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Abstract: We consider a class of static and spherically symmetric black hole geometries
endowed with a photon sphere. On the one hand, we show that close to the photon sphere,
a massless scalar field theory exhibits a simple dynamical SL(2,R) algebraic structure
which allows to recover the discrete spectrum of the weakly damped quasinormal frequen-
cies in the eikonal approximation, and the associated quasinormal modes from the algebra
representations. On the other hand, we consider the non-radial motion of a free-falling
test particle, in the equatorial plane, from spatial infinity to the black hole. In the ul-
trarelativistic limit, we show that the photon sphere acts as an effective Rindler horizon
for the geodesic motion of the test particle in the (t, r)-plane, with an associated Unruh
temperature Tc = ~Λc/2πkB, where Λc is the Lyapunov exponent that characterizes the
unstable circular motions of massless particles on the photon sphere. The photon sphere
then appears as a location where the thermal bound on chaos for quantum systems with a
large number of degrees of freedom, in the form conjectured a few years ago by Maldacena
et al., is saturated. The study developed in this paper could hopefully shed a new light on
the gravity/CFT correspondence, particularly in asymptotically flat spacetimes, in which
the photon sphere may also be considered as a holographic screen.
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1 Introduction

The intriguing duality between black hole (BH) physics and a conformal field theory
(CFT) at finite temperature has been investigated for decades, first in the context of the
(A)dS/CFT correspondence, e.g. [1–3], then followed by the Kerr/CFT correspondence [4]
and its extensions (see e.g. [5] for a complete review and references therein). In most of
the Kerr/CFT correspondence extensions [6–10], among which those better adapted to the
case of non-rotating BH spacetimes, the expected conformal structure needed to describe
the BH physics through a dual CFT is not found in the symmetry of spacetime itself, but
rather as a dynamical symmetry hidden in the equations of motion of the field used to
probe the geometry of spacetime. More precisely, given a BH geometry, one of the key
elements is mainly to explore the behavior of the equations of motion of the considered
field theory under the near horizon limit, which seems to play a central role in the grav-
ity/CFT duality [11–13]. As an example, it has been shown for the Schwarzschild BH that
the dynamics of the field in the near-horizon limit tends to be described by an SL(2,R)
conformal algebra. Extending the algebra to a Virasoro algebra results in the description
of the (near-horizon) BH physics through a dual CFT at finite Hawking temperature de-
fined on the BH horizon. In such a scheme, it is often said that the horizon is playing
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the role of a holographic screen. However, in the near-horizon limit, the use of the hidden
dynamical conformal algebra to generate the descendant fields, interpreted as quasinor-
mal modes (QNM), gives only a very specific part of the spectrum of the quasinormal
frequencies (QNF): the large overtone behavior of the highly damped QNF. Even though
this result could be considered as “incomplete” (when not questioned [14]), it seems to
suggest once more that the highly damped QNM are related to some physical processes in
the near-horizon region of a BH [15, 16].

Surprisingly enough, none of the previous works has been investigating algebraically
the origin of an other important part of the QNF spectrum: the weakly damped QNF (and
their related QNM). In a spirit close to what has been done in the previous cited papers,
we suggest a first approach to fill this gap by looking at the physics close to the BH pho-
ton sphere (when it exists), and more precisely by introducing and exploring a near-photon
sphere limit in the study of both a massless scalar field theory and a free-falling test particle
in a static and spherically symmetric BH geometry. The main motivation is that the photon
sphere, defined as a conformally invariant timelike surface on which a massless particle can
orbit the BH on unstable circular null geodesics, plays a prominent role in the study of var-
ious phenomena (description of strong gravitational lensing, see e.g [17–21] and references
therein, reversal of all dynamical effects of rotation [22]), and in particular for the purpose
of this paper, in the physical description of the weakly damped QNM [23, 24]. In order to
emphasize the existence of a hidden conformal symmetry and the possibility of defining a
CFT on the BH photon sphere, this paper will be constructed into two main parts. In the
first part, we will consider a massless scalar field theory in a static and spherically symmet-
ric BH spacetime, endowed with a photon sphere. In the near-photon sphere limit, we will
show that the equation of motion of the scalar field takes a very simple form, with a hidden
SO(2, 1) ∼ SL(2,R) structure that allows to recover algebraically the correct expressions of
the weakly damped QNF in the eikonal approximation, and then to construct the associated
QNM from the algebra representations. In the second part, we will show that the BH pho-
ton sphere acts as an effective Rindler horizon in the (t, r)-plane for an ultrarelativistic test
particle, coming from infinity, in a non-radial geodesic motion. It will follow that one can
associate an Unruh temperature that is related to the Lyapunov exponent characterizing
the unstable circular null geodesics on the photon sphere. Remarkably, this temperature
corresponds precisely to the saturated thermal bound on chaos for quantum systems with a
large number of degrees of freedom, conjectured in [25]. From these results, we suggest that
the photon sphere, at least for static and spherically symmetric BH, is probably richer than
expected: it appears as a particular location where the concepts of instability, thermality
and QNM (key ingredients for a dual CFT description) seem to merge naturally, opening
hopefully a new path of investigation in the gravity/CFT correspondence.

The paper is organized as follows. After the introduction of some notations, we make in
section 2 a brief review of a massless particle dynamics, and the associated massless scalar
field equation, in a static and spherically symmetric spacetime. We explore in section 3 the
near-photon sphere limit of the massless scalar field equation which enables us to highlight
an underlying SO(2, 1) ∼ SL(2,R) algebra. We then use this algebra in section 4 to recover
the weakly damped QNF in the eikonal approximation, and we reconstruct in section 5
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the associated QNM from the algebra representations. In section 6, from the study of the
non-radial geodesic motion in the (t, r)-plane of an ultrarelativistic test particle, we show
that there should exist thermal effects characterized by a temperature which is related to
the Lyapunov exponent that describes the instability of the circular motions of massless
particles in the vicinity of the photon sphere. Finally, the paper ends in section 7 with
some opening remarks and conclusion.

2 Generalities and notations

2.1 Black hole metric and massless particle dynamics

In the Schwarzschild coordinates (t, r, θ, φ), we consider a static spherically symmetric
four-dimensional spacetime with metric

ds2 = −f(r)dt2 + dr2

f(r) + r2dσ2. (2.1)

Here dσ2 = dθ2 +sin2 θdϕ2 denotes the line element on the unit 2-sphere S2, with θ ∈ [0, π]
and ϕ ∈ [0, 2π]. Let us consider r ∈]rh,+∞[, where r = rh is a simple root of f(r) and
defines the location of the BH event horizon. Moreover, let us assume that f(r) > 0
for r > rh and lim

r→+∞
f(r) = 1. In other words, the considered background geometry is

asymptotically flat and the tortoise coordinate r∗ = r∗(r), defined by the relation dr∗/dr =
1/f(r), provides a bijection from ]rh,+∞[ to ]−∞,+∞[.

Moreover, because of the spherical symmetry of space, let us consider motions on
the equatorial plane θ = π/2. A free-falling massless particle moves along null geodesics
according to

− f(r)
(
dt

dλ

)2
+ 1
f(r)

(
dr

dλ

)2
+ r2

(
dϕ

dλ

)2
= 0, (2.2)

where λ is an affine parameter. From spacetime symmetries, one can define integrals
of motion, i.e. energy E and angular momentum L of the massless particle, associated
respectively with the Killing vectors ∂/∂t and ∂/∂ϕ:

f(r)
(
dt

dλ

)
= E ; r2

(
dϕ

dλ

)
= L. (2.3)

This allows to deduce the equation of motion from (2.2)(
dr

dλ

)2
+ Veff(r) = E2, (2.4)

where the effective potential Veff is defined as

Veff(r) = L2

r2 f(r). (2.5)

A photon sphere located at r = rc corresponds here to a local maximum of Veff at r = rc,
which reads

d

dr
Veff(r)

∣∣∣∣
rc

= 0 ⇔ 2
rc
fc = f ′c, (2.6a)

d2

dr2Veff(r)
∣∣∣∣∣
rc

< 0 ⇔ f ′′c −
2
r2
c

fc < 0, (2.6b)
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where the subscript “c” means, above and in the following, that the quantity considered
is evaluated at r = rc, and the superscripts “′” and “′′” mean respectively the first and
second derivatives with respect to r.

As a consequence, a massless particle reaches the photon sphere if the turning point of
its motion satisfies E2 = Veff,c, i.e. L/E = rc/

√
fc, where rc/

√
fc = bc is the critical impact

parameter for massless particles to reach tangentially the photon sphere, before circling
the BH at r = rc. Moreover, at r = rc one also has

V ′′eff,c = −2η2
c

L2

r4
c

, (2.7)

where
ηc = 1

2

√
4fc − 2r2

cf
′′
c . (2.8)

The study of instability associated with the circular orbits of massless particles on the
photon sphere follows. One can for example write down a second order Taylor series
expansion of the effective potential near the photon sphere

Veff(r) ' Veff,c + 1
2V
′′
eff,c(r − rc)2, (2.9)

such as (2.4) becomes (
dr

dλ

)2
+ Veff,c + 1

2V
′′
eff,c(r − rc)2 = E2. (2.10)

If the turning point is very close to r = rc, one can consider that E2 ≈ Veff,c. The equation
of motion then simplifies to (

dr

dλ

)2
+ 1

2V
′′
eff,c(r − rc)2 = 0, (2.11)

which can be written in another, more explicit, form(
dr

dt

)2
+
V ′′eff,c
2ṫ2

(r − rc)2 = 0, (2.12)

with ṫ = dt/dλ ≈ E/fc close to rc. Finally, the equation of motion in the vicinity of the
photon sphere reads (

dr

dt

)2
− Λ2

c(r − rc)2 = 0, (2.13)

where
|Λc| = ηc

√
fc
rc

(2.14)

is the Lyapunov exponent associated with the unstable circular motion of a free-falling
massless particle near the BH photon sphere. In other words, any deviation δr on the
trajectory of a massless particle will be described by an exponential growth (with respect
to rc) within a “characteristic time” |Λc|−1, either towards the BH, or to spatial infinity.
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2.2 Massless scalar field in the BH metric

The Klein-Gordon equation for a massless scalar field Φ on a general gravitational back-
ground is written as

�Φ = gµν∇µ∇νΦ = 1√
−g

∂µ
(√
−ggµν∂νΦ

)
= 0. (2.15)

If the metric is given by eq. (2.1) then, after separation of variables, assuming a harmonic
time dependence (e−iωt) for Φ and the introduction of the radial partial wave functions
Φ`ω(r) with ` = 0, 1, 2, . . . , the Klein-Gordon equation reduces to the well-known Regge-
Wheeler equation

d2Φ`ω

dr2
∗

+Q`ω(r∗)Φ`ω = 0. (2.16)

where r∗ = r∗(r) is the tortoise coordinate, introduced previously.
In (2.16), we have introduced Q`ω(r∗(r)) = ω2−V`(r), with the Regge-Wheeler poten-

tial V`(r) defined as

V`(r) = f(r)
[
`(`+ 1)
r2 + 1

r
f ′(r)

]
. (2.17)

It should be noted that

- limr→rh V`(r) = 0 and limr→+∞ V`(r) = 0.

- For every ` ∈ N, V`(r) admits a local maximum at r = r0(`) which is close to the
photon sphere located at r = rc.

- In the limit `� 1, r0(`) ≈ rc and V`(r) ≈ Veff(r).

Using the tortoise coordinate, we will denote (r∗)0,` = r∗(r0(`)) the location of the max-
imum of V`(r). Let us emphasize that, using the tortoise coordinate, the Regge-Wheeler
equation (2.16) looks like a one-dimensional Schrödinger equation

− d2Φ`ω

dr2
∗

+ (−Q`ω(r∗)) Φ`,ω = 0, (2.18)

with a potential barrier −Q`ω(r∗) whose local maximum is located at (r∗)0,`. As noticed
by Chandrasekhar [26], it allows to use all the well-known techniques associated with the
study of scattering by a potential barrier, in a very natural way.

3 Hidden conformal symmetry: the near-photon sphere limit

Following [27], let us consider Q`ω(r∗) around the location of its local extremum at (r∗)0,`,
i.e. around a location as close to the photon sphere as `� 1. A second order Taylor series
expansion gives

Q`ω(r∗) ≈ Q0(`, ω) + 1
2Q

(2)
0 (`) (r∗ − (r∗)0,`)2 , (3.1)

where we have used the notation

Q
(n)
0 (`, ω) =

(
dnQ`ω(r∗)

drn∗

)
(r∗)0,`

. (3.2)
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For n ≥ 1, Q(n)
0 (`, ω) = Q

(n)
0 (`) is independent of ω. We introduce a new dimensionless

variable x and a function h(`, ω) defined by

x =
[
2Q(2)

0 (`)
]1/4

(r∗ − (r∗)0,`) ,

h(`, ω) = Q0(`, ω)√
2Q(2)

0 (`)
, (3.3)

such that (2.16) can be written as

HΦ̃`ω(x) = h(`, ω)Φ̃`ω(x) (3.4)

where Φ̃`ω(x) = Φ`ω(r∗(x)) and

H = − d2

dx2 −
1
4x

2 (3.5)

is the (dimensionless) time-independent Hamiltonian governing the massless scalar field
dynamics in the near-photon sphere limit. One recognizes that H can be associated with
the Hamiltonian of a non-relativistic quantum particle in an inverted parabolic potential.
It should be recalled that, in the study of the near-horizon limit, the Hamiltonian governing
the massless scalar field dynamics reduces to the DeAlfaro-Fubini-Furlan Hamiltonian of
conformal quantum mechanics [6, 7, 28].

Let us begin by factorizing H. Through the operators P = −i ddx and X = 1
2x, such as

[X,P ] = i
2I, one can for example introduce “creation and annihilation operators” analogues

U± = ±P +X = ∓i d
dx

+ 1
2x,

with (U±)† = U± 6= U∓ (with respect to the usual scalar product) and [U−, U+] = iI. The
Hamiltonian H can then be written in terms of U±

H = P 2 −X2 = −1
2 (U−U+ + U+U−) . (3.6)

Similarly, one can introduce the dilation operator D and an operator S (related to special
conformal transformations generator K = 1

4X
2)

D = 1
2 (PX +XP ) = 1

4
(
U2

+ − U2
−

)
= − i2

(
x
d

dx
+ 1

2

)
,

S = P 2 +X2 = 1
2
(
U2

+ + U2
−

)
= − d2

dx2 + 1
4x

2. (3.7)

Up to numerical factors, it should be noted that the respective roles of H and D are
switched whether one is looking at their expressions in terms of P and X operators, or in
terms of U± operators. The operator S remains unchanged, as a sum of squared operators.
It would then become trivial to write the expressions of H, D and S as differential operators
in “u±”-representations, from their expressions in the x-representation.

– 6 –
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To obtain algebraically, from H, D and S in the x-representation, the spectrum of the
near-photon sphere Hamiltonian H, which will be related to the spectrum of the weakly
damped QNF, one can define the following three operators

J1 = D = − i2

(
x
d

dx
+ 1

2

)
, (3.8a)

J2 = − i2S = i

2

(
d2

dx2 −
1
4x

2
)
, (3.8b)

J3 = i

2H = − i2

(
d2

dx2 + 1
4x

2
)
. (3.8c)

It is now a simple task to show that they satisfy the commutation relations of an SO(2, 1)
algebra

[J1, J2] = −iJ3; [J2, J3] = iJ1; [J3, J1] = iJ2. (3.9)

Moreover, it is possible to introduce “ladder operators” in some different ways. For example,
one can define

J± = ±iJ1 − J2 = i

2U
2
±, (3.10)

which, together with J3, satisfy an SL(2,R) algebra

[J+, J−] = −2J3; [J3, J±] = ±J±. (3.11)

It should be noted first that the ladder operators J± are not self-adjoint conjugate to each
other. In our example here, one has instead (J±)† = −J±, i.e. anti-self-adjoint operators.
Finally, let us also note that one could have obviously constructed J3 and J±, without
any references to the operators D and S, more directly from H and U2

± (as second order
differential operators), satisfying commutation relations (3.11).

4 Casimir operator and eigenstates of H

The quadratic Casimir operator associated with the SL(2,R) algebra is written as:

J2 = J2
3 − J2

1 − J2
2 = J2

3 ± J3 ∓ J∓J±. (4.1)

As usual, one can check that J2 and J3 commutes, so that we can choose a common
eigenbasis {|j,m〉}(j,m) such as

J2 |j,m〉 = j(j − 1) |j,m〉 , (4.2a)
J3 |j,m〉 = m |j,m〉 . (4.2b)

Using [U−, U+] = iI with equations (3.6), (3.7) and (3.8), it is easy to show that J2 = a0I,
with the (well-known) value a0 = −3/16. So, one deduces that the Bargmann index j can
only take two possible real values j1,2 = 1

2
(
1∓
√

1 + 4a0
)
, i.e. j1 = 1/4 and j2 = 3/4, which

implies that the space of states will be covered by two infinite representations of SL(2,R).
Moreover, since J2 has always the same eigenvalue j1,2(j1,2− 1) = a0 for every eigenstates,
let us note, from now on, {|a0,m〉}m the eigenbasis common to J2 and J3.

– 7 –
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From [J2, J±] = 0 and (3.11), the sets of vectors {J± |a0,m〉}m also define other pos-
sible common eigenbases of J2 and J3, associated with the eigenbases {|a0,m〉}m through

J± |a0,m〉 = c±(a0,m) |a0,m± 1〉 , (4.3)

where, from basic results on SO(2, 1) ∼ SL(2,R) algebra, c±(a0,m) =
√
m(m± 1)− a0.

Moreover, it should be noted that from (4.1), one has

∀m ∈ C, 〈a0,m| J∓J± |a0,m〉 = m (m± 1)− a0, (4.4)

recalling that here, (J±)† = −J±. In other words, in our setting, 〈a0,m| J∓J± |a0,m〉 being
a scalar, it implies that the sets of vectors {〈a0,m| J∓}m and {J± |a0,m〉}m belong to two
spaces dual to each other, but with (J± |a0,m〉)† 6= 〈a0,m| J∓.

As usual, giving an eigenstate |a0,m〉, one can construct with J± a set of correspond-
ing eigenvectors: |a0,m± 1〉, |a0,m± 2〉 , . . . . This construction will stop if there exists
m

(±)
0 such that c±(a0,m

(±)
0 ) = 0. The two possible solutions are m(±)

0 = ∓j1,2, so that
J± |a0,∓j1,2〉 = 0. The states |a0,±j1,2〉 then define the ground states from which one
can now construct, from successive applications of J±, the eigenstates of H = −2iJ3 and
deduce its eigenvalues.

From (4.2b) and (3.11), one can write for every non-negative integer k

J3 |a0,±j1,2〉 = ±j1,2 |a0,±j1,2〉 , (4.5a)
J3J

k
± |a0,±j1,2〉 = ± (j1,2 + k) Jk± |a0,±j1,2〉 , (4.5b)

which means for the Hamiltonian H

HJk± |a0,±j1,2〉 = ∓i (2k + 2j1,2) Jk± |a0,±j1,2〉 . (4.6)

Each eigenstate Jk± |a0,±j1,2〉 of H is related to the next one by a 2-unit step. With an
other realization of the generators of the SL(2,R) Lie algebra involving only first order
differential operators, instead of second order ones (3.10), it would be expected that each
eigenstate is related to the next one by a 1-unit step.

For each value j1 and j2, and for every non-negative integer k, one has:

HJk± |a0,±j1〉 = ∓i
(

2k + 1
2

)
Jk± |a0,±j1〉 , (4.7a)

HJk± |a0,±j2〉 = ∓i
(

2k + 1 + 1
2

)
Jk± |a0,±j2〉 . (4.7b)

From (4.7), the eigenstates Jk± |a0,±j1〉 describe what we shall call the even eigenstates,
simply noted |2k,±〉, corresponding to the discrete principal series D±(±j1) of the non-
unitary irreducible representations of SO(2, 1) ∼ SL(2,R), and the eigenstates Jk± |a0,±j2〉
describe the odd eigenstates, simply noted |2k + 1,±〉, corresponding to the discrete prin-
cipal series D±(±j2). Therefore, the entire spectrum of H is obtained by considering its
eigenspaces as the direct sum of pairs of irreducible representations. Here, there exist two
distinct eigenspaces H+ = D+(+j1)⊕D+(+j2) and H− = D−(−j1)⊕D−(−j2) related to

– 8 –
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two families of eigenstates, noted |n,±〉 ∈ H±, for every non-negative integer n. One can
introduce projectors Π±even and Π±odd on even and odd subspaces of H± respectively, such
as |2k,±〉 = Π±even |n,±〉 and |2k + 1,±〉 = Π±odd |n,±〉. For every non-negative integer n,
the associated spectrum of H can then be written as

H |n,±〉 = ∓i
(
n+ 1

2

)
|n,±〉 . (4.8)

It should be noted that in the words of a possible CFT defined on the photon sphere,
the intermediate states |a0,±j1,2〉 (or |0,±〉) would be intermediate “primary states” with
intermediate “conformal weights” analogues ±j1,2 (or h = 1/2), and we would have just
constructed above the “highest weight representations” of the SO(2, 1) ∼ SL(2,R) algebra,
with intermediate “descendant states” Jk± |a0,±j1,2〉 (or |n,±〉). Moreover, having (J±)† 6=
J∓, the corresponding CFT on the photon sphere, if it exists, would probably not be
unitary.

Finally, one could have obviously stopped the analysis after the H factorization step
and decided to solve the problem with the help of a Heisenberg-like algebra, as for the
usual harmonic oscillator. More particularly, it should be noted that there exists a simple
relation between the two problems. Indeed, introducing the operator D± = e±

π
2D and

using the Baker-Campbell-Hausdorff formula with [D,P ] = i
2P and [D,X] = − i

2X, one
can easily show that:

D±H D−1
± = ±iHho

and Φ̃ho,n(x) = D±Φ̃n(x) = e±i
π
8 Φ̃n(e±i

π
4 x), (4.9)

where Hho is the Hamiltonian of the usual harmonic oscillator and Φ̃ho,n(x) are the asso-
ciated eigenstates, Φ̃n(x) being the eigenstates of H.

Moreover, although we have noted that (J±)† 6= J∓ and that {〈a0,m| J∓}m and
{J± |a0,m〉}m belong to two spaces dual to each other, we did not discuss on purpose
in this paper, the Hilbert space structure of H±. Indeed, even though H is self-adjoint
(with respect to the usual scalar product), its eigenvalues are found to be purely imag-
inary. The associated eigenstates |n,±〉 actually belong to the family of Gamow states,
lying outside the standard Hilbert space. This has already been extensively treated (see
e.g. [29–32]), and can be analyzed, for the interested reader, in the rigged Hilbert space
formulation of quantum physics [33].

5 From descendant states to quasinormal modes

5.1 Quasinormal frequencies

Comparing (4.8) and (3.4), it should exist, in the x-representation, two sets of scalar modes
Φ̃(±)
`ω (x) = 〈x |n,±〉, with ω, ` and n related by

h(`, ω) = ∓i
(
n+ 1

2

)
. (5.1)
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To solve this equation, one has to go into the complex ω-plane, for each integer `. One could
also solve this equation in the complex angular momentum plane, keeping ω > 0, as it will
be discussed in section 7. It should be noted that (5.1) corresponds to the analytic WKB
connection formula in the eikonal approximation, introduced in [27]. Then, for every non-
negative integer n, the solutions ω`n correspond to the family of quasinormal frequencies in
the eikonal approximation, for the static and spherically symmetric BH described by (2.1).
Solving (5.1) for ` � 1 gives the well-known expressions (see for example [23, 24, 27] and
references therein)

ω
(±)
`n = ±

√
fc
rc

`− iηc
√
fc
rc

(
n+ 1

2

)
. (5.2)

The (∓) sign in (5.1), or (±) in (5.2), is associated with the eigenspaces H±, and is also
related to the location of the solutions in the complex ω-plane. More precisely, the solu-
tions ω(±)

`n are located in the third and fourth quadrants of the complex ω-plane. These
known symmetries are described in detail in [34]. Moreover, Im(ω`n) < 0 allows to avoid
any instability for the field Φ. In the following, let us simply note Φ̃(±)

`ω (x) = Φ̃(±)
n (x) the

scalar modes.

5.2 Quasinormal modes

The intermediate “primary states” |a0,±j1,2〉 with intermediate “conformal weights” ±j1,2
are ground states of the J∓ ladder operators. It should correspond intermediate “primary
fields” ϕ(±)

0 (x) in the x-representation such as J∓ϕ(±)
0 (x) = 0. Let us recall that in this

section, the superscripts (±) between brackets is associated with the sign of the “conformal
weights” ±j1,2, i.e. related to H±. From (3.10), the “primary fields” should then satisfy:

(U∓)2 ϕ
(±)
0 (x) = 0. (5.3)

As a second order differential equation in the x-representation, there are two possible
solutions ϕ(±)

0,1 (x) and ϕ(±)
0,2 (x) = U±ϕ

(±)
0,1 (x) 6= 0 such that

U∓ϕ
(±)
0,1 (x) = 0, (5.4a)

(U∓)2 ϕ
(±)
0,2 (x) = 0. (5.4b)

Using the commutation relation [U−, U+] = iI, one can show that the primary fields also
satisfy

U∓ϕ
(±)
0,2 (x) = ±iϕ(±)

0,1 (x), (5.5a)

U∓U±ϕ
(±)
0,1 (x) = ±iϕ(±)

0,1 (x), (5.5b)

U±U∓ϕ
(±)
0,2 (x) = ±iϕ(±)

0,2 (x). (5.5c)

Finally, from (5.5), (4.5a) and writing J3 = (−i/2)U∓U± ∓ 1/4, one can check that ϕ(±)
0,1

corresponds to |a0,±j1〉, and ϕ
(±)
0,2 to |a0,±j2〉, with “conformal weights” ±j1 and ±j2

respectively.
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Solving (5.4a), one has

ϕ
(±)
0,1 (x) = a±e

±ix2/4, (5.6a)

ϕ
(±)
0,2 (x) = xϕ

(±)
0,1 (x), (5.6b)

with a± a constant. Up to a normalization constant, the descendant states ϕ(±)
k,1 (x) ∝

Jk±ϕ
(±)
0,1 (x) and ϕ

(±)
k,2 (x) ∝ Jk±ϕ

(±)
0,2 (x) can be computed by successive iterations, and one

obtains for every non-negative integer k

ϕ
(+)
k,1 (x) = a

(+)
k H2k(∓e−iπ/4x)e+ix2/4, (5.7a)

ϕ
(−)
k,1 (x) = a

(−)
k H2k(∓e+iπ/4x)e−ix2/4, (5.7b)

ϕ
(+)
k,2 (x) = b

(+)
k H2k+1(∓e−iπ/4x)e+ix2/4, (5.7c)

ϕ
(−)
k,2 (x) = b

(−)
k H2k+1(∓e+iπ/4x)e−ix2/4, (5.7d)

where Hk(X) is a kth-order Hermite polynomial of the X variable, and a
(±)
k and b

(±)
k

are functions of k, which are not relevant here to discuss the behavior of the descendant
fields as functions of x. It should be noted that, for each case, the Hermite polynomials
can be obtained from two possible change of variables X∓ = ∓e−iπ/4x for ϕ(+)

k , and
X∓ = ∓e+iπ/4x for ϕ(−)

k . One can then deduce the descendant fields Φ̃(±)
n (x) for every non-

negative integer n as a direct sum on the even and odd subspaces of H±, with the help of the
corresponding projectors. By noting Φ̃(+)

n (x) = Φ̃out
n,±(x) and Φ̃(−)

n (x) = Φ̃in
n,±(x), where the

subscripts “±” are related to X∓, one obtains, up to normalization constants foutn and ginn :

Φ̃out
n,±(x) = foutn Hn(∓eiπ/4x)e+ix2/4, (5.8a)

Φ̃in
n,±(x) = ginn Hn(∓e−iπ/4x)e−ix2/4. (5.8b)

The descendant states Φ̃out
n,± are related to H+, i.e. associated with eigenvalues h(`, ω) =

−i(n + 1/2) of H, and Φ̃in
n,± are related to H−, i.e. associated with eigenvalues h(`, ω) =

+i(n+1/2) of H. Re-introducing the time dependence e−iωt, with ω a solution of (5.1), one
can interpret, for each n, the modes Φ̃out

n,± as two purely outgoing waves (from the peak of
the Regge-Wheeler potential), exponentially decaying with time as long as they move away
from the peak of the potential. The modes Φ̃in

n,± can be interpreted as two purely ingoing
waves (towards the peak of the Regge-Wheeler potential), exponentially decaying in time
as long as they get close to the peak of the potential. From a physical point of view, Φ̃out

n,±
actually are the physical states and define precisely the quasinormal modes of the BH.

6 Thermal aspects in the vicinity of the photon sphere

6.1 Near-photon sphere limit, effective geodesic motion and Rindler metric
approximation

In this section, we probe the vicinity of the BH photon sphere from a kinematical point
of view by considering the motion of a free-falling test particle of mass m following the
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geodesic line element (2.1). As it will be shown below, for a massive test particle to get very
close to the photon sphere, we will need to consider the ultrarelativistic limit of its motion.

From the spherical symmetry, and without loss of generality, let us write the line
element (2.1) associated with the timelike motion of the test particle in the equatorial
plane θ = π/2 (equatorial planes extremize the test particle action in the gravitational
field, with respect to θ)

ds2 = −f(r)dt2 + dr2

f(r) + r2dϕ2. (6.1)

In the massive case, one can define the integrals of motion, related to the Killing vectors
∂/∂t and ∂/∂ϕ, which read here

f(r)
(
dt

dτ

)
= E

m
; r2

(
dϕ

dτ

)
= L

m
(6.2)

where τ is the particle proper time. The energy E being a constant of motion, one can
relate E at spatial infinity with the test particle momentum p and mass m

p(E) =
√
E2 −m2. (6.3)

At spatial infinity, the test particle velocity is

v(E) = p(E)
E

=

√
1− m2

E2 . (6.4)

The angular momentum L being also a constant of motion, one can write at spatial infinity

L = p(E)b (6.5)

where b is the impact parameter of the test particle, free-falling towards the BH, which
allows us to write the impact parameter b of the test particle as

b = L

Ev(E) . (6.6)

It should be noted that for a massless particle (m = 0 and v(E) = 1), one simply has
p(E) = E and b0 = L/E < b. As shown in section 2.1, the critical impact parameter for
massless particles to reach tangentially the photon sphere, is obtained for values of L and
E such that E2 = Veff,c, which reads bc = L/E = rc/

√
fc.

Using (6.2), one can deduce the equation of motion for the test particle

m2
(
dr

dτ

)2
+ Ueff(r) = E2, (6.7)

where
Ueff(r) = f(r)

[
L2

r2 +m2
]
. (6.8)

The locations r = ri of the extrema of Ueff(r) satisfy

f ′(ri)−
2
r2
i

f(ri) + m2

L2 f
′(ri) = 0. (6.9)
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Let us assume that the possible values of the particle angular momentum L are such that
Ueff(r) admits a local maximum. Let us call r0(L) the location of this local maximum.
In the limit L � 1, eq. (6.9) tends to eq. (2.6a), the local maximum coincides with the
location of the photon sphere, i.e. r0(L) tends to rc and Ueff(r0(L)) tends to Veff,c.

Therefore, a test particle (with energy E and angular momentum L) coming from
infinity, gets very close to the photon sphere if at least

m2 < E2 ≈ Ueff(r0(L)), (6.10a)
L � 1 with L/E finite. (6.10b)

The condition (6.10a) implies that the turning point of the particle motion is located in the
vicinity of the maximum of Ueff(r). The second condition (6.10b) implies that the location
of this maximum tends to the location of the photon sphere. If the conditions (6.10)
are both satisfied, then one has E2 ≈ Ueff(r0(L)) ≈ Veff,c, i.e. L/E ≈ rc/

√
fc, which

corresponds to the limit v(E)→ 1 of an ultrarelativistic test particle. In other words, the
impact parameter b tends, from above, to the critical impact parameter bc associated with
massless particles motion, and the particle coming from infinity will get close to the photon
sphere before moving away, back to infinity.

Let us now focus on the near-photon sphere limit of (6.1) to describe the motion of the
test particle in the ultrarelativistic limit. Let us first use the symmetry conditions (6.2) for
geodesic motions [35], to restrict ourselves to an equivalent effective geodesic line element
in the (t, r)-plane. From (6.2), one can write

r2dϕ2 = f(r)2 L2

E2r2dt
2. (6.11)

This allows to transform (6.1) into the following line element, that would obviously give
the same radial equation of motion (6.7),

ds2 = f(r)
(
−1 + Veff(r)

E2

)
dt2 + dr2

f(r) , (6.12)

where Veff(r) is still formally defined by expression (2.5) but with L being now the angular
momentum of the test particle. It should be noted that the line elements (6.12) and (6.1)
have the same magnitude for any geodesic motion, i.e. for any given E and L. Moreover,
let us emphasize that (6.12) does not describe a purely radial motion in the BH background
(in such case ϕ would have been constant, i.e. L = 0, and the photon sphere would have
had no effect on the test particle motion), but rather describes the effective non-radial
geodesic motion of a test particle in the (t, r)-plane of a static and spherically symmetric
BH background, taking into account explicitly the effect of the centrifugal potential barrier
in its time component. Let us recall that we will not consider the case where the particle
gets trapped into the BH, i.e. here one has b & bc.

The near-photon sphere limit of (6.12) requires the conditions (6.10) to be satisfied,
i.e. E2 ≈ Veff,c, and is obtained from the lowest order Taylor series expansion around
r = rc which does not cancel the time component of (6.12). Using (2.9), the effective line
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element (6.12) then becomes in this limit

ds2 ' −
V ′′eff,c
2E2 fc(r − rc)

2dt2 + dr2

fc
. (6.13)

From (2.7) and (2.14), and introducing the variable

ρ = r − rc√
fc
⇔ dρ = dr√

fc
, (6.14)

one obtains a simple Rindler form of the effective line element near the photon sphere,
which acts in this setting as an effective Rindler horizon

ds2 ' −Λ2
cρ

2dt2 + dρ2, (6.15)

where we have used L2/E2 ≈ r2
c/fc because E2 ≈ Veff,c.

The Lyapunov exponent |Λc| associated with the massless particle motions around the
photon sphere plays the role of a constant proper acceleration in the near-photon sphere
limit of the line element (6.12), describing the test particle effective geodesic motion in the
(t, r)-plane, a role analogue to the role played by the surface gravity in the near-horizon
limit. The thermal aspects then follow directly.

6.2 Scalar field thermalization in the vicinity of the photon sphere

From the Rindler metric (6.15), the link with thermal aspects of a scalar field theory in the
vicinity of the photon sphere can then be obtained as usual, in different ways, i.e. through
Bogolyubov transformations between vacuum states or Euclidean quantum field theory
approach. Inspired by [36], we choose to follow a route closely related to the first approach.

In the following, let us note |Λc| = Λc for short. Let us then consider the change of
variables

T = ρ sinh(Λct), (6.16a)
R = ρ cosh(Λct) (6.16b)

such that the effective line element (6.19) takes a local Minkowski form near the photon
sphere

ds2 = −dT 2 + dR2. (6.17)

Let us now define the variable ξ such as

ρ = 1
Λc
eΛcξ. (6.18)

It should be noted that, with this change of variable, the location of the photon sphere is
being pushed away to ξ → −∞. The metric (6.15) then reads

ds2 = e2Λcξ
[
−dt2 + dξ2

]
. (6.19)
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The last step is to introduce two couples of variables, the first one, (u, v), such as

u = t+ ξ (6.20a)
v = t− ξ (6.20b)

in which the metric becomes
ds2 = −e2Λcξdudv, (6.21)

and the second one, (U, V ), such as

U = T −R = − 1
Λc
e−Λcu (6.22a)

V = T +R = 1
Λc
eΛcv. (6.22b)

in which metric (6.17) simply reads

ds2 = −dUdV. (6.23)

Let us now consider a massless scalar field φ in the vicinity of the photon sphere. More
precisely, in (T,R) or equivalently in (U, V ) coordinates, let us look at a Fourier component
(i.e. a local “plane wave”) of φ, propagating towards (resp. away from) the BH, noted φin

(resp. φout)

φoutΩ,±(U) = exp (∓iΩU) , (6.24a)
φinΩ,±(V ) = exp (∓iΩV ) . (6.24b)

In the (u, v) coordinate system, it reads

φoutΩ,±(u) = exp
[
±i
( Ω

Λc

)
e−Λcu

]
, (6.25a)

φinΩ,±(v) = exp
[
∓i
( Ω

Λc

)
eΛcv

]
. (6.25b)

Focusing on the outgoing component, the Fourier transform of the scalar field seen from
an accelerated observer, i.e. the test particle, reads:∫ +∞

−∞
dueiωuφoutΩ,±(u) = 1

Λc

∫ +∞

0
dww−i

ω
Λc
−1e±i

Ω
Λc
w

= 1
Λc

( Ω
Λc

) iω
Λc
e±

πω
2Λc Γ

(
−i ωΛc

)
. (6.26)

In the first line, we have introduced w = e−Λcu. For the resulting integral to converge, it
has been regularized considering ω → ω+ iΛcε with 0 < ε < 1, taking then the limit ε→ 0.
Finally, we used the definition of the gamma function [37] and (∓i)i

ω
Λc = e±

πω
2Λc , which is

the mathematical key to the Unruh effect.
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In the context of Rindler/Minkowski mapping, the Bogolyubov coefficients αωΩ and
βωΩ are known to be simply the Fourier transforms of φoutΩ,+(u) and φoutΩ,−(u) respectively

αωΩ = 1
2π

∫ +∞

−∞
dueiωuφoutΩ,+(u), (6.27a)

βωΩ = − 1
2π

∫ +∞

−∞
dueiωuφoutΩ,−(u). (6.27b)

Then, from (6.26), one deduces immediately

|αωΩ|2 = e
2πω
Λc |βωΩ|2. (6.28)

With the usual Minkowski and Rindler vacuum states, their related Fock spaces and the
normalization condition on Bogolyubov coefficients, the number of quanta seen from the
accelerated observer then follows the well-known Bose-Einstein distribution to which cor-
responds a temperature

Tc = Λc
2π = ηc

√
fc

2πrc
. (6.29)

Without any surprise, it should be noted that Tc < TH , where TH is the Hawking tem-
perature, especially for the Schwarzschild BH for which Tc/TH = 4/3

√
3. Moreover, it

is quite surprising and worth noting that we have obtained, from the near-photon sphere
limit of the effective geodesic line element (6.12), an Unruh temperature Tc which exactly
saturates the thermal bound on chaos, in the form conjectured by Maldacena, Shenker and
Stanford [25]. With the algebraic SL(2,R) approach developed above, those are important
clues suggesting that one may probably define a CFT on a BH photon sphere.

7 Remarks and conclusion

In this paper, we have introduced a near-photon sphere limit within which the equation
of motion of a massless scalar field in a static and spherically symmetric BH spacetime
takes a very simple form, and exhibits a SL(2,R) algebraic structure. From the SL(2,R)
algebra and its representations, we have computed the correct expressions of the weakly
damped QNF in the eikonal approximation and show that the associated states satisfy
the BH QNM conditions. This approach encompasses a large class of BH endowed with
a photon sphere (Schwarzschild, Reissner-Nordström, Schwarzschild-de Sitter, canonical
acoustic BH) and remains valid as long as the effective potential associated with the BH
admits a finite maximum. Moreover, from the constants of motion, we have considered
an effective line element describing the non-radial geodesic motion of a test particle in
the (t, r)-plane, coming from spatial infinity and moving towards the BH with an impact
parameter b & bc. In the near-photon sphere limit, this line element interestingly reduces to
a Rindler line element from which on can compute an Unruh temperature Tc = ~Λc/2πkB
for the associated scalar field theory, that exactly saturates the thermal bound on chaos.
The approach developed in this paper can of course be generalized in a straightforward
way to any number of spacetime dimensions. It would also be of great interest to have
a closer look at the Kerr BH case, for which, due to the axial symmetry, there exist two
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photon circular orbits (prograde and retrograde) in the equatorial plane of the BH. Outside
the equatorial plane, the photon spherical orbits structure is more subtle (see e.g. [38] and
references therein).

With the photon sphere temperature Tc, the eikonal approximation of the weakly
damped QNF takes a more “universal” form in line with a dual CFT description:

ω
(±)
`n = ±Ωc`− 2πiTc

(
n+ 1

2

)
(7.1)

where we have introduced Ωc = 2π/τc the angular velocity of massless particles on circular
orbits, with τc = 2πrc/

√
fc the time that a massless particle takes to circle the BH at r = rc.

Although being given in the eikonal approximation, the form (7.1) is highly suggestive if one
thinks about QNF as poles, in the momentum representation, of a scalar 2-point correlation
function of an underlying CFT. Moreover, by introducing second order differential operators
realizations for the SL(2,R) algebra, we have obtained intermediate “conformal weights”
analogues, namely j1,2. We naturally expect that the conformal weights from a complete
Virasoro algebra approach, associated to BH with metric (2.1), will be given by h = h̄ =
j2 − j1 = 1/2 (h 6= h̄ for spinning BH), as it is suggested by eq. (4.8) or by using the
Legendre duplication formula for gamma functions [37] on the expression of the thermal
CFT scalar 2-point function in momentum space.

The photon sphere appears as a particular location, at least for any static and spher-
ically symmetric BH geometries, where the concepts of instability, thermality and quasi-
normal modes seem to meet naturally. In other words, one can naturally find the key
ingredients to define a CFT at finite temperature on the photon sphere. It would be inter-
esting to pursue this investigation further by looking first at the hidden Virasoro algebra
involving first order operators, then to focus on the energy-momentum tensor of the CFT,
the associated central charge and Cardy entropy. Hopefully, this work could shed a new
light on the gravity/CFT correspondence for non-AdS spacetimes. In the AdS/CFT case,
the AdS conformal boundary is enough to describe the entire bulk, due to the conformal
symmetry of the spacetime geometry. In non-AdS spacetimes, hidden conformal symme-
tries can be found near the BH horizon as well as near its photon sphere which in turn
could be both considered as holographic screens, respectively at Hawking temperature and
Unruh temperature Tc, and probably describing at least, two different regions in the bulk
of the BH geometry. This question remains open.

The Unruh temperature Tc put aside, this work also brings into light a new pedagogical
way of studying resonant scattering problems in any one dimensional setting from the top
of an effective potential barrier from a purely algebraic point of view, and make a bridge
between the well-known analytical WKB method and a corresponding algebraic approach
that gives a WKB connection-like formula, at least at the eikonal level, without using any
matching of solutions. Moreover, the inverted harmonic oscillator, which is described by
the Hamiltonian we have found in the near-photon sphere limit, turns out to be a very
simple but very rich toy model allowing to capture the essence of various phenomena, from
condensed matter to BH physics [39].
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Finally, it should be noted that eq. (5.1) could have also been solved in the complex
λ-plane, where here λ = `+1/2. The complex λ-plane is used in the framework of the com-
plex angular momentum theory, an asymptotic approach to resonant scattering problems.
The solution of eq. (5.1) then gives the expression (here, in the eikonal approximation) of
the Regge poles λn(ω) (with ω > 0) of the associated S-matrix that describes the scattering
by a BH (see [24] for a more detailed description). In a few words, the resonant scattering of
a given field theory by a BH, is described by the Regge poles of the corresponding S-matrix
(or of the diffractive part of the related Feynman propagator for non asymptotically flat
BH geometries). It has been shown that each Regge pole is associated with the propagation
of a surface wave on the BH photon sphere. In particular, a resonance, i.e. a quasinormal
mode (or, more precisely here, a “Regge mode”), is understood as a Breit-Wigner resonance
produced by constructive interferences between different components of the associated sur-
face wave, each component corresponding to a different number of circumvolutions of the
wave around the photon sphere. For the purpose of this paper and in the Regge pole
framework, the example of the Bañados-Teitelboim-Zanelli (BTZ) BH is interesting, even
though it would appear in our setting as a singular case. On the one hand, from the point
of view of the AdS/CFT correspondence, it has been shown [40] that the QNF spectrum
of the BTZ BH can be computed as poles in the momentum representation of the retarted
2-point correlation function of an underlying 2-dimensional CFT, defined on its boundary.
On the other hand, the Regge poles description of QNM in terms of surface waves remains
the same [41], the surface waves being supported by the BTZ BH boundary at infinity,
which actually acts as a photon sphere. From this example, it would then be naturally ex-
pected, as an extension of this paper, that correlation functions of the hidden CFT defined
on any BH photon sphere would have a simple Regge poles description, and in particular
that the scalar 2-point correlation function at high energy would have the same behavior
as the BH high energy absorption cross section (see e.g. [42]). From a physical point of
view, it would not be surprising that, in the framework of Regge poles, the related surface
waves would be describing the relaxing process of a perturbed thermal state going back to
equilibrium in a CFT defined on the photon sphere, the imaginary part of the Regge poles
being inversely proportional to a characteristic absorption length of the relaxing process.
Finally, to complete the study of the CFT correspondence on a BH photon sphere in the
Regge poles framework, it might be expected that a Virasoro algebra originates from a
Korteveg de Vries-like equation [43] that would hopefully describe the propagation of the
corresponding surface waves on the photon sphere. The Regge poles description of the
CFT correspondence on a BH photon sphere is left to future work.
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