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The R package CMC to calculate the Cronbach-Mesbah curve

Michela Camelettia, Valeria Caviezel

Department of Mathematics, Statistics, Computer Science and Applications, Bergamo (Italy)

Abstract. This paper describes the R package CMC that calculâtes and plots the step-by-step Cronbach
Mesbah curve. This is a simple but effective method, based on the Cronbach coefficient of reliability that
can be used for checking the unidimensionality of a measurement scale adopted in a psychological or social
science survey.

So far this graphical tool has been implemented only in an SAS macro called ANAQOL and therefore its

dissémination has been somewhat limited to SAS users. The main aim of the CMC package is to extend the
use of this method to a wider scientific community. To pursue this goal, the package is written in the open-

source R language, which is rapidly evolving as the lingua franca of data analysis and statistical computing
in many scientific fields. This paper illustrâtes the Cronbach-Mesbah curve via simulated datasets from the
Rasch model.
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L Introduction

In many areas of psychology, health and other behavioral science disciplines, it is often not possible
to measure the trait of primary interest directly. In such cases the researcher has to examine the
traits indirectly by collecting information on variables that can be measured or observed directly,
and which can also realistically be assumed to be indicators, in some sense, of the concept of real
interest. A latent trait cannot be measured directly but is related to a number of measurable or
manifest variables. Since the measurement of a variable requires an instrument, a latent trait is
generally assessed by a questionnaire consisting of a number of dichotomous or polytomous items
(observed variables).
From the définition of the Institute for Objective Measurement (IOM, www. rasch. org):
"measurement is the répétition ofa unit amount that maintains its size, within an allowable range of
error, no matter which instrument, intended to measure the variable of interest, is used and no
matter who or what relevant person or thing is measured". An objective measurement, as defïned
by IOM, should satisfy certain properties such as order, unidimensionality, local independence,
linearity and spécifie objectivity. Among these properties, unidimensionality can be theoretically
defined as the property of an instrument in measuring a single characteristic of the measured object
(see [1]). Even if the measured object is characterized by many attributes, it is essential to focus on
of just one of the measurement. When a total score contains more features of a subject, it is difficult
to hâve précisé information regarding the ability of the subject. In practice, when a measurement
instrument is created, we aim to corne as close as possible to this idéal in order to obtain a scale that
is useful and relevant in the case study. In the human sciences it is still difficult to isolate a single
attribute to measure. In any case, to satisfy the property of unidimensionality, there must be a
dominant latent trait. If a questionnaire is characterized by unidimensionality, then the différence
between two subjects in responding to a set of items dépends only on the single latent trait.
In this paper we introduce a simple but effective graphical method to check the unidimensionality
of a scale measurement in the framework of the classical test theory. It is the step-by-step
Cronbach-Mesbah Curve proposed by Mesbah and described in [2], [3] and [4] and based on the
Cronbach coefficient of reliability. In particular, the main goal of this paper is to présent a package,
called CMC, for calculating and plotting the Cronbach-Mesbah curve. As the package is written in
the open-source R language, which is rapidly evolving as the lingua franca of data analysis, the
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package is expected to receive a wide dissémination in the scientific fields of the social sciences.
The package is available from the Comprehensive R Archive Network at http://cran.r-
pro j ect. org/package=CMC. Up till now this graphical tool has been implemented only in an
SAS macro called ANAQOL [5] and therefore its dissémination has been somewhat limited to SAS
users. This paper illustrâtes the Cronbach-Mesbah curve via simulated datasets from the Rasch
model [6] in order to check the curve performance when the unidimensionality hypothesis is
violated.
In the next section we illustrate ail the steps to construct the Cronbach-Mesbah curve, starting from
the hypothesis of the parallel model, while in section 3 the R package CMC is presented. In section 4
we illustrate the package with several simulated data from a dichotomous Rasch model with and
without unidimensionality property. The paper ends with some concluding remarks.
2. Cronbach-Mesbah Curve

To study the unidimensionality of a set of observable items Xlf... ,Xk, we introduce the parallel
model where Xy is the observed score (response) of subject i (i = 1,n) on item j (j - 1,k).
Under the hypothesis of the parallel model [7], Xtj can be wfitten as

Xij Tij + £{j
where tfj the true score, and Sn, the error score, are two unknown random variables generally
assumed to be independent (or at least not correlated). The true score is given by:

Tij //y + a i
where /u. is a fixed effect and is a random effect with zéro mean and variance whereas s'ij is
a random effect with zéro mean and variance of. Moreover, eu and are not correlated and for ail
j = 1,..., k and {at, stj) and (as, sSj) are independent for t (t, s = 1,..., n). It is then easy to
showthat E{Xij^ = p., VarÇXij) = and Cov^Xÿ, Xiz) = o^(j, z= /,..., k).
The reliability p of any item is defined as the ratio of two variances: the variance of the true
(unobserved) measure and the variance of the observed measure. Under the assumption that the
observed items follow the parallel model, i.e. ail two by two item corrélations are equal, it can be
shown that

i
P <%+

where o\ corresponds to the between-subject variability and ci^ is the variance of the measurement
error. Moreover, it is possible to prove that p is also the constant corrélation between any two
items. The reliability of the sum of k items is given by the following well-known Spearman-Brown
formula:

kp
~P

kp + (1 - p)'
The maximum likelihood estimate of p, under the assumption of Normal distribution for the error s,
is known as the Cronbach reliability coefficient [8], denoted with a.
The formula for computing a is given by:

a
k

k- 1
(1)

where sj = ^I?=1(Xiy - Xjf,
ÿ 1 YA - nkX,i=iLj=i^ij-

and
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The Cronbach reliability coefficient a takes values in the interval [0; 1]. If the actual variation
amongst the subjects is very small, then the reliability of the test measured tends to be small. On the
other hand, if the variance amongst the subject is large, the reliability tends to be large.
We can expect the same behavior for the Spearman-Brown formula p and for its estimate a. In
particular, as p is an increasing function of the item number k, if every item follows the parallel
model, then the reliability of a sum increases as k increases. Therefore, if a does not increase or
even decreases as k increases, it means that the added item does not belong to the same dimension,
i.e. does not follow the parallel model.
It is possible to show that there is a direct connection between the Cronbach reliability coefficient a
and the percentage of variance explained by the first component of the principal component analysis
(PCA) performed on the k items. The PCA is usually based on the analysis of the roots of the
corrélation matrix R of k variables which, under the hypothesis of a parallel model, is given by:

R =

1

P

-P

P
1

P

P
P

1
This matrix has only two different roots. The greater root is llj = 1 + p(k — 1) and the other roots
are /l2 = ••• = Ak = 1 — p = A Thus, using the Spearman-Brown formula, we can express the
reliability of the sum of the k items as follows:

This indicates that there is a monotonie relationship between p, estimated by a, and the first root
that gives the percentage of variance explained by the first principal component. In this case, a is

considered as a measure of unidimensionality.
In particular, to assess the unidimensionality of a set of items, it is possible to plot a curve, called
the step-by-step Cronbach-Mesbah curve, which reports the number of items (from 2 to k) on the x-
axis and the corresponding maximum a coefficient on the y-axis obtained via the following steps:

1. First of ail the Cronbach coefficient a — a0 is computed using ail the k items.
2. One at a time, the v-th item (v = 1,k) is left out and the Cronbach coefficient, denoted by

a^, is computed using the remaining (k -1) items. Ail the coefficients are collected in a set
given by:

a1 = (a_i,..., a_,-,...,
where the apex refers to the fact that only one item has been removed. Then, the maximum
of a is detected and the corresponding item is removed. For example, if a_j is the
maximum of a1, the j-th item is removed definitively from the scale.

3. The procedure of step 2 is repeated conditionally on the item removed previously.
Supposing that item j was removed, the remaining items are left out one at a time and the
corresponding Cronbach coefficient is calculated using (k - 2) items. This gives rise to the
following set of (kg1) coefficients:

a — (ûU(ij), m ®-(/+l,;) ...< a-(k,j))where the apex refers to the fact that 2 items hâve been removed. The item corresponding to
the maximum of a2 is then removed definitively. For example, if mâijÿ is the maximum of
a , the first item is removed definitively from the scale together with the j-th item removed
at step 2.

This procedure is repeated until only 2 items remain. Note that at each step the removed item is the
one which leaves the scale with its maximum value of the Cronbach coefficient a. If we remove a

poor item, the a coefficient will increase, whereas if we remove a good item a must decrease.
More precisely, the Spearman-Brown formula shows that increasing the number of items leads to an
increase in the reliability of the total score. Thus, a decrease of the Cronbach-Mesbah curve, after
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adding a variable, would suggest that the added variable does not constitute an unidimensional set
with the other variables. On the other hand, if the step-by-step Cronbach-Mesbah curve increases
monotonically, then ail the items contribute to measuring the same latent trait and the bank of items
is characterized by unidimensionality.
3. The CMC package
The code for computing the Cronbach-Mesbah Curve has been organized in a library developed
using the open-source R programming environment [9]. The resuit is an R package called CMC
(from the acronym of Cronbach-Mesbah Curve) which is composed by two functions. The first one,
called alpha . cronbach, computes the Cronbach reliability coefficient a given by Eq. (1) for an
object of class data, frame (or matrix) with n subjects (rows), k items (columns) and no
missing values. Just to illustrate the procedure, with reference to the dataset cain included in the
CMC package, the Cronbach coefficient is promptly calculated typing the following instructions:
library("CMC")
data("cain")
alpha.cronbach(cain)
[1] 0.8316127

The second function included in the package is called alpha. curve and computes the Cronbach-
Mesbah curve following the procedure described in Section 2. The function takes as input an object
of class data. f rame (or matrix) with n subjects (rows), k items (columns) and no missing
values. The output of the function is given by 2 objects:

1. An object of class data, frame with 3 columns. The first column (N.Item) contains the
number of item used for computing the Cronbach coefficients. The values of the columns
are between 2 and k corresponding, respectively, to the case when only 2 items or ail the
items are used. The second column (Alpha.Max) refers to the maximums of the Cronbach
coefficients calculated at each step of the procedure, that is (max'ak~2, ...,max a1, a0).
Finally, the last column (Removed.Item) reports the name of the item removed at each step,
that is (argmax'ak~2,..., argmax a1, ). Note that the last element contains no name
because this corresponds to the case of the complété Cronbach coefficient a0 when ail the k
items are used.

2. The plot of the corresponding Cronbach-Mesbah curve created using the columns N.Item
and Alpha.Max of the data. frame described above. Moreover, the names of the removed
items are also reported in the graph.

With regard to the cain dataset, after giving the instruction:
>alpha.curve(cain)
we obtain a table with three columns and the corresponding Cronbach-Mesbah curve reported,
respectively, in Table I and Figure 1.

Table I: The output retumed by the al pha.curve function for the cain dataset
N.Item Alpha.Max Removed.Item

1 2 0.6715459 120

2 3 0.6988724 116

3 4 0.7351930 113

4 5 0.7510661 114

5 6 0.7676828 19

6 7 0.7827610 17

7 8 0.7973100 125

8 9 0.8103813 111

9 10 0.8193292 123

10 11 0.8251892 122

11 12 0.8316127 -
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Figure 1: Cronbach-Mesbah curve for the cain dataset of CMC package

4. Simulation study
In this section we check the performance of the Cronbach-Mesbah curve with simulation studies.
To simulate the data we use some R code that generates data according to the dichotomous Rasch
model, together with some déviations ffom them.
Georg Rasch [6] developed a mathematical model for constructing measures based on the
probabilistic relationship between any item ’s difficulty and any person ’s ability. The use of a Rasch
models enables prédictions of how persons at each level of ability are expected to perform
regarding each item. The model predicts the conditional probability of an ordered binary outcome,
given the person ’s ability and the item ’s difficulty. This probability is expressed in logistic form. If
“correct” answers are coded as 1 and “incorrect” answers are coded as 0, the model expresses the
probability of obtaining a correct answer as a function of the size of the différence between the
ability of the respondent and the difficulty of the item. This probability is given by:

exp {$-<?;}
1 + exp 1- ôj |

where (i = 1, 2, ..., n) is the respondent parameter (person ’s ability) and 5. (j = 1, 2, ..., k) is the
item parameter (item ’s difficulty).
The Rasch model is characterized by unidimensionality and additivity. Unidimensionality means
that a single construct is being measured (i.e. the latent trait is a scalar). Rasch models produce
measurements on an interval scale. This implies additivity on the scale and invariance over the
entire continuum, if the data fit the model.
In this paper, following [10] and [11], we consider five values for the sample size n (100, 250, 500,
1000 and 4000 subjects) and five for the test length A: (10, 15, 30, 50 and 75 dichotomous items).
Conceming the unidimensional case, to simulate the persons ’ ability we consider a standard normal
distribution, while for the items’ difficulty a uniform distribution (-3, +3). Then we compute some
Cronbach-Mesbah curves for ail the 25 generated datasets. The most important ones are shown in
Figure 2. If the number of items is less than 10, we can not find monotonically increasing curves
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even if we consider a high number of subjects. If the test consists of a few dozen items, in order to
obtain a curve that shows the presence of unidimensionality we hâve to consider at least 500
subjects, while when the number of items is at least 50, then even with some hundred subjects we
can hâve a monotonically increasing curve. In Figure 2 we can see that if the curves increase
monotonically, then the unidimensionality is confïrmed, i.e. ail the items contribute to measuring
the same latent trait.
We also consider the case when the unidimensionality assumption is violated. We simulate data
considering two latent factors with a corrélation coefficient equal to 0.2 (a low degree of
corrélation) and 0.7 (the two latent traits are not very different). In both the cases the items are
equally divided between the two traits. If the two latent traits are weakly correlated (see Figure 3 in
which p = 0.2), then the curve is able to reveal the violation of unidimensionality among the items,
but not when the corrélation coefficient is high (see Figure 4 in which p = 0.7). Then if we consider
a great number of items and/or subjects the curve can assume a monotonically increasing aspect
even in presence of more than one latent trait. In summary, we can see that the Cronbach-Mesbah
curves are able to detect the absence of unidimensionality for the set of items if the corrélation
coefficient is close to zéro, but not if p is not far from one.
Finally we considered the case with simulated data considering two latent traits with a corrélation
coefficient equal to - 0.2 and - 0.7. In ail simulations the Cronach-Mesbah curve is able to detect the
absence of unidimensionality.
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15 items — 100 subjects 50 items -100 subjects 75 items — 100 subjects

15 items - 250 subjects 50 items - 250 subjects 75 items - 250 subjects

15 items -1000 subjects 50 items - 1000 subjects 75 items - 1000 subjects

15 items - 4000 subjects 50 items — 4000 subjects 75 items — 4000 subjects

Figure 2: Cronbach-Mesbah curves in the case of unidimensionality with simulate data
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15 items -100 subjects 50 items -100 subjects 75 items - 100 subjects

15 items - 250 subjects 50 items - 250 subjects 75 items - 250 subjects

15 items — 500 subjects 50 items -500 subjects 75 items -500 subjects

I Mi a.
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15 items -1000 subjects 50 items - 1000 subjects

B

75 items -1000 subjects

15 items - 4000 subjects 50 items - 4000 subjects 75 items - 4000 subjects

Figure 3: Cronbach-Mesbah curves in the case of bidimensionality (p = 0.2) with simulate data
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15 items — 100 subjects 50 items — 100 subjects 75 items -100 subjects

15 items - 250 subjects 50 items - 250 subjects 75 items — 250 subjects

15 items - 500 subjects 50 items - 500 subjects 75 items - 500 subjects

15 items **■ 1000 subjects 50 items% 1000 subjects 75 items -1000 subjects

15 items — 4000 subjects 50 items — 4000 subjects 75 items - 4000 subjects

Figure 4: Cronbach-Mesbah curves in the case of bidimensionality (p = 0.7) with simulate data
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4. Concluding remarks
This paper described the R package CMC for the Cronbach Mesbah curve and used several simulated
data for illustration.
To improve our work it would be interesting to consider the case when the items are polytomous
and evaluate the behavior of the curve when the underlying dimensions are more than two.
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