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NULL-CONTROLLABILITY PROPERTIES OF THE GENERALIZED
TWO-DIMENSIONAL BAOUENDI-GRUSHIN EQUATION WITH
NON-RECTANGULAR CONTROL SETS

JEREMI DARDE, ARMAND KOENIG, AND JULIEN ROYER

ABSTRACT. We consider the null-controllability problem for the generalized Baouendi-Grushin equa-
tion (0 — 02 — q(z)Qag) f = 1,u on a rectangular domain. Sharp controllability results already exist
when the control domain w is a vertical strip, or when ¢(z) = x. In this article, we provide upper and
lower bounds for the minimal time of null-controllability for general g and non-rectangular control
region w. In some geometries for w, the upper bound and the lower-bound are equal, in which case,
we know the exact value of the minimal time of null-controllability.

Our proof relies on several tools: known results when w is a vertical strip and cutoff arguments
for the upper bound of the minimal time of null-controllability; spectral analysis of the harmonic
oscillator —92 + v2q(x)? when Re(v) > 0, pseudo-differential-type operators on polynomials and
Runge’s theorem for the lower bound.

1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS

1.1. The Baouendi-Grushin equation. In this article, we study some controllability properties of
the two-dimensional generalized Baouendi-Grushin equation.

Let L_,Lyand I = (—L_,L.). Let g € C°(I) such that q(0) = 0 and q(x) # 0 for allz € T\{0}. We
denote by T the one-dimensional torus R/27Z. For T > 0, fo € L*>(IxT) and F € L*((0,7); L*(IxT))
we consider the generalized Baouendi-Grushin equation

(0r — 05 — q(x)?0) f(t,2,y) = F(t,2,y), t€(0,T),xel,yeT
(1.1) f(t,z,y) =0, te (0,T),z€0l,yeT,
f(O?xvy):f()a -’L’EI:yET'
Note that, because ¢(0) = 0, the equation degenerates on the vertical axis {0} x T. Nevertheless,
the equation is well posed. Precisely, the Friedrichs extension (see [23, Section 4.3]) of the operator

feCE(IXT) = =02 f — q(x)*0; f,

generates an analytic semigroup, which allows to define a solution of (1.1) in the sense of semigroup
[12]. In our case, this solution is smooth in the following sense:

Proposition 1.1. For any initial condition fo € L?*(I x T) and any source term F € L*((0,T); L*(I x
T)), there exists a unique f € C°([0,T); L*(I x T)) N L%((0,T); H) solution of (1.1), with
H={feL*IxT), 0,f € L>(IxT), qo,f € L>(IxT)}.

This result is proven in [7] in the case ¢(z) = 7 with v > 0. The proof is easily generalized to our
case of interest.

1.2. Control problem for the Baouendi-Grushin equation. Our study focus on internal null-
controllability of the Baouendi-Grushin equation. More precisely, let w C I X T be a non-empty open
set and u € L2((0,7T); L*>(I x T)). The controlled Baouendi-Grushin equation reads
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(8 — 02 — q(x)?02) f(t, ,y) = Tuu(t,z,y), te(0,T),xel,yeT
(1.2) f(t,z,y) =0, te(0,T),z€dlycT,
f(07xay>:f07 xEI,yET,

where f is the state of the system, and 1,u is the control supported in w.

Definition 1.2 (Null-controllability). Let 7' > 0. The Bouendi-Grushin equation (1.2) is said to
be null-controllable on w in time T if, for any initial condition fo € L2(I x T), there exists u €
L2((0,T); L%(I x T)) such that the solution f of eq. (1.2) satisfies f(T,-,-) =0 in I x T.

It is known that, contrary to usual non-degenerate parabolic equations like the heat equation, due
to the degeneracy of ¢ on {0} x T, the null-controllability properties of (1.2) strongly depend on the
control set w and the time horizon T. More precisely, for certain control sets w, equation (1.2) is
not null-controllable in any positive time T, whereas for other control sets w a minimal time of null-
controllability appears. We refer to the bibliographical comments, section 1.4 below, for a detailed
description of the known results on the subject.

In the present paper, we aim to give precise null-controllability results for equation (1.2), for a large
class of control sets w and a large class of functions gq.

1.3. Main results. Before presenting the main results of our study, we introduce the so-called Agmon
distance of a point x € I to the origin, defined by:'

(1.3) dagm :z €l / q(s) ds.
0

This quantity appears naturally in the definition of critical times of null-controllability for the Baouendi-
Grushin equation.

1.3.1. Lack of null-controllability in small time for a class of control sets w. Our main result is a
negative result of null-controllability for small times. We show that if the control set w stays at
positive distance from a horizontal segment of the form (a,b) X {yo}, with —L_ < a <0< b < Ly
and yo € T, then equation (1.2) is not null-controllable on w for time T" smaller than a precisely given
critical time.

To properly sta/t\ci/the result, we need to introduce a modified version of the Agmon distance. More

precisely, we set dagm(z) = dagm () for z € I, and (i;;n(—L_) = d/A\;](LJr) = +00.

Theorem 1.3. Assume that ¢ € C%(I) is such that ¢(0) =0, ¢’(0) > 0 and q(x) # 0 whenever x # 0.
Let w be an open subset of I x T. Assume that there exist a € [-L_,0), b € (0,L1] and yo € T such
that
distance ((a,b) x {yo},w) > 0.
Then, the generalized Baouendi-Grushin equation (1.2) is not null-controllable on w in time T such
that )
T < g min (Axgm (@), A (1))

It is a generalization of [20, theorem 3.3|, where the result is proved for I symmetric with respect
to the origin and, more restrictively, for ¢(x) = z. In this particular case, some spectral results used
in the proof are obtained from explicit solutions of particular ordinary differential equations. These
explicit formulae are not available in our general setting. This theorem is proved in section 3, with the
spectral analysis done in section 4.

Therefore, a key step in our proof of theorem 1.3 is the study of spectral properties of the family of
non-selfadjoint operators defined on L?(I) by

(1.4) P,: — 92 +12%q(x)?, Dom(P,) = H*(I) x HX(I),

1t corresponds to the usual definition of the Agmon distance given for example in [18, Eq. (6.3)], with V = ¢2 and
E =0.
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for Re(v) > 0. More precisely, we obtain a localization of an eigenvalue of P,, as well as precise
Agmon type estimates for an associated eigenfunction,? uniformly in v = |v|el® with |v| large enough
and 0 < 6] < 6 for some 6y € [0,7/2).

Note that [24] contains closely related spectral asymptotics. However, we cannot apply them directly
since our domain has a boundary and we need uniform estimates with respect to the parameter v.

1.3.2. Precise critical time of null-controllability for a class of control sets w. With theorem 1.3 we
can deduce in some setting the critical time for the null-controllability of (1.2).

We first mention a natural adaptation of [20, theorem 3.1]. It was actually claimed in [20, Remark
3.2], but the statement was imprecise if ¢ is not odd. We take the opportunity to correct the statement:

Theorem 1.4. Assume that ¢ € C3(I) is such that q(0) = 0 and inf7¢' > 0. Let w be an open subset
of I x T. Assume that there exists ¥ = (Vz,vy) € C°(T,I x T) that is not homotopic to a constant
path and such that v(T) C w.

The generalized Baouendi-Grushin equation is null-controllable on w in time T such that

1

T > m max (dAgm (rr%rin(%)) ,dAgm (mﬁx(’yﬁ)) .
We dtail the proof of this theorem in section 2. Combining theorems 1.3 and 1.4, we obtain the

following result which gives the precise critical time of null-controllability of the generalized Baouendi-

Grushin for a large class of control sets w and functions ¢:

Theorem 1.5. Let g € C3(I) such that q(0) = 0 and inf;q > 0. Let v1,7v2 € C°(T,I) such that for

everyy €T, y1(y) < 72(y). Let w={(z,y) €I xT:v1(y) <z < Ya(x)} and®

T, = q’(10) max (dAgm (f m%x(’yz_)) ,dAgm (m%x('yf))) .

Then the generalized Baouendi-Grushin equation (1.2) is null-controllable on w in any time T > Ty,
but it is not null-controllable on w in time T < T.

This theorem is proved in section 5.

1.3.3. Comments. Before proceeding further, we make some additional comments on our results.

e The assumptions regarding the function ¢ in theorem 1.3 are slightly more general than in
theorem 1.4. They seem also more natural in the context of our study. Therefore, we conjecture
that theorem 1.4 holds for functions ¢ € C3(I) satisfying

q(0) =0, ¢'(0) >0, g(x) #0 for all x € I.

But up to our knowledge, this is still an open question.

e There are still numerous geometrical configurations not included in theorem 1.5. Nevertheless,
in lots of situations, theorem 1.4 and theorem 1.3 give information about null-controllability
properties. As an example, in the geometrical configuration described in fig. 1, combining
theorem 1.4 and theorem 1.3, we obtain the existence of a critical time

1 e (emle) dinh)
q'(0) 7(0)
such that the Baouendi-Grushin equation is null-controllable on w in time T > T, and is
not null-controllable on w in time T" < T,. In the two geometrical configurations presented
in fig. 2, theorem 1.3 implies that the Baouendi-Grushin equation is not null-controllable on
w in time T < dagm(a)/q'(0). Note that in these two configurations, the question of the
null-controllability of (1.2) in w for some time T' large enough is still open.

1.4. Bibliographical comments.

2For v € R% , we localize the smallest eigenvalue of P,, and for v complex, we localize its analytic continuation.
3When f is a real valued function, we denote fT = max(f,0) and f~ = max(—f,0) its positive and negative part
respectively.
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1

1
—b—a
FiGURE 1. In this configuration, we obtain lower and upper bounds of the critical
time of null-controllability

—a —a

FIGURE 2. In these configurations, we obtain a lower bound on the critical time of
null-controllability.

1.4.1. On the Baouendi-Grushin equation. The study of controllability properties of system (1.2) began

with the pioneering work [7], where the authors study the null-controllability of the equation

(1 5) (at - 8% - ‘T%ag)f = ]-wu; (&S (OvT)a T e (_]—, 1)7 Y€ Ta
' f(t,z,y) =0, te(0,7), x==1, yeT.

They prove that in the case v € (0,1) (weak degeneracy), (1.2) is null-controllable for any control set
w and any time T > 0, whereas in the case v > 1 (strong degeneracy), it is not null-controllable for
any control set w and any time 7' > 0, except if w contains {0} x T in which case it is null-controllable
in any positive time T

More surprisingly, in the case v = 1, which corresponds to (1.2) with ¢(x) = «, and for w = (a,b) x T,
with 0 < a < b, there exists a critical time T, > % such that (1.2) is null controllable on w in time T,
for every T' > T, and is not null controllable on w in time T, for every T' < T,. It is also proved that
if v = 1 and w contains the vertical line {0} x T, equation (1.5) is null controllable in any time 7' > 0.
Such a minimal time of null-controllability would not be surprising for equations with finite speed of
propagation, such as the wave equation [3], but the Baouendi-Grsuhin equation has a infinite speed of
propagation.

Many works followed, trying to characterize precisely the critical time T, and to generalize the
result to different geometrical settings and different functions gq. The first exact characterization of
T, is given in [10] in the case ¢(z) = = and with two symmetric vertical strips as control set, that is

w=(-1,—a) x (a,1), a € (0,1). Using the transmutation method and sideways energy estimates, the
a

authors prove that eq. (1.2) is null-controllable in w in any time 7" > %-, and is not null-controllable

in win any time T' < %2
When w is a vertical strip of the form (a,b) x T, with a > 0, as in [7], the precise value of the critical
time T, was obtained independently in the works [1, 8]. More precisely, in [1], using new estimates
for biorthogonal sequences to real exponegltials and the moments method, the authors prove that in
a

the case q(z) = x, the critical time is %-. In [8], with a function ¢ satisfying the assumptions of

theorem 1.5, the author use a Carleman strategy to obtain that (1.2) is null controllable on w in any
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time T" > T, and not null-controllable on w in any time T < T}, with
dagm(a)
7(0)

All the strategies developed in [7, 10, 1, 8], although very different, rely on a Fourier expansion of
system (1.2) with respect to the y-variable and the study of the obtained family of one dimensional
parabolic equation in the variables ¢, z. As a consequence, the control set w has to be a vertical strip,
which seems to be an important restriction of the proposed methods. Nevertheless, in [20], the authors
generalize the positive null-controllability results obtained in [8] to a large class of control sets: with

a control set w and a function ¢ given as in theorem 1.5, system (1.2) is null controllable in any time
T > T,, with

T, =

T, = max (dagm(—sup(73)), dagm(sup(7))) -

In the specific case ¢(z) = x, they also prove that if there exist a,b € I, a < 0 < b, and yo € T such
that distance((a,b) x {yo} Nw) > 0, then (1.2) is not null controllable in time T" < min(a?,b?)/2,
whereas if there is yo € T such that distance(I x {yo} Nw) > 0, then (1.2) is not null controllable on w
in any positive time 7. Theorem 1.5 is the generalization of this result to a wider class of functions gq.

To end this overview on controllability issues for the parabolic Baouendi-Grushin equation, we
point out that partial controllability results are known in some multidimensional configurations [8]
while precise results are known for cascade systems of two-dimensional Baouendi-Grushin equations
with one control, in the case ¢(z) = = [1].

1.4.2. Some related problems. Let us briefly mention the literature on related problems, in several
directions: other degenerate parabolic equations, minimal time of null controllability for parabolic
systems, and other type of degenerate equations.

Since the pioneering works [21, 22] on the null-controllability of the one-dimensional heat equation,
the null-controllability of non-degenerate parabolic equations has been extensively studied. The null-
controllability of degenerate parabolic equations is a more recent subject of study. The case of a
degeneracy at the boundary of the domain is now well-understood [14] (see also the references therein).

When the degeneracy occurs in the domain, we lack for the moment a general theory, and equations
are studied case by case. The two-dimensional Baouendi-Grushin equations is arguably the simplest
and best understood equation of that type. Very similar results, including a minimal time of null-
controllability for quadratic degeneracy, have been observed for the heat equation on the Heisenberg
group [5, 8], and the Kolmogorov equation [4, 6, 9, 16, 26].

The related problem of approximate controllability for degenerate parabolic equations has been
studied in a somewhat general framework [29)].

A minimal time of null-controllability might also appear for the heat equation with punctual con-
trol [19] and for systems of parabolic equations, degenerate or not [2, 11].

Finally, let us mention than the subelliptic wave equation is not controllable [30], and that the
Grushin-Schréodinger equation has a minimal time of controllability [13, 31].

2. NULL-CONTROLLABILITY IN LARGE TIME

In this section, we prove theorem 1.4. The idea of the proof is to use known controllability results for
equation (1.2) when the control set is a vertical strip combined with cutoff arguments. More precisely,
we recall the following result [8, theorem 1.4]."

Proposition 2.1. Assume that q satisfies the assumptions of theorem 1.J. Let w = (a,b) x T, with
—L_<a<b< Li. Then
e if 0 < a, the Baouendi-Grushin equation is null-controllable on w in time T > dagm(a)/q'(0),
o if b <0, the Baouendi-Grushin equation is null-controllable on w in time T > dagm(b)/4q'(0),
e if a <0 < b, the Baouendi-Grushin equation is null-controllable on w in time T > 0.

4The reference [8] states the result with a control on the boundary. But cutoff arguments allows to construct control
on vertical strips from boundary controls, as in [20, Appendix A].
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Y

b_ a+

FIGURE 3. Definition of w_ (red) and w, (blue).

Proof of theorem 1.4. Let b_,ay in I be such that b_ < inft (7,) < supp(yz) < ar. We set w_ =
(=L_,b_) and wy = (a4, Ly) (see fig. 3). Proposition 2.1 implies that for any time

1
T>— dagm(b-),dagm ,
q’(O) max( Ag ( ) Ag (a+))
the Baouendi-Grushin equation is null-controllable on w_ and on wy in time 7. Consequently, for any
initial condition fo € L?(I x T), there exist u_ and u, such that f_ and f, solutions of

(at - a% - q(x)Qas)fi(t,:c,y) = ]lwiu:t(tvxvy)a te (O,T),.’E €lLyeT,;
fx(t,z,y) =0, te(0,T),z€dl,yeT,
fi(O,x,y)Zfo(a?,y), zel, yeT,;

satisfy fy(T,-,-)=0in I x T.

By definition of v, wy and w_ are included in two distinct connected components of (I x T) \ .
We denote Y (resp. T_) the connected component of (I x T) \ v containing w; (resp. w_). Let
X € C®°(I xT)besuch that y=1in T \wand x =0in (I xT)\ T4 Uw. In particular, xy =0in Y _
and supp(9zx) C w, supp(dyx) C w. Define f = xf- + (1 — x) f+. It is easily verified that f satisfies

(00— 07 — q(2)?0)) f(t, z,y) = Lou(t,zy), te(0,T),xelyeT;

ft,z,y) =0, te(0,T),z€dl,yecT,
f(07m7y) = fO(‘ray)7 HARS I, yET,
f(T7xay):07 .’I]EI,yET,

with a source term u € L2((0,T); L?(I x T)). As a consequence, the Baouendi-Grushin is null control-
lable on w in time T

As this holds for any 7' > max(dagm(b—),dagm(a+))/q'(0), for any b_ < infr(y,), for any a; >
supp(7vz), the result follows. O

3. LACK OF NULL-CONTROLLABILITY
In this section, we will prove the following case of theorem 1.3.

Theorem 3.1. Assume that ¢ € C%(I) is such that ¢(0) =0, ¢’(0) > 0 and q(x) # 0 whenever x # 0.
Let w be an open subset of I x T. Assume that there exist a € (—L_,0) and yo € T such that

distance ((a, L4) x {yo},w) > 0.
Then, the generalized Baouendi-Grushin equation (1.2) is not null-controllable on w in time T <
dagm(a)/q'(0).

Remark 3.2. By changing x in —z, I in —I and ¢ in —q, this theorem implies that if b € (0, L)
and if distance ((—L_,b) x {yo},w) > 0, then the generalized Baouendi-Grushin equation (1.2) is not
null-controllable on w in time T < dagm(b)/¢’(0).

To completly prove theorem 1.3, there is two more cases:
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e distance ((a,b) x {yo},w) > 0 with —L_ < a < 0 < b < L, lack of null-controllability in time
T < min(dagm(a), dagm(b))/q'(0);
e distance ((—L_, L) x {yo},w) > 0, lack of null-controllability in any time 7" > 0.

The proofs of these cases are a minor modification of the one of theorem 3.1. We mention in footnotes
the most important modifications and we leave the details to the reader.

Under the hypotheses of this theorem, there exists a neighborhood Wy of y such that (see fig. 4)
wnN ([a, L) x Wo) = (). We may assume that Wy is a closed interval with non-empty interior. To

prove theorem 3.1, we assume without loss of generality that w is the complement of the rectangle
[a, L+) X WOZ

(3.1) w=(IxT)\ ([a,Ly) x Wp).

Yo

FIGURE 4. In green, the domain w. If we have a horizontal segment that stays at
positive distance from w, we can thickens it into a rectangle that is disjoint from w.

3.1. Observability inequality. Using standard duality arguments (see [15, theorem 2.44]), the null-
controllability of the generalized Baouendi-Grushin equation (1.2) is equivalent to the following o0b-
servability inequality: there exists C' > 0 such that for every go € L?(I x T), the solution g of

(0, — 02 — q(2)*02)g(t,z,y) =0, te(0,T),zel,yeT;

(3.2) g(t,x,y) =0, te(0,7),z€dl,yeT,
9(07377?/):90(377?/) (xay) EIXTa

satisfies

(3.3) 19(T, - M Z2(rxry < Cllgl T (0.7)xw)-

Therefore, to prove theorem 3.1, our strategy is to construct a counterexample to this observability
inequality.

3.2. Model case. We start with a model equation, that we study to showcase the main ideas of the
proof of theorem 3.1 without some of the more technical aspects. Consider the Baouendi-Grushin
equation on R x T:

(3-4) (0 — 07 — 2?0y)g(t,x,y) = 0.

Let w C R x I be open. We say that Baouendi-Grushin equation (3.4) is observable on w in time 7' > 0
if there exists C' > 0 such that for all g solution of (3.4), the following observability inequality holds:

(3.5) 19(T, s 72 xry < ClalZ2(0.7) %)

We prove the following theorem.
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A

U
K Yo
|

eéa2/2 J

~

FIGURE 5. The domain U.

Theorem 3.3. let a >0, Wy C T a closed interval with non-empty interior and
(3.6) w=(RxT)\ ([—a,a] x Wp).

Let T > 0 such that

a2

T<—.
2

The Baouendi-Grushin equation (3.4) is not observable on w in time T.

Before going into the proof, let us examine some solutions of the Baouendi-Grushin equation that
are concentrated around z = 0. Taking the n-th Fourier coefficient in y of g, which we will denote by
g(t,z,m), we get

(3.7) (0r — 02 +n?xH)g(t,x,n) = 0.

Thus, the Baouendi-Grushin equation is transformed into a family of parabolic equations (0;+H,,)g, =
0, where H,, is the harmonic oscillator —9% +n?z?. The spectral properties of the harmonic oscillator
are well-known (see, e.g., [23, §1.3] or appendix A), and in particular the first eigenvalue is |n| with

associated eigenfunction ¢, (z) = (|n|/7)"4e~!"="/2 Thus, if (ay)n>0 is a complex-valued sequence
with only a finite number of nonzero terms, the function g defined by

(3.8) g(t,z,y) = Z a, 6my—nz?/2—nt
n>0

is a solution of the Baouendi-Grushin equation (3.4). We will look for a counterexample of the observ-
ability inequality (3.5) in this class of functions.
This solution can be written as g(t, z,y) = gpol(eiy*t’ﬁ/z) with
(3.9) Jpol(2) = Z anz".
n>0
We will use the fact that g is a polynomial in z = eW—t=%/2 t( rewrite the observability inequality we
want to disprove as an inequality on polynomials. More precisely, we have the following estimate.

Lemma 3.4. Assume that the observability inequality for the Baouendi-Grushin equation (3.5) holds.
Let U C C be defined by (see fig. 5)

U=D0,e"7)U{zeC: |z| <1, arg(z) ¢ Wl
Then, there exists C > 0 such that for every polynomial p € C[X],

Pl 2 (D(0,e-1)) < Clipll L ()
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Proof. Step 1: Observability inequality. Let p(z) = Zn>0 anz™ a polynomial and set gpo1(2) = 2p(z) =
> n>0@n—12". The discussion above shows that g defined by

. 2
g(t,x,y) = gpor(e¥ 772

is a solution of the Baounedi-Grushin equation (3.4). The observability inequality on this class of
functions reads

(3.10) [ e pPdsdy<e [ jguaer TR drd dy,
RxT [0,T]xw

Step 2: Left-hand side of the observability inequality (3.10). Since the functions ¥, : (z,y) — einy—ne’/2
are orthogonal in L?(R x T), the left-hand side can we rewritten as

2
[ lo@apParay= [ |3 o o) dray
RxT RxT

n>0

= lanaPe > 7
n>0
2%/ 2 —2nT
= Z W ‘a7l—1| € ’
n>0
Elementary computations in polar coordinates prove that the function z — 2™
L?(D(0, R),m), where m is the Lebesgue measure on C ~ R?, and that

are orthogonal in

9 7.‘.}%2n+2
||Zn||L2(D(O R)ym) — ~ 1 °
D n+1
Thus,
2 _ m 2 —2(n+1)T
HpHL?(D(O,e*T)) = Z nt1 |an|e
n=0
< Z ilan_1|2e—2nT
n>0 \/ﬁ
1
(3.11) 9(T, z,y)|* d dy.

©2y7 Jrxr

Step 3: Right-hand side of the observability inequality (3.10). We write the right-hand side of the ob-
servability inequality by making the change of variables (z, z) = (z, e~ tHy—a%/ 2). We have dz dm(z) =
|22 dt dz dy. Thus, if we denote by Q C R x C the image of (0,7) x w by this change of variables, we
have

Ly gy € Ay = [ a1 )
(0,7) xw Q

(3.12) :/ Ip(2)|? dz dm(z).
Q
By definition, Q@ = |J,cg({#} x D), where

D, = {e_t'*'iy_””zm7 te (0,7),(z,y) € w}h.

We claim that for every 0 < t < T and & € R, D, C U (this is the reason we defined U this way).
Indeed, if —a < = < a, and (z,y) € w, then, by definition of w as the complement of a [—a,a] x W)
(eq. (3.6)), we necessarily have y ¢ Wy. It follows that e~*T¥=2%/2 ¢ U, In the case x ¢ [—a, a], we
have 2%/2 > a%2. Then, |e~T1¥=2%2| < ¢=9%/2_ It follows again that e~'T1¥=*"/2 ¢ /. Thus, using
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FIGURE 6. When the disk
D(0,e~T) (in red) is not included
in U, we can find holomorphic
functions that are small in U but
arbitrarily big in D(0,e~T). For
instance, we can construct with
Runge’s theorem a sequence of
polynomials that converges to
2+ (2 —29) ! away from the blue
line.

Holder inequality in eq. (3.12),

/ |gpor (e THY=72) 2 4t dar dy = / Ip(2)|2 dm(z) dz
(O,T)Xw Dy

xER
< [ m@olplfi o do.
xzeR
Since D, C D(O,e*12/2), m(Dy) < me=*" . Hence
(3.13) /( o A dy < VDl o

Now, plugging the lower-bound of the left-hand side (3.11) and the upper bound of the right-hand
side (3.13) into the observability inequality (3.10), we obtain a constant C' > 0 such that

12172 (p0,e-y) < Clpl e 17y O

Proof of theorem 3.3. To disprove the inequality, we only have to disprove the inequality on polynomi-
als given by the previous lemma 3.4. If T' < a?/2, the disk D(0,e~7T) is not included in U (see fig. 6).
For instance, if ¢ > 0 is small enough, zg = €%0~T~¢ is not in U. In fact, the half-line zy[1, +00) stays
at positive distance from U (see fig. 6). Then, according to Runge’s theorem [32, theorem 13.9], there
exists a sequence of polynomials (pg) that converges uniformly on every compact of C \ zo[1, 4+00) to
2 (2 —29)7 L.

Since U is a compact subset of C \ 2[l, +00), the sequence pj stay uniformly bounded on U, i.e.,
supy, ||k [l o ) < +00. But 2o € D(0,e~7T), and therefore ||(z — z0) || 2(p(0,e-7)) = +00. Thanks to
Fatou’s lemma, this proves that |[px||z2(p(o,e-7)) — +00 as k — +o0.

We have proved that (pg) is a counterexample to the inequality of lemma 3.4, which concludes the
proof of theorem 3.3. g

3.3. From the model case to the generalized Baouendi-Grushin equation. If we consider the
generalized Baouendi-Grushin equation (3.2) and take the n-th Fourier coefficient in y of g, we get

(3.14) (0 — 02 +n?q(x)*)g(t, z,n) = 0.

For n > 0, let P, be the unbounded operator on L?(I) with domain Dom(P,,) :== H?(I)NHE(I) defined
by P,g = (—02 + n?q?)g. We will denote A, the first eigenvalue of P, and by ¢,, a corresponding
eigenfunction. Remark that we do not require ¢, to be normalized in L?(I) (this will make some
definitions slightly easier later on). Then, we will look for a counterexample of the observability
inequality (3.3) with solutions of the generalized Baouendi-Grushin equation (3.2) of the form

(315) g({;, x, y) = Z nPn (x)einy*)\nt'

Heuristically, this should work because we expect the eigenfunctions ¢,, to be localized around x = 0
as n — 400, in which case the operator —92 + n%q¢? looks like —9% + n2q’(0)222, and the eigenvalue
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and eigenfunctions look like A, ~ n¢'(0) and ¢, (z) ~ (n/7)'/4e="4'(0) )7%/2 S0 the solutions g defined
above look like the solutions used to treat the model case (eq. (3.8)), up to a factor ¢/(0). In fact, a
better approximation of ¢, would be the so-called WKB approximation®

n(x) = (n/m)co(w)em daem (@),

’ _d gm// e

(3.16) ch(w) = TPt lD oy (a),

Co (0) =1.

Thus, we have

(3.17) g(t, z,y) ~ cola Za (=4 (0)1—dagm(2))

Le., g can almost be written as g(¢,x,y) = cg (x)gp l(e‘"y_tq (0)=dagm(®)) " where gpol is the polynomial

gpol Z anz

Let us write this in a exact way. Consider @, (z) = n'/4e=7(©2%2 and let II, be the spectral
projection associated to the eigenvalue \,, of P,. We define®

Let € € (0,1) (that we will later choose close to 0) and set

(3.19) Yo (n) = e~ =d O (7)o dasm(@)1=2),

Then, with the choice of ¢, in eq. (3.18), the solution g defined in eq. (3.15) can be written as

(3.20) g(t,z,y) Zan%x o (i=0 (0)t=(1-2) dagm (@))

In some sense, this formula tells us that g can be written as “pseudo-differential-type” operator applied
to the “model solution” gpol(eiy’ql(o)t*(l’s) dAgH'(I)). To successfully adapt the strategy used for the
model Baouendi-Grushin equation, we need some continuity estimates for these “pseudo-differential-
type” operators. We claim that the following estimate holds.

Lemma 3.5. Let T > 0 and € > 0. Define v 5 as in eq. (3.19). Let v ,(20,) be the operator on

polynomials defined by
a(20:) (3 anz") = 3o s(m)anz

Let X be a compact subset of C. Let V be an open star-shaped with respect to 0 neighborhood of X.
There exist C > 0 and N € N such that for every polynomial p € C[X]| with a zero of order N at 0
and for every 0 <t <T and x € I,

17t,2(202) (D) [ Lo (x) < CllIpllLee(vy-

As 1 »(n) is related to the eigenvalues and eigenfunctions of —92 + n?q(z)?, proving this lemma
requires a spectral analysis of this operator. What is more surprising is that we actually need a spectral
analysis of —02 + v2q(x)? when v is not necessarily real, meaning we have to do some non selfadjoint
spectral analysis. We will prove lemma 3.5 in section 4.3 with the spectral analysis done in the rest of
section 4 and a general estimate on operators on polynomials [27, theorem 18].

We will also use the relatively elementary bounds on A, and |¢n|[z2(;) given by the following
proposition.

5We write here the first term in the WKB expension of eigenfunctions, and only in dimension 1, because it is enough
for our purposes. But such a construction can be refined with more terms and in higher dimension [18, Chapter 3 &
Chapter 6, theorem A.3].

Also, in the differential equation that defines cg, there is a division by dAgm’(w), which is equal to 0 at x = 0. But
the numerator is also 0 at * = 0, and simple Taylor expansions at x = 0 proves that the quotient appearing in the
differential equation for cg is actually well-defined at = 0.

6We could also have chosen @n to be the WKB expansion defined previously, which would be a better approximation
of the eigenfunction. But since we are projecting on the actual eigenfunction afterwards, this is not necessary.
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€)dagm(a)

T=¢€

FIGURE 7. The domains U and V.

Proposition 3.6. In the limit n — 400, A, = nq’(0) + o(n). Moreover, there exist ¢ >0 and N > 0
such that for everyn = N, |onllL2(r) = c.

This proposition is standard, at least in spirit, and follows from the fact that the first eigenfunction
of P, looks like =9 (02%/2 when n — +00 (see, e.g., [18, theorem 4.23 & Eq. (4.20)]), and we provide
a proof in section 4.2.

With these two estimates, we prove the following version of lemma 3.4 adapted for the generalized
Bouendi-Grushin equation.

Lemma 3.7. Assume that the observability inequality (3.3) for the generalized Baouendi-Grushin
equation holds. Let ¢ >0 and let U C C be defined by (see fig. 7)

U=D(0,e 1 9daem@yy{z e C : |z] <1, arg(z) ¢ Wo}.

Let V be a neighboorhood of U that is star-shaped with respect to 0. Then, there exist C > 0 and
N € N such that for every polynomial p € C[X] with a zero of order N at 0, we have

[Pl 22 (D(0,e- ' @7a+eryy < ClIpllLoe(v)-

Proof. The proof mostly follows the one of lemma 3.4, but with the error term +:, which will be
handled by lemma 3.5. Let N > 0 as in proposition 3.6 and lemma 3.7. Let p(z) = >_, - yanz" a
polynomial. The discussion above shows that g defined by

g(t,z,y) = Z an@n<x)e_)\nt+iny
(3.21) n=N

= A/t I(Zaz)(p) (eiy—q/(o)t_(l—f) dAgm(I))

"In the variant of theorem 3.1 where distance((a,b) X {yo},w) > 0 mentionned in remark 3.2, we have to add
D(0,e=(1=2)dagm(®)) to U, In the variant where distance(I X {yo},w) > 0, U is only the pacman {z € C : arg(z) ¢ Wo}.
Their proofs are minor adapations and are left to the reader.
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is a solution of the Baouendi-Grushin equation (3.2).

Step 1: Left-hand side of the observability inequality (3.3). Since the functions 1, : (x,y) + @, (z)el™
are orthogonal, the left-hand side can we rewritten as

2
| JemapParay= [ |3 ae o) dsdy
IxT IxT

n>2N
= > lanle T gnllF2rmys
n>N

using the lower bounds on ||, || given by proposition 3.6, we get that |||z > ¢ > 0 for n > N.
Thus,

/ |9(T,z,y)>dzdy > ¢ Z |an|2e= 22T
IxT

n>N

Now, thanks to the asymptotics for A,, given by proposition 3.6, there exists C. > 0 such that A\, <
ng’'(0)(1 4 ¢) + C.. Thus,

/ |g(T, z, y)|2 dr dy > Ce72TCE Z |6Ln|2€72nq/(0)T(1+5)-
IXT n>N

As in the proof of lemma 3.4, we denote by m the Lebesgue measure on C ~ R?, the functions z + 2"
are orthogonal on L*(D(0, R),m) and [|2"(|72(p( gy my = TR*"*?/(n + 1). Thus,

™ B VT
||p\|22(D(0’e,q,(0m1+5))) = Z - 1|an|2e 2(n+1)q’ (0)T(1+¢)
n>N
< Z 7Te*QCJ'(O)T(lﬂe)|an|26—2nq’(0)T(1+5)

n>N

(3.22) <C lg(T, z,y)|* dz dy.

IxT
Step 2: Right-hand side of the observability inequality (3.3). We make the analogous change of variables
as in the model case, but adapted to our case, i.e., (z,2) = (m,e’q,(o)t“y*(l’s) dagm(®)) We have
dz dm(z) = ¢'(0)|2|> dt dz dy. Thus, if we denote by Q2 C I x C the image of (0,7) x w by this change
of variables, which is a subset of I x D(0, 1), we have

1
/ lg(t, 2, y)|* dt dz dy = ,—/I%,z(zaz)(p)(Z)IQIZI‘Qdwdm(Z)-
(0,T)xw Q(O) Q

We kept for simplicity the notation ~y, , but of course ¢ is now a function of (z, z). For any 0 < ¢t < T and
(z,y) € w, we have |e”ttiy—dagm(@)| > o=T-max(dagm(=L-).dagm(L+))  Thus, in the previous integral,
we can bound |z|~2 < C for some C' > 0:

/ gt 2, y)P dtdedy < C / .2 (202) () (2)]? dz dim(2).
(0, T)xw Q

<C sup |y.(20.)(p)(2) .
(z,2)eQ
As in the model case, if (z,2) € Q, then z € U. Indeed, let (z,2) € Q, ie., z = e tT¥—dagm(@)(1=¢)
with (z,y) € w. If a < & < Ly, then, by definition of w as the complement of [a, L1 ) x Wy (eq. (3.1)),
we necessarily have y ¢ Wy. It follows that z € U. In the case z < a < 0, since dagm is decreasing on
[~L_,0], we have |z| = e7t~daem(@)(1=¢) < = dagm(a)(1=¢) Tt follows again that z € U. Thus,

[ tepPddsdy<C s GO0 e
(0,T) xw (t,x)€(0,T)x I
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FIGURE 8. When the disk
D(0,e=¢OT(+e))  (in  red) is
not included in U, we can find
holomorphic functions that are
small in U but arbitrarily big
in D(0,e~¢@OT1+e))  For in-
stance, we can construct with
Runge’s theorem a sequence of
polynomials that converges to
2z = 2Nz — 29)7! away from
the blue line.

D(0, o4 (OT(1+

Now, we use the operator estimate of lemma 3.5, which gives
(3.23) | et dedsdy < Clplf v,
(0, T)xw

Step 3: Conclusion. Now, plugging the lower-bound of the left-hand side (3.22) and the upper bound
of the right-hand side (3.23) into the observability inequality (3.3), we get

||p||2L2(D(o,efq'(omus))) < CHP||2L<>°(V)- O

Proof of theorem 3.1. As in the model case, we end the proof of non-null controllability by disproving
the inequality on polynomial given by the previous lemma 3.7. If

¢'(0)T(1+4¢) < dagm(a)(1 —¢),

the disk D(0, e_q/(O)T(H‘E)) is not included® in U, and we can chose a compact neighborhood V' of U
that is star-shaped with respect to 0 and such that D(0,e~71+9)) is not included in V (see fig. 8).
Choose some zy € D(O,e_q/(O)T(l"'a)) that is not in V. Since V is star-shpaed with respect to 0,
the half-line zy[1,4+00) stays at positive distance from V. Then, according to Runge’s theorem [32,
theorem 13.9], there exists a sequence of polynomials (py)y that converges uniformly on every compact
of C\ zp[1,4+00) to z + (z — 2z9) L.

Set pi(z) == zN*T1pr. We prove that (pi) is a counterexample to the inequality of lemma 3.7
with the same method as in the model case. Since V is a compact subset of C \ zo[l,+00), ps
stays uniformly bounded on V, i.e., supy |[pkllr~(v) < +oo. But 2z € D(0,e=7OT0+))  and
therefore [zNV+1(z — 20) " L2 (p(0.e- s’ @140y = +oo. Thanks to Fatou’s lemma, this proves that
1Pkl L2 (D(0,e- ' @7 a4er)) = +00 @8 k — 400.

We have proved that the inequality of lemma 3.7 does not hold, which implies that the observability
inequality (3.3) does not hold either, which in turn implies that the generalized Baouendi-Grushin
equation is not null-controllable. This holds for any ¢ > 0 and any 7T such that (1 + €)¢’(0)T <
dagm(a)(1 —¢). Thus, the generalized Baouendi-Grushin equation is not null controllable if T <

dagm(a)/q'(0). O
4. SPECTRAL ANALYSIS

As explained in section 3.3, we need some spectral properties on the operator P, = —92 + v2q(z)?
with Dirichlet boundary conditions on I (defined precisely in eq. (1.4)). We start with an asymptotic
of the first eigenvalue, and in following subsection, we prove some Agmon-type upper bound for the
associated eigenfunctions.

8In the variant of theorem 3.1 where distance((a,b) X {yo},w) > 0 mentionned in remark 3.2, taking into account
footnote 7, the condition becomes ¢'(0)T(1 + ¢) < min(dagm(a),dagm(b))(1 —€). In the variant where distance(l x
{yo},w) > 0, again taking into account footnote 7, D(O,e*q,(O)TU*E)) is never included in U.
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For 6y € [0, g), we set
(4.1) Yo, ={z€C: |z| > 1,|arg(z)| < 0o} .

4.1. The first eigenvalue and corresponding spectral projection. We denote by Hg the non-
selfadjoint harmonic oscillator —92 + 3222 on R. We refer to Appendix A for the precise definition
and properties of Hg.

In this paragraph we prove that the operator P, has an eigenvalue close to the first eigenvalue of
the model operator Hy (g),, and that the corresponding spectral projection is also a perturbation of
the spectral projection of Hy (gy,. See Proposition 4.2.

For this we first prove that the resolvent of P, is a perturbation of the resolvent of Hg (g),, in the
sense that the difference between these two resolvents is smaller than the resolvent of Hy (o),

Notice that the resolvents of P, and Hg (o), are not defined on the same space. We denote by 1 the
operator which maps u € L?(R) to its restriction on I: 1;u = u|; € L*(I). Then 1% maps a function
v € L2(I) to its extansion by 0 on R.

Proposition 4.1. Let v € R and € > 0. For v € ¥y, we set
(4.2) Z,={2€C: |z| < v|v|,distance(z,0(Hy (o)) = €|v|} .
Then there exists vy > 1 such that for v € Ly, with |v| > vy and z € Z,, we have z € p(P,), and
zseuzpu (P, —2)~" = 11 (Hy o) — Z)_l]l?Hc(H(I)) - |V|_?+Oo (|i|) '
vESo,
Notice that for v € Xy, we have Z, = |v|2,/,|. The spectral properties of the model operator

H /0y, are given in proposition A.1. We deduce in particular that there exists C' > 0 such that

(4.3) Vv € gy, ¥z € 2, ||(H, 27 < |,/|

Proof. For v € ¥y, and z € Z we set
R,(z) =11(Hyo), — 2) "5 € L(L*(D)).

11
NG
We consider a cut-off function x € C§°(R, [0, 1]) supported in [-2,2] and equal to 1 on [-1,1]. Then for
v e Xy, and x € I we set

Let

xo(@) = x(v|” 2).
Step 1: Approximation close to x = 0. We first prove that if |v| is large enough then R, (2)x, (P, — z)—
X extends to a bounded operator on L?(I) for all 2z € Z,, and

(4.4) sup || Ry (2)xv (P — 2) = Xvll2ez2(n) » 0.

z€EZ, |v]|—=+o0

Here and everywhere below it is implicitely understood that v always belongs to Xy, .
Let u € Dom(P,). We have x,u € Dom(P,) and, if |v| is large enough, 1}y, u belongs to Dom(H,,).
For = € I we set

so that
Ry (2)(P, = 2)xuu = xou + VR, (2)rxpu.
Then, denoting [x,, P,] the commutator of x,, and P,, we have [x,, P,] = [02, x.] = X" +2X’,0., hence
Ry (2)xv(Py — 2)u = Ry (2)(Py — 2)xpu + Ry (2)[x0, Plu
(4.5) = xou + V2R, (2)rx,u — R, (2)Xu + 2R, (2)(x,u)’ .
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Since |r(z)x, (x)| < ||, we have by eq. (4.3)
2-1-3p 0
|[v| =400 ’

HV2RV(Z)7"XVHL(L2(I)) S vl
Similarly,
-1 .

V| =400

For the last term in eq. (4.5) we recall that for v € L?(R) we have

||RV(Z)XZHL(L2(I)) S v

-1 |12 o 2 ALl
(4.6) ‘ Ox (I{q/(o)’7 o Z) U‘ L2(R) tv qI(O) “$(Hq'(0)17 B Z) ’U‘ L2(R)
— <’U’ (Hq’(o)f/ — Z) U>L2(R) +z (Hq'(O)D - Z) IU’ Lz(R) N

We multiply by e and take the real part. This gives, uniformly in v € ¥4, and z € Z,,

\—1]? -1 1
00 (Hyos—2) | and  [2(Hyop —2) |

A7 ‘ < - <
*.7) c2mr) ~ |v| cem) ~ |y}

Taking the adjoint in the first inequality gives for |v| large enough

—1 «
IR0 0 21y < || (Harow = 2) ™ 00|

L2(R)

S Il

Sl ey -
and eq. (4.4) follows.
Step 2: Approzimation away from x = 0. There exists ¢y €]0, 1] such that for all € I we have

lq(x)] = cola].
On L%(I) we consider the operator

Py =Py + V"1 0 ),

(with domain Dom(P,) = H2(I) N HL(I)). Since q(z)? + L j-r -] 2 2 |v|7* on I we have for

u € Dom(P,)
Re (7 (Pyu, u)) > cos(O)ct |v[*~*" llull -
By the Lax-Milgram Theorem and elliptic regularity we obtain that any z € Z, is in the resolvent set
of P, with
5 -1 |V|2'072
(4.8) 1Py =27l 222y < cos(0)c2

Then we have

(pu —2) 7 A= x)(Py = 2)u= (P, = 2) (1 = xu) (P — 2)u
= (P, —2)7Y (P, — 2)(1 — x,)u

As above we estimate

4p—2
P 50
|v|—+o0

5 -1
H(Pu - z) X;//H[J(L?(I)) S vl
and
~ _ —1 2p—1
1By =2 )y S P Ity S P2l oy
This proves that

(4.9) sup ||(P, = 2)7H (1= x)(P = 2) = (1= x)

[
2€Z, L(L2(I)) |v]=+o00
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Step 3: Conclusion. For v € ¥y, and z € Z,, we set
Qu(z) = Ru(2)xw + (P, = 2) 7' (1 = x)-
By eq. (4.4) and eq. (4.9) we have for u € D(P,)
1Qu(2)(Py = 2)u — ul| g2y
< |[Ry (2)x0 (P — Z)u = xuull g2y + 1Py = 2) 71 = x)(Py = 2)u = (1= xo )ull 21y
= oo (D llull L2y -

This proves that for |v| large enough, the operator Q, (2)(P, — z) = 1+ (Q.(2)(P, — z) — 1) extends
to a bounded operator on L?(I), which is invertible with inverse bounded umformly in v, and

(4.10) H Q)P —2) " - 1H
In particular, (P, — z) is injective. Since it has compact resolvent, it is boundedly invertible, and

(P, — Z)_l = (QV(Z)(PV - z))_lQV(Z)~

ey
L(L2(D)) |v]—4o0

We get
D) B -2 - x)
(4.11) —(Q 2) (P, —2)) 1Ru( 1—xy)
+ (@ )P =) = 1) Ru

For the first term we use eq. (4.8). For the third we use eq. (4.10) and eq. (43) Finally, for the second
term we observe that on supp(1 — x,) we have |z| > |v|™” so for u € L?(I) we have by the second
inequality of eq. (4.7)
gk 12 2 20-3 . 12
H(l_XV)]lI(Hq’(O)D_z) 1]11u||L2(1) 5 |I/| pHx(Hq/(O)f_Z) § ‘V| P HU‘HL2(I)

Taking the adjoint gives

1% 1
U 150 = ey =, 0 (1)

and the conclusion follows from eq. (4.11). O

Proposition 4.2. For v € ¥j  large enough there exists an eigenvalue A, of P, such that

A —¢0v|= o v]).

A =gl = o ()

If we denote by 11, € L(L*(I)) the associated spectral projector, then 11, has rank one. Moreover, if
we denote the spectral projection associated to the eigenvalue ¢’ (0)v of the complex harmonic oscillator
Hy oy by Hq "oy € L(L*(R)), we have

I, — 1,105 ), 15 — 0.
|| I q’' (0)v IHC(LZ(I)) V| =400
VGEQO

Proof. Let vy be given by Proposition 4.1 for e = 1 and v = 2¢'(0). For v € ¥y, with |v| > vy we set
1
B, =— (P, — 2) tdz.
27 g

By Proposition 4.1 we have

B, — 1,115 ), 13 s

H I q'(0)v I”[:(LQ(I)) |V‘~>+oo
In particular, there exists v; > vy such that if |v| > 11 we have

1

1By = 1T 0, 17l 222y < <3
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By [25, §1.4.6] this implies that
dim(Ran(B,)) = dim(Ran(Hg(O)y)) =1.

This proves that for |v| > v the operator P, has a unique simple eigenvalue A, in the disk D(¢'(0)v, |v]),
and B, is the corresponding spectral projection II,. It remains to prove the estimate on A,. For this
we reproduce the same argument with any € €]0,1]. Then, given e €]0, 1], there exists v, > v; such

that the projection
1
- (Py — 2)71 dZ
A7 J)a— g 0w|=elv|
is well defined and has rank 1. This implies that A, belongs to D(¢'(0)v, e |v|) when |v| > v. and
concludes the proof. O

4.2. Agmon Estimates of Eigenfunctions.

Proposition 4.3. Let ¢ > 0. For Re(v) > 0 such that proposition 4.2 ensures the existence of the
eigenvalue X\, close to ¢'(0)v, let @, be an eigenfunction associated to \,. For v = |v|e?, set
_ Re(e™?),)
Ho = cos(f)
Let K € C*(I;R) and w, = e"X®y,(x). The following Agmon equality holds:

1wy 72y + /1 (Iv1*(a(2)* = K"(2)) = py) Jwy (2)|* dz = 0.

Proof. Let v = |v|e!?. The proof follows the usual Agmon’s equality strategy. We have ¢, = e Kuw,.

Thus, using Leibniz’ formula,
0= (P, —\)gy
= —(e7"EY"w, — 27 EYw!, — e Ew! + (12¢% — \))e K w,
= (—w} + 2vK'w], + (2 K”? + vK" + v%¢* — \))w, ) e K.
Thus,
(4.12) —w! + wK'w, + (—*K"”? + vK" + 1*¢* — \,)w, = 0.

0

Multiplying by e~%w,,, integrating and taking the real part, we get

0= —Re /e_iewgﬁ+ |v| Re /(2K’wf,uT,+ K" |w,|?) +/(cos(9)|u\2(q2 — K"?) —Re(e™)\,)) [w, |*.
I I I

I Iy I

Integrating by parts in I, we have I} = cos(@)Hw’VH%z(I). Also integrating by parts in I, we get
o= o] [ (B P+ K )
I

=] [ K 4 K )
1

=0.
Thus,
0= Iy 1y = sl [y + [ (cos(O (e = K2) = Ree™,)) s
which is the claimed estimate (multiplied by cos(6)). O

We will use proposition 4.3 with K = (1 — ¢) dagm, where dagm defined in eq. (1.3). Up to this
point, we assumed ¢, to be an eigenfunction of P, associated to the first eigenvalue, but we did not
specified how it is normalized. We do this in the following definition, which is the natural extension
of the definition of ¢,, when n € N (eq. (3.18))
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Definition 4.4. For Re(v) > 0 let ¢, € L%*(I) be defined by
951/(55) — V1/4e—q’(0)y9c2/2.
Set also
Yy = HV (()511),
where II,, is the spectral projector for P, associated with A, .

Proposition 4.5. Let o, as in definition 4.4. Let 0y € (0,7/2). There exists C = Cy, > 0 such that
for every v € Ly, with |v] > 1,
1Bvll 2y

s
leullzay < C

<
<

Proof. Step 1: Estimation on ¢, . Since ¢, is a restriction of yl/4e=vd (0272 o R, we have

413 5|22 < 1/2/ “2Re(w)g' 022 g — | T
) ez WP f e TV @O Re() S\ 7(0)cos(8o)

Step 2: Estimation on ¢,,. Using the notations of proposition 4.2, we have
(4.14) lewllzzay < (H]lfﬂq/(o)u]lﬂh(mu)) + [T, — 11Hq/(o)u]l?||£(L2(1))> PwllLz(r)-

Moreover, according to proposition 4.2, for |v| large enough in X,,

Iy = LIy 0y L7l (r2(r)) < 1.
Since the left-hand side is continuous in v, we have that for |v| > 1 and v € g,
ML, — LMy 0y L7l £r2r)) < Co-
Finally, according to proposition A.1, ||ﬁq/(0)y||£(L2) stays bounded for v € 35 , thus

11y 0y L7l 22y + 1T — Lrllgr 0y L7l 2z (r)) < Coo-

Plugging this fact into eq. (4.14) and combined with the fact that ||@, | z2() is bounded (eq. (4.13)),
we get the claimed estimate. O

Corollary 4.6. Let ¢, asin definition 4.4. Lety € (0,7/2) ande € (0,1). There exists C = Cg,.. >0
such that for every v € Xy,

/ |ou (z)er ) dAg‘"'(aj)|2 dz < Cly.
I
”(pyeu(lfs) dAgm(m)”Lw(I) < Cly|.

Proof. Let w,(x) = @, (z)e’(1=5)daem(®) - According to the Agmon equality of proposition 4.3, we have

(4.15) e 12y + / (IvPq(@)2(1 = (1 = £)2) = ) hw, ()] da = 0.

Step 1: First inequality. Let K > 0. We claim that if x € I, v € ¥y, and |v|dagm(z) > K, then
|v|?2q(x)? > cK|v| for some ¢ depending on ¢, but not on z € I, v € ¥y, nor K.

Indeed, routine computations show that in the limit z — 0, ¢(x)* ~ ¢’(0)22? and dagm'(z) ~
q'(0)x?/2. Thus, if ¢; > 0 is small enough, for every |z| < c1, ¢(z)? > ¢/(0)22%/2 and dagm () < ¢/ (0)z2.
Moreover, since g(z) = 0 only at z = 0, for every |z| > c1, ¢(z)? = ¢ > 0. Then, if dagm(z)|v| > K,
we consider two cases: |z| < ¢; and |z| > ¢;. In the second case, q(x)? > ¢z thus |v]?q(z)? > cao|v]?.
In the case |z| < ¢1, we have ¢(z)? > ¢/(0)?2%2 > ¢/(0) dagm(x)/2, thus, |v|*q(x)? > |v|Kq'(0)/2,
proving the claim.

Thus, if K is large enough, then for every = € I such that dagm(z)|v| > K

V1%q(2)?(1 = (1 = €)*) — p > clv],
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where we used the fact that p, ~ ¢’'(0)|v|/ cos(arg(v)) because A, = ¢'(0)v + o(v). Then, splitting the
integral in the Agmon equality (4.15) into a part for |v|dagm(z) < K and |v|dagm(z) > K, we get

dwwéwwmﬂﬁ/m(KAmﬂﬁWWFU%ﬁWMWM
v|dagm(z

< C|l/|2HwVH%2(|V|dAgm(z)<K)'
We rewrite this as
2 2
lwo 122 (1) dagm ()5 K) < CINW T2 (0] d g gon (2) < K) -

Adding ||wl,||2L2(‘ )<Ic) on each side, this proves that

V|dAgm(
||w,||%2(1) < C|V|||wV||%2(|l/\dAgm(x)<K)'

Using the definition of w,,, we see that for |v|dagm(z) < K, |w,(z)| < eX|p, (z)|. Thus, using also the
property ||, || z2(r) < C (proposition 4.5)

w221y < CIP N1 F2 () dage (2)< )
< Q.
Step 2: Second inequality. We again use Agmon’s equality (4.15) to get
lwp 22y < mllwollZa gy < ClWlllwillzey < Clvf.
The claimed estimate then follows from Sobolev’s embedding of H*(I) into L>(I). O

We also prove the lower bound of proposition 3.6 for ¢, when n > 0 is large enough.”

Proof of proposition 3.6. The part about A, was already proven in proposition 4.2. By definition of
©n, We have

on = W = 1T ), 17 @n + (T, — 11 ), 17) B
According to proposition 4.2, we have

H *
Hn - nIHq’(O)nﬂf Q—%nH«Foo O

Moreover, denoting by ¢ ,(z) = (Re(B)/m)"/4e=B*" the first cigenvector of Hpg, we have for § > 0,
Hg = (g1, '>‘PEI,1~ Thus,

1/4
* ~ q/ 0 nd 5
<<p}1{’(0)n,171l1905> = \/ﬁ (fr)) /Ie q' (0)x dz.

The integral above is on I, but if we integrate on R instead, we only add a small error term. Thus,

1/4
H * ~ _ i
omtien) = () + o)

Hence,

1/4
™ H ~
en=(275) Letoma g (alza + 1)
Since ||@n | z2(r) is bounded (proposition 4.5) and since ”]II‘PI(;I/(o)nJ”LQ (I) = 1+0(1) (thanks to similar
computations as above), this proves the claimed lower bound. O

9This theorem actually holds if v ranges in ¥y, by using the expression of ng. We don’t need this, so we refrain

from doing so.
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FIGURE 9. An example of a set Xy \
D(0,r9) C Q. The angle 6 is allowed to be ar-
bitrarily close to 7/2, but then, the radius rg
of the disk we avoid may blow up arbitrarily
fast. For the Q2 we will consider, the corre-
sponding ry does blow up when 8 — 7/2 (at
least, we cannot exclude that it blows up).

4.3. Estimate for some pseudo-differential type operators on polynomials. In this section,
we use the spectral analysis of the operator P, to deduce the operator estimate of lemma 3.5. In order
to do that, we need some definitions and theorems about a general class of operators on polynomials.
The following comes from [27, definition 9 & theorem 18].

Definition 4.7. Let Q be an open subset of C such that for every 6 € (0,7/2), there exists ry > 0
such that ¥y \ D(0,79) C Q (see fig. 9).

We denote by S(2) the set of functions v holomorphic on  that have sub-exponential growth on
each Xy N, i.e., for each § € (0,7/2) and 6 > 0, we have

pos(y) = sup |y(z)e Pl < +oo.
z2EX )N

We endow S(€2) with the topology defined by the seminorms pg s for all 6 € (0,7/2) and 6 > 0.

For the next theorem, if U is an open subset of C, we denote the set of bounded holomorphic
functions on U that have a zero of order ng at 0 by O;° (U). We endow O (U) with the L*°-norm.

Theorem 4.8. Let Q C C as in definition 4.7 and set ng = minmin{n € N : [n,4+00) C Q}. Let vy in
S(Q) and v(20,) be the operator on polynomials with a zero of order ng at 0, defined by:

~v(20,) < Z anz”> = Z y(n)anz".
n>=ngo n>=ngo

Let U be a bounded open subset of C. Let V be a neighborhood of U that is star shaped with respect to
0. Then there exists C' > 0 such that for all polynomials p with a zero of order ng at 0,
[7(202) ()l L=y < CllpllLe=(v)-

Moreover, the constant C' above can be chosen continuously in v € S(Q): the map v € S(Q) —
v(20.) is continuous from S(Q) to L (05 (V), O (U)).

We now have all the pieces needed to prove lemma 3.5.
Proof of lemma 3.5. Let 6y € (0,7/2). According to proposition 4.2 there exists rg, such that if
|v| > rg, and |arg(v)| < 6y, then there exists a unique eigenvalue A, of P, close to ¢/(0)v. Moreover,
this eigenvalue is algebraically and geometrically simple.

Set Q = ere(om/Q) Yo, \ D(0,79,). Notice that by definition, Q satisfies the property of defini-
tion 4.7. For v € Q, we define

’Yt m(l/) — eft()\l,fq/(())u)Soy(x)eudAgm(w)(].*E)’

which is the natural extension of the definition of v (n) when n € N.
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Step 1: The family (Vi..)t.c i a bounded family'® of S(2). According to proposition 4.2, A, is al-
gebraically simple on Q. Thus, according to analytic perturbation theory (see, e.g., [25, Chapter
VII, §1]), A, and the associated spectral projector are holomorphic in v € C, Re(v) > 0. Since
v, =11, (V1/4e”’q'(0)“32/2), ¢, is holomorphic in v € Q. We conclude that ~; ,(v) is holomorphic in
ve.

We still have to prove that (7;4):. is a bounded family of S(£2). Let us set

mlv) = IO O,

CV) =y (@)er Sren (0=,

and prove that both of the families (1;)o<t<7 and ({;)zcr are bounded in S(2). It is easy to see that
(71,72) € (8(2))? = 1172 € S() is bounded, so this will prove the claim.

Let 0y € (0,7/2) and § > 0. According to proposition 4.2, we have in the limit |[v| — +o0, v € Xy,
A —vq'(0) = o(v). Thus, for v large enough in ¥y,,

‘nt(y)efé\uu _ ‘eto(\ul)*élu” < &TCoy.s

Thus, (nt)o<t<T is @ bounded family of S(Q).
Similarly, according to corollary 4.6, we have for any x € I, and v large enough in X,

e~ < C.
This prove that ((;).er is a bounded family of S(£2).

Step 2: Conclusion. Let ng = min{n € N : [n, +00) C Q}.!' Let U be a bounded open neighborhood
of X such that U C V. Then, the sets U and V satisfy the hypotheses of theorem 4.8. Hence, according
to theorem 4.8, there exists C' > 0 such that for every polynomials p with a zero of order ng at 0, and
foreveryx € I and 0 <t < T,

7,2 (202) (D) | L= () < Cllpll Lo (vy- O
5. CRITICAL TIME OF NULL-CONTROLLABILITY FOR SOME DOMAINS
In this section, we prove theorem 1.5.

Proof of theorem 1.5. Set a_ = —max(7y, ) and a, = max(v; ). Denote by y_ € T and y, € T points
where these maxima are reached.

Step 1: Lower bound of the minimal time. For this step, we only have to treat the case T, > 0. In
this case, either a_ < 0 or a; > 0. If a_ < 0, for any a_ < a < 0, the segment [a, L] x {y_} stays
at positive distance of w, and thanks to theorem 3.1, the generalized Baouendi-Grushin equation (3.2)
is not null-controllable on w in time T' < dagm(a)/¢’(0). Similarily, if ay > 0, for any 0 < a < a4,
the segment [—L_, a] x {y+} stays at positive distance from w, and the generalized Baouendi-Grushin
equation is not null-controllable in time 7' < dagm(a)/q’(0).

This holds for any a— < a < 0 and 0 < a < a4, thus the generalized Baouendi-Grushin equa-
tion (3.2) is not null-controllable in time T' < T.

Step 2: Upper bound of the minimal time. Let € > 0 small enough so that 75 —v; > €. Let
A1 = max(y1,a— — ) and J2 = min(ys, a4 + €). By using the information 75 — 91 > &, a— < 7q,
~v1 < a4 and by looking at the different cases, we readily get 42 — 41 > €. Then, we define the path

Ya(s) +5’2(5)’s> .

’y=(%vy):s€TH( 5

10Let us recall that if E is locally convex vector space whose topology is generated by a family (p,), of seminorms, a
subset X of F is bounded if and only if for every ¢, the set {p,(z),xz € X} is a bounded subset of R.

HIn fact, we can be more precise in the the construction of Q and ensure that Ry C €2, in which case ng = 0.
Indeed, the spectral theory of compact operators proves that for every v € C, the spectrum of P, is a discrete sequence
of eigenvalues. The uniqueness of the solution of Cauchy problems for ODEs proves that when v > 0, these eigenvalues
are actually geometrically and algebraically simple. Finally, perturbation theory proves that the first eigenvalue in
holomorphic on the neighborhood of Ry. We do not need this, so we do not detail this.
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71

FIGURE 10. In green, the domain w. At y = y_, the function 5 takes its maximum
a—. Then, the interval (a—, L) x {y—_} is disjoint from @. So, the Grushin equation is
not null-controllable in time T' < dagm(a—)/¢’(0). Similarly, the interval (—L_,a ) x
{y+} is disjoint from @. So, the Grushin equation is not null-controllable in time
T < dagm(a+)/q'(0). Also, if we take a path v (here in blue) that is close to the
boundary of w around y = y_ and y = y,, then, we can apply theorem 1.4, and the
Grushin equation is null-controllable in time 7" > max(dagm(a—),dagm(a+))/q’(0).

This path satisfies y1 +¢/2 < v, < 2 —€/2, so v(T) C w. Moreover, it is not homotopic to a constant
path, because it is homotopic to s € T — (0, s). Moreover, this path satisfies
a7—§<7m<a++§.
2 2

Thus, theorem 1.4 implies that the generalized Baouendi-Grushin equation (3.2) is null-controllable in
time T' > max(dagm(at +€/2),dagm(a— —€/2))/¢’(0). As this holds for every € > 0 small enough,
the result follows. 0

APPENDIX A. NON-SELFADJOINT HARMONIC OSCILLATORS

Let C4 be the complex right half-plane {8 € C : Re(8) > 0}. Let 8 € C,. We discuss in this
appendix the basic properties of the non-selfadjoint harmonic oscillator (or Davies operator) defined
on L?(R) by
(A1) Hg = —02 + B%2°.

More precisely, we set
Dom(Hpg) = {u € L*(R) : —92u+ f22%u € L*(R)},

where —92u+£%22u is understood in the sense of distributions, and we define Hg by (A.1) on Dom(Hg).
This defines an unbounded operator on L*(R). When 3 = 1 we recover the usual harmonic oscillator.

The spectral properties of the Davies operator has been studied extensively (see, among others,
[17, §14.5], [23, §14.4], [28], and the references therein), and the properties stated in this appendix
are standard, at least in spirit. Nevertheless, for the reader convenience, we collect and prove the
properties needed in our study.

Proposition A.1. Let g € C,..

(i) The operator Hg is closed with compact resolvent.
(ii) The adjoint of Hg is Hj = Hg.
(i) The spectrum of Hg is given by the sequence of (geometrically and algebraically) simple eigenval-
ues (Ag,k)keN* where

ML = (2k—1)8.

An eigenfunction associated to )\gk s given by

7:2
P (@) = hioy (v/Br)e™ 5, where  hy_y(x) = (—1)Fle” 9k (™)
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is the (k — 1)-th Hermite polynomial.
(iv) Let 6y € [0,%). Let v >0, e >0 and Zg as defined by (4.2). Then there exists C > 0 such that
if arg(8) < 0o and z € Z3 then we have

C

(A-2) (s — Z)_IHL(L2(R)) < 18l

(v) We denote by Hg the spectral projection of Hg associated to the eigenvalue )\g’l = (. Then we
have

I8 ey = 7y = T
Pllec2®) =\ Re(B)  /cos(arg(B))

Proof. Step 1: Hg has compact resolvent. The closedness of Hg is clear. Let § = arg(83) € [0, 6o].
For v € Dom(Hg) we have

—i —i 2 2 i 2
(A4) <e QH,@U’U>L2(]R) =¢e 0 ”’U’IHLZ(R) + |B| 89 quHL2(R) ’

(A.3)

so e 1 Hy is sectorial with angle 6. In particular, (e7 Hg + 1) is injective. Now let
B'(R) = {ue H'(R) : zu € L*(R)}.
This is a Hilbert space for the natural norm
||U||?31(R) = HUH?LP(R) + ||$U|\2Lz(R) -
For u,v € BY(R) we set
Qp(u,v) = e (U, v") oy + 18I e (T, T) o (g + (U, V) o) -

Let f € L*(R). By the Lax-Milgram Theorem, there exists a unique u € B!(R) such that QB (u,v) =
(f,0) 2w forallv € B'(R). In the sense of distributions we have e~ (—u" + 322%u) +u = f € L*(R),

so u € Dom(Hg) and (e **Hp + 1)u = f. This proves that e belongs to the resolvent set of Hyp.
Finally, taking the real part of (A.4) gives for v € Dom(Hg)

Re <e_i9H5u, u> 1 ) ,
<
cos(0) = 2cos(6) (”H’BUHN(R) T ”“HL?(R))
We deduce that Dom(Hjp) is compactly embedded in L?(R). Since the resolvent set of Hg is not

empty, it has compact resolvent. In particular, its spectrum consists of isolated eigenvalues of finite
multiplicities.

2 2 2
[0z @y + 1817 2wl 2@ <

Step 2: (Hg)* = Hgz. Let v € Dom(Hp). For u € Dom(Hg) we have (Hgu,v) = (u, Hzv), so
Dom(Hpz) C Dom(Hj;) and Hj = Hg on Dom(Hg). Now let v € Dom(Hj) and f = Hjv. Then
v € L*(R) and in the sense of distributions we have —v” + 32z%v = f € L*(R), so v € Dom(Hj). This
proves that Dom(Hj) C Dom(Hg), and hence Hj = Hg.

Step 3: Figenvalues and eigenfunctions of Hg, completeness of the eigenfunctions. For k € N* we have
@Ek € Dom(Hpg) and it is classical computation that for § = 1, (see, e.g., [23, §1.3])

H H H
Hl%,k = >\1,k901,k
Noticing that @Eyk(x) = ¢1,x(v/Bz), routine computations show that
H H H
Hppp k= Agk8 k-

Then )\g, i is an eigenvalue of Hg and cpg) & is a corresponding eigenfunction.
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Let u € span(gog’k)fc‘ew. Then for all polynomial p we have fR u(:r)p(\/gas)e*[m2 dx =0. For £ € R
we set F(§) = [, el#€y(x)e=P*" dz. Then F is analytic and F(™(0) = 0 for all n € N. This implies
that u(x) = 0 for almost all z € R, so the family (‘Pg,k)keN* is complete.

Step 4: Resolvent estimate. Let 0y € (O, %) The map
(0,¢) = (Hao —¢9¢) ™"
is continuous and hence bounded on the compact [—6p, 6] X Z1, so eq. (A.2) holds if |5] = 1.

For p > 0 we consider on L?*(R) the unitary operator ©, such that for v € L?(R) and z € R we

have
1
(A5) (©pu)(x) = p2u(pz).
We observe that
-1 o

9\3|%H56|ﬁ\% N
and we deduce (A.2) in the general case.
Step 5: Spectral projector. In the integral <<p%7k, g0§71> = fR hk,l(\/Bx)e*ﬂx2 dx, we make the change

of variables and integration path 2’ = /B, which can be justified thanks to the gaussian decay of the
integrand, and we find

1 . 1
(Haoslia) = 75 meortade™ do = 5 (ool

Since the functions ((plf’k) are eigenfunctions of the self-adjoint operator H; associated to different
eigenvalues, we get that for k # 1, (golﬂk, ‘P11{,1> = 0. Moreover, with a direct computations, <<plﬁl, g0114’1> =

ﬁl
T
(5 k=1,
<¢g,k7¢g,1> = B

0 if k # 1.
Thus, we can define
M RN
<S03H71790;}31,1> o

Then, for k € N*
~ 1if k=1,
H _ )
I%%$_{0ﬁk¢1
According to step 3, the family (@g,k)k is complete, hence, by density, ﬁg is indeed the spectral
projection Hg.
Bz?

Since gogl(ac) =e~ 2z , we can compute

H 2 H 2 m H H m
H‘PB,I”L%R):HLPBJHL?(]R): Re(0) and <‘PB,1"PB,1>: Bv

and (A.3) follows. O
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