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for a non-local transport-diffusion equation with
fractional derivatives in time and space.
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Abstract

We study the existence of global weak solutions of a nonlinear transport-diffusion equation with a
fractional derivative in the time variable and under some extra hypotheses, we also study some regularity
properties for this type of solutions. In the system considered here, the diffusion operator is given by a
fractional Laplacian and the nonlinear drift is assumed to be divergence free and it is assumed to satisfy
some general stability and boundedness properties in Lebesgue spaces.

Keywords: Nonlocal diffusion; Riemann—Liouville derivative; Fractional Laplacian; Energy Inequality.
MSC2020: 35R11; 35B50; 35B65.

1 Introduction and presentation of the results

Let 0 < o <1 and 0 < < 2 be two real parameters. For a function 6 : [0, +00[xR"” — R with n > 5 we
consider here the following equation

X
2

DOt x) + (—A)20(t, ) + (A - VO)(t,2) =0, div(Ajg) =0,

(1.1)
0(0,x) = Op(x),

where 6y is a given initial data, Df* is a fractional derivative in the time variable and (—A)% is the fractional
power of the Laplace operator (see Section [2| below for a precise definition of these operators and some useful
properties). We will consider here a drift term A := A(0) which is linear and divergence free:

A(by + N01) = A(By) + NA(0,) and div(A(F)) =0,
and we will moreover assume the following boundedness property
lAw(t, e = [AO)(E lr < Callot Yo, 1< p < +oo, (1.2)
as well as the following permutation property

(—A)2Ap = A((—A)260) = A o >0, (1.3)

[(—a)% 0]
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Remark that properties (1.2]) and (1.3) are easily verified for any transport field A whose action can be
represented in the Fourier level by a suitable pointwise multiplier symbol. Note also that the divergence
free condition is usual in the field of fluid dynamics.

Indeed, in some sense, the system ([1.1) can be considered as a fractional (in time) generalization of
some equations from fluid dynamics: in particular, in dimension 2, if in the time derivative we set & = 1, in
the fractional power of the Laplacian we fix v = 1 and for the drift term we consider Ay = (—Ra(0), R1(0))

~

where R; with j = 1,2 are the Riesz potentials defined by R/]@(f) = —2‘%9(5), then we obtain the surface
quasi-geostrophic equation (SQG) which has been extensively studied from many different points of view:
see [9], [8] (and the references there in) for some results related to this equation. For a slightly more general

setting see [6l, [7].

In the context of fully fractional equations (i.e. with fractional derivatives in time and space variables)
the usual approach to study the existence of solutions is to use an integral (mild) formulation of , see for
example [3], [I0] [I1] or [I4]. In most of these articles, the equations considered are linear and one novelty
of our work is the study of nonlinear equations. Following an idea of A. Alikhanov [I], we will develop here
an energy-like inequality that will help us to consider a more general type of solutions for the nonlinear
problem and our first result states the existence of global in time weak solutions in the space L{°L2:

Theorem 1.1 (Global weak solutions) Let 6y € H?(R®) be an initial data. Assume in that the
fractional derivative in time is of order 0 < a < 1 and that the fractional derivative in space is of order
0 < v < 2. Then, the system admits global in time weak solutions in the space L°°([0, 4+-oc[, L?(R?))
which satisfy the following energy inequality

16(¢, )22 + 2 / LAGRLF W (1.4)
TR @) Jo e T T |

Let us explain briefly the main steps displayed in this article to prove this theorem. First, we start by
introducing an hyperviscosity perturbation of the equation by adding a term eAf with ¢ > 0 (see
equation below). We will thus obtain a (fractional in time) heat equation whose integral representation
given in will be based on two kernels Z, and Y, which introduce a higher smoothing effect than the
kernels of the integral representation of the equation . Note that for the kernels Z, and Y, we have
some controls available (see [I1]): we will then perform a fixed point argument to obtain a unique, local
in time, mild solution for the hyperviscosity problem in the space L{°L% for 1 < p < +oo. It is worth
noting here that the controls over Z, and Y, are highly sensitive to the dimension and to the number of the
derivatives involved and this technical fact will lead us to consider, for simplicity, the dimension n > 5 in
the space variable (see Lemmas below, see also the article [11]). It is perhaps possible to consider
lower dimensions but we do not investigate this problem here.

Next, in order to obtain global in time mild solutions for the hyperviscosity equation we will establish the
energy inequality which is based on the Lebesgue space L? and which allows us to convert local in time
mild solutions into global in time mild solutions in the space L{°L2. Note here that due to the restrictions
on the estimates available over the kernels Z, and Y; mentioned above and by the Sobolev embeddings, we
will need to restrict ourselves to the case n = 5. See also Remark below for this particular point.

Finally, with the help of the inequality we will pass to the limit ¢ — 0 to obtain weak, global in
time, solutions to the original system .

Our second result studies more in detail the regularity in the space variable of the weak solutions obtained
in the previous theorem. Indeed, due to the energy inequality 1' some control in the Sobolev space |- HH 3
is available (in the space variable) and in the following result we exploit this information:



Theorem 1.2 (Regularity) Assume in equation that the fractional derivative in time is of order
% < a <1 and that the fractional derivative in space is of order

2a
Ja—1

<y <2, (1.5)

note in this case that we have y > 1. Assume moreover that 0y € H3(R*)NLY(R®)NLI(R®) for some q > i

Then, if the weak solution 6 obtained in Theorem- belong the the space L>=([0, To[, L4(R)) for some tzme
To > 0, then for some index 0 < 0 <~ < 2, we have that 6 belongs to the space L>®([Ty, To), W 2P(R?)) with

0< T, < Ty (mdp:ﬁ>1.

Let us comment briefly Theorem with respect to the previous theorem, we added some extra conditions
to the initial data 6y which are essentially technical, then, we consider a weak solution 6, which can be
obtained via the Theorem and we assume that it belongs to the space L>°([0, To[, LY(R?)) with ¢ > 223

This hypothesis is important as it guarantees the fact that we can consider an integral representamon of
the equation (1 1.} Wlthout the hyperviscosity extra terms. This representation relies on two kernels Z, and
Y, (see equation (6.2) below or the article [14]) and it will be the starting point of the proof of Theorem
1.2l Let us remark that since 0 < o < 1, the fractional derivative in the time variable D is of course less
demanding in terms of regularity than the usual derivative d; and a consequence of this fact can be observed
in the behavior of the kernels Z, and Y, which present a singularity at the origin. Thus, even though
some estimates are available over these kernels, their spatial derivatives can fail to be integrable (a similar
situation can be observed with the kernels Z; and Y, mentioned above) and this can be a serious issue
when studying the regularity of solutions. However, if the order of the fractional derivative D¢ is not too
small and if the order of the fractional diffusion (—A)% is big enough (which is expressed by the condition
% < «a < 1 and by the relationship |D then we can use the information encoded in the energy inequality
to deduce some regularity for weak solutions. Note in particular that, due to the relationship if
a — % then we have v — 2, and this behavior expresses the fact that less derivatives in the time variable
must be compensated by more diffusion in the space variable.

Observe now that, since o < 7 there is a small loss of regularity between the H % information given by
the energy inequality and the space W 2P obtained. Note also that there is a loss of integrability since
the Lebesgue parameter of the Sobolev space W 3P satisfies 1 < p < 2. These two facts are related to the
Kato-Ponce inequality (also known as the fractional Leibniz rule, see Lemma below) used to control
the nonlinearity. Finally we remark that the lower bounds on the derivative indexes o and v are mainly
technical and they are related to the estimates available on the kernels, see Section [5] for more details.
Perhaps it is possible to by-pass these technical issues to improve the relationship and we do not
claim any optimality on the values of the indexes obtained here and, of course, other functional spaces can
be considered.

The plan of the article is the following. In Section [2| we recall some results and important properties of
the objects involved here. In Section [3| we consider the hyperviscosity modification of the equation and
we study the mild solutions for this perturbed system. In Section [4] we establish an energy inequality which
allows us to consider global solutions and we prove Theorem In Section [b| we study mild solutions in
the space L{°L% for the equation and, finally, Section |§| is devoted to the proof of the Theorem In
the Appendix we gather some material needed in our computations.

2 Notation and useful results
There exists several type of fractional derivatives, which are not necessarily equivalent and in this article we

will mainly work with two fractional operators which acts in the time variable. In the sequel we will always
assume that a fractional (in time) derivative is of order o with 0 < a < 1 and for a real-valued function



f [0, 4+00[xR™ — R, we recall the definition of the regularized Riemann-Liouville fractional derivative

(DE)(t2) = r(11—a) (;/O ({(_S’s)ads—t“f(o,x)> , (2.1)

where I' is the usual gamma function. See more details in the book [16].

We consider now the derivatives in the space variable. For a real-valued function f : [0, +oo[xR" — R

as above and for a multi-index 8 = (f1,- -, 8,) € N", we use the classical notation
918l
DIf(t,x) = mf(t, z), (2.2)

X
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n
where || = Z Bk is the length of the multi-index . The fractional powers of the Laplacian (—A)
k=1
0 < v < 2 which is used in (1.1]) can be easily defined in the Fourier level, indeed, for f : [0, +o0[xR" — R

we write:

with

(A (1€)== [eP (L), (2.3)

where the Fourier variable is taken only in the space variable.

Of course these definitions are meaningful for regular functions in the Schwartz class S and can be
extended by duality to the tempered distributions S.

We fix now some notation for functional spaces. Indeed, for Lebesgue spaces in time and space, we will
characterize them as the set of measurable functions f : [0, +00[xR"™ — R such that the functional

1 fllorag = ( / Hf<t,->ufzth)”,

is finite, where 1 < p,q < +oo (with the usual modifications if p = ¢ = +00), and I some interval of the
real line. These spaces will be denoted as LP(I, L(R™)) and, if there is no risk of confusion we will denote
them as LYL1.

For Lebesgue (in time) - Sobolev (in space) homogeneous spaces, denoted by LPW,?, with 1 < p, ¢ < +o0
and v > 0, we define them as the set of tempered distributions such that

1
P
gz = ([ 1500 a) " < +oc.

where || f(t,)|lyi/ve = [(=A)Z f(t,-)||za is the usual homogeneous Sobolev space. If ¢ = 2 we will adopt the
usual notation W77 = H7. We recall that non homogeneous Sobolev spaces (in the space variable) are
given by W4 = LI N W4 for 1 < q < 400 and we will write HY = L?> N H7.

A very interesting property of homogeneous Sobolev spaces is the following one (where we consider only
functions defined in the space variable):

Lemma 2.1 (Fractional Leibniz rule) Lety >0 and 1 < po,p1,q0,q1 < +00. Consider f,g: R" — R
two functions such that f € WYPo(R™) N LP(R™) and g € WYPH(R™) N LY (R™). Then we have the estimate

19l < CUFlirmo lgllzer + 1l zao g1l yira )

1,1 _ 1 1

1_ 1 _ 1, 1
where 1 < p < 400 andp—po p1 g ' ai”

This estimate is also known as the Kato-Ponce inequality. For a proof of this result see [12].



3 Hyperviscosity solutions

In order to prove Theorem for a fixed real ¢ > 0, we define the mollifier ¢ (z) = %n@ (%) where
¢ € C°(R™) is a nonnegative smooth function such that / p(r)dr = 1. Next, we consider the following

n

perturbation of the equation (|1.1)

X
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DFO(t, x) — eAO(t, ) + (—=A)20(t,x) + ((pe * Ag) - VO)(t,2) = 0,

(3.1)
0(0,z) = Oy (z),

with 0 < @ < 1 and 0 < v < 2 and where we added a Laplacian (which will produce a stronger smoothing
effect) and we mollified the drift term. This equation can be roughly seen as a fractional (in time) heat
equation of the form
DO(t, x) — eAO(t, z) = F(t,x),
(3.2)
9(0733) = 00(‘73)7

with the notation F(t,2) = —(—A)20(t, z) — ((pe * Ag) - V0)(t, ). From the article [I1], it is known that
the previous system (3.2)) admits the following integral representation

¢
O(t,z) = Z(eét) * 0p(z) + /0 Yv(eé(tfs)) * F(s,z)ds,

where the functions Z and Y 1 satisfy several properties and we will use this representation in

(ea ) (e (t—5))
order to perform a fixed point argument in the space L LE.

We list some of the properties of these functions that will be crucial in the sequel.

Lemma 3.1 (Estimates for the kernel Z;) Consider R™ with n > 5.
1) For 7 >0, |x| #0 and if 7~%|z|> < 1, then for any multi-index 8 € N such that |3| < 3 we have
D22 ()] < O~ 2710,
2) If 7=%|x|?> > 1, then we have
2

amtl8) _of Lzl )R
DEZ, ()| < Cr "2 e ()"

Lemma 3.2 (Estimates for the kernel Y;) Assume that the dimension satisfies n > 5.

1) For 7 >0, |z| #0 and if 7~|z|> < 1, then for any multi-index 8 € N such that |3| < 3 we have
|D2Y,(2)] < Crmo o718

2) If 7=z|?> > 1 and for any multi-index 3 € N™ such that |3| < 3, then we have

a(n+1B) —o( 2l ) 2

DBY ()] < O3t () T
Let us remark that these estimates above are quite sensitive with respect to the dimension and this is the
main reason why we work in this article over the space R™ with n > 5. For a proof of these lemmas as well

as for other estimates (in lower dimensions for example) we refer to the article [I1].

From the previous results we can deduce the following proposition:



Proposition 3.1 Consider the space R™ with n > 5.
1) For allT>0 and for 1 <p < # we have the estimate:

an

1Zs e < O~ 5 073),

2) For all T >0 and for 0 < o < 1 we have

an
2

1(=2)5 2, || < Cr 5772073,
with 1 < p < 5.
3) For all 7 > 0 and for all 0 < o < 2 we have the inequality
(~A)5 Y5 p» < O 1Hel= D=3 05
with 1 < p < 1.

These estimates can be deduced from the Lemmas [3.1] and [3.2] and we postpone the proofs to the Appendix.
With all the previous material, we can study the local in time solutions of the problem ([3.1)).

Theorem 3.1 (Local in time existence) Assume that n > 5. Let 6y € LP(R™) be an initial data with
1 < p < +oo and assume that the fractional derivative in time is of order 0 < a < 1 and that the fractional
derivative in space is of order 0 < v < 2. Then the equation admits a unique mild solution 6 (which
depends on the parameter of hyperviscosity € > 0) such that we have 8 € L>=([0,T[, LP(R™)) for some time
T >0.

Proof. Following [11] the integral formulation of the problem (3.1)) is given by

(eat)
N— ~—

(1) (2) 3)

t t
O(t,x) =27 1 *6p(x) —I—/ Y Lo * (=A)20(s, z)ds +/ Y( Loy * [(pe * Ag) - Vo] (s,z)ds, (3.3)
0 ea (t—s 0 ea(t—s

for all z € R™ and ¢ € [0,T[, with 7" > 0 to be fixed later.
We remark that the second term above is a linear appplication and by the properties of the operator A
it is easy to see that the third term is bilinear: equation (3.3)) is thus of the form

e=eo+ L(e) + Ble,e), (3.4)
and in order to obtain a solution of this problem we will apply the following fixed point argument.

Theorem 3.2 Let (E,|| - ||g) be a Banach space and let eg € E be an initial data such that ||egllg < 6.
Assume that L : E — FE is a linear application and that B : Ex E — E is a bilinear application. Assume
moreover the following controls:

IL(e)le < CLllelz  and  |Ble, f)llz < Calellelfle, (3.5)
for all e, f € E where the continuity constants of these applications satisfy
0<3C <1, 0<9CBI <1 and Cr+6Cgs < 1. (3.6)

Then the equation above admits a unique solution e € E such that |le|| g < 30.



The proof of this theorem, although elementary, is not often available in books and for the sake of
completeness we give a proof of this result in the Appendix.

We want to apply this result to the equation (3.3) and for this we will study each one of the constitutive
terms of this equation in the framework of the space L LE:

e For the term (1) of (3.3)) we start considering the space variable and write by the Young inequalities

12,1 Bolr <173 i Goller,

but from the first point of Proposition [3.1| we have || Z *9) |1 < C and we obtain the uniform in time
ca
control

12, 1. *ollzez < Clléollzr.

)
We will set
d = Cl|6o]|»- (3.7)

e For the term (2) of (3.3) we write, by the Young inequalities:

¢
X
/0 (—A)z Yv(eé(tfs)) *0(s,)ds

t
X
/0 Y(é(tis)) * (—A)20(s,-)ds

= sup
L§°L§ te[0,T] Lr
t
< sup / =2)3Y 0 [pal6s, ) vds
tefo,r] Jo (€= (t=5))

t
< Wlgery s N2 ds (39
tefo,7[Jo

then, using the third point of Proposition [3.1] we obtain

t
We have proven that the linear application /
0

IN

t
ol

t
CHQHLng sup /[ei(t_s)]a(l—;)_lds
LyoLy E o] Jo

< Cel=D=a o0 D|9)) poe .

X
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* (—A)26(s,-)ds is continuous in the L LE

Y9
space with a constant of continuity

Cp = Cl=D-areli=3), (3.9)

e For the term (3) of (3.3) we use the divergence free property of the velocity field Ay to write

t t
/0 Y(eé(t_s)) % [ (e * Agg) - Vo] (s,-)ds /0 Y(eé(t—s)) * div (e * A[g])ﬂ) (s,-)ds

L&LE ‘ L©LE

t
< s (19, e s Ao, s,
t€[0,T] /0

by the third point of Proposition [3.1] we have

t t
— 1 «a
sup / 197, 1 oy litll e * AigB(s, Y vds < C sup / e (¢ = )2 lloe * Aggllzeds 6] e 12
te[0,T[J0 te[0,T]J0

t

1 a_

< Csup /[6a(t—s)]2 el o 1A llzods 101 oo L2,
te[0,T[J0



and by the boundedness property ([1.2) of Ajg in the L” space we obtain

b a_ t 1 a_
sup [ fex (¢ = 53 gl Iglirds < Csup [ ekt = )87 1CL6] ds
tefo,7]Jo tefo,7]Jo
1 1 a
< Cepe2 aT2|0| oo e 0.
With this estimate at hand we finally obtain:
t = 1_1_a
Y o1k [(pex Ay - VO] (s, -)ds < Cenez™ aT2||0] poor [|0]] oo -
o (e2(t—s)) LooL? t ¢

x [(pe * Ag)) - VO] (s,-)ds is

t
This previous control shows that the application B(6,6) = / Y(el (t—5))
0 o

continuous in the space L LY with a constant of continuity

VI

Cp = Ceper aTh, (3.10)
Now, from the definitions of the constants 6, C and Cp given in (3.7)), (3.9) and (3.10)), respectively,
following Theorem [3.2] we only need to verify the conditions given in (3.6)) -which are easily obtained if the
time T is small enough- to deduce the existence of a unique, local in time, solution § € L° L% of the problem
(3.1). This ends the proof of Theorem [

Remark 3.1 The solutions obtained before depend on the parameter € > 0. We will denote them from now
on as O..

Remark 3.2 The fixed point argument performed in the proof of Theorem is valid in the space L LY
with 1 < p < 400, it is possible to consider here more general spaces (say Besov or Triebel-Lizorkin spaces),
but we will see in the sections below that the case p = 2 is particularly interesting and we soon restrict
ourselves to the space L°L2.

Corollary 3.1 The function 0(t,-) obtained in the previous theorem is continuous with respect to the time
variable and we have 0.(-,-) € C([0,T], LP(R™)).

This fact follows easily from the integral formula (3.3) given above.

We continue our study of the hyperviscosity solutions 6. of the problem (3.1)) and we show now that
these solutions are regular. Indeed, we have the following theorem:

Theorem 3.3 (Regularity for hyperviscosity solutions) Consider the space R"™ with n > 5 and con-
sider a fived parameter € > 0. Let 8. € L*>°([0,T], LP(R™)) with 1 < p < +00 be the hyperviscosity solution
obtained in Theorem of the problem associated to the initial data 0y € W3P(R™). Then in the time
interval 0 < t < T, we have 6. € L>®([0, T], W3P(R™)).

Proof. We will obtain the wished result by iteration and we will first prove a small gain of regularity:
indeed, since 0 <y < 2, there exists a small real o > 0 such that v + o < 2 and we start proving that we
have 6, € L>®([0,T], WoP(R™). For this, by the integral formula (3.3) we have

X
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t
10l prerivre < yyz(eét)*edwwg,w”/o Y 1 * (R 305, )ds

i/ 9P
LWy

(3.11)

t
+ / Y 1 * [(gpe * A[ge}) . V@e} (S, -)dS
) (eE-9))

.
LW



For the first term in the right-hand side of (3.11]), we consider the space variable and by the Young
inequalities we have:

||Z(€ét) * GOHWUJ’ S HZ(Eét)HLl||(_A)590||LP,
but, since by the first point of Proposition we have || Z (o t)|| 11 < C, taking the supremum in the
ea

time variable in the interval [0, 7] we obtain

sup [|Z 1 % 00(2)|lyiew < CIH(=A)2600]ILe = Cl00]ljiroms

t€[0,T] (ewt)

now, by the complex interpolation theory (see [2l Theorem 6.4.5]), since 1 < p < 400, we have
[LP, W3*7’] WP, from which we have the estimate

e =
12, 1. *00(@) | ez < ClOONL* 16011, < Clbllwss < +o0o. (3.12)
For the second term of , we have
t 5 t M
‘/0 Y(eé(t—s)) * (ZA)70c(s,)ds LooWaP - (_A) (ea(t 5)) *Bels, )ds LeLE
§Wme/H Yyl

Now, by the third point of Proposition we have

I(=2)"5"Y

é - a(l1-122
(eé(tfs))HLl S C[E (t 8)] 2 ’

and since M_TU <1

t
sup / I(—A)"F 3y lords < Ce1="59) -4 o(-75%), (3.13)
te[0,T] Jo
from which we easily deduce that
t
/ Y o x(—A)30.(s,)ds < Cl e < +o0. (3.14)
0 (Ea (tfs)) Ltoowgp

For the third term of (3.11)) we write, by the divergence free condition of the vector field A:

[(pe * Ap,) - VO] ds

eats

i/9:P
LWy

€@ (t—s))

s div [ (pe * A1) 0] > ds

LeeLh

+
< Az e *x A 1)0cl|,, d
N teSléI;“]/ H ét sH Il H((’O ) HL” s
< mp/w éhmhﬂ%hﬂmWhﬁMmﬁ
te[0,7]
:CTwp/H Y 4 g8 a0 ods,
t€[0,T]

9



where, we used the Young inequalities as well as the properties of the mollifier ¢.. Now, using again
Proposition [3.1] we have

140
—A)SY
I8 Yy

and by the boundedness property (1.2) of the transport term Ajg we can write:

g2 < Clea (t — 8)]*— 3771 (3.15)

sup / 1A EY g A sl ods
t€[0,7] e (=) b 1_ltay_q
< CallOellpoorz |0c][ oo pp sup / [ea (t — )]0 727 ds
te[0,7]J0
< Opel T mar QO)HQeHLt%LgH@eHL?@Lga

and we finally obtain

With estimates (3.12)), (3.14) and (3.16), we have proven so far that the solution fe belongs to the space
L*>([0,T], WoP(R™)) where o > 0 is potentially very small.

t
/0 Yv(eé(tfs)) * [(805 * A[GE]) ’ vee] (S’ )dS

< CA,E,T

- |0cl| oo 2 [|0el| oo Lz < +o0. (3.16)
LEW

Now, we are going to iterate this process in order to obtain a bigger gain of regularity: assume that we
have 6. € L>([0,T], W5*P(R™)) for k > 1 and let us prove that 6, € L>([0,T], W*+DoP(R")) as long as
(k+ 1)o < 3. Following the expression (3.11) above we write:

t
HG ||L°°W (k+1)o,p S ||Z eét * 00||L?owz(k+1)a,p + H/O }/(eé(t—s)) % (_A) 06(87 )ds

x [(pe x Apg)) - VO] (s, -)ds (3.17)

eats

L;’OWék"'l)”’p

e For the first term of (3.17) we have

(k+1) (k+1)o
[1][(—=A) 2 < Cl[(=A) = bollr = Cll0o|lyiy k1100

where in the last estimate we used the first point of the Proposition Again, by the complex
interpolation theory we have [LP, W3P], = W*+DoP for a suitable 0 < v < 1 and as long as (k+1)o < 3.
Thus taking the supremum in the time interval [0, 7] we have

12,1, * ollpwsnms < 17,2,

1Z 2y * O0ll yipgisnn < Cllb0ll " 100l < Cllbollws < +oo.

e The second term of (3.17)) is treated in the following manner: since 6, € L>([0,T], W*?P(R")) we can

write
t(_A) A,+(k2+1)a v
0 (e

t

t

X
AT

* 0.ds

Q=

ooy {k+Dow ‘ (t—s)) LoL?

« (—A)'F 0.ds

L LR,

ko
< swp / [CN I N P [N ETA PR
te[0,7]

t
< =AY 50 erp sup / I(-2) Y .
te[0,T] (€=

(t—s)) HLl ds.
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Now, by the same arguments used in (3.13) to estimate the previous integral, we can finally write
¢ ol
Y 2

o (e (t—s))

* (*A) 06(57 )dS < C,T||9 ||L00Wkap < 400.

L;”ngk“)a’

e The last term of (3.17) is studied in the following manner: by the divergence free condition of the drift
and by the properties of the fractional powers of the Laplace operator, we have

t

A Yv(eé (t—s)) * [((Pe * A[g]) . V@] ds

L?ongk“Fl)va
(k+1)o

(_ )2 Y(ea(t ) * div|(pe * Agg))0]ds

L LR

ko
< s [ Lol AV F [(pen Agg) 6], ods. (319
t€[0,7)

At this point, we study the second norm inside the integral above and we remark that by the fractional
Leibniz rule given in Lemma we have

ko ko ko
(=) 2 [(pe x Ag) - O]lr < C(II% * (=8) 2 A llz=l0]l e + llpe * Ayl Lo [ (=4) = 9HLP)

ko ko
< C(llecllm (=) Al 161 + el | Al o l(—8) 61115

Thus, using the permutation property ([1.3]) of the operator A and since the operator A is bounded in
L? spaces with 1 < p < 4+00, we obtain

E ko
[(=8) 2 [(pe* ) - O]lle < Ce(llA ﬂ]nmuenm+HA[9]||L,,||( A)YF0] 1)
< G(CAH(— )5 0]| 1o 16]| o + CallO]l Lo (—A) F 6] v
< CenllOllzellOllyireos-

Thus, coming back to (3.18) we obtain

1+(7 ko
sup / IAVFY gl (=8)F (g = Agg) 0] 105 < Conlbll 2210 oy
0<t<T
1+o‘
X sup / 1 1ds,
o202 Jy 1A Vit

and using the estimate (3.15)) we finally have

t
/0 Yv(eé(t—s)) * [(806 * A[g]) ’ VG] ds

sy S Cent Ol 0l ppoyipor < o0
LeewFHDe

With all these estimates we have proven that for e > 0 fixed and in the time interval [0,7], we have
0. € L>([0,T], W*k+)op(R™)) for all k > 1 as long as (k + 1) < 3 due to the information available over
the initial data 6. Note that since 0 < o < 1 is small, we can find a £ > 1 such that (k + 1)o < 3 and such
that ¢/ = 3 — (k + 1)o is small enough, thus to reach the space W3P we can repeat the same arguments
above with 0 < o/ < 1. [

This result has some interesting consequences.

Corollary 3.2 Let 6y € W3P(R™) with n > 5 and assume that 5 <p < +oo. For a fized e > 0, consider
the solution 0. of the problem given by the formula , then

11



1) The solution 6. belongs to the space C([0,T], L>°(R™)), with T > 0 stated in the previous theorem.
2) The function 0(t,-) is of class C' in the time variable, in the interval [0,T].

Proof. For the first point, we note that the continuity in the time variable is given by the Corollary
while the boundedness in the space variable follows from the conclusion of Theorem [3.3] and from the
classical Sobolev embedding W3P(R") Cc L°°(R") as long as we have the condition 3 > .

Once we have the information 6. € C([0,T], L>(R")), the second point above follows from the integral
representation formula of the solution 6.(¢,-) given in the expression (3.3) and from the properties of the
kernels Z; and Y; given in Lemmas [3.1 |

Remark 3.3 In the following section, we will need to work only with the Lebesgue space L*(R™) and the
previous information will be given in the space W32(R") = H3(R™), thus, if we want to use the Sobolev
embedding H3(R™) C L>(R"), then we need to fir the dimension n = 5.

4 Energy inequality and Global Weak Solutions
In the previous sections we have considered as main framework the space L{°LE where 1 < p < +oco. Now
we will restrict ourselves to the case p = 2 and n = 5 since in this very particular case we are able to prove

the following energy inequality which will be crucial in our approach.

Before going into the details, we need to recall some facts about another type of fractional (in time)
derivative and we introduce the Caputo derivative of a function f : [0, +00[— R by the expression

Cma _ 1 a%f(s) s
DY F(t) = F(l—a)/o e (4.1)

where 0 < a < 1. Let us remark that, although similar in structure, the Caputo derivative and the regu-
larized Riemann-Liouville derivative given in do not coincide in general and have different properties.
However, if the function f is regular enough (say of class C!) then, these two type of derivative coincide:
see a proof of this fact in the book [I3] (formula (2.4.8) page 91). Associated to this fractional derivative,
we have the notion of fractional integral (for 0 < a < 1):

7. () (1) = F(la) /0 (tf(ss))ads, (4.2)

a particular property of this fractional integral is the following
T (“DY f)(2) = £(t) = £(0). (4.3)

For a proof of this fact see the point (v) of the Proposition 2.35 of [3] and for more details on the Caputo
derivative see the books [13] or [16].

We have gathered enough material to state the main theorem of this section.

Theorem 4.1 Assume that 0y € H3(R®) and fix € > 0. For 0 < a <1 and 0 < v < 2, the mild solution 0.
of the equation obtained in Theorem satisfies the following energy inequality:

16c(t, 172 + 2Za(10c(s, )12 5 ) < 116o]|72- (4.4)

I3
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Proof. As we have that the function 6, is of class C! in the time variable over the interval [0, 7], we have
that the fractional derivative in times of order 0 < a < 1 of Riemann-Liouville type (given in (2.1))) and of
Caputo type (defined in (4.1))) of the function 6. coincide and we can write:

D0 (t, ) = “D(t,-),  for t €[0,T). (4.5)
Thus, since we have this identity, using the equation (3.1)), we can write over the time interval [0, T

X
2

DO (t, 2) = DYO(t, ) = eAB(t, ) — (—A)20(t, ) — ((¢pc * Ap,) - Vo) (t, x),

and we multiply this equation by 6. in order to write
05D, = €0 A — c(—A) 20, — Oc((pe * M) - Vo), (4.6)
at this point, we use the following result:

Lemma 4.1 Let 0 < a < 1 and for some fized T' > 0 consider a real-valued, absolutely continuous function
f:[0,T] — R. Then we have the pointwise inequality

(87 1 (03
F(£) x “DE(f)(t) = ith (f*)(®).
See the article [I] for a proof of this fact. See also [4] for further references.

Remark 4.1 In the context of fractional derivatives, the usual Leibniz rule is often very complicated to
apply, see for example Section 2.7.2 of the book [16]. The previous estimate provides a very useful alternative
to it but forces us to work in the setting of the L? spaces.

We apply now this estimate to the equation (4.6)) and we integrate in the space variable to obtain

1 -
5 / “DY(H?)dx < e 0. Ab.dx — 06(—A)%0€d:v - Oc((pe * Ajg,)) - VOe)da. (4.7)

Remark that, since 6. € L{°L2 N L{°H?2, each integral in the right-hand above is well defined. Note in
particular that, by an integration by parts and using the divergence free property of the drift A (since
div(pe * Ajg,)) = @e x div(Ajp,) = 0), we have the identity

/R 6. (e  Ag,)) - Vo) dx = — /R 0c((pe * Ap) - 90.)dz,

which implies / Oc((pe * App,)) - V6, )dz = 0 and thus the estimate |i can be rewritten as:
Rn

1
§CD?II9E(2% Mz < —ellfet, M = 10817 5,

from which, we deduce
D102, 172 + 2002, )% 5 < 0.

At this point, we apply the fractional integral Z, defined in (4.2)) to the previous inequality to obtain

Lo (CD‘?HGG(', iz +200(, -)H%) <0,

which is equivalent to
10t )32 = 60l132 + 2Za (65, )12 3 ) <0,

13



and we finally obtain
188,122 + 220 (105, )% 5 ) < 1001132,
which is the wished estimate (4.4)). |

This result has two interesting consequences.

Corollary 4.1 Let 6y € H3(R5) and consider the equation where the fractional derivative in time
is of order 0 < « < 1 and the fractional derivative in space is of order 0 < v < 2. Then the local
solutions 0. € L>([0,T], L*(R%)) obtained in Theorem can be extended to global in time solutions such
that 0. € L>([0, +oo[, L2(R®)). Moreover, these solutions satisfy the energy inequality

s e,
1003 + 25705 | gt as < 1ol (1.9

Proof. By the energy inequality (4 , we have the uniform in time control [|0c(¢,-)||2, < [|6o]|3, and thus,
by Corollary 3.1 we can extend the time existence of the solutions 6, to the space LOO([O +oo[, L2(R?)).
Indeed, by Theorem [3 - 3.1{ we can construct a solution in the interval [0,77]. Note that by the Corollary -,
the solution 6, is continuous in the time variable, thus by Theorem - 3| we have that 0.(T1,-) € H3(R?) and
this quantity can be taken as an initial data to repeat the previous results in order to obtain a solution 0
over the time interval [T7,73]. Thus, in one hand we have over the time interval [0,77] that the function
0(t, z) admits the representation formula

R

t
Oc(t,x) = Z( 1 x0(x / Y 1 (t—s)) * (—=A)20c(s,z)ds + Y( Lig * [(pe * Ajp) - 696] (s,z)ds,
(¥ ECY s 0 Ex —S

and it is a solution of the problem

X
2

D0e(t, x) — eAfe(t, 2) + (—A)20c(t, z) + ((pe * Apg)) - VO (t,2) = 0,

0.(0,x) = by(x).

In the other hand, over the time interval [T7,75], we have that the function fc can be written by the
expression

. t

O(t,x) =2 1 o(Ty, Y 1 A
(t:2) = Z 1 (o) * O 1x)+/Tl - * A

ol
2

Oc(s,x)ds + /Tj Y(E%(tis)) [(e *A[e ]) 656] (s,x)ds,
and this function satisfies over T7 < t < T, the equation

D, Be(t,x) — eAb(t,x) + (=A)20:(t,2) + ((pe x A ) - VO (t,7) = 0,

0c(T1,2) = 0c(T1, ).

where

i) s ([ R g,

considering that 6(T1,-) = 0(T1, ).
Now, due to the Corollary these functions are regular enough and we have the equivalence

1 t 20 (s, z
D6, (t, z) = “DYO(t, ) == T —a) /0 a(tt —(s)a)ds’ if 0<t<T,
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DS Bu(t, ) = DG Bu(t,a) = /t %ge(s’x)ds if T<t<T
Ty,tVe\Y - Ty,tVe\Y T F(l—a) Tl (t—S)a ) 1 >0 12

We can then define over the time interval 0 < ¢ < 75 the quantity
DO (t,x) si 0<t<T,
F(t,x) = B
“Dg, Oc(t,z) si Ty <t <Th.
Thus, if 0 <t < T3, we have that

ol
2

F(t,z) = eAbc(t,z) — (—A)20:(t,x) — (e * Apg,]) - VO (L, ),

and over T < t < T5, we obtain

X
2

F(t,a) = eAb(t,2) — (~A)30,(t,2) — (o * A - VO (1, 2). (4.9)

Noting again that the functions 6(t,z) y 6.(t, ) are C;H? C C;L2° we have

lim 6(¢,z) = lim 0.(t,2) = 0.(T, z),

t—T;" t—T,

we can define

Oc(t,z) si 0<t<1Ty,
Ve(t,x) =
Oc(t,x) si T <t <Ty, (4.10)
9e(0,2) = 0.(0,2) = Oy (x).
Since the support in time of the functions 0.(t,-) y 5€(t, -) is disjoint, we have for all 0 <t < Ty:

Ade(t,z) = Abe(t,x)Ly 1, (t) + Abe(t, 2)Lyr, 1, (t)

(—A)20c(t,) = (=A)20c(t, )10 (t) + (—A)2 0c(t, 2) Ty, 1y (1),
and using the linearity of the drift A we write
(@e*A[ﬁe})'ﬁﬁE(t’ z) = ((‘PE*A[QE])'ﬁee)(t: $)+(<P6*A[96])'65e(t7 x)"‘(‘PE*A[gE])'ﬁee(ta 95)+(<P5*A[§€])'65e(t7 z),
as the support in time of the functions 6, and 6, is disjoint, the terms (¢, * Ap,) - VO(t, z)and (o * A[OZ]) :
V0, (t,z) are null and we have

(pe * Apy,)) - ﬁ196(157 ) = (e * Ap,]) - 695@, z) + (pe * A[ge]) ‘ 65&(@ z),
and we obtain that the function 9. given in (4.10)) satisfies over the interval 0 < ¢ < T5 the equation:

F(t, ) = eAd(t, ) — (—A)30c(t,2) — ((pe % Apg) - V) (L, ). (4.11)

In other words, in the right-hand side above it is easy to glue together the solutions obtained in the intervals
[0,T1] and [Ty, Ts] as we have, for all ¢ € C5°(R®):

lim <A0€(t’ )ﬂ/’> = lim <A§€(t7 W> = <A96(T1> )717Z)>

t—T;" t—T,
tEIj{lJr«_A)%Oe(tv ')7 ¢> = tl_iér}i«_A)%ge(t’ )¢> = ((_A)%QE(T17 ')7 ?/J>
tl_ig{r«@e * A[06]) ) 696(75’ D)) = tl_if;}i«@e * A[ge]) : ﬁge(ta ), 1) = ((pe * A[Ge}) ) 6HE(TI’ )y ).



It remains to show that the function F'(t,) is a fractional derivative over the interval [0, T3], but since the
functions 0(s,-) and .(s,-) are C! in the time variable, the functions 8%96(3, -) and 8%96(3, -) are continuous
and bounded, thus we have:

8%96(5,@ si 0<t<T,
a%ge(s,ar) si T <t <Ty,

and we can reconstruct the Caputo-type derivative of 9, to obtain over the interval 0 < ¢ < T7:
1 /t 29(s,z) AR /t a%é?e(s,it)ds
rl—a) \J, (t—s)™ rl—a)\J, (t—s) ’
and for all 71 < t < T5, using the linearity of the integral
1 ¢ 3%195(5,1‘) 1 i 8%195(5,1‘) ¢ %06(871‘)
T < ds| = =——— 2L ds+ 2L _~ds |,
Fl—a)\Jo (t—s)* FA—a)\Jo (t—s)* m (t—5)*
but since over [0, Ty] we have ¥c(s,-) = 6c(s, ) and over [Ty, Ty] we have 0.(s,-) = 0(s, ), we can write
1 t 29.(s,z 1 T 20, (s,x t Qge s, x
- / Mds — / o, 0e( )d8+/ Mds ’ (4.12)
Fl—a)\Jo @—s)° Fl—a)\Jo (@E—s) 7 (t—s5)®

and we obtain that equation (4.11]) is in fact the system
CDYY(t, ) = eADe(t,x) — (—A) 20 (t,2) — ((pe * Ap,]) - VI (t,T), (4.13)

over the interval [0, T3]. Now, since D, (¢, x) is a regular enough (in the time variable) function, we can
replace the Caputo-type derivative to recover the initial system over [0, T3]:

DY (t, 3) = eADe(t, z) — (—A)20c(t, x) — ((pe * Ap,) - Vi) (t, z).

Since the gain in the time variable 75 — T} can be made constant by the inequality (4.8)), we can repeat the
arguments above to obtain global solutions and using the notation (4.2)), we have for all ¢ > 0 the wished
estimate. |

Corollary 4.2 Under the hypotheses of Corollary we can take the limit € — 0 in the equation
and we obtain global weak solutions 0 € L°°([0, +oo, L*(R?)).

Proof. By the Theorem and the Corollary for any fixed parameter ¢ > 0 we have obtained a
function 6. € L$°L2 which is a global solution of the perturbed system

DO (t,x) — eAbe(t, ) + (—A)20c(t,x) + (e * Ap,) - VO (t,z) = 0. (4.14)

Due to the energy inequality (4.4)), we know that for all ¢ > 0 the function . remains bounded in the

space L$°L2 (as we have an uniform estimate in €). Thus, by the Banach-Alaoglu theorem, we have that 6,

converges weakly-* to a function 6 in the space L¥°L2 C L°H_ 2 as well as the term (=A)26, converges in
0l

the space L°H, 2 C L°H 2.

Consider now two smooth functions such that ¢ € C§°(]0, +oo[) with supp(p) C [a,b] and ¥ € C5°(R).
We can thus write, for any b < t < +o00

= 0 (5. )2 LY o SO (10 L CoL
/0 e (s)p()0e(s, )17, 5 ds g/o lp(s)] Hzp()ee(s,)quds_/o (t — )% o(s)| G ds

t )0c(s, )%
- (t—a)a|<,0||%oo/ [[4(+)0e( )H’“ds.

0 (t —s)>

N
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By Lemma 2.1 we have the inequality

1905, )3 < CU0Cs: 3 19l + 10e(ss 2l (=) ¥ <),

from which we deduce the estimate

O8I L e, s,
| o s < i [ o gias s clayivle [

thus, using the energy inequality (4.8)), we have (since 0 < a < 1)

08I o
H2d < 0 2 96 200 /d
| e s < Culbulia + Colldrs [ e

< Cyllbol7z + Cyllbol 72t < +oc.
e

We have obtained, for all € > 0, a uniform (local in time) control in the space (L?HZ );o. which, due to the

Rellich-Kondrashov theorem will provide us a strong, local, convergence of the functions 6. in Lebesgue

spaces. Moreover, since by the assumption ([1.2]), the operator A is bounded in Lebesgue spaces we deduce

a strong, local, convergence of the term @, * A, to A With this remark we obtain that the non-linear

drift (pe * Ap,) - V6, converges weakly to A - W (in 8. Since all the terms of the right-hand side of
(4.14) are weakly bounded we have the weak convergence of D6, to D§'0. We thus have a global weak
solution @ of the original system (1.1)) that belongs to the functional space L{°L2. |

We have obtained weak solutions of the equation (1.1)) in the space L>([0, +oo[, L?>(R®)) which satisfy
the energy inequality

I B2 O [ P i,
10001 + 20y | s < 1ol (1.15)

and this ends the proof of Theorem [I.1]

5 Existence for mild solutions in the space L;°L{

In Theorem we considered a weak solution 6 of the equation ([1.1)) with the condition L L%. This par-
ticular condition is related to the fact that in this functional setting we can consider a integral representation
formula for 6. Thus, following [14], we can consider the integral formula below

~ 3 ~ -
0(t,z) = Z % 6p(x) —I—/ Y [Agg - VO] (s, 2)ds, (5.1)
0

where the kernels Z7 and Y satisfy the properties:

Lemma 5.1 (Estimates for the kernel Z7) Consider R® and 0 < o < 1,0 < v < 2.
1) If1<p< %, then we have
12220 < 085070,
2) If1§p<%, we have
IV 22| < Ot 55070,

See Lemma 5.1 of [14] for a proof of the first point and Lemma 5.22 of [I4] for a proof of the second one.

Lemma 5.2 (Estimates for the kernel Y;) Consider R?.

17



1) If 72|z|" < 1, then we have |VY{ (z)| < Cr— o |z| 6427,
2) If 7=|z|Y > 1, then we have |VY; (z)] < Cr2~ 1z ~6-7.

For a proof of this lemma see [I4, Lemma 3.7].

From these results, we have the following proposition.

Proposition 5.1 Consider R® and 0 < a<1,0< vy < 2.
1) If1<p<%, we have
o =, _ao__abr_1
I(=A)F 22 < O E-20D), (5.2)

2) If 1 <y <2 andifl§p<ﬁ we have
9770 < C(r B0 | Benmi-6), (5.3
See the Appendix for a proof of these facts.

Indeed, we have the following result which is rather standard when dealing with nonlinear PDEs:

Theorem 5.1 (Mild Solutions) Let 0 < a < 1 and 1 < v < 2 be two real parameters. Assume that
o € LI(R5) with q > %, then there exists a time Ty > 0 such that the equation admits a unique mild

solution 6 € L*>°([0,Tp], L4(R?)).

Proof. By the integral formula (5.1)) and the above results at hand, we can construct mild solutions for the
problem (5.1 as it is not hard to perform a fixed point argument in the space L{°L%. Indeed, if 6y € LI(R5)

we have in one hand N N
12 * 0ollza < 1 Z] || L21160]| s,

and by the first point of the Lemma, [5.1], we easily obtain the uniform in time estimate:
12} * 0ol oo La < CollOo]| Lo (5.4)

On the other hand, for the nonlinear term we have

[ . t .
|50 o 9005005 < [192 [ 90) (5. o
0 0

La

IN

t ~
L 19T o 6] gt

where we applied the Young inequalities in the convolution above with 1+ % = % + %. Now, by the Holder
inequalities we obtain

t ~ -
|57 T 9] s s
0

t ~
S/ IVYL 1A (s, ) [lzallO(s, )| Lads,
La 0 La

and by the general hypothesis over the drift stated in (1.2)), we have |[Ajg(,-)||ze < Cyull0(t,)||Le, and we
can write

t . t o
| [ 7 ol s < 19720, 1005, a5, nds
0 0

La

IN

t ~
Callirz1Olzzzs | 9T, s
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At this point, we use the estimate 1' and if p > % then the previous integral is bounded and we obtain

< Call0ll e a0l oo at”,
La

t ~ —
H/ Y;:LS * [A[g] . V@] (S, -)dS
0

for some 0 = o(a,y) > 0. Thus, for any 7y > 0 and 0 < ¢t < Tp, we have

sup

< CoT5 110l oo a6l oo g (5.5)
0<t<Top

t ~ —
/ Y * [Ag - VO] (s, )ds
0

L4

With estimates (5.4) and (5.5) at our disposal, following the Theorem 5.1 of [I5] or Theorem 4.1.1 of [5],
taking Ty small enough such that we have the relationship

1

= 10Ty (56)

60l La <

then, we obtain a unique mild solution 6 that belongs to the space L>([0,Tp], L4(R%)) and we have proven
the Theorem [5.11 [

Remark 5.1 We have obtained so far two type of solutions for the equation : weak and mild ones.
However, a comparison of this two type of solutions in the spirit of a weak-strong criterion seems quite hard
to establish (in the case of the Navier-Stokes equations see for example the Section 12.3 of the book [15]).
Indeed, as we are working with fractional derivatives in the time variable, this will make the computations
much more complicated. As we are only interested in this article in reqularity issues, we will assume that
the weak solution obtamed i Theorem - 1.1| belongs to the space L°LE so, we can consider the integral

representation formula (

Remark 5.2 Note that due to the energy inequality, the weak solution 0 satisfies 0(t,-) € H%(R5) and we
can expect to obtain via the usual Sobolev embeddings some z'ntegmbility information over 6(t,-) in terms of

10

Lebesgue spaces, namely we have 6(t,-) € L5 (R®) but since s S <7 7 (asy < 2), this information seems
not enough to consider an integral representation formula.

6 Regularity of weak solutions

We study now Theorem Recall that the equation considered is

DOt x) + (—A)30(t, ) + (A - VO)(t,z) = 0,  div(Ay)) =0, (6.1)

where 1 s <a<landl< 3 4 < 7 < 2. We aim here to use the information available in the space H>
(given by the energy inequality (4.15]) above) in order to deduce some regularity information for the weak
solutions. Since, we are assuming that 6 € LPL2NL° LY with ¢ > we can consider the integral formula
below

71’

O(t,z) = Z; * Oy(x /Yt o * [Ag - VO] (s, 2)ds, (6.2)

Now, using all the information available, we will prove that 6 belong to a suitable Sobolev space. For this,
using the integral formula (6.2), we start writing:

~ t ~ —
0 y5e < 122 =G0l + [ [T, [ 9015 5., 0
< (-2)5Z 00l + / |(=2) V7, [Agg - V0] (s, )| ods,
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and by the divergence free condition we obtain

t -~ g
16,y g0 < II(—A)‘*Z?HLPHGOHLHL/O VYL, * (=) [Ag0] (s, )| rds

t ~
I(=A)* ?HmH@oHLlJr/O VYl ll(=4)

]9

IN

[AMG] (s,)||zrds,

where we used the Young inequality in the convolutions. Now, since we have p = ﬁ

apply the Lemma (as well as the estimate lb of Proposition note that p < %) to get

1
16t M50 < CE 2506010

t _ . "
€ [ IFT an (120 o 1963, + (5. 1201 (~2)F0(s. ) ) .

> 1, we can

where ]13 =141 withr= 5_(20_0). We use now the Sobolev inequalities H2 (R?) € W 3" (R?) to obtain the
estimates

x
4

I(=2)5 Apy(s, )l < ClI(=A) T Ay (s, )2 and  [[(=A)50(s, )|z < ClI(=A)36(s, )] 2,

and we can write

16, yg0 < CCFTTOTD g,
t o~
+ C / I9F e (1(=2)F Agy (5, 21865, )z + 1Ay (s, )2l (=2)F6(s, ) 2 ) ds.

At this point we remark, by the properties of the drift A given in ([1.3)-(1.2), that we have the estimate

1(=8)F Agy (s, )12z = IA(=2)30)(s, )2 < Call(—A)F6(s, 2 = Callos, I 5.

as well as the control
A6 (s, )|z < CallO(s, )l L2,
and thus it yields

,%,aj(l,l)
10 )y g, < Ct 2527|010
t ~
+ O [ 19Tl (1065 1065+ 1005201005 )5 ) s
But since, we have that § € L°L2, we can write
t
_ao_ad¢q_ 1 =~
10t yp5e < CE T Dol + Clol 12 /0 1957 1205, I, 3 ds,

now, we apply the Cauchy-Schwarz inequality in the time integral above to obtain

ao _ ab 1_1
16t g, < Ct 550760

SN T O P
#0109 1957 as) ([ =)
t x 0 0 (t_s)

t110(s, )% 5\ 2
Recall that, by the energy inequality (4.15)), we have the controls ( / (757)152615 < Cl|6o||z2 and
0 — 5
||‘9||L;;°L§ < ||6o]| 2, thus we get

1
ab

_aoc __adrq_ 1 t oo~ 2
16, )l virg0 < CE 2~ 5070 |16o]| 1 + Cl60] 2 ( /0 <t—s>auvmsuilds) - (6.3)
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It remains to study the integral above and by the inequality (5.3]), we have

N

t -~ % t S5a e S5a a 2
(/ (t _ S)anvn’ys”%ld(s) < C </ (t _ 8)a ((t _ 5)7—[a+1+;(6—2’7)] + (t _ S)7+2a—1—;(6+7)) d5>
0 0
! 2(5 1+2(6—2 2
o </ (t— $)o(t — 525 o156 v)])ds)
0

1
| |
0

IN

and we obtain

1 1
</t(t B s)alﬁi’Y_SH%lds) 2 <C </t sa+2(5$—[a+1+:(6—2’y)])ds> 2 +C </t 30‘+2(5‘?+20‘_1_:(6+7))d8> ? )
0 0

0

The first integral above is bounded if o + 2(570‘ —[a+1+2(6—2y)]) +1> 0 which is equivalent to the

condition 1 < mﬂio—ésm' Remark that, since % <a<1and 3231 < 7y < 2 then we do have 1 < mﬂio—ésm'

Now, the second integral above is bounded if o + 2(570‘ +2a —1-2(6+7)) + 1> 0 which is equivalent to

the same condition 1 < 35~ 100

Toaty 307" Thus, in both cases we obtain the inequality

1
t o~ 2 120 |, 10a
([=sI957 Juas) " < comeierts,
0
and, getting back to (6.3)) we obtain

_ag a5 1 12, 10a
He(t,~)HW%,p S Ct v~ (1 p)H90HL1 +C”90H%2t3a 1+ = + e

Taking 0 < T\ < t < Tp and since 6y € H3(R®) N L}(R%), we finally obtain over this time interval that

0 . ¢ », < oo and Theorem |1.2[is proven. |
LeW7
Appendix

Proof of Proposition [3.1

1) Since n > 5, from the estimates of the Lemma we have the following pointwise controls:

|Z(2)| < Cr=%z|7"+2 if 7722 <1
|Z(2)| < Cr%z|7"2 if 772 > 1,

an

(see also Lemma 3.3 of [I4]). Thus, a straightforward computations gives ||Z;|rr < C71 2
1<p<;%5.

=3 if

= _a_ancy_ 1
2) Following the Lemma we have by a direct computation |VZ; || < C7 27 2 =) for1 < p < e
Now, we use the Riemann-Liouville characterization of the positive powers of the Laplacian which is

given by the formula
o 1 too
A2 f= —— t~
(=8)2f F(1—0/2)/0

21
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(=A)(hy x f)dt,



||
where hy(z) = ” i)% e~ 4t with ¢ > 0 is the usual gaussian kernel and where 0 < ¢ < 1. Thus we have,
s

by the Minkowski inequality for convolution

o

- 1 o .
1882l < sy [ CFIAN G 2]

1 R - +oo
< - t=5||Vh 7| podt 5 (= AVl 2 || 20 || ot
< wimarm (L Iz e [ Al Z it

A o 1 = +oo o
<c (/ t_2_2||VZT||Lpdt+/ t_2_1||ZT|Lpdt>
0 A

<C (A V2 + A3 Z0 |10 )
If we set A = || Z, |2,V Z,|| 12, we have

g o P _agy_angy 1
H(*A)az‘rHLP < CHZ‘r”leUHVZTHLp <Ct 2 2 (1 P).

3) Using the estimates given in Lemma we have
an 1
[Yollr < O 7072070 e 1< p < B

and o
|AY || zr < cr 7% 0my) for 1 <p< A5,

Thus, by the complex interpolation theory for Sobolev spaces (see [2, Theorem 6.4.5]), we have for
1 <p< ;%3 and 0 < o <2 the estimate

- 1-2 o4 _ _gy_an(_1
1(=2)EY, [0 = [Yellypor < CIYelln? (Y7130, < CF 079705,

For the case p = 1, we can not use directly the interpolation trick, instead we use as before the
Riemann-Liouville characterization of the positive powers of the Laplacian for 0 < o < 2:

. 1 oo
(=22 =1q —0/2)/0 t
1

||
where hy(x) = @k e~ &t with ¢ > 0 is the usual gaussian kernel. Thus we have:
T

NS

(—A)(hy x f)dt,

I 1 oo _a
IRVl € gy [ A B Yol

1 A oo
< —3 AY. “S(=A Y,
S Ti—0/2) </O t2 ||| 1] Hudt+/A t72 [|(—=A) kel 1] Hudt)

A " +o00 "
<c (/ t_2]AYTHL1dt+/ t‘fl\YTHlet)
0 A
< C (A5 Al + ATE Vsl ) -
If we set A = ||YTHL1HAYT||211, we have

1—2

I(=2)2Y; |1 < ClYzl| 1 2 |AY; |2 < CrtFel=3),
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Proof of Theorem From the initial data ey we write
ent+1 = €0+ L(en) + Blen, en).

Let us prove that we have |le,+1||z < 35. We already have |eo||z < J, we thus assume |le, ||z < 3 and we
will prove this property for e,11. Indeed, by the boundedness properties of L(-) and B(-,-) given in ({3.5))
we obtain

leollz + [IL(e) | & + 1B(ens en)ll 2 < lleolle + Crllenllz + CrllenllE
6 + 308 +9Cp6% = § + 3CL + (9CRH)S,

llent1llE

VARVAN

but since 0 < 3CL < 1 and 9CpJ < 1 we have ||ep11||p < 34.

We study now the quantity e, 1 — e, and by the linearity of L(-) and the bilinearity of B(-,-) we have

lent1 —enlle = |(e0+ L(en) + B(en, €n)) — (€0 + L(en—1) + Blen—1,€n-1))|l g
|L(en) + B(en,en) — L(en—1) — Blen—1,€en—1)ll g
= ||L(en — en—1) + B(en — €n—1,€n) + B(en—1,n — €n—1)|lE
< |[L(en —en—1)|lE + [|B(en — en—1,€n)||E + [ Blen—1,en — en—1)| £,

and since the applications L(-) and B(-,-) are bounded we can write

Crllen — en—1llg + CBllen — en—il|lEllenllE + CBllen—1llEllen — en—1llE
CLH€7L - en—l”E + 60B5H6n - en—lHE
(CL + 6035)"671 - en—lHEv

lent1 —enllE

ININ A

where we used the controls ||e,—1||r < 39 et ||en]|z < 3. Thus, by iteration we obtain
lent1 —enlle < (CL +6CB0)"|le1 — eoll g,

but since Cf, + 6Cpd < 1, then this quantity goes to 0 as n — +oo: the sequence (ep)nen converges
to e € E which is a solution of the equation (3.4). Unicity is granted as we are working in a Banach space. B

Proof of Proposition 5.1

1) By the complex interpolation theory for Sobolev spaces (see [2 Theorem 6.4.5]), we have for 1 < p <
400 the estimate

~ 1-2  ~ g
< ClZ70 L * 112711

1221l T

W3
Now, by Lemma [5.1] we have

~ a 1-Z a o <z ac
1Z2 |50 < C<t_75(1_%)> 2 (f?‘%’“‘?) 2 o 50,

2) Using the points 1) and 2) of the Lemma we can write:

Tfa71‘$|76+2’y)pdx+c . (7_20471‘.%,’7677)de7

\ﬁ?ﬂ(x)]"’dm <C N
R5 {r 7l|z|<1} {T 7l|z|>1}

and using the change of variables y = T_%J}, we obtain

/ VY7 (2)Pde < G it 5(6-20) ly[ 77y
R5 {lyI<1}

O p(20-1) =0 (6+7) / PO dy.
{llyl=1}
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The first integral above is bounded if 1 < p < ﬁ while the second one is finite as long as 1 < p < +o0.
We can thus write

)

- ~ Sa a (g ba e
VY e SC(TW o145 (6-27)] S +2a—1 W(6+7)>

and Proposition [5.1]is proven. |

References

1]

A. A. ALIKHANOV. A Priori Estimates for Solutions of Boundary Value Problems for Fractional-Order
FEquations. Differential Equations, Vol. 46, No. 5, pp. 660-666, (2010).

J. BERGH, J. LOFSTROM. Interpolation spaces. An introduction., Springer—Verlag, 1976.

P. CARVALHO-NETO. Fractional Differential Equations: a nowvel study of local and global solutions in
Banach spaces. Ph.D. thesis, Universidade de Sao Paulo, Sao Carlos, (2013).

P. CARVALHO-NETO, R. FEHLBERG JUNIOR. On the fractional version of Leibniz rule. Mathematische
Nachrichten, 04, Vol.293 (4), p.670-700, (2020).

D. CHAMORRO. Introduction auz équations de Navier-Stokes. (2021) hal.archives-ouvertes.fr/hal-
03487812v2/document

D. CHAMORRO, S. MENOZZI. Fractional operators with singular drift: Smoothing properties and Morrey-
Campanato spaces. Rev. Mat. Iberoam. 32, no. 4, 1447-1501, (2016).

D. CHAMORRO, S. MENOZzZ1. Nonlinear singular drifts: when Besov meets Morrey and Campanato.
Potential Analysis, Volume 49, Issue 1, pp 1-35 (2018).

P. CONSTANTIN & J. WU. Regularity of Holder continuous solutions of the supercritical quasi-geostrophic
equation, Annales de I'Institut Henri Poincaré. Analyse non linéaire. Vol 25, N°6, 1103-1110 (2008).

A. CorDOBA & D. CORDOBA. A mazimum principle applied to quasi-geostrophic equations, Commun.
Math. Phys. 249, 511-528 (2004).

[10] C. CORTAZAR, F. QUIROS & N. WOLANSKI. Large-Time Behavior for a Fully Nonlocal Heat Equation.

Vietnam Journal of Mathematics volume 49, pages 831-844, (2021).

[11] S. D. EibELMAN, A. N. KoCHUBEL Cauchy problem for fractional diffusion equations. J. Differential

Equations 199, 211-255, (2004).

[12] L. GRAFAKOS, S. OH, The Kato-Ponce inequality, Comm. Partial Differential Equations 39, no. 6,

1128-1157, (2014).

[13] A.A. Kilbas, H.M. Srivastava, & J.J. Trujillo. Theory and Applications of Fractional Differential Equa-

tions. Mathematics Studies 204, North Holland (2006).

[14] J. KEMPPAINEN, J. SILJANDER & R. ZACHER. Representation of solutions and large-time behavior for

fully nonlocal diffusion equations. J. Differential Equations 263, 149-201, (2017).

[15] P.-G. LEMARIE-RIEUSSET. The Navier-Stokes Problem in the 21st Century. Taylor & Francis, (2015).
[16] I. PODLUBNY. Fractional Differential Equations, Academic Press, San Diego, (1998).

24



	Introduction and presentation of the results
	Notation and useful results
	Hyperviscosity solutions
	Energy inequality and Global Weak Solutions
	Existence for mild solutions in the space LtLqx
	Regularity of weak solutions

