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LASSO and SLOPE are two popular methods for dimensionality reduc-
tion in the high-dimensional regression. LASSO can eliminate redundant pre-
dictors by setting the corresponding regression coefficients to zero, while
SLOPE can additionally identify clusters of variables with the same abso-
lute values of regression coefficients. It is well known that LASSO Irrepre-
sentability Condition is sufficient and necessary for the proper estimation of
the sign of sufficiently large regression coefficients. In this article we formu-
late an analogous Irrepresentability Condition for SLOPE, which is sufficient
and necessary for the proper identification of the SLOPE pattern, i.e. of the
proper sign as well as of the proper ranking of the absolute values of individ-
ual regression coefficients, while proper ranking guarantees a proper cluster-
ing. We also provide asymptotic results on the strong consistency of pattern
recovery by SLOPE when the number of columns in the design matrix is fixed
while the sample size diverges to infinity.

1. Introduction. High-dimensional data is currently ubiquitous in many areas of science
and industry. Efficient extraction of information from such data sets often requires dimension-
ality reduction based on identifying the low-dimensional structure behind the data generation
process. One of the simplest forms of dimensionality reduction is the elimination of irrele-
vant parameters of the statistical models describing the data. In case of the high-dimensional
multiple regression model

(1.1) Y =XB+e,

with the design matrix X € R™*P, an unknown parameter vector 3 € R? and a random noise
g, elimination of irrelevant parameters in the vector 3 corresponds to elimination of irrelevant
predictors. One of the most popular methods for performing this task is the Least Absolute
Shrinkage and Selection Operator (LASSO, [10, 21]), which estimates 3 by solving the fol-
lowing convex optimization problem

1
(1.2) minimize §HY—XbH§+)\Hle over b € RP,

where ||b]jy = Y_?_,|3;| is the ¢; norm of 3 and A > 0 is a tuning parameter. The well-
known selection properties of the #; norm are related to the fact that it is not differentiable
when at least one coordinate of [ is equal to zero. The sparsity of the LASSO solution
is governed by the tuning parameter A and it is guaranteed that at least one of the solutions
of the optimization problem (1.2) has at most n nonzero coordinates.
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In this article we discuss the Sorted L-One Penalized Estimator (SLOPE) [4, 5, 24], defined as
1
(1.3) minimize [2||Y—Xb||g+JA(b)] over b € RP,

with the penalty

p
Ja(d) = Ailbly »
i=1

where the sequence (|b](1), .-, |b](y)) With [b]1) > --- > [b](,) contains absolute values of
coordinates of b sorted in the nonincreasing order and the vector of hyperparameters A =
(A1,...,Ap) satisfies Ay >0 and A\; > --- > A, > 0. SLOPE is an extension of OSCAR [6]
(where the hyper-parameter A has arithmetically decreasing components) and an extension
of LASSO [10, 21]. Indeed, if for all ¢ we have A\; = A > 0, then the SLOPE penalty equals
Al|b||1 and coincides with the ¢; penalty for the LASSO.

When the sequence A is strictly decreasing, SLOPE has substantially different properties than
LASSO. Specifically, when the design matrix is orthogonal or the covariates are independent,
SLOPE adapts to unknown signal sparsity and, contrarily to LASSO, obtains sharp minimax
rates of the estimation and prediction errors [17] (see also [1, 2]). Moreover, in this case
SLOPE allows for exact or asymptotic control of the False Discovery Rate (see, e.g., [5, 7, 8,
13]).

Another interesting feature of SLOPE is that it can group variables together so that the es-
timates of the regression coefficients in each group have exactly the same magnitude. As a
result, SLOPE can yield more than n nonzero regression coefficients as long as the number of
groups created is less than the rank of X [14] and can achieve full selection power in regimes
where the lasso power is constrained [9]. In Figueiredo and Nowak [11], Bondell and Reich
[6] it is observed that SLOPE clusters groups of correlated predictors, while in Kremer et al.
[14] it is shown that the driving force behind the clustering phenomenon is the similarity of
the influence of the predictors on the value of the response variable. Thus, clustering can also
occur because of the similarity of the values of the regression coefficients. In particular, it can
also occur when the design matrix is orthogonal (see Bogdan et al. [5], Skalski et al. [16]).
In this article we take a novel perspective on the low-dimensional pattern recovery by SLOPE.
In a recent article [15], the authors argue that the low-dimensional patterns, which can be
recovered by the penalized regression are characterized by properties of the penalty subdif-
ferential.

For example, LASSO pattern corresponds to the sign vector of . Therefore, under certain
circumstances, LASSO can recover the sign of  with large probability. As explained in
Section 1.2 of our paper, if the SLOPE sequence A is strictly decreasing, then the SLOPE
pattern is substantially more refined and contains also the information on the ranking of
the absolute values of the coordinates of 3. Thus, under certain circumstances, SLOPE can
recover both the proper sign and the proper ranking of the absolute values of 3 with a large
probability. This clearly implies that SLOPE can identify clusters of the same absolute values
in coordinates of 5. Hence, from this new perspective, the clustering properties of SLOPE are
just a specific realization of a much more important property, which is recovering the proper
ranking of the explanatory variables. Consequently, it is natural to treat the triple: ranking,
clusters and the sign of 5 as a SLOPE pattern and to expect that, under certain circumstances,
SLOPE will recover this pattern.

The main purpose of this article is to identify the circumstances under which the pattern
recovery by SLOPE holds with a large probability. In case of LASSO, the capacity of the
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sign recovery is characterized by the well known Irrepresentability Condition, which takes
the following form:

(1.4) ker(Xs) = {0} and ||X5Xs(X6Xs) 'sign(Bs)llo <1 ,

where S C {1,...,p} is the set of columns for which the true regression coefficients are dif-
ferent from zero, S = {1,...,p} \ S and sign(J3g) is the sign vector of these coefficients. This
condition is necessary for the sign discovery by LASSO. It is also sufficient for discovering
the sign of the sufficiently strong signal [25].

In this article we derive the analogous irrepresentability condition for SLOPE (see (4.7) and
(4.8)) and prove that it is necessary for discovering the sign and the ranking of the coordinates
of 3, and it is sufficient to do so when the nonzero elements of 3 are large enough. We
also present asymptotic results which illustrate the consistency and strong consistency of the
pattern recovery when p is fixed and n diverges to infinity.

Figure 1 illustrates the difference in the pattern recovery by LASSO and SLOPE. In this
example n = 100, p = 200 and k£ = 30 nonzero elements are different from zero. The data
matrix X and the SLOPE sequence A are designed such that the irrepresentability condi-
tions hold both for LASSO and for SLOPE. The tuning parameter for LASSO was selected
so as to minimize the mean squared estimation error, which also provides the best possible
ranking of the coordinates of 3. In this example both LASSO and SLOPE properly identified
the sign of 3. Thus, Figure 1 illustrates only the accuracy of the estimation of the non-zero
coefficients. The left panel of Figure 1 shows the performance of SLOPE and LASSO when
all regression coefficients are equal to 40. Here we can observe that SLOPE can properly
identify this cluster structure and estimate 8 virtually without an error, while LASSO esti-
mates are scattered over the interval between 36 and 44. The right panel of Figure 1 shows an
even more interesting situation, when there are no non-zero clusters but the non-zero coeffi-
cients are distributed over an interval between 30 and 50. Here we can observe that SLOPE
returns a perfect ranking of non-zero betas and estimates them virtually with no error while
LASSO yields a substantially larger error and has a problem with a proper ranking. Specif-
ically, LASSO yields the largest estimate for the variable which is only sixth in the rank of
absolute values and the third variable in the ranking is classified only as the 8" smallest (i.e.
in the lower 30% of non-zero signals).
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2. Preliminaries and basic notions.
Throughout this paper we will always suppose that

AL> o> >0,

even though some results do not require this condition to be held.
For the design matrix X € R™*P, vector Y € R" and tuning parameter A, we define the set
of SLOPE minimizers as

Sx,a(Y) =argmin fHY Xb|3+ Ja(b)] -
beRr

In the multiple linear regression model (1.1) the SLOPE estimator of (3 is defined as a vector
BSLOPE gych that

BSLOPE e SX,A(XB + E).

Note that there may exists many SLOPE estimators of 3. However, if ker(X) = {0}, then
Sx,a(Y) consists of one element. As observed in [22] in the LASSO case, if there are two
minimizers 51 #+ 52, then the fitted values must agree, i.e. X ﬁl X 52 and so Bl Bg
Otherwise, by the strict convexity of the function ||Y" — -||3 and from the triangle inequality
for the norm J,, the value of || — X Bol|2 + Ja (o), for fo = (B1 + B2) /2, is smaller than
the value for Bl and 32, contradicting their minimality. For a complete characterization of
the unicity of SLOPE minimizer, see [15].

The column (resp. row) space of a matrix A is denoted by col(A) (resp. row(A)). I,, denotes
the identity matrix of rank n.

2.1. SLOPE Pattern and related objects. 'The following definition of the pattern of a vector
on R? is equivalent to the definition of the SLOPE model introduced in [15].

DEFINITION 1. The SLOPE pattern is a function patt: R? — Z” defined by
patt(b); = sign(b;)rank(|b;), i=1,...,p,

where rank(|b;|) € {1,2,...,k} is the rank of |b;| in a set of nonzero distinct values of
{|b1],...,|bp|}. We adopt the convention that sign(0) = 0.

Abusing terminology we call the elements M € patt(R?) patterns as well. We denote the set
of patterns in Z” by M,,.

Clearly, we have b = 0 € RP? if and only if patt(b) =0 € Z”.

REMARK 2. For b € RP, we have
The SLOPE pattern defined above has the following properties, used in the definition of the
SLOPE model in [15]. For any b € R?, we have

(i) sign preservation: sign(patt(b)) = sign(b),
(ii) cluster preservation: |b;| = |b;| = |patt(b);| = |patt(b);/,
(iii) hierarchy preservation: |b;| > |b;| = |patt(b);| > |patt(b);|.

The sets of indices ¢ € {1,...,p} for which the absolute values |};| are equal are called
clusters. For M € M,, || M ||« is the number of nonzero clusters of M.

DEFINITION 3. Let M # 0 be a pattern in R? with k = || M ||, nonzero clusters. The model
matrix Uj; € RP*¥ is defined as follows

(U]\/[)ZJ = sign(mi)l(|mi|zk+1,j), 1€ {1, R ,p}, JE {1, e ]{7}
If M =0,weset Uy =0 € RP.
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EXAMPLE 4. If f =(—4,3,0,—3,4), then patt(5) = (—2,1,0,—1,2) and

~10
0 1
Um=1 9
1 0

For k£ € N we denote
RFF = {k eR*: k1 >...> Ky > 0}.
Definition 3 implies that for 0 # b € RP and k = max{|| M|, 1},
(2.1) patt(b) = M <= there exists xk € R** such that b = Uyk.

If b = Uprk, then k; equals the absolute value of terms in the i-th cluster of b, where the
clusters are ordered decreasingly by their absolute value.

We are about to define the clustered matrix and the clustered parameter. For the purpose of the
latter definition we denote element-wise absolute value |M| = (|m|: m € M) of M € M,,.
Let | M|, be the vector |M | ordered non-increasingly. Both of these objects play an essential
role in the characterization of the pattern recovery by SLOPE, see Theorem 5.

DEFINITION 5. Let M # 0 be a pattern in R” and k£ = max{||M ||, 1}.
For X € R™*? we define the clustered matrix X by Xy = XUy € R <k,
For A € RPT, the clustered parameter A is defined by A, = U{MhA c RF,

If M = patt(3) for 3 € RP satisfies || M||o, < p, the pattern M = (my, ..., m,;)" leads natu-
rally to reduce the dimension of the design matrix X in the regression problem, by replacing
X by X . Actually, if patt(8) = M, then X3 = XUp k= Xk for & € RF In particular,
in order to construct the clustered matrix X ;, by Definitions 3 and 5,

(i) null components m; = 0 lead to discard the column X; from the design matrix X,
(ii) acluster K C {1,...,p} of M (component of M equal in absolute value) leads to replace
the columns (X;);cx by one column equal to the signed sum: ) sign(m;)X;.

1716
2.2. Pattern and the subdifferential of the SLOPE norm. Recall that for a function f on R?,
the subdifferential at b € RP is defined by:

7(b) ={veRP: f(z)> f(b) +v'(z —b) Vz € RP}.

PROPOSITION 1.  The SLOPE minimizer is characterized by the following conditions
~ 1 N ~ ~
BeSxa(y) & = X/(v — XB) €0, (B)

L () < 1 and fa* = JA(B)]

B () <1 and Ulyr* = Au

i

where M = patt(ﬁ) and J} is the dual norm on RP given by

. 2l X el
JA(I‘)::H’I&X{ )\(1),, fil)\i)}
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PROOF. The equivalence (1) follows immediately from the general fact that a function f
attains its minimum at a point b if and only if 0 € af(b). For (2), see [12, Example VI (3.1)].
Equivalence (3) follows directly from Proposition 3.

O

When it comes to pattern of the SLOPE minimizer, the second condition in (3) is a substantial
simplification compared to the second condition in (2). If the pattern is known, it gives an
explicit system of linear equations for 7* and so for B as well. Moreover, (2) should be seen
as an optimization problem, see (2.3).

The following Theorem 2 states that patterns M, are in bijective correspondence with possi-
ble subdifferentials of the SLOPE norm J and it is proven in [15]. For the sake of complete-
ness, we provide in the Appendix a short proof of Theorem 2 as a by-product of our explicit
description of SLOPE norm subdifferentials in Proposition 3.

THEOREM 2. Let a and b be any vectors in RP. Then,

patt(a) = patt(b) if and only if 9y, (a) =0y, (b).

We denote
Db = a]A (b)

Let Cp = {z € RP: J{(x) < 1} be the closed unit ball in the dual SLOPE norm. It follows
from the definition of J that x € C} if and only if the following p inequalities hold

(2.2) \x](l)—i—\m](j)g/\l—i——&—)\j, j=1...,p.

It follows from a definition of dual norm || - ||* and the general fact that || - || = (|| - ||*)*,
2.3 J, = 'T.

(2.3) A(B) = max Sz

For each pattern M € M), we define the pattern affine space A,s by

(2.4) Ay ={z €RP: Uz = Ay}

Note that if M = 0, then Ay; = RP. When || M||oc = k > 0, then the set A,/ is an affine

subspace of RP of dimension p — k.

Let M = (mq,...,my) be a pattern with k£ > 1 clusters and let p; = |[{i : [m;| =k +1 — j}|

be the number of elements of the j-th biggest cluster. Denote P; =) . P =1,..., k.

Then, B

)\1 4+ ...+ )\p1

API@—I"‘l +...+ )\Pk

Moreover, if x € Dy, then (see the proof of Proposition 3 (i))

’l'*|(1) +...+ |x*](p1)

Uyz* = :
l2*|(p_ 1) + - F 2Ry

Thus, the system of equations Uj,x = Ay is equivalent to equalities in (2.2) for j = P;,
i=1,...,k.

PROPOSITION 3.  Let b € RP and M = patt(b).
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(1) We have
Dy =CrNAy

— ) cRP- equalities hold in (2.2) for j = p1,p1 +Dp2,...,p1 + ...+ D
" (2.2) holds for j # p1,p1 +p2,...,p1+ ...+ Dr )

where p; is the number of elements of the j-th biggest cluster
(ii) The subdifferential depends on b only through the pattern of b, i.e.

Dy = Dpatt(b)'
(iii) Apy is the smallest affine space containing D)y, i.e.

(2.6) AM :aff(DM).

As we shall see in Theorem 11 and Theorem 19, the relative interior of the pattern subdiffer-
ential Dy plays a preponderant role. We give an explicit form of ri(Djy) it in the following
proposition, having the advantage of being computationally efficient.

PROPOSITION 4. Let M be a pattern with k > 1 clusters and let p; be the number of
elements of the j-th biggest cluster, j =1, ... k. Then,

ri(DM):{xERp: equalities hold in (2.2) for j = p1,p1 +p2,...,p1+...+pk}'

strict inequalities hold in (2.2) for j #p1,...,p1+ ...+ Pk

PROOF. The set ri(D)y) is the interior of Dy, within the affine space containing Dy, i.e.
within Ajs. Thus, the result follows by Proposition 3. O

3. Characterization of pattern recovery by SLOPE. We derive a novel characterization
of the pattern of the SLOPE minimizer. Theorem below is the main tool of the proofs of the
results on model recovery and is crucial for the paper. For the definition and the basic prop-
erties of the Moore-Penrose pseudo-inverse AT of a matrix A, see [3]. Recall the definitions
of X M and A y from Definition 5.

In the following result we do not require the unicity of the SLOPE minimizer. Recall that
Py = (X)X}, = X X} is the orthogonal projection onto col(X /).

THEOREM 5. Let X € R"*P, Y € R" and A € RPY.
Let M € M, be a SLOPE pattern and denote k = max{|| M ||~,1}. Define
(3.1) 7= X" (X)) Ay + X' (I, — Py)Y.

There exists 3 € S x,A(Y) with patt(3) = M if and only if the two conditions below hold
true:

there exists s € R*T such that X\,Y — Ay = X, X s, (positivity condition)
Jx(m) <1. (dual norm condition)

If the positivity and dual norm conditions are satisfied, then B =Upys and 7 = X'(Y —
Xp ) € Dyy.

PROOF OF THEOREM 5. Necessity. Let us assume that there exists 3 € Sx (Y) with
patt(3) = M. Consequently, 3 = Uj;s for some s € RF*,
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By Proposition 1, X'(Y — X ) € 9, (b) = Dy;. Multiplying this inclusion by Uy,. due to

(2.6), we get XJ’V[(Y - XB) = A, and so
(3.2) X0, Y — Ay = X4, X6 =X Xuss.

The positivity condition is proven. R 3 B
We apply (X,)" from the left to (3.2) and use the fact that Py, = (X,)" X}, is the projec-
tion onto col(X'M): since X3 € col(X'M), we have Py, X3 = Xj. Thus,

PyY — (X4 Ay = XB.

The dual norm condition follows from Proposition 1, since
X'(Y = XB) = X'(Y = (PuY — (X4) " Aap)) = .

Sufficiency. Assume that the positivity condition and the dual norm conditions hold true.
Then, by the positivity condition, one may pick s € R¥* for which

4 — Ry = X, Kus.
We will show that Uyss € Sx A (Y). Multiplying on the left by (X},)", the equality above
gives

PyY — (XEW)JUNXM = PyuXys=Xys=XUys.

Moreover, by definition of Uy, we have patt(Upyss) = M. Clearly, the following equalities
occur

(3.3) X'(Y = XUpys)=X'(Y — (PuY — (X4)TAy)) =

Thus, by the dual norm condition we have J (X'(Y — XUjs) <1.

Since I, — Py is the projection onto col(X )+, we have (I, — Pys) Xy = 0 and hence
Uy X'(In — Py)Y = X, (In — Py)Y = 0. Thus, by definition of 7 and equation (3), we
get

Ul = X (Xh) Rag = X (X (XY — Xy Xars) = Xy (V — Xnrs) = Ao
In view of (2.6), this implies that m € D). Finally, by (3.3) and Proposition 1 we have
UMSGSX’A(Y). O

REMARK 6. The assertion of Theorem 5 cannot be strengthened in the sense that if
Sx,A(Y) contains more than one element, then these different minimizers in general have
different SLOPE patterns.
COROLLARY 6.
(1) The following condition

(3.4) Apr € col (X)) =row (X )

is necessary for the positivity condition and thus also for the pattern recovery.
(i1) The condition (3.4) is equivalent to

X/(XM)'F/N\M cAy.

(iii) The condition (3.4) is equivalent to ™ € Ay, where 7 is defined in (3.1).
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PROOF. (i) is immediate. For (ii) observe that X % (f( ]’V[)Jr is the orthogonal projection onto
col(X),). Thus, (3.4) is equivalent to X}, (X,)TAnrr = Apr, which, by (2.6), is equivalent
to X'(X};)TAn € Apy. Since I, — Py is the orthogonal projection onto col(X )+, we
have

Unt <7r - X’(X}w)+AM> = X', (I, — Py)Y =0.

Hence, (iii) follows. ]

REMARK 7. Similar approach as in Theorem 5 for A\ = ... = A, concerns the LASSO
estimator. In particular, it allows new simple proofs of results on the sign recovery by LASSO.
For LASSO we have the LASSO pattern being a sign vector, cf. [20]. For S € {—1,0,1}?,
||S]|1 denotes the number of nonzero coordinates. If ||.S||; = £ > 1, then we define the corre-
sponding pattern matrix Ug € RP*¥ by

Us= diag(s)supp(S)a

where for A € RP*P and B C {1,...,p}, Ap denotes the submatrix of A obtained by keeping
columns corresponding to indices in B. Observe that for any 0 # 3 € RP there exist unique
S e€{-1,0,1}? and k € ]Ri such that § = Ugk. Define the reduced matrix and reduced
parameter by

X¢=XUg and  Ag=A\ly,

where 1 = (1,...,1)" € R¥. It can be shown that the necessary and sufficient conditions for
the LASSO pattern recovery are the following

there exists k € R’i such that )N(gY —dg= Xé)}sﬁ’
IX/(XE) T, + 1 X/ (1, — X XE)Y oo < 1.

4. Pattern recovery for fixed n. In the regression problem (1.1) with M = patt(3) # 0,
by Theorem 5 we obtain

COROLLARY 7.
@.1) P (33 € Sx.A(Y) such that patt(B) = M)

—P (Jj{(w) <1,3scRM: XL,y — Ay = X;WXMs> <P(Ji(r)<1),
where T is a random vector defined in (3.1).

Clearly, if the necessary condition for the positivity condition Ay, ¢ row(f( M) is not satis-
fied, then the probability of model recovery is 0. A similar upper bound for the sign recovery
by LASSO is given in [19].

As we will argue, under natural assumptions (like in the noisy case with the large signal to
noise ratio or in the informative noiseless case) we have

P (HB € Sx.A(Y) such that patt(5) = M) ~P(Ji(r) < 1),

meaning that the positivity condition is not restrictive and that the inequality bound in (4.1)
is sharp.
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Below we formulate the main result of this section, which states that the upper bound in
(4.1) is attained when the signal magnitude diverges to infinity. For this aim, we consider a
sequence of signals with the same pattern M € M,,, namely

42) B rz1, B =Unst, s0 eRM,

whose strength is increasing in the following sense:

(4.3) Ap= min (sy) - 8§Q1> "% o0, with the convention 31(21 =0.
<<

With the above sequence, we consider the following sequence of linear regression models
(4.4) YO =x8" 416 r=1,2,...,

where X € R™*P and ¢ € R™ do not change with r.
We will assume that the vector of tuning parameters varies with r. More precisely, let

(4.5) A" = q, A,

where A € RP is fixed and «,- > 0 for each r.

4.1. Positivity condition. We start with a lemma giving the sufficient assumptions on se-
quences (3 (r) )r>1 and (A(T) )r>1 for the positivity condition to hold for large r.

LEMMA 8. Let ) have the same pattern M for every r. Assume that ") satisfies (4.2)
and (4.3). Then, if Z—’; — 0, then the positivity condition holds for large 7.

PROOF. Recall that (") = Uy;s(") for some s(") e RFF. Recall that for any matrix A the
matrix AA™ is an orthogonal projector onto col(A). As Ays € col(X),), we have Ay =
X/, (X4 )" Axs. Therefore, as (X,) T = X4, (X}, X))t and Y = X757 4-¢, we obtain

X5,y ™ — A = X4, X5 — AL 4 X

= X Xars™) — X Xar (X5, Xan) A + X0, X (X5, Xan) T X e

A, Aoy A,

. ) (X, X)) TA X5, X)X
S = % is a signal with strength not smaller than 1, i.e. the differences between neighbour

terms 57(7:11 — 5% >1and S,gr) > 1. Then, since the next terms converge pointwise to 0, for

7 large enough the above sum is of the form X MX vw™ with w) € RF*, which finishes
the proof.
O]

REMARK 8. Lemma 8 evidently holds in the special case of A independent of r, i.e. when
o = 1.

4.2. Dual norm condition. Observe that the vectors 7, defined as in (3.1) can be represented
in a following way:
T = 7r7(n1) + 7r7(n2),

T

il = X'(X})*AY), m?) = X'(I, — Py)Y") = X'(I,, — Pu)e



PATTERN RECOVERY BY SLOPE 11

Note that in the noiseless case (¢ = 0) we have 7r§2) =0.

Then the dual norm condition J3 () <1 is equivalent to

- S CORC) )
(4.6) 1>Jx (’“):Jx ) =T [ XX ) A

o o o ay

Thus, if & # 0, then the properties of pattern recovery require that a,, — oo.

4.3. Consistency of pattern of the SLOPE estimator.

PROPOSITION 9.  Suppose that there is no error, i.e. € =0 and that A, — oc.
For any fixed A € R**, the pattern recovery is equivalent to SLOPE IR condition (4.7).
Moreover, if the SLOPE IR condition does not hold, then for any 5 € Sx_j, (X[3) we have

patt(3) # patt(8).

PROOF. We have 7r1(n2) = 0. The theorem follows immediately from Theorem 5, formula (4.6)
and Lemma 8. ]

LEMMA 10. Ler € € R" be a random error. Let Y = XB") 4 ¢ and assume that Ay €
row (X ). Then the upper bound (4.1) is asymptotically reached when r tends to oo:

lim P (HB € Sx.A(Y ")) such that patt(3) = M) —P(Ji(r)<1),
where T is defined in (3.1). Moreover, if ¢ is a Gaussian vector N (0, 02In), then
r~N (X’(XM)*[\M,a?X’(In - PM)X) .

PROOF. It is sufficient to show that the probability of the positivity condition tends to 1. This
is an instant conclusion of Lemma 8 and Remark 8.

The distribution of 7 may be deduced directly from 7(!) being deterministic and 7(?) being
a Gaussian vector multiplied by a matrix. 0

DEFINITION 9. We say that X and A satisfy the SLOPE irrepresentability (SLOPE IR)
condition

4.7) T (X’(XM)*[\M) < 1and Ay € row(X ),
where M = patt(3).

REMARK 10, The condition J§ (X'(},)*Ax/) <1 was introduced as SLOPE IR condi-
tion by P. Tardivel, who proved its necessity for the pattern recovery [18].

REMARK 11. Recall that the c0~ndition A ME row(X' ) is necessary for the pattern recov-
ery (Corollary 6 (i)). When ker(X ;) = {0}, SLOPE IR condition takes a form

4.8) JX (X’XM(X;WXM)*AM) <1.

REMARK 12. By Corollary 6 (ii), the SLOPE irrepresentability condition (4.7) is equivalent
to condition

(4.9) X' (X)) Ay € Dy
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When there is a noise ¢ # 0, the sufficient condition for the discovery of strong signals takes
a slightly stronger form, called Open SLOPE IR condition. If the vector X'(X},)* Ay is in
the boundary of Dj;, adding an error term to it may provoke getting out of the dual ball C
and violating the dual norm condition.

DEFINITION 13. We say that X and A satisfy the Open SLOPE irrepresentability (Open
SLOPE IR) Condition if

(4.10) XX P Ay exi(Dyy),

where ri(Djy) is the relative interior of the subdifferential Dy of the SLOPE norm at the
pattern vector.

We will use the sharpness of the upper bound (4.1) to prove the sufficiency of the Open
SLOPE IR condition for the SLOPE pattern recovery when the signal to noise ratio diverges
to infinity.

Theorem 11 formally states the sufficiency of the Open SLOPE IR condition (4.10).

THEOREM 11. (Sufficiency) Let Y ") = X (") &, where 8 is the sequence of regression
coefficient vectors defined in (4.2) and € € R" is a random error.

Assume (4.3) and that a sequence () is such that o, — oo and oy, /A, — 0 as r — oo. Let
A, = o, A for A € RPY., If the Open SLOPE IR condition is satisfied, then

(4.11) ILm P (HB € Sx.a, (Y")) such that patt(5) = M) =1

PROOF. We prove that for all realizations of ¢(w) there exists such 7 that if » > rg, then
there exists

B € Sx.a, (Y")) such that patt(3) = M.

We apply Theorem 5. By the Open SLOPE IR condition, % € ri(Dyy). Then the above

statement is a quick consequence of a formula (4.6), Lemma 8 and the fact that %i) €Ay
The convergence for all realizations of e(w) implies the convergence in probability, so
that (4.11) holds.

O]

COROLLARY 12. (Necessity) Assume that the error € has a symmetric distribution. If the
SLOPE IR condition does not hold, then the probability of the pattern recovery is smaller
than 1/2.

PROOF. The result easily follows from the separation theorem, convexity of Cy and the
argument used in [23], see also [19]. ]

For LASSO, a similar result on the probability of sign recovery is given in [23]. Note that
another proof of Corollary 12 may be given using Theorem 2 in [20] and our Proposition 9.

5. Asymptotic Pattern recovery. In this section we discuss asymptotic properties of the
SLOPE estimator in the low-dimensional regression model in which p is fixed and the sample
size n tends to infinity.

For each n > p we consider a linear regression problem



PATTERN RECOVERY BY SLOPE 13

where Y;, € R™ is a vector of observations, X,, € R™*P is a random design matrix, 5 € RP
is a vector of unknown regression coefficients and ¢,, € R™ is a noise term with the normal
distribution N(0, 02I,,). We assume that

(5.2) X, and ¢, are independent for each n,

but we do not make any assumptions on the dependence structure of ¢,, and &, for n # m.
In particular, our setting covers the case of deterministic X,.

From now on we suppose that the random matrices X,,, n > 1, have full column rank almost
surely, i.e.

(5.3) ker(X,)={0} as.
When defining the sequence ( BELOPE)H of SLOPE estimators, we will assume that the vector
of tuning parameters varies with n. More precisely, we will assume that

(5.4 Ay = anA,

where A € RPT is fixed and (a,),, is a sequence of positive numbers. Under (5.3) the set of

SLOPE minimizers Sx, A, (Y5) consists of one element. For each n, we denote this unique

element by BELOPE.

We further assume that the design matrices X1, X5, ... satisfy the condition
1

(5.5) —X!' X, %% C,
n

where C' is a deterministic positive definite symmetric p X p matrix.

REMARK 14. Condition (5.5) is satisfied in the natural setting when the rows of X, €
R™ P are i.i.d. random vectors. Let £ = (&1,...,&,) be a random vector and assume that
each (independent) row of X, has the same law as £. In such case, the assumption (5.5) is
implied by E[gf] <ooforall?=1,...,p. Then, the strong law of large numbers ensures that
(5.5) holds with C' = (Cjj),j, where C;; = E[&;&;] fori,j =1,...,p. Moreover, C'is positive
definite if and only if the random variables (&1, ...,&,) are linearly independent a.s. Indeed,
for t € RP we have

» 2
YOt=F (Z ti§i> >0
i=1
if and only if Y 7, ¢;§; # 0 a.s. for all t € RP.

Under (5.5), the strong consistency of BSLOPE can be characterized in terms of behaviour of
the tuning parameter.

THEOREM 13. Consider a linear regression (5.1) and assume (5.2), (5.3) and (5.5). Let
Ap =AY 1rB£0, then BSEOPE 25 3 if and only if

(5.6) lim 21— = 0.

If B =0 and (5.6) holds true, then BELOPE 250.
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As before, M = patt(8), k = || M|/ and Uy, is the corresponding model matrix. Recall
from Definition 5 that A = U, |’ M| ¢A A, = a,A and X, = X,,Uxs. To ease the notation, we

write the clustered matrices and clustered parameters without the subscript indicating the
model M. Let

= (X;LXn)il[X;LYn - ]\’I’L]u
T o= X (X)) YA, + X! (I, — P,)Yy,
where P, = (X/,)* X} . We note that if ker(X,,) = {0}, then (X/,)* = X,,(X/, X,,) " and so
P, =X, (X! X,) 1 X"
As the positivity COIldlthl‘l and the dual norm condition from Theorem 5 have different na-
ture, we consider them separately in the two following subsections. It turns out that for the
positivity condition («,) cannot be too large, while for the dual norm condition it cannot be

too small. In this way we determine the assumptions for the sequence (v, ), for which both
positivity and dual norm conditions hold true and for which the pattern is recovered.

5.1. Positivity condition. 1f M =0, then the positivity condition is trivially satisfied. Thus,
we consider M # 0. Since X X, is invertible, the positivity condition is equivalent to

= (X! X)) YXY, — A,] € RF*,
Let s € R¥T be defined through 3 = Ups0, where k = || M || .

LEMMA 14. Let M = patt(f3). Assume (5.2) and (5.5).
If o /1o — O, then the positivity condition is almost surely satisfied for large n.

PROOF. We show in the Appendix that if «v,, /n — 0, then
(5.7) Sn =5 5.
Since so € R and R** is an open set, there exists ng(w) such s,(w) € R** for all n >
no(w), for P almost all w. O
5.2. Dual norm condition. For M # 0 we denote

i) = X (X0) A, ) = X (In — Po)Ya,

Ty = 7r7(11) + Tr,(f),

which simplifies in the M = 0 case to 7, = 777(1 ) = =X!Y,.

For any a > 0 we have Cy,p = aCy. Recall that the dual norm condition is Jj{n (mn) <1,
which, under (5.4), is equivalent to

1>Jx (a 7rn) Jr (a 7T(l) + \/ﬁ”_l/%r(f)> ‘

Qp

In view of results shown below, a;, ey converges almost surely, while n =1/ 2,(2) converges

in distribution to a Gaussian vector. Thus, the pattern recovery properties of SLOPE estimator
strongly depend on the behavior of the sequence (v, /v/n),.

LEMMA 15. Assume M #0, (5.4) and (5.5). Then,

im@ &5 CUM(UY,CU) A,

Qn
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PROOF. We note that (5.5) implies that almost surely

<) o 1
lim X/ X, (X. X)) = lim =X/ X, Up (Usn= X! X,,Upr) "t = CUN(UY,CUN) T,

n—oQ n—oo N

what ends the proof. O

LEMMA 16. Consider a linear regression (5.1) and assume (5.2), (5.3), (5.4) and (5.5).
Then, the sequence (nil/ 27r7(12)> converges in distribution to a Gaussian vector Z on
n
aff (Dyr) with
Z ~N(0,0% [C = CUM(UpCUN) U CY) .
PROOF. We note that when 3 = Uj; sg, then the linear regression model (5.1) takes the form

Y, = Xnso + En- Since B, is the projection matrix onto the vector subspace col(X ), we
have (I,, — P,) X, = 0. Thus,

Y X! (I — Po)Ys = ap ' X (I, — Po)(Xnso +en) = ap ' X1 (I, — Pr)en.
We consider the sequence of random matrices (Q, ), defined by
Q;L = X;L(In - PN)
We have
n1QLQn =n"1X] (I, — P,)X,.
Since n(X! X,,)~! %% (U},CUx) ™Y, it follows that (A.6) holds with
Co=C — CUN (U}, CUx) U, C.

Lemma 22 completes the proof. O

PROPOSITION 17.  Under the assumptions of Lemma 16, if

Qn
lim ——— = o0,
n—oo y/nlogn
then ;! (2) 2%0.

PROOF. Follows directly from Lemma 16 and Lemma 21 (i) with f(n) = a,/+y/nlog(n

5.3. Consistency of pattern of the SLOPE estimator. The symbols Dy, ri(Dys) and Aps
denote the subdifferential, its relative interior and the affine space corresponding to fixed A.

DEFINITION 15. Let M = patt(/3). We say that the matrix C' satisfy the SLOPE Irrepre-
sentability (SLOPE IR) condition if

(5.8) T (CUM(UZ’MCUM)*[\) <1

We say that the matrix C satisfies the Open SLOPE Irrepresentability (Open SLOPE IR)
condition if

(5.9) CUn (U4, CU) YA e1i(Dyy).

First of our result concerns with the consistency of the pattern recovery by the SLOPE esti-
mator.
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THEOREM 18. Under the assumptions of Lemma 16, let BELOPE be the unique SLOPE
estimator of B € RP,

() If oy = /0, then
nli_)ngOP (patt(B,SlLOPE) = patt(ﬁ)) =P(Jx(Z2)<1),

where Z ~ N (CUp (U5 ,CUp) A, 02[C — CUN (UL, CUN) UL, C)).
(i1) Assume (5.8). The pattern of SLOPE estimator is consistent, i.e.

patt(5;-O") = patt(5),
if and only if

REMARK 16. The idea of considering «v,, = v/n in (i) came from P. Tardivel.

PROOF. (i) is a direct consequence of Lemmas 14, 15 and 16. It is clear that the sequence
(a;; Y7, ), converges in probability to 0 if and only if v, /v/n — co. O

The above conditions on («, ), in general do not suffice for the almost sure convergence of
the SLOPE pattern - see Remark 17. The following asymptotic theorem concerns the strong
consistency.

THEOREM 19. Under the assumptions of Lemma 16, let BTSLLOPE be the unique SLOPE
estimator of B € RP.
Assume that a sequence (o), satisfies

Oln, . (679
5.10 lim — =0 d lim ——— = .
( ) v n an 360 vnlogn >

(i) If the Open SLOPE IR (5.9) condition is satisfied, then the sequence (BSLOP B )n recovers
almost surely the pattern of 5 asymptotically, i.e.

(5.11) patt(GSFOPE) 2% patt(B).

n

(i1) The SLOPE IR (5.8) condition is necessary for the asymptotic pattern recovery (5.11).

PROOF. (i) By Lemma 14, the positivity condition is satisfied for large n almost surely. By
Lemma 15 and Proposition 17, we have

1 -
U = —1p 25 CUN (UL, CUN) A =2 ag.
an
By Corollary 6 (iii), we have 7, € a, Aps, thus a,, € Apr. By the Open SLOPE IR condition
ag € ri(Dyy), and thus it follows that a,, € Dy; C C almost surely for sufficiently large n.
Therefore J , (7y,) < 1 for large n almost surely.
(ii) By Lemma 15 and Proposition 17 we have P(A) = 1, where

A= {w: lim ™2(@) _ CUM(U;WCUM)—UX} .
n—oo
Suppose that patt(33“OPF(w)) — patt(3) for w € A. Then it follows from Theorem 5
that for sufficiently large n we have J} (m,(w)) <1 or equivalently, a,(w) € Cy. Since
(an(w)), is convergent and the set C'y is closed, it follows that (5.8) is satisfied. O
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REMARK 17. Assume that the Open SLOPE IR condition is satisfied. Assume (5.4) with
ay, = cy/nlogn for ¢ > 0. Then (5.10) is not satisfied. If random vectors (&,,),, are indepen-
dent and (X,,), are deterministic matrices, then with positive probability, the true SLOPE
pattern is not recovered.

APPENDIX A: PROOFS

A.l. Proofs from Section 2.

COROLLARY 20. Let M = (my,...,myp) be a pattern with k clusters. Assume that x €
Dyy. Then,
@) {|zi|: |ms| =k} > {|zi]: [mi] =k —1} > ... > {|xi|: m; =0}, where for A, B C R, we

write A> Bifa>bforallac Aandb e B.
(i) x;m; >0,i=1,...,p. I[f m; #0, then x;m; > 0.

PROOF. By Proposition 3 (i) we have

" (2.2) holds for j # p1,p1 +p2,...,p1+ ...+ D

where p; is the number of elements of the j-th biggest cluster. The strict inequalities in (i)
need to be justified. The inequality (2.2) for j = p; — 1 and the equality (2.2) for 7 = p;
imply that |z|,,) > Ap,. The same equality and the inequality (2.2) for j = p; + 1 imply that
|x](pi+1) < )\pi—i—l- We have /\pi > )\pi—i-l, so that ‘x|(;lh) > ‘I|(pi+1)'

We have x € D)y if and only if 2z € Cy and M'x = Jy (M) = max,ec, M'n. Since for any
e € {—1,1}? the vector (¢121,...,Epzp) belongs to Cy, we have

DM:{$€RP' equalities hold in (2'2)f0rj:P1)P1+p2,-..,p1+...+pk}

p
M/.%' Z E E;MiTq,
i=1
which ensures (ii). ]

PROOF OF PROPOSITION 3. (i) Let § € RP and M = patt(53) # 0. By Proposition 1 (2), we
know that 7* € C belongs to Dg = D)y if and only if 5'7* = J5 (). We will show that if
7 € Cy, then

(A.1) B'm*=Jx(B) ifandonlyif Ujm* = Ayy.

First we will need a precise description of A, the clustered parameter.

Let M = (my,...,mp) be a pattern with k clusters and let p; = |[{i : |m;| =k + 1 — j}| be
the number of elements of the j-th biggest cluster. Denote P; =) . ;jpi with Po =0.
Subsequent columns of the model matrix Uy contain pq, ..., pg nonzero elements 1 or —1.
Then, by (2.5), we have

)\1 +...4+ )\p1
(A.2) Ay = U\,M|¢A =
)\pk_1+1 + ...+ )\pk

Clearly, if 8= (B1,...,0p) is any vector with patt() = M, then there exists a vector s =
(s1,...,5,) € R¥* such that 3 = Ujss and hence p; of the absolute values |31/, .. ., |Bp| are
equal to s1, po of them are equal to so, .. ., pi of them are equal to si. In particular, we have

P k P;
JA(B):Z/\Z‘UMSI@):Z& Z )\j.
=1

i=1  j=Pi_,+1
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Sufficiency in (A.1). Suppose that 7* = (7], ..., p) € C} satisfies the condition Uy, 7* =

Aps. Then, 7 € D), because Jz\(ﬁ) = 31(/\1 +...+ )\P1> + 82()\p1+1 + ...+ /\pz) + ...+

+5k()\Pk,1+l +...+ )\pk) =sAy = S/UJ/\/[W* = (UMS)/TF* = 5,7['*.

Necessity in (A.1). Suppose that m € Cy satisfies 3’7" = Jx(B). Recall by (2.3) that

JA(B) = maxrec, f'm. By Corollary 20 (ii), it follows that sign(5;) - sign(n}) > 0, i =

1,...,p. Moreover, the rearrangement inequality implies the following: if | ﬁz\ = s1, then

[Tl € {71y, -« 17| Py }s if | Bi] = s2, then [7f| € {|7*|(p,41),---,|7"|(p,)} and so on.

These two facts imply that

|7T*’(1) + ...+ |7T*|(p1)

Uy = :
’W*‘(Pk—1+1) +...+ ‘W*‘(Pk)

To prove that Uj,7* = Ay, we use the fact that J(7*) < 1. By the inequalities (2.2)

there exist nonnegative 1,9, ..., &g, such that Z TGy = Zf;l Aj—eini=1,2,... k.
Py B P A C
Hence we have > ;" p . |7" \ (G) = 2jep 41N T €1 — &, for i =1,2,... k, where

€o = 0. This implies that

P P;
ZZ@W;_ZWVW Zsl > 1Ty
=1 i=1 =1 j=P,_1+1
P; k
D ILIDIIPED SUCEE
=1 _]=P7;_1 =1
k—1

=JA(B) +e0s1+ > eilsip1 — 8i) — Exsi.
i=1

Since ¢;’s are nonnegative with g = 0 and since s;4+1 — s; <0,7i=0,...,k — 1 and s; > 0,
it follows that (3)7* = JA(8) <= e1=ea=...=¢ =0.

(ii) and (iii) follow directly from (i). ]
PROOF OF THEOREM 2. Let M = (my,...,m;)" and M= (mi,...,myp) be patterns cor-

responding to the vectors b and b, respectively. By Proposition 3, if M = M, then Dj; =
CAﬂAMZCAﬂAM:D
It remains to prove that if Dy = D7, then M = M. Suppose that Dy = D7 Then, the pat-

terns (V1Meg(1), -+, VpMe(p))’ and (vlﬁza(l), .-+, UpMg(p))" both have the same subdifferren-
tial for any permutation o of (1,2,...,p) and any sequence (v1,...,v,) € {—1,1}?. Indeed,
if 7 = (nf,...,m,;)" € Cx maximizes (my,...,mp) (71,...,7p), then (Ulﬂ';(l) vaa(p))
maximizes (Ulmg(l) ce ,’Upmg(p)) (Ulﬂ'o(l) e ,Upﬂ'g(p)).

Hence we assume without loss of generality that my > m9o > ... > m, > 0, which implies
A= (M,...,\p) € Dy Since Dy = Dy, it follows from Corollary 20 that my > ... >
my > 0, because A € Dy;. The condition Dy = Dy also implies that || M || = || Mo and
that the kth cluster of M has the same size as the kth cluster of M, k=1,...,||M [[oo-
To see this, suppose that there is ¢ such that ml+1 =m; and m;1q1 < my;. Then, A =
(AL A1 Aig 1, Ay g2, .-, Ap)' € Dy and AW ¢ D3z, which is in contradiction to the
fact Dy = DM (the same argument applies to the case mz+1 < m; and m;41 = m;). To com-
plete the proof, suppose that m,, # m,,, say m, =0 and m, = 1. Then, (A1, A2, ..., A\p—1,0)’
isin Dy but not in D7, which is impossible. O
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A.2. Proofs from Section 5.

PROOF OF THEOREM 13. By Proposition 1, BELOPE is the SLOPE estimator of 3 in a linear
regression model (5.1) if and only if

(A3) = X! (Y, — X, BSOPEy c ¢y
and
(A4 Ubs, 7 = An,

where M,, = patt(35LOPE) and A,, = U|’M 1, An- By the definition of 7, we have
N _ _ * A 1 -1 1 *
BELOPE — (X! X)X Y, — (X, X,,) it = BOMS — <nX,’LXn> <7rn> :

Since in our setting 5918 is strongly consistent, 55LOPF 2% 3 if and only if
(n1X}X,) " (n~ 1) £ 0. In view of (5.5), we have (n 71X/ X,,)~! (n717) =50
if and only if n =17 =% 0.

Assume n A" = 0. By (A.3) we have 7% € Oy, and thus |7 ||oe < A", which gives

Tn g)\l——ﬂ)
n 00 n

Therefore, (5.6) implies that BSLOPE a8y 3.

Now assume that 5 # 0 and BSLOPE is strongly consistent, i.e. n~ 17} 2% 0. Then, (A.4)
gives

(A5) Pl lloe = [Uhs, mhlloo = 1R lloo = A"
provided M, # 0. Applying (A.3) for BSLOP £ =0, we note that M,,(w) = 0 if and only if
" X (W) Y (w) € Cpo1p, .

It can be easily verified that n ' X/ Y, % CB.
Since

1*
—T,

*
—T,
nn n

n

> 1(ar,=0)

[e.9]

lom,—0) =

1
‘nx,;yn

o0 o0

we see that for 3 # 0, we have M,, # 0 for large n almost surely. Thus, for 3 # 0 we eventu-
ally obtain for large n
U

— a.s.
n

o0

O
LEMMA 21. Assume that (&,)nen is a sequence of random variables, defined on the same
probability space, which converges in distribution to N(0,0?) for some o € (0, 00).

(i) For any real function with f(n) — oo,
— 0.
f(n)vlogn

(i) If &, are independent, then the sequence ( \/lgoﬂﬂ)" does not converge a.s. to Q.
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PROOF. Convergence in distribution to a continuous law implies the uniform convergence of
cumulative distribution functions. Thus, for any ¢ > 1 and N large enough we have

[e.9]

ZJ:V]P (f(nf%'()@ > 5) = nio;v (an (—ef(n) \/@) +1-F, (gf(n) \/@))

n—=

< 2¢ i (1 ) (Ef(n)\/@ﬂf)) :

n=N

where @ is the cumulative distribution function of N(0,1).
The assertion (i) quickly follows from the Borel-Cantelli Lemma and the well-known tail
inequality: 1 — ®(t) <t 'e~**/2/y/2m, ¢t > 0. Indeed, we have

212 ()

l—é(sf(n)\/@/a)gx/lz?gf(n)i/m<i N S%

for a positive constant ¢ and n large enough.

For (ii) we observe that the events A, = {
moreover

1€
Vlogn

> e}, n=1,2,..., are independent and

> (1-0(evorn)) ==

n=1

for any € > 0. Thus, the result follows again from the uniform convergence of cumulative
distribution function. O

LEMMA 22.  Assume that €, ~ N(0, 02 1,,) and that the sequence (Q,,),, of random matrices
Qn € R™*P satisfy

(A.6) %Q;Qn =% Co,

where Cy is a deterministic p X p matrix. If €, and Q.,, are independent for each n, then the
sequence (%Qgen)n of random vectors converges in distribution to N(0,%Cy).

PROOF. By the independence of (),, and €,,, we have for ¢t € RP,

E [exp <it/\/1%Q/n€n>} =K [exp <—;t/ <‘72:LQ/nQn> t>} — exp (—;t'J2C’0t> ,

where the convergence follows from the Lebesgue dominated convergence theorem. Indeed,
since @/, @y, is nonnegative definite, we have —t'Q/, Q,t <0 for any ¢ € RP. O

PROOF OF (5.7). First we rewrite s,, as
Sn= (X! X)) 1X! Y, — o (X! X)) A,

Since 8 = Upssg, we conclude X0 = XnUpsg = )N(n:so, so the linear regression model
(5.1) takes the form Y, = X,,s0 + &, Thus, (X! X,,)"1XY,, is the OLS estimator of sq.
Note that, with Q!, = n(X! X,,) 71 X/ € R"** we have

1 ~ -
~QnQn=n(X],X5) "1 =5 (UpCUM) ™ =1 Co,
A simple argument using Lemma 22 and Lemma 21 (i) shows that
1

o 1S 1
(X! X,) 1X;Yn:so+<\/ﬁ

NG

/ a.s.
Qnen | — so0.
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To complete the proof, we note that
an(X. X)) th=22 n@;f(n)—%] LA [(U]’WCUM)‘UX — 0.
n

O]
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