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Growth order and blow up points for the
parabolic Burger’s equation under dynamical
boundary conditions

Joachim von Below, Gaglle Pincet Mailly and Jean Francois Rault

LMPA Joseph Liouville ULCO, FR CNRS Math. 2956
Université Lille Nord de France
50, rue F. Buisson, B.P. 699, F-62228 Calais Cedex (France)

Abstract: We investigate the blow up points of the one-dimensional parabolic Burger’s equa-
tion
Oyu = Bgu — udyu + uP

under a dissipative dynamical boundary condition c0iu+ d,u = 0 for one bump initial data. A
numerical example of a solution pertaining exactly two bumps stemming from its initial data
is presented. Moreover, we discuss the growth order of the L*°-norm of the solutions when
approaching the blow up time.
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1 Introduction

This paper is devoted to the blow up phenomenon of the one-dimensional parabolic
Burger’s equation with a convection term changing sign under dynamical condi-
tions on the time lateral boundary

Ou = 0?u —udyu +u? inQ for t >0,
(1) B,(u) =00+ 0,u =0 on 0 for t >0,

u(,0) = € C(Q)



with the interval Q2 = (—a,a) and 1 < p € R. The results presented here improve
and extend those of Section 5 from [3]. It is well known that the system defines
a local flow, especially local existence results are well established, see [3] and the
references therein. The basic hypotheses on ¢ and ¢ are

(2) o(—a) >0, o(a) >0,

(3) >0, p€ C¥[~a,a]), ¢ —pp +¢">0in [~a,al.

Let T = T(o,¢) denote the blow up time of the maximal solution u = u, of
Problem (1), that is in our context the maximal existence time of u with respect
to the L°°-norm:

(o) = int { > 0] i supflua(o, )1 € 7} = oo

It has been shown in [3] that for 1 < p < 2, the solutions of Problem (1) exist
globally, while for p > 2 they blow up in finite time if ¢ > 0 in Q. In the present
paper we improve the growth order result in [3] and determine the blow up set
for one bump initial data. The last section is devoted to a numerical example
displaying a solution pertaining exactly two bumps stemming from its initial data.

2 Growth order

For p > 3+ % the solution grow like 1 when approaching the blow up time

(T—t)p=T
T = T(o,¢), see [3]. Here we shall show that the same holds for p > 3 with
4p(p — 1)(p — 3) > 1.' Recall the following basic

Lemma 2.1 (/3]) Under (2) and (3), the solution u, € C*'(Q x [0,T(c,¢)))
of (1) satisfies Oyus > 0 in Q x 0, T(0,¢)). If, in addition, ¢ is not identically
vanishing on S, then O, > 0 in Q2 x (0,7 (0, ¢)).

First, we show that the lower growth order amounts always to ,,_Tll for any p > 2.

Lemma 2.2 Under the hypotheses (2) and (3), the maximal solution u of (1)
satisfies

1

| (-, 1) o> (}%);I(T(a, ©) —t) T for allt € [0,T(0, ).

'Numerically this means that it is sufficient to choose
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Proof. Set g(t) =|| u(,t) ||« fort € [0,T). By (3) and Lemma 2.1 we have dyu > 0
on [—a,a] x [0,T). Thus, g is increasing and continuous on [0,7), and, thereby,
g is differentiable almost everywhere in [0,7"). Choose t € [0,7), 0 < h < t, z
and xj such that g is differentiable at ¢ and

| 4(rt) o= (e, 8) and |6, = B) floo= u(zn,t — B).
Then
g(t) — gt —h) =u(z,t) — u(xp, t — h) <wul(x,t) —u(zx,t —h),
and there exists § € (0,1) such that
uw(z,t) = u(z,t — h) + hdu(x,t — 6h).

We conclude

9O =9C=h) gt —om).

and, letting A tend to 0,
g'(t) < du(z, ).

By hypothesis on u and definition of g,

g'(t) O2u(z,t) — u(z, t)Opu(x, t) + ulx, t)P

<
< u(z, )’ =g(t)".
Integration between ¢ > 0 and t < 7 < T yields
g)'" P —g(n)" P < (p—1)(r —1).
As 7 tends to T, the function ¢g(7) tends to oco. This shows

gt)' " < (p—1)(T — ).
|
The growth order bound is optimal as the example of constant initial data ¢ > 0

under Neumann boundary conditions displays well.

Theorem 2.3 Suppose conditions (2) and (3) to hold and that

(4) >3 pp-1p-3)> 1

Then there is a constant C' > 0 such that the mazimal solution u, € C*'([—a,a]x
[0,T(0,¢)) of (1) satisfies

o) l1< O jorallt€0.T(0. ).

(T(Ua 90) - t>ﬁ




Proof. We can adopt and improve the proofs by Friedman & McLeod [4] and
von Below & Pincet [3]. For the reader’s convenience we repeat some similar
arguments here. Choose o > 1 such that

p(P—l)(p—3)Zz>

| =

We choose M > 1 et M > (o — 1)?%23 Suppose £ €10, %] with ¢, = ”";”#. We
shall show that there exists 6 > 0 such that

(5) O > b M(uP + ) in [—a,a] x [£,T(a,p)).

In the same way as in Corollary 2.7 from [3], the strong minimum principle from
[1] yields that there exists a positive constant ¢ such that

(6) y:=0w >c>0in [—a,a] x [£,T(0,¢)).

Now, set d(t) = exp(—Mt) with M > 1 sufficiently large to be determined later
and k(u) = u? + v® and introduce

J = 0w — 0d(t)k(u),
where § > 0 is sufficiently small such that
(7) J(-,¢) > 0in [—a,d]

in view to (6). By classical regularity results, J € C*!([—a,a] x [£,T(0,¢))),
see e.g.[5], and J satisfies the boundary condition

By (J) = By (y) — ddk (u) By(u) — 0dd'k(u) = 06 exp(—Mt)k(u) > 0.
Moreover, J fulfills
O — AT +udpJ — (puP' — pu)J = 6dH (u) in [—a,a] x [£,T(0,¢)),
where
d

H(u) := puP  k(u) — k' (u)u? + K’ (u)(0,u)* — Ek(u) — k(u)d,u.

In order to show that H(u) > 0, we prove the inequality

(8) [Opul(uP + ) < M(u? +u®) + (p = 3)uP*™?
+ (p(p — )uP~2 + 6u) (0pu)*.

It is obvious when |0,u| < M. Now, we suppose that |0,u| > M. In the case
where u? < 6|0,ul, (8) is fulfilled because u?|0,u| < 6u(d,u)? and u?|0,u| < p(p—
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DuP~2(9,u)? since p > 3. If u? > 6|0, u|, then we have u > V6M = (a — 1)7=3,
and
uP +ud < aub.

(8) is satisfied if
aldyulu? < (p — 3)u!™ + p(p — 1)uP?(0,u)?
which is equivalent to
alOyulu? < (p—3)u* +p(p — 1)(0u)?
< (VP32 Vol Dlowl) + 2y~ D - )2l
In other words, we just need
a<2/plp—1)(p—3),

which is guaranteed by the definition of a and p. Thus, (5) is shown.
Finally, for the growth order, it suffices to estimate [|u(-, t)||« for t € [2, T'(c, ¢)).
For each x € [—a, a] the integral

S u(zx,S)
0 1
/ Gz, s) oo _ / L dp
¢ uP (SC, 8) u(z,t) np

converges as S /' T'(o, ). We conclude

u' P (2, T (o

) W) 5 (70— 1),

l—p
and
1
- 2 (2T(o, ) p—1 1
H<(p—1T7s R (A A |
u(m, ) — (p ) ma’X{ ) < tO > } (T(O’, (’0) _ t)l/p—l?
which holds especially at the blow up points. [ ]

3 Blow up points

Let p > 2 and suppose that ¢ is a constant satisfying
(9) o> 0.

For the initial values, we require in addition to condition (3)

(10) p(r) = (=) in [0, a],



and the one bump condition

©'(2) >0 in[—a,x),
(11) { ©'(z) <0 in (20,a

with some xy € (—a,a). Set T = T(o, ). Following the proof of Lemma 5.2 of
[2], and using an argument by Friedman & McLeod, see Lemma 5.2 from [4], in
the case where h(u) = u?, we can state

Lemma 3.1 There exists a continuous function v = s(t) such that for0 <t <T

Oyu(z,t) >0 if —a <z <s(t),
Oyu(z,t) <0 ifs(t) <z <a.

Proof. By Lemma 2.1, d,u > 0 on Q x [0, 7). The boundary condition B,(u) = 0
with ¢ > 0 shows d,u < 0 on 092 x (0,7, i.e.

(12) O,u>0on {—a} x (0,T) and d,u < 0 on {a} x (0,T).
Moreover, (11) implies
O,u >0 on [—a,xo) x {0} and O,u < 0 on (xg,al x {0}.

First, by continuity of the solution u, there are two relatively open subsets A
and A_ of 2 x [0,T) such that

1. Ay C{0,u >0} and A_ C {0,u < 0}.
2. A, and A_ are connected.
3. the parabolic boundary Q x {0}UdQ x (0, T) belongs to dA; UOA_ U {xo}.

4. A, and A_ are maximal with respect to the properties 1. - 3.

We shall show that A~ = {J,u < 0} and A, = {0,u > 0}. Recall that u €
C3H(Q x [0,7T)), see [5]. Thus, y := d,u € C*(Q x [0,T)) and
Oy = Ay —y? —udyy +puP~ly  in Qx[0,7),
B,(y) =0 on 00 x [0,T),
y(,0) = ¢' in 0.
For 0 <7< T, set
Q, =Qx[0,7).

Let @~ denote a connected component of {9, u < 0}N€2, and prove that @~ C A~.
We first show that Q) and the parabolic boundary of {2, meet at least in one
point different from {z(}. For that purpose, suppose that

80~ N (ﬁ x {0}y UBQ x [0, T)) C {0}
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It yields y = 0 on 0Q~ N €).. Moreover, by definition of Q~ we have

Oy < Ay —ud,y in Q7
y<0 on 0Q)~.

Since y attains its maximum 0 on dQ~, the strong maximum principle from [7]
implies y = 0 in Q~, which is impossible. Clearly, Q= N A_ # (), which implies
A_UQ = A_ by maximality of A_. Now, for a connected component Q" of
{0,u > 0} N, suppose that

a0+ N (ﬁ x {0} U A x [0, r)) C {xo).

We still have y = 0 on Q" N Q,, which implies that the interior of the set
Pt :=Q"\ {puP~! —y < 0} is not empty. Then y satisfies

Oy > Ay —udyy +y(puP™t —y) > Ay —ud,y in P,
y>0 on OP*.

Since y attains its minimum 0 on dQ*T C OP™, the strong minimum principle
from [7] again, leads to y = 0 in P*, in contradiction with the definition of PT.
Thus, we can conclude that {J,u > 0} = A,.

Then, since {0,u > 0} and {0,u < 0} are connected, for (z*,t) € {O,u > 0}
and (z7,t) € {0,u < 0} with 0 < ¢t < T, we have 27 < z~. Furthermore, we
can prove that for all Z such that (z,t) € {J,u = 0}, 27 < & < 2. Indeed,
for 27 < x93 < x3 and s € (0,T) with (z1,s) and (x3, s) belonging to {0,u > 0}
and (z9,t) € {0,u = 0}, we can choose z1, x3, s and r € (0,s) such that
[1, 3] % [r,s) C {0,u > 0}. For x; and z3 sufficiently close to x5 and r sufficiently
close to s, we have puP~! —y > 0, and we obtain

Oy > Ay —udpy in [z, 3] X [r, 8],
y>0 on {zy,x3} X [r,s] U [z, z3] x {r}.

Thus, y attains its minimum in (23, s) and the strong minimum principle leads
to y = 0 in [z1,x3] X [r, s], which is impossible. In the same way, points of the
form (xy,s) and (z3,s) with z; < 23 < 3 and s € (0,T") with (zy, s) and (z3, s)
belonging to {J,u < 0} and (x9,t) € {O,u = 0} can be excluded.

Finally, the analytic non linearity implies the analyticity of the function (-, t),
and, if we consider z1,2, € Q and s € [0,T) such that d,u(-,s) = 0 in [z}, 7o),
we obtain d,u(-,s) = 0 in €, in contradiction with (12). u

Now, we can state the following
Theorem 3.2 Under Conditions (9)—(11), for each (z,t) € [0,a] x [0,T) it holds

u(z,t) > u(—xz,t).



Proof. Set v(x,t) := u(—=x,t) in [0, a] x [0, T) and introduce the function y defined
by y(z,t) := u(z,t) —v(z,t). Then y is a solution belonging to C([0,a] x [0,7)) N
C%1([0,a]x](0,T)) of the problem

Oy = 0%y +v0,y + dy — (u +v)d,u in [0,a] x (0,7,

y(x,0) >0 in [0, al,
B;(y) =0 on {a} x (0,7,
y=0 on {0} x (0,7,

with

Mmj):zw@;g-—w%—xj)

u(z, 1)

Now, suppose that there exists a point (z,t) € [0,a] x (0,7 with

—u(—x

(13) y(@,1) <0,

then y(-, %) attains a negative minimum at (Z,t) € [0,a] x (0,T) such that

If & > s(t), then, by Lemma 3.1, d,u(%,%) < 0. In a neighbourhood V of (,#) in
which 0,u < 0, we have

Oy — 0%y — vy — dy > 0.

The comparison principle in [1] leads to y > 0, in contradiction with (14). On

the other hand, if = s(¢) we have

y(Z,t) = u(Z,t) —u(—2,t) >0,

in contradiction with (13). Finally, for 0 < Z < s(t), we have d,u(Z,t) > 0 and

Oyu(—2,t) > 0 since —s(t) < —% < 0 < s(t). Then we conclude that
8xy(j7 E) = 890“(:%7 E) + axu(_jv L:) >0,
again, in contradiction with (14). u

The last two results immediately yield the following.

Corollary 3.3 Under the aforementioned hypotheses, s(t) > 0 and
Oyu(x,t) >0 in [—a,0) x (0,7).

Definition 3.4 s~ = lign i%lfs(t) and s* = limsup s(¢)
- t—T



The two following theorems will show that blow up can only occur in the interval
[s7,sT].

Theorem 3.5 Under the aforementioned assumptions, no point in [—a, s~) is a
blow up point.

Proof. By Corollary 3.3, s~ > 0. Suppose § € [—a,s”) and choose Ty < T
sufficiently close to T" such that s(t) > (3 for Ty <t < T. Introduce

- [ 7ﬁ] (T07 )7

and
J = 0,u — edk

with
d(z) = (x — ()", n € N* even,
k(u)=u® , q=p—1,
and € > 0 sufficiently small such that

(15) J = 0in [~a, 4] x {To),
and
(16) w4+ ?in__ﬁii gz e (= 0t 2ngle = 51

Condition (15) is due to Lemma 3.1, where as (16) is a consequence of the as-
sumptions on p, ¢ and n. Moreover J(3,) > 0 in [Ty, T) by Lemma 3.1, since
d(B) = 0. Set f(u) := uP, (16) implies that H defined by

Hu) = f(wk(u)— f(u)k'(v) — e (dk*(u) — 2d'k(u)k (v))
d d’ /" 2 1 2
- —k(u)u + Ek‘(u) + K" (u)(0pu)” + g—d(amu)
satisfies H(u) > k"(u)(0,u)? + %(0,u)? > 0 since u is strictly positive in R, as
well as k" for ¢ > 1. Recall that u > 0 for ¢ > 0 by the comparison principle of
[1] and by Lemma 2.1. Moreover, J satisfies on {—a} x (Tp, T,

By (J) = B,(0,u) — edk' (u) By (u) — ed'k(u) = —en(—a — B)" 'ul(—a,t)

since o is a constant. As () is an interval of the real line, classical interior regularity
results, see e.g. [5], imply that u € C>?([—a, 8] x [Ty, T)). Thus, J belongs to
C?*([—a, B8] x [Ty, T)) and is a solution of

OJ — AJ +u0,J + K(u)J =edH(u) >0 in[—a,() x (Ty,T),
Ba(J) > 0 On{ a} (T(J? )7
J(-,Tp) >0 in[—a, 4],

J >0 on{ﬁ} (1o, T),



where K(u) = J — f'(u) +2edk(u) — 2ed'k'(u). By the comparison principle from
[1] we conclude that J > 0 in [—a, 5] x [T, T), in other words

Oz
> .
k(u) = ed

Integration between x and y with —a < x <y < 3 and the parity of n yield

W 1) = a0y, t) 2 el - 9 = (- 9 > 0,

Finally, suppose that © € [—a,() is a blow up point. Using 1 — ¢ < 0, we
conclude that u'=9(y,t) < 0 for y € (z,(3), and ¢ sufficiently close to T, which is
impossible. [ ]

Theorem 3.6 Under the aforementioned assumptions, no point of (s*,al is a
blow up point.

Proof. We can follow the idea of the proof of Theorem 3.5. Suppose that st < a
and v € (s7,a]. Choose Ty < T sufficiently close to T such that s(t) < v for
To<t<T.Set R=[y,a] x (Ty,T) and

J = 0,u+ edk
with )
d(x) =er=,
kE(u) =u?, 2 <q<p,
and € > 0 sufficiently small such that
(17) J(-,Tp) < 0in [y, al.

Condition (17) is possible by Lemma 3.1. Using f(u) := u?, set

H(u) = f(uk(u)— fu)k (v) + edk®(u) — 2ed k(u)k'(u) — dg,k:(u)u
—I—%ﬂk(u) + (0,u)%K" (u)
pt+q—1 ut*! 1 _ 2 ul
= G s (G )
= 2qu! w2 _ w)2ud 2
pee (21 ) gl - (O

Then H(u) > 0 since p > ¢ > 2. Moreover, J satisfies on {a} x (Tp,T') the
dynamical boundary condition,

B, (J) = By (0,u) + edk'(u)By(u) + ed'k(u) =

eﬁuq(a, t)
(v —a)?

10



since o is a constant. Thus J € C**([y,a] x [Ty, T)) is a solution of

O — AJ +u0,J + K(u)J = —edH(u) <0 in(y,a] x (To,T),

B,(J) <0 on{a} x (Ty, T).
J(-,To) <0 on[v,al,
J(77 ) < 0 on (T07T>7

where K (u) := J— f'(u) —2edk(u)+2ed'k'(u). By the comparison principle of [1],
J < 0in [y, a]x[Ty, T). By integrating as above, we obtain u!~4(y, t)—u'~9(x,t) >
0fory<ax<y<a Thusify e (v,a] is a blow up point, u'~9(z,t) < 0 for
r € (v,y) and t sufficiently close to T', in contradiction to the positivity of u.
Thus, u remains bounded in R. [ ]

In fact, it will be shown that s~ = s*. In other words, blow up can only occur
at a singleton.

Theorem 3.7 Under Conditions (3) (9) (10) (11), the blow up set of Problem
(1) consists at most of a single point.

Proof. Theorem 3.5 and Theorem 3.6 imply that blow up can only occur in
[s7,st]. It remains to show that s~ = s*. Suppose that st > s~ and that u
blows up at z; € [s~,sT]. Set

Y1 =5 —¢,
with
st —s”

18 O<e<
(18) e <

By Theorem 3.5, there exists a constant Cy > 0 such that
(19) u(yr,t) < Cp in [0,7).

As w explodes at z1, there is 71 sufficiently close to T" such that u(z,t) > Cy for
any 71 <t < T. Moreover, by Lemma 3.1,

u(z1,t) < maxu(-,t) =u(s(t),t) forall 0<t<T.
Q

Thus, by Definition 3.4 and Lemma 3.1, there exists 7 € (0,7) with T — 7
sufficiently small such that for yo = s(7) > sT — € and for o = “3¥2 we have

u(y2, 7) > Co,
w(z,7) <u2a—z,7) for x € [y, al,
u(z,7) <u(2a—z,7) for z € [y, ).

11



Then (19) and Lemma 2.1 yield
u(yr,t) < u(ys,t) for 7 <t <T.
Set v(x,t) = u(2a — ,t) in [y, ] X [1,T) and
w(z,t) =v(x,t) — u(x,t).
Then w € C*'([y;,a] x [r,T)) is a solution of

Ow = Aw +vo,w + dw + (u+v)0,u in (y1, ) x (1,7),

?,U(,T)ZO in [ylaa]a
w >0 on {yl} X (7—7 T)?
w=0 on {a} x (7,T),

where we have set
Up(':(:? t) - up(x, t)

Oat) = v(x,t) —u(z,t)

Suppose that
(20) w(2,t) <0

at some (Z,t) € (y1,a) x (7,T). Then there exists a point (Z,t) € (y1,a) X (1,7T)
at which w(-,t) takes a negative minimum. Thus,

(21) { v(Z,1) < u(a,t),

0,v(7,t) = O,u(7,1).
If @ > 7 > s(f) then d,u(Z,t) < 0 and d,u(20 — ,1) < 0 since 2a — & > a > & >
s(t). Thus,
Opw = —0,u(20 — &, 1) — Opu(,t) > 0,

in contradiction with (21). Next, recall that 7 is the unique zero of d,u(-,t), by
Lemma 3.1. Thus, a > & = s(f) would lead to another zero since 2a — ¥ # 7.
Finally, suppose y; < & < s(t), then d,u(Z,t) > 0. Let V a neighborhood of (Z, t)
in which 0,u > 0. In V, we have

Oyw — Aw — vI,w — dw = (u + v)dyu > 0,

and comparison principle of [1] leads to w > 0, in contradiction to (20).

Thus, we have shown that w > 0. For any t € (7,7), the maximum of (-, ?)
in [y1,ye] can not be attained for x € [y;, o). As J,u vanishes at s(¢) by Lemma
3.1, a < s(t) for 7 <t < T. Thus, by Definition 3.4

:y1+y2>s‘+s+

- liminf > _
S im in s(t) > « 5 2 5 €

and s~ > sT — 2¢, in contradiction with (18). This permits to conclude that

s =st. n

12



Coordinates of local maxima
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Figure 1: Initial data ¢ and the bifurcation of local maxima
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Figure 2: Convergence to one bump for ¢ = 10.7 and conservation of two bumps for ¢ = 9

4 A numerical example

If the initial condition displays two bumps or more, in general, the bumps can
coalesce or not, as in the pure reaction—diffusion case. The following example
exhibits numerically conservation of exactly two initial bumps until the blow up
time. We use a consistent finite difference scheme for p = 3, ¢ = 100, with spatial
mesh width £ = 1/100 and temporal mesh width h = % and initial data

5+6f(x) for z € [0, 2]
p(x) = ¢ 11 —10000(11 — ¢)(z — 2)*(z — )2 for z € [2, 2]
5+6f(1—x) for z € [2,1]

13



with f(x) = bz — %xQ. Note that the parameter ¢ denotes just the value of the
local minimum in the middle, see Fig. 1 for the case ¢ = 8. The figure on the r.h.s.
of Fig. 1 displays the maxima coordinates in [0, 1] before blowing up. The left
part of Fig. 2 exhibits coalescence into one bump for ¢ = 10.7 when approaching
the blow up time, while the right part displays conservation of the two bumps for
c=09.
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