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ALGEBRAICALLY GENERATED GROUPS
AND THEIR LIE ALGEBRAS

HANSPETER KRAFT AND MIKHAIL ZAIDENBERG

ABSTRACT. The automorphism group Aut(X) of an affine variety
X is an ind-group. Its Lie algebra is canonically embedded into the
Lie algebra Vec(X) of vector fields on X. We study the relations
between subgroups of Aut(X) and Lie subalgebras of Vec(X).

We show that a subgroup G C Aut(X) generated by a family of
connected algebraic subgroups G; of Aut(X) is algebraic if and only
if the Lie algebras Lie G; C Vec(X) generate a finite dimensional
Lie subalgebra of Vec(X).

Extending a result by COHEN-DRAISMA [CDO03] we prove that a
locally finite Lie algebra L C Vec(X) generated by locally nilpotent
vector fields is algebraic, i.e. L = Lie G for an algebraic subgroup
G C Aut(X).

Along the same lines we prove that if a subgroup G C Aut(X)
generated by finitely many connected algebraic groups is solvable,
then it is an algebraic group.

We also show that a unipotent algebraic subgroup U C Aut(X)
has derived length < dim X. This result is based on the follow-
ing triangulation theorem: Every unipotent algebraic subgroup of
Aut(A™) with a dense orbit in A™ is conjugate to a subgroup of the
de Jonquiéres subgroup.

Furthermore, we give an example of a free subgroup F' C Aut(A?)
generated by two algebraic elements such that the Zariski closure
F is a free product of two nested commutative closed unipotent
ind-subgroups.

To any affine ind-group & one can associate a canonical ideal
Lg C Lie®. It is linearly generated by the tangent spaces T, X
for all algebraic subsets X C & which are smooth in e. It has the
important property that for a surjective homomorphism ¢: & — $
the induced homomorphism dy.: Ly — Lg is surjective as well.
Moreover, if $§ C & is a subnormal closed ind-subgroup of finite
codimension, then Lg has finite codimension in L.
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1. INTRODUCTION AND MAIN RESULTS

The introduction contains the necessary preliminaries and defini-
tions, gives some background material and describes the main results
of the paper. The details then follow in the subsequent sections.

1.1. Notation. Our base field k is algebraically closed and of charac-
teristic zero. A™ stands for affine n-space over k, and G, := k* and
G :=k* :=k\ {0} denote the additive and the multiplicative groups
of k. An algebraic group is always an affine algebraic group, and a
G-variety X is an affine variety with an action of G such that the
corresponding map G x X — X is a morphism.

For every G-variety X there is a canonical (anti-) homomorphism
of Lie algebras ¢: LieG — Vec(X), where Vec(X) stands for the Lie
algebra of (algebraic) vector fields on X. The construction of this anti-
homomorphism goes as follows. For any x € X let 6,: G — X be the
orbit map g +— gz, and denote by

() di,: LieG :=T,G - T,X

its differential in e € G. If A € LieG, then the corresponding vector
field €4 is given by {4(z) := db,(A) € T, X. If L C Vec(X) denotes the
image of Lie G, then one has T,Gx = L(z) for any x € X. Moreover,
the differential (df,),: T,G — T,,Gx of the orbit map 6, is surjective
in every g € G. (For a reference one might look at [Kral6, Appendix
AA4])

For a G-variety X we have linear actions of G' on the coordinate ring
O(X) and on the vector fields Vec(X), and these representations are
locally finite and rational, i.e. every element is contained in a finite di-
mensional G-invariant subspace and the linear action of G on any finite
dimensional G-invariant subspace is rational. Moreover, the homomor-
phism ¢: Lie G — Vec(X) is G-equivariant, see [FK18, Sect. 7.3].

1.2. Automorphism groups and vector fields. For an affine va-
riety X the group of regular automorphisms Aut(X) is an affine ind-
group. We refer to the paper [FK18| for an introduction to ind-varieties
and ind-groups and for basic concepts, cf. [Sha81, Kum02]. For an affine
ind-group & the tangent space T.® carries a natural structure of a Lie
algebra which will be denoted by Lie®. In case of Aut(X) there is
a canonical embedding ¢: Lie Aut(X) < Vec(X) which is an anti-
homomorphism of Lie algebras. It is constructed in a similar way as
explained above for an algebraic group G, see [FK18, Proposition 7.2.4].
It has the following property:
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If A € Lie Aut(X) and &4 € Vec(X) the corresponding vector field,
then one has, for every x € X,

Ea(x) =d(0,)e(A) where 0,: Aut(X) — X is the orbit map in .

The group & acts on Lie ® by the adjoint action: Ad(g) := d(Int g)e.
For ® = Aut(X) this action is induced by the action on all vector fields
Vec(X) which is given by

Ad g(0)(gx) :=dpg0(z), ie. Adg(d) =dugodop,—

where p,: X = X denotes the multiplication map z — gz. Here we
consider a vector field 6 € Vec(X) as a section of the “tangent bundle”
Tx — X, and then Ad g(d) is defined by the following diagram:

dp
Tx +——— Tx

Adg(d)T Td

It is easy to see that the embedding ¢: Lie Aut(X) < Vec(X) defined
above is Aut(X)-equivariant:

Endg)a = Adg(€a) or Eaargyalgr) = dug&a(z).

Ind-varieties and ind-groups carry a natural topology, called Zariski-
topology or ind-topology. All topological notation in this paper will be
with respect to this topology.

A subset Y C U of an ind-variety U = |J, Uy, is called bounded if it
is contained in U}, for some k. It is called algebraic if it is bounded and
locally closed. If X is a G-variety, then the canonical map G — Aut(X)
is a homomorphism of ind-groups, and the image of G is closed and
algebraic, see [FK18, Proposition 2.7.1]. In particular, every algebraic
subgroup G C Aut(X) is closed and thus a linear algebraic group. It
follows that Lie G C Lie Aut(X) is a Lie subalgebra and that Lie G is
canonically embedded into the vector fields Vec(X).

Convention. In the following our ind-groups and ind-varieties will
always be affine ind-groups and affine ind-varieties. By abuse of nota-
tion, we will constantly identify, for an algebraic group G C Aut(X),
the Lie algebra Lie G with its image {(Lie G) C Vec(X), although the
map £ is an anti-homomorphism.
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1.3. Algebraically generated groups. A first result showing a very
strong relation between the Lie algebra of an ind-group and the group
itself is the following, see [FK18, Proposition 2.2.1(3) and (4)].

Proposition 1.3.1. Let & be an ind-group. Then the connected compo-
nent B° is an algebraic group if and only if Lie & is finite dimensional.

We will prove a similar statement for so-called algebraically gener-
ated groups, see [AFK13]. Let (G} );er be a family of connected algebraic
subgroups of an ind-group &. The subgroup G C & generated by the
G; will be called algebraically generated (Definition 2.1.1).

Let L(G) C Lie® be the Lie subalgebra generated by the Lie alge-
bras Lie G;. We will see in Theorem 2.3.1 that L(G) is invariant under
the action of G' and of the closure G. This implies that L(G) C Lie G
is an ideal.

Question 1. Do we have L(G) = Lie G ?
Our result in this direction is the following, see Theorem 2.5.1.

Theorem A. The subgroup G C & is an algebraic group if and only
if L(G) is finite dimensional, and in this case we have Lie G = L(G).

See also Theorem 2.3.1. Our example in section 6 gives an infinite
dimensional L where Question 1 above has a positive answer, see Re-
mark 6.4.3(1).

Theorem A above is an important ingredient in the proof of the
following result.

Theorem B. Let G C & be a solvable subgroup generated by a family
of connected algebraic subgroups. If the family is finite, then G s an
algebraic group. In general, G is nested, i.e. a filtered union of algebraic
subgroups, and is of the form UgxT where T is a torus and Ug a nested
unipotent group.

In particular, if G is generated by a family of unipotent algebraic
groups, then G = Ug s a nested unipotent group.

The proof of Theorem B will be given in Section 5.1, see Theo-
rem 5.1.1.

Remarks 1.3.2. (1) Clearly, a connected nested ind-group is alge-
braically generated.

(2) If G is an algebraic group and Hy,...,H, C G a finite set
of connected closed subgroups, then the subgroup H generated
by the H; is closed. (Indeed, there is a sequence iy, i, ..., 0N
such that the product P := H; H;, --- H;, is dense (and con-
structible) in H. It then follows that PP = H, hence H = H.)
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As a consequence we see that a subgroup of a nested ind-
group & generated by finitely many connected algebraic groups
is an algebraic group.

Note that this statement does not hold for non-connected

subgroups. E.g. the two matrices A := [{ 7}] and B := g 7%
—2

have both order 4, and the product AB = [ 0 _g} has infinite

order. Thus (A, B) = N, the normaliser of the diagonal torus,
but (A, B) C SLy(Q). It follows that the subgroup of SLa(k)
generated by the finite groups (A) and (B) is not closed.

(3) If the ind-group & verifies T1TS alternative, then the assump-
tion of solvability of G in Theorem B can be replaced by the
weaker assumption that G' has no nonabelian free subgroup; see
e.g. [AZ21] and the literature therein for a discussion of T1TS’
alternative in ind-groups of type Aut(X).

1.4. Solvability and triangulation. The de Jonquieres subgroup
Jonq(n) C Aut(A™) consists of the automorphisms of the form

o = (a121 + f1, 0020 + fo(z1), ..., a0y + fu(z1, ..., Tpo1))

where a; € k* and f; € k[z1,...,2;_1]. It is known that the unipotent
elements of Jonq(n) form a solvable subgroup of derived length n which
is not nilpotent for n > 1 (see Remarks 5.2.1 and 5.3.3). More generally,
we have the following result.

Theorem C. A nested unipotent subgroup U C Aut(X) is solvable of
deriwved length < max{dimUz |z € X} < dim X.

It is known that the derived length of a nilpotent (respectively, a solv-
able) connected Lie group G acting faithfully on a Hausdorff topological
space M is bounded above by dim M (respectively, by dim M + 1), see
[ET79, Theorem 1.2]. Up to passing to a finite index subgroup, the for-
mer estimate works as well in the case of a finitely generated nilpotent

group acting faithfully on a quasi-projective variety X defined over a
field of characteristic zero [Abb22, Theorem B.

The proof of Theorem C will be given in Section 5.3, see Theo-
rem 5.3.1. It is based on the following important triangulation result,
see Theorem 5.2.2.

Theorem D. Assume that a nested unipotent subgroup U C Aut(A")
has a dense orbit in A™. Then U acts transitively on A" and U is
triangulable, i.e., it 1s conjugate to a subgroup of the de Jonquieres
subgroup.
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In [Bas84] BAss gave an example of a G,-action on A* which is not
triangulable, i.e. the image A C Aut(A?) of G, is not conjugate to a
subgroup of Jonq(3). The reason is that the fixed points set (A3)Ce is
a hypersurface with an isolated singularity. This is not possible for a
triangulable action, because for such an action the fixed point set has
the form X x A'. With the same idea one can construct non-triangulable
G,-actions in any dimension, see [Pop87].

The G,-action of BASS corresponds to the locally nilpotent vector
field 0 := (zz + y*)(—2y0, + 20,), and the image A of G, contains the
famous Nagata automorphism

n=(r—2y(zz+v*) — 2(zz + )%y + 2(zz + y?), 2).

Due to the celebrated SHESTAKOV-UMIRBAEV Theorem ([SU03]) this
G,-subgroup is not contained in the tame subgroup of Aut(A3). How-
ever, it becomes tame in A%, see [Smi89], but it is still non-triangulable
in A? see [Fre06, Lemma 3.36]. The question arises if this action is
stably triangulable, i.e. becomes triangulable in A? x A? for a suitable
d > 1. In this context we have the following negative answer.

Proposition 1.4.1. Consider a G,-action on A™ and assume that the
fizxed point set is a hypersurface with an isolated singularity. Then the
action is not stably triangulable.

Proof. (a) Denote by F' C A" the fixed point set and by p € F the
isolated singularity. For the quotient morphism 7: A" — A" /G, the
fiber 71(7(p)) has dimension > 1 and thus is not contained in the
singularities of F. If we extend the action to A" x A? where G, acts
trivially on A4 then (A" x AY) /G, = A")/G, x A% and the quotient
morphism is equal to @ := 7 x id. Moreover, the fixed point set is
F:=Fx A?, and the singularities of F are Fsing = {p} x A% Tt follows
that 71 (7( Fing)) is not contained in Fljg.

(b) Now assume that the action on A" x A? is triangulable, so that
the corresponding vector field is equivalent to one of the form

S: flaaq +f2a:c2 + +fmaxm

where m :=n +d and f; € k[z1, ..., 2;_1]. The fixed point set F is an
irreducible hypersurface defined by an invariant (irreducible) function
h, and so h must divide all the f;. Since the singular points of F' form
a subvariety of dimension d this implies that f; = --- = f, = 0. In
fact, if A would depend on less than n variables, then the zero set
{h =0} C A™ would have the form X x A%l and so the singular set

of I would have at least dimension d + 1.
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Let f.11 be the first non-zero coefficient of 5. Then 7 > n and

X1, To, ..., T, are invariants. Since h divides f,..1 we see that h only de-
pends on the variables x4, ..., z,. It follows that the linear G,-invariant
morphism ¢: A™ — A" (zq,...,2) — (21,...,2,), maps the fixed

point set F' to the hypersurface F, := {h = 0} C A", and F =
E. x A™ 7. This shows that go_l(go(ﬁ’sing)) = Fsmg. Since the invari-
ant map ¢ factors through the quotient map 7 this contradicts what
we have seen in (a). O

Remarks 1.4.2.

(1) The non-triangulable G,-actions on A" constructed in [Pop87]
are not stably triangulable.

(2) The Nagata automorphism 7 is not contained in a unipotent
subgroup U C Aut(A?) which has a dense orbit in A by our
Theorem D.

(3) If we consider the diagonal action on A% x A! where G, acts
on A? as in BASS’ example and on A! by translation, then this
new action is triangulable. Indeed, we have the following result.

Let U be a unipotent group acting on A™. Then the diagonal
action on A" x U where U acts by left multiplication on U is
triangulable.

Indeed, consider the isomorphism ¢: A" x U = A" x U given
by (z,u) — (utx,u). This morphism is U-equivariant with
respect to the diagonal action on the left hand side and the
action on U by left multiplication (and the trivial action on A™)
on the right hand side. Since the action on U is triangulable by
our Theorem D above the claim follows.

Likewise, given any k-algebra R and a locally nilpotent deri-
vation 0 of R, its extension 0 to R[z] by letting d(x) = 1 is
conjugate to the locally nilpotent R-derivation d of R[z] defined
by d(z) = 1.

1.5. Locally finite subsets. Let V' be a vector space over k. We de-
note by £(V') the algebra of linear endomorphisms of V. An endomor-
phism A € L(V) is called locally finite if the linear span (M (v) | j € N)
is finite dimensional for any v € V. It is called semisimple if there is a
basis of eigenvectors, and locally nilpotent if for any v € V there is an
m € N such that A™(v) = 0. Every locally finite endomorphism A has
a uniquely defined additive Jordan-decomposition X\ = A\ + A, where
As is semisimple, A, locally nilpotent, and A\; 0 A\, = A\, 0 A;.
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A subset S C L(V) is called locally finite if every v € V' is contained
in a finite dimensional subspace W C V which is invariant under all
elements from S. If S C GL(V), then S is locally finite if and only if
the group (S) generated by S is locally finite.

Note that a locally finite subspace A C L£(V') is not necessarily fi-
nite dimensional. In fact, let (e1,es,...) be a basis of V' := k> and
define A\, € L(V) by Ai(e;) := dgjej. Then A := P, kX, is an infinite

dimensional locally finite subspace.

Definition 1.5.1. Let X be an affine variety. A morphism ¢: X — X
is called locally finite if the induced endomorphism ¢* € L(O(X)) is
locally finite. It is called semisimple if p* is semisimple, and locally
nilpotent if ©* is locally nilpotent.

A subgroup H C Aut(X) is called locally finite if the image of H in
L(O(X)) is locally finite.

Note that a subgroup H C Aut(X) is locally finite if and only if the
closure H C Aut(X) is an algebraic group. If ¢ € Aut(X) is locally
finite, then the closed commutative subgroup (g) has the form GP, x
G4 x F where p € Z>¢, ¢ € {0,1} and F'is a finite cyclic group.

There are many examples of subgroups G C Aut(X) that are not
locally finite while being generated by locally finite elements. We will
discuss such an example in Section 6. We also refer to the interesting
discussions in [FK18, 9.4.3-9.4.5] and [PR22] of subgroups G C Aut(X)
which consist of locally finite elements.

1.6. Locally finite vector fields. Recall that the vector fields Vec(X)
are the derivations Der(O(X)) of O(X). Since Der(O(X)) C L(O(X))
we can talk about locally finite vector fields and locally finite subspaces
of Vec(X).

Example 1.6.1. If G C Aut(X) is an algebraic subgroup, then its Lie
algebra Lie(G) C Vec(X) is locally finite. These Lie algebras are called
algebraic.

In contrast to the general situation we have the following finiteness
result.

Lemma 1.6.2. Let L C Vec(X) be a locally finite subspace. Then L is
finite dimensional.

Proof. It fi,...  fm € O(X) is a set of generators, then every vec-
tor field ¢ is determined by the values 0(f1),...,d(fn). It follows that
for any subspace L C Vec(X) the linear map L — O(X)™, ¢
(0(f1),---,0(fm)) is injective. If L is locally finite, then the image of
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this map is contained in the finite dimensional subspace @;", Lf;, and
the claim follows. U

The fact that a vector field is determined by its values on a finite
generating set of O(X) has the following important consequences.

Lemma 1.6.3. Let V C O(X) be a finite dimensional subspace gener-
ating O(X), and let 6 € Vec(X) be a vector field. If V' is d-invariant,
then the following holds.

(1) ¢ is locally finite.

(2) 0 is semisimple if and only if 8|y € gl(V) is semisimple.

(3) ¢ is locally nilpotent if and only if 0|y € gl(V') is nilpotent.

(4) If 6 = 05 + 6y, is the Jordan decomposition in L(O(X)), then
Js, 0, € Vec(X).

(5) V is d5- and ,-invariant, and 0|y = ds|v + onlv € gl(V) is the
usual Jordan decomposition in gl(V').

Proof. Denote by V(™ C O(X) the linear subspace generated by the
n-fold products of elements from V. Then the following is obvious:
(a) V™ is §-invariant; (b) if 6|y is semisimple resp. nilpotent, then
0 is d]y . This proves (1)—(3). The claim (4) follows from [FK18,
Proposition 7.6.1], and (5) follows from (2) and (3). O

Question 2. Let L; C Vec(X) (i € 1) be a family of locally finite Lie
subalgebras, and denote by L C Vec(X) the Lie subalgebra generated by
the L;. Is L locally finite in case L is finite dimensional?

In this direction we have the following consequence of Theorem A.

Corollary. Let L C Vec(X) be the Lie subalgebra generated by a family
of locally finite Lie subalgebras L; C Vec(X), i € I. Assume that each
L; is algebraic, i.e. L; = Lie G; for a connected algebraic group G; C
Aut(X). Then L is locally finite if and only if L is finite dimensional. In
this case the subgroup G generated by the G; is algebraic and L = LieG.
In particular, L s algebraic.

Proof. 1f L islocally finite, then it is finite dimensional, by Lemma 1.6.2.
If L is finite dimensional, then the claim follows from Theorem A. [J

Remark 1.6.4. For a locally finite vector field § € Vec(X) there is a
uniquely determined minimal algebraic group H C Aut(X) such that
0 € Lie H. Moreover, H is commutative and connected, and H is a
torus if ¢ is semisimple and H ~ G, if ¢ is locally nilpotent and non-
zero, see [FK18, Proposition 7.6.1].
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1.7. The adjoint action on Vec(X). For any vector field 6 we have
the adjoint action ad d on Vec(X) defined in the usual way:

add(n) :=1[0,n] =don—mnod.

Lemma 1.7.1. Let 6 € Vec(X) be a locally finite vector field with
Jordan decomposition § = 0s + 6,. Then add acting on Vec(X) is
locally finite, and ad 0 = ad o5 + ad d,, is the Jordan decomposition.

Proof. Let V. C O(X) be a finite dimensional J-invariant subspace
which generates O(X). Then we have an inclusion

Vec(X) — L(V,0(X)), p— ply.

Given p € Vec(X) we choose a finite dimensional d-invariant subspace

W which contains p(V'). In L(O(X)) we have

(ad §)™ = Z(—UI(T’) PO
=0
Hence (add)™p sends V' to W for all m > 0, and so the linear span
((ad0)™pu | m > 0) C Vec(X) is finite dimensional. This shows that
ad ¢ is locally finite.

If 9 is locally nilpotent, then (§]y)™ = 0 and (0w )™ = 0 for a suitable
m > 0. The above formula implies that (ad §)*"~!x = 0, hence ad d is
locally nilpotent.

Next, assume that ¢ is semisimple. Then we have eigenspace decom-
positions V = @, V, and O(X) = @, O(X),. As a consequence, we
get a decomposition

LV, 0(X)) = P L(Va, O(X))

into eigenspaces of ad d, and so ad ¢ is semisimple.
Finally, ad0; and add, commute, because [ds,0,] = 0, and thus
add = ad d; + ad §,, is the Jordan decomposition. O

1.8. Toral subalgebras.

Definition 1.8.1. A finite dimensional Lie subalgebra S C Vec(X) is
called toral if it consists of semisimple elements. It follows that S is
commutative [Hum72, 8.1, Lemma] and thus locally finite. In particu-
lar, we obtain a weight decomposition O(X) = @ .. O(X)q where

OX)o ={feOX)|7f=ar) fforT e S}
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If T C Aut(X) is a torus, then Lie T C Vec(X) is a toral subalgebra,
but it is not true that every toral subalgebra is of this form. Indeed, if
T C Aut(X) is a two dimensional torus, then the one dimensional tori
S C T are the kernels of certain characters y € X (T) ~ Z* whereas
every one dimensional subspace of Lie T is a toral subalgebra. The best
we can get is the following result.

Lemma 1.8.2. For a toral Lie subalgebra S C Vec(X) there exists
a uniquely defined smallest torus T C Aut(X) such that LieT O S.
Moreover, if a subspace M C Vec(X) is invariant under the adjoint
action of S, then M is invariant under T'.

Proof. (a) One easily verifies that the weight decomposition of O(X)
has the following properties, cf. [FK18, Proposition 7.6.1 and its proof]:
* O(X)a-O(X)s € O(X)ass;
e the set of weights A := {7 | O(X), # 0} C S* generates a free
subgroup ZA = @le L.
This defines a faithful action of the torus T := (G,,)* on O(X) in the
following way: For o = )" nju; € A, f € O(X)y and t = (ty,...,t) €
T we put

Ef =0
The corresponding action of ¢ = (¢y,...,¢;) € LieT = k™ is then given
by the vector field o, where
dclo(x). = scalar multiplication with 3, nc; for a =37, niu; € A.
It follows that Lie T  contains S and that every torus with this property
contains 7', see [FK18, proof of Proposition 7.6.1(2)].
(b) With respect to the adjoint action of S on Vec(X) we also have

a weight space decomposition Vec(X) = P, Vec(X), where

Vec(X),, :={d € Vee(X) | (ad7)d = ~y(7) - 0 for 7 € S},
see Lemma 1.7.1. Equivalently, we have
Vec(X), :={ € Vec(X) | §(O(X)a) € O(X)aty for a € S*}.

It follows that if Vec(X), # 0, then v € ZA. In fact, if § € Vec(X),,
d # 0, then there is an a € A and a non-zero f € O(X), such that
0f # 0. Thus a and « + v belong to A, and so v € ZA. Hence, the
subspaces Vec(X), are weight spaces of the action of 7" on Vec(X), and
thus every S-invariant subspace of Vec(X) is invariant under 7. [
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1.9. Integration of Lie algebras. The first part of the following re-
sult is due to COHEN and DRAISMA, see [CD03, Theorem 1].

Theorem E. Let L C Vec(X) be a Lie subalgebra. Then L C Lie G for
some algebraic subgroup G C Aut(X) if and only if L is locally finite.
If L is locally finite and generated by locally nilpotent elements, then
L is algebraic, i.e. there is an algebraic group G C Aut(X) such that

L = LieG.

The proof will be given in Section 3.1, see Theorem 3.1.1. A weaker
form of Question 2 is the following.

Question 3. Let £,n € Vec(X) be locally finite vector fields. If the Lie
subalgebra L := (£,m) 1, generated by & and n is finite dimensional,
does it follow that L is locally finite?

From Theorem E we get the following result in this direction.

Corollary. Let {n; | i € I} be a family of locally nilpotent vector fields,
and denote by L := (n; | i € I) e the Lie subalgebra generated by the
n;. If L is finite dimensional, then L is locally finite and algebraic.

1.10. A free subgroup of Aut(A?) and its closure. In Section 6 we
provide an example of a nonabelian free subgroup F ~ Fy of Aut(A?)
generated by two locally finite elements whose product is not locally
finite. In particular, F' is not locally finite. We compute its closure
T := F C Aut(A?) and describe the Lie algebra Lie§. It occurs that
§ coincides with the double centralizer of F' (Lemma 6.1.1) and is
a free product of two abelian nested unipotent ind-subgroups J and
J~ (Theorem 6.4.2(3)). Furthermore, any algebraic subgroup G of §
is abelian and unipotent and is conjugate to a subgroup of J or J~
(Theorem 6.4.2(4)).

The construction shows that § contains two algebraic subgroups U
and V', both isomorphic to G,, with the following properties:

(U,VY=U=xV, F=(UV) and Lieg = (LieU,LieV)L,

see Lemma 6.2.1. This is an instance where Question 1 has a positive
answer.

Yet another instance is the following. Consider the ind-group & :=
Aut (K[z, y]) where K := k[z], and let " C & be the subgroup consist-
ing of tame automorphisms of k[z, y, z]. Then & is connected and closed
in Auty(k[z,y, 2]), " & & is closed and Lie®' = Lie®, see [FKIS,
Theorem 17.3.1]. The group &' is generated by the affine and the de
Jonquieres transformations which fix z (cf. [FK18, Remark 17.3.10]).
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Since the de Jonquieres group is nested (Remark 5.2.1), it is alge-
braically generated (Remark 1.3.2(1)), and so &' is algebraically gen-
erated. By the UMIRBAEV-SHESTAKOV Theorem, the one dimensional
unipotent subgroup U of & corresponding to the locally nilpotent Na-
gata derivation is not contained in &*. However, since the algebraically
generated group § := (&', U) is contained in & and LieU C Lie® =
Lie ' we have

Lie$) = Lg := (Lie ®' LieU) = Lie &.

1.11. Ind-group actions and path-connected subsets. The the-
ory of algebraic group actions on affine varieties can be generalized, to
some extent, to ind-groups acting on affine ind-varieties, see [FK18].
If & is an ind-group, then a G-variety X is a variety with a &-action
such that the map & x X — X is a morphism of ind-varieties.

A subset M C X of an ind-variety X is called path-connected if for any
two points z,y € M there is an irreducible variety ¥ and a morphism
©: Y — M such that z,y € ¢(Y) C X, cf. [Ram64, p. 26]. One can
always assume that Y is an irreducible curve, because any two points in
an irreducible variety are contained in an irreducible curve, cf. [FK18,
Section 1.6]. A connected ind-variety is not necessarily path-connected
([FK18, Example 1.6.5]), but a connected ind-group is path-connected
([FK18, Proposition 2.2.1]).

Note that a path-connected subset of an algebraic variety is not nec-
essarily closed; take C? and remove a ball around the origin. However,
we will see that a path-connected subgroup of an algebraic group is
closed, cf. Corollary 2.4.2.

In contrast to the finite-dimensional case, a strict closed subgroup
of a path-connected ind-group may have the same Lie algebra, see
[FK18, Theorem 17.3.1] and the example in Section 1.10. This dis-
proves [Sha81, Theorems 1 and 2]. However, a homomorphism of a
path-connected ind-group to an ind-group is uniquely determined by
the induced homomorphism of their Lie algebras, see [FK18, Proposi-
tion 7.4.7].

In the last section 7 we define a canonical Lie subalgebra Lg C Lie &
for an ind-group & and show that for a surjective homomorphism & —
$ the corresponding homomorphism Lg — Ly, is also surjective. We do
not know if this holds for Lie & — Lie ). We also study subgroups $§ C
& of finite codimension and show that under additional assumptions
Ly has finite codimension in Lg.
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2. ALGEBRAICALLY GENERATED SUBGROUPS

2.1. Orbits of algebraically generated subgroups. Let & = |, &,
be an ind-group. The following concept was introduced in [AFK13].

Definition 2.1.1. A subgroup G C & is called algebraically generated
if there is a family (G;);e; of connected algebraic subgroups G; C &
generating GG as an abstract group: G = (G; | i € I).

It is clear that an algebraically generated subgroup is path-connected
(section 1.11), hence connected. The following result can be found in
[AFK13, Prop. 1.2 and 1.3]. For the reader’s convenience we provide a
short argument.

Proposition 2.1.2. Let G = (G; | i € I) C Aut(X) be an algebraically
generated subgroup. For every x € X the G-orbit Gz C X is open in
its closure Gx. Moreover, there is a finite sequence ji,...,J, € I such

that Gx = G, --- G, for all x € X.

Proof. (a) Choose a sequence iy, ...,%, such that dimG;, --- G, x is
maximal. Since Gy, - - - G, is irreducible, it follows that G, --- G;,x C
G, - -+ G, x for every sequence j1,...,70 € I. Hence G;, - - - G, x = Gr,
and there is an open dense set U C Gz contained in G;, -+ Gy, x. This
implies that Go = GU is open in Gz.

(b) For the second claim we first remark that for every x € X with
dim Gz maximal there is an open set U, C X containing =z and a
sequence &, = (i1,...,%ny), depending on z, such that G;, ---G;, y =
Gy for all y € U,. Indeed, if d := dim Gz is maximal and Gz C
Giy -+ Gy, x, then dim Gy, --- G,y = d for all y in an open neighbor-
hood of z. Now the union U := |J, U, is a G-invariant open set, hence
covered by finitely many U, ;. By joining the finitely many sequences ¢,
corresponding to the points z;, we obtain a sequence (ji,...,J¢) such
that G, -G,y = Gy for all y € U. A standard argument implies
that G;,Gj, - G,G,Gjy -+ Gy = Gy for all y € U. Since X \ U is
a closed G-invariant subvariety of smaller dimension, the claim follows
by induction. O

Remark 2.1.3. A similar result holds for the action of a connected ind-
group & on an affine variety X, see [FK18, Proposition 7.1.2].

2.2. The multiplication map. In the following lemma we use the
adjoint action Ad of & on its Lie algebra Lie &, cf. [FK18]. Moreover,
for g € &, we denote by p,: & = & the right multiplication with g.
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Lemma 2.2.1. Let G1,...,G,, € & be connected algebraic subgroups
and consider the “multiplication map” ¢: Gy X --- x G,, — &. Fix
g € Gy, i =1,....m, and set g := g1+ gm. Then the image of the
composition

dpg—10dpg,,..gn): 15G1 @ - BTy, Gy, — Lie ®

is given by >, Adh;(LieG;) where hy = e and h; = g1---gi—1 for
1> 1.

Proof. The map p,—1 o ¢ restricted to G; is given
g g1 Gic199i41-gm - g = high !

and the claim follows. O

In case of an automorphism group & = Aut(X) we can reformulate
the lemma above in terms of vector fields. Recall that the action of
Aut(X) on the vector fields is given by Adg(d)(gx) = du,d(x), see
section 1.2.

If L C Vec(X) is a subspace, then L(z) C T, X denotes the image of
L under the evaluation map ev,: Vec(X) — T, X.

Lemma 2.2.2. Let Gy,...,G,, € Aut(X) be connected algebraic sub-
groups. Set L; := Lie G; C Vec(X) and consider the “orbit map”

O,: Gy X XGp =X, g8:=(91,-,9m) > 8T = g1 g T.
Then the image of the differential (d0,)g: Ty, G1®---&T,, G — Tge X
is gwen by >, dpn, Li(gi - - gm).

Proof. By Lemma 2.2.1 above the image of the differential (df,)g is

given by > . Adh;(L;)(gz). Since Adh;(L;)(gx) = dpn,Li(gi - - - gmT)
the claim follows. U

2.3. Lie algebras of algebraically generated groups. For an al-
gebraically generated subgroup G = (G; | i € I) C & of the ind-group
& we define
L(G) == (LieG; | i € I)1;e C Lie ®

to be the Lie subalgebra generated by the LieG;. If Z C & is an
algebraic subset and g € Z we can use the right multiplication with
g~ ! to send T,Z into T.® = Lie &: dp,-1: T,Z — Lie &. Note that for
an algebraic subgroup G' C & this image of T,G is equal to Lie G for
any g € G.

Theorem 2.3.1. Let G = (G, | i € I) C & be an algebraically gener-
ated subgroup.
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(1) L(G) is stable under the adjoint actions of G and of G C &. In
particular, L(G) is an ideal in Lie G.
Assume in addition that the index set I is countable and that the base
field k is uncountable.

(2) If Z C & is an algebraic subset contained in G, then the image
of T,Z under dpy—1 is contained in L(G) for any g in an open
dense subset of Z.

(3) If H C & is an algebraic subgroup contained in G, then Lie H C
L(G). In particular, L(G) depends only on G and not on the
generating subgroups Gj.

Remark 2.3.2. We do not know if the additional assumptions for the
statements (2) and (3) are necessary.

Proof. (1) It suffices to show that L is invariant under all the G;. Since
(G; is connected, we are reduced to prove that L is invariant under the
adjoint action of Lie G; (see [FK18, Proposition 6.3.4]) which holds by
construction.

(2) We first show that Z C G, ---G,;,, for a suitable sequence
(11, .. .,im). We can can clearly assume that Z is irreducible. Since
the index set [ is countable the group G is the union of countably
many products Gy, --- G, , and so Z is the union of countably many
constructible subsets ZNG;, - - - G;,,. Since the base field k is uncount-
able we get 7 = Z NG, ---G;,, C Gy, -+ G, for a suitable sequence
(i1, ..., im) ([FK18, Lemma 1.3.1]).

Now consider the multiplication map ¢: G;, X --- x G;,, — &.
The induced morphism ¢': ¢~ }(Z) — Z is smooth on a non-empty
open set U C ¢ !(Z) where we can assume that ¢(U) C Z,,. Since
doy: Tup ' (Z) — TywZ is surjective for all u € U it follows from
Lemma 2.2.1 that the image of T,y Z in Lie & is contained in ) _, Ad h;, -
Lie G;, € L(G) where the latter inclusion follows from (1).

(3) This is an immediate consequence of (2). O
Now consider the case where where G = (G; | i € I) C Aut(X) and
so L(G) C Lie Aut(X) C Vec(X). If Y C X is a G-stable closed subset,
then Lie G;|ly C Vec(Y) for all ¢ and so L(G)|y € Vec(Y). Choosing
Y := Gx we get L(G)(x) C T,Gx for any = € X.
Proposition 2.3.3. We have T,Gx = L(G)(z) for all z € X. In
particular, any vector field in L(QG) is tangent to the G-orbits.

Proof. We already know that L(G)(z) C T,Gx. Now we choose a sur-
jective “orbit map”

Gm:Gjlx---ijn%G:EQX,
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see Proposition 2.1.2. It follows that for a suitable g = (g1, ..., ¢,) the
differential

(dOy)g: Ty, Gy, ® -+ - @ T, G, — TeGx
is also surjective. Thus we get Ty,Gx = . dup,Lj(g;- - gax), by
Lemma 2.2.2. By Theorem 2.3.1(1) L is invariant under the action
of G, and so

dpn, Li(g; -+ - gn) C dpp, L(g; - - - gnx) = L(g2),

and the claim follows. O

2.4. Ramanujam’s alternative. The following result is due to RA-
MANUJAM ([Ram64, Theorem on p. 26]).

Proposition 2.4.1. Let G C & be a path-connected subgroup of an
ind-group & . Then one of the following holds:

(i) G is an algebraic subgroup;
(ii) G contains algebraic subsets of arbitrary large dimension.

Proof. Assume that we are not in case (ii), and let Y C G be an
irreducible algebraic subset of maximal dimension d. We may assume
that e € Y. We claim that G C Y = G.

Since G is path-connected we can find, for any g € G, an irreducible
variety C, and a morphism ¢,: C; — & such that ¢,(C;) € G and
e, g € py(Cy). Clearly, p,(Cy) - Y C G, and the closure ¢,(C,) - Y C &
is an irreducible subvariety which contains Y and g. The constructible
set ¢g4(Cy) - Y contains a subset U, which is open and dense in its
closure o ,(Cy) Y. Thus dimU, < d, and so U, = ¢,(C,)-Y =Y.
Hence, G CY = G as claimed.

As a consequence, G C & is an algebraic subgroup. Since Y C @
is open and dense in G it follows that G = Y~! .Y C @, and so (i)
holds. U

Corollary 2.4.2. A path-connected subgroup of an algebraic group is
a closed subgroup.

2.5. The finite dimensional case. The next result shows that an
algebraically generated subgroup of an ind-group & is an algebraic
group if and only if the Lie algebra L(G) is finite dimensional. It also
proves Theorem A from Section 1.3 of the introduction.

Theorem 2.5.1. Let G = (G; | i € I) C & be an algebraically gener-
ated group. Then the following two statements are equivalent.
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(i) G is an algebraic subgroup of &;
(ii) The Lie algebra L(G) is finite dimensional.

In this case LieG = L(G). In particular, L(G) is locally finite and

algebraic.

Proof. (a) Assume that G is an algebraic group. Since G; C G is a
closed subgroup for any i, we have Lie G; C Lie G, and so L(G) C Lie G

is finite dimensional. Moreover, there is a finite sequence (iy, ..., ;)
such that the multiplication map ¢: G;; X - x G;,, — G is surjective.
Then Lemma 2.2.1 applied to ¢y = ¢go = -+ = ¢, = e shows that

LieG C ). LieG;, and so L(G) = LieG.

(b) Now assume that L(G) is finite dimensional, and consider the
multiplication map ¢: G;, X - X G;,, — &. There is an open dense
subset U C Gy, X - X G, such that p(U) C G, ---G;,, € & is open
and contained in (G, - - - Gi,, )reg» and that |y : U — ¢(U) is smooth. It
follows from Lemma 2.2.1 that T,p(U) C L(G) for all g € ¢(U) and so
dim G, - - - G;,, < dim L(G). Hence there is a sequence (iy, ..., i,) such
that dim G, - - - GG;,, is maximal which implies that all G; are contained
in Gy, ---G,,,, and so G is an algebraic subgroup. 0

tm )

3. INTEGRATION OF VECTOR FIELDS

3.1. Integration of locally finite Lie algebras. The next result is
our Theorem E from the introduction, see Section 1.9.

Theorem 3.1.1. Let L C Vec(X) be a Lie subalgebra.

(1) If L is finite dimensional and generated by locally nilpotent vec-
tor fields, then L is algebraic, i.e. there is a connected algebraic
subgroup G C Aut(X) such that L = LieG.

(2) If L is locally finite, then there exists a unique minimal con-
nected algebraic subgroup G C Aut(X) such that L C LieG.

Proof of (1). Assume that L is finite dimensional and generated by lo-
cally nilpotent vector fields 71,72, .. ., 7m. By [FK18, Proposition 7.6.1]
there are (uniquely determined) algebraic subgroups U; C Aut(X),
U; ~ G,, such that LieU; = kn;. Now Theorem 2.5.1 implies that
G = (U; | i=1,....,m) C Aut(X) is an algebraic group with
LieG = L. U

Example 3.1.2. Assume that L C Vec(X) is a locally finite semisim-
ple Lie subalgebra. Then there is a semisimple group G C Aut(X) such
that L = ¢(Lie G). In particular, L is algebraic.
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In fact, the semisimple Lie algebra L is generated by the root sub-
spaces with respect to some Cartan subalgebra (see [Hum72, Proposi-
tion 8.4(f)]), hence by nilpotent elements. Lemma 1.6.3(3) shows that
these elements are locally nilpotent in Vec(X), and thus L is generated
by locally nilpotent vector fields.

The proof of (2) needs some preparation. It will be given at the
end of section 3.2. Let L = Ly X R be the Levi decomposition where
Ly is semisimple and R := rad L is the solvable radical (see [Pro07,
10.1.6, pp. 305-306]. The example above shows that Ly = Lie Gy for
a semisimple subgroup Gy C Aut(X). It remains to find a solvable
subgroup @ C Aut(X) normalized by Gg such that Lie@ O R. Then
the product G := Go(Q has the required property.

Lemma 3.1.3. Let M C Vec(X) be a locally finite solvable Lie sub-
algebra. Assume that M contains with every element p its semisimple
and locally nilpotent parts s and p,. Then the locally nilpotent ele-
ments from M form a Lie subalgebra M,, and M = S x M, where S
s any mazimal toral subalgebra of M.

Proof. Since M is locally finite we may assume that M C gl(V') where
V C O(X) is a finite dimensional subspace generating O(X). Since
M is solvable there is a basis of V such that M is contained in the
upper triangular matrices by C gl; where d := dim V' (Lie’s Theorem).
Clearly, the nilpotent elements from M belong to the subalgebra n; C
by of upper triangular matrices with zeros along the diagonal, and so
M, = M Nny is the ideal of M consisting of the nilpotent elements.
By Lemma 1.6.3 every nilpotent element of M is also locally nilpotent
viewed as a vector field on X, and vice versa. If M = M,, then S =0
and M = S x M, as desired.

In the general case, choose a maximal toral subalgebra S C M, and
consider the corresponding weight space decomposition M = € M,
where S* is the group of characters of S and

M, ={peM|adr(n) =[r,p] =a(r) pfor T € S}

Similarly, we get a decomposition gl; = @, (8ls)a- Using the identity
[s,a-b] = [s,a]-b+a-[s,b] we get (gly)a-(9ly)s C (9ly)arps Which implies
that M, consists of nilpotent elements for o # 0. Hence, P, 40 M, Cny
is a solvable subalgebra consisting of nilpotent elements, while M, =
Centy(S) 2 S.

Let u € My have Jordan decomposition u = s + pt,. Since S com-
mutes with p it also commutes with ps and w,, and so us € M,
and pu, € My Nny Since S is a maximal toral subalgebra, we have
ps € S, and so My = S @ (Mo N ng). As a consequence we see that

a€eS*
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M, = (MyNng) ® @#0 M, is a subalgebra consisting of nilpotent
elements, and that M =S x M,. 0

From the first part of the proof we get the following result.

Corollary 3.1.4. If a locally finite solvable Lie subalgebra M C Vec(X)
1s generated by locally nilpotent elements, then it consists of locally
nilpotent elements.

3.2. Jordan-saturated subspaces. The assumption in Lemma 3.1.3
above leads to the following definition. A locally finite subspace W C
Vec(X) is called Jordan-saturated (shortly J-saturated) if it contains
with every element 7 the semisimple and the locally nilpotent parts
ns and n,. Clearly, for any algebraic subgroup G C Aut(X) the Lie
algebra Lie G C Vec(X) is J-saturated.

Lemma 3.2.1. Let R C Vec(X) be a locally finite and solvable Lie
subalgebra. Then the smallest J-saturated Lie subalgebra R C Vec(X)
containing R has the following properties:

(1) R is locally finite and solvable.

(2) If a subspace V- C O(X) is R-invariant, then it is invariant
under R.

(3) If an automorphisms ¢ € Aut(X) normalizes R, then it nor-
malizes R.

Notice that any algebraic Lie subalgebra of Vec(X) which contains
R also contains R.

Proof. As before, we fix a finite dimensional R-invariant subspace V' C
O(X) which generates O(X). Choosing a suitable basis of V' we may
assume that the image of R in gl(V)) = gl; is contained in the upper
triangular matrices by.

If n = ns+n, is the Jordan-decomposition of an element n € R, then
every finite dimensional R-invariant subspace V' C O(X) is invariant
under ny and 7, hence invariant under the Lie subalgebra R; generated
by R+ kn,. Thus R; is locally finite. The Jordan-decomposition of n
carries over to the image of n in gl(V') = gl;. Hence the images of 7
and 7, also belong to b; which shows that the image of R; is contained
in bd.

This procedure of adding the locally nilpotent part and forming the
Lie algebra has to end with a locally finite and solvable Lie subalgebra
R containing R with the properties (1) and (2).

Finally, assume that ¢ € Aut(X) stabilizes R, and let n € R. Then
o(n) = v(ns) + ¢(n,) is the Jordan decomposition of ¢(n) € R, hence
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©(ns) and ¢(1,) belong to R. Now it follows from the construction that

R is invariant under ¢. U

Proof of Theorem 3.1.1(2). Let L = Ly X R be the Levi decomposition
where Ly is semisimple and R is the solvable radical of L. By part
(1) and Example 3.1.2 there is a semisimple group Gy C Aut(X) with
Lie Gy = Lg. Clearly, R is Gp-invariant, as well as R, the J-saturation
of R, see Lemma 3.2.1. By Lemma 3.1.3 we have R = S x R, where
S is toral and R, is solvable and consists of locally nilpotent elements.
Thus, again by part (1), there is a unipotent group U C Aut(X) such
that LieU = R,,.

It follows from Lemma 1.8.2 that there is a well-defined minimal
torus 77 C Aut(X) such that Lie7 O S, and that 7" normalizes R,,.
By Lemmas 1.8.2 and 3.2.1, T normalizes U and R, and so the prod-
uct @ :=TU = UT C Aut(X) is a connected solvable subgroup with
Lie@Q D R. By construction, @) is the smallest subgroup with this prop-
erty. It remains to show that Gy normalizes (. Indeed, gQg_l is a closed
subgroup for any g € Gy, and Lie gQg~! D gRg~' = R.

The uniqueness statement follows from the fact that Lie(G N G') =
Lie G N Lie G’ for any algebraic subgroups G, G’ C Aut(X), see [FK18,
Proposition 7.7.1]. O

4. NESTED IND-GROUPS AND NESTED SUBGROUPS

4.1. Nested groups and nested Lie algebras. For the following
concept see [FK18, Section 9.4] and [KPZ17].

Definition 4.1.1. An ind-group & is called nested if it admits an
admissible filtration consisting of algebraic subgroups. A Lie algebra L
is called mested if there exists a sequence Ly C Ly C --- C L of finite
dimensional Lie algebras L; such that L = |, L.

Lemma 4.1.2. (1) The Lie algebra Lie & of a nested ind-group &
1s nested.

(2) Ewvery filtration of a nested ind-group by algebraic groups is ad-
maissible.

(3) A connected nested ind-group admits a filtration by connected
algebraic subgroups. In particular, it is algebraically generated
(Definition 2.1.1).

(4) Assume that the base field k is uncountable. If an ind-group &
has a filtration by algebraic subgroups, then & is nested.

Proof. (1) This is clear.
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(2) Let & = J, &, be a nested ind-group, i.e. the & are algebraic
subgroups, and let G; € Gy C --- C & be a sequence of algebraic
subgroups such that & = J; G;. Then each G; is contained in some
&y, and &, = (J,(B,NG;) is a countable union of closed subgroups. It
follows from Lemma 4.1.3 below that &, = &, N G; for some ¢ and so
8, C G

(3) If & =, By, is connected, then & = J, &5 by [FK18, Proposi-
tion 2.2.1].

(4) If k is uncountable, then every filtration by closed algebraic sub-
sets is admissible, see [FK18, Theorem 1.3.3]. O

The following lemma is well-known.

Lemma 4.1.3. For any algebraic group G there exists a finite set
{glnga s 7gn} g G such that G = <gl>.g?> s 7gn>

Outline of Proof. The statement is clear for a unipotent group U since
(u) ~ G, for a unipotent element u # e. It is also clear for a torus
T since there is always an element ¢t € T such that T" = @ Finally,
for a semisimple group G we fix a maximal torus 7', choose a “dense”

element ¢t € T and unipotent elements in every root subgroup of G. [

Definition 4.1.4. A subgroup G of an ind-group & is called quasi-
nested if there exists a sequence G; C Gy C --- C & of bounded
subgroups of & (see section 1.2) such that G = |J, G;. It is called
nested if the G; are algebraic subgroups.

The situation here is subtle. Every nested subgroup G of an ind-
group & has a natural structure of a (nested) ind-group given by the
filtration by algebraic subgroups, and thus Lie G is well defined and is
a subalgebra of Lie &. But in general G is not a closed ind-subgroup as
shown by the following example.

Example 4.1.5. The subgroup us C G,, of elements of order a power
of 2 is nested by the finite subgroups ~ Z/2"7Z. But it is not closed.

Remarks 4.1.6. (a) A quasi-nested subgroup G = |J;G; C & de-
fines a nested subgroup, namely | J, G;.
(b) Every subgroup of a nested ind-group is quasi-nested.
(c) Let p: & — $ be a homomorphism of ind-groups. If & is nested,
then the image ¢(®) C § is a nested subgroup.
(d) If the subgroup G C & is quasi-nested, G' = |J, G;, then one
can always assume that the subgroups G; C G are closed in G.

Proposition 4.1.7. Assume that the base field k is uncountable. Then
a path-connected quasi-nested subgroup G' C & 1is nested.
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Proof. Let G = |JG; € & where the G; are closed in G, see Re-
mark 4.1.6(d). Define G§ C G| to be the path-connected component of
e, 1.e. the set of elements of GG; which can be connected to e € GG;. Then
G is a path-connected bounded subgroup, hence an algebraic group
by Corollary 2.4.2.

We claim that G = |J, G{. For any g € G there is an irreducible
variety Y and a morphism ¢: Y — & such that e, g € p(Y) C G. Since
the subgroups G; C G are closed, the inverse images o~ 1(G;) C Y are
closed, and |J, ¢ '(G;) =Y. Since k is uncountable there is an i such
that Y = ¢ 1(G;). Hence ¢(Y) C G5 and so g € |, G5. O

Question 4. Let G C & be a path-connected nested subgroup, e.qg. a
unipotent nested subgroup. Is it true that G is closed?

In order to give a positive answer to this question it suffices to show
that for every closed algebraic subset A C & the intersection A NG is
contained in an algebraic subgroup of G. In fact, if ANG C G;, then
ANG = ANG,; is closed in G;.

The next result is an immediate consequence of Proposition 2.1.2
and Lemma 4.1.2(3).

Corollary 4.1.8. Let G = |, G\, C Aut(X) be a path-connected nested
subgroup. Then there is a ko such that for k > ko the groups G and Gy,
have the same orbits on X.

4.2. Integration of nested Lie algebras. If G C Aut(X) is a nested
subgroup, then LieG C Vec(X) is a nested Lie algebra filtered by
locally finite subalgebras. The converse of this is also true.

Proposition 4.2.1. Let L = J, L; C Vec(X) be a nested Lie subalge-
bra. Then the following hold.

(1) If L is generated by locally nilpotent vector fields, then there
exists a nested unipotent subgroup G = |J, G; € Aut(X) such
that L = |, Lie G;.

(2) Assume that all L; are locally finite. Then there exists a smallest
nested subgroup G C Aut(X) such that L C LieG C Vec(X).
Moreover, a closed ind-subgroup & C Aut(X) contains G if and
only if L C Lie ®.

Proof. (1) Any finite collection S C L of locally nilpotent vector fields
generates a Lie subalgebra, say, Mg of some L;. According to Theo-
rem 3.1.1(1), Ms = LieGs for an algebraic subgroup Gs of Aut(X).
On the other hand, L; is contained in some M; := Mg,, hence L =
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\U; M;. We may suppose that M; C M,,y, and so G; C G,41 where
G, := Gs,. The union G := |J,; G; is a nested subgroup of Aut X such
that L = J, Lie G,.

(2) Let G; C Aut(X) be the smallest algebraic subgroup with Lie G; D
L; (see Theorem 3.1.1(2)). Then G; C G4 for all ¢ and so G := |, G;
is a nested subgroup with the required properties.

Now assume that Lie ® D L and define G} := &N G;. Then Lie G} =
Lie NLieG; O L;, hence G, = G; and the claim follows. O

5. SOLVABILITY AND TRIANGULATION

5.1. Solvable subgroups. This section is devoted to the proof of our
Theorem B from the introduction.

Theorem 5.1.1. Let G = (H; | i € I) be a solvable algebraically
generated group. If the family I is finite, then G is a solvable algebraic
group with Lie algebra LieG = L(G) = (LieH; | i € I). In general,
G is nested and is of the form G = Ug x T where T C Aut(X) is a
torus and Ug 1s a nested unipotent group consisting of the unipotent
elements of G.

Corollary 5.1.2. A solvable subgroup G C Aut(X) generated by unipo-
tent elements is quasi-nested and consists of unipotent elements.

Proof of Corollary. 1If G is generated by the unipotent elements (u;)er,
then the closure G C Aut(X) contains the subgroup G generated by the
unipotent subgroups (u;). We will see in the following Lemma 5.1.3(2)
that G is also solvable. It then follows from the theorem above that

G = Ugz x T is nested, hence G is quasi-nested and is contained in
Ug. O

The proof of Theorem 5.1.1 needs some preparation. Given a solvable
group G we denote by G the members of the derived series of G' and
by d(G) the derived length:

a0 ._ > a .— (G,G) D G2 .— (G(l),G(l)) D...D G — {e}.

If GG is nilpotent, then G; stands for the members of the lower central
series of G and n(G) for its nilpotency class:

GO ::GQGl = (GaG)QGQ = (GaGl)QQGn:{e}

In the following lemma we collect some important facts about closures
of solvable and nilpotent groups. Statement (2) can be found in [FP18,
Lemma 2.3(3)].

Lemma 5.1.3. Let G, H C & be subgroups of an ind-group &.
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(2) If G is solvable, then so is G, and d(G) =
(3) If G is nilpotent, then so is G, and n(G) =

)-
(@)

Proof. (1) Let v: & x & — & be the commutator map, (g,h)
ghg™*h™'. Then v(Gx H) C (G x H),and so (G, H) C {(v(G x H)) C
(G, H). Now the remaining inclusions follow.

(2) By (1) we have G C G" ¢ GO. Hence G = {e} and
G £ {e} for i < d(Q).

(3) By (1) we have G; C G; C G;. Hence G,y = {e} and G, # {e}
for i < n(G). O

(1) We have (G, H) C (G, H), G € GD and G, C G,.
d(
n

Lemma 5.1.4. Let & be an ind-group and $ be a closed subgroup of
&. Then the following hold.

(1) [Lie$, Lie®] C Lie (9, ®).
(2) If & is solvable, then so is Lie ®.
(3) If & is nilpotent, then so is Lie ®.
Proof. (Cf. [FK18, Section 7.5])
(1) For a fixed h € $ consider the morphism

MG = (H,6), w(g) :=hgh™g™"
The differential (d7y).: Lie ® — Lie (£, &) is given by (dv,). = Ad(h)—
id. Now fix A € Lie® and consider the morphism
ag: H — Lied, ay(h) :=Ad(h)A — A= dvy(A).

The differential at e of this map is — ad(A); it sends Lie $) onto [Lie $, A].
By the preceding, (dvy).(A) € Lie (£, ®) for any h € $) and A € Lie 8.
Hence, [Lie $, A] C Lie ($), ®) for any A € Lie ®. This yields (1).

(2) Now assume that & is solvable. From the derived series for & we
get the normal series

60 =260 26®D...26M = {¢}

of closed subgroups with the property that the factor groups are all
commutative (see Lemma 5.1.3(1)). Passing to the series

Lie® D Lie®®) D Lie®® D ... D Lie ™ =0

we get from (1)

Lie B(+1) = Lie (60, 80) = Lie (60, (1)) D [Lie 6@, Lie &),
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Thus the factors Lie &) / Lie (+1 are all commutative, which implies
that Lie & is solvable.

(3) Assume now that & is nilpotent. From the lower central series
for & we get the series of closed subgroups

Gy=626,26,2--26, ={e}
and the corresponding series
(%) Lie® D Lie®; D Lie®, D --- D Lie ®,, = {0}.
By virtue of (1) we have
Lie ®,,; = Lie (&, ®,) = Lie (&, &,) D [Lie &, Lie &,].

Thus (%) is a central series and so Lie & is nilpotent. O

Question 5. Let & be a path connected ind-group. Is it true that & is
solvable (resp. nilpotent) if Lie & is?

Remark 5.1.5. Tt is known that a path-connected ind-group & is com-
mutative if Lie & is, see [FK18, Corollary 7.5.3].

Lemma 5.1.6. Let L be a finitely generated Lie algebra. If L is solv-
able, then L is finite dimensional.

Proof. In the derived series
LO =L 2>LW =[O O] > 1@ .= LW W] >... > LM = {0}

every member L) is finitely generated. Therefore L® /Li+Y is a com-
mutative and finitely generated Lie algebra, hence finite dimensional,
and the claim follows. 0

Proof of Theorem 5.1.1. (a) We first consider the case where [ is finite.
The closure G is solvable (Lemma 5.1.3(2)) and so LieG is solvable
(Lemma 5.1.4(2)). It follows that L(G) = (LieH; | i = 1,...,m)Le is
also solvable (Theorem 2.3.1(1)), hence finite dimensional (Lemma 5.1.6).
Now the claim follows from Theorem 2.5.1.

(b) In general, it follows from (a) that for any finite subset F* C I
the subgroup Gp := (H; | ¢ € F) is a connected solvable algebraic
subgroup of &. If I is countable we have an ascending filtration Fj C
)y C Fy, C--- C I by finite subsets, and so G = Uj G'F, is nested.

(c) For a general I we first remark that the Lie algebra L C Vec(X)
generated by the Lie H; has countable dimension, and so L = (Lie H; |
J € J)Lie for a countable subset J C I. We claim that G is generated
by the H;, j € J, which implies by (b) that G is nested. In fact, for
any H; there are finitely many Hj; ,..., H;, with j, € J such that
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the solvable algebraic subgroup generated by the Hj,,
by [FK18, Remark 17.3.3].

(d) If the nested subgroup G = |J, Gi does not contain semisimple
elements, then G = Ug is a nested unipotent group. Otherwise we
choose a torus 7' C G of maximal dimension. We can assume that
T is contained in all Gy, hence G, = Ug, x T for all k, and Ug, C
Ucy,,- Thus Ug := |, Ug, is a nested unipotent group containing all
unipotent elements of G, and G = Ug x T. O

k=1,...,m)Li. Thus Lie H; C Lie H; where H; is
and so H; C H;

5.2. Triangulation in Aut(A"). By definition, an automorphism ¢
of A™ belongs to the de Jonquieres subgroup Jonq(n) (see Section 1.4)
if and only if the comorphism ¢* stabilizes the flag

k[z1, .. s T, 0] 2K[w1, .o ] 2000 D kg, m] 2 Kkm].
Equivalently, ¢ stabilizes the coflag
F:A" 5 A" 5 A2 5 5 AT o Al

which means that ¢ induce an automorphism on each A* such that the
projections A¥ — A1 (ay, ... a,) — (a1,...,a, 1) are p-equivariant.

Remark 5.2.1. Jonq(n) is a connected, nested solvable group of the
form Jonq(n) = Jonq(n), x T where T := k*" is the standard maximal
torus and Jonq(n), is the subgroup of unipotent elements, cf. [FK18,
Section 15.1]. Jonq(n) has derived length d(Jonq(n)) = n + 1 ([FP18,
Lemma 3.2]) and thus d(Jonq(n),) = n, because (Jonq(n), Jonq(n)) =
Jonq(n),.

Theorem 5.2.2. Let U C Aut(A") be a nested unipotent subgroup. If
U has a dense orbit on A™, then U acts transitively on A", and U is
conjugate to a subgroup of Jonq(n),.

Proof. The first statement follows Corollary 4.1.8 and the fact, that
U-orbits are closed.

For the second claim we have to construct a U-stable coflag A" —
A"l — ... — Al where the projections are of the form A* ~ AF~1 x
Al 25 AR

Let U, C U be the isotropy group of some point z € A" By
Lemma 5.2.3 below we can find an element a € Normy U, \U,. Then the

subgroup A := (a) is isomorphic to G, and normalizes U,. Then there is
a right action of A on U/U, = A™ which commutes with the U-action.
Thus we get an action of U on the quotient A" /A := Spec O(A™)* such
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that the quotient map p: A™ — A" /A is U-equivariant. It follows that
U has a dense orbit in A" /A and so A" /A ~ A", because orbits of
unipotent groups are closed and isomorphic to affine spaces, cf. [FK18,
Theorem 11.1.1].

Moreover, the A-action on A" admits a local slice, hence a local
section of p, see [Fre06, Section 1.4, Principle 1(c)]. Since U acts tran-
sitively on A™ and p is U-equivariant there exist local sections of p in
any z € A" and thus p: A" — A"//A is a principal A-bundle. By a
theorem of Serre [Ser58, Section 5.1] we have H'(X,G,) = 0 for any
affine variety X, and hence this bundle is trivial:

Ar = AL Al

AnjA —— A"

Thus, we have constructed a U-equivariant projection A® — A"~ and
the claim follows by induction. O

Lemma 5.2.3. Let U C Aut(X) be a nested unipotent subgroup. For
any point v € X \ XY the normalizer Normy U, strictly contains the
1sotropy group U,.

Proof. The claim of the lemma is well-known for a unipotent algebraic
group U since such a group is nilpotent. In general, U = J, Uy with
closed unipotent algebraic subgroups U such that Uy C Ug.q, and,
similarly, U, = |J,(Ux), with closed unipotent algebraic subgroups
(Ug)s = U, N Ug. Corollary 4.1.8 implies that we can find a ky such
that (Uy), has the same orbits on X as U, for all k > k.

Now we use the following general fact. If a group G acts on a space
X, and if z € X, then g € G belongs to the normaliser of the isotropy
group G, if and only if the isotropy group of gx is equal to G, i.e. if
and only if gr € X%,

Assume that g € Uy belongs to the normaliser of (Uy),. Then gz €
XWxle = XUs and so g is in the normaliser of U,. If g ¢ (Uy), =
Ui N U,, then g ¢ U,, and the claim follows. O

It is a basic fact in algebraic transformation groups that every affine
G-variety X admits a closed G-equivariant embedding X < V where
V' is G-module. The corresponding statement for ind-groups does not
hold, see [FK18, Proposition 2.6.5].

Question 6. Let G C Aut(X) be a solvable or nilpotent connected
subgroup. Does there exists a closed embedding X — A" such that G
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extends to a subgroup of the de Jonqueres group Jonq(n)? Is this true
if G is nested?

5.3. Nested unipotent subgroups of Aut(X) are solvable. We
know from Theorem B that a solvable subgroup G of Aut(X') generated
by a family of unipotent algebraic groups is a nested unipotent group.
The next result shows that the converse holds as well.

Theorem 5.3.1. A nested unipotent subgroup U C Aut(X) is solvable
of derived length < max{dimUzx | x € X} < dim X.

Proof. Tt suffices to consider the case of a unipotent algebraic subgroup
U C Aut(X). Then every orbit O = Uz is closed and isomorphic to an
affine space. Therefore, by Theorem 5.2.2 and Remark 5.2.1, the image
of U in Aut(O) has derived length < dim O. If m := max{dim Uz | z €
X}, then the mth member U™ of the derived series of U acts trivially
on every orbit, hence on X, and so U™ = {e}. O

Corollary 5.3.2. (1) A solvable algebraically generated subgroup
G C Aut(X) is of derived length < dim X + 1.
(2) Let & = J, 6 € Aut(X) be a connected nested subgroup where
the &, are solvable algebraic groups. Then & is solvable of de-
rived length < dim X + 1.

Proof. (1) By Theorem 5.1.1, G = Ug x T where T' C G is a maximal
torus and Ug is a nested unipotent subgroup. By Theorem 5.3.1, GG is
solvable of derived length < dim X + 1.

(2) By Lemma 4.1.2(3) we may suppose that all the &, are connected.
Thus, & = Uy x T}, where U, = R,(®;) and T} is the maximal torus
of &y. Clearly, we have Uy C U1, and we can arrange that Tj, C T}y,
for all k. Then again & = U X T where U := |J, Uy and T := |J, T} is a
maximal torus of & of dimension < dim(X). Now the assertion follows
from Theorem 5.3.1 above. O

Remark 5.3.3. A unipotent algebraic group is nilpotent, but the nilpo-
tency class of unipotent subgroups of Aut(X) might not be bounded,
and thus a nested unipotent subgroup is not necessarily nilpotent.

For example, 7, := Jonq(n), is a closed nested unipotent subgroup
of Aut(A™). For n > 2 its Lie algebra Lie 7,, is not nilpotent, and so 7,
is neither, by Lemma 5.1.4(3). Consider, for instance, the case n = 2,
and define

Lq := (0/0x1,290/0x,) C Lie J.

It is easily seen that the dth member (Lg)4 of the lower central series
of Ly does not vanish, and so (Lie J2)q # 0 for any d > 1.
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6. AN INTERESTING EXAMPLE

In this section we study the subgroup F' C Aut(A?) generated by
u:= (z+y% y) and v := (z,y+2?). We will show that F is a free group
in two generators and we will describe the closure § := F and its Lie
algebra Lie §. It turns out that the following holds (see Theorem 6.4.2).

e § is a free product of two nested closed abelian unipotent ind-
subgroups J and J~ C Aut(A?). In particular, § is torsion free.

e As a Lie algebra, Lie§ is generated by Lie U and Lie V' where
U:=(u)~G,and V := (v) ~G,.

e Any algebraic subgroup of § is abelian and unipotent and is
conjugate to a subgroup of J or J~.

6.1. Notation and first results. Let
T := {(ax,by) | a,b € k*} C GLy(k) C Aut(A?)
denote the standard 2-dimensional torus, and let
SAut(A?) := {g € Aut(X) | jac(g) = 1}

where the Jacobian of g = (f, h) is defined in the usual way: jac(g) =
of of

det [gz gz] . Furthermore, we set
or Oy

Autg(A?) := {g € Aut(A?) | g(0) = 0},
the group of automorphisms fixing the origin, and
SAutg(A?) := SAut(A?) N Autg(A?).
There is a canonical homomorphism D: Autg(A?) — GLy(k) defined
by D(g) := (dg)o. If g = (f, h), then g € Auto(A?) if and only if f(0) =
h(0) = 0, i.e. f and h have no constant terms, and D(g) = (f1, h1), the

endomorphism given by the linear terms of g € Autg(A?). We will be
interested in the kernel of D:

2 :=ker D = {g € Auty(A?) | (dg)o = id}
= {(f,h) € Auto(A®) | (fi,7n) = (z,9)}.

We get a split exact sequence of ind-groups
() 1 > A > Autg(A?) LN GLy(k) —— 1
Thus 2 is a closed path-connected ind-subgroup of Aut(A?) which con-
tains u = (x + y2,y) and v = (z,y + 2?), and so § C 2.

Let S := {(Cz,¢%) | ¢3 = 1} C T NSLy C SAut(A?) be the cyclic
diagonal subgroup of order 3. The elements of S commute with u and
v and thus with all elements from F' and hence from § = F.
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Lemma 6.1.1. One has S = Cent g a2y (F).

Proof. Note that any g € Aut(A?) commuting with u and v, and there-
fore with U and V| fixes the origin which is the unique common fixed
point of U and V. It also leaves invariant the set of orbits of U and of
V', i.e. the pencils of horizontal and vertical lines. Hence, g € T, and
an easy calculation shows that, Indeed, g € S. 0

Considering the action of S on Aut(A?) by conjugation, one sees that
SAut(A?) and 2 are stable under this action, and thus
FCA ={gecA|gos=sogforall se S}
Moreover, S also acts on the Lie algebras Lie Aut(A?) and Lie®l, and

SO

(1) Lie§ C Lie2® C (Lie®)".

6.2. The Lie algebra of §. The divergence div of a vector field § =
2 —l—ha% is defined as divd = % + g—Z. For the Lie algebras of Aut(A?),
SAut(A?) and Auty(A?) we have the following description:

e Lie Aut(A?) = Vec®(A?) := {0 € Vec(A?) | div € k},

e LieSAut(A?) = Vec’(A?) := {§ € Vec(A?) | divd = 0},

e Lie Auto(A?) = Vecy(A?) := {6 € Vec®(A?) | §(0) = 0},
The first two are given in [FK18, Proposition 15.7.2], and the last is an

immediate consequence. The split exact sequence (k) from the previous
section 6.1 implies that

LieR = ker(dD,: Veco(A?) — gl,)
0 0
= {5 = f% + ha—y S VeCo(Az) ’ fl = hl = O}
Now consider the following vector fields from Vec”(A?),
4 i1 5 O . i i1 0
Oij =+ Dy o — (i + 1)z yj“a—y
where
(i,j) € A= {(k,1) € Z° | k,l > -1,k +1>0}.

The torus T acts by conjugation on Aut(A?) and on Vec(A?), and
the 0; ; are eigenvectors of weight (7, j). Moreover, the action of 7" on
Vec®(A?) is multiplicity-free, and we have the weight decompositions

Vec(A%) = P kdi; and LieA= P ko

(3,7)EA (4,7)EAi+35>0
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Note that 0, ; is fixed by the finite subgroup S C T if and only if i —j =
0 mod 3. Setting Ao := {(k,l) e A| k—1=0 mod 3, (k,l) # (0,0)}
we get

(2) Lie2® C (Lie2)’ = € ko,
(4,5)€Mo

The next lemma shows that LieF = Lie®A® = (Lie2A)”. In contrast
to the situation of algebraic groups, this does not automatically imply
that § = A°. In fact, FURTER-KRAFT give an example of a closed
ind-subgroup of a path-connected ind-group which has the same Lie
algebra, but is strictly smaller (see [FK18, Theorem 17.3.1]). In order to
show that § = 2° (see Theorem 6.4.2) we therefore need an additional
argument.

Lemma 6.2.1. The Lie algebra (Lie2A)® is generated by LieU and
LieV, hence Lie§ = Lie A% = (Lie®l)".

Proof. We have LieU = kO_; 5 and Lie V' = kd, _;. An easy calculation
shows that

ad 87172(81',]') = a@i,l,ﬂg (Z 2 O) and ad 827,1(01'73‘) = b@iw,j,l (] 2 O)

with non-zero constants a,b € k. This implies that the Lie algebra
generated by 0_;2 and 0, _; contains all d;; with (7, ) € Ag, hence
(LieU, Lie V)i 2 (Lie2d)®, see formula (2). Since LieU, Lie V C Lie§
the claim follows from the inclusions in (1). O

It is easy to see that the vector field 0;; is locally nilpotent if and
only if ¢ = —1 or 7 = —1. In these cases, there are unique algebraic
subgroups U_y; ~ G, and Uy _1 ~ G, with LieU_,; = kO_;; and
LieUy,—1 = kO 1. Note that U_1o = U = (u) and Uy 1 =V = (v).
Moreover, the subgroups U_; ;, and U_;; commute as well as the vector
fields 0_1 1 and 0_1;.

6.3. De Jonquiéres subgroups and amalgamated products. This
and the subsequent sections are largely inspired by [AZ13, Section 4].
Consider the de Jonquieres group

Jonq := {(az + h(y),cy +d) | a,c € k*,d € k, h € k[y]}
and its subgroups
Jongq = {(az +yf(y),by) | a,b € K", f € k[y]} = JonqN Auty(A?),
Jo:={(x+yf(y),y) | f €kly]} € Jongq.
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Jo is a commutative closed unipotent ind-subgroup, isomorphic to k[y]*.
It admits a filtration by closed unipotent subgroups H?Zl U_1; ~GY,
d > 1. Note that Jonq, = Jo < T".

Lemma 6.3.1. The group 2% is the free product (Jo)° * (J5)° where

Jo:=7oJooT and T :=[V}].

Proof. (1) The amalgamated product structure Aut(A?) = Jonq g Aff,
where 9B := JonqN Aff, implies that every element g € Aut(A?) \ B
can be expressed in one of the following 4 forms, called the type of g,

8 = J1a1j2 " Jn, g = J1a1j2 "+ Jnln,

g = a1)1a2 " Jn, g = a1J102 " Jnlni1
where ji € Jonq\B and a; € Affy \*B. The length of the expression,
its type and the degrees of the j, are uniquely determined by g.

(2) Let now g € Autg(A?). Using Jonq = Jonq, x Transy and Affy =
GLy x Trans, where Transy ~ G?l is the group of translations, one
can assume that jp € Jonq,\B and a; € GLy\B where B C GL;
is the Borel subgroup of upper triangular matrices. Since GLy \B =
UrB = BtU where U C B is the unipotent radical, we see that any
g € Auty(A?) has a presentation in one of the 4 forms

&= JiTiThn, &= 1T T,
g =THT e E=TQT T

where ji € Jong, \B. Again, the length, the type and the degrees of
the j5 are uniquely determined by g.

(3) Now we remark that Jonq, = Jo X 7" and T'7 = 77 It follows
that we can reach one of the following forms

g =J1TJ2 " TJal, g =J1TJ2 " JaTt,
g =TT Tinl, g =TT TjpTt

where jr € Jo and t € T. We claim that this form is uniquely deter-
mined by g. Since the type and the length are given by g, it suffices to
compare the similar decompositions

g=J1Tj2 - Jut = J17Jy - jpt’ and g = j17j2 - - - juTt = j17hy - - g7t
It follows that
Tho - Jul = 1 ' J1Tds - b’ resp. Tho- - jutt = jrlgiThh - gaTt,

hence j; = j;. Now the claim follows by induction.
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(4) Using the equalities st = ts and sts =7 for s € S and t € T we
find for an S-invariant g € Autg(A?) of the first form g = j17J5 - - - jnt
in (3) above that

g=sgs | = (s715 )T (s as)T (54387 1) - -+ (sgns™ 1)t if n is odd,

In the first case, we get that each j; is S-invariant. In the second case,
we obtain sj,s = j,, a contradiction. Looking at the other forms of g
in (3) we see that for an S-invariant g the number of 7’s must be even
and each j is S-invariant, i.e. j, € (Jo)° C 2A°.

(5) Finally, assume that g € 5. If g is given in one of the forms
of (3), then t = id, because dgy = id and (dji)o = id for ji € (Jo)°.
Since the number of 7’s is even, we see that such an automorphism
g is a product of the form - jyjfjk+1Jp,, -+ where ji € (Jo)° and
Tk € B0)® = (7307)% = 7(Jo)°T. O

We have seen in the proof above that every g € Autg(A?) has a
unique presentation in one of the 4 forms

E=NTJ2" T, 8= J1TJ2" " JaT,
E=TNT " Tin,  =TNT " TjaT

where ji, € Jonq,\B. As usual, we define the degree of an element
(f,h) € Aut(A?) as deg(f,h) := max{deg f,degh}. The following

lemma is known, see e.g. [Kam79, Lemma 4.1].
Lemma 6.3.2. If g is as above, then degg = deg j; - deg js - - - deg j,,.

Proof. 1t suffices to consider the cases g = 717 7J, = (fu, hn).
We now prove by induction that deg fr > deghy and that deg fr,1 =
deg fi - deg jry1. Clearly, deg fi > degh; = 1, because j; ¢ B. If
Jk+1 = (x,y + p(z), then

(frg1, hier1) = 70 Jrg1 © (feo hie) = (hie + p(fi), fi)-

Since deg jxr1 = degp > 1 and deghy < deg fr we get deg fry1 =
degp - deg fr > deg fx, hence the claim. 0

6.4. The fixed points under S. Recall that § C Aut(A?) denotes
the closure of the free group F' generated by u and v.

Proposition 6.4.1. (J)° C §. In particular, § =A% = (Jo)% * (I )*.
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Proof. We have seen in Section 6.3 that Jo ~ k[y]* admits a fil-

tration by the closed unipotent subgroups H?:Q U_1;, d > 2. It fol-

lows that 35 = {(z + ¥*f(¥*).y) | [ € kly]} = k[y]*, and that 3§

admits a filtration by the closed unipotent subgroups H;?:l U_135-1.

Note that this product contains any automorphism of A2 of the form

(x + 2521 c;y =1 y). We now show by induction that U_;3; 1 C §.
Assume that this holds for j < k. Set

pi=uov=(zr+y’y)o(r,y+a’) =
= (z+y*+ 2%y + 2 y+42%) € F = (u,v)
and consider the product
k

k
Yo (x — chy3j_1,y> = (fk, hk) eF- HU_1,3j—1'

j=1 j=1
Then
k s k Q. k Qi
fe(0,y) = =37yt + 7 + 2y ¢y )P+ (o) ¢y Dt
In particular, the exponents of y in f,(0,y) are all =2 mod 3. Setting
c¢1 = 1 the second power of y disappears and we get

k - k - k i
fr(0,y) = =375 ¢y =+ 2930 ey )+ (0] ey
Hence, for j < k, the coefficient d; of y*~! has the form
dj=—c;+2 Y ¢+ > Cjy Cjy CjaCiy -

Jitje=j Jitjetist+ja=j+1
It follows that for any j < k the system of equations d; = dy = --- =
d; = 0 admits a unique solution in positive integers ¢; which does
not depend on k (co = 2,¢c3 = 9,¢4 = 52,¢c5 = 340,¢c6 = 2394,...).

Moreover, we see that the coefficient dy; of y***2 is positive. But then

(7322, t71y) o (fu, hae) o (842, ty) 3 (2 + dpy® 2, y) € Ul i,
Since § is closed and stable under the action of the torus T" we get
U_1 3k+2 C §, and the claim follows. O

Summing up we have the following result.

Theorem 6.4.2. Let F C Aut(A?) be the subgroup generated by u :=
(z+ 12, y) and v := (z,y + 22), and denote by § := F its closure in
Aut(A?). Furthermore, define 2 := {g € Aut(A?) | g(0) = 0,dg, =
id}.
(1) F is a free group in the two generatorsu, v, containing elements
which are not locally finite.
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(2) § =A% = Centy(S) where S := {(Cx,%y) | (3 =1} C T is the
centralizer of F in Aut(A?).

(3) F is a free product J x I~ where J == {(z + v*f(v*),y) | f €
k[yl} = (30)% and 3= = {(z,y + 2*f(2?)) | [ € k[z]} = 7J7.
In particular, J s a commutative nested unipotent closed ind-
subgroup of Aut(A?) isomorphic to k[y]*.

(4) Every algebraic subgroup of § is commutative and unipotent and
18 conjugate to a subgroup of J or of J~.

Proof. (1) The first part is clear. For the second we notice that deg(uv)*

tends to infinity for £ — oo. Hence, uv € § is not locally finite.
(2) & (3) This is Proposition 6.4.1 and Lemma 6.1.1.

(4) For an algebraic subset X C § the degrees of the elements from
X are bounded above. It follows from Lemma 6.3.2 that the elements
of X have bounded length in §. Hence a famous result of SERRE’s
(see [Ser03, Theorem 8|) implies that an algebraic subgroup of the free
product § = J*J~ is conjugate to a subgroup of one of the factors. [

Remarks 6.4.3. (1) According to Lemma 3.2.1 the subgroup § C
Aut(X) is the closure of the subgroup generated by U and V/,
and Lie § is the Lie algebra generated by Lie U and Lie V. Thus
our example is a positive instance of our Question 1.

(2) The free product U x V is strictly contained in §, because, by
Lemma 6.3.2, the degree of an element from U % V' is a power
of 2, and so U x V' cannot contain all the groups U_; 3;_;. Even
more, by the same lemma, every algebraic subgroup of U x V' is
of bounded length, hence conjugate to either U or V by SERRE’S
result [Ser03, Theorem 8]).

(3) The theorem above shows that there is an ind-structure on the
free product of the two ind-groups J and J~. However, this
structure s not universal, i.e. it is not true that given two ho-
momorphisms of ind-groups §J — & and §J~ — &, then the
induced homomorphism J * J~ — & is a homomorphism of
ind-groups.

In order to see this consider the two projections J — U C
Aut(A?) and 3= — V C Aut(A?). We claim that the induced
homomorphism ¢: J*J~ — Aut(A?) is not an ind-homomorphism.
In fact, the image of ¢ is U x V' C J*xJ~ and ¢ induces the
identity on U * V. Since U % V' is dense in J * J~ it follows that
@ is the identity on J % J~, a contradiction.
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7. A CANONICAL LIE ALGEBRA FOR AN IND-GROUP

For an ind-variety *U the tangent space 1,0 in a point x € ¥ can be
defined as the limit @ T, X where X runs through all algebraic subsets
of U containing z. There is an canonical subspace of 7,0 generated by
those T, X where X is smooth in z:

T .= span(T, X | X C U algebraic and z € X,,).

If U is strongly smooth in x, i.e. there is an admissible filtration U =
U, B such that each Uy, is smooth in z, then TJ,SS)QI = T,0. In general,
we could not prove any useful results for this subspace, but for ind-
groups it turns out that it has very remarkable properties.

7.1. Definition and first properties.

Definition 7.1.1. For an ind-group & we define
Lg :=span(T. X | X C & algebraic and e € X,,;) C Lie ®.

The next proposition shows that Lg C Lie ® is a canonical Lie sub-
algebra.

Proposition 7.1.2.

(a) Le C Lie® is stable under the adjoint action of &, i.e. Lg is
an ideal in Lie &.

(b) For every algebraic subgroup G C & we have Lie G C Lg.

(C) LQ-;o = L@.

(d) Le is finite dimensional if and only if 8° is an algebraic group,
and in this case we have Lg = Lie &.

Proof. (a) If X C & is an algebraic subset with e € X, and if g € &,
then X' := gXg~' is an algebraic subset and e € X/, . Moreover,
Adg(T.X) =T.X' C Lg, and the claim follows.

(b) and (c) are clear.

(d) If &° is an algebraic group, then the claims follow from (b) and
(c). If L is finite dimensional, then so is Lgo by (c). As a consequence,

the dimension of an irreducible subvariety X C &° is bounded by
dim Lgo = dim L, and the claim follows from Proposition 2.4.1. [

The following results show that one has Lg = Lie ® in many cases,
but we have no example where Lg # Lie &.

Corollary 7.1.3. (1) Let & be algebraically generated by a family
{G,}icr of connected algebraic subgroups. Then L(®) C Lg is
an ideal.
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(2) If & s strongly smooth in e, then Le = Lie(G). This holds, in
particular, for a nested ind-group &.

Recall that
SAut(A") := {a € Aut(A") |jac(a) = 1}
is a normal subgroup of Aut(A") with Lie algebra Lie SAut(A") =

Vec’(A™), the algebra of polynomial vector fields on A™ with zero di-
vergence (see Section 6.2).

Corollary 7.1.4. We have Lgpuyary = Lie SAut(A™) and Lauyar) =
Lie Aut(A™).

Note that Aut(A?) is not strongly smooth in e (see [FK18, Corol-
lary 14.1.2]) and so we cannot apply Corollary 7.1.3(2).

Proof. By [Sha81, Lemma 3], the Lie algebra
Lie SAut(A") = [Lie Aut(A"), Lie Aut(A")]

is simple, and by Proposition 7.1.2(a) Lgaut(an) is a (non-zero) ideal in
Lie SAut(A™). This proves the first claim.
The second claim is a consequence of Proposition 7.1.2(b) due to the
fact that
Lie Aut(A") = Lie SAut(A") @ Liek™,
where k* C Aut(A") is realized as the subgroup of the scalar multipli-
cations A -id, A € k*, cf. [FK18, Prop. 15.7.2]. O

7.2. Functorial properties.

Proposition 7.2.1. Let p: $ — & be a homomorphism of ind-groups.

(1) Then dp.(Lg) C Lg. In particular, Le is invariant under every
ind-group automorphism & = &.
(2) Assume that k is uncountable. If p is surjective, then the dif-
ferential dp.: Ly — Lg is surjective.
Proof. (a) Let Y C $) be an irreducible algebraic subset such that e €
Yo, There is an open dense subset U C Y, such that o(U) C p(Y),, .
and that ¢|y: U — ¢(U) is smooth in every point u € U. In particular,
for all w € U, the image ¢(Yu™!) is smooth in e, hence the image of
T.Yu~! is contained in Lg for all © € U. Now the claim follows from
Lemma 7.2.3 below, because U is dense in Y.
(b) Let X C & be an irreducible algebraic subset such that e € X,,.

We have to show that T,X C dg.(Lg). Since k is uncountable there
exists an irreducible closed algebraic subset Y C ) such that ¢(Y) =



40 HANSPETER KRAFT AND MIKHAIL ZAIDENBERG

X ([FK18, Prop. 1.3.2]). As in (a) we choose a dense open U C Y
such that ¢(U) is an open subset of X,., and that ¢|y: U — ¢(U) is
smooth. Then dy.(T, Yu™') = T, Xp(u)~! for all u € U. Tt follows that
T. Xv™' Cdp.(Lg) for all v € p(U), and hence for all v € X, again
by Lemma 7.2.3 below. U

Remark 7.2.2. The assumption that k is uncountable is necessary, as
seen from the following example. Take the bijective homomorphism
k* — G, where k™ is endowed with the discrete topology.

Lemma 7.2.3. Let Y C $ be an wrreducible algebraic subset. Then
span(T,Yg~' | g € Y) C Lie$) is finite dimensional, and

span(T, Yg~' | g € Yyey) = span(T.Yg~' | g € U)
for any dense subset U C Y.

Proof. Set X ;=YY -1 C ®&. Then T,Yqg ! CT,X for all g €Y which
implies the first claim.

For the second claim let Grass,, 7,X denote the Grassmannian of n-
dimensional subspaces of T, X where n := dim Y, and consider the mor-
phism p: Y, — Grass, T.X given by g — T. Yg~!. Since Grass, V C
Grass,, T. X is closed for any subspace V' C T, X it follows that a dense
subset of Y., has the same span as Y. ]

Question 7. Assume we have a surjective homomorphism & — G
where & is a path-connected ind-group, G an algebraic group and k
uncountable. Does & contain an algebraic subgroup which is sent sur-
jectively onto G ?

7.3. Subgroups of finite codimension. Let & = |J,®, be an ind-
group.

Definition 7.3.1. We say that a closed subgroup $ C & is of finite
codimension if &4 - $H = & for some d € N.

For instance, if & is connected and acts on an algebraic variety X,
then the stabilizer &, of any point x € X is of finite codimension.
Indeed, by [FK18, Prop. 7.1.2] the orbit Bz is an irreducible subvariety
of X and &x = &,z for some d. The latter implies & = &, - &,.

We do not know if every subgroup $) of finite codimension of a con-
nected ind-group & is the stabilizer of a point of a &-variety, i.e. if &/
has a canonical structure of an algebraic variety.

Example 7.3.2. The connected component &° has finite codimension
in & if and only if it has finite index in &. Indeed, a closed algebraic
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subset Z C & can only meet finitely many of the components of &.
Similarly, if $) has finite codimension in &, then the image of §) in & /®°
has finite index.

One could expect that for a subgroup $ C & of finite codimension
the Lie algebra Lie $) C Lie ® has finite codimension as well. What we
can show is the following result.

Proposition 7.3.3. Assume that the base field k is uncountable. Let &
be an ind-group and $ C & a closed subgroup of finite codimension. If
$ is subnormal in &, i.e. there is a finite series H = Hy C H; C --- C
¢ = & such that $H; is normal in H;41, then Ly has finite codimension
m L@.

The proof needs some preparation. For an algebraic subset X C &
we define
My :=span(T, Xg ' | g € X) C Lie ®.
We have seen in Lemma 7.2.3 that My is finite dimensional. Moreover,

if X is smooth, then My = My for an open dense subset U of X, and
My C Lg.

Lemma 7.3.4. Assume that k is uncountable. Let & be an ind-group
and $ C & a closed normal subgroup. If there exists a closed irreducible

algebraic subset Z C & such that Z - $ = &, then Ly C My + Lg. In
particular, Lg has finite codimension in L.

Proof. (1) Let X C & be a closed irreducible algebraic subset. Since k
is uncountable we can find an irreducible algebraic subset Y C § such
that Z-Y O X. Thus X is contained in the image of the multiplication
morphism p: Z XY — &, u(z,y) := z-y. For every g := z - y where
(z,y) € Z x Y we have the following commutative diagram

ZxY e ®

p—1 Xlntzo,oyfll: glpg—l

Zr ' x2(Yy et s 8
which induced the commutative diagram of tangent maps

dpiz,y)
T.Z & T,Y —&0 T8
dﬂz—l XAdZOdpy_1lg gldpg_1
dfi(e,e)

T.(Zz"YeT.(:(Yy 1)) — T.&

(2) There exists an irreducible open subset U C = !(X),¢, such that
n(U) C X, is open and dense, and that p|y: U — X is smooth.
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Replacing Y by pry (U) if necessary we can assume that pry (U) C Y.
For g = z - y where (z,y) € U it follows from the diagram above that

T.Xg ' CT,Zz' +Adz(T.Yy ') C My + Ad z(Lg),

hence Mx,,, € Mz+Lg by Lemma 7.2.3. Since the My, C Lg generate
Lg the claim follows. ]

Proof of Proposition 7.3.3. We can clearly assume that $) is normal in
8.

(1) We first claim that $ N &° has finite codimension in &°. The
ind-group & is a countable disjoint union & = J;.; 9,8° = U, 8°g;
where the components are open, closed, and connected, cf. [FK18, Sec-
tion 2.2]. Similarly we get a countable disjoint union of open and closed
subsets of § in the form § = (J,.; hi(H N &°).

Assume that 7 - = & for some algebraic subset Z C &. Then 7 =
UjeJo Z;g; for a finite subset Jy C J and algebraic subsets Z; C &°. It
follows that

6=2-9=\]) Zg -9 and Zg;-9=JZghi-(9HNn&°).
J€Jo iel
Each Z;gjh; - (9 N &°) belongs to a connected component of &, and

Zigih; (5’) ﬂ &°) C &° if and only if g;h; € &°. Thus

B° = U Zigihi - (HNS%) = ( U Z;gih:) - (H N &°).

j€Jo, gjhi€B° Jj€Jo, gjhi€®°

By construction, | o, g;hicwe Z;g;h; is a finite union of algebraic sub-
sets and thus contained in &j for some k where &° = |J, &} is an
admissible filtration.

(2) Since &° is connected we can assume that the &§ are irreducible
([FK18, Prop. 1.6.3 and Prop. 2.2.1(2)]) and so Z' - (§ N &°) = &°
with an irreducible algebraic subset Z’ C &°. Now Lemma 7.3.4 and
Proposition 7.1.2(c) imply that Ly = Lgnge has finite codimension in
L@ == L@o. |:|
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