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Thermal stress due to mismatched coefficients of thermal expansion is a problem that has challenged the electronics packaging industry for decades. Analytical solutions are available in the literatures for a tri-material in which the sandwiched layer is a continuous layer. This author has earlier presented a solution for the sandwiched layer constituted of discrete interconnects; however, the solution ignores the shear deformation of the substrate layers. This paper removes the above assumptions and provides closed-form solutions for the shear, bending, and axial stresses in the sandwiched layer, as well as the in-plane stress in the substrate layers. The solutions are applicable to printed circuit board (PCB) assemblies constituting of an integrated circuit (IC) component, solder joints, and the PCB or to an IC component of tri-material layer structure. The solutions have been successfully validated with finite element analysis. Design analyses based on the analytical solutions have been performed for the shear and peeling stresses in the interconnects, the tensile fracture of IC chips due to in-plane stress, and the warpage of the IC component.

I. INTRODUCTION

S INCE its introduction to the aerospace industries in the six- ties, finite element analysis (FEA) has seen phenomenal growth, propagating from its original application in structural mechanics to field problems including heat transfer, fluid mechanics, and electromagnetics [START_REF] Zienkiewicz | The Finite Element Method[END_REF], [START_REF] Bathe | Finite Element Procedures[END_REF]. Despite its relatively late introduction to electronics packaging in the mid eighties [START_REF] Groothuis | Computer aided stress modeling for optimizing plastic package reliability[END_REF], FEA has become an indispensable modelling tool for the electronics packaging industry. Unlike the early day when FEA was typically performed by an analyst with specialized skills, and good understanding of the physics, the widespread adoption of FEA commercial software has turned it into a black box for many users. This has inevitably increased the risk of erroneous analysis, which might be masked by the impressive post processing. The importance of understanding the physics of the problem cannot be over emphasized.

While it cannot match the accuracy of FEA, analytical solutions serve the important function of providing insights into the physics of a problem. The pioneering work on the development of analytical solutions for electronics packaging can be traced to Suhir [START_REF] Suhir | Thermal stress failures in microelectronic components-Review and extension[END_REF], who modeled the integrated circuit (IC) component-adhesive-printed circuit board (PCB) as tri-layers and developed an elegant closed-form solution for shear and peeling stresses along the interfaces of the assembly due to mismatched thermal expansions. However, the solution for the peeling stress violates global equilibrium [START_REF] Jiang | Thermal stresses in layered electronic assemblies[END_REF]. This has led to the refined solutions by Jiang [START_REF] Jiang | Thermal stresses in layered electronic assemblies[END_REF], which was subsequently extended by Wang [START_REF] Wang | Interfacial shear stress, peeling stress, and die cracking stress in trilayter electronic assemblies[END_REF] for periodic boundary condition. However, in these analyses, the sandwiched layer was modeled as a continuous layer; thus, the solution are suitable for a sandwiched layer such as an adhesive, but may not be suitable for a sandwiched layer made of discrete elements such as solder joints. In an earlier paper by this author [START_REF] Wong | Derivation of interconnect stress in PCB assembly subjected to mismatched thermal expansion[END_REF], a simple closed-form solution was derived that modeled the discrete interconnects as a layer of elastic springs capable of transferring axial, shear, and bending loads. However, the solution ignored the shear deformation of the IC component and the PCB, which will be significant for interconnect of short standoff. In this paper, the shear deformations of the two members have been included. Note that while a PCB assembly is regularly referred to as the tri-layer structure in the texts, the solution is equally applicable to an IC component and any other tri-layer structures.

II. REVIEW OF PRIOR WORK

A. Suhir's Solutions for a Continuous Sandwiched Layer [START_REF] Suhir | Thermal stress failures in microelectronic components-Review and extension[END_REF] Suhir modeled the top and bottom layers as beams that are capable of both rotational and shear deformation, and the sandwiched adhesive as a compliant elastic layer. Assumed that the three layers shared a common radius of curvature, he derived the following equations for the shear and peeling stresses in the adhesive:

(1) (2)
The symbols , and are the thickness and flexural rigidity of the members respectively, where the subscripts 1, 2, 3 represents the IC component, the PCB, and the adhesive, respectively;

is the differential coefficient of thermal expansion (CTE) between member #2 and #1;

is the temperature excursion experienced by the system; L is the half-length of the trilayer structure. The symbols , are the in-plane compliant, shear compliant, and characteristic constant, respectively of the structure. For plane strain condition, , , , . The terms and becomes unity for plane stress condition.

B. Jiang's Solutions for a Continuous Sandwiched Layer [5]

Jiang modeled the top and bottom layer as Euler beams and the sandwiched adhesive as a compliant elastic layer, and established the following differential equations for the shear and peeling stresses in the adhesive:

(3) (4) where for plane strain condition. He combined (3) and ( 4) and ignored the low order terms to arrive at the equation for shear stress [see [START_REF] Jiang | Thermal stresses in layered electronic assemblies[END_REF]] and peeling stress [see ( 6)]

(5) where is the shear modulus of the adhesive; , , and

where and 0 for plane stress condition.

C. Wong's Solutions for a Discrete Sandwiched Layer [7]

Wong modeled the top and bottom layer as Euler beams and the sandwiched layer as a slab of distributed springs that are capable of transferring axial, shear, and moment load. By ignoring the shear deformation of the top and bottom members, he established two simplified differential equations for the axial and shear stresses in the sandwiched layer for discrete interconnect, where is the number of discrete interconnect per unit area and is the cross-sectional area of a single interconnect;

1 for a continuous sandwiched layer.

The solutions to the differential equations led to the following analytical equations for the distributed shear stress, moment, and axial stress in the interconnects 

III. DERIVATION OF EQUATIONS AND SOLUTIONS

A. Basic Equations

The free-body diagrams of the PCB assembly are illustrated in Fig. 1. The PCB and the IC package are modeled as beams that are capable of rotational and shear deformation; and the interconnects are modeled as a slab of distributed springs that is capable of transferring axial, shear, and moment load. The elemental representations of the IC package, the PCB, and the interconnect are given in Fig. 2.

Applying the elemental equations of equilibrium derived in Appendix A to the members in Fig. 2 

B. Governing Equations 1) Axial Deformation of the Interconnects:

The axial stress along the interfaces and in the interconnect is given by Appendix B as

(B4)
where , the axial deformation of the interconnect in the -direction, is given by Appendix B as

(B2)
where is the through-thickness compliant of member in the -direction.

The -deflection of the members consists of two components-one attributed to bending and another attributed to shear. That is,

. Substitute this into (B2) and differentiate repeatedly with respect to gives (19) where is the equivalent -compliant of the system. The first term on the RHS of (19) may be evaluated by combining (13), (15), and (18) (20) and taking the difference between the members to give (21) where is the differential compliant of the system and is the equivalent flexural compliant of member #1 and #2. The second term on the RHS of (19) may be evaluated using (C4) of Appendix C to give where , the shear deformation of the interconnect in the -direction, is given by Appendix B as (B1) Combining ( 14) and ( 16) (24) and taking the difference between member #2 and #1 gives 

C. Interconnect Stresses

We shall proceed by ignoring the two terms for shear force, , on the right hand side of (29), which we shall show to be negligible in Section IV. Thus (30)

The solution to (30) gives the shear stress in the interconnect as (31) where the constant can be evaluated as follows: From (25)-( 27 where , , and are the diameter and second moment of area of the cross section of the interconnect. The ratios and give the effective cross-sectional area and effective section modulus of the interconnect, respectively.

IV. VALIDATIONS

The analytical solutions developed in Section III are validated against the finite element analysis in this Section. Comparisons are also made with the solutions of Suhir [START_REF] Suhir | Thermal stress failures in microelectronic components-Review and extension[END_REF] and Jiang [START_REF] Jiang | Thermal stresses in layered electronic assemblies[END_REF]. The basic dimensions and material properties of the model used for validations are tabulated in Table I. The applied and derived parameters, including those appeared in [START_REF] Suhir | Thermal stress failures in microelectronic components-Review and extension[END_REF]- [START_REF] Wang | Interfacial shear stress, peeling stress, and die cracking stress in trilayter electronic assemblies[END_REF] are tabulated in Table II. Two different dimensions of the solder interconnects are to be modeled and are indicated in the Tables. The units for individual parameter are listed below the table.

Three validation analyses were performed using two FE models. The first two analyses model the interconnects using a layer of solid plane finite element and serves to validate the equations for the distributed shear and axial stresses, and . The third analysis models the discrete interconnects using beam elements and serves to validate the equations for the average shear and bending stresses, , and . Plain stress conditions were defined in the three analyses.

A. FE Model 1: Validation of and

The first FE model is shown in Fig. 3(a), which shows a symmetric half of the PCB assembly. The PCB and the IC component were modeled with 50 10 quadratic plane elements while the interconnect layer was modeled with 50 5 quadratic plane element. In order to simulate the interconnect as consisting of a slab of spring elements that are incapable of transferring lateral forces, the plane elements in the interconnect layer were defined with orthotropic material properties wherein the lateral elastic modulus ( and ) and the out-of-plane shear modulus ( and ) have been assigned with a negligible value compares to its transverse modulus and its in-plane shear modulus . In order to define a smeared properties for the discrete interconnects, the elastic modulus and the shear modulus were multiplied by a factor given by where is the cross-sectional area of a single discrete interconnect, b is the width of the PCB assembly in the FE model, and is the pitch between two neighbouring interconnects, assuming the interconnects were uniformly distributed.

Two analyses were performed using this FE model for two separate dimensions of interconnects. Analysis I had interconnect of 0.5 mm in diameter and height and a pitch of 1 mm. Analysis II had interconnect of 0.1 mm in diameter and height and a pitch of 0.2 mm. The shear stress along the top surface of the interconnects for the two analyses are depicted in Fig. 3(b) and Fig. 3(c), and the FE results are compared with the results from the analytical equations. The results from the analytical equations compared reasonably well with the FE results, except near the free edge where the condition 0 was not enforced by the analytical equations. The new analytical equation, (35), has improved the quality of modelling for both the larger and the smaller interconnects.

The peeling stress along the top and bottom surfaces of the interconnects are plotted in Fig. 4. It is clear that the peeling stress in the interconnects consists of predominantly bending stress.

The FE results for the axial stress are compared with the results from the analytical equations in Fig. 5. The axial stress for the FE results was computed by averaging the peeling stress on the top and bottom of the interconnects using (44). The results from the analytical equations compared reasonably well with the FE results, except for (2) which violates global equilibrium given by 0, as pointed out by Jiang [START_REF] Jiang | Thermal stresses in layered electronic assemblies[END_REF] (44)

B. FE Model 2: Validation of and

The second FE model is depicted in Fig. 6(a) which shows a symmetric half of the PCB assembly. The IC components, PCB, and the interconnects were modeled using Timoshenko beam elements. The mid planes of the beam elements for the IC component and the PCB were offset away from the interconnects by half their respective thicknesses. The results from the FEA are compared with the results from the analytical equations , (41)-( 43), in Fig. 6(b). The analytical results compared reasonably well with the FE results for all the stresses. The bending stress was confirmed as the dominant stress at orders of magnitude larger than the axial stress and at four times larger than the shear stress.

V. D ESIGN ANALYSIS

A. Stresses in the Sandwiched Layer

There are two dominant stresses in a PCB assembly: bending stress and shear stress. The maximum shear stress in a continuous sandwiched layer is described by (45)

The trigonometric functions exhibit asymptotic saturation to the value of 1, and achieves more than 95% of its 

saturated value at

2, which is the case for most practical PCB assemblies. The coefficient may be expressed as (for plane stress condition) (45a) Thus, the maximum shear stress (and bending stress) in a continuous sandwiched layer may be reduced by increasing the height of the layer while reducing the thicknesses and elastic modulus of the top and bottom layers.

The maximum shear stress and bending stress in the outermost interconnect of a discrete sandwiched layer may be estimated using

(41a) (42a)
where the trigometric function again exhibit asymptotic saturation, and its saturated value increases almost linearly with increasing pitch. As suggested by the equations, the trend towards reducing the diameter of the solder joints will drastically reduce its life. This may be mitigated to some extend by increasing the in-plane compliant of the PCB assembly; that is, by reducing the elastic modulus and thicknesses of the IC component and the PCB while increasing the height of the solder joints.

B. Tensile Fracture of IC Chip

The IC chip in the IC component may be at risk of tensile fracture. This problem may be analysed by treating the IC component as a tri-layer structure. The IC chip is now member #1 and the substrate is member #2. The in-plane stress in the IC chip and the substrate, as a function of the distance from their respective neutral axis, is given by

(46)
where the first term is due to shear force, assuming uniform distribution of the in-plane stress across its thickness; and the second term is due to bending moment, assuming linear distribution of the in-plane stress across its thickness. The negative sign in front of the moment is to account for the fact that a positive moment will lead to a negative in-plane stress for positive values of . The first term is given by (47)

The bending moment may be evaluated using (18) to give (48)

In view of the relatively small value of compared to , (48) may be reduced to (48a)

The maximum in-plane stress occurs at 2 and at 0 and is given by (49)

The denominator may be expressed as (for plane stress condition) (49a) Thus, the increased risk of tensile fracture of the IC chip due to the trend towards reducing its thickness may be mitigated by a correspdong reduction in the thickness of the substrate and the sandwiched layer such that the ratios and are kept constants.

C. Warpage of IC Component

The warpage of a IC component, such as a ball grip array (BGA) package, may present difficulty during surface mount assembly to PCB due to the poor co-planarity of solder joints.

Analysing the IC component as a tri-layer structure, the deflection of the substrate is the sum of the deflection due to bending and shear and is given by ( 50)

The deflection at is given by (50a)

The substrate is typical larger than the IC chip. Denoting the difference in the half-length as , the deflection of this extra length is given by . The rotation of the substrate at may be evaluated as (51)

Neglecting shear deformation and for the values of such that 0 and 1, the maximum deflection of the substrate is (52)

The two terms in the bracket containing may be ignored considering that those BGA packages that have concern for their warpage are typically large in length.

The quotient may be expressed as (53) Thus, the increased difficulty in surface mounting accompanying the trend towards increasing size of the BGA package may be mitigated by increasing the elastic modulus and thickness of the substrate while reducing the elastic modulus and thickness of the IC chip. 

VI. CONCLUSION

A comprehensive solution for a tri-layer structure, such as a PCB assembly or an IC component, subjected to mismatched thermal expansion, taking into account the rotational and shear deformation of the substrates has been developed. The analytical solutions have been successfully validated with finite element analysis. Design analysis based on the analytical solutions suggests that: 1) the maximum peeling and shear stresses in the sandwiched layer made of adhesive or discrete interconnects may be reduced by increasing the thickness of the sandwiched layer while reducing the thicknesses and elastic modulus of the top and bottom layers; 2) the increased risk of tensile fracture of the IC chip accompaning its reduced thickness may be mitigated by a corresponding reduction in the thickness of the substrate and the sandwiched layer such that the ratios and are kept constants; and 3) the increased difficulty in surface mounting accompanying the trend towards increasing size of the BGA package may be mitigated by increasing the elastic modulus and thickness of the substrate while reducing the elastic modulus and thickness of the IC chip.

APPENDIX A ELEMENTAL DIFFERENTIAL EQUATIONS OF EQUILIBRIUM FOR A BEAM ELEMENT

A differential beam element in force equilibrium is shown in Fig. 7.

Assumes that the in-plane force acts through the neutral axis of the element-this implies that the in-plane stress is uniformly distributed across its thickness-the equilibrium of the differential beam element leads to the following three equations:

about (A1) (A2) (A3)
In addition, the differential element shall also satisfy the following force-displacement relations: 8 shows the undeformed (a) and deformed (b) state of an interconnect attached to member #1 and #2. , , and are the displacement in x and z and the rotation of the neutral axis of member i, respectively; is the mean shear angle of member i between its shear surface and its neutral axis; and are the shear and axial deformation of the interconnect.

The shear and axial deformation of the interconnect are given by (B1) (B2) or (B2a) where , and is the through-thickness compliant of member .

The shear and axial stress on the interconnect is simply (B3) (B4) If there are n number of interconnect per unit area, then the equivalent shear stiffness, , and equivalent axial stiffness, , of the interconnect is given by (B5)

(B6)
where and are the cross section area and second moment of area, respectively, of a single interconnect. For uniformly distributed interconnect, 1 where is the pitch between interconnects. For a continuous sandwiched interconnect layer, 1.

APPENDIX C SHEAR ROTATION AND DEFORMATION OF A BEAM ELEMENT

The shear stress along the thickness of the element can be evaluated by considering the in-plane equilibrium of a segment of height from the base of a differential element as shown in Fig. 9.

The distribution of unbalanced bending stress in the element due to the differential moment is given by . Assuming the traction has resulted in a uniformly distributed in-plane stress, then the unbalanced in-plane force for the segment is simply . The equilibrium of the segment gives where . It can be shown that (C3) is also applicable for the case when the traction F has resulted in a linearly distributed in-plane stress.

The shear stress in the cross section of the element depends independently on the magnitude of the surface shear stress and the vertical shear force . This is depicted in Fig. 10. As a check, we shall integrate (C2) over thickness , which returns the expression for moment equilibrium (A1) checked The rotation of the neutral axis is given by (C4) From the relation , the shear deformation of the element along its thickness has been evaluated (C5) and is illustrated in Fig. 11 (C5) The displacement of the shear surface from the neutral axis is given by (C6) It is convenient to define a mean shear strain between the shear surface and the neutral axis given by (C7)

Fig. 1 .

 1 Fig. 1. Free-body diagram of PCB assembly subjected to mismatched thermal expansion-interconnects modeled as axial, shear, and flexural spring elements.

Fig. 2 .

 2 Fig. 2. Elemental representation of the IC component, PCB, and the interconnect.

  led to the following equilibrium equations: displacement of the neutral axis of member i in the -direction due to bending, and in the -direction, respectively. Assuming led to the following equilibrium equation for member #3:(17) Substitutes (17) into (12) gives (18) Note: The following conventions applies throughout this manuscript unless otherwise stated: a) 1, 2 for member #1 and #2, respectively, and b) in the presence of a dual sign symbol, or , the sign at the top refers to member #1.

  , (21), and (22) gives the differential equation for axial stress in the interconnects in terms of its shear stress (23) where 4 . 2) Shear Deformation of the Interconnects: The shear stress along the interfaces and in the interconnect is given by Appendix B as (B3)

  ), the first term in (25) can be expressed as (26) The second term in (26) can be obtained from (C7) of Appendix Ca s (27) where , , and . The last term in (26) can be obtained by substituting the relation from (15) into (18) to give (28) where , . Combinding (25)-(28) gives the differential equation for shear stress in the interconnects in terms of shear force (29) where , , and are the equivalent shear and in-plane compliant of the system.

Fig. 3 .

 3 Fig. 3. (a) FE model I, (b) shear stress distribution h = 0.5 mm, (c) shear stress distribution h = 0.1 mm.

Fig. 4

 4 Fig. 4 Peeling stresses along the top and bottom surfaces of the interconnect for h = 0.5 mm.

Fig. 5 .

 5 Fig. 5. Axial stress distributions.

Fig. 6 .

 6 Fig. 6. (a) FE model II and (b) comparisons of analytical solutions and FEA for discrete interconnects.

Fig. 7 .

 7 Fig. 7. Elemental equilibrium and sign convention.

Fig. 8 .

 8 Fig. 8. (a) Underformed and (b) deformed state of an interconnect.

Fig. 9 .

 9 Fig. 9. In-plane equilibrium of a segment in an element.

Fig. 10 .

 10 Fig. 10. Shear stress distribution in the cross section.

Fig. 11 .

 11 Fig. 11. Shear deformation along thickness.

  The error from this simplification is acceptable in view of the negligible value of axial stress compared to the bending stress. The solution to the simplified differential equation is

						(39)
			where		
						(39a)
			and		,	,	.
			The two constants can be evaluated using the two boundary
			conditions	0 and	0as
						(39b)
			An alternative solution following the method of Jiang [5]
			gives [7]:		
	) and the relation	give			
						(40)
			where		
		(32)			
	Using the boundary conditions,					(40a)
	0, and again ignore the shear force, (32) is reduced to			
		(33)	and	.		,	,
	Compares (33) with the differential of (31) at	gives	The average forces and bending moment in a discrete in-terconnect at distance from the mid-length can be obtained
		(34)	through definite integration of pitch width, , between the limit	,	, and 2 to	over a 2 . The
	Substitute (34) into (31) gives the equation for shear stress as	average shear stress, and average axial stress,	, average bending stresses, , in the discrete interconnect are ,
		(35)	given in		
	The bending moment in the interconnect can be obtained from				(41)
	(17) as				
						(42)
		(36)			
	The axial stress in the interconnect can be evaluated by sub-			
	stituting (35) into (23) to give					(43)
		(37)			
	The exact solution to (37) takes the form				
		(38)			

where

. For reason of simplicity and in view of the relatively smaller value of compared to , we shall ignore the second term on the LHS of (37).

TABLE I BASIC

 I PARAMETERS USED FOR VALIDATION ANALYSESTABLE II APPLIED AND DERIVED PARAMETERS USED FOR VALIDATION ANALYSES L , b; d h; p; (mm); E; G (GPa), CTE (210 = C) k , k (N:mm ), ; k, (mm ), T ( C)Note: The ealstic modulus of IC package as provide is an estimation of the composite property for silicon and molding compound.

ACKNOWLEDGMENT

The authors wish to thank K. M. Lim, National University of Singapore, for useful discussions.