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GLOBAL WEIERSTRASS EQUATIONS OF HYPERELLIPTIC
CURVES

QING LIU

ABSTRACT. Given a hyperelliptic curve C of genus g over a number field K and
a Weierstrass model % of C over the ring of integers Ok (i.e. the hyperelliptic
involution of C extends to ¥ and the quotient is a smooth model of IF’}( over
Ok ), we give necessary and sometimes sufficient conditions for ¢ to be defined
by a global Weierstrass equation. In particular, if C' has everywhere good
reduction, we prove that it is defined by a global integral Weierstrass equation
with invertible discriminant if the class number hg is prime to 2(2g + 1),
confirming a conjecture of M. Sadek.

Let C be a hyperelliptic curve of genus g > 2 or an elliptic curve over a number
field K. It is natural to try to represent C' with an integral Weierstrass equation
(i.e. with coefficients in the ring of integers Ok of K)

(1) y* + Q(z)y = P(x)

in a canonical way. For instance we may require the discriminant of the equation to
be minimal in the sense that, at any finite place v of K, it divides the discriminant of
any Weierstrass equation of C' with coefficients in the local ring O,, (Definition 2.4).
If C has everywhere good reduction, this means that we are looking for an integral
Weierstrass equation with invertible discriminant. It is well known that such a
minimal equation exists if Ok is principal, but this is not true in general (see e.g.
[11], Corollary 6 or [12], Theorem 1.7, for elliptic curves).

The aim of this work is to study general conditions under which a Weierstrass
model, not necessarily minimal, is defined by an integral Weierstrass equation (Def-
inition 2.1). Let us describe briefly the main results. We work more generally over
a Dedekind domain R with field of fractions K. For a Weierstrass model ¢ of C,
the quotient 2 of € by the hyperelliptic involution is a projective bundle over
S = Spec R. For ¥ to be defined by an integral Weierstrass equation, there are
three necessary conditions, see Proposition 2.6:

(a) Z must be trivial (i.e. 2 ~PL);
(b) the discriminant ideal A¢ C R must be principal;
(c) if we,s denotes the dualizing sheaf of ¢ over S, then det HO(%, we/s) ~ R.

The converse is true when g is not divisible by 4 (see below), but is false in general
(Proposition 6.1(d)). These three conditions are independent of each other (see
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§ 6) except when g = 1,2 or 4 in which case A is isomorphic to some power of
det HY(€,w¢s) (Corollary 3.10).

Roughly speaking, Condition (a) means there is a rational function = for the
integral Weierstrass equation (1) potentially representing ¢. This condition is
automatically satisfied if Pic(S) is finite of odd order (Proposition 1.4) or if € is
a pointed Weierstrass model (Proposition 4.3) The existence of y for the equation
means that the integral closure of R[z] in the function fields K (C') is free over R[z],
with a basis {1,y}. We define the Weierstrass class [w] € Pic(S) associated to €
(Definition 3.3) and we prove that the existence of an integral Weierstrass equation
representing ¢ is equivalent to the triviality of [tv] and 2 ~ P{, (Proposition 3.4).

The main result of this work is the following theorem. Denote by f: 4 — S the
structure morphism.

Theorem 0.1 (See Theorem 3.11). Let € be a Weierstrass model of C' over S.
Then € is defined by an integral Weierstrass equation under any of the following
conditions:
(1) A is principal, det fiwe,g is free and either
(a) g is odd, Z ~ Pk or
(b) g =2 mod 4;
(2) Pic(S) is finite of odd order, A is principal and det f.we /g is free;
(3) Pic(S) is finite of order prime to 2(2g + 1) and A is principal;
(4) Pic(S) is finite of order prime to 2g and det f.we,g is free.

In particular, for hyperelliptic curves having everywhere good reduction over
a number field, the next corollary answers positively a conjecture of Mohammad
Sadek [10]. It is well known for elliptic curves.

Corollary 0.2 (See Corollary 3.12). Let C be a hyperelliptic curve of genus g
over a number field K having everywhere good reduction. If the class number of K
is prime to 2(2g + 1), then C is defined by an integral Weierstrass equation with
invertible discriminant.

Similar results are given in §4 for pointed hyperelliptic curves (C, P) where P
is a rational Weierstrass point of C. Finally in §6, we construct examples of €
satisfying various nice properties but not defined by integral (or pointed integral)
Weierstrass equations.

Settings In all this paper, R is a Dedekind domain, K = Frac(R), S = Spec R
and C is a hyperelliptic curve over K (that is, C' is smooth projective geometrically
connected over K and admits a finite separable morphism C — P} of degree 2) of
genus g > 2 or an elliptic curve over K.

1. TWISTED PROJECTIVE LINES

Let ¢ : 2 — S be a smooth projective scheme with generic fiber isomorphic to
PL.. This is a twisted P} (see [9], 3.2). It is the projective bundle over S defined
by a locally free rank 2 vector bundle on S.

In this section we study the sections of 2 and also give a sufficient condition
for Z to be isomorphic to P§. We often consider sections of 2 as effective Cartier
divisors on Z. Then Og(D) is a subsheaf of the function field K (.2).
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Definition 1.1 Let D € Z(S) be a section. We will say that D is elementary if
9Oz (D) is free over Og.

Lemma 1.2. Let D € Z(S). Let F = ¢.O»(D).

(1) The invertible sheaf O (D) is very ample, F is locally free of rank 2 over Og,
the morphism i : 2 — P(F) associated to Og (D) is an isomorphism and we
have

i*Op(r)(1) = Oz (D).
(2) The following properties are equivalent:
(a) D is elementary;
(b) det F ~ Og;
(c) There exists an isomorphism 0 : & — Pk such that O (D) ~ 0" Op1 (1).
(3) Let D' € Z(S). Then there exists a unique M € Pic(S) such that

Ox(D") ~ O (D) ® ¢*M.
We then have
$.0x (DY~ F® M, detp,0x (D)~ (det F)® M*2.
(4) For any M € Pic(S), there is a section D' € Z(S) such that
Ox(D'") ~O%(D)® ¢*M.
Proof. (1) This is true because it is true locally on S.

(2) Obviously (c) = (a) = (b). We have (b) = (a) because F' ~ Og & det F, R
being a Dedekind domain.

(a) = (c). Compose the ismorphism i : & ~ P(F) with an isomorphism P(F') ~
P to get the desired isomorphism 6. Then 6*Ops (1) ~ O (D) by the isomorphism
of Part (1).

(3) For any noetherian connected scheme T and any locally free Op-module G
of finite rank, it is known that there is a canonical isomorphism

(2) Pic(P(G)) ~ (Opg)(1)) x Pic(T)

(see [5], II, Remarque 4.2.7, or [4], Proposition 8.4(a)). This implies the existence
and uniqueness of M. The second part comes from the projection formula ([7],
Proposition 5.2.32) and the fact that F' is locally free of rank 2.

(4) We work over P(F) with Op(p)(1) ~ Op(py(D). Let H = M" be the dual of
M. Using the structure of the projective modules over Dedekind domains, H can
be injected into F' with locally free quotient of rank 1. Then H induces a section D’
of P(F) ([5], I1.4.2.3). As an effective Cartier divisor on P(F'), D’ is defined by the
sheaf of homogeneous ideals HOp(p). One can check that Op(py(=D") ® Op(py(1) ~
¢*H, thus the desired isomorphism. O

Example 1.3 (1) If R is a PID, then all sections of 2 are elementary.
(2) On P} with a parameter z, a typical elementary section is the pole divisor
diveo () of z with Opy (dives(2)) = Op1 (1).
In view of Lemma 1.2(2), when % has an elementary section D, we will
often think about the pair (2, D) as (P, div(x)) where z is some parameter
of PL.



4 QING LIU

Proposition 1.4. We have 2 ~ P} if and only if for some D € Z(S), det ¢.O% (D)
is a square in Pic(S). In particular, if the map

Pic(S) — Pic(S), x> 2?
is surjective (e.g. if Pic(S) has finite and odd order), then 2 ~ P}.

Proof. Let D € Z(S) and F = ¢,.O% (D). We have 2 ~ P(F) by Lemma 1.2(1).
By Lemma 1.5 below, 2 ~ P} if and only if F ~ M & M for some M € Pic(S).
The existence of such an isomorphism implies that det F ~ M®? is a square in
Pic(S). Conversely, if det F' ~ M®? for some M € Pic(S), replacing F by F'®@ MV
(which does not change P(F')), we can suppose that det F ~ Og. Therefore F is
free (Lemma 1.2(2)) and 2 ~ PL. O

Lemma 1.5. Let F, G be two locally free finite rank sheaves on a noetherian scheme
T. Then the projective bundles P(F) and P(G) are T-isomorphic if and only if
F~G®p,. M for some M € Pic(T).

Proof. The if part is a general fact ([5], II.4.1.4). To prove the converse, we can
suppose that T' is connected. We have a commutative diagram

P(F) o P(G)
A

with an isomorphism o. Using the structure of Pic(P(G)) (see Isomorphism (2) in
the proof of Lemma 1.2(3)), there exists a M & Pic(T') such that 0.Opp)(1) =
Opg)(1) ® p*M. Taking p, and using the projection formula ([7], Proposition
5.2.32), we find

¢+ Op(ry (1) = p«Op() (1) ® M.
But ¢.Op(p)(1) =~ F ([13], Example 27.21.3) and p.Op)(1) ~ G, the only if part
is proved. ([l

2. WEIERSTRASS MODELS AND DISCRIMINANT IDEALS

In this section we gather some basic definitions and facts on Weierstrass equations
and Weierstrass models.

A model of C over S is a normal projective scheme f : 4 — S whose generic
fiber €k is isomorphic to C. A model € is a Weierstrass model if the hyperelliptic
involution on C extends to an S-involution ¢ on % and if the quotient

¥ =%/

is smooth over S. The latter is then a smooth model of P} over S. Equivalently, a
Weierstrass model is the normalization of a smooth model 2 of P}, in the canonical
degree 2 morphism C' — P}..

Definition 2.1 A Weierstrass equation of C' is an equation of the form

(3) y* +Qx)y = P(x), P(x),Q(x) € Kla]

with deg Q(z) < g+ 1,deg P(x) < 2g + 2 such that the corresponding affine curve
is isomorphic to an open subscheme of C'. Such an equation is said to be integral
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over R if moreover P(x),Q(x) € R[x]. If an integral Weierstrass equation (3) of C
defines a normal affine scheme

(4) Spec Rlz,y]/(y* + Q(z)y — P(z))

(see [6], §3, Lemme 2 for a criterion of normality), then embedding Spec R[z] in P}
and taking the normalization of P§ in the degree 2 morphism C' — P}, will give a
Weierstrass model 4. Such a Weierstrass model is said to be defined by the integral
Weierstrass equation (3). The scheme % is then obtained by glueing the two affine
schemes:

Spec Rz, yl/(y* + Q(z)y — P(x)), Spec R[t, ]/ (z* + t/71Q(1/t)z — 1272 P(1/1))

via the identifications t = 1/x, z = y/29+1.

Remark 2.2 Roughly speaking, for € to be defined by an integral Weierstrass
equation, there are two conditions: 2 ~ Pk (there exists an x) and the quotient
by R[z] of the integral closure of R[x] in K(C) is free (there exists an y).

Lemma 2.3. Suppose that R is a PID. Then all Weierstrass models are defined by
integral Weierstrass equations.

Proof. This is well known. One can for instance argue as follows: by Proposi-
tion 1.4, 2 ~ PL. Choose any (automatically elementary) section D € Z°(S) and
argue as in the proof of Proposition 3.4. O

Definition 2.4 Now we define the discriminant ideal and minimal Weierstrass
models. Let € be a Weierstrass model over S. For any closed point s € S,
¢ xg Spec Og s is then defined by a Weierstrass equation over the PID Og . The
discriminant of the equation ([6], §2) generates an ideal A, of Og ; independent on
the choice of the equation. We have Ay = Og ; if and only if € is smooth at s. The
discriminant ideal Ag of € is the ideal [[, As. We have Ay = Og if and only if
%€ is smooth over S (then C has everywhere good reduction). We say that € is a
minimal Weierstrass model if for all s, A; divides the discriminant of any integral
Weierstrass equation of C' over Og .

Remark 2.5 The curve C' always has minimal Weierstrass models. Indeed, C
has a smooth projective model over a dense open subset U of S. Then one can
glue this model with minimal Weierstrass models at the points of S\ U. Note
that in general the minimal Weierstrass models are not unique (unless C has good
reduction everywhere). However, up to S-isomorphisms, there are only finitely
many such models for a given C' (use [6], §8, Corollary 4).

Given a Weierstrass model %, there are some natural conditions for € to be
defined by an integral Weierstrass equation. As f : ¥ — S is locally a complete
intersection, its dualizing sheaf we g is invertible and fiw¢ s is locally free of rank
g over S.

Proposition 2.6. If a Weierstrass model € is defined by an integral Weierstrass
equation, then

(a) & ~PL;

(b) A is a principal ideal of R;

(c) det fuwy g is free.
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Proof. The first two conditions are clear. If € is defined by an integral Weier-
strass equation (3), then one can check exactly as over a ground field (see e.g. [7],
Proposition 7.4.26) that f.w¢ /g is free over R with
ridx
2y + Q(z)’

as a basis. So det fiwe /g is free. (I

0<i<g—-1

3. WEIERSTRASS CLASS OF A WEIERSTRASS MODEL

We fix a Weierstrass model % and we look for conditions ensuring it is defined by
an integral Weierstrass equation. Recall that f : € — S is the structure morphism.
Denote by 7 : € — Z the quotient morphism by the hyperelliptic involution and
by ¢ : 2 — S the structure morphism:

4 il 24
N
S.

The morphism 7 is finite, locally free of degree 2, and we have an exact sequence

(5) 0> 0 =m0 = L:=7,04/Oz — 0.

Lemma 3.1. Let D € Z(S) be a section of 2 over S. Let L be as above. Then
there exists a unique N € Pic(S), depending on D, such that

(6) LOOx((g+1)D) ~¢"N.

Proof. For any s € S, we let U > s be an affine open neighborhood such that %
is defined by an integral Weierstrass equation (Lemma 2.3)

vt + Qu(zv)yu = Pu(av)

(thus 2y ~ Pl with parameter zy) and that D|g, is the pole divisor of zy.
Consider the covering of 27 by

W :=Spec Os(U)[zv], V :=SpecOs(U)[1/zv].
Then
(m.0¢)(W) = Oz (W) & Oz (W)yp = Oz (W) & O (—(g + 1) D) (W )y
and
(m.0¢)(V) = Ox(V) ® Oz (V)(yu/2) = O (V) ® Oz (—(g+ 1)D)(V)yu.

Therefore

0%z, = Oz, © O, (—(9+1)D)yu

and
Ll =~ Ox(—(9+1)D)|=,-

This proves the existence of IN. The uniqueness of N up to isomorphism comes
from the fact that N ~ ¢,.¢*N. (]
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Remark 3.2 (Dependence on D) Denote by F = ¢.Ox(D). Let D' € Z(5)
be another section with F' = ¢,O«(D’) and corresponding N’ € Pic(S) as in
Lemma 3.1. Then by Lemma 1.2(3), Oz (D’) ~ Ox(D) ® ¢*M for a unique
M € Pic(S) and we have

N' ~N® M®9+H)  det F' ~ (det F) @ M®2,
In particular,
Gz = N®? @ (det FV)®WHD) ¢ Pic(9)
is independent of the choice of D. If g is odd, then G« s is the square of
Ge1:= N @ (det F¥)®@tD/2 ¢ Pic(S)

and the latter is also independent on the choice of D.

Definition 3.3 Let € be a Weierstrass model. We define the Weierstrass class
[w] € Pic(S) of € as the class of G¢,1 (resp. G¢,2) when g is odd (resp. even).

Proposition 3.4. Let f : € — S be a Weierstrass model of C. Then € can be
defined by an integral Weierstrass equation if and only if Z ~ Pk and [wo] is trivial.

Proof. Step (1) Suppose there exists an elementary section D € Z(S) such that
the corresponding N is trivial (Lemma 3.1). Let us show the existence of an integral
Weierstrass equation defining % .

We identify (27, D) with (P}, dives(z)) for some parameter z of PL. Let y €
K(C) be a basis of L O%((g+1)D). Over W := Spec R|x], we have L Oz ((g+
1)D)(W) = R[z]y. This means that

(7) O¢(r~(W)) = Rlz] & R[a]y.

So there exist Q(z), P(x) € R[z] such that y*>+Q(x)y = P(z). It remains to bound
the degrees of Q(x) and P(x). Over V := Spec R[1/x], we have

L(V) = Oz (~(9+1)D)(V)y = R[1/](y/="),
which implies that y/29%! € O« (771(V)), hence integral over R[1/z]. Therefore

Q(z) /297t P(x)/229%2 € R[1/x] and degQ(z) < g + 1, deg P(z) < 2g + 2. The
pair x,y gives an integral Weierstrass equation for €.

Step (2), “only” if part. Suppose that % is defined by an integral Weierstrass
equation as Equation (3). We have & ~ ]P’}9 with parameter x. The computations
in the proof of Lemma 3.1 show that for D = div, (), the corresponding N is free.
As D is elementary, [to] is trivial.

Step (3), “if” part. Suppose that 2 ~ PL and [w] is trivial. Let = be a
parameter of Pk and let D = diveo(x). If g is odd, then N ~ [w] is trivial. It
follows from Step (1) that € is defined by an integral Weierstrass equation.

Suppose now that g is even. Then N®2 ~ [tv] is trivial. By Lemma 1.2(4), there
exists a section D’ € Z(S) such that

Oy (D) =~ Ox(D)® ¢*N.
This implies that det ¢,O(D’) ~ N®? and N’ ~ N @ N®6+1) are free, therefore
% is defined by an integral Weierstrass equation, again by applying Step (1) to
D' O
Remark 3.5 In view of this proposition, our Remarque 6 in [6], page 4584, is very
likely to be wrong.
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Remark 3.6 (Equations defining the same Weierstrass model) Suppose that
% is defined by an integral Weierstrass equation y? + Q(x)y = P(z).

(a) If g is even or if Pic(S)[2] = {1}, then any other integral Weierstrass equation
2% + G(u)z = F(u) of € is related to the previous one by

ar+b . a b
= m, with <C d> € Gla(R)

and
_ey+ H(x)
= 4(0‘% + d)g+17

Indeed, let D' = diveo(u) with corresponding F’ = ¢,Ox(D') ~ 0% and N’
as in Lemma 3.1. As seen in Step (2) of the proof of Proposition 3.4, we have
N’ ~ Og. Let M be as in Remark 3.2, then M®? ~ Og and M@+ ~ Og.
So M ~ Og, and this implies the relation between x and u. The condition on
z comes from the fact that (cx + d)97'z € K(C) is integral over R[x] and that
both equations give the same discriminant ideal A .

(b) On the opposite, suppose that g is odd and that there exists M € Pic(S) of
order exactly 2. We take a section D' € Z(S) as in Lemma 1.2(4). Then D’
is elementary as M®? ~ Og. Moreover the corresponding N’ ~ N @ M®9+! ~
Og. By Step (1) in the proof of Proposition 3.4, if D’ = divy(u), then % is
defined by an integral Weierstrass equation z? + G(u)z = F(u). But u,r €
K (%) are not related by the action of Gly(R).

Note that this phenomena does not happen for pointed Weierstrass models
(Definition 4.1) as we then have dive(u) = dive (), so u = ax + b for some
a€ R*and b e R.

Now we relate the Weierstrass class to some other classes attached to €.

e€ R*",H(z) € R[z],deg H(z) < g+ 1.

Lemma 3.7 (Approximation of local equations). Let € be a Weierstrass model of
C over S. Let D € Z(S). Let us fix

(a) a Weierstrass equation of C over K :
(8) v’ +Q(2)y = P()

with x having its pole at Dk and
(b) a non-empty open subset U C S.

Then there existr € Og(U), h(z) € Og(U)[z] of degree < g+1 and, for alls € S\U,
an integral Weierstrass equation

(9) Vs + Qs(xs)ys = Ps(ws)
for € x g Spec Og ¢ with
x—r=asts, Yy—h(x)="0bsys, as,bs€ K".
Proof. For each s € S\ U, there exists an integral Weierstrass equation
Vi + Qs(xs)ys = Ps(ws)

for € xg Spec Og s with x; having its pole at Dg. So there exist as,bs € K*,
rs € K, hs(x) € Klx] of degree < g + 1 such that

T =0asTs + Ts, y:bsys+hs(1’)'
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By the approximation property in Dedekind domains, there exist r € Og(U), h(x) €
Og(U)[z] of degree < g + 1 such that

r—rs €asOss, h(x)—hs(z) € b;Og 4[z]
for all s € S\U. We obtain the desired result after replacing x, with z;—(r—rs)/as
and ys with ys — (h(x) — hg(x))/bs. O

Definition 3.8 Keep the settings of Lemma 3.7. Choose an open subset U such
that the equation (8) has good reduction over U and defines 617 (so D|g, is the pole
divisor of x|, ). Define a as the fractional ideal of K such that a ® Og s = a;O0s s
for all s € S\ U and = Og for s € U. Define similarly b. These ideals depend on
the choice of Equation (8) and on D, but don’t depend on the choice of U. Their
classes in Pic(S) don’t depend on the choice of Equation (8) over K.

Lemma 3.9. Let € be a Weierstrass model of C over S. Let D € Z(S). Let
F =¢.0%(D) and let N be as in Lemma 3.1.
(1) We have
det F~a !, No~bp !
and
Ag =~ (a9T1672)2@0D | det fuwg g = a” 90T/ 2p0,
(2) Let [w] be the Weierstrass class of € (Definition 3.3). Then
A‘ta” ~ [m]®2(29+1), det f*ukg/s ~ [m]®(_9/2)
if g is even, and
Ag = [r0] 1D det fuwes = [10]®79)
if g is odd.
(3) In Pic(S), we have the following equalities of subgroups
([w]?) = (Ag, det fuwegs)
if 4| is even, and
([w]) = (Aw, det fuws)s)
otherwise.

Proof. Part (2) follows immediately from (1) and implies Part (3). Let us prove Part
(1). Keep the notation of Lemma 3.7. We choose the equation (8) with coefficients
in Og(U) and having good reduction over U for some dense open subset U C S.
We also translate x and y so that = asxs and y = bsys at s € S\ U.
We have
$:0x(D)(U) =0s(U) ® Os(U)z, ¢:0x(D)s = Og,s® Og,s,
so we have canonically
(det F)(U) =0s(U)1 Az), (detF)s=0gs(1Axs).
Then the relation = a,z, imply that det F ~ a~!. By the computations in the

proof of Lemma 3.1, we see that N has bases y over Og(U) and y, over Og . The
relations y = byy, then imply that N ~ b~1.

Denote by A the discriminant of Equation (8) and by A, that of Equation (9).

Then
A = pi29+D) 29+ 2gFD A |
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(see [6], bottom of page 4581). This proves that
AR b4 2g+1) 72(g+1)(2g+1)A<g

as fractional ideals of K, hence
Ag ~ (a9F1p7?)2R0 ),
Now we compute fiwg,s. Denote by

dx 29~ dx

U ayr Q@) " By Q@)

and
dz N x9 Y,
ws = .
(2ys + Qs(zs)) (2ys + Q(zs))
They are respectively bases of (det fiws/s)(U) and of (det fiwg/g)s. As x = asx

and y = byys, we have Q;(zs) = Q(x)/bs. Thus

2ldx ( i+1bfl) zidx,
_ e _ TeWls
2y + Q) ©T 2y 4+ Q(xs)
and wy = a§(9+1)/2b;9ws, so det fuweg g o2 a”90+H1)/2p, O

Corollary 3.10. Let € be a Weierstrass model of C over S. Then the following
properties are true.

(1) If g =1, then Ag ~ (det fiweg/s)® (=12) (well-known);

(2) If g =2, then Acg/s ~ (det f. WCK/S) (=10),

(3) If g =4, then A s = (det feweg )9,

(4) In Pic(S), Ag is a 4(2g + 1)-th power (resp. 2(2g + 1)-th power) if g is odd
(resp. even).

Theorem 3.11. Let € be a Weierstrass model of C' over S. Then € is defined
by an integral Weierstrass equation (Definition 2.1) under any of the following
conditions:
(1) A is principal, det fiwe,s is free and either
(a) g is odd and Z ~ P} or,
(b) g =2 mod 4
(so the converse of Proposition 2.6 is true if 41 g);
(2) Pic(S) is finite of odd order, A is principal and det fiwg /g is free;
(3) Pic(S) is finite of order prime to 2(2g+1), or g is even and the torsion elements
of Pic(S) are of order prime to 2(2g + 1), and A« is principal.
(4) Pic(S) is finite of order prime to 2g and det f.we /g is free.

Proof. We have to show that 2 ~ Pk and [to] is trivial under any of the conditions
in the theorem.
(1.a) This follows from Lemma 3.9(3).

(1.b) Take any section D € Z°(S) and consider the fractional ideals a,b as in
Definition 3.8. Then Lemma 3.9(1) implies that a=9(9t1/2p9 ~ 04, so a is a square,
and 2 ~ PL. Lemma 3.9(3) implies that [ro] = 1.

(2) First we have 2 ~ PL by Proposition 1.4. Lemma 3.9(3) implies that
[t0]? = 1, hence [w] = 1.
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(3) If Pic(9) is finite of order prime to 2(2g + 1), then 2 ~ PL. Therefore
[0]4(29+1) = 1 by Lemma 3.9(2). Thus [w] = 1.

Now suppose ¢ is even and the torsion elements of Pic(S) are of order prime to
2(2g+1). With the notation of Lemma 3.9, as A« is principal, a9"1b~2 is a torsion
element of order dividing 2(2g + 1), therefore trivial. So a is a square in Pic(S) as
g is even, and & ~ ]P’g. We can now argue as in the first part.

(4) Similar to (3). O
As an immediate consequence, we proved a conjecture of M. Sadek [10].

Corollary 3.12. Let K be a number field of class number prime to 2(2g+1). Let
C be a hyperelliptic curve of genus g having everywhere good reduction over K.
Then the smooth model € of C is defined by an integral Weierstrass equation.

Proof. By the uniqueness of the smooth projective model, the hyperelliptic invo-
lution of C extends to an involution on % and the quotient is smooth because
% is a smooth curve. So ¥ is a Weierstrass model of C with Ay = Og. By
Theorem 3.11(3), € is defined by an integral Weierstrass equation. O

4. POINTED INTEGRAL WEIERSTRASS EQUATIONS

The usual Weierstrass models of elliptic curves E are pointed Weierstrass models
with respect to the origin o of E, in the sense that o extends to a section contained
in the smooth locus of the Weierstrass model. For hyperelliptic curves C' having
a rational Weierstrass point P € C(K) (that is dimgx H°(C,Oc(2P)) = 2), P.
Lockhart ([8]) defined and studied pointed integral Weierstrass equations for (C, P).
Definition 4.1 A pointed Weierstrass model of (C,P) over S is a Weierstrass
model € such that the Zariski closure {P} is contained in the smooth locus of

% — S. Such a model is said to be defined by a pointed integral Weierstrass
equation of (C, P) if the affine scheme % \ {P} is defined by

y* + Q(z)y = P(2)
with P(z), Q(x) € Oglz], P(z) is monic of degree 2¢g + 1 and deg Q(z) < g.
Note that it may happen that a pointed Weierstrass model € is defined by an

integral Weierstrass equation, but not by a pointed integral Weierstrass equation
(see Proposition 6.1(e)).

We also have an obvious notion of minimal pointed Weierstrass model. Such a
model always exists and is unique up to isomorphism (Corollary 5.2). When Og is
principal (e.g. a discrete valuation ring), the minimal pointed Weierstrass model is
defined by a pointed integral Weierstrass equation (see e.g., [8], Proposition 2.8).

Let € be a pointed Weierstrass model of (C, P). Let us recall the definition of
the pointed Weierstrass class [u] € Pic(S) of € similarly to [8], Definition 2.7. Let

(10) v’ +Q(a)y = P(x)

be a pointed Weierstrass equation of (C, P) over K, of discriminant A € K*. For
any closed point s € S, we have a pointed integral Weierstrass equation

yz + Qs(zs)ys = Ps(Is)

for € xg Spec Og. s, with discriminant A, € Og, \ {0}. Using Lemma 3.7, we see
that translating if necessary, « and z, by elements of K and Og , respectively and
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y,Ys by polynomials of degree < g in K[x] and in Og 4[x] respectively (which keeps
the equations as pointed Weierstrass equations), we can suppose that

T =asrs, Y=Dbsys, asbs€ K"

As P(z) and Py(zs) are monic of degree 2g + 1 we find a29*t! = b2. Denote by
us = ad /b, then a;, = u;? and by = u;(zgﬂ).
Definition 4.2 ([8], Definition 2.7) The class in Pic(S) of the fractional ideal u
of K such that u ® Og s = us;Og, for all s € S is called the pointed Weierstrass
class' of €. Tt does not depend on the choice of the equation (10). With the
notation of Definition 3.8, if we take for D the image of {P} in 2(S), we have
a=u"2and b=u"(29+D),

Note that [u] differs from the non-pointed Weierstrass class (Definition 3.3).
Using Lemma 3.9(1), we see that [w] = [u]? if ¢ is odd, and [t] = [u]? if g is even.

Proposition 4.3. Let € be a pointed Weierstrass model of (C, P). Let D € Z(S)
be the image of {P} € €(S).
(1) We have
Ay ~u*9C9tD  det frweg s ~ w9
(2) The model € is defined by a pointed integral Weierstrass equation if and only
if u is principal.
(3) The quotient & is isomorphic to Py.

Proof. (1) Follows from Lemma 3.9. See also [8], Equality (2.3) and Proposition
1.12.

(2) The only if part is clear. Suppose conversely that u is principal. Then a is
trivial and D is an elementary section. As b is principal, € is defined by an integral
Weierstrass equation by Lemma 3.9 (4).

(3) We use Lemma 3.9. As a = u=? is a square in Pic(S) and det ¢, O (D) ~ a~*
by Lemma 3.9 (1), we find 2 ~ PL (Proposition 1.4). O

Corollary 4.4. IfPic(S) has finite order prime to 2g(2g+1) and if A is principal
(e.g. if € is smooth over S), then € is defined by a pointed integral Weierstrass
equation.

The next proposition is a straightforward generalization of [11], Theorem 5.

Proposition 4.5. Let (C, P) be a pointed hyperelliptic curve over a number field
K. Letu be any fractional ideal of K. Then [u] is the pointed Weierstrass class of
the minimal pointed Weierstrass model of some quadratic twist of (C, P).

Proof. The proof is the same as for [11], Theorem 5. The only point we have to
check is that the minimal pointed Weierstrass model commutes with étale base
changes in higher genus. See Proposition 5.4. Note that, in general, this is false
for non-pointed minimal Weierstrass models in higher genus ([6], Proposition 4, p.
4595). O

Remark 4.6 A referee raised the natural question to study, for each class [a] in
Cl(K), the density of the hyperelliptic curves over K having (pointed or not) Weier-
strass class equal to [a], indicating that this question is solved for elliptic curves in
[2]. Recent related works can be found in [3].

Hn fact our definition is the inverse of that of [8].
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5. COMPLEMENTS ON MINIMAL POINTED WEIERSTRASS MODELS

We prove the uniqueness of the minimal pointed Weierstrass model (see also
Remark 5.3) and its compatibility with étale base changes. These properties are
local on S = Spec R.

Suppose first that R is a discrete valuation ring with uniformizing element t,
residue field k and normalized valuation v. Let €,%”’ be two distinct Weierstrass
models of C over S, with respective quotients %, 2"’ by the hyperelliptic involution.
Up to actions of Gla(R), there are parameters z, 2’ of 2, 2’ respectively and d > 0
such that = = t%2’. Let p € €} be a rational point over the zero of z in 25.

Lemma 5.1. If € is reqular at p, then v(Ag) < v(Agr).

Proof. This is a special case of [6], Proposition 3 (iii)-(iv), p. 4594. However, op.
cit. is written under the hypothesis that k is perfect. So we give an ad hoc proof
here.

We suppose char(k) = 2. The other cases are similar and easier to deal with.
For 0 < i < d, denote by Z; the smooth model of ]P’}( with parameter z; = w/ti and
by %; the normalization of Z; in K(C). So ¢ = %y and ¢’ = 6,;. We are going
to prove that v(A«,) < v(Ag, ) for any 0 < i < d — 1 with strict inequality when
1=0.

Let

2+ (a1 + azz + ...)y = tag + asx + ar’+ ..., a€R
be an affine equation of ¥ with p corresponding to x = y = 0. As ¥ is regular at
p, at least one of ag, a1, as is a unit in R. Using [6], Lemme 2, p. 4582, we verify
that the equation

y? + (a1 +tazzy + ...)y = t(ag + agwy + tagzi + ...).
defines an affine normal scheme, hence it is an affine equation of 7 and we have
v(Ag,) = v(A%) +2(29 + 1)(g + 1) > v(Ag).

Suppose that d > 2. Let p; € %1(k) be a point corresponding to ;7 = 0. Then %
is regular at p; if either ag or a; € R* and we can then continue with induction. If
ap,a; € tR and as € R*, then the above equation becomes

yi+ (t7rar +tasze 4+ )y =t tag + agxe + t2agwd + -

where y; = y/t. Again this defines a normal scheme, hence %>. We have v(Ag,) =
v(Ag,) + 229+ 1)(g — 1) > v(Ag,). As €, is smooth at zo = 0, we can also
continue with induction if d > 3. [l

Corollary 5.2. Let C be a hyperelliptic curve over K and let P € C(K) be a
Weierstrass point. Then (C, P) admits a unique minimal pointed Weierstrass model
of (C, P) over S.

Proof. The existence is obvious when S is local. In the general case C has good
reduction over a dense open subset U of S. Then it is enough to glue local minimal
pointed Weierstrass models over the points of S\ U with the smooth model over U.

Now we prove the uniqueness. One can suppose S is local. Let €, %’ be two
distinct pointed Weierstrass models of (C,P). We keep the notation preceding
Lemma 5.1. Let py be the specialization of P in %}. This is a smooth point by
definition. If py = p, then v(Ag) < v(Ags) by the same lemma. Otherwise,
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z(P) ¢ tR (may be oco). This implies that (z')~'(P) = t?z(P)~! € tR. Hence the
specialization of P in 2 is the zero of 2/~ = t4r~! and Lemma 5.1 implies that
v(Agr) < v(Ag). In other words, two distinct pointed Weierstrass models always
have distinct discriminant ideals. Therefore the minimal one is unique. [

Remark 5.3 This corollary also follows from [8], Remark after Definition 2.1 (but
whose proof is left to readers). Note that the non-pointed minimal Weierstrass
model is not unique in general even when C' has a rational Weierstrass point.

Proposition 5.4 (Etale base change). Let (C, P) be a pointed hyperelliptic curve
over K. Let € be the minimal pointed Weierstrass model of (C,P) over S. Let
S" — S be an étale morphism of affine Dedekind schemes and let K' = K(S').
Then € xg S’ is the minimal pointed Weierstrass model of (Ck, P) over S'.

Proof. The property is local on S’, so we can suppose that S and S’ = Spec R/
are local. The base change ¢ xg S’ is a normal scheme because S’/S is étale. So
% xg S’ is a pointed Weierstrass model of (Ck-, P).

(1) First suppose that the residue extension of S’/S is trivial. Then R is dense
in R'. Let ¢’ be a pointed Weierstrass model over S’. We will show that it is
defined over S. Let 2" be its quotient by the hyperelliptic involution. Let z’ be
a parameter of 2 whose pole divisor is the Zariski closure {Q} C 2, where Q
is the image of P in PL(K). As R is dense in R, we can find z € K(PL) such
that ' = x + a’2’ + b with o/,b’ € mp.. Thus R'[2'] = R'[z] = R[z] ®r R’ and
2 = Z xg S for some smooth model 2 of Pi.. The normalization %, of Z in
K(C) is a pointed Weierstrass model of (C, P) over S and % xg S’ is equal to €’
because the former is normal. Therefore

v(Agr) = v(Ag,) > v(Ag) = v(Agxss)
and € xg S’ is minimal.

(2) In the general case, we can first replace R with its henselization (the first step
shows that ¥ commutes with henselization of R). The integral closure of R in the
Galois closure of K’/K is a discrete valuation ring unramified over R. So we can
suppose that S’/S is Galois with Galois group I'. Let ¢’ be the minimal pointed
Weierstrass model of (Ck, P) over S’. As P is invariant by I" and the minimal
pointed Weierstrass model is unique, " acts on ¢” (as S-scheme) and on the quotient
of €' by the hyperelliptic involution. The quotient % := €’/I" is a Weierstrass
model of C over S. As S’/S is étale, €y xg S’ is normal and €' — €y xg S’
is an isomorphism. Hence ¥ is smooth along the Zariski closure of P and is a
pointed Weierstrass model of (C, P). Moreover, v(Ag:) = v(Ag,) > v(A¢). So
¢ ~% xg 5. O

6. EXAMPLES

We construct examples of Weierstrass models not defined by integral (or pointed
integral) Weierstrass equations, but with various nice properties. We will work with
number fields K. Let us summarize first the examples we will construct.

Proposition 6.1. There exist number fields K, hyperelliptic curves C over K with
Weierstrass model € over S = Spec Ok, of any of the following types:
(a)

Z # ]P’IS, Ay ~ Ok, det fiwg/s ~ Os;
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Z ~PL, Ag~0Og, det frwg s # Os;

Z ~PL, Ay # Ok, det Jewe s ~ Og;
(by Proposition 2.6, in all the above situations, € is not defined by an integral
Weierstrass equation.)
(d)
& ~ IP’}Q, Ag ~ Ok, det fiwgs =~ Og

but € is not defined by an integral Weierstrass equation;
(e) € is a minimal pointed Weierstrass model, defined by an integral Weierstrass
equation but not by a pointed integral Weierstrass equation.

Remark 6.2 The genus g of the curves C appearing in our construction is not
arbitrary. For (a) and for (b) there are infinitely many possible g (always odd). If
we relax the condition 2" ~ P% in (b), we find all odd integers g > 5 except those
of the form 2™ — 1. For (c), g can be any integer different from 1,2 and 4. For (d),
g can be any integer divisible by 4. Finally, for (e), g can be any integer > 2.

Example 6.3 Fix gy > 1. We start with a hyperelliptic curve Cy of genus gg > 1
over a number field K with everywhere good reduction. Such a curve always exists
by enlarging K if necessary.? Let %, be its smooth projective model over S =
Spec Ok, and let 2 be the corresponding projective bundle over S. Extending K
if necessary, we can suppose that 2y ~ PL. Let B C 2 be the branch locus of
%o — 2. This is a closed subset finite over S. By [4], Theorem 7.2, there exists an
integral point Dy in 25 \ B. Applying again the theorem to 2 \ (B U Dy), we find
an integral point D, such that B, Dy and D, are pairwise disjoint. Extending K
if necessary, we can suppose that %, is defined by an integral Weierstrass equation

y* + Q(z)y = P(x),
and Dy, D, are respectively the zero and pole divisors of x. Write
4P(z) + Q(z)? = ap® T2 + .-+ + agyy 12 € Ok|a].

As (Do U Dy) N B =0, we have ag, azgy42 € Oj.

Extending again K, we can suppose that the class group Pic(S) of K contains
a maximal cyclic 2-subgroup Hs C Pic(S) of order > 4 (see Lemma 6.5 below).
Let [I] € Hs (it will be chosen more precisely later). We will use [I] to construct
a hyperelliptic curve C over K together with a Weierstrass model 4 as double
coverings of €y. Let d be the order of [I]. It is a power of 2. As I? is principal,
we identify P(Ox @ I?) with 2%, and the sections corresponding to the projections
of Ox ® I* — O and Ok @ I¢ — I¢ respectively to Dy and D... Consider now
% :=P(Ok @ I) and the canonical morphism

6: P(Og @) = POk &I = 2.

2For some special values of gg, we can give explicit examples as follows. Let r > 3 be an odd
squarefree integer. Consider the hyperelliptic curve C over Q defined by y2 +y =a". If £, € C
is a primitive r-th root of the unity and if m € Z satisfies 4m = —1 mod r(r+1)/2 then Cy has
everywhere good reduction over K = Q[ml/T, V1 —=¢,]. The corresponding smooth model % is
defined by an integral global Weierstrass equation, and (1 — &)~ (z — m!'/") is a parameter of
2.
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Locally on S it corresponds to taking the d-th powers of the homogeneous coordi-
nates. Let

%ZZ%QXEXOQP.

Let us study some properties of €. Let e be a basis of I¢. For any open subset
U C S such that I|; has a basis ey, we have ef, = aale with ay € Og(U)* a unit.

Then 6y is defined by the equation
y* + Qayt?)y = P(ayt?).

By Lemma 6.6 below, this equation defines a hyperelliptic curve C' over K of genus
g =d(go + 1) — 1 and the discriminant ideal A, defined by this equation satisfies

Ag, = j3(61061290+2)d_1Ozgg‘)“)((2“7‘”'2)‘1_1)d29+2A‘({€0)U = d*9T20y.
Therefore Ay = d?9720K and € — S is smooth aways from primes dividing 2.
At any prime p of Ok dividing 2, as Q(x) is non-zero in k(p)[z], the fiber %), is
reduced, so € is normal ([7], Lemma 4.1.18) and is a Weierstrass model of C' over
S.

Let D be the section of 2 corresponding to the projection O & I — I. Then
det $.Ox (D) = I and (D) = Do. As € is obtained by base change from %, we
have N ~ Ok (tensor product the exact sequence (5) corresponding to 6y by Q).
By Lemma 3.9(1), we have

det fuwe g ~ T9THD/2 o pebx SR8
w] = [I]-49+tD/2 (and also Ay ~ O, but this is less precise then the above
[w] = [ p
equality Ay = d?9720f). Therefore:

(a) if we take for [I] a generator of Hs and if gg is odd, then [I] is not a square, so
£ Py, Ay~ Ok, detfiwgys~0g, [w]=1;

(b) if [I] is the square of some element of Hy and if gg is even, then
¥ ~Pg, Ag =0k, detfwgs#0s, [w]#1

Example 6.4 Let g > 1. By [1], there exists a quadratic field K such that CI(K)
contains a cyclic subgroup of order 4¢g? (see the beginning of the proof of Lemma 6.5
below). Let S = Spec Ok and let [u] € Pic(S). By Proposition 4.5, there exists a
pointed hyperelliptic curve (C, P) over K such that the pointed Weierstrass class
of the minimal pointed Weierstrass model % is equal to [u].

(c) If g #£ 0 mod 4, we choose [u] of order g?. Then 2 ~ Py, A is not principal,
and det f.wg /g is free (Proposition 4.3(1)).

(d) If g=0 mod 4 and if we choose [u] of order 4g, then & ~ P, A¢ is principal
and det fuwe /g is free. Let [ro] be the Weierstrass class of 4". Then [w] = [u]?9
(Definition 4.2) is non-trivial. So % is not defined by an integral Weierstrass
equation (Proposition 3.4).

(e) If g > 2, choose [u] of order g. Then [w] is trivial. As 2° ~ PL, the model ¢
is defined by an integral Weierstrass equation by Proposition 3.4. But it is not
defined by a pointed integral Weierstrass equation.

Note that in all the above examples except (c¢), A is principal but not equal to
Ok in general.



GLOBAL WEIERSTRASS EQUATIONS OF HYPERELLIPTIC CURVES 17

Lemma 6.5. Let K be a number field. Let d > 2. Then there exists an extension
L/K (of degree at most 2) such that the class group of L contains a cyclic subgroup
of order d.

Proof. For any n > 1, in the proof of [1], Theorem 1, explicit quadratic extensions
F/Q whose class groups contain a cyclic subgroup C,, of order n are constructed.
Fix such an F with n = d[K : Q]. Let L = KF. Using the norm map Cl(L) —
CI(F), we see that the kernel of the canonical map CI(F) — CI(L) is annihilated by
[K : Q], so the image of C,, in CI(L) has order divisible by d and we are done. O

Lemma 6.6. Let

Eo: v+ Q(z)y = P(x)
be a Weierstrass equation of a hyperelliptic curve Cy of genus gg over some field K
with 4P () +Q(x)? = apz?9F2 +- - - +agy+2 and agasg,+2 # 0 (the latter condition
means that the covering Co — Pk is unramified above the zero and pole of z). Let
a € K* and let d > 1 be an integer prime to the characteristic of K. Then

Eq:  y*+ Q(az®)y = P(az?)

is a Weierstrass equation of a hyperelliptic curve of genus g = d(go +1) — 1, and
the discriminants of the above equations satisfy the relation

A(Ey) = i(a()a290+2)d_1a(290+2)((290+2)d_1)d2g+2A(E0)d.

Proof. (See [6], §2, for the definition of A(FE).) This amounts to proving the fol-
lowing fact: if F'(z) = apax™ + - - - + a, € K|x] has degree n and a € K*, then

disc(F(az?)) = £(agan) LoD g disc(F(x))?.

First by substituting o'/?z to x, we are reduced to the case a = 1. A direct
computation of disc(F(z?)) in terms of the product of the differences of the roots
of F(z%) in some algebraic closure of K leads to the desired equality. O
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