls A, (to,mo) to be the set of tuples R = (Q,F,P,F = (F)o<i<r,G =
(S)o<t<T, X, B,W,m, @) such that
(1) (Q,F,P) is a probability space equipped with filtrations G, F such that, for all 0 < t < T,
G C Frand F Vv gg 1 9T|9t-
(2) X = (X;)o<i<T is a continuous, F-adapted R? valued process.
(3) a = (au)y<t<7 is a bounded, F-predictable process taking values in R9.
(4) (B,W) is a R? x R?-valued standard F Brownian motion, W is G-adapted, and F; V o(B) L
Sr.
(5) m = (my),<t<T is a G-predictable process taking values in Po(R?) and such that m; =
L(X:]G;) for dP ® ds-a.e. (s,w) € [t,T] x Q.
(6) Forallto <t<T

t
X, =X, + / asds +V2(By, — By,) + V2a0(W, = Wy,),  L(Xy,) = mo.

to

We also let

T
Wolto,mo) = in Eﬂ”’[/ (L(Xy, 1) + F(me))dt + G(mz)]
REA (to,mo) to

In our context, a superposition principle is a result asserting the following: given a control rule R =
(Q,F F,P,W,m,a) € A€ R(tg, mg), we can find an extension (ﬁ, F,G) of (2, F,F) hosting another
Brownian motion B independent of IF and a process X such that dX; = ay(X;)dt++/2dB;++/2aqdW;
such that m; = L(X¢|F;). We refer to [23] for details. The superposition results of [23] are useful to
us because we need to apply some technical results from [13, 14], and the superposition allows us to
check that our formulation is equivalent to the one used in [13, 14].

In what follows, for technical reasons, that is, to have the coercivity condition on the cost appearing
in Assumption 2.1 of [14], we will work with a truncated version of the weak formulation defined
here. Namely, we define AZ(ty,mg) just as A, (to,mo), but with the controls a required to take
values in Bgr C R?. Then, we write

T
WR(tg,mo) = inf Eﬂ”’[/ (L(Xy, 1) + F(me))dt + G(mz)]

ReAR(to,mo) to

We also truncate the original form of the problem, by defining U just like U, but with controls o
required to take values in Br C R%.

The following can be obtained using the superposition and following results of [23], as in the proof
of Theorem 8.3 of [23].

Proposition 5.1. For each R, UF = U~.

It is also useful to note that the regularity results of Lemma 3.1, which holds also in the case ag > 0,
can be used to infer that U™ = U for all R > Ry.

Lemma 5.2. There exists Ry depending on the data such that, for each R > Ry, U = U.

Proof. Theorem 3.1 and Theorem 3.6 in [14] together with Proposition 5.1 yield that,
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for all t € [0,77], all r > 2, all m € P,.(R?) and x; € R such that, for some € > 0,

N N
1 T 1 : d
Sl]i.]pN;LT” < oo and N;éwl v, Mo Po(RY),
we have, for xV = (z1,...,2x5) € (RHV,
lim VAN, xN) = uf(t,m). (5.1)
N—oc0

Next, notice that, by (3.1) (see Remark 3.2), there is Ry depending only on the data such that, for
all R > Ry, VV-E = VN Thus (5.1) actually gives, for all R > Ry, limy_,0o VY (¢, xV) = U (¢, m).
It follows that U = U™, Indeed, clearly U < UFRo,

For the other inequality, for any (tg, mg), we can choose R = (2, F, F,P, W, m, a) to be e-optimal
in the definition of U(tp,mo). Since « is bounded by hypothesis, there exist R > Ry such that
R € AE(tg,mg), and, hence, UFo(tg,mg) = U (tg,mo) < U(to,mo) + €. Letting e — 0 gives
u(to,mo) = URO(tO,mO). O

Now, we turn to the dynamic programming principle, that is, Proposition 2.3.

Proof of Proposition 2.3. We combine Theorem 3.1 of [13] with Proposition 5.1 to conclude that,
for all 0 <ty <t; <T and any R > Ry,

u(th mO) = uR(tov mO)

ug(to, mo) = inf EP[/ ' (L(Xt, Oét) + .’f(mt))dt + ugv(tl, mg, )]

:RG‘AS(t07m0) to

e E(f " (L(Xr. ) + Fme))dt £ UR(tr,me,)]

ReAE(tg,mo) o

inf EP[/ttl (L(Xt,ozt) —l—ff"(mt))dt—l—U(tl,mtl)]

Reﬂg(to,mo) o

Since R can be arbitrarily large, it is easy to see that the above imply

t1
U(to,me) = inf Eﬂ”’[/ (L(Xy, 1) + F(ma))dt + Ults, me, )],
REA (to,mo) to
and, using the superposition and adapting arguments from [23], Proposition 2.3 follows. |
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