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Bilinear optimal control for a fractional diffusive equation

Cyrille Kenne* Gisele Mophou f Pascal Zongo*
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Abstract

We consider a bilinear optimal control for an evolution equation involving space fractional
Laplacian operator of order 0 < s < 1. We first give some existence and uniqueness results for
different equations considered in our work. Then, we consider an optimal control problem which
consist to bring the state of our model at final time to a desired state. We show that this optimal
control problem has a solution that we characterize using the Euler-Lagrange first order optimality
conditions. Finally, we establish some weak maximum principle results that allow us to prove the
uniqueness of the optimal control.

Mathematics Subject Classification. 49J20, 49K20, 35515, 35B50, 46E35
Key-words : Fractional Laplacian, bilinear system, optimal control, optimality system, maximum
principle.

1 Introduction

Let © ¢ RY be an open bounded domain with a Lipschitz continuous boundary 9§ and w be an open
subset of 2. We consider the following space fractional diffusion model:

pe+(=A)°p = vpxu in Q:=Qx(0,T),
p = 0 in (RV\ Q) x (0,T), (1.1)
p(0,.) = p° in Q,

where T > 0 and 0 < s < 1. The function p° € €(Q) is such that p°(x) > 0 a.e. in Q and the control
v € L*(wr). The function y,, denote the characteristic function of the set w.
In this paper, we want to bring the state p = p(v) at final time T to a given state p? by acting on the
control v. In other words, we are interested in the following optimal control problem:
inf J 1.2
inf J(v), (1.2)

where
u:{weLQ(wx(0,T)):—M§w§0,MeR,M>0}, (1.3)
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J(v) = |lp(., T5v) — Pd”%z(g) + a||v||2L2(w><(0,T))

with a > 0 and p? € €(Q).

Bilinear systems are used to describe many processes in biology, ecology and engineering. These

systems which are nonlinear due the product between the input and the state variable are gained in
interest to many researchers. We refer to Bruni et al. [5] for instance. Optimal control of such systems
has been widely investigated for controls depending only on time, or on time and space. Thus, in the
case of control depending only on time, Bradley et al. [3] proved the existence and uniqueness of a
bilinear optimal control. Actually, the control which acts as a multiplier of a velocity term is a positive
uniformly bounded function of time. The uniqueness of the optimal control were achieved for a time T’
sufficiently small. Addou et al. [1] studied a bilinear optimal control of a system governed by a fourth-
order parabolic operator. The bilinearity appeared in the form of the scalar product of the vector of
controls and the gradient of the state. The authors proved under suitable hypotheses the existence of
an optimal control that they characterized with an optimality system. Then, assuming that the initial
state is small enough, they obtained the uniqueness of the optimal control. In [10], an optimal bilinear
control of an abstract Schrédinger equation. The existence of an optimal control depending only on
time is proved and the first order optimality system is derived. Zerrik et al. [22] considered a regional
quadratic control problem for distributed bilinear systems. They proved that an optimal control exists
and gave an optimality system that characterized such controls. Considering a control depending on
time and space, Lenhart et al. [12] studied an optimal control of linear heat equation with convective
boundary condition in which the heat transfer is took as the control. They proved the existence and
uniqueness of the optimal control and the solution of the optimality system. The results were achieved
by means of compactness and maximum principle results. Zerrik et al. [8] investigated a constrained
regional control problem of a bilinear plate equation. They proved using some compactness results the
existence of an optimal control that they characterized with an optimality system. The cases of time
or space dependent control were also discussed. We refer to [4, 13, 17, 18, 20, 23, 24, 26, 25], for more
literature on bilinear optimal control involving Partial differential equations of integer order.
Actually, because bilinear controlled Partial differential equations are nonlinear, the most challenging
issue in controlling such models is not only to find appropriate compactness results to obtain the
existence of an optimal control, but also to prove the uniqueness the optimal control. This latter
result is obtained by improving the regularity of solutions to the optimality systems.
In this paper, we are concerned with the bilinear optimal control of a fractional diffusive equation.
More precisely, we aim to drive the state of (1.1) at final time to a desired state by acting on the
system with a localized control depending on time and space. We first prove that for a given initial
condition and control, system (1.1) has a unique weak solution. This allows to define our quadratic
cost function. Then we prove using some compactness results that our control problem admits an
optimal control that we characterize with a first order optimality system. Finally, we establish some
weak maximum principle results that we use to prove the uniqueness of the optimal control. As far as
we know the results we present are new.

The rest of the paper is organized as follows. In Section 2, we give some definitions on fractional
Laplacian and some known results. In Section 3, we first prove the existence and uniqueness of weak
solution to bilinear fractional diffusive system. Then, under some assumptions on the data, we establish
appropriate maximum principle results for a class of bilinear diffusive equation. We prove in Section
4 that the bilinear optimal control (1.2) has an optimal control that we characterize with optimality
system. We then prove that if the parameter of the cost function « is large enough, the optimal control
is unique.



2 Preliminaries

Let us recall the definition of the fractional Laplacian. Given 0 < s < 1, we let the space

LLRY) = {w :RY — R measurable and - % dz < oo} .

For w € L1(RY) and ¢ > 0, we set

(-2)zu(s) = O | wle) —wl) 4, ey,
{yeRN: |z—y|>e} ‘x - |
where C'y  is a normalization constant given by
3225F <2SJ2rN)
Cnysi=—F———. (2.1)

T N )

The fractional Laplacian (—A)?® is defined by the following singular integral:

(=A)*w(z) := Cy s P.V. /RN W dy = 15%1( A)iw(z), = eRY, (2.2)

provided that the limit exists for a.e. z € RY. Let Q C RY be an arbitrary open and bounded set.

Given 0 < s < 1, we let

H*(Q) := {w : RY — R Lebesgue mesurable s.t. w|q € L*(Q) and

// —()‘2 drdy < o0 p.
reN\y2 [T —y|N T2

Then endowed with the norm defined by

1
Jwllzs ) = /Iw |2da:+// —()dedy 2,
R2N\ 52 \xf ‘N+2S

H*(Q) is an Hilbert space.
We set

H (Q) = {weHS(RN): w=0 in 2}.

Then, HE(Q2) endowed with norm

1/2
(w(x) —w(y))?
s = ~—~ 72 77 dxd 2.3
l[w]les @) (//}RW\(]RN\Q)2 |z — y|N+2s rdy ) (2.3)

is an Hilbert space (see e.g. [19, Lemma 7]). Let H*(Q) := (Hg(€2))* be the dual space of H§ () with
respect to the pivot space, so that we have the following continuous embeddings (see e.g. [2]):

HE(Q) = L*(Q) — H™*(Q). (2.4)



Next, for p € H*(RY) we introduce the nonlocal normal derivative Ny given by

p\r) — ply el
Nsp(z) :=Chns /Q |:E(—)y|N£2z’ dy, z¢€ RN \ Q, (2.5)

where Cy ;s is the constant given in (2.1).

The following integration by parts formula is contained in [7, 21] for smooth functions. Let p € H*(RY)
be such that (—A)®*p € L?(Q2) and Nyp € L2(RN \ Q). Then for every ¢ € H*(RY), the following
identity

Cws (o) = p(w) (W) — ¥w)

‘(E _ y‘N+2s
:/ P(=A)’p dx —|—/ YNsp dz, (2.6)
Q RN\Q
holds.

Hence, if p, 1 € H*(RY) with (—A)®p, (—=A)%¢y € L*(Q) and Nyp, Ngp € L2(RN \ Q). Then the
following identity holds,

[oearpar = [ peayvdrs [ N

RYAQ (2.7)
— / YNgp dx.
RN \Q

Observing that
R*V\ (RY\ Q)2 = (2 x Q) U (2 x (RY \ Q) U(RY\ Q) x ),

we have that if p=0in RV \ Q or ¢ = 0 in RV \ Q, then

// (p(2) = p() (@) =9 (y)) , dy
RQN\(]RN\Q)2

o — gl
_ /RN /RN (p(x) —Z(y))y(r]bv(fz)s— w(y))dxdy.
Hence (2.3) can be rewritten as:
l|wlles @) = (/RN /RN W dxdy) " Vuw € H (). (2.8)
For suitable function p and v, we set
T(p, ) = / /R S (ptz) _IZ" (y_)grfv(fz)s_ VW) 4z ay, (2.9)

Remark 2.1



(a) Note that if N > 2s, then there exists Co = C(N,s) > 0 depending only on N and s such that for
any p € HE(9),

ol @) < Collpllug ), (2.10)

(see e.g. [19, Lemma 6 a)]). Therefore,

b 2N
where r =
N —2s

lollz20) < Collpllmg ) (2.11)

because ) is an open bounded subset of RN and r > 2. Moreover, the following holds true,
lollz2(0,7);22(2)) < CollpllLz(0,7)m3(2)- (2.12)

(b) It is well known that the continuous injection
H5(Q) — L*(Q), (2.13)
is also compact, see [6, 9].
We first start with these compactness results.
Theorem 2.1 [14, Theorem 5.1, Page 58] Let By, B, By be three Banach spaces such that By C B C

By, with B; being reflexive, i = 1,2. Assume that the embedding By < B is compact and set

W= {p € L*((0,T); Bo); % er’ ((OaT)§Bl)} ,

with T < 0o. Then, W is compactly embedded in L*((0,T); B).
Let us recall the following result given in [15, Page 37].

Theorem 2.2 Let (F, || - ||r) be a Hilbert space. Let ® be a subspace of F' endowed with a pre-Hilbert
scalar product (((+,-))), with associated norm ||| - ||| . Moreover, let € : F x ® — C be a sesquilinear
form. Assume that the following hypotheses hold:

1. The embedding ® — I is continuous, that is, there is a constant C7 > 0 such that

lelle < Cilllelll V@ in @. (2.14)

2. For all ¢ € @, the mapping u — E(u, ) is continuous on F.

8. There is a constant Cy > 0 such that

&(p,0) = ColllplIP for all ¢ € ®. (2.15)

If o — L(p) is a semi linear continuous form on ®, then there exists a function u € F wverifying

E(u, ) = L(p) forall p € .



Let denote by X’ the dual of X. Set
W((0,T);X) := {g e L2((0,T);X) : ¢ € L2 ((O,T);X')}. (2.16)
Then W (0,T;X) endowed with the norm given by

113 (0.1)%) = 19172003 + 19ell 220 150y, Yo € W((0,T) : X), (2.17)

is a Hilbert space. Moreover, if
XCcYcX,

then by [16] we have that the continuous embedding

W((0,7);X) — C([0,T];Y). (2.18)

3 Existence and maximum principle results

In this sections, we give some useful results for the study of bilinear optimal control.

3.1 Existence results
Set
V= {@ CHQ): (—A)Ype L2(Q)} . (3.1)

Then V endowed with the norm (2.8) is a Hilbert space.
Consider the following system:

pe+(=A)°p = f+vpxw in Q=0Qx(0,T),
p = 0 in ¥=RN\Q)x(0,7), (3.2)
p(0,.) = p° in Q.

Definition 3.1 Let f € L?*(Q), v € U and p° € L?(Q). Let F(.,.) be defined as in (2.9). We say that
a function p € L?((0,T);V) is a weak solution to (3.2), if the following equality

T
_/ ¢tpdxdt+012v’s/ ff"(p,gb)dt—/ vp ¢ dx dt
0 wr

— [ sodrars [ o0
Q Q

(3.3)

holds, for every
e H(Q)= {z € L*((0,7);V): z € L*(Q) and 2(.,T) =0 in Q} .

Remark 3.1 Note also that if o € H(Q), then ¢; € L*(Q) — L2((0,T);V'). Consequently, ¢ €
W(0,T;V). Therefore, ¢(-,0) and p(-,T) ezist and belong to L*(Q).



Theorem 3.1 Let f € L*(Q), v € U and p° € L*(Q). Let also F(.,.) be defined as in (2.9). Then,
there exists a unique weak solution p € H = L?((0,T); V) N C([0,T]; L%(Q)) to (3.2) in the sense of
Definition 3.1. In addition, the following estimates hold

(1+2JW)
el o zyzzcay < €5 (10012 + 17132 (3.4)

and

2 (t220)
lelEsqomm < g™ |

10120 + 132 )] - (3.5)

Proof. We proceed in three steps.

Step 1. We show the estimates (3.4)-(3.5).

Make the change of variable z(z,t) = e "tp(x,t), (z,t) € Q, for some r > 0 where p is solution to
(3.2), we obtain that z is solution to

2+ (A)z+rz = e f +ozx, in Q,
z =0 in X, (3.6)
2(,0) = p° in Q.

Multiplying the first equation in (3.6) by z € L?((0,T);V), using the integration by parts (2.6) and
Cauchy’s inequality, we obtain

S0 g+ XEF0), 200) 4 oDl
:/e_”f(t)z(t) dmdt+/vz2(t) dx

w

1
SIF Oz + 121z 0) + Ml2lIZ2 )

IN

1
Hence choosing r = 3 + M in this latter identity, we deduce that

1 CN s 1
Sl iz + 5220017 < §|\f(t)||2Lz(sz)~ (3.7)
Now, integrating this latter inequality on (0,7), with 7 € [0, T], we obtain

1 Cns [T 1 1
Sl + 5= [0 < 517 + 50 Tr

from which we deduce that

IN

sup ||p('7T)||2L2(Q)
T€[0,T)
T

2
[l < G [ + 1)
(
0

(1+2M)
e 1 ey + 17132y

A

N,s
Step 2. We prove existence of p solution to (3.2) by means of Theorem 2.2.
To this end, we recall that the norm on L?((0,7);V) is given by

T
Hw;mmmzz;wum@%



and we consider the norm defined on H(Q) by
1ol @) = P72 (0.1)w) + 100 0)1 720> Y € H(Q).
Therefore, it is clear that for any p € H(Q), we have

el Lzco,myvy < el @)-

This shows that we have the continuous embedding H(Q) < L?((0,T); V).
Now, let ¢ € H(Q) and consider the bilinear form &(-,-) defined on L2((0,T); V) x H(Q) by:

Cns [
E(pp) = */ %pdwdH%/ 3"(p,s0)dt*/ vpp dzdt, (3.8)
Q 0 wT
where we recall that F(-,-) has been defined in (2.9). Using Cauchy Schwarz inequality and (2.12), we
get that
o . 1/2 T 1/2
N,s
€0l = lpllzz@lleelrz@ + —5= (/O Sr(p,/J)cllt) (/0 ?(so,cp)dt>
+ Mllpllr2qllellr2)
N,s
< llollez@lleellz@) + ol L2 0,1y Il L2((0,7);v)
+ MC(%H/)HLQ((O,T);V)||90||L2((0,T);V)
ON,S
< | Colledllrz) + <MC§ + =3 ) ||90||L2((0,T);V)> 1ol z2((0,7);%)
< Cllpllr2o,m)m)-

This means that there is a constant C' = C(Cy, ¢, Cn s, M) > 0 such that

1€(p, )| < Cllpll2(0,1):v)-

Consequently, for every fixed ¢ € H(Q), the functional p — &(p, ¢) is continuous on L?((0,T); V).
Next, we have that for every ¢ € H(Q),

Cns [T
E(p, ) = /Qcptcpd:cdtJr ;V /0 St(cp,ga)dtf/ ve? de dt
wr

1 ) Ons [T
§||<P('»0>||L2(Q)+ > J, F(p, p)dt

1 CN,S
*||<P('»0)||%2(sz) + T”‘»OH%Z((O,T);V)

Y

v

Y

3 min(1, Cn ) ll¢ll7 )

Finally, let us consider the functional L(-) : H(Q) — R defined by

L(p) = / fodzdt +/ P’ (., 0)dz.
Q Q

Then using Cauchy Schwarz inequality, (2.12), (3.5) and the fact that v € U, we obtain after straight-
forward calculations that

IL(p)] < C(p°, Co, Nllell e



where
C(° Co, f) = NP’z + Coll fllL2(@)-

Therefore, L(-) is continuous on H(Q). Thus, it follows from Theorem 2.2 that there exists p €
L2((0,T);V) such that

&(p, ) = L(p), Vo€ H(Q). (3.9)
We have shown that the system (3.2) has a solution p € L2((0,7);V) in the sense of Definition 3.1.
Step 3. We prove the uniqueness of p solution to (3.2).
Assume that there exist z; and 29 solutions to (3.2) with the same right hand side f, v and initial
datum p°. Set z := e~"!(2; — 22). Then z satisfies

22+ (mA)z+rz = vzxe in Q,
z = 0 in %, (3.10)
z2(,0) = 0 in Q.

So, if we multiply the first equation of (3.10) by z, then use the integration by parts (2.6) and the fact
that v € U, we obtain that,

CN,S

1
12D + =5

T
: 22 [ T ndt+rlelag < M)

Choosing r = M in this latter inequality, we can deduce that
1 Cn,
§|\Z('7T)H%2(Q) + TSHZH%%(O,T);HS(Q)) < 0

Hence, z = 0 in RY. Thus, 3; = y» in R" and we have shown uniqueness.
This completes the proof. m

Corollary 3.1 Let f € L?(Q) and p° € H(Q). Then, there exists a unique weak solution p € K :=
HNH((0,T); L2(2))NC([0, T]; H(Q)) to (3.2) in the sense of Definition 3.1. In addition, the following
estimates hold

4MCO (142M)
loel22y < 17120 <2+ G e )

C AMC? M (3'11)
N,s T A+2M)
+||POHH28(Q) <2 + 07806 2 )

»S

and
4 8MCy ra+2m)
swp I DlEge < 1) <CN gy )
T »S N,s
’ ’ (3.12)
SMC? . a+am
+ ||p0|]]2-]15'(§2) <1+ C?VOeT 2 )

Proof. If p° € H(Q), then p° € L*(Q). It follows from Theorem 3.1 that there exists a unique weak
solution p € H to (3.2) in the sense of Definition 3.1. Moreover (3.5) holds true. To complete the
proof of Corollary 3.1, we need to prove (3.11)-(3.12). So, if we multiply the first equation in (3.2) by
pt and use the integration by parts (2.6), we have that for all ¢ > 0,

IOl + 52T0000) = [ FOmode+ [ wpwnii.



Integrating this latter identity over (0,7) with 7 € [0,T], then using Young’s inequality and the fact
that v € U, we obtain that

T T

/ e (0117 2 t), p(t))dt

//f pe(t dxdt—l—// t)dx de (3.13)

Hf||L2(Q) + Hﬂt( )\|L2<Q)dt+ ||p||L2(Q

for some § > 0. Observing that

! [ (pe(x) = () (p(x) = p(y)
| st oo - /O I.]. L) = 0D .y
RN JRN

$—yN+2S

N N |£L’— |N+28
/0 / P an) = 20+ 20 - 0
RN JR

N 2|x — y|N+2s
_ / (p(I,T)p(y,T) B p(y70)p(‘ra 0))(113 dy
l]RN RN |z — y|N+2s

§||P(-77)||112413(Q) - 5”/’0”12&]15(9)’
relation (3.13) becomes

T CNS
/0 lpe(6) 3yt + <2

) 1 /(7
(.7 )||1%13(Q) < *Hf||%2(@)+*/0 Hpt(t)”%Z(Q)dt

oM
+ Hp||L2(Q)7

for any 7 € [0,T]. Choosing § = 2 in this latter equality and using (2.12), we have that,

1 i CN,S
3 [ Iyt + St

HG ()

(3.14)

CN,S
<1120 +Mup||L2(Q>+ 1P 1 )
< f1Z20) +

Hg(sz) + MCOHP”%P((O,T);V)’

for any 7 € [0,7]. Hence,

CNS
/ [l e (t ||L2 Q)dt < Hf”%‘z(Q) ||P ‘HS(Q) +MCOHP||L2((OT V)
and o o
N, N,
s||ﬂ( ol < ||f||%2(Q)+ P s @) + MCollpllL2 0,y
which in view of (3 5) and (2 11) give for any 7 € [0, T]
CNS
3 | IOyt < 1T+ “16° |Hs<g
2MCy T(1+2M) 2
Cns [00 @

10



and

CNS CNs
(- )‘ () < ||fH%2(Q)+ ||p|Hé(Q
2MCy (1+2M)
G |Colle By + 11200
Thus,
4MC, (1+2M)
[ 1@t < 15l <2+ AMCh r )
+ C s 4MC3 T(1+2M)
) CNS
and
4 8MC (1+2M>
2 2 0 T
su s <
s 1oy < IIsz(Q)< oo+ e )
8MC (1+2M)
012 0 T
I <1+ o )

This completes the proof. m

Corollary 3.2 Let v € U and p° € C(Q). Let also F(.,.) be defined as in (2.9). Then, there erists a
unique weak solution p € H = L*((0,T); V) N ([0, T]; L*()) to (1.1) in the sense of Definition 3.1.
In addition, the following estimates hold

(14+2M)

lolEo.mczny <€ 2 10°172@) (3.15)

and 5
(1+2M)
”p”%%(O,T);V)SKeT = 10°1720)- (3.16)

)

Proof. Since p° € (), we have that p° € L?(Q). It then suffices to apply Theorem 3.1 with f = 0
to obtain the results. m

3.2 Maximum principle results

Theorem 3.2 Let py € C(Q) be such that p°(z) > 0 almost everywhere in Q and v € U. Then the
weak solution of (1.1) is positive almost everywhere in RN x [0,T].

Proof. Let p~(x,t) = min(0, p(z,t)) where p € L%((0,T); V) N €([0, T]; L3(£2)) is the weak solution of
(1.1). Denote the support of p~ by O = suppp~. Then we have that

p =  PXo,
p~(x,0) = min(0,p%x)) =01in €,
Pe = PtXo

and p~ € L2((0,T); V) N €([0, T}; L*(%2).
Let ¢ € V. Multiplying the first equation in (1.1) by ¢ and using the integration by parts (2.6),
we have for any ¢ > 0,

[ ptroterdn + S52500,000) = [ optvterda,

11



Taking ¢ = p~(¢) in this latter identity yields

/ i (W (e + X257 (1), 5 (1) = / o(t) (™ (1))” da, (3.17)
Q Q

where F is defined as in (2.9) and which according to the support of p~ can be rewritten as

_ — o (p(:r,t) — p(yat))Q T
T 00 0= [ [ oo e A

Observing that (3.17) can be rewritten as

Ld
2 dt

CN,S

I~ Ol + 52T~ (07 (0) = [ 0(0) (0~ (0))" do

and integrating this latter identity over (0,7) with 7 € [0,T], we deduce that

1. _ Cns [T B B
Sl (D) + =52 / T (), p- ()t < 0,

because p~ (z,0) = 0 a.e. in Q. Hence, we deduce

sup \\P7(7)||%2(Q) =0
T€[0,T]

and "
| 5@ Ot = 17 s iy = O

It then follows from the two identities above that p~ = 0 almost everywhere in O and thus p~ =0
almost everywhere in Q x [0,7T]. Consequently, p > 0 almost everywhere in RY x [0,7] . =

Remark 3.2 Note that p° € L?(Q) is enough to obtain the positivity of p. We have the same obser-
vation for a control in L>=(Q).

The following results can be viewed as maximum principle for class of bilinear fractional diffusion
equations. We need these results for the continuity of the solution to (1.1) as well as for the uniqueness
of the optimal control.

Theorem 3.3 Let 7 € L>(Q) be such that T > 0 almost everywhere in . Let % € C(Q) and
v € U. Then the weak solution of

Vet (ZA)Y = vy in @,
(0 =0 in X, (3.18)
¥(.,0) = YT —9? i Q,

satisfies

min (0, 7H'¢)T||LOO(Q) — sup wd(x)>
< ¢(z,t) < max (07 197 || oo ) — inf %Zfd(l?)) a.e. in RN < [0,T].

12



Proof. In view of Theorem 3.1, we that ¢ € L2((0,7); V) N €([0,T]; L?(2)) because T — ¢4 €
L?(Q) and v € U. To continue with the proof of Theorem 3.3, we will proceed in two steps.

Step 1. We prove that ¢(z,t) < max (0, 197 | £oe () — 12?2 wd(x)> a.e. in RN x [0,7].
xT

Set K = max (0, 197 | oo () — 1r€1£2 wd(x)> and w(z,t) = K —(z,t) for any (z,t) € RN x (0,T).
Then K > 0 and

w(z,0) K — (¢"(z) - y¥(x))

> 97 leqey — inf 97() — (07 (2) — 9 (a)
> 0,
for any x € Q). Moreover, w satisfies
wy + (—A)Yw = vwy, — vEKXw in Q@Q=Qx(0,T),
w = K in ¥=(RV\Q) x(0,7), (3.20)
w(0,.) = K- @" -7 in Q

Then we consider the function w™(z,¢) = min(0,w(z,t)) for any (z,t) € RY x (0,7) and we denote
the support of w~ by O = suppw~. Since K > 0, we have that w~ = 0 on ¥ and w~ € L2((0,T); V)N
C([0,T]; L*(Q)). If we multiply the first equation in (3.20) by w~ and use the integration by parts
(2.6), we have for any ¢ > 0,

CN,S
2

/wt(t)wf(t)d:c+ Fw(t),w (t)) = /v Jw™ (t)dx
Q Q

()w(t
K /Q o(t)w=(1)da,

which can be rewritten as

e (Ol3ag@) + g ()0 (1) = /v (1) da

[0 (u
-K /Q v(t)w™ (t)dx,

with
o (wle.) = w0
Flw™(t),w <t))_//(]R2N\(RN\Q)2)ﬂOZ |z — y|N+2s dz dy.

Hence, v being in U, w™ negative and K > 0, we deduce that

1d Cn,s _ _

lw™ ()12 +
Integrating this latter identity over (0,7) with s € [0,7] and using the fact that w™(z,0) = 0 a.e. in
Q, we deduce that

1, _ Cns [T B 3
gl Ol + 5= [ @@ @) < o

This implies that

sup ||7«U7(7')H%2(Q) =0
T€[0,T]
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and ’
{A Tl (t), w™ (1)t = 0~ |22 0.1ya15 ) = O

So, w™ = 0 almost everywhere in O and hence w~ = 0 almost everywhere in R" x [0, T]. Consequently,
K —¢(z,t) > 0 almost everywhere in RY x [0, T]. This means that

Y(z,t) < max (0, 97 || Lo @) — insf) wd(x)> a.e. in RY x [0,7).
faS
Step 2. We prove that min (O, —[|9" || e () — sup ¥ (z) | < ¥(z,t) ae. in RN x [0,T7.
€N

Set L = min | 0, —||1/)T||Loo(g) — sup d)d(x)> and ((z,t) = L —9(x,t) for any (z,t) € RN x [0,7].
e
Then L < 0 and ( satisfies

Ct ( )SC = 'UCXw - LvCXw in Q =0 x (OvT)a
( = L in ¥=(RN\Q) x(0,7), (3.21)
€0,.) = L—@T -y in Q

We consider the function (*(z,t) := max(0,{(x,t)) and denote the support of (* by O; = supp(™.
Since L < 0, we have on the one hand, (* =0 on ¥ and ¢t € L%((0,7); V) N C([0,T]; L*(R)), and on
the other hand,

L= () — p(a)

[l oo ) — sup () — T (x) + ¢ (x)

0

for any z € €, because 17 > 0. This means that ¢(z,0) < 0 and ¢*(.,0) = max(0,¢(.,0)) = 0 in Q.
If we multiply the first equation in (3.21) by ¢T and use the integration by parts (2.6), we have for
any t >0

¢(x,0)

IN I

IN

CNs‘

/g Ot Ode + 2 ac), ctey) = /vm«mﬁmm

Q
— v + X
Ll;wcum

FCHD,CHD) = /uo@wm%m
Q

- L/Qv(t)CJr(t)dx

Hence, using the fact that v € U, ¢+ positive and L < 0 we obtain that
CVN s

which can be rewritten as
C(N 5

I (W ey +

S I e + EFC@,CT0) < o

Integrating this latter identity over (0,7) with 7 € [0, 7], we have for any 7 € [0, T],

S Ol + 55 [ 5 0.t o < o
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because (*(z,0) = 0. This implies that

sup ||C+(7'>H%2(Q) =0
T€[0,T]

and

T
/0 F(CHD), )t = 162 ormyang ) = O-

Consequently, ¢(* = 0 almost everywhere in O; and hence ¢* = 0 almost everywhere in RY x [0, T].
This means that L — ¢ < 0 almost everywhere in RY x [0,7]. =

Remark 3.3 Note that theorem 3.3 holds because 1 € L>(Q) with T >0 a.e. in Q.
Remark 3.4 Note that 1)? being in C(Q), it follows from (3.19) that

9]l e @3 x 0.7)) < 197 2o () + 1% e(e- (3.22)

Corollary 3.3 Let p° € C(Q) and v € U. Then the weak solution of (1.1) satisfies

min (O, inf po(x)) < p(x,t) < max (O,sup po(x)> a.e. in RN x [0,T7]. (3.23)
€N 2€Q
Moreover,
o1l Lo @n < 0,1y) < 1P°lleqe- (3.24)

Proof. We apply Theorem 3.3 and (3.22), with 97 = 0in Q and p° = —¢?. m
The following results are useful for the study of the optimal control problem (1.1)-(1.3). The proofs
follow similar arguments as in [11].

Proposition 3.1 Let v € U and p° € C(Q). Let also F(.,.) be defined as in (2.9). Let p = p(v) be the
solution of (1.1). Then the application v+ p(v) is a continuous function from U onto L?((0,T);V).

Proof. Let vi,vs € L?(wr). Set z := e " (p(vy) — p(v2)), with » > 0 and p(v;) and p(vz) being
solutions of (1.1) with v = v; and v = v9 respectively, we have that z satisfies

2+ (=A)z4+rz = (nz+e (v —v)p(v2))xe in Q,
P =0 n 3, (3.25)
2(0) - 0 o

So, if we multiply the first equation of (3.25) by z and integrate over @), then use the integration by
parts (2.6), we obtain that

1 Cn,s
§||Z('7T)||2L2(Q) + THZH%Z((O,T);V) +712l72 g (3.26)

:/ (v12 4+ e " (vy — va)p(v2))z dz dt.

Observing that p° € C(€2), using Corollary 3.3, we have from (3.24) that

ol @) < 1P°lec)- (3.27)
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Therefore, using Cauchy’s inequality, the fact that v; € U and (3.27), we deduce that

Chrs 1 1
B ||Z||2L2((0,T);V) + 7"||Z||2L2(Q) < §||U1 - U2||2L2(wT)HpO||2€(Q) + §||Z||i2(Q)

1
By choosing r = 3 -+ M, this latter inequality lead us to

1
||Z||%2((O,T);V) < ﬁ”vl - v2||%2(w)||ﬂ0||%(9)~

)

As vy — v, we deduce that z — 0 strongly in L?((0,T); V). Hence p(v1) — p(vs) as v1 — v2 and, the
application v — p(v) is a continuous map from L?(wz) onto L?((0,7T);V). This completes the proof.
[

Proposition 3.2 Let v,w € U and p° € C(Q). Let also F(.,.) be defined as in (2.9). Let also p = p(v)

be the solution of (1.1) and A > 0. Set z) = p(v+)\1j;\) —p(v)
L2((0,T); V) as A — 0 to z, solution to

. Then (z)) converges strongly in

at (A2 = (vztwp)xe i Q,
z =0 in X, (3.28)
z(0) =0 in Q.
Proof. z) is solution to the problem
(2 +(=A)°2n = (vax +wp(v+ Aw))xew in Q,
ZA =0 in X,
22 (0) - 0 in
Define py := e "(2) — 2), with 7 > 0. Then p, is a solution to
(02)e + (=A)°pa+rpy = [opa + e "w(p(v+ Iw) — p(v))]xe In @,
P = 0 in X, (3.29)
pA(0) = 0 in Q.
Now, if we multiply the first equation of (3.29) by py and integrate by parts over @), we obtain using

the integration by parts (2.6) that,

CN.S

1
§||P/\('7T)H%2(Q) T \|pA||2L2((o,T);V) +T||pAH%2(Q)

= / (vpx + e "w(p(v + Aw) — p(v))py dz dt.

Using Cauchy’s inequality and (2.11), we deduce that

CN7S 1 L
— Iy Hripaliag < GMA0+ X0 = pW)lig + 3 lPallze
+ M||pA||2L2(Q)
Co
< 7M2||P(U + Aw) — P(”)”%Z((O,T);V)
1
+ 5lIpallzz @) + MllpallZz o)
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1
By choosing r = 3 -+ M, this latter inequality lead us to
2 ¢ e 2
IPAllZ20,1)50) < O M=[|p(v + Aw) — p()I12((0,7):v)-

By taking the limit as A — 0 in this latter inequality and using the Proposition 3.1, we obtain that
px — 0 strongly in L2((0,7); V). Hence z) — z strongly in L?((0,7);V) as A — 0. This completes
the proof. m

Lemma 3.1 Let (p"), be a sequence of L*((0,T);V)) such that p? € L*(Q) and
p™ — p weakly in L*((0,T);V)) as n — oo.

Then
" — p strongly in L*(Q) as n — oo.

Proof. If p” € L2((0,T);V)) then p™ € L%((0,T); H5(2)) and
p™ — p weakly in L*((0,T); H(Q)) as n — oo.
Therefore, we have from (2.13) and Theorem 2.1 that

p™ — p Strongly in L?(Q) as n — oo.

4 Resolution of the optimization problem

4.1 Existence and characterization of an optimal control

In this section, we are interested in the following optimal control problem:

inf J(v), (4.1)
where
J(0) = 1p(T) = pI72() + @llvl 20 (4.2)

with a > 0, p? € C(Q) and p = p(v) € L2((0,T); V) N €([0, T]; L2(R)) is solution to (1.1).

Theorem 4.1 Let a >0, v € U and p°, p? € C(Q). Then there exists a solution u € U of the optimal
control problem (4.1)-(4.2).

Proof. Notice that J(v) > 0 for all v € U. Let (v™),, C U be a minimizing sequence such that

. n .
nh_}n;o J@") = min J(v).

Since the functional J > 0, such a minimizing sequence always exists. Let p™ = p(v™) be the state
associated to the control v", then there is a positive constant C' independent of n such that

12" (T) |22y < C. (4.3)
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and since v™ € U,
V" lL2(wr) < M (4.4)

Moreover, p™ being solution of (1.1), it follows from (3.16) that

n (2 1/2
Iz omm < (€755 ) 16 lez). (4.5)

Consequently, using (2.12), we deduce that

[v"p" 22wy < Mp"[[22@)
< CoM||p™||L2((0,m)v)
(42 \ 1/2
< C’OM(eTiz ) 1P 22 (4.6)

From (4.3)-(4.6), we have that there exist n € L?(Q), u € L?(wr), B € L*(wr) and p € L2((0,T);V)
such that (up to a subsequence), as n — 0o, we have

o™ — u weakly in L*(wr), (4.7)
p"(T) — n weakly in L*(£), (4.8)
p" — p weakly in L?(0,T;V), (4.9)
and
V" p" — B weakly in L (wr). (4.10)

Since U is a closed convex subset of L%(wr), we have that U is weakly closed and so
u e U (4.11)

Observing that p" € L%((0,7T);V)) satisfies (1.1) and that (4.6) holds true, we deduce that p} =
v"p" — (—A)*p" € L3(Q). It then follows from (4.9) and Lemma 3.1 that

p" — p strongly in L*(Q). (4.12)
Therefore, taking (4.7) and (4.12) into account and using the weak-strong convergence, we obtain
V" p" — up weakly in L' (wr), (4.13)

which in view of the continuous embedding of L?(wr) into L'(wr), (4.10) and the uniqueness of the
weak limit imply that 8 = up. Hence,

V" p™ — up weakly in L% (wr). (4.14)

Now let us show that p = p(u). We recall that p" is solution to

()t AV = vt i Q
p" =0 in X, (4.15)
p"(.,0) = p° in Q.
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If we multiply the first equation in (4.15) by ¢ € H(Q) and integrate by parts over ), we obtain using
the integration by parts (2.6),
F(p", o)t =

—/ bip
Q 0 (4.16)

/w v"p"¢dxdt+/ﬂp0 $(0)dx

H(Q) = {z € L2((0,T);V) : 2 € L*(Q) and 2(.,T) = 0 in Q} .

T

CN,S
2

where

Passing to the limit as n — oo in (4.16), while using (4.9) and (4.14), we obtain that

/¢tpda:dt+ Nb/ F(p
/w up¢dxdt+/ #(0)de, (1

for any ¢ € H(Q). Hence, we can deduce that p = p(u) is a weak solution to (3.2) with v = u and
f =0 in the sense of Definition 3.3. In other words, p = p(u) is a weak solution to

pt+(=A)p = upx, in Q,
p =0 on X, (4.18)
p(0) = p° in Q.

Now let ¢ € L2((0,T); V)N C([0,T]; L?(2)). If we multiply the first equation in (4.15) by ¢ and we
integrate over ), we obtain using the integration by parts (2.6),

C s T n n n
| @ [ o 3 [ e = [ oo dear
Q Q 0 wr (4.19)
s [ o
Q
Now, passing to the limit in (4.19) as n — oo, while using (4.8), (4.9) and (4.14), we obtain
C’N s r
no(T)dx — [ ¢updudt + —= [ F(p, ¢)dt =
Q Q 2 Jo
/ up ¢ dr dt + / o’ ¢(0)dx
wT Q
which by using again the integration by parts (2.6) gives,
Loz s [ ooy de+ [ oo+ ()it =
up ¢ da dt + / p° (0)dx
wT Q
Vé € L*((0,T); V) N ([0, T]; L*(2))-
Since p = p(u) is solution of (4.18), we get from this latter identity that
/ ¢(T)(n—p(T)) dz =0, V¢ e L*((0,T):; V) ne([0,T]; L*(2)). (4.20)
Q
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Hence, we deduce that
n=p(T) on Q. (4.21)
Combining (4.8) and (4.21), we obtain that
p"(T) — p(T) weakly in L*(Q). (4.22)

Moreover, using (4.22), (4.7), (4.11) and the lower semi-continuity of the mapping v — J(v) on U,
it follows that

J(u) < liminf J(v™) = inf J(v).

n— oo veU

This implies that w is a minimizer of J(-). This completes the proof. m
Next, we characterize the optimality control

Theorem 4.2 Let a > 0, v € U and p°, p? € C(Q). Let u be an optimal control for the minimization
problem (4.1). Then there erists q € LQ(( 7T), V)NC([0,T]; L2(2)) such that the triple (p, u,q) satisfies

pr+(=A)p = upx, in Q,
p =0 on X, (4.23)
p(0) = p  in Q

—q+ (=8¢ = ugxw in Q,

q =0 on X, (4.24)

q(T) = p(T)=p? in 9

and
u = —min (max (O, qp(u)) 7M) in wr. (4.25)
a

Proof. We have already shown (4.23)( equivalently (4.18)). To complete the proof of the Theorem
4.2, we write the Euler-Lagrange first order optimality condition that characterizes the optimal control
u. That is,

lim J(u+ Av—u)) — J(u) >0,
A—0 A

Vo € U. (4.26)
After some straightforward calculations and using Proposition 3.2, (4.26) gives
/ 2(T)(p(T,u) — p?) dx + a/ u(v—wu) dedt >0, Yvel, (4.27)
Q wT

where z € K is the unique solution of

at(CAP: = (uz+ (w—wpxe i Q
z =0 on 3, (4.28)
z(0) =0 in Q.

Note that the existence of z € L2((0,T); V) N C([0,T]; L3(Q)) N H((0,T); L*(Q)) N €([0, T); H(2)) is
given by Corollary 3.1, by taking f = (v — u)p(u)x. € L*(Q). To interpret (4.27), we use the adjoint
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state given by (4.24). Make the change of variable ¢t — T —¢ in (4.24), we have that p(z,t) = g(x, T —1t)
satisfies

o+ (=AY = Upxe in Q,
@ =0 in X%, (4.29)
©(0) = p(T)—p? in Q.

and since p(T') — p? € L?(R), applying Theorem 3.1 with f = 0, we deduce that, there exists a unique
adjoint state ¢ € L2((0,7); V) N €([0,T]; L?(£2)) solution to (4.24) in the sense of Definition 3.1.

So, if we multiply the first equation in (4.28) by ¢ solution of (4.24), and integrate by parts over @,
using the integration by parts (2.6), we get

/ 2(T)(p(T,u) — p?) dz + / (v —u)p(u)q dsdodt =0, (4.30)
Q wr

which combining with (4.27) gives
/ (au— p(u)q)(v —u) dedt >0, VYvell (4.31)
wr

From which, we deduce (4.25). This completes the proof. m

4.2 Uniqueness of the optimal control

In this section, we are about to prove that the optimal control given in Theorem 4.1 is unique. But
before going further we need the following maximum principle result for the adjoint state solution to
(4.24).

Lemma 4.1 Let p° € €(Q) be such that p° > 0 a.e. in Q, p(.,T) be the solution of (1.1) at time T,
p? € C(Q) and v € U. Then the weak solution of (4.24) satisfies

min (O, —[lp(., T)|| Lo (2) — sup pd(x)>
z€Q (4.32)

< g(z,t) <max (0, lp(, T) | oo () — irelgpd(x)> a.e. in RN x [0,T].

Moreowver,
gl oo ey 0.y < o Tl (@) + 10 e (4.33)
Proof. Make the change of variable t — T — ¢ in (4.24), we have that ¢(z,t) = q(z,T — t) satisfies

e+ (-A) ¢ = tpxw in @,
¥ =0 on X, (4.34)
o(T) = p(T)—p* in Q

Since p® € €() be such that p® > 0 a.e. in 2, we have from Theorem 3.2 that p(.,T) > 0 a.e. in Q.
Therefore, applying Theorem 3.3 and Remark 3.4, with ¥ = p(.,,T) in Q and p? = ¢?. we deduce
that ¢ satisfies

min (o, N T @) — sup pd<x>>

< p(x,1) < max (o, 19( T2y — inf pd(m) ac. in BV x [0,7].
TE
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and
loll oo @n x09) < N0 Tz () + 0% ]le)-
Since ¢(x,t) = g(x, T — t), we have that ¢ satisfies (4.32) and (4.33). m

Theorem 4.3 Let p° € C(Q) be such that p° > 0 a.e. in Q, p(.,T) be the solution of (1.1) at time
~ 2

T, p¢ € Q) and a > C’E (Hp0||2@(9) + ||Pd\|%(§z)> . Then the control uw € U solution of the optimal
N,s

control problem (4.1) is unique.
Proof. Assume that there exists two controls u and u associated respectively to the states p and p

solutions to (4.23). We denote respectively by ¢ and g the corresponding adjoint states solution to
(4.24). Then, p — p and g — g are respectively solutions to

(p=pt+(=A)(p—p) = (u—uwpxw+ulp—pXw in Q,
(p—p) = 0 on 3, (4.35)
(p—p)(0) = 0 in Q,

and
(=D +(-8)°(¢—7) = (u—u)gxw+uq— )Xo in Q,
(¢—7q) =0 on 3, (4.36)
(¢ —a)(T) = p(T)—p(T) in Q.

If we multiply the first equation of (4.35) and (4.36), respectively by p — p and ¢ — @, integrate by
parts over (), using the integration parts (2.6) and the fact that @ € U, we obtain

S IoT) = Ty + 22 [ 50— i
— / (u—a)p(p—p)dzdt+ [ a(p— p)*dzdt
< [ - aplo- prasa

and
1 _ 1 _
=5 1(T) = B(T) 1720y + 514(0) = a(0)]72
:/ (u—ﬁ)q(q—qudt+/ a(q — g)*dx dt

< (u—u)q(q — q)dx dt.

q,q — q)dt

wr

Therefore, using the Young’s inequality for some § > 0,

1 _ Ch,

§||P( ) = (D) 720) + 6||P P72 0.7y
1

< §||P P72 7Hp||L°° = a2

1
2||P pHL?((OT)V)Jr26||pHL°°(]RN><[OT] flu— U||L2(wT)7
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and

1 B 1 B CN,S _

—gHP(T) = (D)7 + 5\\@(0) — 40|72 + TH(J = qllZ2 0,7y
0 2 Lo 2

< g”q —dllzz) + 276”(1”[100((,2)”“ — |72 ()

< §||q — dllZ20.m)v) + %H(JH%w(Mx[o,T])HU — |72 (-
Choosing ¢ = Cg"s7 and combining these two latter inequalities, we deduce that

112 112 4 — 112
0 = P20, 7)) + la = allzzco,m)0) < m”u — |72y ¥ (4.37)
(16113 v 0,77 + 1003 v o |- (4.38)

Using (3.24) and (4.33), it follows that
12 112 12 012 dj2 — 112

lp — p||L2((0,T);V) +llg — ‘I||L2((0,T);V) < m (||P ”G(Q) + llp ||e(sz)) [lu— U||L2(WT)- (4.39)

Moreover we write 1
—lla—Dp+alp—pP

IN

u — al?

IN

= [la—aP1ol? +1alo — 72
Hence after straightforward calculations and thanks to (3.24) and (4.33), it follows that
_ 2 _ _
[u— U||2L2(wT) < o2 [HpHQL‘X’(RNx[O,T])”q - Q||2L2((0,T);V) + HqH%N(RNX[O,T])Hp - pH%%(O,T);V)}

6 _ _
=5 (16 W0y + 1" I3ey ) [lla = @li3=qomyon + o = PlEeomy) - (440)

Hence combining (4.39) and (4.40), we deduce that

_ 72 2 _
(M LG Rl L 1) I U (1.47)
,8
- . 2 72 012 aiz \? .
Choosing « in (4.41) such that a® > Cy ) (Hp e +lp ||@(Q)) , we obtain that
,8
lu— |72y <O

This implies that © = u. Therefore the optimal control is unique. m

5 Conclusion

We used a distributed optimal control on a fractional diffusive equation. In contrast to some works
on the topic using a control in the whole domain, our control acts on a part of the domain. We
established some weak maximum principle results for a class of fractional diffusive equations. We
prove the existence and uniqueness of solutions to a quadratic boundary optimal control problem and
provide a characterization of the optimal control.
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