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INTRODUCTION 1.Fundamental parameters of stars

Measuring the fundamental parameters of stars, such as diameter, mass, rotation, effective temperature or age remains crucial for stellar physics. In particular this is necessary to properly characterize the host stars and discuss the evolution of the thousands of extrasolar planets that have been discovered from radial-velocimetry and transit observations. It is also important to combine the fundamental parameters with the stellar activity and asteroseismology through observational breakthroughs offered by the high-performance interferometers, spectrographs and photometers. The angular resolution provided by optical long baseline interferometry is crucial to constrain most of these fundamental parameters, including the proper separation between local and global velocity fields (Jankov 2011, and references therein).

Rapid rotators

In that context, rapid rotators are of specific interest. Rotation velocities close to the critical velocity are keys to understand mass loss and stellar winds. The geometrical flattening, coupled with gravity darkening (von Zeipel 1924a) -known as the von Zeipel effect-and the resulting lower luminosity and radiation pressure at the stellar equator, is also a key to shape the polar components of the stellar wind (Kervella & Domiciano de Souza 2006). The mechanisms amplified by rapid rotation, such as meridional circulation or turbulence, may affect the internal structure of the star and its evolution (Meynet 2009). The gravity darkening has a profound impact on the physics of the stars, with important observational consequences. For example, the models from Collins & Sonneborn (1977) indicate a two-component spectral energy distribution (SED) for these stars, with an infrared excess due to gravity darkening. Therefore, it is not easy to include these stars in a single spectral class, since the observed SED depends on their rotational velocity and inclination angle.

The most important parameters of a rapid rotator are :

• The equatorial and polar radii Req and R pol , respectively, which contains information about the size of the star;

• The stellar flattening Req/R pol , which is a key constraint on the gravity darkening effect and the differential rotation;

• The equatorial velocity Veq , which is connected to the kinematics of the stellar photosphere;

• The inclination angle i, which is the angle between the observation line of sight and the stellar rotation axis. This parameter provides the true spectral type due to the gravity darkening effect and influencing the nature of Be stars (see.g. Porter & Rivinius 2003);

• The gravitational darkening is mostly described by the coefficient β (e.g. Hadjara et al. 2014). This stellar parameter depicts the difference of temperature, luminosity and surface gravity between the equator and the poles;

• The rotation axis position angle PArot, which is the angle of the projected rotation axis on the sky, measured from north to east. It can give, together with the proper motion of the star, information on the protostellar cloud dynamics. The knowledge of this parameter is very important in mul-tiple systems, or in the presence of circumstellar material to constrain the evolution of the system.

Rapidly rotating star modeling for Differential Interferometry

Differential Interferometry (DI) is a technique based on information taken at different wavelengths. In the case of longbaseline interferometry, it uses spectrally dispersed fringes. This technique offers two major advantages: i) getting information beyond the instrumental angular resolution limit, and ii) measuring simultaneously spatial, spectroscopic and kinematics properties of the stellar surface, with angular diameter down to 0.1 mas, which is for example 100 parsec for Sun-like stars. Inspired by the early works of Labeyrie (1975) and Beckers (1982) proposed the Differential Speckle Interferometry technique, which uses the chromatic displacement of the speckle photocentre, given by the first-order term of the phase according to the MacLaurin series (Jankov et al. 2001). This technique has been extended to a wider range of wavelengths and applied to long-baseline interferometry by [START_REF] Petrov | European Southern Observatory Conference and Workshop Proceedings Vol. 29, European Southern Observatory Conference and Workshop Pro-ceedings[END_REF][START_REF] Petrov | NATO ASIC Proc. 274: Diffraction-Limited Imaging with Very Large Telescopes[END_REF] who established the fundamentals of the DI technique. For the first time, this allowed to separate spatial and spectral information of two stellar components forming the binary Capella [START_REF] Petrov | Complementary Approaches to Double and Multiple Star Research[END_REF]) and to measure the stellar rotation of the slow rotator Aldebaran using the photocentre displacement (Lagarde 1994).

The first theoretical general study of the DI technique was done by Chelli & Petrov (1995) to estimate the angular diameters, the rotation velocities and the position angles of the rotation axis of single stars, as well as the angular separations and the radial velocity differences of close binary systems. The DI offers the possibility to constrain these parameters simultaneously (Chelli & Petrov 1995).

It is imperative to mention the spectro-astrometry in this paper, because it is a method of photocentre measurement (Gravity Collaboration et al. 2018;Hadjara et al. 2018;Le Bouquin et al. 2009). The potential of this technique with very large telescopes is obvious, because the precision on the measurement of a photocentre improves as B × D (the interferometric baseline length times the telescope diameter) in the visible and as B × D 2 in the thermal IR or when we are limited by the detector noise [START_REF] Petrov | NATO ASIC Proc. 274: Diffraction-Limited Imaging with Very Large Telescopes[END_REF]. Several E-ELT instruments will provide spectro-astrometry mode like METIS (Brandl et al. 2008) or possibly HIRES (Maiolino et al. 2013). As well as two possible future VLTI visitor instruments, in J-band are in being studied/carried out currently, namely: BIFROST [START_REF] Kraus | VLT2030. ESO[END_REF], with a very rich spectro-astrometry program) and VERMILION (scientific white paper in prep.), with its new generation fringe tracker [START_REF] Petrov | VLT2030[END_REF]. The spectral resolution is also very important, for further study of the spectroscopic lines. Currently, at the VLTI, GRAVITY (Gravity Collaboration et al. 2017) offers a spectral resolution R ∼ 4500 in K-band, where AMBER (Petrov et al. 2007), before its decommissioning, was offering R ∼ 12000 at the same band. BIFROST and VERMILION expect to offer R ∼ 20000 to 30000.

Measuring the stellar rotation is essential : ignoring it can induce spurious conclusions, such as a mis-classification of the spectral type when the star rotates rapidly around its rotation axis, which has a strong influence on the emitted flux (e.g. Maeder & Peytremann 1972) and on the gravity darkening (von Zeipel 1924b), for example the reference star Vega, has been discovered to be a pole-on rapid rotator (Peterson et al. 2006;Aufdenberg et al. 2006).

Numerical models of fast rotators, possibly including their close stellar environment (CSE), are rather rare, very few of them being dedicated to optical interferometry :

• For the fast rotators only, let us mention: CHARRON (Domiciano de Souza et al. 2012a) and ESTER (Rieutord et al. 2016;Espinosa Lara & Rieutord 2013),

• For the CSE only, lets us mention : SIMECA [START_REF] Stee | EAS Publications Series[END_REF]), BE-DISK (Sigut et al. 2009), and the numerical model of [START_REF] Kraus | [END_REF] which studies the photocentre displacement of a Be envelope in local thermodynamic equilibrium from infrared interferometric measurements,

• For both the rotating stars and their disks, let us mention HDUST [START_REF] Carciofi | [END_REF], a radiative transfer code which produces spectra and intensity maps in natural and/or polarized light for CSEs of massive stars including gas and dust.

In this paper, we further describe in detail the methodology introduced by Hadjara et al. (2018). We study and discuss the limit and dependence of the photocentre defined by its angular coordinates ( α, δ ) that we deduce from the differential phase φ diff , to the relevant physical parameters of our numerical model SCIROCCO [START_REF] Hadjara | Proceedings of the Annual meeting of the French Society of Astronomy and Astrophysics[END_REF][START_REF] Hadjara | [END_REF](Hadjara et al. , 2014(Hadjara et al. , 2018)), using high spectral resolution interferometric data such as those obtained with the VLTI-AMBER in the K band (R∼12000) for a given star with any inclination angle (0 • ≤ i ≤ 90 • ). As an example, we chose to use a reference modeling star similar to Achernar, a Be star of spectral type B6V and an inclination angle i of about 60 • , but with a rotation axis position angle PArot = 0 • to simplify (as it is shown in Domiciano de Souza et al. 2012b). We show that, in the case of fast rotators, the polar photocentre displacement ( pol ) is sensitive to the gravity darkening, where the equatorial one ( eq) is sensitive to the stellar rotational velocity. This study allows us to determine the limits of application of photocentre displacements to fast rotators, and under which conditions we can use the photocentres and/or the differential phase, through a preestablished physical criterion. Then, we study and discuss the sensitivity of ( α, δ ) to relevant stellar parameters for an edge-on star (as an example, a reference modeling star similar to Regulus, which is a B sub-giant star of spectral type B8IV), with an PArot = 0 • and i ≈ 90 • (Hadjara et al. 2018), which allows us to study the impact of the gravity darkening coefficient β on ( α, δ ). The present paper is organized as follows:

• In Sect. 2, we introduce the differential phase (φ diff ).

• In Sect. 3, we show how and within which limits the vectorial right-ascension/declination photocentre ( α, δ ) can be deduced from the differential phase φ diff .

• In Sect. 4, we study the influence of relevant physical parameters on the photocentre displacement and on the flux, using our model of an Achernar-like star with an arbitrary inclination.

• In Sect. 5, we show the application of the photocentre displacement method to real data of Regulus.

• In Sect. 6, we discuss the photocentre displacement sensitivity to the key stellar parameters; Req, Veq, i, PArot, and β on our second modeling reference star, through the best results obtained from Sect. 5.

• In Sect. 7, we analyze and discuss our results.

• In Appendix. A, we explain a few important details about the modeling for fast rotators with SCIROCCO.

SIMULATED DIFFERENTIAL PHASE FOR RAPIDLY ROTATING STARS

The differential phase φ diff measured for the on-skyprojected interferometric baseline B(u, v), as function of spatial frequencies u and v, at the reference wavelength λ0 taken in the continuum, is defined as :

φ diff (u, v, λ) = arg (V (u, v, λ)) -arg (V (u, v, λ0)) , (1) 
where V is the object complex visibility. Although the phase arg (V (u, v, λ)) is not recovering well by interferometer due to atmospheric turbulence and lack of absolute reference, the differential phase φ diff is well retrieved. This quantity is directly connected to the chromatic displacement of the photocentre vector according to :

(λ) = - φ diff (u, v, λ) 2π √ u 2 + v 2 , (2) 
given by the first-order approximation of the McLaurin series of the phase (the demonstration, as well as the validity limits, of this development have been handled by Jankov et al. 2001).

In order to study the sensitivity α and δ (that we deduce from φ diff , and which are linked to the right ascension and the declination respectively) we use the numerical code SCIROCCO described in Hadjara et al. (2014), to various stellar parameters, as we did previously (Domiciano de Souza et al. 2012b) for a reference modeling star, at any inclination angle (0 • < i < 90 • ), similar to Achernar with the CHARRON code described in detail in Domiciano de Souza et al. (2012aSouza et al. ( , 2002)). Namely, here we use: Req = 11 R , d = 50 pc, Veq sin i = 250 km.s -1 , i = 60 • , M = 6.1 M , T eff = 15000 K, PArot = 0 • (northern direction), β = 0.25 (theoretical value for pure radiative stellar envelope according to von Zeipel (1924b)), without taking into account the differential rotation. In addition, we take into account the limb darkening effects to produce line profiles with KU-RUCZ/SYNSPEC stellar atmospheres model. These parameters correspond to Veq equal to 90% of the critical velocity Vcrit, Req/Rp = 1.4 and an equatorial angular diameter Θ = 2Req/d = 2 mas. Figure 1 shows the monochromatics intensity maps for a given Doppler shift across 3 wavelengths around the absorption Brγ line, adopting the stellar parameters given above (more details about features of this kind of figures have been well described by Hadjara et al. 2014;[START_REF] Hadjara | Proceedings of the Annual meeting of the French Society of Astronomy and Astrophysics[END_REF]Hadjara et al. 2018).

In the appendix A, we give more details about how the SCIROCCO code works, in particular on the flattened shape used of the fast rotating stars as well as on the line profile. 3 FROM φ diff TO THE PHOTOCENTRE COORDINATES

Deducing the photocentre coordinates

We deduce the photocentre coordinates ( α, δ ) from φ diff using elementary geometric projections as shown in Fig. 2. Let us call i and j the projections of the protocentre vector on the directions of the baselines i and j respectively (with the projection angles ηi and ηj respectively). We define the 2 "pseudo-coordinates" α,ij and δ,ij as :

α,ij = ( i sin ηj -j sin ηi)/ sin(ηj -ηi), ( 3a 
) δ,ij = ( j cos ηi -i cos ηj)/ sin(ηj -ηi), (3b) 
where i and j are the moduli of the projected vectors i and j, respectively. We can easily check these equations in Fig. 2, where (ηi, ηj)

= (0, π/2) → ( α, δ ) = ( i, j) and (ηi, ηj) = (π/2, π) → ( α, δ ) = (-j, i).
Note that the angle η is called the projection angle (PA) of the baseline (PA = η), and which is defined from north to east. Thus, from now onwards we will use the notation of PA instead of η, and ∆η = |ηi -ηj|, will be simply called ∆PA. Knowing that for any baseline n at each wavelength λ, the relation between the photocentre n(λ) and differential phase φn(λ), which is only satisfied for marginally resolved and unresolved objects (as demonstrated by Jankov et al. 2001, using the derivative and definite integral theorem to the Maclaurin expansion of the complex visibility function), is given by:

φn = - 2π λ n(λ) • Bn. (4) 
If we use more than 2 independent baselines, we deduce the mean coordinates of the photocentre displacement ( α, δ ) thanks to the weighted average, favoring the least noisy baselines, given by:

α(λ) = i,j>i α,ij (λ) V ar( α,ij (λ)) i,j>i 1 V ar( α,ij (λ)) , (5a) 
δ (λ) = i,j>i δ,ij (λ) V ar( δ,ij (λ)) i,j>i 1 V ar( δ,ij (λ)) , ( 5b 
)
where Var is the measured variance.

The absolute photocentre coordinates Eα and E δ , measured separately by single-aperture astrometry, is directly deducted from the monochromatic intensity maps I(x, y, λ), using the following formula:

Eα(λ) = α δ αI(α,δ,λ) α δ I(α,δ,λ) , (6a) 
E δ (λ) = α δ δI(α,δ,λ) α δ I(α,δ,λ) . ( 6b 
)
To keep the same convention as for φ diff in Eq. 1, which is zero on the continuum, E α,δ becomes:

E α,δ (λ) = E α,δ (λ) -E α,δ (λ0).
Unlike the absolute photocentre coordinates E α,δ which gives barycentric information on the global stellar image, α,δ gives the barycentric information depending on the baselines used. Thus, the (u,v) coverage should be distributed as regularly and densely as possible, especially for the fast rotators with their flattened shape. Note that the polar line profile is less deep than the equatorial one, which plays an important role on the final E α,δ (λ) values. As soon as we measure φ diff on two different baselines Bi and Bj (i = j), it yields an interferometric vectorial photocentre displacement (λ). To deduce the equatorial and polar photocentre displacement ( eq, pol ) from ( α, δ ), we must rotate the coordinate system by the rotation axis position angle PArot (idem for (Eeq, E pol ) from (Eα, E δ )):

eq = α cos PArot + δ sin PArot, ( 7a 
) pol = -α sin PArot + δ cos PArot, (7b) 
Which means that eq and pol are completely independent of PArot. Taking PArot = 0 • , α represents the equatorial photocentre displacement ( α = eq) and δ the polar one ( δ = pol ).

Discussing the photocentre displacements

Figure 3 shows a comparison between the absolute photocentre displacements E eq,pol (continuous black line) with the apparent interferometric photocentre displacements eq,pol (discontinuous coloured lines) for a projection angle i = 60 • , for only two baselines (B = 45 m), with ∆PA ranging from 5 • to 90 • by steps of 5 • . For simplification reasons, in this subsection we only use two baselines. Of course, the method can be used and extended to more baselines, thanks to Eq. 5, as is done in Sec. 5, and as was done by Hadjara et al. (2018) before. Fig. 3 (a) shows the wavelength dependency of eq pol . Fig. 3 (b) shows the vectorial photocentre displacement ( pol = f ( eq)), which is in shape of an arrowhead (further discussion are done about that on Sec. 5 and Appendix B). For readability reason, we only show the uncertainties of eq, because the uncertainties of pol cover all the frame, where both uncertainties are equal to 30 µas. The error on the photocentre displacements (σ = ±30 µas) was deduced before by Hadjara et al. (2018), from RMS of φ diff errors of AM-BER, in the continuum, for three VLTI baselines with an average length of B ∼ 75 m. The value of ±30 µas is considered as a good average error of both pol and eq over all differential VLTI instruments in the IR. Fig. 3 (c) depicts deduced PArot values, through a simple linear fit (with 90 • rotation) of the vectorial photocentre displacements (further details in our previous paper; Hadjara et al. 2018), which was initially set at PArot = 0 • for simplicity. Fig. 3 (c) shows the different differential visibilities corresponding to each baseline projection angle (PA). The longer baseline length (B) the lower is the visibility. Indeed, the polar visibility at PA = 0 • is lower than the equatorial one at PA = 90 • . As we can observe, independently of PA value, which affect single photocentre displacement projections, and the visibilities, the combination/averaging of photocentre displacement coming form couple(s) is completely independent form PA. The different plots of eq,pol as a function of PA are all superimposed on top of each other, for unresolved objects.

As we know, Eq. 4 is not at all satisfied for the resolved objects. In other words, the photocentre method could not be used then, where other terms of φ diff start to alter the interferometric photocentre displacement. Therefore, one of the main objectives of this study is to determine the resolution range in which the photocentre method remains applicable. Indeed, the equality E eq,pol ≈ eq,pol depends mainly on the angular size of the observed object (Θ eq,pol ), and relatively to the angular resolution λ/B). Thereby, we use Γ = Θ B λ as criterion for the limits of use of photocentre displacement in interferometry.

Thus, by varying Θ, B, and λ, allows us to determine the limit values of Γ , for which the photocentre displacement method is applicable, i.e. when the equality E eq,pol ≈ eq,pol is satisfied. We show, in Appendix B a few examples related to the case of a star similar to Achernar (Θ = 2.38 mas Hadjara et al. 2014), but with PArot = 90 • , and gravity darkening coefficient β = 0.25, observed in the K-band (at λ = 2.16570 µm), and for several values of B = 15, 30, 45, 60, 75, 90 until 150 m. Also, to study the sensitivity of Γ to the inclination angle, we set i = 30 • , 60 • , and 90 • . Therefore, and according to all our tests, which are represented by the sample of figures (B1-B2) gathered in Appendix B, we observe that the photocentre displacement method works only for quasi unresolved stars, with Γ ≤ 0.32, i.e. when the angular size of the observed object is approximately 30% less than λ B (Θ 0.3 λ B ). We add Fig. B2 in Appendix B, for a fixed baseline length (B = 150 m) and three different inclination angle values (i = 30 • , 60 • , and 90 • ), in order to illustrate the case of a more resolved star.

From averaging couple photocentre projections (Fig. 3 andFigs. B1-B2), we observe that the more the star is edgeon (i ∼ 90 • ) the higher the equatorial photocentre amplitude (because of the higher Veq sin i), and the lower the polar photocentre amplitude (because of the gradient contrast variations along the polar axis in function of i). Formally, the more edge-on the star, the wider the arrowhead shape, and in contrary, the more pole-on the star (i ∼ 0 • ), the sharper the arrowhead shape. Moreover, because of the intensity gradient caused by the gravity darkening effect, we observe that the polar photocentre amplitude is inversely proportional to the inclination angle.

Therefore, we conclude that the vectorial photocentre displacement method can be used (i.e. when E eq,pol ≈ eq,pol ) for Γ ≤ 0.32, which corresponds to quasi unresolved objects, with a visibility V ≥ 0.99. Beyond, i.e. Γ > 0.32, only φ diff data are usable. In other words the photocentre displacement method appears applicable only with unresolved stars. Of course, we can also use the "classical" differential phase method (φ diff ) in this case, but in terms of time computing, and when we have many baselines, on unresolved object, it is more efficient to use the vectorial photocentre displacements method. In contrary, for Γ > 0.32, only the "classical" φ diff method is useful.

The limit of Γ depends of course on the uncertainty that we have chosen (30 µas). But in practice, with real data, we must not forget the noise effect (SNR). We could extend the application of the photocentre displacement method to marginally resolved stars V ∼ 0.8 (i.e. Γ ∼ 0.64, as done before by Hadjara et al. 2018) and a difference of the projection angle (60 • ≤ ∆PA ≤ 90 • ), especially for edge-on star (with a very low amplitude of pol ).

DEPENDENCE TO MODEL PHYSICAL PARAMETERS

As in Domiciano de Souza et al. ( 2012b), here we use four interferometric configurations with two baseline lengths Bproj = 75 m and 150 m and two projection angles PA = 45 • and 90 • . In addition to the visibility modulus used for the reference modeling star, Fig. 4 shows the four (u, v) coverage points used in our simulation. The angular diameter of our first modeling reference star (Achernar-like) is of 2.38 ± 0.10 mas (Hadjara et al. 2014) and the angular resolution corresponding to our baselines Bproj = 75 m (Γ = 0.4) and Bproj = 150 m (Γ = 0.8) is of 5.96 mas and 2.98 mas respectively.

In this study, we use 4 interferometric configurations (of 2 telescopes), as shown in Fig. 4, which represents the visibility modulus used for our reference star (Achernar-like). Our objective is to study the dependence of the flux and photocentres displacement on relevant physical parameters of our model, namely: the stellar radius R, Veq sin i, inclination angle i, average effective temperature T eff , with and without limb-darkening, for different line profiles (Voigt, C2, in Appendix C below. We note that, in our case where PArot = 0 • , ( eq, pol ) = ( α, δ ) and (Eeq, E pol ) = (Ex, Ey).

For practical reasons, all the figures for this section are gathered in Appendix C. Thereby, and as we can observe in Figs. C1 andC2, we can classify the effect of the stellar parameters on photocentre displacements (or on φ diff ), thanks to differences of (∆ ) with respect to reference model, in three categories:

1a) The very sensitive parameters (∆ > 25%), which are the equatorial radius Req, PArot and the line profile linked to the analytic/stellar atmosphere modeling (Voigt versus Kurucz).

1b) The moderately sensitive parameters (10% ≤ ∆ ≤ 25%), which are Veq sin i, the inclination i, and the line profile linked to the analytic/stellar atmosphere modeling (Tlusty versus Kurucz, and the line profile linked to the latitudinal versus the regular aspect). 1c) And finally the less sensitive parameters (∆ < 10%), which are the mean effective temperature T eff , β,the both darkening (limb and gravitational).

The spectrum, on the other hand, is (the same, thanks to ∆s with respect to reference model):

2a) More sensitive (with ∆s ≥ 5%) to the line profile linked to the analytic/stellar atmosphere modeling aspect; e.g. Voigt-Kurucz. 2b) Moderately sensitive (with 1%≤ ∆s < 5%) to other kind of line profiles (Tlusty-Kurucz and linked to the latitudinal/regular aspect), Veq sin i, i.

2c) And finally, less sensitive (with ∆s < 1%) to Req, T eff , PArot.and to the limb-darkening.

It should be noted that the study of the influence of the line profile on the interferometric measurements allows us to demonstrate the important impact of this parameter. Indeed we demonstrate the impossibility of using a simple analytical profile in this kind of simulation (e.g. a simple and rough Voigt line profile). The comparison of SCIROCCO code with the photocentre displacements observations via a particular adjustment method (explained in the section below) to four free parameters (Req, Veq, i and PArot), reveal a important dependence of the Req and Veq dynamical parameters, which are also strongly correlated and related in the equation of degree of sphericity D (Domiciano de Souza et al. 2002):

D = R pol Req = 1 + V 2 eq Req 2GM -1 ≈ 1 - V 2 eq R pol 2GM , (8) 
where G the gravitation Cavendish-Newton constant and M the mass of the star. The parameter Veq is highly sensitive to the type of line profile (about 13%) of average difference between the Voigt line profile and the Kurucz/Synspec profile, while the geometrical parameters Req, i and PArot remain less sensitive to these profiles.

APPLICATION TO REGULUS

In this section, we discuss in more details our methodology of the photocentre displacements and its application to real spectro-interferometric data. In a previous paper about the fast rotator Regulus observed with VLTI/AMBER, Hadjara et al. (2018) deduced the best fitting parameters, namely: the equatorial radius Req = 4.16 ± 0.24 R , the equatorial rotation velocity Veq = 350 ± 22 km.s -1 , the rotationaxis inclination angle i = 86.4 ± 6.3 • , and the rotation-axis position angle PArot = 251 ± 2 • , from differential phase data (φ diff ), using a χ 2 minimization and the Markov Chain Monte Carlo method (MCMC) method (Haario et al. 2006). Hadjara et al. (2018) showed the final results through corresponding photocentre displacements ( eq, pol ). They also noticed a slight dissymmetry on the observed photocentre displacements, between the red and the blue wings. This dissymmetry was caused by calibration issue in wavelength of a differential phase measurement over the six ones used. By fixing this issue, and enhancing the wavelength calibration for the spectrum as well, we obtained symmetric data and centered around the Brγ line, as shown in in Fig. 5 below.

Also, Hadjara et al. (2018) did not take into account the slight slope seen with the observed ( eq, pol ), which is caused by an instrumental bias related to the spectrograph of AMBER, and that we treat and fix in the current section. Thereby, we fix this bias by a simple linear fit on the continuum, which we remove at the end, as shown in Fig. 6 below. Thereby, Fig. 7 shows the final perpendicular right ascension and declination photocentre displacements ( α, δ ), and their equivalent equatorial-polar photocentre displacements ( eq, pol ), deduced by rotation thanks to the rotation-axis position angle (PArot; Hadjara et al. 2018). The RMS error per spectral channel has been measured in the continuum outside the spectral line and found to be ∼ 30µas on any projection. Once these corrections were made, the plot of our best modeling of equatorial-polar photocentre displacements ( pol = f ( eq)) is an arrowhead-shaped curve, as shown in the Fig. 8 below, with their new MCMC results. This arrowhead shape characterizes fast rotators. For edgeon rotators (i.e. i ∼ 90 • ), the faster the stellar rotation, the wider the arrowhead shape (as shown previously in Sec. 6). Fig. 9 shows the covariance matrix of pairs of parameters, with their histogram, that were obtained by the MCMC method, with these new corrected photocentre displacements. We used exactly the same algorithm, configuration and starting input parameters as in Hadjara et al. (2018). We found the following correlation coefficients (in descending order) : ρ(i, PArot) = 0.1765, ρ(Req, PArot) = 0.0128, ρ(Req, i) = -0.0473, ρ(Veq, PArot) = -0.1486, ρ(Req, Veq) = -0.1837 and ρ(Veq, i) = -0.2349. When ρ(A, B) > 0, the correlation is proportional (A and B increase or decrease together), and when ρ(A, B) < 0 the correlation is inversely proportional (A increases when B decreases and vice versa), e.g. the case of Req and Veq, because of angular momentum conservation. Note also that the correlation coefficients of all our free MCMC parameters are symmetric (i.e. ρ(A, B) = ρ(B, A)).

These MCMC results are consistent with those given in a previous paper (see MCMC section of Hadjara et al. 2018). The equatorial velocity Veq is more consistent with previously published results, and Req is slightly higher but both, within their uncertainties, are closer to previous results found in the literature, compared to Hadjara et al. (2018), especially for Veq.

These results were obtained by using differential phases (φ diff ) and spectrum data. But dealing with the two photocentre displacements ( α, δ ) instead of the 6 values of φ diff , in addition of the spectrum values, we obtain the results (Hadjara et al. 2018, and references therein). This slight difference of visible south/north poles could be explained by the fact that Regulus is marginally resolved (V∼0.8 to 0.9), and the photocentre displacements method works only for unresolved cases (V∼1). Note also that PArot-values are the same (i.e. ∼ 252 • ) in both studies. Figure 11 depicts a comparison between observations and the best MCMC minimization parameters model, through the two photocentre displacements ( α, δ ) and spectrum, over the AMBER spectrum of Regulus in the Brγ line, the equatorial-polar photocentre displacements ( eq, pol ), and ( pol = f ( eq) respectively. Unlike the Fig. 8, where the arrowhead points down, because of visible north pole, the arrowhead of Fig. 11 points up (visible south pole). For this reason, the pol displacement have opposite signs in Fig. 8 (positive) and in Fig. 11 (negative). Because of the von Zeipel effect, the polar photocentre displacement ( pol ) is always higher at the center of the line. For visible north pole, and as we can observe in Fig. 7, ( pol ) increases from the red wing continuum until the line's center before decreasing again to the blue wing continuum. But in the case of visible south pole, as we can observe in Fig. 11, ( pol ) decreases from the red wing continuum before increasing at the line's center, then it decreases before it increases again to the blue wing continuum, which explains the loops that can be seen on the sides of the arrowhead pointing up of Fig. 11, and their absences on the arrowhead pointing down of Fig. 8. These "loops" disappear at an inclination angle i ≥ 10 • (visible south pole), when the intensity/temperature gradient is more pronounced on pol , as we can observe in Fig. 12.

In the next section we study the sensitivity of the vectorial photocentre displacement to the main key parameters of the fast rotators, namely: Req, Veq, i and PArot for the case of Regulus, where the line profile varies along the co-latitude θ according to the β-value.

SENSITIVITY TO REQ, VEQ, I, PAROT, AND β

In this section we use the SCIROCCO code to model the almost edge-on fast rotator Regulus (using the best-fitting parameters given by Hadjara et al. 2018, with i = 86.4 • ), in order to study the sensitivity of the differential photocentre to Req, Veq, i, PArot, and especially to the gravitational darkening parameter β. Indeed, an edge-on fast rotator allows a better study of the gravity darkening parameterr on the photocentre displacements. In Fig. 12 we illustrate the effect of our key parameters (Req, Veq, i, PArot, and β) on the photocentre displacement, for Regulus with a line profile which varies along the co-latitude θ according to β-value (as we did on Hadjara et al. 2018). An important and complementary section of discussion (Sec. 5) allows a better comprehension of the results shown below.

In the panels 12a, 12b and 12c we see the effect of the inclination, the equatorial velocity and the gravitational darkening on a plot of the photocentre location as a function of wavelength. The vertical axis is in the polar direction and the horizontal one in the equatorial direction. It is obvious that all these curves are symmetric with respect to the polar axis. This confirms that the position angle of the rotation axis can be measured independently from all other parameters, for example by a linear fit through all photocentre points as we did in the previous paper (Hadjara et al. 2018).

Note that all photocentre displacement are proportional to the stellar angular radius. However, panels 12a and 12b show that the total amplitude of eq (the width of the curves) is independent from Veq sin i within a large range of velocities and inclinations. Panel 12c also shows that the sensitivity of this amplitude A eq to the gravitational darkening parameter β is not negligible. We should therefore have access to an accurate measure of Req from the equivalent width of eq(λ). Here the total amplitude A eq ≈ 400 µas and the average width of the figure 12a can be roughly estimated to be A eq /2 ≈ 400µas. If we combine all 141 measures in the line with independent errors of 30 µas we get a global error on the half amplitude of 2.5 µas and a relative error of 1.25% on the angular radius, with little influence from the other parameters discussed here. Panels 12b and 12a show that the velocity and inclination together, i.e. Veq sin i mainly changes the polar amplitude A pol , which increases with |90 • -i| for 45 • as maximum in panel 12a. Around 350 km.s -1 , the variation A pol /Veq sin i ≈ 0.05 µas/km.s -1 yields a very large error on the radial velocity σV eq sin i ≈ 50 km.s -1 in panel 12b. The photocentre measurements that we use here provide a poor constraint on the equatorial velocity. However, for a fixed Veq sin i constrained by the line profile broadening, A pol varies substantially with the inclination i. Panel 12a shows that for 80 • < i < 90 • , the average amplitude A pol changes by typically 1 µas/ • . This leads to an accuracy σi ≈ 2.5 • in the inclination, if all other parameters are well constrained.

CONCLUSIONS AND DISCUSSION

We have established in this paper the general formalism of the photocentre displacements and studied the impact of some relevant physical parameters for rapid rotators, using the semi-analytical model (SCIROCCO).

We show that even with a poor (u, v) coverage (e.g. in Hadjara et al. 2018, and in Sec. 5), our method allows to obtain important information from photocentre displacements α,δ . Indeed, two different baselines are sufficient for the use of the vectorial photocentre displacement method. On fully unresolved targets, φ diff reduces to the measurement of the vectorial photocentre displacement , that is accessible as soon as we have two different baselines, preferably nearly orthogonal for SNR optimization.

We classify in three categories the stellar parameters impacting the photocentres displacements (Fig. C1 andC2). The very sensitive parameters (∆ > 25%) such the equato-Table 1. Limiting and achieved accuracy for the parameter β = 0.165 ± 0.009 of Regulus with data used in this study (Hadjara et al. 2018, more details in Sec. 5). The "best possible accuracy" is given for the estimation of a parameter from the alone or with the spectrum s(λ), when we assume that all other parameters are known. rial radius Req, PArot and the line profile linked to the analytic/stellar atmosphere modeling (Voigt versus Kurucz). The moderately sensitive ones (10% ≤ ∆ ≤ 25%) as the Veq sin i, the inclination i, and the line profile linked to the analytic/stellar atmosphere modeling (Tlusty versus Kurucz, and the line profile linked to the latitudinal versus the regular aspect). And finally the less sensitive parameters (∆ < 10%) which are the mean effective temperature T eff , β,the both darkening (limb and gravitational). The spectrum, on the other hand, is more sensitive (with ∆s ≥ 5%) on the line profile (concerning also the analytic/stellar atmosphere modeling aspect; Voigt-Kurucz), which was expected because the line profile approximation affects the spectrum. However, the spectrum is less sensitive (with ∆s < 5%) to other kind of line profiles, and to the darkenings, Req, Veq sin i ,i, PArot, T eff and β.

Parameter

The photocentre displacement is a powerful tool for studying the poorly resolved critical/fast and slow rotators. Indeed, in the case of critical/fast rotators, the approach that we propose (for poorly/marginally-resolved stars) allows to simultaneously constrain the rotation-axis position angle PArot, estimate the range of the rotationaxis inclination angle i, and under certain conditions the gravity-darkening coefficient β (Hadjara et al. 2018). On the other hand, in the case of slow rotators (Veq sin i ∼ 30 -50 km.s -1 ), all fundamental key parameters, except i (i.e. Req, Veq sin i, and PArot) could be determined with acceptable uncertainties (1-2σ) by our method. Indeed, without a rapid rotation, there is no strong gravity darkening (von Zeipel) effect, and we can not estimate separately Veq and i from the Veq sin i. Therefore, the only solution to deduce the exact flatness shape from slow rotators is to use a dense (u, v) coverage with the differential visibility (which contains angular size information, as done by Domiciano de Souza et al. 2003). This method could be applied to AGNs too.

We have computed the limits of accuracy of the radius Req, inclination angle i and rotation-axis position angle PArot parameters are that we could achieve with our quality of data and this numbers are summarized in Table 1 here above. We conclude that SNR is insufficient to give a significant direct constraint on β from a fit of our data. To hope to constrain β, we need at least an SNR 10 to 15 times better.

Finally, we have defined a criterion Γ which helps to determine the application limits of the photocentre displacement method on fast rotating stars with gravity darkening effect. We demonstrated that for Γ ≤ 0.32 (which corresponds to unresolved objects V ≥ 0.99) this method is applicable, no matter the value of ∆PA for couple baselines combination/averaging, and in condition of perpendicular baselines (∆PA ∼ 90) for single photocentre projections. Beyond, i.e. Γ > 0.32, only φ diff data are usable. Also, we proved using observed spectro-interferometric data (under certain conditions summarized in Sec. 5, and applied previously by us in Hadjara et al. 2018), that the application field of this method can be extended to marginally resolved stars, i.e. V ∼ 0.8, which corresponds to Γ ∼ 0.64). No matter the value of ∆PA for couple baselines combination/averaging and when 60 • ≤ ∆PA ≤ 90 • for single photocentre projections, especially for edge-on stars. The only relevant incompatibility that we noticed, with respect the literature results, corresponds to the inclination angle i (south pole apparent instead of the north one). Thus, to say that all key parameter information are entirely contained in the vectorial photocentre displacement, which can be measured as soon as there are two non-collinear bases is completely justified, even with a relatively bad SNR. On the other hand, the use differential phase is suitable only for Γ ≥ 0.64 with uncertainties, (when the object is resolved; i.e. V ≤ 0.99).

Therefore, the estimate of PArot is possible with both methods, which opens a wide perspectives of studies, such as the determination of the ecliptic plane of targets and thus properly characterize and predict the evolution trajectory of the thousands of extra solar planets that we discover from radial-velocimetry and occultation observations, as well as the dynamical study of clusters evolution by comparing the PArot of their star.

APPENDIX A: MODELING FAST ROTATORS WITH SCIROCCO

In contrast to the CHARRON code (Domiciano de Souza et al. 2012a), which uses the pure Roche model to compute the shape of the rotating star, the SCIROCCO code uses the simple Jacobi ellipsoidal model, as the HDUST code does [START_REF] Carciofi | [END_REF], which makes the two last codes much lighter and faster. Figure A1 shows the differences between the Roche and the ellipsoidal models. Although replacing the Roche model with that of the Jacobi ellipsoid does not seem to be theoretically the best approach for early-type stars, which are all centrally condensed, the angular size results of the two approaches remain the same in the limits of uncertainties (e.g. The results on the same observed VLTI/AMBER data of Achernar using CHARRON by Domiciano de Souza et al. 2012b and through SCIROCCO by Hadjara et al. 2014).

SCIROCCO uses the pseudo-Voigt analytic function with 6 parameters (PVoigt6). The mathematical function that best fits the absorption line profiles is given by : PVoigt6(λ, θ) = a6(θ)(L(λ, θ) + (1 -a6(θ))G(λ, θ)), (A1) where θ is the co-latitude, and G and L are the Gaussian and Lorentzian functions respectively, given by : The equality E eq,pol ≈ eq,pol is clearly satisfied for Γ ≤ 0.32, independently from ∆PA-value. The grey error bars corresponds to the measurement error of the photocentre displacements ∼ 30 µas, as deduced before in a previous work (Hadjara et al. 2018). V-value on each panel represents the average visibility over all PAs. 

Figure 1 .

 1 Figure 1. Monochromatic intensity maps simulated by SCIROCCO, with the physical parameters of the reference model similar to Achernar (see text for details), for 3 different wavelengths. The red crosses show the global/astrometric photocentre position (explained in Sect. 3) corresponding to each wavelength, while the green crosses depict the photocentre position in the continuum.

Figure 2 .

 2 Figure2. The photocentre vector projected on two interferometric baseline directions η i and η j ( i and j ) and projected on the right ascension and declination directions ( α and δ respectively).

Figure 3 .

 3 Figure3. Absolute photocentres E eq,pol (in black) and photocentres coming from the (u,v) coverage eq,pol (in colours), around the Brγ line, for different position angle differences between two baselines (∆PA, where each value corresponds to a specific colour on the top of each plot). a) eq and pol as a function of the wavelength. b) The vectorial photocentre displacement. The gray transparent box depicts the error of 30 µas amplitude related to the measurement of eq,pol . For aesthetic reasons we plot here only eq errors. c) Values of PArot, which are obtained by a simple linear fit of the vectorial photocentre displacements. d) Corresponding differential visibilities at each baseline projection angle (PA).

Figure 4 .

 4 Figure 4. (u,v) coverage and module of visibility of the reference model star similar to Achernar.

Figure 5 .

 5 Figure 5. Left: Effect of the wavelength calibration issue on the differential phase. Before the correction (top) and after the correction (bottom). The smooth thin green curve superimposed on the observation show the best φ diff model at this (u,v) coordinate. Right: AMBER spectrum of Regulus in the Brγ line. The dashed thick red curve is the raw spectrum showing two telluric lines. The full thick blue curve is the Regulus spectrum, with its error bars in green. The thin dark line represents our best model.

Figure 6 .

 6 Figure 6. Left: Observed perpendicular right ascension and declination photocentre displacements ( α, δ ) in red thick curves, and their simple linear fits at the continuum in blue lines. Right: The same as in left plots, but in addition, corrected ( α, δ ) in superimposed black lines (after removing the left blue lines deduced by a simple linear fit on the continuum).

Figure 7 .

 7 Figure 7. Left: The perpendicular right ascension and declination photocentre displacements ( α, δ ) as red thick curves for the observed data. The smooth thin black curves superimposed on the observations show the best-fitting φ diff (new MCMC results below). The two perpendicular dashed lines represent the zero-point for the photocentre displacement axis and the central wavelength (λ = 2165.7 nm) of the Brγ line. Right: The equivalent equatorial-polar photocentre displacements ( eq, pol ).

Figure 8 .

 8 Figure 8. Best modeling of vectorial photocentre displacement ( pol = f ( eq), which is in shape of arrowhead.

Figure 9 .

 9 Figure 9. MCMC covariance matrix distribution results for the four free parameters (Req, Veq, i and PArot) of Regulus, using six differential phases and spectrum data. The red point and line show the best recovered parameters, the average of the last MCMC run. The scatter plots show the projected two-dimensional distributions of the projected covariance matrix (coloured points) by pair of parameters. The colour bar represents the distribution of the points around the average, following the variance σ 2 . The histograms show the projected one-dimensional distributions, with solid red lines representing the best recovered parameters and dashed red line the uncertainties.

Figure 10 .

 10 Figure10. Same as Fig.8, but using two photo-centre displacements ( α, δ ) and the spectrum data.

Figure 11 .

 11 Figure 11. Comparison between observations and the best MCMC minimization parameters model, through the two photocentre displacements ( α, δ ) and spectrum, Top: over the AMBER spectrum of Regulus in the Brγ line. Bottom: The equatorial-polar photocentre displacements ( eq, pol ). Right: Best modeling of vectorial photocentre displacement ( pol = f ( eq).

Figure 12 .

 12 Figure 12. Top-Left (Fig. 13a): Sensitivity of the photocentre displacement to the inclination i with an enhancement of the polar scale, for the parameters of our best model (Req = 4.16 R , Veq = 350 km.s -1 , i = 86.4 • , and P Arot = 251 • ; see Sec.5 of our previous paper Hadjara et al. 2018), which are close of those used by Che et al. (2011), including β ≈ 0.16. The error box with 30 µas edges represents the error of each spectral measure of . Top-right (Fig. 13b): Sensitivity of the photocentre displacement to the equatorial velocity Veq. Same plots as in Fig. 13a for i = 86.4 • and various values of Veq. The error box with 2.5 µas represents the minimum error on the mean amplitude of eq or pol estimated from all channels in the line. Bottom-Left (Fig. 13c): Sensitivity of the photocentre displacement to the gravitational darkening parameters β. Same plot as in Fig. 13a with i = 86.4 • , Veq = 350 km.s -1 and β ranging from 0.05 to 0.25. Bottom-Right (Fig. 13d): The equatorial and polar photocentre displacements for different Veq with the same parameters than in Fig. 8b.

Figure B1 .

 B1 Figure B1. Vectorial photocentre displacement, for a star similar to Achernar (with PArot = 0 • and β = 0.25), around Brγ (K-band), for various inclination angles i from 30 • to 90 • , and several baseline configurations B from 15 to 90 m, and different values of projection angle differences (∆PA from 5 • to 90 • in different colours). The absolute vectorial photocentre E eq,pol is represented in black line. In each panel, we indicate the value of our criterion Γ = ΘB λ .The equality E eq,pol ≈ eq,pol is clearly satisfied for Γ ≤ 0.32, independently from ∆PA-value. The grey error bars corresponds to the measurement error of the photocentre displacements ∼ 30 µas, as deduced before in a previous work(Hadjara et al. 2018). V-value on each panel represents the average visibility over all PAs.

Figure B2 .

 B2 Figure B2. Same as Fig. B1, but for a fixed baseline length (B = 150 m) and three different inclination angle values, namely: i = 30 • , 60 • , and 90 • .

Figure C1 .

 C1 Figure C1. Top: Dependence of simulated spectrum and perpendicular photocentres displacements ( α and δ ) on Req, Veq sin i, i, P Arot, T eff and β (solid line: tested model; dashed line: reference model as described above).
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G(λ, θ)

The coefficients a1 to a5 are those of the Gaussian and the Lorentzian functions respectively (absorption lines), a6 is the coefficient of the pseudo-Voigt function, and λc is the the central wavelength of the spectral line.

Figure A2 shows the results of the numerical fit of the 6-parameter pseudo-Voigt function on the SYNSPEC profile obtained with the KURUCZ photospheric model for 2 line profiles (at the equator and at the poles). The great advantage of this method is to get very good line profiles for any wavelength with no need of interpolation, decreasing notably the computing time. Note that the photocentre displacement is roughly proportional to the line-to-continuum amplitude ratio (Chelli & Petrov 1995). An error of 1% in the line profile corresponds to an error of 1% in the photocenter displacement, which is much lower than the measurement uncertainty.

APPENDIX B: LIMITS OF PHOTOCENTRE DISPLACEMENTS

We gather here all additional figures discussed in Sec. 3.

APPENDIX C: DEPENDENCE ON PHYSICAL PARAMETERS

We gather here all figures discussed in Sec. 4. We observe that the interferometric photocentre displacements (in ), which are typical values attained with VLTI/AMBER. These wavelengths and baselines result in visibility amplitudes between 0.6 and 0.9 for the studied stellar models, corresponding to a partially resolved star. While Veq sin i changed from 250 km.s -1 to 200 km.s -1 . The values of the tested and reference models differ by (∆ = 23%, ∆s = 1.3%) for Veq sin i. Fig. C1 (middle) is similar to the upper figures but for the dependence of spectrum and perpendicular photocentres displacements ( α and δ ) on i and T eff . i changed from 60 • to 90 • and PArot from 0 • to 45 • . The values of the tested and reference models differ by (∆ = 9%, ∆s = 0.5%) for ı and by (∆ = 95%, ∆s = 0%) for PArot. Fig. C1 (bottom) is similar to the upper figures but for the dependence of spectrum and perpendicular photocentres displacements ( α and δ ) on T eff and β. T eff changed from 15000 K to 20000 K and β from 0 to 0.25. The values of the tested and reference models differ by (∆ = 9%, ∆s = 0.5%) for both T eff and β .

Fig. C2 (top) is similar to Fig. C1 but for the dependence of simulated spectrum and perpendicular photocentres displacements ( α and δ ) with different line profile sets. On the left panel it shown the dependence on"the line profile type", where the solid line is related to line profile obtained with Voigt line profile; and the dashed line to the line profile obtained with Kurucz/Synspec. On right panel the solid line represents the line profile obtained with MNRAS 000, 1-?? (2022)