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Abstract

We introduce the categories of geometric complex mixed Hodge modules on algebraic varieties
over a subfield k C C, and for a prime number p, the categories of p-adic mixed Hodge modules on
algebraic varieties over a subfield k C C,. We then give a complex Hodge realization functor on the
derived category of relative motives over k¥ C C and a p-adic Hodge realization functor on the derived
category of relative motives over k C C,.
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1 Introduction

Let k be a field of characteristic zero and S be a scheme of finite type over k. Let DA.(S) be the
derived category of constructible motives over S. In a previous work ([10]) when k£ = C is the field of
complex numbers, we built a Hodge realization functor :

Fi% . DA(S) = D(MHM(S))

where D(M HM (S)) is the derived category of mixed Hodge modules introduced by Morihiko Saito. This
functor commute to the sixth operations formalism and define a 2-functor morphism on the category of
schemes over C.

In this work, we extend this realization functor to the general case of any field k of characteristic
zero embedded in C and we develop a p-adic analog of this realization.

The first step of the construction involves a rational version (i.e. over k) of the category of
mixed Hodge modules. The key point of the construction is the existence of the Kashiwara-Malgrange V-
filtration over k for regular holonomic D-modules (theorem 32) which is proved by induction on dimension



using the complex case, and Saito’s theorem on the strictness and stability of the direct image for proper
morphisms in the complex case. The mixed hodge modules over k are then the mixed Hodge modules
whose regular holonomic sheaf is defined over k. To develop a p-adic analog, we also introduce the full
subcategory of geometric mixed Hodge modules.

For simplicity, we assume S smooth and let (M, F*M) be a filtered regular holonomic Dg-

module. We say (M, F*M) is pur de Rham if it belong to the full abelian category generated by the
successive higher direct image of the structural Dx-module (Ox, F}) of the proper S-schemes X smooth
over k, F}, being the trivial filtration.
Let (M,F*M,W*M) be a bi-filtered regular holonomic Dg-module (F*M is the Hodge filtration and
W* M is the weight filtration). We say (M, F, W) is de Rham if the associated graded module Gry (M, F)
is a pur de Rham module and if the weight filtration is finite and satisfy an admissibility condition with
respect to the Cartier divisors of S. The de Rham modules over S € Var(k) are introduced in definition
56.

A constructible sheaf over S is given by a constructible sheaf K over the analytic complex space
Sg" such that there exist a stratification (5;) of S over k such that K|gan is a Q-local system.

We denote by Py (SE") := P(S&") N D, (S&") the full sub-category of perverse sheaves with constructible
cohomology sheaves over S.

A geometric mixed Hodge module over S, assumed to be smooth for simplicity, is a triple
(M,F,W),(K,W),a) where (M, F,W) is a de Rham module over S, (K, W) € P (S&") is a filtered
perverse sheaf over S and « is an isomorphism « : (K, W) ® C ~ DR(S)((M, W)*") compatible with the
de Rham comparison theorem and where DR(S)(M®™) is the de Rham complex associated to M ™. The
geometric mixed Hodge module over S € Var(k) are introduced in definition 68.

Let D(MH Mgy k.c(S)) be the derived category of the category of complexes of geometric
mixed Hodge modules over S. This category can be defined for any scheme S of finite type over k. We
prove the following theorem :

Theorem 1. Let Var(k) be the category of schemes of finite type over a subfield k C C. Then :

o The categories D(MH Mgy, 1,c(S)), for S € Var(k), are endowed with the formalism of the sixth
operation.

o There exist a Hodge realization functor :

F&9 . DA(S) = D(MHMgy, 1.c(S))
compatible with the sizth operations formalism.

Let p be a prime number, C, be a completion of an algebraic closure of Q, and let k C K C C,
be a subfield of a p-adic field K. Let S be a smooth scheme over k, Bgr, s be the sheaf of relative de Rham
p-adic periods over the pro-étale site of the p-adic analytic Huber space ST, (introduced by Fontaine,
Faltings and Scholze) and Cp,, (S) be the category of complexes of Byg, s-modules.

For any lisse Qp-sheaf K over S, the sheaf K @ Byr,s over Sy, has a Poincaré resolution by
the de Rham complex OBgg, s ® 2%... We obtain a functor from the category of lisse Q,-sheaves over Se;
to the category of complexes of Bgr s-modules. Using, a Beilinson’s devissage by nearby and vanishing

cycles functors, we extend this functor to perverse sheaves :
IB%dr,S : Pk(set) - CBdR (S)

A geometric p-adic mixed Hodge module over S, assumed to be smooth for simplicity, is a triple
(M, F,W),(K,W),«) where (M, F,W) is a de Rham module over S, (K, W) is a filtered perverse sheaf
over Sg; and
a:Bars(K, W)~ F'DR(S)((OBygr.s, F) ®os (M, F,W)*™)

is an isomorphism of complexes of W-filtered (B4r,s, G)-modules over Sg,.,, compatible with the p-adic
de Rham comparison theorem (Faltings and Scholze) and where DR(S) is the de Rham complex associ-

ated an analytic Dg-module and G := Gal(K/K) is the Galois group of K. The geometric p-adic mixed



Hodge module over S € Var(k) are introduced in definition 86.

Let D(MH Mgy, k,c,(S)) be the derived category of the category of complexes of p-adic geo-
metric Hodge modules over S. In fact D(MH Mg, xc,(S)) can be defined for any scheme S of finite
type over k. We prove the following p-adic version of theorem 1 :

Theorem 2. Let k — K — C, be a subfield of a p-adic field. Then :

o The categories D(MH Mgy, kc,(S)), for S € Var(k), are endowed with the formalism of the sizth
operation.

e There exist a p-adic Hodge realization functor :

FH%  DALS) = D(MHMyp .c,(S))
compatible with the sizth operations formalism

The proof of the first part of the theorems 1 and 2 is similar to the classical complex case, the crucial
point is to show in the p-adic case that the isomorphism « is functorial. We are then reduced to prove
that the functor By, commute to direct images in the proper case (theorem 44). To do this, we use p-adic
Hodge theory comparison theorems in the open case ([21]).

The proof of the second part of the theorems follows our strategy of [10] :

In the case k C C, we first fully faithfully embed D(MH Mgy, 1,c(S)) into the fiber product of the
derived category of bi-filtered regular holonomic Dg-modules over k£ and the derived category of filtered
constructible Q-sheaves with k-rational stratification, and construct the realization functor inside this big
category (definition 116), then we check that the image is contained in DM H Mgy, k.c(S) and commutes
with the six operation (theorem 53).

In the case k C K C C,, we first fully faithfully embed D(MH Mg, k.c,(S)) into the fiber product
of the derived category of the category of bi-filtered regular holonomic Dg-modules over k and the
derived category of filtered constructible QQ,-etale sheaves with k-rational stratification and construct the
realization functor inside this big category (definition 118), then we check that the image is contained in
D(MH Mg k,c,(S)) and commutes with the six operation (theorem 54).

I am grateful to F.Mokrane for his help and support during the preparation of this work as well as
J.Wildeshaus for the interest he has brought to this work. I also thank A.C.Le Bras, P.Boyer and S.Morra
for the help and interest they have brought to this work.

2 Preliminaries and Notations

2.1 Notations
e After fixing a universe, we denote by

— Set the category of sets,
— Top the category of topological spaces,
— Ring the category of rings and cRing C Ring the full subscategory of commutative rings,

— TRing the category of topological rings and ¢TRing C TRing the full subscategory of commu-
tative topological rings,

— RTop the category of ringed spaces,
* whose set of objects is RTop := {(X,Ox), X € Top, Ox € PSh(X,Ring)}
* whose set of morphism is Hom((T, Or), (S,0s)) :=={((f : T — 5), (ay : f*Os — Or))}
and by ts : RTop — Top the forgetfull functor.



— RvTop the category of valued ringed spaces

x whose set of objects is
RvTop := {(X,Ox, (v, z € X)), X € Top, Ox € PSh(X, cTRing), v, € Spv(Ox.)}

where Ox is a sheaf of complete topological commutative ring for a non archimedean
semi-norm, Spv(—) denote the set of continous valuations of a topological commutative
ring for a non archimedean semi-norm

* whose set of morphism is

Hom((T, Or, (vy,x € T)), (S, Os, (vz, x € S))) :=
{(f:T = 9),(ay: f*Os = Or)), a}(vj()) = v for allz € T}.

Cat the category of small categories which comes with the forgetful functor o : Cat —
Fun(Al, Set), where Fun(A!, Set) is the category of simplicial sets,

RCat the category of ringed topos

* whose set of objects is RCat := {(X,0x), X € Cat, Ox € PSh(X,Ring)},

« whose set of morphism is Hom((7, Or), (S,0s)) :={((f : T — S), (ay : f*Os — Or)), }
and by tc : RCat — Cat the forgetfull functor,
— AbCat a category consisting of a small set of abelian categories,

— TriCat a category constisting of a small set of triangulated categories.

e Let F: C — C’ be a functor with C,C’ € Cat. For X € C, we denote by F/(X) € C’ the image of X,
and for X, Y € C, we denote by F*Y : Hom(X,Y) — Hom(F(X), F(Y)) the corresponding map.

e For C € Cat, we denote by C°? € Cat the opposite category whose set of object is the one of C :
(€)% = C°, and whose morphisms are the morphisms of C with reversed arrows.

e Let C € Cat. For S € C, we denote by C/S the category

— whose set of objects (C/S)? = {X/S = (X,h)} consist of the morphisms h : X — S with
XecC,

— whose set of morphism Hom(X’/S, X/S) between X'/S = (X',h),X/S = (X,h) € C/S
consits of the morphisms (g : X’ — X) € Hom(X’, X) such that hog =h'.

We have then, for S € C, the canonical forgetful functor
r(S):C/S—=C, X/S—r(S)(X/S)=X, (g:X')S— X/S)—7r(S)(g) =g
and we denote again r(S) : C — C/S the corresponding morphism of (pre)sites.
— Let F': C — C’ be a functor with C,C’ € Cat. Then for S € C, we have the canonical functor

Fs:C/S — C'/F(S), X/Sw F(X/S)=F(X)/F(S),
(9:X'/S = X/S) = (F(g) : F(X')/F(S) = F(X)/F(S))

— Let § € Cat. Then, for a morphism f : X’ — X with X, X’ € S we have the functor

C(f):8/X" = 8/X, Y/X'= (Y, f1) = C()HY/X) = (Y, fo f1) € §/X,
(9:Y1/X" = Y2/ X") = (C(f)(g) =g : 1/X = Y2/ X)



— Let S € Cat a category which admits fiber products. Then, for a morphism f : X’ — X with
X, X’ € S, we have the pullback functor

P(f):8/X - S/X', Y/X = P(f)(Y/X):=Y xx X'/X' € §/X/,
(9:Y1/X = Y2/X) = (P(f)(9) == (g x I) : Y1 xx X' = Y2 xx X)

which is right adjoint to C(f) : S/X’ — §/X, and we denote again P(f) : /X’ — §/X the
corresponding morphism of (pre)sites.

e Let C,7 € Cat. Assume that C admits fiber products. For (S.) € Fun(Z°?,C), we denote by
C/(Se) € Fun(Z, Cat) the diagram of category given by

—forI'€Z,C/(S.)(I) :=C/Sr,
—forrry: I — J,C/(Se)(rry) := P(rry) : C/S; — C/S;, where we denoted again r7; : Sy — St
the associated morphism in C.

e Let (F,G) : C = (' an adjonction between two categories.

— For X € C and Y € C’, we consider the adjonction isomorphisms
x I(F,G)(X,Y) : Hom(F(X),Y) - Hom(X,G(Y)), (u: F(X) = Y)— (I(F,G)(X,Y)(u) :
X = G(Y))
x I(F,G)(X,Y): Hom(X,G(Y)) - Hom(F(X),Y), (v: X - G(Y)) — (I(F,G)(X,Y)(v) :
F(X)—=Y).
— For X € C, we denote by ad(F,G)(X) := I(F,G)(X, F(X))(Urx)) : X = Go F(X).
— For Y € C'" we denote also by ad(F,G)(Y) :=I(F,G)(G(Y),Y)(Uaw)) : FoG(Y) =Y.

Hence,

— for v : F(X) — Y a morphism with X € C and Y € C’, we have I(F,G)(X,Y)(u) =
G(u) o ad(F, G)(X),

—for v : X — G(Y) a morphism with X € C and Y € C’, we have I(F,G)(X,Y)(v) =
ad(F,G)(Y) o F(v).

e Let C a category.

— We denote by (C, F) the category of filtered objects : (X, F) € (C, F) is a sequence (F*X )ecz
indexed by Z with value in C together with monomorphisms a, : FPX < FP71X — X.

— We denote by (C, F, W) the category of bifiltered objects : (X, F,W) € (C, F,W) is a sequence
(WF*X)es € Z? indexed by Z? with value in C together with monomorphisms WIFPX <
FrlX WIpPX < Wa—lFPX,

e Let A an additive category.

— We denote by C(A) := Fun(Z, A) the category of (unbounded) complexes with value in A,
where we have denoted Z the category whose set of objects is Z, and whose set of morphism
between m,n € Z consists of one element (identity) if n = m, of one elemement if n = m + 1
and is () in the other cases.

— We have the full subcategories C®(A), C~(A), CT(A) of C(A) consisting of bounded, resp.
bounded above, resp. bounded below complexes.

— We denote by K(A) := Ho(C(A)) the homotopy category of C(A) whose morphisms are
equivalent homotopic classes of morphism and by Ho : C(A) — K(A) the full homotopy
functor. The category K (A) is in the standard way a triangulated category.

e Let A an additive category.



— We denote by Cr;(A) C (C(A),F) = C(A, F) the full additive subcategory of filtered com-
plexes of A such that the filtration is biregular : for (A*,F) € (C(A), F), we say that F is
biregular if F'*A" is finite for all r € Z.

— We denote by Cofiu(A) C (C(A),F,W) = C(A, F,W) the full subcategory of bifiltered com-
plexes of A such that the filtration is biregular.

— For A* € C(A), we denote by (A*,F,) € (C(A), F) the complex endowed with the trivial
filtration (filtration bete) : FPA™ = 0if p > n+ 1 and FPA™ = A™ if p < n. Obviously, a
morphism ¢ : A* — B®, with A®*, B®* € C(A) induces a morphism ¢ : (A®*, F,) — (B®, Fy).

— For (A*,F) € C(A, F), we denote by (A*, F(r)) € C(A, F) the filtered complex where the
filtration is given by FP(A®, F(r)) := FPt"(A®*, F).

e Let A be an abelian category. Then the additive category (A, F) is an exact category which
admits kernel and cokernel (but is NOT an abelian category). A morphism ¢ : (M, F) — (N, F)
with (M, F) € (A, F) is strict if the inclusion ¢(F"M) C F"N NIm(¢) is an equality, i.e. if
G(F"M) = F™"N N Im(¢).

e Let A be an abelian category.

— For (A*,F) € C(A, F), considering a,, : FPA®* — A® the structural monomorphism of of the
filtration, we denote by, for n € N,

H™(A*,F) € (A, F), FPH"(A®, F) := Im(H"(a,) : H"(FPA*) — H"(A®)) C H"(A*)

the filtration induced on the cohomology objects of the complex. In the case (A®, F) € Cf;(A),
the spectral sequence EP-(A®, F') associated to (A®, F') converge to Grh. HPT9(A®, F), that is
for all p,q € Z, there exist rp;q € N, such that EP9(A®, F) = Grl HPT9(A®, F) for all
5 < Tptq-

— A morphism m : (A*,F) — (B*,F) with (A°,F),(B*,F) € C(A, F) is said to be a filtered
quasi-isomorphism if for all n,p € Z,

H" Grh.(m) : H"(Grh, A*) = H™ (Gt B*)

is an isomorphism in A. Consider a commutative diagram in C(A, F')

(A*, F) —™ = (B*,F) — > Cond(m) = ((A*, F)[1] & (B*, F),d,d' " m) — (A*, F)[1]
¢vl wl l (o[1],%) l¢[1]
(A'*,F) _m (B'*,F) — Conelin) = (A'*, F)[1] @ F),d,d"™= m') — (4'*, F)[1]

If ¢ and ¢ are filtered quasi-isomorphisms, then (¢[1],%) is an filtered quasi-isomorphism.
That is, the filtered quasi-isomorphism satisfy the 2 of 3 property for canonical triangles.

e Let A be an abelian category.

— We denote by D(A) the localization of K(A) with respect to the quasi-isomorphisms and by
D : K(A) — D(A) the localization functor. The category D(A) is a triangulated category in
the unique way such that D a triangulated functor.

— We denote by D;;(A) the localization of K ¢;;(A) with respect to the filtered quasi-isomorphisms
and by D : K¢ (A) = Dyy(A) the localization functor.

e Let A be an abelian category. We denote by Inj(A4) C A the full subcategory of injective objects,
and by Proj(A) C A the full subcategory of projective objects.



e For § € Cat a small category, we denote by
— PSh(S) := PSh(S, Ab) := Fun(S, Ab) the category of presheaves on S, i.e. the category of
presheaves of abelian groups on S,

— K(S) := K(PSh(S)) = Ho(C(S)) In particular, we have the full homotopy functor Ho :
C(S) = K(5),

— Clay£it(S) := Clay7ir(PSh(S)) € C(PSh(S), F, W) the big abelian category of (bi)filtered com-
plexes of presheaves on § with value in abelian groups such that the filtration is biregular, and
PShg) a(S) = (PSh(S), F, W),

— Ku(S) :== K7 (PSh(S)) = Ho(Cra(S)),
= Kyt (S) = Kyirr(PSh(S)) = Hop (Cri(S)), Kfit,00(S) 1= Kfit,00(PSh(S)) = Hooo (Cir (5))-
For f: T — S a morphism a presite with 7,8 € Cat, given by the functor P(f):S — T, we will

consider the adjonctions given by the direct and inverse image functors :

— (f*, f«) = (f7, f+) : PSh(S) = PSh(T), which induces (f*, f.) : C(S) = C(T), we denote,
for F € C(S) and G € C(T) by

ad(f*, f)(F) : F = fofF , ad(f* £)(G) - 7 .G = G

the adjonction maps,

— (fe, f1) : PSh(T) = PSh(S), which induces (f., f*) : C(T) = C(S), we denote for F € C(S)
and G € C(T) by

ad(fe, f)F): G = .G, ad(fu, f1)(G) : fuf 'F = F
the adjonction maps.
e For (S,0s) € RCat a ringed topos, we denote by

— PShp,(S) the category of presheaves of Og modules on S, whose objects are PShp, (S)? :=
{(M,m), M € PSh(S),m : M ® Os — M}, together with the forgetful functor o : PSh(S) —
PShOS (8)7

— Co4(S) = C(PShp,(S)) the big abelian category of complexes of presheaves of Og modules
on S,

— Koy (S) :== K(PSho4(S)) = Ho(Co,(S)), in particular, we have the full homotopy functor
Ho: Coy(S) = Ko (S),

— Cogs@2)1i(S) = C2)7a(PShog(S)) C C(PShog(S), F, W), the big abelian category of (bi)filtered
complexes of presheaves of Og modules on & such that the filtration is biregular and PShog (2) ra (S) =
(PSho,(S), F,W),

= Kogrit(S) == Kfu(PShog(S)) = Ho(Cog ri(S)),

= Kogfir.r(S) == K r(PShos(S)) = Hor(Cogrit(S)), Kosriteo(S) = Krit,o(PShog(S)) =
Hooo (Cog rit(S))-

e For S € Cat a small category and n € N, PShz,z(S) C PSh(S) is the full subcategory of n-torsion
presheaves. The functor

(=) ® Z/nZ : PSh(S) = PShyz(S), F — F ® Z/nZ

is right exact and its restriction the full subcategory PSh(S); C PSh(S) of torsion free presheaves
is exact. For § € Cat and p € N a prime number,

PShy, (S) C PSh(N x §) = PSh(S, Fun(N, Ab))



is category whose objects are (F})ien with Fj € PShy,,i;(S) such that Fj — Fii1/p'Fyq is an
isomorphism. We then have

Cy,(S) := C(PShy, (S)) C C(N x 8) = PSh(S, Fun(N, C(Z))).

We get the functor
() ®Zy: C(S) = Cz,(S),F = (FRL/P'L)1en

which is right exact. For § € Cat a site with topology 7, we have the localization
sz (S) = HOT C(PShZP (8))
of 7 local equivalences of C(PShz,(S)) C PSh(S, Fun(N, C(Z))).

For S, € Fun(Z, Cat) a diagram of (pre)sites, with Z € Cat a small category, we denote by S, :=
I'S, € Cat the associated diagram category

— whose objects are I'SY = {(X1,urs)rez}, with X; € Sr, and for 77y : I — J with I,J € Z,
ury : Xy — rry(Xr) are morphism in Sy noting again ry; : Sy — Sy the associated functor,

— whose morphism are m = (my) : (X1, ury) — (X}, vrs) satistying vy yomr = rrj(my) oury in
SJv

We have then PSh(S,) = PSh(I'S,) the category of presheaves on S,

— whose objects are PSh(S,)? := {(Fr,urs)rer}, with Fr € PSh(S;), and for r7; : I — J with
I,J € Z, ury : Fr — r15.F; are morphism in PSh(S;), noting again rr; : Sy — Sr the
associated morphism of presite,

— whose morphism are m = (my) : (Fr,ury) — (Gr,vry) satisfying vy omy = rrjemyouyy in
PSh(Sy),

Let Z,7" € Cat be small categories. Let (fo,s) : To — Se a morphism a diagrams of (pre)site
with T, € Fun(Z, Cat),Se € Fun(Z’, Cat), which is by definition given by a functor s : Z — Z’ and
morphism of functor P(fe) : Ss(e) := Se 05 — T,. Here, we denote for short, Sye) := Se 05 €
Fun(Z, Cat). We have then, for r;; : I — J a morphism, with I, J € Z, a commutative diagram in
Cat

Trg

Dyry = Ss5) —= Su) -
fJT fIT
T —=T
In particular we get the adjonction given by the direct and inverse image functors :
((f'a S)*v (f'v S)*) = ((f'v 5)717 (f'v S)*) : PSh(SS(.)) S PSh(,T.)v

F = (Fryury) = (fo,8)"F = (f{ F1,T(Dsr)(Fy) o fiurs),
G = (Gr,v1y) &= (fe,8)+G = (fr.G1, frev1s).

Let Z € Cat a small category. For (S.,0Og,) € Fun(Z, RCat) a diagram of ringed topos, we denote
by
(Se,0s,) := (I'S., Ors,) € RCat.

We have then PShog, (Se) = PShoys, (I'Se) the category of presheaves of modules on (S, Os, ),
— whose objects are PShog, (Se)? := {(Fr,urs)1ez}, with Fr € PSho,, (Sp),and for rpy: I — J

with [,J € Z, uyy : Fi — r1yFy are morphism in PShog, (S1), noting again ryy : Sy — S
the associated morphism of presite,



— whose morphism are m = (my) : (Fr,ury) — (Gr,vry) satisfying vy omy = ryjemyouyy in
PShog, (S1),

e For A € Ring, dimg(A) denote the Krull dimension of A. For ¢ : A — B a morphism with
A, B € cRing, we have the extention of scalar functor

®aB:(—)®4 B:Mod(4) = Mod(B), M — M ®4 B
(m: M — M)— (mp:=m®I: M ®sB— M®a B).
which is left ajoint to the restriction of scalar
Resy g : Mod(B) — Mod(A), M = (M,an) — M = (M,ap 00), (m: M — M) — (m: M — M)
The adjonction maps are
— for M € Mod(A), the canonical map in Mod(A)
na/p(M): M — M ®a B, ng/p(M)(m) :=m®1,
— for M € Mod(B),
IXxAp:M®sB=M®pB®aB
in Mod(B), where Ag : B®4 B — B is given by for z,y € B, Ag(z,y) =z — y.

Let 0 : A — B a morphism with A, B € cRing. A module M € Mod(B) is said to be defined
over A if there exist a module My € Mod(A) and an isomorphism M ~ My ®4 B in Mod(B). A
module M € Mod(B) is defined over A if and only if there exist a presentation of M, that is an

exact sequence in Mod(B), B®” 2, B®" 5 M — 0, such that ¢ o o(A®7) c A%

e For f = (f,ay) : (T,Or) — (S,0s) a morphism of ringed topos with (S, Ogs), (T,0Or) € RCat,
af : f*Os — Or, we have the pull-back of presheaves of modules

f*mod: PSho (S) — PSho, (T), M — f*™°IM = f*M @04 Or
(m . M/ N M) — (f*modM = f*m®[ . f*modM/ N f*mOdM).

which is left ajoint to

f* :PShOT(T) — PShOS(S), M = (M, CLM) — f*M = (f*M, apr oaf),
(m: M — M)~ (fom: fuM' — f.M)

The adjonction maps are
— for M € PShp,(S), the canonical map in PShog(S)
ad(f7o, £,)(M) = n g0 j0r (M) : M = fof™ M = f.f*M ®}. 105 f.Or,
nyp+0s/0r (M)(m) = ad(fe, f*)(M)(m) @ 1,
— for M € PSho,.(S), the canonical map
ad(f*, L) (M) =1 x Doy : [ f.M = [* f.M @0, Or ©-05 Or = M,
where Ao, : Or ® 04 Or — Or is given by for z,y € T'(T,Or), T € T, Ao, (z,y) =2 — y.

Let f = (f,ay) : (T,0r) — (S,0g) a morphism of ringed topos with (S,0s), (T,0Or) € RCat,
af : f*Os — O A presheaf M € PSho, (7)) is said to be defined over (S,Og) if there exist a
My €€ PShp,(S) such that M ~ f*m°d ), in PSho, (T). For M € PSho, (T) quasi-coherent, M
is locally defined over (S, Og) if and only if there exists locally a presentation of M, that is an exact

sequence in PSho, (77), T C T, O%BJ 2, O?l — M — 0, such that ¢ o af(O?J) C O?I.
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e For X € Top, we denote by dimp(X) its Krull dimension and dimy (X) its Lebegue dimension.
Note that if X is Hausdorf dimp(X) = 0 and if X is everywhere not Hausdorf dimy,(X) = 0. For
X € Top and = € X, we denote by dimp,(X) = infyey dimp(U) its Krull dimension at  and
dimy, (X)) := infrey dimp(U) its Lebegue dimension at .

e Denote by Sch C RTop the full subcategory of schemes. For X € Sch, dim(X) := dimp(X). For
X = Spec A € Sch an affine scheme, dim(X) = dimg(A4). For X € Sch and z € X, dim,(X) :=
dimp ;(X) = dim(Ox ). A morphism h : U — S with U, S € Sch is said to be smooth if it is flat
with smooth fibers geometric fibers. A morphism r : U — X with U, X € Sch is said to be etale if
it is non ramified and flat. In particular an etale morphism r : U — X with U, X € Sch is smooth
and quasi-finite (i.e. the fibers are either the empty set or a finite subset of X) For X € Sch, we
denote by

— Sch’* /X < Sch /X the full subcategory consisting of objects X’/X = (X', f) € Sch /X such
that f: X’ — X is an morphism of finite type

— X¢ c Sch’* /X the full subcategory consisting of objects U/X = (X,h) € Sch /X such that
h:U — X is an etale morphism.

— X®m < Sch’* /X the full subcategory consisting of objects U/X = (X, h) € Sch /X such that
h:U — X is a smooth morphism.

For a field k, we counsider Sch /k := Sch /Speck the category of schemes over Speck. We then
denote by

— Var(k) = Sch’* /k  Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) € QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) C SmVar(k) C Var(k) the full subcategories consisting of smooth varieties and
smooth projective varieties respectively.

For a morphism of field ¢ : £k — K, we have the extention of scalar functor

@kK :Sch/k = Sch /K, X = Xk =Xk o =X K, (f: X' =5 X)) (fk:=f1: X = Xk).
which is left ajoint to the restriction of scalar

Resy i :Sch /K — Sch /k, X = (X,ax) = X = (X,00ax), (f: X' > X)— (f: X' = X)

The adjonction maps are

— for X € Sch /k, the projection my,/x(X) : Xxg — X in Sch /k, for X = U;X; an affine open
cover with X; = Spec(A;) we have by definition 7,5 (X;) = ny/x (As),
— fOI‘XESCh/K,IXAK:X;)XK:XXKK(X)kKiH SCh/K, where Ag : K®p K — K is
the diagonal which is given by for z,y € K, Ax(z,y) =z — y.
The extention of scalar functor restrict to a functor

@K : Var(k) = Var(K), X = Xk = Xgo =X K, (f: X' = X) = (fr:=f®1: X;x = Xk).

and for X € Var(k) we have m,/x(X) : Xx — X the projection in Sch /k. An algebraic variety
X € Var(K) is said to be defined over k if there exists Xo € Var(k) such that X ~ X, ®4 K in
Var(K). By definition,

— for X = Spec(A) € Var(K) an affine variety, X is defined over K if A € Mod(K) is defined
over k, that is if A = K{x1,...,2n]/I is a presentation of A, I =< fy,--- fr >C K[x1,...,2N]
with f1,..., fr € k[z1, -+ ,zN] is generated by elements over k.
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— for X = Proj(B) € PVar(K) an projective variety, X is defined over K if B € Mod(K)
is defined over k, that is if B = KJxg,...,zn]|/I is a presentation of B with I generated
by homogeneous elements, I =< fi,--- fr >C K|xzg,...,xn]| with f1,..., fr € k[zg, -+ ,2N]
homogeneous.

For X = (X,ax) € Var(k), we have Sch’* /X = Var(k)/X since for f : X’ — X a morphism of
schemes of finite type, (X', ax o f) € Var(k) is the unique structure of variety over k of X’ € Sch
such that f becomes a morphism of algebraic varieties over k, in particular we have

— X¢ < Sch'! /X = Var(k)/X,
— Xm < Sch’ /X = Var(k)/X.

Denote by CW C Top the full subcategory of CW complexes, by CS C CW the full subcategory of
A complexes, by TM(R) C CW the full subcategory of topological (real) manifolds which admits a
CW structure (a topological manifold admits a CW structure if it admits a differential structure)
and by Diff(R) C RTop the full subcategory of differentiable (real) manifold.

Denote by AnSp(C) C RTop the full subcategory of analytic spaces over C, and by AnSm(C) C
AnSp(C) the full subcategory of smooth analytic spaces (i.e. complex analytic manifold). For
X € AnSp(C), we set dim(X) := 1/2dimz(X), and for x € X dim,(X) := 1/2dimy, ,(X). For
X € AnSp(C) and z € X, there exist by Weirstrass preparation theorem a finite surjective morphism
r: X, — Dy where D" = D(0,1)" C C" is the open ball and dim,(X) := 1/2dimy ,(X) =
dimg (Ox, ) = n. For X € AnSm(C) and z € X, there exist an isomorphism r : X, — DJ, hence
there exist a covering by open subsets X = U; X; such that r; : X; — D". If X € AnSm(C) is
connected then dim(X) := dim(X) = 2n where r : X, — D for x € X . For X € AnSp(C),
dim(X) := dimy(X) = dimp(X,eq) where X,¢q C X is the smooth locus of X. A morphism
h:U — S with U, S € AnSp(C) is said to be smooth if it is flat with smooth fibers. A morphism
r: U — X with U, X € AnSp(C) is said to be etale if it is non ramified and flat. For X € AnSp(C),
we denote by

— X C AnSp(C)/X the full subcategory consisting of objects U/X = (X,h) € AnSp(C)/X
such that h : U — X is an etale morphism.

— X*™ C AnSp(C)/X the full subcategory consisting of objects U/X = (X,h) € AnSp(C)/X
such that h : U — X is a smooth morphism.

By the Weirstrass preparation theorem (or the implicit function theorem if U and X are smooth),
a morphism r : U — X with U, X € AnSp(C) is etale if and only if it is an isomorphism local.
Hence for X € AnSp(C), the morphism of site Tx : X — X is an isomorphism of site.

For V € Var(C), we denote by V" € AnSp(C) the complex analytic space associated to V' with
the usual topology induced by the usual topology of C¥. For W € AnSp(C), we denote by W €
AnSp(C) the topological space given by W which is a CW complex. For simplicity, for V' € Var(C),
we denote by Ve := (V*")® ¢ CW. We have then

— the analytical functor An : Var(C) — AnSp(C), An(V) = Vo,

— the forgetful functor Cw = tp : AnSp(C) - CW, Cw(W) = W,

— the composite of these two functors Cw = Cw o An : Var(C) — CW, Cw(V) = Vev.
Let S € RTop. Let S = UierS; open cover and i; : S; < S; closed embedding with S; € RTop,
L € Set. We denote by (S7) € Fun(P(L)°?, RTop) the diagram given by for I € L Sy, := Il;¢7S; and

for I C J, pry: Sy — Sy is the prgjection. We have then open embeddings j; : S; := NierS; — S
and closed embeddings ¢; : St < S;. We consider the functor

T(S/(S1)) : C(8) = C(8/(51)) = C((51)), K = T(S/(SD)(K) = (ir.ji K, T).
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e Let k£ C C a subfield. For S € Var(k), let S = U;S; affine open cover and i; : S; — S; closed
embedding with S; € SmVar(k) connected. We denote by DR(S) := DR(S)!"! the De Rham
functor

DR(S) := DR(S)!™) : Cpru(S/(Sr)) — C(S&"/(S§w)),
((My, F),urs) = DR(S)((My, F),urs) := (DR(5{%) (M, F)[~dg, ], DR(ur,))

e We denote by AdSp C RvTop the full subcategory of adic spaces. By definition, for X =
(X, Ox, O}"() € AdSp there exist an open cover X = U; X; such that

X; = Spa(R;, Rf) := {v € Spv(R;), v(f) < 1for all f € R} }

with R; € cTRing for a non archimedean semi-norm and R} C R? C R; a subring, where R? =
{f € R;s.t|f;] <1}. We then have

R} = {f € R, v(f) <1lforallv e Spa(RivR:r)}-

e For K C C, a p-adic field, denote by AnSp(K) C RTop the full subcategory of analytic spaces over
K, By definition, for X € AnSp(K) there exist an open cover X = U;X; such that X; = Spv(R;)
where R; € cTRing is a Tate algebra over K. Note that we have the map m : X — M(X) in
RTop with m|x, : X; = Spv(R;) — M(X;) = Spec(R;) which sends a valuation v to its support
p={f € R;, v(f) = 0} and where M (X;) is endowed with the standard G-topology. By definition,
we have

— the forgetfull functor ox : AdSp /(K, K*) — AnSp(K), such that ok (Spa(R, R")) = Spv(R),
— the canonical functor Rx : AnSp(K) — AdSp /(K, Ok) such that Rk (Spv(R)) = Spa(R, R°).

We denote by AnSm(K) C AnSp(K) the full subcategory of smooth analytic spaces. For X €
AnSp(K), we set dim(X) := dim(X), and for x € X dim,(X) := dimy, »(X). For X € AnSp(K)
and z € X, there exist by Weirstrass preparation theorem a finite surjective morphism r : X, — Df
where D" = D(0,1)™ C K™ is the open ball and dim,(X) := dimy, (X) = dimg (Ox ) = n. For
X = Spv(4) € AnSp(K) affinoid, dim(X) := dimy, (X) = dimg (A) where for the last equality note
that for 0 < r < 1, D(0,r)" = Spv(K < x1, -+ ,2n >,) C D(0,1)" = Spv(K < z1, -+ ,2, >) is
a rational open subset since the norm is ultrametric in contrast to the complex case. A morphism
h:U — S with U, S € AnSp(K) is said to be smooth if it is flat with smooth geometric fibers. A
morphism r : U — X with U, X € AnSp(K) is said to be etale if it is non ramified and flat. For
X € AnSp(K), we denote by

— X® C AnSp(K)/X the full subcategory consisting of objects U/X = (X,h) € AnSp(K)/X
such that h : U — X is an etale morphism.

— X*™ C AnSp(K)/X the full subcategory consisting of objects U/X = (X, h) € AnSp(K)/X
such that h : U — X is a smooth morphism.

For X € AnSp(K), we have the morphism of site 7x : X — X.

e Let K C C, a p-adic field. For V € Var(K), we denote by V" € AnSp(K). We have then the
analytical functor An : Var(K) — AnSp(K), An(V) = V" An(f) = f*". We will also consider
the canonical functor Rx : AnSp(K) — AdSp /(K,Ok), which sends by definition X = Spv(R)
affinoid with R a Tate algebra over K to X = Spa(R, R°) with R° :={f € R, |f|, < 1}.

e Denote by Top? the category whose set of objects is

(Top?)? := {(X, Z), Z C X closed} C Top x Top
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and whose set of morphism between (X1, Z1), (Xo, Z2) € Top? is
Homryye (X1, Z1), (X2, Z2)) i= {(f : X1 = X3), s.t. Z1 C f~(Z2)} C Homrop (X1, X2)
For S € Top, Top? /S := Top? /(S, S) is then by definition the category whose set of objects is
(Top? /8)° :={((X,Z),h),h: X — S, Z C X closed } C Top /S x Top

and whose set of morphisms between (X1,721)/S = (X1, Z1),h1), (X2, 22)/S = (X2, Z2), ha) €
Top? /S is the subset

HOIIlTop2 /S((Xl,Zl)/S; (XQ,ZQ)/S) =
{(f: X1 — X2), st.hiof=hyand Z; C f~'(Z;)} C Homprop(X1, X2)

We denote by
s : Top*?" /S :={((Y x S, Z),p),p: Y xS =S, ZCY x S closed } — Top* /S

the full subcategory whose objects are those with p : Y x S — S a projection, and again ug :
Top? /S — Top®?" /S the corresponding morphism of sites. We denote by

Grg : Top /S — Top®*" /S, X/S s Grg*(X/S) := (X x S, X)/S,
(9: X/S = X'/S) = Crg(g) :==(gxIs: (X xS, X) = (X' xS, X))

the graph functor, X — X x S being the graph embedding (which is a closed embedding if X is
separated), and again Gryg’ : Top®?" /S — Top /S the corresponding morphism of sites.

Denote by RTop? the category whose set of objects is
(RTop?)° := {((X,0x), Z), Z C X closed} C RTop x Top
and whose set of morphism between ((X1,0x,), Z1), (X2, 0x,), Z2) € RTop? is

HomRTop2(((X1a0X1)7zl)a ((X2a0X2)7Z2)) =
{(f : (Xl’OXI) — (X27OX2))a s.t. 21 C f_l(ZQ)} C HomRTOP((Xl’Oxl)v (X27OX2))

For (S,0s) € RTop, RTop? /(S, Og) := RTop? /((S, Os), S) is then by definition the category whose
set of objects is

(RTop? /(S, 0s))° :=
{(((X,0x),Z),h),h: (X,0x) = (S,0s5), Z C X closed } C RTop /(S,Og) x Top

and whose set of morphisms between (((X1,0x, ), Z1), h1), (X2, 0x,), Z2), ha) € RTop? /(S,Os)
is the subset

HornRTop2 /(S,Os)(((X170X1)7 Zl)/(Sv 05)7 ((XQv OX2)7 Z2)/(Sv OS)) =
{(f:(X1,0x,) = (X2,0x,)), s.t. hio f =hy and Z1 C f~(Z2)}
C Homprop ((X1,Ox, ), (X2,0x,))

We denote by

s : RTop®?" /S := {(((Y x S,¢*Oy @ p*0s),Z),p),p:Y xS —= S, ZCY xS closed } — RTop* /S
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the full subcategory whose objects are those with p : ¥ x S — S is a projection, and again
s : RTop? /S — RTop?*" /S the corresponding morphism of sites. We denote by

Grg : RTop /S — RTop>?" /S,

(X,0x)/(8,0s) = Grg (X, 0x)/(5.05)) = (X x 5,4"0x ®p"0s), X)/(S, 0s),
(g : (X7 OX)/(Sv OS) - (leoX’)/(Sv OS)) =

Grg’(9) == (9 x Is : (X x S,¢*Ox @ p*Os), X) = (X' x 8,¢"Ox @ p*Os), X"))

the graph functor, X — X X S being the graph embedding (which is a closed embedding if X is
separated), p: X xS — S, ¢: X xS — X the projections, and again Grg’ : RTop*?" /S — RTop /S
the corresponding morphism of sites.

o We denote by Sch? c RTop? the full subcategory such that the first factors are schemes. For a field
k, we denote by Sch? /k := Sch? /(Speck, {pt}) and by

— Var(k)? C Sch? /k the full subcategory such that the first factors are algebraic varieties over
k, i.e. schemes of finite type over k,

— PVar(k)? C QPVar(k)? C Var(k)? the full subcategories such that the first factors are quasi-
projective varieties and projective varieties respectively,

— PSmVar(k)? € SmVar(k)? C Var(k)? the full subcategories such that the first factors are
smooth varieties and smooth projective varieties respectively.

In particular we have, for S € Var(k), the graph functor

Gry : Var(k)/S — Var(k)>P"/S, X/S — Gri?(X/S) := (X x 8, X)/S,
(g:X/S = X'/S) s Grii(g) :== (g x Is : (X x S, X) = (X' x 8, X))
the graph embedding X — X x S is a closed embedding since X is separated in the subcategory

of schemes Sch ¢ RTop, and again Grg : Var(k)*?" /S — Var(k)/S the corresponding morphism
of sites.

e We denote by CW? C Top? the full subcategory such that the first factors are CW complexes, by
TM(R)? € CW? the full subcategory such that the first factors are topological (real) manifolds
and by Diff(R)? € RTop? the full subcategory such that the first factors are differentiable (real)
manifold.

2.2 The p-adic de Rham period sheaves for adic spaces over a p-adic field

Let p a prime number. For X = (X, Ox,0%) € AdSp /(K, K*) an adic space over a p-adic field K C C,,
we consider

e the map Wx : A7 x = W(Og;r) — O;r( where Ox denote the completion of Ox with respect to
the ideal pOx C Ox, b the tilting functor and W the Witt vectors,

o the map Wy : By x := W(O)[p~!] = Ox := O%[p~]
e the integral period sheafIB%;rnX i=lim Bin s, x /(ker Wx )™ with the filtration FkIB%:{hX := (ker WX)kB:{nX C
Bl-;’l‘ X

o the period sheaf By, x := Bjrﬁx[t’l] where ¢ is a generator of the ideal ker Wy C IB%IKX with the
filtration F¥*By, x = Ej t_ij*‘jIB%jl' v C Bgr x.

,’,1
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e the integral sheaf

OBy, v = Im (0% @w ok /p0r) Aing, x[p7'])/ (ker I © Wx)"
neN

with the filtration F¥OB], = (ker Wx)*OB} . C OB}, .

o the period sheaf OBy, x = OIB;T X[tfl] where t is a generator of the ideal ker Wx C OIB%;'T x with
the filtration F*OBgy. x := Yt~/ FFIOB « C OBgy x.

2.3 The classical theorems for etale topology on schemes, and the comparai-

son theorem with the analytic topologies for algebraic varieties over local
fields

We first recall the smooth base change theorem

Theorem 3. (i) Consider a commutative diagram in Sch which is cartesian

’

Xy ——T
lgl lg
f
X——S5

such that g is smooth or more generally locally acyclic. Let F € C(X¢) be a torsion sheaf where we
recall that X C Sch’? /X s the small etale site. Then the transformation map (see [10] section
2) in D(T%)

T(f.9)(F):g"Rf.F — Rf.g"F

is an isomorphism.

(ii) Let k'/k an extention of field of characteristic zero. Let f : X — S a morphism in Var(k). Let
F € C(X*°") be a torsion sheaf Then the transformation map (see [10] section 2) in D(S§})

T(f, mrppe )(F) 2 7 po REE = R fyramy o

is an isomorphism where we recall (see section 2) = T (X) @ X — X and mpp =
T (S) : S — S are the projections.

Proof. (i): Standard : see [22] for example.
(ii):Follows from (i). O

We now recall the proper base change theorem :

Theorem 4. Consider a commutative diagram in Sch which is cartesian

XTL>T

Ll

X——SF5

such that f is proper. Let F € C(X¢) be a torsion sheaf where we recall that X C Sch/? /X is the
small etale site. Then the transformation map (see [10] section 2) in D(T¢)

T(f,9)(F): g*Rf.F — Rf.g*F

s an isomorphism.
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Proof. Standard : see [22] for example. O

We deduce from the proper base change theorem the projection formula and the Kunneth formula for
the cohomology of etale sheaves:

Theorem 5. (i) Let f: X — S a proper morphism with S, X € Sch. Let n € N. Let F' € Cypz(X°")
and G € Czz(S°) be n-torsion sheaves. Then the transformation map (see [10] section 2) in
DZ/nZ(Set)

T(f,@)(F.G): RfF @75 G = Rf(F @75 [*G)

is an isomorphism.

(i) Let f: X — S a morphism with S,X € Sch. Let n € N. Let F € Cz),7(X®") and G € Cy,,z(5)
be n-torsion sheaves. Then the transformation map (see [10] section 2) in Dy /7(S)

is an isomorphism.

Proof. (i):Follows from theorem 4: see [22] for example.
(ii):Follows from (i) by taking a compactification f: X — S of f: X — S. O

Remark 1. Let f : X — S a morphism with S, X € Sch. Letn € N. Let F € CZ/nZ(Xet) and
G e CZ/nZ(Set) be n-torsion sheaves. Then, if f is not proper, H*(Rf.F ®£/nZ G) is NOT isomorphic
in Shvz/nz(S) to H*Rf.(F ®7 nz G) in general.

Let f1: X1 — S and f3 : X9 — S two morphisms with X7, X5, S € Sch. Denote p; : X7 xg Xo — X3
and po : X1 Xg Xo — X5 the base change maps. We have then

fi®fao=fiop1 = faops: X1 x5 Xy — 8.

Let Fy € Cz/nz(X{") and Fy € Cy,,2(X5") be n-torsion sheaves. Then the canonical map in C7/,,7(S)
(see [10] section 2)

ad(p],Rp1«)(F1)®ad(ps,Rp2. ) (F2)

T(f1, f2:@)(F1, F2) : Rf1.Fy @7y Rf2uFo

R f1Rp1.pi F1 ©% )7 Rfou Rp2ups Fo = R(f1 © fo)upi F1 ©F ), R(f1 @ fo)ups Fo
T(®7E)(_7_) * *

————— R(f1 X f2)«(DIF ®F )z D5 F2).

Theorem 6. (i) Let f1 : X1 — S and fo : Xo — S two proper morphisms with X1, X2,S € Sch.
Denote p1 : X1 Xg Xo — X1 and pg : X1 xg Xo — X the base change maps. Let Fy € CZ/nZ(Xft)
and Fy € Cy/,7(XS5") be n-torsion sheaves. Then the canonical map in Cgz/,z(S) given above

T(f1, f2:@)(F1, F2) : Rf1Fy ®F 5 RfaFa = R(f1 X f2)« (D1 F ®7 5 D3 F2)
is an isomorphism.

(i1) Let f1: X1 — S and fy: Xo — S two morphisms with X1, X5, S € Sch. Denotepy : X1 xgXs = X3
and py : X1 xXg Xo — X the base change maps. Let Fi € Cgz)nz(X{") and Fy € Cypz(X5') be
n-torsion sheaves. Then the canonical map in CZ/HZ(Set) gwen after taking compactification of f1
and f1 by the one of (i) for the compactifications and on the other hand by the open embedding case

T(f1, f2,@)(F1, F2) : RfuF1 ©F g RfaF = R(fi X fo)i(D7 F ©7 5 D3 F2)

is an isomorphism.

17



Proof. (i): Follows from theorem 4: see [22] for example. B
(ii):Follows from (i) by taking a compactification f1 : X1 — S of f1 : X3 — S and a compactification
f22X2—>SOff22X2—>S. O

Remark 2. Let f1 : X1 — S and fo : Xo — S two morphisms with S, X1, X, € Sch. Let n € N.
Denote p1 : X1 Xxg Xo — X7 and py : X1 X5 Xo — Xy the base change maps. Let Fy € CZ/nZ(Xft)
and Fs € C'Z/nZ(Xft) be n-torsion sheaves. Then, if fi or fa is not proper, H*(Rf1.Fy ®£/nZ Rfo, Fy) is
NOT isomorphic in Shvz,,z(S) to H*R(f1 x f2).(p}Fi ®é/nZ p3Fy) in general.

We now recall the comparaison theorems :

Theorem 7. Let f: X — S a morphism with X, S € Var(C). Let F € C(X*®) be a torsion sheaf where
we recall that X°* < Sch’* /X = Var(C)/X is the small etale site. Then the transformation map (see
[10] section 2) in D(S™)

T(f,an)(F): ang Rf.F — Rf,ank F'

s an isomorphism.

Proof. Standard, see [22] for example : follows from theorem 4 (i) and the open embedding case. O

Theorem 8. Let K C C, be a p-adic field. Let f : X — S a morphism with X,S € Var(K). Let
F € Cppnp(X©) be an n-torsion sheaf where we recall that X C Sch’® /X = Var(C)/X is the small
etale site. Then the transformation map (see [10] section 2) in D(S*™<t)

T(f,an)(F) : ang Rf.F — Rf,an% F'
is an isomorphism.

Proof. Standard, see [19] for example : follows from theorem 4 (i) and the open embedding case. O

2.4 Constructible and perverse sheaves on algebraic varieties over a subfield
EcC

Let S € AnSp(C). We have
e the classical dual functor
DY : C(S) — C(S), K~ DLK :=Hom(LK, Eysu(Zs))
which induces in the derived category

DY : D(S) = D(S), K+ DYK :=Hom (LK, Eysy(Zs)) = RHom(K,Zs)

e the Verdier dual functor
D¢ : D(S) = D(S), K — D%K := RHom(K,wg)
where wg := a%Zg is the dualizing complex, as : S — {pt} being the terminal map.

For S € AnSm(C) smooth connected of dimension dim(S) = dg we have DY = D%[2dg].
We recall the definition of constructible sheaves on algebraic varieties over a subfield k£ C C:

Definition 1. Let k C C a subfield. Let S € Var(k).

(i) A sheaf K € Shv(SE™) is called constructible (with respect to a Zariski stratification over k) if there
exists a stratification S = Uy Sq with ly @ So — S locally closed subsets such that I} K € Shv(Sgﬁc)
are (finite dimensional) local systems (for the usual topology) for all a. Note that we make the
hypothesis that the strata S, are defined over k.
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(ii)) We denote by
Cer:(Sg") € C(SE") and D, 1, (Sg"™) € D(SE")

the full subcategories consisting of K € C(SE™) such that a,e, H"K € Shv(SE"™) are constructible
for alln € Z (see (i)).

(i)’ We denote by
Crit,e,k(S¢") C Cra(SE™) and D itk (S¢") C Dya(SE™)

the full subcategories consisting of (K, W) € Cry(S&") such that ays H™ GrkW K € Shv(Sg™) are
constructible for all n,k € Z (see (i)).

(ii) We denote by
P (Sg") := P(SE") N D 1 (SE") C De e (S¢™) @ Q C De 1 (Sg™)

the full subcategory of perverse sheaves (which are by definition torsion free) whose cohomology
sheaves are constructible with respect to a Zariski stratification (defined over k), see (ii).

(iii)” We denote by
Pritk(S¢") = Pri(S¢™) 0 Dyit,e,k (SE") C Diit,ek(S¢™") @ Q C Diit,e,i(S¢™)

the full subcategory of filtered perverse sheaves (which are by definition torsion free) whose coho-
mology sheaves are constructible with respect to a Zariski stratification (defined over k), see (ii)’.

Theorem 9. Let k C C a subfield.

o Let S € Var(k). Then for K € Do (S2"), D4K € D, x(Se"). For K,K' € D,x(5%"), K @L K’ €
D i (S&™).

o Let f: X — S a morphism with S, X € Var(k). Then for K € D¢ (X&), Rf+K € D.1(S&") and
RAK = DYR{DYK € Do i(SE).

o Let f: X — S a morphism with S,X € Var(k). Then for K € D, (S¢"), f*K € D (X&") and
'K :=D¥% f*DYK € D, i (X&").

For S € Var(k), we have thus the full subcategory

Degm(S¢™): = < RfiZx,(f: X — S) € Var(k) >
= < Rf.Zx,(f:X — S) € Var(k) proper, X smooth >C D, ,(Sg")

where <> means the full triangulated category generated by.

Proof. Standard : follows from the fact that a morphism f : X — S with X, S € Var(k) admits a
Whitney stratification whose strata X = Uy gXa g, S = Ua Sy are Zariski locally closed subset, that is
locally closed subvarieties defined over k. O

Let k£ C C a subfield.
Let S € Var(k) and D = V(s) C S a Cartier divisor. Denote i : D — S the closed embedding and
J:58%:=8\D < S the open embedding. Let 7 : S*" — S@*" the universal covering. We then consider,

o for K € C(S¢""), the nearby cycle functor
YpK :=i*R(j om).m*K[-1] € D(Dg"),

we write again YpK =i, )pK € D(Sg"),
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o for K € C(5¢""), the maximal extension
Tgo/5(K) 1= Cone(ad(i*, is)(—) o ad(n™, 7.) (j« K) : Rj K — i, R(j o). 7" K =: ¢pK[1]) € D(Sg"),
o for K € C(5¢""), the vanishing cycle functor
¢opK := Cone(ad(jorn*,jom)(K) :i*"K = ¢pK € D(D¢")

together with the canonical map ¢(¢pK) : YpK — ¢pK in D(DE""), we write again ¢pK :=
opK € D(5E"),

o for K € C,(5¢""), the canonical morphisms in D.(D&")
can(K) :=c(¢pK) : vpK — ¢pK , var(K) :=Déc(ppDeK) : pp K — Yp K.
For K € C.i(S¢""), we have YypK € Cor(Dg") since it preserve local systems hence ¢pK €
Ccﬁk(Dgan) and .ISD/SK S Ocyk(S(O:’an).

Let S € Var(k) and D = V(s) C S a Cartier divisor. Denote i : D — S the closed embedding and
J:58%:=8\D < S the open embedding. Let 7 : SZ*" — SZ*" the universal covering.

e For K, K’ € C.(5%""), we have by (Verdier) duality and theorem 5(ii) ¢¥p(K ®@F K') = ¢p(K) ®F
¢D (K/)u

e For K, K’ € C.(S@"") we have by (Verdier) duality ¢p(K ®L K') = ¢p(K) @ ¢p(K’)
e For K, K' € C(5¢""), we have the tranformation map in D(SZ*")

T(@,4p) (K, K') : (ppK) @b K L2 Oead@m) ), e o K7 = (K @F K).

If K, K' € D (5¢"), then T(®,vp)(K, K') is an isomorphism (projection formula),

e For K, K' € C.(SZ"") the tranformation isomorphism in D (SZ&“")

T(®,¢p)(K,K') : ¢p(K @" K') = Dgpp (D4 K @ DEK')
DT (®,%p)(DEK,DEK")

Dy (vpD§(K) ®F DEK') = opK @ K’
by (Verdier) duality.
In the filtered case, we will consider the weight monodromy filtration for open embeddings :
Definition 2. Let k C C a subfield.

(i) Let S € Var(k) and j : S° — S an open embedding such that D := S\S° = V(s) C S is a
Cartier divisor. Let Pfihk(S’E’a")“d’D C Prig i (SZ") the full subcategory such that the relative
weight monodromy filtration of W with respect to D C S exists.

— For (K,W) € Py x(Sg*")*P we consider as in [25]
(K, W) o= (Rj K, W) € Pripn(S8), WyRjL K =< Rj. Wi K, W(N)uK >C Rj.K

50 that j* ju, (K, W) = (K, W), where Wy Rj. K C Rj. K is given by W and the weight mon-
odromy filtration W (N) of the universal cover m : S — SZ*". Note that a stratitification
of Wi Rj. K is given by the closure of a stratification of Wi, K and D := S\S°.

— For (K,W) € Py 5 (Sg )P we consider
Jro (B, W) = Dgjuu D (K, W) € Prr i (S¢™)
so that j*ji, (K, W) = (K, W).
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For (K',W) € Py (S&")*P | there is, by construction,
— a canonical map ad(§*, juw) (K, W) = ad(5*, j« ) (K') : (K", W) = jawi*(K', W) in Ppy 1 (SE"),
— a canonical map ad(jiy, j*)(K', W) = ad(j, j°)(K') : jrwi* (K, W) = (K',W) in Ppi ,(SE").

(i) Let S € Var(k). Let j : S° := S\Z < S an open embedding with Z = V(I) C S an arbitrary
closed subset, T C Og being an ideal subsheaf. Taking generators T = (s1,...,8:), we get Z =
V(s1,...v8p) =NI_1Z; C S with Z; =V(s;)) C S, s, € T(S,L;) and L; a line bundle. Note that

Z s an arbitrary closed subset, dz > dX -7 needing not be a complete intersection. Denote by

7SOl = N (S\Z;) = S\(UlGIZ) 2y 80 Ly S the open complementary embeddings, where
I'c{1,---,r}. Denote

D(Z/S) = {(Zz)ze 1,..7] ,Zi cS,nNz;= Z} ,le Cc Z;

the flag category. Let Ppy k(S ™) (20 C Ppy ,(Sg™) the full subcategory such that the relative
weight monodromy filtration of W with respect to the Z; C S exists. For (K, W) € C(Pyy 1 (S@")) % (%),
we define by (i)

— the (bi)-filtered complex of Dg-modules

j*w(Kv W) = hﬂ TOthTdIZ'(jI*wj?*(Kv W)) € C(Pfllqk(s(gn))
D(Z/S)

where the horizontal differential are given by, if I C J, dry = ad(j};, jrrew) (i7" (K, W)),
g1 87 — S°I being the open embedding, and dry =0 if I & J,
— the (bi)-filtered complex of Dg-modules

Jro (K, W) o= lim - Totearar=—e(jnwii” (K, W)) = D juwDs (K, W) € C(Prak(S¢")),
D(Z/5)

where the horizontal differential are given by, if I C J, dry = ad(jrjw,ji;) (7" (K, W)),
g1 S0 — S°I being the open embedding, and dry =0 if I & J.

By definition, we have for (K, W) € C(szl ) (SE™)) b (2 |5 (K, W) = (K, W) and j* ji, (K, W) =
(K,W). For (K',W) € C(Py x(S&"))2%(Z)  there is, by (i),

— a canonical map ad(j*, juw ) (K, W) : (K', W) = Juwi*(K', W) in C(Pfy i (SE")),
— a canonical map ad(jiy, j*)(K', W) @ g (K', W) — (K", W) in C(Prirk(SE")).

Definition 3. Let S € Var(k). Let Z C S a closed subset. Denote by j : S\Z — S the complementary
open embedding.

(i) We define using definition 2, the filtered Hodge support section functor

% : C(Pri(SE") %)) = C(Prai(SE),
(K, W) = TZ(K, W) := Cone(ad(j", juuw) (K, W) : (K, W) = juwj™ (K, W))[-1],

together we the canonical map Y4 (K, W) : TY(K, W) — (K, W).
(i)’ Since juw : C(Ppirp(SE ™) 420 — C(Ppy ik (SE™)) is an exact functor, I'Y induces the functor
L% ¢ Driten(SE) P = Dy e (S2"), (K, W) = TH(K, W)
(ii) We define using definition 2, the dual filtered Hodge support section functor

LY C(Pras(SE™) %)) — C(Ppai(SE™),
(K, W) =T (K,W) := Cone(ad(jip, j*) (K, W) : jiw, j* (K, W) = (K, W)),

together we the canonical map ’yg’Hdg(K, W) : (K,W) — T, (K,W).
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(i)’ Since juy : C(Pfil,k(S(g’a")“d’(Zi)) — C(Prax(SE")) is an exact functor, F}’w induces the functor
Féﬂu : Dfil,c,k(Sgn)adﬁ(Zi) — Dfil,c,k(S(gn)a (K7 W) = Féwu(Kv W)

Let S € Var(k) and D = V(s) C S a Cartier divisor. Denote i : D — S the closed embedding and
J 8% :=8\D < S the open embedding. Let 7 : S*" — SZ@*" the universal covering. We then consider,
for (K, W) € Dy, o(S¢*")**P = Ho(C(Priu (Sg*")*4P),

e the filtered nearby cycle functor

Yp(K, W) := (YpK,W) € Dy o(Dg"), Wi(vp(IK,W)) :=< Wyyp K, W(N)rypK >C ¢YpK,

e the maximal extension
z50/5(K) == Cone(ad(i*, i,)(—) o ad(m™, m.) (s K) t juw (K, W) — tp (K, W)[1]) € Dyt e (SE"),

e the vanishing cycle functor

6 (K, W) = Cone(ad(j o 7, j o m)(K) : i* (K, W) = vp(K, W) € Dy c.r (DL,

e the canonical morphisms in D fil,c,k(D(%n)
CCLTL(K7 W) = C(¢D(K7 W)) : wD(Ku W) — ¢D(K7 W)’
var(K,W) :=D%c(¢pD¢D(K,W)) : ¢p(K, W) — p(K,W).
Definition 4. Let k C C a subfield.

(i) Let f: X — S a morphism with S, X € Var(k). Consider the graph factorization f : X Lxxs
S of f where l the the graph closed embedding and p is the projection. We have, using definition 3,

— the inverse image functor
£ Dy ek (SEM) T2 5 Dy o o (XE), (K, W) = f*(K, W) := "I p* (K, W)
— the exceptional inverse image functor
£ Dt e i (SE) T = Dy o o (XEY), (K, W) = (K, W) = UTYp* (K, W).
(i) Let f: X — S a morphism with S, X € Var(k). Consider a compactification f : X — jX ENYS of

f with X € Var(k), j an open embedding and f a proper morphism. Denote Z = X\X. We have,
using definition 2,

— the direct image functor

Rfww : Dyien(XE) P = Dy oo (SE"), (K, W) = Rfriy (K, W) := R (K, W)
— the proper direct image functor

Rfuy : Dyit,ei(XE) PP = Dpig o (SE"), (K, W) = R fuop(K, W) := Rf.ju (K, W).

(iii) Let S € Var(k). Denote by Ag : S — S x S the diagonal closed embedding and p; : S x S — S,
p2: S xS — S the projections. We have by (i) the functor

@1 Dipig ek (SE) ) X Dpip ek (SE) 45D 5 Dy ok (SE),
(K1, W), (K2, W) = (K, W) @5 (Ko, W) 1= A (p} (K1, W) @F p3 (Ko, W)).
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We will use a version of a result of Beilison on perverse sheaves.

Definition 5. Let k C C a subfield. Let S € Var(k) and D = V(s) C S a Cartier divisor. Denote
S°:=S\D. We denote by Pp(SZ"") x j P(DE") the category

e whose objects are (K', K", u,v) where K' € Py(SZ"") and K" € Pp(DE") are perverse sheaves and
w:ppK ™ — K" gnd v K9 — yp K'9 are morphism in D (Dg") such that vou =T —1,

e whose morphisms are m = (m/,m"”) : (K{, KY, ui,v1) — (K}, K, us,v2) such that us o ppm’ =
m'” ouy and Yypm’' ovy = vy om/.

We give the following version of the well known theorem for perserse sheaves

Theorem 10. Let k C C a subfield. Let S € Var(k) and D = V(s) C S a Cartier divisor. Denote
1: D — S the closed embedding and j : S° := S\D — S the open embedding. Then the functor

(5, ¢p,can,var) : Py(S¢") = Pp(SZ™") x ; Pp(Dg")
is an equivalence of category whose inverse is

Pp(S¢*") x1 Pe(Dg") — Pr(SE"),

c(xgo/s(K")),u D%c(zgo,5(DYK’)),v
(K/,KN,’U,7U)I—}H1(1/}DK/ ( ( S /S( )) ) :CSD/S(K/)@Z.*K// ( S ( S /S( S )) ) ’(Z)DK/)

We denote, for K € Py(S&") by

Is(K) := (0, (ad(j", j«)(K),ad(j o 7%, j o 7. )(K)), 0) :

~ c(xgo,5(K)),can(K DY%c(xgo,s(DEK)),var(K
K__>(1/}DK((S/S( ) (K)) sc(zs0/5(DgK)) ())1/1DK)

; (
ISO/S(K) D ipp K
the canonical isomorphism in D 1 (S&").

Proof. Similar to the proof of [5] : follows from the fact that P, (S¢") form an abelian category stable by
the nearby and vanishing cycle functors. O

Let S € Var(k) and D = V(s) C S a Cartier divisor. Denote ¢ : D < S the closed embedding and
j:8°:=S\D — S the open embedding. In the filtered case, we get, for (K, W) € Pf; ,(SE™) the map
in Dfil,c,k(Sg")

Is(K, W) := (0, (ad(5%, j«)(K),ad(j o ¥, j o m)(K)),0) :

(K, W) = (¢p (K, W) (c(wso,s(K,W)),can(K,W))

Tgo/s(K, W) @ i.pp(K, W)
D%c(xzgo DY (K,W))),var(K,W
(Dgc(wso,s(Dg( )))svar( ) Vo (K, W)

which is NOT an isomorphism in general (it leads to different W-filtration on perverse cohomology).

2.5 Constructible and perverse etale sheaves on algebraic varieties over a
field k of charactersitic 0

Let k a field of caracteristic zero. Let S € Var(k). We have

e the classical dual functor
DY : C(S) — C(S), K+~ DLK :=Hom(LK, E.(Zs))
which induces in the derived category

DY : D(S) — D(S*), K+ DYK := Hom(LK, E.t(Zs)) = RHom(K,Zs)
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e the Verdier dual functor
DY : D(S) — D(S%), K+ DYK := RHom(K,ws)
where wg := a!SZS is the dualizing complex, ag : S — {pt} being the terminal map.

For S € SmVar(k) smooth connected of dimension dim(S) = dg we have D% = D%[2dg].
We recall the definition of constructible etale sheaves on algebraic varieties over a field k of caracteristic
Zero:

Definition 6. Let k a field of caracteristic zero. Let S € Var(k). Let | a prime number. Recall (see
section 2.1) that

K = (Kp)nen € Shvz, (S¢) C PSh(S®, Fun(N, Ab))
is a projective system with K, € ShVZ/an(Set) such that K,, — K41 /1" K41 is an isomorphism.

(i) A sheaf K € Shvz, (S) is called constructible if there exists a stratification S = UySs with Ly :
Sa = S locally closed subsets such that ;K € Shvz, (S<) are (finite dimensional) local systems
(for the etale topology) for all c.

(ii)) We denote by
Czlycyk(set) C CZZ (Set) and DZlﬁcﬁk(Set) C DZZ (Set)

the full subcategories consisting of K € Cz,(S¢) such that ace H"K € Shvyz, (S) are constructible
for alln € Z (see (i)).

(i)’ We denote by
Crfitek(S) C Cz 5 (S°Y) and Dy, pit e,k (S) C Dy, 5 (S°)

the full subcategories consisting of (K, W) € Oy, +i(S) such that ae; Gry H"K € Shvy, (S¢) are
constructible for all n,k € Z (see (i)).

(iii) We denote by
Py, 1(S°") C Dz, .c1(5) ®z, Qi C Dz,.c£(S)

the full subcategory of perverse sheaves (which are by definition torsion free).

(iii)” We denote by
Py, itk (S) C Dz, piter(S") @2, Q1 C Dz, fir.e.x(S)

the full subcategory of filtered perverse sheaves (which are by definition torsion free).
Let k/K' a field extention. Let S € Var(k). Let | a prime number.

(i) A sheaf K € Shvy, (Sg) is called constructible (over k) if there exists a stratification S = UySa
with Ly : Sy < S locally closed subsets such that I K € Shvz, (S') are (finite dimensional) local
systems (for the etale topology) for all c.

(ii)) We denote by
CZl,c,k(Szf) C CZZ (Szf) and DZl,c,k(Sz}E) C Dy, (Szf)

the full subcategories consisting of K € Cyz,(S§) such that ae H"K € Shvy, (SgF) are constructible
over k for alln € Z (see (i)).

(i)’ We denote by
Cr fitek(Si) C Crypar(Sr) and Dy, fir, e x(Siy) C Dz, a(Sih)

the full subcategories consisting of (K, W) € Cg, ra(Sgt) such that ae Gry H"K € Shvyz, (Sgt) are
constructible over k for all n,k € Z (see (i)).
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(iii) We denote by
Py, x(SE) = Pr, (i) N Dz, e k(S5Y) C Dz, ek (Si)

the full subcategory of perverse sheaves whose stratification is defined over k.
(iii)’ We denote by
Py, 5itk(SE) == Py i (Si0) N Dz, pir,e k(i) € Dy, fit,er (SE7)
the full subcategory of filtered perverse sheaves whose stratification is defined over k.

Theorem 11. Let k a field of caracteristic zero. Let | a prime number.

e Let S € Var(k). Then for K € Dy, .i(S%), DYK € Dy, . x(S). For K,K' € Dy, . ,(S),
K @l K' € Dy, . (S%).

o Let f: X — S a morphism with S, X € Var(k). Then for K € Dz, . x(X®), Rf+K € Dz, ¢ (S)
and RAK = DYRf.DYK € Dy, o 1(S).

o Let f: X — S a morphism with S, X € Var(k). Then for K € Dz, .x(S®), f*K € Dz, . x(X)
and f'K = DY f*DYK € Dy, o x(X).
We have then, for S € Var(k), the full subcategory

Dz,.e.gm(S?): = < RfZx,(f: X — S) € Var(k) >
= < Rf.Zx,(f:X — S) € Var(k) proper, X smooth >C Dz, . (S)

where <> means the full triangulated category generated by.

Proof. Standard : see [22] for example. O

We now give, following Ayoub, the definition of the nearby and vanishing cycle functors for con-
structible etale sheaves :

Let k a field of characteristic zero. Let ! a prime number. Let S € Var(k) and D = V(s) C S a
Cartier divisor with s € T'(S, L). Denote i : D < S the closed embedding and j : S° := S\D < S the
open embedding. Let

T80 = lim 52 := Spec(L[t]/(t" — 5)) — S°
neN

the universal covering given by taking the n-th roots of s and Age := (5°X gox505°) € Fun(A®, Var(k)*™/S°)
the diagram of lattices (see [4]). We then consider,

e for K € Cz,(5°¢"), the nearby cycle functor
YpK = i*R(j o m)«m*Hom(Age, K)[—1] € Dz, (D),

with
Ago = ( RN RpSO!Zl,SDXSD — .. ) c DZZ (So,et)

and we write again ¢pK := i,)pK € Dy, .(5%), note that by adjonction (Rpger,pk.) we have
e(set)*wDK — ’t/Jpe(Set)*K,

e for K € Cz,(5°°), the maximal extension

Tgo/5(K) := Cone(ad(i*,i,)(—) o ad(n™, 7, )(—) o ev(K) :
Rj.K — i.R(j o) Hom(Ase, K) =: ¢pK|[1]) € Dz, (S),
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e for K € Cz,(S°°), the vanishing cycle functor
¢pK := Cone(ad(j o *,j o m,)(—) o ev(K) : i* K — ¢yp K € Dz, (D)

together with the canonical map c¢(¢ppK) : ¥vpK — ¢pK in Dz, (D), we write again ¢pK =
Z*¢DK S DZz (Set),

o for K € Cy, 0 1(5°), the canonical morphisms in Dz, . (D)
can(K) :=c(¢pK) : YpK — ¢pK , var(K) = Déc(ppDeK) : pp K — Yp K.

Let S € Var(k) and D = V(s) C S a Cartier divisor with s € I'(S, L). Denote i : D < S the closed
embedding and j : S° := S\D < S the open embedding. Let

T80 = hﬂ 59 := Spec(L[t]/(t" — 5)) — S°
neN

the universal covering and Ago := (5° X gox g0 S°) € Fun(A®, Var(k)*"/S°) the diagram of lattices (see
[4])-
e For K, K' € Cz, . x(5%°), we have by (Verdier) duality and theorem 5(ii) ¢¥p (K@LK') = p(K)®L
wD (K/)u

e For K, K' € Cz, . 1(5%¢) we have by (Verdier) duality ¢p(K @ K') = ¢p(K) @L ¢p(K')

e For K,K' € Cz,(5°¢), we have the transformation map in Dz, (S*¢)

I®(ad(i*,iy)(—)oad(m™ ,m.)(—
T(@,vp)(K, K') i (ppk) @t k' 22X, ) K @by K = g (K @F K).
If K,K' € Dz, 1(5¢), then T(®,vp)(K, K') is an isomorphism (projection formula),
e For K,K' € Oy, . 1(S%¢) the transformation isomorphism in Dz, . x(5%¢)

T(®,¢p)(K,K') : ¢p(K @" K') = Dgpp(DEK @ DEK')
D;T@,%)(ng,m;l{’)

D5 (oD (K) @ DsK') = ppK @" K’
by (Verdier) duality.
We have then the following :

Proposition 1. Let k a field of characteristic zero. Let S € Var(k) and D C S a Cartier divisor. For
K € Pz, 1(5), we have YypK,ppK € Py, x(5).

Proof. Take an embedding k — C and consider the morphism of site
ang : S&" = Semet - ggb Ly get

given by the analytical functor. By [1], we have a canonical isomorphism in D, ;(S¢") ® Q
T(an,v) : anyp K = ¢p any K

where we recall (see section 2) that D, x(SE") C D(S&") is the full subcategory consisting of classes of
complexes of presheaves whose cohomology sheaves are constructible with respect to a Zariski stratifica-
tion of S (in particular defined over k). Since K = (K, )nen) ®Qp € Py, x(S¢), ang K € Py(S&™), where
we recall (see section 2) that P, (SE") C D, x(S&") ® Q is the full subcategory consisting of presheaves
sheaves whose cohomology sheaves are constructible with respect to a Zariski stratification of S (defined
over k). Thus by the complex case (see e.g. [23]) ¥p anf K € P, (S&"). Hence an} ¢pK € Py (SE") and
thus vp K, ¢pp K € PZL (Set). O
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In the filtered case, we will consider the weight monodromy filtration for open embeddings :
Definition 7. Let k a field of characteristic zero. Let | a prime number.

(i) Let S € Var(k) and j : S° — S an open embedding such that D := S\S° =V (s) C S is a Cartier
divisor. Let PZlfuyk(So’et)ad’D C Pfilyk(So’et) the full subcategory such that the relative weight
monodromy filtration of W with respect to D C S exists.

— For (K, W) € Py, i1.1(5%¢)P we consider as in [25]
Joew (K, W) = (R K, W) € Py, i 1,(S), WyRj. K =< Rj.W,K,W(N)yK >C Rj.K

50 that j* ju, (K, W) = (K, W), where Wy Rj. K C Rj. K is given by W and the weight mon-
odromy filtration W(N) of the universal cover w : S° — S°, see [4]. Note that a stratitification
of Wi Rj. K is given by the closure of a stratification of Wi, K and D := S\S°.

— For (K,W) € leyfil_,k(So’et)ad’D, we consider
G (B, W) 1= D ju D5 (K, W) € Pz, pua(S)
so that §*ji, (K, W) = (K, W).
For (K',W) € Pz, ik (S)%4D | there is, by construction,

— a canonical map ad(§*, jw) (K', W) = ad(j*, j)(K') : (K',W) = juwi*(K', W) in Py, rax(S),
— a canonical map ad (i, j*)(K', W) = ad(j1, 7*)(K') : jrwj* (K", W) = (K',W) in Pz, ik (S).
(i) Let S € Var(k). Let j : S° := S\Z < S an open embedding with Z = V(I) C S an arbitrary
closed subset, T C Og being an ideal subsheaf. Taking generators T = (s1,...,8,), we get Z =

V(s1y..v8p) =Ny Z; C S with Z; =V(s;)) C S, s; € T(S,L;) and L; a line bundle. Note that
Z 1is an arbitrary closed subset, dz > dx — r needing not be a complete intersection. Denote by

gr 8% = Nier(S\Z;) = S\(UierZ;) I, g0 Iy S the open complementary embeddings, where
Ic{1,---,r}. Denote

D(Z/S) = {(Zi)ie[17,,,r],Zi cS,nNZ; = Z} ,ZZ( C Z;

the flag category. Let lefil,k(So’et)ad’(Zi) C Pppar(So%) the full subcategory such that the
relative weight monodromy filtration of W with respect to the Z; C S exists. For (K,W) €
C(Py, ik (5222 we define by (i)

— the (bi)-filtered complex of Dg-modules

j*w(Ku W) = hg TOtcardI:.(jI*wj?*(Ku W)) S C(PZl,fil(Set))
D(Z/S)

where the horizontal differential are given by, if I C J, dry = ad(j};, jrisw)(Jg (I, W)),
g1y : 87 — ST being the open embedding, and dry =0 if I & J,

— the (bi)-filtered complex of Dg-modules

j!w(Ka W) = @1 TOtcardI:—.(jI!wj?*(Ka W)) = Dg]*ng’(Ka W) S C(PZL,fil(Set))u
D(Z/S)

where the horizontal differential are given by, if I C J, dry = ad(jrjw,ji;) (¢ (K, W)),
g1 87 — S°I being the open embedding, and dry =0 if I & J.

By definition, we have for (K, W) € C(Py, i x(S>) (2, % j (K, W) = (K, W) and j* ji, (K, W) =
(K,W). For (K',W) € C(Pz, ;a(S)2(%2)), there is, by (i),
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— a canonical map ad(j*, jw)(K'\ W) : (K',W) = juwi* (K', W) in C(Py, fi,k(S)),
— a canonical map ad(jiy, j*)(K', W) : jupj*(K'\W) — (K',W) in C(Pyg, tur(S%)).

(i1i) Let S € Var(k). Let j : S° := S\Z < S an open embedding with Z = V(I) C S an arbitrary
closed subset (over k) Z C Og being an ideal subsheaf. Let k/k' a field extension. For (K,W) €
C (P, itk (Sp) b2y (i) gives

— the (bi)-filtered complex of Dg-modules

j*w(Ka W) = h_r>n TOtcardI:-(jl*wj?* (K, W)) € C(PZz,fil,k(SI?))
D(Z/5)

— the (bi)-filtered complex of Dg-modules

j!w(Ka W) = @1 TOtcardI:—.(jI!wj?*(Ka W)) = Dg]*ng’(Ka W) S C(le,fil(s]if))u
D(Z/S)

By definition, we have for (K, W) € C(Py,, le k(Sp)ad 2y %G, (K, W) = (K, W) and j* ji, (K, W) =
(K,W). For (K',W) € C(Pz, i, (SgH)2®Z2)), we have, see (ii),

— the canonical map ad(j*, juuw)(K', W) : (K',W) = juwi* (K, W) in C(Pyg, ru1(S)),
— the canonical map ad(jiw, 7*) (K, W) : jiwi*(K', W) = (K',W) in C(Pz, ik (SZ)).

Definition 8. Let S € Var(k). Let Z C S a closed subset. Denote by j : S\Z — S the complementary
open embedding. Let | a prime number.

(i) We define using definition 7, the filtered Hodge support section functor

'Y . C(Py, i k(S 2)) = C(Pg ik (S7)),
(K7 W) = F%(Kv W) = Cone(ad(j*aj*w)(Kv W) : (Ka W) — ]*w]*(Kv W))[_l]v

together we the canonical map v% (K, W) : TS(K, W) — (K, W). Since jup : O(Pg, i x (S0 (%)) —
C(Py, £i1,1(S)) is an exact functor, T'Y induces the functor

UL : Dy, pit.er (S %) = Dy, ire s (S€), (K, W) = TS(K, W)

(ii) We define using definition 2, the dual filtered Hodge support section functor
Ly 2 C(Pyy s (S°) 7)) = C(Pay i (5)),
(K, W)+ T (K, W) := Cone(ad (i, j*) (K, W) : jiw, j* (K, W) = (K, W)),

together we the canonical map ’yg’Hdg(K, W) (K, W) — T Y(K,W). Since ju, : C(Py,, i, x(S¢)d(Z)) —
C(Py, ik (S)) is an exact functor, T " induces the functor

T Dy, e ()" %) = Dy g e (S, (K, W)+ Ty (K, W)

Let k/k' a field extension. Let S € Var(k). Let Z C S a closed subset (over k). Denote by j : S\Z — S
the complementary open embedding. Let l a prime number.

(i)’ Then (i) gives the filtered Hodge support section functor

LY - C(Pyy ik (Si)" P P)) = C(Py, gk (S§))s
(K7 W) = F%)(Kv W) = Cone(ad(j*aj*w)(Kv W) . (Ka W) — ]*w]*(Kv W))[_l]v

together we the canonical map V% (K, W) : T'J(K, W) — (K, W), which induces

I Dz, fiten(Sg) %) = Dy, g e (Sih), (K, W) = TG (K, W)
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(i)’ Then, (i) gives the dual filtered Hodge support section functor

T C(Pyy, pik (S5 7) = C(Py, sk (S9)),
(K, W)+ T (K, W) := Cone(ad (i, j*) (K, W) : jiw, j* (K, W) = (K, W)),

together we the canonical map WZ’Hdg(K, W) : (K,W) — T " (K, W), which induces
T0" Dy, piten(S5)* %) = Dy, piren(Sg), (K, W) — T, (K, W)

Let S € Var(k) and D = V(s) C S a Cartier divisor. Denote i : D < S the closed embedding and
J:8°:=8\D — S the open embedding. Let 7 : SZ*" — SZ*" the universal covering. Let [ a prime
number. We then consider, for (K, W) € Dz, i1 k(5P = Ho(C(Py, fi x(S*)*%P),

e the filtered nearby cycle functor

Up(K,W) = (pK, W) € Dz, pitc.c(D?), Wi(p(K,W)) =< W p K, W(N)¥pK >C ¢pK,

e the maximal extension

Tg0/5(K) 1= Cone(ad(i*,ix)(—) o ad(n™, m.) (=) 0 ev(K) : juuw (K, W) = ¥p (K, W)[1]) € Dz, fit.e.x(S),

e the vanishing cycle functor

ép (K, W) := Cone(ad(j o 7*,j o m.)(K) : i* (K, W) — ¢p(K,W)) € Dz, tir..(D?),

e the canonical morphisms in Dy, fi, ¢,k (D)

CCLTL(K, W) = C(¢D(K7 W)) : 1Z)D(I(a W) - (bD(Ka W)v
var(K, W) = D'c(¢pD? DK, W) : ép (K, W) — dp (K, W).

Let k/k' a field extension. For (K, W) € Dz, jic.x(Sp) P = Ho(C(Pz, pu ik (Sp ") % P), we get
e the filtered nearby cycle functor
Vp(K,W) = (YpK,W) € Dz, picc(Di), Wi(p(K,W)) =< Wip K, W(N)¢pK >C ¢pK,
e the maximal extension
Tg0/5(K) 1= Cone(ad(i*, ix)(—) o ad (7™, 74) (=) 0 ev(K) : juuw (K, W) = ¥p (K, W)[1]) € Dy, tit,e.x (S5,
e the vanishing cycle functor
¢p(K, W) := Cone(ad(j o 7*,j o m,)(—) o ev(K) : i*(K,W) — 1p(K,W)) € Dz, pir,c.k(Df),

. . . t
e the canonical morphisms in Dz, fi ¢,k (D))

CCLTL(K, W) = C(¢D(K7 W)) : 1Z)D(I(a W) - (bD(Ka W)v
var(K,W) :=D"c(¢pD"D(K,W)) : ¢p(K, W) = wp(K,W

Definition 9. Let k a field of characteristic zero. Let | a prime number.

(i) Let f : X — S a morphism with S, X € Var(k). Consider the graph factorization f : X Lxxsh
S of f where | the the graph closed embedding and p is the projection. We have, using definition 8,
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— the inverse image functor
£ Dy pite (S T8 5 Dy i e k(XY (K, W) s f*(K, W) o= T p* (K, W)
— the exceptional inverse image functor
% Dy, piter (S T8 5 Dy vy o o (XY, (K, W) = f(K, W) = I'T%p* (K, W).
(i) Let f: X — S a morphism with S, X € Var(k). Consider the graph factorization f : X Lxxs

S of f where I the the graph closed embedding and p is the projection. Let k/k' a field extension.
We have, by (i),

— the inverse image functor
% Dy, pier(SE) T 5 Dy ek (XED), (K, W) e (K, W) := T “p* (K, W)
— the exceptional inverse image functor
% Dy, piter (S T8 5 Dy i e k(XED), (K, W) = f(K, W) = I'T%p* (K, W).
(ii) Let f: X — S a morphism with S, X € Var(k). Consider a compactification f : X < jX i> S of

f with X € Var(k), j an open embedding and f a proper morphism. Denote Z := X\X. We have,
using definition 2,

— the direct image functor

Rfuw: Daygie k(X)) = Dy pia e n(S), (K, W) = Rfw(K, W) := R (K, W)
— the proper direct image functor

Rfiw : Dy, pit,e (X)) — Dy it e k(S), (K, W) = Rfins (K, W) 1= Rf.jiu (K, W).

(i)” Let f : X — S a morphism with S, X € Var(k). Consider a compactification f : X — i X i> S of
f with X € Var(k), j an open embedding and f a proper morphism. Let k/k" a field extension. We
have, by (i),

— the direct image functor

Rfew : Dz pite(XED)* %D — Dy pine o (Sg), (K, W) = Rfu (K, W) := Rfi i (K, W)
— the proper direct image functor

Rfuw : Dz, fite (X5 7D — Dy, it ek (Sh), (K, W) = Rfr(K, W) := Rf.ju, (K, W).

(iii) Let S € Var(k). Denote by Ag : S — S x S the diagonal closed embedding and p; : S x S — S,
p2: S xS — S the projections. We have by (i) the functor

@ Dy, it ek (545D % Dy it e (S 45D 5 Dy pir e x(S9),
((K17 W)v (K27 W)) = (K17 W) ®L7w (K27 W) = Agu(pT(Klv W) ®L p;(Kg, W))

We will use the etale version of a result of Beilinson on perverse sheaves.

Definition 10. Let k a field of characteristic zero. Let S € Var(k) and D =V (s) C S a Cartier divisor.
Denote S° := S\D. We denote by Pz, (S*°) X ; Pz, (D) the category
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e whose objects are (K', K", u,v) where K' € Py, (S>°) and K" € Pz, (D) are perverse sheaves and
w:YppK ™ — K " andv: K " — ¢pK “ are morphism in D.(D*P) such that vou =T —1,

e whose morphisms are m = (m/,m"”) : (K{, KY, ui1,v1) — (K4, K, us,v2) such that us o yppm’ =
m' ouy and Ypm’ ovy = vg om”.

We give the version for etale construcible sheaves of the well known theorem 10 for perserse sheaves

Theorem 12. Let k a field of characteristic zero. Let S € Var(k) and D =V (s) C S a Cartier divisor.
Denote i : D — S the closed embedding and j : S° := S\D — S the open embedding. Then the functor

(4", ¢p, can,var) : Pz, 1(S) = Pz, 1(S”") x 5 Pz, 1 (D)
is an equivalence of category whose inverse is
Py, 1 (S7") % g Pr, (D) = Py, 1(S%),

De(xgo DK")),v
(De(zso,s(DK")),v) UK.

, c(zgoys(K')),u)
——

(K', K", u,v) — H' (Yp K Tg0/5(K') @i K"

We denote, for K € Pz, (S) by
Is(K) := (0, (ad(j", j«) (K), ad((j o m)", (j o 7). ) (K)),0) :

c(zgo K)),can(K . Ve(z(DVK')),var
(c(zs0/5(K)),can(K)) CCSD/S(K/)@Z*d)DK DYe(z(D"K')),var(K)) UpK)

K = (vpK

the canonical isomorphism in Dz, . (S¢).

Proof. Similar to the proof of theorem 10. Follows from the fact that Pz, x(S) C Dz, . x(S5) is a full
subcategory which is stable by the functors ¢p and ¢p for D C S a Cartier divisor by proposition 1. [

Let S € Var(k) and D = V(s) C S a Cartier divisor. Denote ¢ : D — S the closed embedding and
j:8°:=5S\D < S the open embedding. In the filtered case, we get, for (K, W) € Py, ri1(S) the map
in Dz, fi,e.x(S¢)

Is(K, W) := (0, (ad(5*, j«)(K),ad(j o ¥, j o m)(K)),0) :

(K, W) = (¢p (K, W) (c(wso,s(K,W)),can(K,W))

(Eso/s(K, W) D Z*¢D(K, W)
(Dc(mSO/S(]D)(K,W))),var(K,W)) w K)
D

which is NOT an isomorphism in general (it leads to different W-filtration on perverse cohomology).
We recall the definition of constructible pro etale sheaves on algebraic varieties over a subfield k C K
of a p adic field:

Definition 11. Let k C K C C,, a subfield of a p adic field. Let | a prime number. Let S € Var(k).

(i) A sheaf K € Shvz, (SE"P") is called constructible if there exists a stratification S = UnSs with Iy :
Sa <= S locally closed subsets (defined over k) such that I} K € Shv(S™P!) are (finite dimensional)
local systems (for the etale topology) for all .

(ii)) We denote by
CZl,c,k(San)pet) C CZL(San,pet) and Dzl)c)k(san,pet) C DZL(San,pet)

the full subcategories consisting of K € C(S&P") such that ae H"K € Shv(S%"P') are con-
structible for all n € Z.
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(i)’ We denote by
OZlfil,c,k(Sampet) C OZlfil(Sampet) and DZLf’L'l,C,k(SanJ)Et) C DZlfil(San,pet)

the full subcategories consisting of (K, W) € Cy, tir(Sy""") such that a  H™ Gr) K € Shvz, (S&P)
are constructible for all n,k € 7.

(iii) We denote by Py, 1,(S“™P) C Dy, ¢ x(S“P¢) the full subcategory of perverse sheaves.
(iii)” We denote by Py, i1 (S P) C Dy, fi,e,k (S Pe) the full subcategory of filtered perverse sheaves.

Let K C C, a p adic field. Let S € Var(K) and D = V(s) C S a Cartier divisor. Denote i : D — S
the closed embedding and j : S° := S\D — S the open embedding. Let 7 : S — 5% the perfectoid
universal covering (see [27]. We then consider,

e for K € Cz,(82%™P¢t)  the nearby cycle functor
YpK =i R(j o m)n* K[-1] € Dz, (D),

we write again ¥p K = i, p K € Dy, (S*Pe),

o for K € Cz, .(S°*™P¢")  the maximal extension
w50/5(K) := Cone(ad(i", i.)(—) 0 ad(n*, m.) (4. K) :
Rj.K — i,R(jom).m" K = ¢pK[l]) € Dz, (5*"),

o for K € Cy, (SO’“"”’Et), the vanishing cycle functor
épK = Cone(ad(j o n*,j o m)(K) : i* K — p K € Dz, (D)

together with the canonical map c(¢pK) : YpK — ¢pK in Dz, (S*™P) we write again ¢pK =
i+¢pK € Dy, (S*Pet),

o for K € Cy, ¢ (5% P¢), the canonical morphisms in Dz, . j(D*"Pet)
can(K) :=c(¢ppK) : YpK — ¢pK , var(K) := D%c(¢ppDEK) : ppK — YpK

Let k C K C C, a subfield of a p adic field. Let S € Var(k) and D = V(s) C S a Cartier divisor.
Denote by S := S\D. By definition, we have for K € Cz, (S°¢)

an§(ypK) = ¢p(ang K) € Dz, (S¥""") and an(¢pK) = ¢p(ang K) € Dz, (5.
where ang : 4Pt 212, get BrR, Get is the morphism of site induced by the analytical functor.
We then deduce from the algebraic case the following :

Corollary 1. Let k C K C C, a subfield of a p adic field. Let S € Var(k) and D =V (s) C S a Cartier
divisor. Denote i : D < S the closed embedding and j : S° := S\D < S the open embedding.

(i) For K € Py, x(S), we have p an’y K, pp an’y K € Py, 1 (S5P")
(ii) We have, for K € Py, (S, denoting again K = an’y K € Py, 1(S5P*),

IS(K) = (07 (ad(j*vj*)(K)v ad((j © 7T)*7 (] o T‘—)*)(K))v 0) :
(c(zso,s(K)),can(K)) Dic(zso)s(DEK')),var(K))

~ ; (
K — (YpK Tgos(K') ®ispp K ¢YpK)
the canonical isomorphism in Dz, . x(S5P").
Proof. (i):Follows from proposition 1.
(ii):Follows immediately from theorem 12. O
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2.6 Presheaves on the big Zariski site or on the big etale site

Let k a field of caracteristic 0. For S € Var(k), we denote by pg : Var(k)*™/S — Var(k)/S be the full
subcategory consisting of the objects U/S = (U, h) € Var(k)/S such that the morphism h : U — S is
smooth. That is, Var(k)*™/S is the category

e whose objects are smooth morphisms U/S = (U,h), h: U — S with U € Var(k),

e whose morphisms g : U/S = (U,h1) — V/S = (V,hg) is a morphism g : U — V of complex
algebraic varieties such that ho o g = h;.

We denote again pg : Var(k)/S — Var(k)*™ /S the associated morphism of site. We will consider

r®(S) : Var(k) AN Var(k)/S £ Var(k)*™ /S

the composite morphism of site. For S € Var(k), we denote by Zg := Z(S/S) € PSh(Var(k)*™/S) the
constant presheaf By Yoneda lemma, we have for F' € C(Var(k)*™/S), Hom(Zs,F) =F. For f : T — S
a morphism, with T, S € Var(k), we have the following commutative diagram of sites

Var(k)/T —2> Var(k)*™ /T (1)

lP(f) J{P(f)

Var(k)/S —22 Var(k)*™ /S
We denote, for S € Var(k), the obvious morphism of sites
&(S) : Var(k)/S 25 Var(k)*™ /8 <2 Ouv(s)
where Ouv(.S) is the set of the Zariski open subsets of S, given by the inclusion functors é(.S) : Ouv(S) —

Var(k)*™ /S < Var(k)/S. By definition, for f : T'— S a morphism with S,T € Var(k), the commutative
diagram of sites (1) extend a commutative diagram of sites :

&(T) : Var(k) /T —"— Var(k)™ )T — L Ouv(T) 2)
lP(f) lP(f) lP(f)
ps e(S)

é(S) : Var(k)/S ————— Var(k)*™ /S ————— Ouv(9)
e As usual, we denote by

(f*5 fo) = (P(f)", P(f)«) : C(Var(k)*™/S) = C(Var(k)™™ /T)

the adjonction induced by P(f) : Var(k)*™/T — Var(k)*™/S. Since the colimits involved in the
definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an adjonction

(f* f) - Cra(Var(k)*™ /S) = Cpa(Var(k)™™/T), f*(G, F):= (f*G, f*F)
e As usual, we denote by

(f*5 fo) = ()", P(f)) : C(Var(k)/S) — C(Var(k)/T)

the adjonction induced by P(f) : Var(k)/T — Var(k)/S. Since the colimits involved in the definition
of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an adjonction

(f* f) : Cra(Var(k)/S) = Cra(Var(k)/T), f*(G,F) = ("G, [*F)
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For h : U — S a smooth morphism with U, S € Var(k), the pullback functor P(h) : Var(k)*™/S —
Var(k)*™ /U admits a left adjoint C'(h)(X — U) = (X — U — S). Hence, h* : C(Var(k)*"/S) —
C(Var(k)*™/U) admits a left adjoint

hy k)sm k)sm F h li F(V' K
¢ C(Vax(k)™ [U) = CVar(k)™/S), Frs ((Vho) = lim - P(V!.H)

Note that we have for V/U = (V,h') with ' : V' — U a smooth morphism we have hy(Z(V/U)) = Z(V'/S)
with V'/S = (V' hoh'). Hence, since projective presheaves are the direct summands of the representable
presheaves, hy sends projective presheaves to projective presheaves.

We have the support section functors of a closed embedding ¢ : Z — S for presheaves on the big
Zariski site.

Definition 12. Let i : Z < S be a closed embedding with S,Z € Var(k) and j : S\Z — S be the open
complementary subset.

(i) We define the functor

Tz : C(Var(k)*™/S) — C(Var(k)*™/S), G* — T'zG* := Cone(ad(j, j«)(G®) : G* — j.j"G*)[-1],
so that there is then a canonical map vz(G*) : T'zG* — G°.

(i) We have the dual functor of (i) :

L7 : C(Var(k)™/S) = C(Var(k)™"/S), F = T7(F*) := Cone(ad(js, i) (G°) : jyj"G* — G*),

together with the canonical map v%(G) : F — T'(G).

(iii) For F,G € C(Var(k)*™/S), we denote by

I(y,hom)(F,G) := (I, 1(js,j*)(F,G)™') : T zHom(F,G) = Hom(T'yF,G)

the canonical isomorphism given by adjonction.

Let S, € Fun(Z, Var(k)) with Z € Cat, a diagram of algebraic varieties. It gives the diagram of sites
Var(k)?/Se € Fun(Z, Cat).

e Then Cy;(Var(k)/S.) is the category

— whose objects (G,F) = ((G[,F)]ez,ulj), with (G],F) S Ofil(Var(k)/SI), and uyy : (G],F) —
r1g«(Gy, F) for rry : I — J, denoting again r;; : S; — Sy, are morphisms satisfying for
I —J— K, TrTj«UJK QU] = UTK in Cfi[(Var(k)/S’I),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (m] : (G],F) — (H[,F))]el'

such that vyy omp = pryemyoury in Cpy(Var(k)/Sr).
e Then Cy;(Var(k)®™/S,) is the category

— whose objects (G,F) = ((G[,F)]ez,ulj), with (G],F) € Ofil(VaI‘(k)sm/S]), and uyy :
(G1,F) = r15.(Gy,F) for rry : I — J, denoting again r;; : S; — Sy, are morphisms
satisfying for I — J — K, rrjujx oury = urg in Cfil(Var(k:)Sm/S]),

— the morphisms m : (G, F),ury) = ((H, F),vr) being (see section 2.1) a family of morphisms
of complexes,
m = (m] : (G],F) — (H[,F))]el'

such that vyy omy = prjemyousy in Cfil(Var(k:)Sm/S]).
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As usual, we denote by
(f2, for) 1= (P(fa)*, P(fs)s) : C(Var(k)"™ /S,) — C(Var(k)*™ /T,)
the adjonction induced by P(f,) : Var(k)®™ /T, — Var(k)(*™ /S,. Since the colimits involved in the
definition of f = P(f.)* are filtered, fJ also preserve monomorphism. Hence, we get an adjonction
(fos for) : Cra(Var(k)"™ /Sa) 5 Cya(Var(k)™ /T,),
fe((Gr, F)urg) == ((f1Gr, f1F), T(fr,r15)(=) © frury).
Let S € Var(k). Let S = Ul_,S; an open affine cover and denote by S; = NierSi. Let i; 1 S; — S;

closed embeddings, with S; € Var(k). For I C [1,---1], denote by S; = ILc;S;. We then have closed
embeddings iy : S; < Sy and for J C I the following commutative diagram

Dry= 51 L>5'1

juT PIJT

Sy —= S,
where p;ry : S; — S; is the projection and jr; : S; < St is the open embedding so that j; o jr; = j;.
This gives the diagram of algebraic varieties (Sr) € Fun(P(N), Var(k)) which the diagram of sites
Var(k)*™/(S7) € Fun(P(N),Cat). Denote by m : S;\(Sr\Ss) < Sr the open embedding. Then
Cyy(Var(k)®™ /(S1)) is the category
e whose objects (G, F) = ((Gy, F),ur;) with (Gr,F) € Cyu(Var(k)*™/Sr), and ury : (G, F) —
pry«(Gy, F) are morphisms satisfying for I C J C K, prjsusk oury = urg in Cypy(Var(k)*™/St),
e the morphisms m : (G, F),ur;) = ((H, F),vrs) being a family of morphisms of complexes,
m = (mr: (Gr,F) — (Hr,F))rez
such that vy omr = prjemyoury in Cyy (Var(k)sm/gl).
Similarly, Cry(Var(k)*™ /(57)°P) is the category

e whose objects (G, F) = ((Gr,F)rcp,..qpyurs), with (Gr, F) € Ca(Var(k)™ /Sp), and uyy :
(G, F) = p7,;(Gr, F) for I C J, are morphisms satisfying for I C J C K, pYursousjkx = urk in
Cra (Var(k)(sm)/SK),

e the morphisms m : (G, F),ury) — ((H, F),vrs) being (see section 2.1) a family of morphisms of
complexes,
m = (m; : (G],F) — (HDF))IC[L---Z]

such that vy omy = pj ,mroury in Cyy (Var(k)(sm)/gJ).
Definition 13. Let S € Var(k). Let S = Uézls’i an open cover and denote by Sy = MierS;. Let
i; + Si — S; closed embeddings, with S; € Var(k). We will denote by Cyy(Var(k)*™/(S/(Sr))) C
Cra(Var(k)*™/(Sr)) the full subcategory whose objects (G, F) = ((Gr,F)icp,..q),urs), with (G, F) €
Cra,s,(Var(k)*™/S;), and ury : m*(Gr,F) — m*p;s.(Gy,F) for I C J, are oo-filtered Zariski local
equivalence,

We now give the definition of the A' local property :
Denote by

Pa : Var(k)™ /S — Var(k)™ /S, X/S = (X, h) — (X x A')/S = (X x A',hopx),
(g: X/S = X"/S) = ((gx In): X x A')S = X' x A'/S9)

the projection functor and again by p, : Var(k)*™ /S — Var(k)*™) /S the corresponding morphism of
site.
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Definition 14. Let S € Var(k). Denote for short Var(k)*™) /S either the category Var(k)/S or the
category Var(k)*™/S.

(i0) A complex F € C(Var(k)*™) /S) is said to be A* homotopic if ad(pk,pax)(F) : F — paxp’F is an
homotopy equivalence.

(i) A complex F € C(Var(k)*™/S) is said to be A' invariant if for all U/S € Var(k)*™) /S,
F(py): F(U/S) — F(U x A'/S)

is a quasi-isomorphism, where py : U x A' — U is the projection. Obuviously, if a complex F €
C(Var (k)™ /S) is A' homotopic then it is Al invariant.

(ii) Let T a topology on Var(k). A complex F € C(Var(k)*™)/S) is said to be A local for the topology
7, if for a (hence every) T local equivalence k : F — G with k injective and G € C(Var(k)(™ /S)
T fibrant, e.g. k: F — E.(F), G is A invariant for alln € Z.

(iii) A morphism m : F — G with F,G € C(Var(k)®*™) /S) is said to an (A, et) local equivalence if for
all H € C(Var(k)(5™) /S) which is A' local for the etale topology

Hom(L(m), Eet(H)) : Hom(L(G), Eut (H)) — Hom(L(F), Eoq(H))

is a quasi-isomorphism.
Denote O* := P*\ {1}
e Let S € Var(k). For U/S = (U, h) € Var(k)*™ /S, we consider

O* x U/S = (0" x U, hop) € Fun(A, Var(k)*™/S).
For F' € C~(Var(k)*™/S), it gives the complex
C.F € C~(Var(k)*™/S),U/S = (U,h) — C.F(U/S) :=Tot F(O* x U/S)
together with the canonical map cp := (0, Ip) : F — C.F. For F € C(Var(k)*™/S), we get
C.F := holim,, C,F=" € C(Var(k)*™/S),

together with the canonical map cp := (0,If) : F — C.F. For m : F — G a morphism, with
F,G € C(Var(k)*™/S), we get by functoriality the morphism C,m : C,. F — C.G.

e Let S € Var(k). For U/S = (U, h) € Var(k)/S, we consider
O x U/S = (A* x U,hop) € Fun(A, Var(k)/S).
For F' € C~(Var(k)/S), it gives the complex
C,F € C—(Var(k)/S),U/S = (U, h) = C,F(U/S) := Tot F(O* x U/S)
together with the canonical map ¢ = ¢(F) := (0,Ir) : I — C.F. For F € C(Var(k)/S), we get
C.F := holim,, C, F<" € C(Var(k)/S),

together with the canonical map c¢p := (0,Ip) : F — C.F. For m : F — G a morphism, with
F,G € C(Var(k)/S), we get by functoriality the morphism Cym : C. F — C.G.

Proposition 2. (i) Let S € Var(k). Then for F € C(Var(k)*™/S), C.F is A' local for the etale
topology and ¢(F) : F — C.F is an equivalence (Al et) local.
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(ii) A morphism m : F — G with F,G € C(Var(k)(*™) /S) is an (A", et) local equivalence if and only if
there exists

{Xl,a/s, [OAS] Al} Sy {){7‘)(1/5'7 o € Ar} C Var(k)(sm)/s
such that we have in HOet(C(Var(k)(Sm)/S))

Cone(m) = Cone(©aeca, Cone(Z(X1 4 x A'/S) — Z(X1.4/5))
— = Daen, Cone(Z(Xy o x A'/S) = Z(Xr.0/9)))

Proof. Standard : see Ayoub’s thesis for example. O

Definition-Proposition 1. Let S € Var(k).

(i) With the weak equivalence the (Al et) local equivalence and the fibration the epimorphism with
A} local and etale fibrant kernels gives a model structure on C(Var(k)*™/S) : the left bousfield
localization of the projective model structure of C(Var(k)s™/S). We call it the projective (A, et)
model structure.

(i) With the weak equivalence the (A, et) local equivalence and the fibration the epimorphism with A}
local and etale fibrant kernels gives a model structure on C(Var(k)/S) : the left bousfield localization
of the projective model structure of C(Var(k)/S). We call it the projective (A, et) model structure.

Proof. See [12]. O
Proposition 3. Let g : T — S a morphism with T, S € Var(k).

(i) The adjonction (g*,g.) : C(Var(k)*™/S) = C(Var(k)*™/T) is a Quillen adjonction for the (Al et)
projective model structure (see definition-proposition 1).

(i) Let h : U — S a smooth morphism with U, S € Var(k). The adjonction (hg, h*) : C(Var(k)*™/U) =
C(Var(k)s™/S) is a Quillen adjonction for the (A, et) projective model structure.

(i)” The functor g* : C(Var(k)*™/S) — C(Var(k)*™/T) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A1, et) local equivalence.

(ii) The adjonction (g*,g.) : C(Var(k)/S) = C(Var(k)/T) is a Quillen adjonction for the (Al et)
projective model structure (see definition-proposition 1).

(ii)’ The adjonction (gy,g*) : C(Var(k)/T) = C(Var(k)/S) is a Quillen adjonction for the (A, et)
projective model structure.

(i1)” The functor g* : C(Var(k)/S) — C(Var(k)/T) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A, et) local equivalence.

Proof. Standard : see [12] for example. O
Proposition 4. Let S € Var(k).

(i) The adjonction (p%, ps«) : C(Var(k)*™/S) S C(Var(k)/S) is a Quillen adjonction for the (A',et)

projective model structure.

(i) The functor ps. : C(Var(k)/S) — C(Var(k)*™/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A1, et) local equivalence.

Proof. Standard : see [12] for example. O
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Let S € Var(k). Let S = UL_,S; an open affine cover and denote by S; = N;erS;. Let i; : S; < S;
closed embeddings, with S; € Var(k).

e For (G, K1y) € C(Var(k)™ /(S7)°P) and (Hy, Trs) € C(Var(k)®™ /(S;)), we denote
Hom((G1, K1y), (Hr, T1y)) := (Hom(Gy, Hp),ury((Gr, K1), (Hy, Tiy))) € C(Var(k)*™ /(S))
with

ury((Gr, K15)(Hr, T1)) : Hom(Gr, H)

T(prj,hom)(—,—
pIJ*p?JHOm(GI,HI)M)

Hom(p] ;G1,T1y)
%

APt prsa)(—
2y 212, pry«Hom(pr,;Gr,p7,Hr)

% Hom(Kry,H
prisHom(py;Gr, Hy) HomFes Ha), pry«Hom (G, Hy).

This gives in particular the functor

Dfs,, : C(Var (k)™ /(S1)°P) — C(Var (k)™ /(S7)),

(H],T]J) (]D) LH],TIJ) HO’I”I’L((LH],T]J) (E (ZS[)’IIJ))'

e For (Gy,Kry) € C(Var(k)*™ /(S;)) and (Hp,Try) € C(Var(k)™ /(S1)°P), we denote
Hom((G1,K1s), (Hr, T1y)) == (Hom(Gy, Hy),urs(Gr, Kr1s), (Hy, T1))) € C(Var(k)*™ /(S1)°P)
with

ury((Gr, Kr5)(Hy,T1)) : Hom(G g, Hy)

Hom(ad(p7 ;,p17+)(G),Hy) Hom(p; ; Kr15,Hy) Hom(p* G, HJ)
? 1J ’

Hom(p7 017Gy, Hy)

Hom(py;G1,Trr) T(pry,hom)(—,—) "
%

Hom(pr;Gr1,prsHr) pi Hom(Gr, Hy).

This gives in particular the functor

{5, : C(Var(k)*™ /(S1)) = C(Var(k)*™ /(S1)*7),

(Hy,Try) — (ID)%ILHI,TflJ) = (Hom((LH;,T15), (Eet(Zg,), I1.)))-

Definition 15. Let S € Var(k). Let S = UL_,S; an open affine cover and denote by S; = N;ic1S;. Let
;1 S; = S; closed embeddings, with S; € Var(k).
(i0) A complex (Fr,ury) € C(Var(k)™ /(S1)) is said to be A' homotopic if ad(pk,pas)((Fr,urs)) :
(Fr,ury) = paspli(Fr,ury) is an homotopy equivalence.
(i) A comple:L’ (Fryury) € C(Var(k)s™ /(S)) is said to be A' invariant if for all (X;/S;,s15) €
Var(k)=™) /(Sr)

(Fr(px,)) : (Fr(X1/S1), Fi(s1s) o urs(=)) = (Fr(Xy x A'/S1), Fy(srs x I) o ugs(—))

15 a quasi-isomorphism, where px, : X1 % Al = X7 are the projection, and sry: X X S’J\]/S’J —
X;/Sy. Obviously a complex (Fr,urs) € C(Var(k)™ /(S;)) is A' invariant if and only if all the
Fr are Al invariant.

(i4) Let T a topology on Var(k). A complex F' = (Fr,uzy) € C(Var(k)™ /(S1)) is said to be A local for
the T topology induced on Var(k)/(S1), if for an (hence every) T local equivalence k : F' — G with k
injective and G = (Gy,vry) € C(Var(k)*™ /(Sr)) T fibrant, e.g. k: (Fr,urs) — (E-(Fr), E(ury)),

G is Al invariant.
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(ii) A morphism m = (my) : (Fr,ury) — (Gr,vry) with (Fr,urg), (Gr,vry) € Q(Var(k)(sm)/(gj)) is
said to be an (A',et) local equivalence if for all (Hy,wry) € C(Var(k)®™) /(S;)) which is A local
for the etale topology

(Hom(L(mI), Eet (H[))) . HOm(L(G[, 1)](]), Eet (H[, ’LU[J)) — HOID(L(F], UIJ), Eet(H], U]]J))

is a quasi-isomorphism (of complexzes of abelian groups). Obviously, if a morphism m = (my) :
(Fryury) — (Gr,vry) with (Fr,ury), (Gr,ury) € C(Var(k)*™) /(S1)) is an (A',et) local equiva-
lence, then all the my : Fr — G are (A',et) local equivalence.

(iv) A morphism m = (my) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,vry) € Q(Var(k)(sm)/(gl)"p) 18
said to be an (A, et) local equivalence if for all (Hy,wry) € C(Var(k)*™) /(S7)°P) which is A' local
for the etale topology

(Hom(L(mI), Eet (H[))) . HOHl(L(G[, 1)](]), Eet (H[, ’LU[J)) — HOm(L(F], UIJ), Eet(H], U]]J))

is a quasi-isomorphism (of complexes of abelian groups). Obuviously, if a morphism m = (mg) :
(Fr,ury) — (Gr,vry) with (Fr,ugy), (Gr,ury) € C(Var(k)™ /(S1)°P) is an (A',et) local equiva-

lence, then all themy : F; — G are (A", et) local equivalence and for all (Hy, wry) € C(Var(k)™ /(S)),

(Hom(L(mI), Eet (H[))) : HOHl(L(G[, ’U]J), Eet (H[, ’LU[J)) — HOm(L(F], UIJ), Eet(H], U]]J))
is a quasi-isomorphism (of diagrams of complexes of abelian groups).

Proposition 5. Let S € Var(k). Let S = UL_,S; an open affine cover and denote by St = M;eS;. Let
;1 S; = S; closed embeddings, with S; € Var(k).

(i) A morphism m : F — G with F,G € C(Var(k)*™ /(S1)) is an (A", et) local equivalence if and only

if there exists
{Krar/Srutp)a € A} { (Xt /St ) 0 € A h € Var(k) ™ /(S1)
with ub 5+ X1 X SJ\I/S’J — Xi.0.7/S7, such that we have in Hoe, (C(Var(k)™ /(S)))
Cone(m) = Cone(@aecn, Cone((Z(X1.a.1 x A/S1), Z(ut; x 1)) = (Z(X1.0.1/51), Z(ut;)))
— -+ = Daen, Cone((Z(X a1 x AY/S1), Z(uf; x I)) = (Z(Xy,0,1/51), Z(u],))))

(ii) A morphism m : F — G with F,G € C(Var(k)™ /(S1)°P) is an (A',et) local equivalence if and
only if there exists

{Kran/Sruip) e A} { (Kt /S1ui)) 0 € A} € Var(R) ™ /(5)”
with ub; : X1.0,7/S7 — Xt X 5’(]\1/5"], such that we have in Hoe, (C(Var (k)™ /(S7)°P))
Cone(m) = Cone(@aeca, Cone((Z(X1.a.1 x A/S1), Z(ut; x I)) = (Z(X1.0.1/51), Z(ul;)))
— - = Baen, Cone((Z(Xpa,r x A'/S1), ZL(uy; x 1)) = (L(Xy,a,1/51), L(u7 1))
Proof. Standard. See Ayoub’s thesis for example. O

e For f : X — S a morphism with X,S € Var(k), we denote as usual (see [12] for example),
Z'(X/S) € PSh(Var(k)/S) the presheaf given by

— for X'/S € Var(k)/S, with X’ irreducible, Z!" (X/S)(X'/S) :== 27/X (X' xsX) C Z4,,(X'x 5
X) which conmsist of algebraic cycles a = >, njo; € Z4,,(X’ xg X) such that, denoting
supp(a) = U;a; C X’ xg X its support and f' : X' xg X — X’ the projection, f|/supp(a) :
supp(a) — X’ is finite surjective,
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— for g: X3/S — X;/S a morphism, with X; /S5, X2/S € Var(k)/S,
Z"(X/S)(g) : 2" (X/S)(X1/S) — L' (X/S)(X2/S), a = (g x 1) (a)
with g x I': X3 xg X — Xi x5 X, noting that, by base change, fa) supp((gx1)-1(a)) : SUPP((g X
I)71(a)) — X is finite surjective, fa : X2 xg X — X5 being the projection.

e For f: X — S amorphism with X, S € Var(k) and r € N, we denote as usual (see [12] for example),
7% (X /S) € PSh(Var(k)/S) the presheaf given by

— for X’/S € Var(k)/S, with X’ irreducible, Z¢“" (X/S)(X'/S) := Zeawm/X(X' xg X) C
Z4,., (X' xs X) which consist of algebraic cycles o = >, nja; € 24, (X’ xg X) such that,
denoting supp(a) = U;a; C X' xg X its support and f' : X' xg X — X’ the projection,
f"supp(a) : supp(a) — X' is dominant, with fibers either empty or of dimension r,

— for g: X2/S — X1/S a morphism, with X;/S, X2/S € Var(k)/S,
BT (X/S)(g) : (X )(X1/S) = TP (X/)(Xa/S). 0 (g x 1) o)

with g x I': X5 xg X — X x5 X, noting that, by base change, fa) supp((gx1)~1(a)) : SUPP((g X
I)71(a)) — X5 is obviously dominant, with fibers either empty or of dimension 7, fo : X X g
X — X5 being the projection.

e Let S € Var(k). We denote by Zg(d) := Z°7°(S x A?/S)[—2d] the Tate twist. For F €
C(Var(k)/S), we denote by F(d) := F ® Zg(d).

For S € Var(k), let Cor(Var(k)*™/S) be the category
e whose objects are smooth morphisms U/S = (U,h), h: U — S with U € Var(k),

e whose morphisms « : U/S = (U, h1) — V/S = (V,hg) is finite correspondence that is a €
@;Z75(U; x5 V), where U = L;U;, with U; connected (hence irreducible by smoothness), and
Z13(U; x5 V) is the abelian group of cycle finite and surjective over U;.

We denote by Tr(S) : Cor(Var(k)*™/S) — Var(k)*™/S the morphism of site given by the inclusion
functor Tr(S) : Var(k)*™ /S < Cor(Var(k)*™/S) It induces an adjonction

(Tr(S)* Tr(S).) : C(Var(k)*™/S) S C(Cor(Var(k)*™/S))

A complex of preheaves G € C(Var(k)*™/S) is said to admit transferts if it is in the image of the
embedding

Tr(S). : C(Cor(Var(k)*™/S) — C(Var(k)*™/S),

that is G = Tr(95). Tr(S)*G.
We will use to compute the algebraic Gauss-Manin realization functor the following

Theorem 13. Let ¢ : F* — G* an etale local equivalence with F*,G* € C(Var(k)*™/S). If F* and
G* are A local and admit tranferts then ¢ : F®* — G* is a Zariski local equivalence. Hence if F €
C(Var(k)*™/S) is A' local and admits transfert

k:E,or(F) = Eet(ELor(F)) = Eet(F)

is a Zariski local equivalence.

Proof. See [12]. O
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2.7 Presheaves on the big Zariski site or the big etale site of pairs

We recall the definition given in subsection 5.1 : For S € Var(k), Var(k)?/S := Var(k)?/(S, S) is by
definition (see subsection 2.1) the category whose set of objects is

(Var(k)?/S)° := {((X,Z),h),h: X = S, Z C X closed } C Var(k)/S x Top

and whose set of morphisms between (X1, Z1)/S = (X1, Z1), h1), (X1, 21)/S = (X2, Z2), ha) € Var(k)?/S
is the subset

Homyar (k)2 /s (X1, 21)/ 8, (X2, Z2)/S) =
{(f X — XQ), s.t. hyo f = hg and Z; C fﬁl(ZQ)} C HomVar(k) (Xl,XQ)

The category Var(k)? admits fiber products : (X1, Z;) X(s,z) (X2, Z2) = (X1 x5 Xo,Z1 Xz Z3). In
particular, for f : T — S a morphism with S, T € Var(k), we have the pullback functor

P(f) : Var(k)*/S — Var(k)*/T, P(f)((X, 2)/S) :== (X1, Z7) /T, P(f)(9) := (g x5 f)

and we note again P(f) : Var(k)?/T — Var(k)?/S the corresponding morphism of sites.

We will consider in the construction of the filtered De Rham realization functor the full subcategory
Var(k)?*™ /S C Var(k)?/S such that the first factor is a smooth morphism : We will also consider, in
order to obtain a complex of D modules in the construction of the filtered De Rham realization functor,
the restriction to the full subcategory Var(k)??" /S C Var(k)?/S such that the first factor is a projection

Definition 16. (i) Let S € Var(k). We denote by
ps : Var(k)>*™/S — Var(k)?/S

the full subcategory consisting of the objects (U,Z)/S = ((U,Z),h) € Var(k)?/S such that the
morphism h: U — S is smooth. That is, Var(k)?*™ /S is the category

— whose objects are (U,2)/S = ((U,Z),h), with U € Var(k), Z C U a closed subset, and
h:U — S a smooth morphism,

— whose morphisms g : (U, 2)/S = ((U,Z),h1) — (U',Z2")/S = (U',Z"),h2) is a morphism
g:U — U’ of complex algebraic varieties such that Z C g=*(Z') and ha o g = hy.

We denote again ps : Var(k)?/S — Var(k)**™ /S the associated morphism of site. We have

r*(S) : Var(k)? T8)=r(59), Var(k)?/S £ Var(k)»*™ /S

the composite morphism of site.

(ii) Let S € Var(k). We will consider the full subcategory
ps : Var(k)?P" /S < Var(k)?/S

whose subset of object consist of those whose morphism is a projection to S :

(Var(k)2P"/8)? .= {((Y x S,X),p), Y € Var(k), p: Y x S — S the projection} C (Var(k)?/S)°.
(i) We will consider the full subcategory

s : (Var(k)>*mP" /S) < Var(k)?™ /S
whose subset of object consist of those whose morphism is a smooth projection to S :

(Var(k)®*m?" /$)? .= {((Y x S, X),p), Y € SmVar(k), p: Y x S — S the projection} C (Var(k)?/S)°
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For f : T — S a morphism with T, S € Var(k), we have by definition, the following commutative
diagram of sites

Var(k)2/T nr Var(k)Q,pr/T . (3)
P(f) Var(k)%s™ /T f?(f) Var(k)2smpr /T
Var(k)Q/S P(f)‘L Var(k)Q’pr/S P(f)
Xx L X\
Var(k)Q*sm/S Hs Var(k)Zsmpr/S

Recall we have (see subsection 2.1), for S € Var(k), the graph functor
Cri : Var(k)/S — Var(k)>?"/S, X/S + Grg’(X/S) := (X x S, X)/S,
(9: X/S = X'/S) = Cr(g) == (g xIs: (X xS, X) = (X' xS, X"))

Note that Grkl.;2 is fully faithfull. For f : T — S a morphism with T,.S € Var(k), we have by definition,
the following commutative diagram of sites

Var(k)2" /T o Var(k)/T . (4)
x l X\
P(f) Var(k)25mr /T o lP(f) Var(k)*™ /T
Var (k)27 /S pﬁi“J Var(k)/S P
Grlré2
Var(k)?*m /S Var(k)s™ /S

where we recall that P(f)((X, Z)/S) := ((Xr,Zr)/T), since smooth morphisms are preserved by base
change.

e As usual, we denote by
(f*, ) = (P(f)*, P(f)s) : C(Var (k)™ /S) = C(Var(k)>™) /T)

the adjonction induced by P(f) : Var(k)>C™) /T — Var(k)?(™) /S. Since the colimits involved
in the definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an
adjonction

(f*, f2) : Cra(Var(k)>(™ /S) S Cpy(Var(k)>™)/T), f*(G,F) = (f*G, f*F)

For S € Var(k), we denote by Zg := Z((S, S)/(S,S)) € PSh(Var(k)>(*™) /S) the constant presheaf.
By Yoneda lemma, we have for F' € C(Var(k)>™ /S), Hom(Zs, F) = F.

e As usual, we denote by

(f*, ) = (P(f)*, P(f)s) : C(Var(k)> (™" [S) = C(Var(k)>™P" ) T)
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the adjonction induced by P(f) : Var(k)>™P" /T — Var(k)>(s™P" /S, Since the colimits involved
in the definition of f* = P(f)* are filtered, f* also preserve monomorphism. Hence, we get an
adjonction

(f*, f2) - Cra(Var(k)>CmPr /8) & Oy (Var(k)2E™PT T, f5(G, F) == (f*G, f*F)

For S € Var(k), we denote by Zg := Z((S5,5)/(S,S)) € PSh(Var(k)**™/S) the constant presheaf.
By Yoneda lemma, we have for F' € C(Var(k)?*™/S), Hom(Zs,F) = F.

For h : U — S a smooth morphism with U, S € Var(k), P(h) : Var(k)>*™/S — Var(k)>*™ /U
admits a left adjoint

C(h) : Var(k)2™™ /U — Var(k)2*™ /S, C(h)(U", 2'), 1) = (U, Z'), h o I).
Hence h* : C(Var(k)?*™/S) — C(Var(k)®*™/U) admits a left adjoint

hy : C(Var(k)**™/U) — C(Var(k)>*™/S)

F WE (U, Z),h li F(U', Z" U
— (hy (U, 2), O)'_>((U’,Z’),hohl’r)nﬂ((U,Z),ho) (', z"/U))

For h : X — S a morphism with X,S € Var(k), P(h) : Var(k)?/S — Var(k)?/X admits a left
adjoint
C(h) : Var(k)?/X — Var(k)?/S, C(h)((X',Z'),h') = (X', Z'),ho ).

Hence h* : C(Var(k)?/S) — C(Var(k)?/X) admits a left adjoint
hy : C(Var(k)?/X) — C(Var(k)>*™/S)

F Il (X, Z),h li F(X',Z")/X
o (P (X2 ho) s ot F((X2)/X))

For p: Y x S — S a projection with Y, S € Var(k) with Y smooth, P(p) : Var(k)®s™r"/S —
Var(k)?*™P" /Y x S admits a left adjoint

C(p) : Var(k)>*™" /Y x S — Var(k)>*"" /S,
CI(Y" x8,2"),p") = (Y x S, 2'),pop).

Hence p* : C(Var(k)>*™?" /S) — C(Var(k)>*™" /Y x S) admits a left adjoint
pg : C(Var(k)>*™" /Y x S) — C(Var(k)>*™" /S)

F (ppF : (Yo xS,2),p) — li F(Y'xY xS,2)Y x 8
e s (Vo xS Zp) > )Y 8))

Forp:Y xS — S a projection with Y, S € Var(k), P(p) : Var(k)??" /S — Var(k)*P" /Y x S admits
a left adjoint

C(p) : Var(k)*" /Y x S — Var(k)*™" /S, C(p)((Y' x 8, 2'),p') = (Y' x S, Z"),pop).
Hence p* : C(Var(k)??"/S) — C(Var(k)??" /Y x S) admits a left adjoint

py : C(Var(k)>P" /Y x S) — C(Var(k)?P"/S)

F— (pgF: (Yo xS,Z),po) — F((Y’xYxS,Z’)/YxS);

lim
(Y’ xY x8,2"),pop")=((Yo X S,Z),po)

Let S, € Fun(Z, Var(k)) with Z € Cat, a diagram of algebraic varieties. It gives the diagram of sites

Var(k)?/Se € Fun(Z, Cat).
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e Then Cy;(Var(k)>(™) /S,) is the category

— whose objects (G, F) = ((G1, F)rez,ury), with (Gr, F) € Cpy(Var(k)>(™ /Sy), and ury :
(G, F) = r15(Gy,F) for rry : I — J, denoting again r;; : S; — Sy, are morphisms
satisfying for I — J — K, rrjujkx o ury = urg in Cfil(Var(k)Z(sm)/S]),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (mr: (G, F) = (H, F))rez

such that v;y omr =prpemyouryin Cpy (Var(k)>(m) /Sp).
e Then Cy;(Var(k)>(s™P7 /S,) is the category

— whose objects (G, F) = ((Gr, F)rez,ury), with (Gr, F) € Cpy(Var(k)2™Pr /Sy and ury
(G1,F) = r1j«(Gy,F) for r;y : I — J, denoting again r;; : St — Sy, are morphisms
satisfying for I — J — K, rrjujx oury = urg in Cfil(Var(k:)Qv(Sm)/S[),

— the morphisms m : (G, F),ury) = ((H, F),vr) being (see section 2.1) a family of morphisms
of complexes,
m = (m] : (G],F) — (H[,F))]el'

such that vyy omy = prjemyousy in Cfil (Var(k)Qv(Sm)p’”/Sl).

For s : T — J a functor, with Z, J € Cat, and fo : Te — Sy(e) @ morphism with Ty € Fun(J, Var(k))
and Se € Fun(Z, Var(k)), we have by definition, the following commutative diagrams of sites

HTe

Var(k)2/T, Var(k)2P" /T, . (5)
PTe ”‘ PTe
P(fa) Var(k)2*™ /T, Y Var(k)2sm?" /T,
Var(k)2/Ss p(f.f‘L' Var(k)27" /S, P(fs)
Var (k)2 /S, =l Var(k)2smPr /S,
and
Gri?
Var (k)" /T, . Var(k)/T (6)
PTe PTe
ar¥?
P(f) Var(k)%smr /T, Pfe) Var(k)*" /T,
) |
Var(k)??" /S, P Var(k)/S, P(fs)
PSe PSe
Grlsz.
Var(k)%5m /S, Var (k)™ /S,

Let s : Z — J a functor, with Z,J € Cat, and fe : Te — Sy(e) @ morphism with T, € Fun(J, Var(k))
and Se € Fun(Z, Var(k)).
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e As usual, we denote by

(f3, for) = (P(fo)", P(fa)s) : O(Var(k)>(™ [8,) = C(Var(k)>™ /T,)

the adjonction induced by P(f.) : Var(k)>(™ /Ty — Var(k)?(™) /S,. Since the colimits involved
in the definition of f& = P(f.)* are filtered, f also preserve monomorphism. Hence, we get an
adjonction

(f2, for) : Cru(Var(k)>(™ /S,) S Cypi(Var(k)> ™ /T,),
feU(Gr1, F)yurg) = ((ffGr, fTF), T(fr,r15)(=) o flury)

e As usual, we denote by

(f3, for) = (P(fa)", P(fa)s) : C(Var(k)> P /Sg) — O(Var(k)> ™7 /T,)

the adjonction induced by P(f.) : Var(k)>™Pr /T, — Var(k)2(™Pr /S, Since the colimits in-
volved in the definition of fF = P(f,)* are filtered, fJ also preserve monomorphism. Hence, we get
an adjonction

(f2, fox) : Cru(Var(k)> ™" /S,) < Cypyy (Var(k)> P /T,),
fo((Gr F)yurg) = ((f1Gr, f1F), T(fr,rra)(=) o fiurs)

Let S € Var(k). Let S = Ul 15i an open affine cover and denote by S; = NjerS;. Let i; : S; — S;
closed embeddings, with S; € Var(k). For I C [1,---1], denote by S; = I;c;S;. We then have closed
embeddings i; : S; < Sy and for J C I the following commutative diagram

Dry= 51 L>5'1

juT PIJT

Sy =8,

where pry : S’J — g[ is the projection and j;jy : S; < Sy is the open embedding so that j; o jr; =
js. This gives the diagram of algebraic varieties (S;) € Fun(P(N), Var(k)) which gives the diagram
of sites Var(k)?/(S;) € Fun(P(N),Cat). This gives also the diagram of algebraic varieties (S7)% €
Fun(P(N)°P, Var(k)) which gives the diagram of sites Var(k)?/(S7)°? € Fun(P(N)°?, Cat).

e Then Cj;(Var(k)>™ /(S;)) is the category

— whose objects (G, F) = ((G, F)]C[17,,,l],ulj), with (G, F) € Ofil(Var(k)Q*(Sm)/S‘[), and uyy :
(G1,F) = prs«(Gy, F) for I C J, are morphisms satisfying for I C J C K, prjsujr ourg =
UTK in Cfil (Val“(k)2’(sm)/51),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (m; : (G],F) — (HIuF))IC[1,~--l]

such that vy omy; = prjemyousy in Cfil (Var(k)2’(5m)/5’1).
e Then Cj;(Var(k)>(™P /(7)) is the category

— whose objects (G,F) = ((G1,F)icp,..qp, urs), with (G, F) € Cta(Var(k)»mer /Sy and
J: (G, F) = prj«(G;, F) for INC J are morphisms satisfying for I C J C K, prj«uji o
Uryg = Ui in Cfi[(Var(k)Q*(sm)pT/SI),
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— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (m; : (G],F) — (HIuF))IC[1,~--l]

such that vyy omy = prjemyousy in Cfil (Var(k:)l(sm)p’”/g[).
e Then Cj;(Var(k)>™) /(S1)°P) is the category

— whose objects (G, F) = (G, F)rcp, .., u1g), with (G, F) € Cta(Var(k)»™) /S1) and ury :
(Gj, F) — py;(Gr, F) for I C J, are morphisms satisfying for I C J C K, p%purjousx = urg
in Cpy(Var(k)2 (™) /Sk),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,

m = (m; : (G],F) — (HIuF))IC[1,~--l]

such that vyy omy = pj;mroury in Cyy (Var(k)2’(5m)/§J).
e Then Cj;(Var(k)>™Pr /(S1)9P) is the category

— whose objects (G,F) = ((G1, F)icp,...qp, urs), with (Gr, F) € Cru(Var(k)>mpr /Sy and
ury 2 (G5, F) — pj;(Gr,F) for I C J, are morphisms satisfying for I C J C K, p¥yuryo
UK = UK in Cfi[(Var(k)Q’(Sm)pr/SK),

— the morphisms m : (G, F),ury) = ((H, F),vr5) being (see section 2.1) a family of morphisms
of complexes,
m = (my:(Gr,F) = (Hr, F))rcp,.q

such that vyy omy = pj;mroury in Cyy (Var(k)2’(5m)pT/5'J).
We now define the Zariski and the etale topology on Var(k)?/S.
Definition 17. Let S € Var(k).

(i) Denote by T a topology on Var(k), e.g. the Zariski or the etale topology. The T covers in Var(k)?/S
of (X,Z)/S are the families of morphisms

{(e; : (Ui, Z xx U;) /S = (X, Z)/8)icr, with (¢; : Ui = X)ier 7 cover of X in Var(k)}

(ii) Denote by T the Zariski or the etale topology on Var(k). The T covers in Var(k)>*™ /S of (U, Z)/S
are the families of morphisms

{(¢; : (Uis Z xu Uy) /S — (U, 2)/S)icr, with (¢; : Uy = U)ier T cover of U in Var(k)}

(iii) Denote by T the Zariski or the etale topology on Var(k). The T covers in Var(k)>(m™Pr /S of
(Y x S,Z)/S are the families of morphisms

{(c; xIs: (Ui x S, Z xyxsU; xS)/S —= (Y x8,2)/8)ict, with (¢; : Uy = Y )ier 7 cover of Y in Var(k)}

Will now define the A! local property on Var(k)2/S.
Denote O* :=Pg\ {1}

e Let S € Var(k). For (X,2)/S = (X, Z),h) € Var(k)>*™) /S, we consider
(0" x X,0° x Z)/S = (0" x X,0% x Z,hop) € Fun(A, Var(k)>™ /S).
For F € C~(Var(k)>®™)/S), it gives the complex

C.F € C~ (Var(k)>©™ /8, (X,2)/S = (X, Z),h) — C.F((X,Z)/S) := Tot F((O0*xX,0*x Z/S)
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together with the canonical map cp := (0,Ir) : F — C,F. For F € C(Var(k)>®™)/S), we get
C.F := holim,, C,F=" € C(Var(k)>©™/5),

together with the canonical map cp := (0,If) : F — C.F. For m : F — G a morphism, with
F,G € C(Var(k)>(™) /S), we get by functoriality the morphism Cym : C.F — C.G.

e Let S € Var(k). For (Y x S,2)/S = ((Y x S,Z),h) € Var(k)>™P" /S we consider
(O"xY xS,0"x 2)/S=(0"xY x 5,0 x Z,hop) € Fun(A, Var(k)/S).
For F € C~(Var(k)>»(™)Pr /S) it gives the complex

C.F € C~ (Var(k)>(m™rr /g),
(Yx8,2)/S=(Y x5,Z),h) = C.F(Y x 5,Z)/S):=Tot F(O" xY x S,0° x Z)/S)

together with the canonical map ¢ = ¢(F) := (0,Ir) : F — C,F. For F € C(Var(k)>®™P/S), we
get
C.F :=holim,, C, F=" € C(Var(k)>™Pr/3),

together with the canonical map ¢ = ¢(F) := (0,Ip) : F — C.F. For m : F — G a morphism, with
F,G € C(Var(k)>®™Pr /S) we get by functoriality the morphism Cym : C, F — C,G.

e Let S € Var(k). Let S = UézlSi an open affine cover and denote by St = NiesS;. Let i; 1 S; — S;
closed embeddings, with S; € Var(k). For F = (Fr,ur;) € C(Var(k)>t™ /(S;)), it gives the
complex

C.F = (C.Fy,Coury) € C(Var(k)>C™ /(Sp)),
together with the canonical map cp := (0,Ip) : F — C.F.

e Let S € Var(k). Let S = UL_,S; an open affine cover and denote by S; = N;erS;. Let 4; : S; — S;

closed embeddings, with S; € Var(k). For F = (Fr,ur;) € C(Var(k)>(™ /(S;)), it gives the
complex

C.F = (C*F], O*'LL[J) S C(Var(k)2’(sm)/(g])0p),
together with the canonical map cp := (0,Ip) : F — C,F.
e Let S € Var(k). Let S = L{ézlSi an open affine cover and denote by St = N;erS;. Let 4; : S; — S;
closed embeddings, with S; € Var(k). For F = (Fr,ur;) € C(Var(k)>(™?7/(S;)), it gives the

complex

O*F = (O*F], O*'UJIJ) S C(Var(k)l(sm)pr/(g[»,

together with the canonical map cp := (0,Ip) : F — C,F.
e Let S € Var(k). Let S = LgézlSi an open affine cover and denote by St = N;erS;. Let 4; : S; — S;
closed embeddings, with S; € Var(k). For F = (Fr,ur;) € C(Var(k)>(™?7/(S})), it gives the

complex ~
C.F = (C\Fy,Cyury) € C(Var(k)>Em™Pr /(Sp)op),

together with the canonical map cp := (0,1p) : F — C,F.

Let S € Var(k). Denote for short Var(k)>(*™) /S either the category Var(k)?/S or the category
Var(k)%*™/S. Denote by

Pa : Var(k)>»G™ /S — Var(k)>™ /g,
(X,2)]S =((X,2Z),h) = (X x A}, Z x AY)/S = (X x A", Z x A' hopx),
(9:(X,2)]S = (X',Z))S) = ((g x In1) : (X x A1, Z x AY)/S — (X' x A', Z' x A")/S)
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the projection functor and again by p, : Var(k)>(™ /S — Var(k)?(5™) /S the corresponding morphism
of site. Let S € Var(k).Denote for short Var(k)>(s™ /S either the category Var(k)?/S or the cate-
gory Var(k)>*™/S. Denote for short Var(k)? (57?7 /S either the category Var(k)>P"/S or the category
Var(k)?*™P" /S. Denote by
Pa @ Var(k)2EmPr /S — Var(k)2(smrr /g,
(Y x8,2)/8=((Y x8,Z),ps) = (Y x Sx A", Zx A")/S = ((Y x S x A", Z x A", ps o py xs),
(g: (Y x8,2)/S = (Y x8,7Z)/8) = ((gx In1): (Y x Sx A, Z x A')/S = (Y x S x A, Z' x A")/S)

the projection functor and again by p, : Var(k)>(™P7 /S — Var(k)?("™)P" /S the corresponding mor-
phism of site.

Definition 18. (i0) A complex F € C(Var(k)>©™)/S) is said to be A homotopic if ad(p, pas)(F) :
F — pa.piF is an homotopy equivalence.

(i0)’ A complex F € C(Var(k)>™Pr/8) is said to be A' homotopic if ad(pk, pax)(F) : F — paxpF is

an homotopy equivalence.
(i) A complex F € C(Var(k)>©™)/S), is said to be A invariant if for all (X,Z)/S € Var(k)>(™) /S
F(px): F((X,Z2)/8) = F((X x A, (Z x A"))/S)

is a quasi-isomorphism, where px : (X x A1, (Z x AY)) = (X, Z) is the projection. Obviously, if a
complex F € C(Var(k)>(™) /S) is A' homotopic, then it is A' invariant.

(i)’ A complex G € C(Var(k)>™Pr/S) is said to be At invariant if for all (Y xS, Z)/S € Var(k)>(smpr /g
Gpyxs): G((Y x 8,2)/8) = G((Y x A* x S,(Z x A"))/S)

is a quasi-isomorphism of abelian group. Obuviously, if a complex F € C(Var(k)Q’(Sm)pT/S) is Al
homotopic, then it is A' invariant.

). A complex F € C(Var(k)>©™)/S) is said to be A' local for the T
)2/8S, if for an (hence every) T local equivalence k : F — G with k
2.(sm) /8) 1 fibrant, e.g. k: F — E.(F), G is A" invariant.

(ii) Let T a topology on Var(
topology induced on Var(
injective and G € C(Var

=SS

A complex F € C(Var(k)>©™Pr /8) s said to be A local for the T
P /S, if for an (hence every) T local equivalence k : F — G with k
2.(sm)pr /Y 1 fibrant, e.g. k: F — E.(F), G is A' invariant.

(

(i)’ Let T a topology on Var(
topology induced on Var(
ingective and G € C(Var(

2

=xx

)
)
)
)
(iii) A morphism m : F — G with F,G € C(Var(k)>©™)/8S) is said to an (A',et) local equivalence if
for all H € C(Var(k)>(™) /S) which is A" local for the etale topology
Hom(L(m), Eei(H)) : Hom(L(G), Eet(H)) — Hom(L(F'), E.,(H))

is a quasi-isomorphism.

(i)’ A morphism m : F — G with F,G € C(Var(k)>™P/S) is said to an (A',et) local equivalence if
for all H € C(Var(k)>(™Pr /S) which is A' local for the etale topology

Hom(L(m), Eet(H)) : Hom(L(G), Eet(H)) — Hom(L(F), Ee:(H))

is a quasi-isomorphism.

Proposition 6. (i) Let S € Var(k). Then for F € C(Var(k)>(s™/S), C.F is A local for the etale
topology and c¢(F) : F — C.F is an equivalence (Al et) local.
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(i)’ Let S € Var(k). Then for F € C(Var(k)>™Pr/S) C.F is A" local for the etale topology and
c(F): F — C.F is an equivalence (A, et) local.

(ii) A morphism m : F — G with F,G € C(Var(k)>®™) /S) is an (A", et) local equivalence if and only
if aee HC, Cone(m) = 0 for all n € Z.

(i) A morphism m : F — G with F,G € C(Var(k)>™?"/S) is an (A',et) local equivalence if and
only if act H"C, Cone(m) = 0 for all n € Z.

(iii) A morphism m : F — G with F,G € C(Var(k)?>(™) /S) is an (A, et) local equivalence if and only
if there exists

{(X1.0:Z10)/S 0 € M}, {(Xras Zra) /S, a € Ay} C Var(k)> ™) /S
such that we have in Ho(C(Var(k)>(5™) /S))

Cone(m) = Cone(@aecp, Cone(Z((X1,o x A, Z1 0 x AY)/S) = Z((X1.0, Z1.0)/5))
= = Daen, Cone(Z((Xyo x AY, Zy 0 x AN)/S) = Z(Xr.0s Zr.a)/S)))

(iii)’ A morphism m : F — G with F,G € C(Var(k)>(™P"/S) is an (Al,et) local equivalence if and
only if there exists

{(Via x S, Z1,0)/S, 00 € A1}, ... {(Yia X S, Zra)/S, € Ay} C Var(k)>mer /g
such that we have in Ho(C(Var(k)>(5™) /S))
Cone(m) = Cone(@aca, Cone(Z((Y1 o x A x 8, Z1 o x AN)/S) = Z((Yi.0 X S, Z1.4)/5))
— o = Daea, Cone(Z((Yea x At x S, Zy o x A")/S) = Z((Yra X S, Zra)/S5)))

Proof. Standard : see Ayoub’s thesis section 4 for example. Indeed, for (iii), by definition, if Cone(m) is
of the given form, then it is an equivalence (A!, et) local, on the other hand if m is an equivalence (Al, et)
local, we consider the commutative diagram

o r

\L c(@) \L

G——C.G

to deduce that Cone(m) is of the given form. O
Definition-Proposition 2. Let S € Var(k).

(i) With the weak equivalence the (Al,et) local equivalence and the fibration the epimorphism with
AL local and etale fibrant kernels gives a model structure on C(Var(k)?>(™ /S) : the left bousfield
localization of the projective model structure of C(Var(k)>(™) /S). We call it the projective (A", et)
model structure.

(ii) With the weak equivalence the (A',et) local equivalence and the fibration the epimorphism with Als
local and etale fibrant kernels gives a model structure on C(Var(k)>™Pr/S) : the left bousfield lo-
calization of the projective model structure of C(Var(k)>(™P" /S). We call it the projective (A", et)
model structure.

Proof. Similar to the proof of proposition 1. O

We have, similarly to the case of single varieties the following :
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Proposition 7. Let g : T — S a morphism with T, S € Var(k).
(i) The adjonction (g*,g.) : C(Var(k)>(™ /8) & C(Var(k)>™ /T) is a Quillen adjonction for the

projective (Al et) model structure (see definition-proposition 2)

(i)’ The functor g* : C(Var(k)>™) /S) — C(Var(k)>©™) /T) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (Al et) local equivalence.

(ii) The adjonction (g*,g.) : C(Var(k)>(™Pr/S) & C(Var(k)>™P" /T) is a Quillen adjonction for
the projective (A, et) model structure (see definition-proposition 2)

(ii)” The functor g* : C(Var(k)>m™Pr/S) — C(Var(k)>™P /T sends quasi-isomorphism to quasi-
isomorphism, sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local
to equivalence etale local, sends (A',et) local equivalence to (A',et) local equivalence.

Proof. (i):Follows immediately from definition. (i)’: Since the functor ¢g* preserve epimorphism and also
monomorphism (the colimits involved being filetered), ¢* sends quasi-isomorphism to quasi-isomorphism.
Hence it preserve Zariski and etale local equivalence. The fact that it preserve (Al, et) local equivalence
then follows similarly to the single case by the fact that g, preserve by definition A! equivariant presheaves.
(ii) and (ii)’: Similar to (i) and (i)’. O

Proposition 8. Let S € Var(k).
(i) The adjonction (p%, ps«) : C(Var(k)>*™/8S) < C(Var(k)?/S) is a Quillen adjonction for the (A', et)

projective model structure.

(i)’ The functor ps. : C(Var(k)?/S) — C(Var(k)**™/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A1, et) local equivalence.

(ii) The adjonction (p%,pss) : C(Var(k)?5mPr/S) = C(Var(k)??"/S) is a Quillen adjonction for the
(Al et) projective model structure.

(i)’ The functor ps« : C(Var(k)??"/S) — C(Var(k)>*™P"/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A, et) local equivalence.

Proof. Similar to the proof of proposition 4. O
Proposition 9. Let S € Var(k).
(i) The adjonction (uk, pss) : C(Var(k)*P"/S) = C(Var(k)?/S) is a Quillen adjonction for the (A', et)

projective model structure.

(i)’ The functor us. : C(Var(k)?/S) — C(Var(k)>P"/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (Al,et) local equivalence.

(i) The adjonction (u%, ps«) : C(Var(k)?5mP"/S) < C(Var(k)*P"/S) is a Quillen adjonction for the
(Al et) projective model structure.

(i)’ The functor uss : C(Var(k)*sm/S) — C(Var(k)**™P" /S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A, et) local equivalence to (A, et) local equivalence.
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Proof. Similar to the proof of proposition 4. Indeed, for (i)’ or (ii)’, if m : F — G with F,G €
C(Var(k)>®™)) is an equivalence (A', et) local then (see proposition 6), there exists

{(X1,0:Z10) /S, € Mi} oo {(Xpar Zra) /S, 0 € Ay} C Var(k)>™) /S
such that we have in Ho. (C/(Var(k)%(5™) /S))

Cone(m) = Cone(®aca, Cone(Z((X1,a x A, Z1 0 x AN/S) = Z((X1.0, Z1.04)/5)
— - = Daen, Cone(Z((Xyo x AN, Zy o x AY)/S) —= Z(Xr0s Zr.0)/S))

= Cone(Cone(Paer, Z((X1.0, Z1.0)/5) @ Z(A',AY) /S = @aer, Z((X1.05 Z1.0)/5)
— - = Cone(Daer, Z(Xra, Zr.a)/S) @ Z((AY, A1) /S) = Gaer, Z((Xr.as Zr.a)/S)),

this gives in Hoes (C(Var(k)>(m™Pr/S))

Cone(pg.m) — Cone(
Cone((Lps« Daca, Z((X1,a, Z1,0)/5)) @ Z((A1,AY)/S) = (Lpse Daca, Z((X1,05 Z1,0)/5))
— e — COHG((LMS* @aEAT Z((Xr,ou Zr,oz)/s)) ® Z((AlaAl)/s) — (LNS* @aEAT Z((XLOH Zlya)/S))))

hence pg«m : s« F' — ps«G is an equivalence (Al, et) local. O
We also have
Proposition 10. Let S € Var(k).

) e adjonction r¢,Gr : ar = ar ’ 18 a Quillen adjonction for the
)) The adjonction (Grg*,Grg2) : C(Var(k)/S) = C(Var(k)??7/S) is a Quillen adjonction for th
(Al et) projective model structure.

(ii) The adjonction (Grg* Gri. : C(Var(k)*™/S) < C(Var(k)>*™" /S) is a Quillen adjonction for the
(A1, et) projective model structure.

Proof. Immediate from definition. O

e For f : X — S a morphism with X,S € Var(k) and Z C X a closed subset, we denote
Z'((X,Z)/S) € PSh(Var(k)?/S) the presheaf given by

— for (X', Z')/S € Var(k)?/S, with X’ irreducible,
27 (X, 2)/S)(X'. 2)[S) = {0 € ZPX(X x5 X),stpx(pH(2)) € 2} € Zay, (X'x5X)

— for g : (X2,722)/S — (X1,Z1)/S a morphism, with (X1, Z1)/S, (X2, Z3)/S € Var(k)?/S,
Z"((X,2)/8)(9) : 2" (X, Z)/9) (X1, Z1)/S) = L (X, Z)/)((X2, Z2) /), a = (9xI) " (a)
with g x I : Xg9 xg X — X3 xg X.

e For f : X — S a morphism with X,S € Var(k), Z C X a closed subset and r € N, we denote
7% ((X, Z)/S) € PSh(Var(k)?/S) the presheaf given by

— for (X', Z")/S € Var(k)?/S, with X’ irreducible,
Zn (X, 2)/S)(X,2)]8) i= {a € 297X (X! xs X),5.tpx (034 (Z) ) © Za (X' x5 X)

— for g : (X2,722)/S — (X1,Z1)/S a morphism, with (X1, Z1)/S, (X2, Z2)/S € Var(k)?/S,
LT (X, 2)/S)(g) « 227 (X, 2) /) (X1, Z1)/8) = 21 (X, Z) ) S) (X2, 22)/8), a = (9x]) ™ ()

with g x I : Xo9 xg X — X3 xg X.
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e Let S € Var(k). We denote by Zg(d) := Z°9“0((S x A4 S x A?)/S)[—2d] the Tate twist. For
F € C(Var(k)?/S), we denote by F(d) := F ® Zs(d).

For S € Var(k), let Cor(Var(k)>(™) /S) be the category

e whose objects are those of Var(k)2(™ /S ie. (X,2)/S = (X, Z),h), h: X — S with X € Var(k),
Z C X a closed subset,

e whose morphisms o : (X', 2)/S = (X', Z),h1) = (X, 2Z)/S = ((X, Z), ha) is finite correspondence
that is a € ®,Z" ((X;,2)/S)((X',Z")/S), where X' = LJ; X/, with X/ connected, the composition
being defined in the same way as the morphism Cor(Var(k)(™) /S).

We denote by Tr(S) : Cor(Var(k)*(™) /S) — Var(k)>(™) /S the morphism of site given by the inclusion
functor Tr(S) : Var(k)>(™) /S < Cor(Var(k)?(5™) /S) It induces an adjonction

(Tr(S)* Tr(S),) : C(Var(k)>©™ /S) = C(Cor(Var(k)>™) /)

A complex of preheaves G € C(Var(k)>(™/S) is said to admit transferts if it is in the image of the

embedding
Tr(S). : C(Cor(Var(k)>©™ /8) — C(Var(k)>™ /8),

that is G = Tr(S). Tr(S)*G. We then have the full subcategory Cor(Var(k)>™)7 /S) C Cor(Var(k)?(5™) /9)
consisting of the objects of Var(k)>(*™?" /S). We have the adjonction

(Tr(S)* Tr(S).) : C(Var(k)>E™Pr/8) = C(Cor(Var(k)>mPr /)

A complex of preheaves G € C(Var(k)>(5")P" /) is said to admit transferts if it is in the image of the

embedding
Tr(S). : C(Cor(Var(k)>™Pr /) — C(Var(k)?(™Pr /8),

that is G = Tr(S). Tr(S)*G. 3
Let S € Var(k). Let S = UL_,S; an open affine cover and denote by S; = M;crS;. Let i; : S; < S;
closed embeddings, with S; € Var(k).

e For (Gy,Kry) € C(Var(k)>(™ /(S7)°P) and (Hp,Trs) € C(Var(k)>™ /(S;)), we denote
Hom((Gr, K1), (Hr,Tr;)) == (Hom(G1, Hy),urs((G1, K15), (Hr, T1y))) € C(Var(k)>™ /(S))
with

ury((Gr, Kry)(Hr, Try)) : Hom(Gr, Hy)

ad(py y,pr7+)(—) T (p1s,hom)(—,—)

pry«Hom(pi;Gr,p7Hr)

Hom(Kry,H
Hom(Fra, i), pro«Hom(Gy, Hy).

pr«pyyHom(Gr, Hy)
HomwhyGr 1), pry«Hom(pr;Gr, Hy)
This gives in particular the functor

D2 ) : C(Var(k)>©™) /(S1)) = O(Var(k)>™ /()

(Hr,T1s) = D2 L(H;, T1y) := Hom((LH;, T},), (BetZg,,115)) = (DlgzlLHhTsz)

2
(Sr)

e For (Gy,K;y) € C(Var(k)>™Pr /(S1)P) and (Hp, Try) € C(Var(k)>(™)P" /(S)), we denote

Hom((Gr, Krs), (Hr, Try)) := (Hom(Gr, Hp),urs((Gr, K1), (H1, T15))) € C(Var(k)>C™P" /(S;))
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with

UIJ((G],K]J)(H[,T]J)) . HO?’TL(G],H])

ad(p,pra«)(=) T(prs,hom)(—,—)

pry«Hom(p;;Gr, 7 Hr)

HE B, pr g Hom (G, Hy).

pry«p1; Hom(Gr, Hr)

H 1,Gr.Tr.
MPJJ*HOW”L(]D?JGLHJ)

This gives in particular the functor

DI2, : C(Var(k)* ™2 /(81)°7) — C(Var(kY ™" [(S1)), (Hy, Tiy) - D}

2
(Sr) * (SI)L(HLTIJ)

The functors p, naturally extend to functors

pa : Var(k)>G™ /(S7) — Var(k)>¢™) /(S)),
((X, Z)/S’],U]J) — ((X X AI,Z X Al)/gl,uL] X I),
(9: ((X,2)/S1,u1s) = (X', Z")/S1,u19)) =
(g x In1) : (X x AL, Z x AYY/Spury x I) — (X' x A, Z" x AY)/St,ury x I))
the projection functor and again by p, : Var(k)>(™ /(S;) — Var(k)>(™ /(S;) the corresponding mor-
phism of site, and
Pa : Var(k)>E™Pr /(S) — Var(k)»mPr /(S)),
((Y X g[,Z)/é[,U[J) — ((Y X 5'1 X Al,Z X Al)/gj,U]J X I),
(g : ((Y X g],Z)/S’[,U[J) — ((Y’ X g],ZI)/S’],’U,]J)) —
(g x In1) - (Y x Sp x AN, Z x AY)/Stupy x 1), (Y x Sp x AL, Z" x AY) /St ury x 1)),
the projection functor and again by p, : Var(k)>™P/(S;) — Var(k)®(™P7 /(S}) the correspond-

ing morphism of site. These functors also gives the morphisms of sites p, : Var (k)2 (™) /(S7)oP —
Var(k)2(™) /(S7)°P and p, : Var(k)2™Pr /(S1)°P — Var(k)2(sm)pr /(Sp)op,

Definition 19. Let S € Var(k). Let S = UL_,S; an open affine cover and denote by S; = N;ic1S;. Let

;1 S; <= S; closed embeddings, with S; € Var(k).

(i0) A complex (Fr,ur;) € C(Var(k)>®™ /(S1)) is said to be A' homotopic if ad(p’, pas)((Fr,urys)) :
(Fr,ury) = paspli(Fr,ury) is an homotopy equivalence.

(i0)” A complex (Fr,ury) € C(Var(k)>™Pr /(Sp)) is said to be A homotopic if ad(p:, pax)(Fr,ury)) :
(Fr,ury) = paxpti(Fr,ury) is an homotopy equivalence.

(i) A complex (Fr,ury) € C(Var(k)>™) /(S})) is said to be A invariant if for all (X1, Z1)/S1,517) €
Var(k)> ™) /(Sp)
(Fr(px,)) « (Fr((X1, Z1)/51), Fy(sr5)ours(=) = (Fr(Xrx A", (ZrxA"))/S1), Fr(sryxI)ours(—))

is a quasi-isomorphism, where px, : (X1 x A (Zr x AY)) — (X1,Z;1) are the projection, and
sty (X1 xSpg, Z1)/Ss — (Xy,25)/S;. Obviously a complex (Fy,urs) € C(Var(k)2(™ /(S})) is
Al invariant if and only if all the F; are A' invariant.

(i)" A complex (Gr,ury) € C(Var(k)>mer /(S1)) is said to be A' invariant if for all (Y xSt, Z1)/S1, s17) €

Var(k)2’(5m)m/(51)

(G1(py3,))  (G1((Y x 81, Z1)/51),G s (s15) ours(=)) —
(G]((Y X 5’1 X Al, (Z] X Al))/gj),GJ(S]J X I) OUIJ(_))

is a quasi-isomorphism. Obviously a complex (Gr,ury) € C(Var(k)>™»r /(S1)) is Al invariant if
and only if all the Gy are A' invariant.
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(ii)

()’

(iii)

(i)’

(i)

(i)’

Let 7 a topology on Var(k). A complex F = (Fr,ur;) € C(Var(k)>®™) /(8;)) is said to be Al
local for the T topology induced on Var(k )2/(§1) if for an (hence every) 7 local equivalence k :
F — G with k injective and G = (Gr,vr;) € C(Var(k)>©™ /(Sp)) T fibrant, e.g. k : (Fr,ur;) —
(E-(Fr), E(ury)), G is A invariant.

Let T a topology on Var(k). A complex F = (Fr,ur;) € C(Var(k)>®™?" /(S1)) is said to be A local
for the T topology induced on Var(k)2/(Sr), if for an (hence every) T local equivalence k : F — G
with k injective and G = (Gr,ury) € C(Var(k)>Cm™»r /(Sp)) 7 fibrant, e.g. k : (Fr,ur;) —
(E-(Fr), E(ury)), G is A invariant.

A morphism m = (my) : (Fr,ur;) = (Gr,vrs) with (Fr,ury),(Gr,vrs) € C(Var(k)>C™) /(85)) is
said to be an (A, et) local equivalence if for all H = (Hy,wry) € C(Var(k)>(™ /(Sr)) which is A
local for the etale topology

(HOHI(L(’ITL]), Eet(H]))) . HOIII(L(G], ’U]J), Eet (H], wu)) — HOIH(L(F], UIJ), Eet(H], ’LU]J))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (my) :
(Fr,ury) = (G, vrg) with (Fr,ugry), (Groury) € C(Var(k)>®™) /(Sp)) is an (A, et) local equiva-
lence, then all the my : Fi — G are (A, et) local equivalence.

A morphism m = (mr) : (Fr,ury) — (Gr,vry) with (Fr,ury), (Gr,vrg) € C(Var(k)>Gmer /(Sp))
is said to be an (A, et) local equivalence if for all (Hy,wry) € C(Var(k)>™P" /(S1)) which is Al
local for the etale topology

(Hom(L(mI), Eet (H[))) . HOHl(L(G[, 1)](]), Eet (H[, ’LU[J)) — HOm(L(F], UIJ), Eet(H], U]]J))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (mg) :
(Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,ury) € C(Var(k)2(™Pr /(S1)) is an (Al et) local equiva-
lence, then all the my : Fi — G are (A, et) local equivalence.

A morphism m = (my) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,vry) € C(Var(k )2( ) /(S1)°P)
is said to be an (A, et) local equivalence if for all H = (Hy,wry) € C(Var(k)>™ /(S7)°P) which
is Al local for the etale topology

(Hom(L(mI), Eet (H[))) . HOHl(L(G[, ’U]J), Eet (H[, ’UJ[J)) — HOm(L(F], UIJ), Eet(H], U]]J))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (myp) :
(Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,ury) € C(Var(k)>G™) /(S7)%P) is an (A', et) local equiv-
alence, then all the my : Fr — G are (Al et) local equivalence and for all H = (Hr,wry) €
C(Var(k)>™) /(S1)) which is A" local for the etale topology

(Hom(L(mI), Eet (H[))) : HOHl(L(G[, ’U]J), Eet (H[, ’LU[J)) — HOm(L(F], UIJ), Eet(H], U]]J))
is a quasi-isomorphism (of diagrams of complezxes of abelian groups)

A morphism m = (myp) : (Fr,ury) = (Gr,vry) with (Fr,ury), (Gr,vry) € C(Var(k)zl(sm)p’”/(gl)"p)
is said to be an (A, et) local equivalence if for all (Hy,wry) € C(Var(k)2(™Pr/(S1)°P) which is
Al local for the etale topology

(HOHI(L(’ITL[), Eet (H]))) : HOHI(L(G], ’U]J), Eet (H], wu)) — HOIH(L(F], UIJ), Eet(H], ’LU]J))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (myp) :
(Fr,ury) — (Gr,vrg) with (Fr,ury),(Gr,ur;) € C(Var(k)>6™Pr/(S1)°P) is an (A, et) local
equivalence, then all the my; : Fr — G are (Al,et) local equivalence and for all (Hy,wry) €
C(Var(k)2mer /(S1)) which is A local for the etale topology

(HOHI(L(’ITL[), Eet (H]))) : HOHI(L(G], 'U[J)7 Eet (H], wu)) — HOIH(L(F], UIJ)7 Eet(H]7 wU))

is a quasi-isomorphism (of diagrams of complexes of abelian groups).
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Proposition 11. Let S € Var(k). Let S = UL_,S; an open affine cover and denote by S; = Mic1S;. Let
;1 S; = S; closed embeddings, with S; € Var(k).

(i) Then for F € C(Var(k)>(™ /(S7)P), C.F is A local for the etale topology and ¢(F) : F — C.F
is an equivalence (A1, et) local.

(i)’ Then for F € C(Var(k)>®mrr /(S1)oP), CF is A local for the etale topology and ¢(F) : F — C.F
is an equivalence (A1, et) local.

(ii) A morphism m : F — G with F,G € C(Var(k)>(™) /(81)°P) is an (A, et) local equivalence if and
only if aeqt H"C, Cone(m) = 0 for all n € Z.

(i)’ A morphism m : F — G with F,G € C(Var(k)>™P" /(57)°P) is an (A',et) local equivalence if
and only if aee H"Cy Cone(m) =0 for all n € Z.

(iii) A morphism m : F — G with F,G € C(Var(k)>™ /(S7)°P) is an (A, et) local equivalence if and

only if there exists

{(Xran Zran)/Srubs)a e My {((Knars Zran)/S1,uf ) a € Ay f € Var(k)2 ) /(87
with
uh s (Xt Zia,)/Ss = (Xiar % Sirs Ziar < Spg)/Sa
such that we have in Hoe, (C(Var (k)2 (™) /(S1)oP))
Cone(m) = Cone(

Baen, Cone((Z((X1,a,0 X A, Z1,a0 x AY)/S1), Z(up; x 1)) = (Z((X 10,15 Z1,0,1)/S1), Z(u} 1))
% PR %

Daen, Cone((Z((Xra,r X A, Zra x AY)/S1), L(uty x 1)) = (Z((Xra,1: Zr,a1)/S1), Llu] 1))

(iii)” A morphism m : F — G with F,G € C(Var(k)>®™Pr /(81)°P) is an (A", et) local equivalence if
and only if there exists
{((Yl,a,l X 81, Z1,0.1)/ S upy), 0 € AI} beees {((Yr,a,l X S, Zr.a.1)/S1,ul ), 0 € Ar}
C Var(k)>GmPr /(Sy)
with ~ ~ ~ ~ ~
uys: YVia,s X 85, Z1,a,0)/S1 = Yo X S1, Ziax X Spi)/Ss
such that we have in Hoe, (C(Var (k)2 (™) /(S1)oP))
Cone( ) = (EBOZE/\l
Cone((Z((Yi,a,r x A" x 81, Z1 o0 x A")/S1), Z(uj; x 1)) = (Z(Y1,a,0 X S; Z1,0,1)/51), Z(ur)))

— = ®Q€AT
Cone((Z((Yra.r X AY X S1, Zpar x AY)/S1), Z(uh ; x 1)) = (Z((Yyor X S15 Zr.a)/ 1),Z(u’;J)))

Con
Si

(iv) A similar statement then (i) holds for equivalence (A', et) localm : F — G with F, G € C(Var(k)>™ /(S))
(iv)’ A similar statement then (iii) holds for equivalence (A', et) localm : F — G with F,G € C(Var(k)>®™rr /(Sp))
Proof. Similar to the proof of proposition 6. See Ayoub’s thesis for example. o

In the filtered case we also consider :
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Definition 20. Let S € Var(k). Let S = UL_,S; an open affine cover and denote by S; = N;ic1S;. Let
;1 S; = S; closed embeddings, with S; € SmVar(k).

(i) A filtered complex (G, F) € Cpy(Var(k)>(5™) /S) is said to be r-filtered A* homotopic if ad(p:, pas)(G, F)
(G, F) = paxpi(G, F) is an r-filtered homotopy equivalence.

(i)’ A filtered complex (G, F) € Cyy(Var(k)>™ /(S1)) is said to be r-filtered A homotopic if ad(pk, pas)(G, F) :
(G, F) = paxpi(G, F) is an r-filtered homotopy equivalence.

(ii) A filtered complex (G, F) € Cpy(Var(k)>(™Pr /S) is said to be r-filtered A homotopic if ad(p, pa«) (G, F) :
(G, F) = paxpi(G, F) is an r-filtered homotopy equivalence.

(i)’ A filtered complez (G, F) € Cpy(Var(k)>™Pr /(S1)) is said to be r-filtered A' homotopic if ad(p:, pas)(G, F) :
(G, F) = paspi(G, F) is an r-filtered homotopy equivalence.

We will use to compute the algebraic De Rahm realization functor the followings
Theorem 14. Let S € Var(k).

(i) Let ¢ : F* — G* an etale local equivalence with F*,G* € C(Var(k)?*™/S). If F* and G* are
Al local and admit tranferts then ¢ : F* — G*® is a Zariski local equivalence. Hence if F €
C(Var(k)>s™/S) is Al local and admits transfert

k:E.or(F) = Eet(E.ar(F)) = Eet (F)

is a Zariski local equivalence.

(ii) Let ¢ : F* — G* an etale local equivalence with F*,G* € C(Var(k)?*™?"/S). If F* and G*
are Al local and admit tranferts then ¢ : F®* — G*® is a Zariski local equivalence. Hence if F €
C(Var(k)>smpr /S) is Al local and admits transfert

k:E.or(F) = Eet(Erar(F)) = Eet(F)
is a Zariski local equivalence.

Proof. Similar to the proof of theorem 13. O

Theorem 15. Let S € Var(k). Let S = UL_,S; an open affine cover and denote by S; = MierS;. Let
;1 S; <= S; closed embeddings, with S; € Var(k).

(i) Let¢ : (F*,F) — (G*, F) a filtered etale local equivalence with (F*, F), (G*, F) € Cty(Var(k)?™/S).
If (F*,F) and (G*, F) are r-filtered A* homotopic and admit tranferts then ¢ : (F*, F) — (G*, F) is
an r-filtered Zariski local equivalence. Hence if (G, F) € C(Var(k)?*™/S) is r-filtered A' homotopic

and admits transfert

k:E,ur(G,F) = Eet(Fo0r (G, F)) = Eat(G, F)

is an r-filtered Zariski local equivalence.

-

Let ¢ : (F*,F) — (G*,F) a filtered etale local equivalence with ((F},F),urs),((GY,F),vry) €
Cra(Var(k)>s™ /(Sy)). If (F*,F),urs) and ((G*,F),vr;) are r-filtered A' homotopic and admit
tranferts then ¢ : ((F*, F),ury) = ((G*, F),vry) is an r-filtered Zariski local equivalence. Hence if
(Gr,F),ury) € C(Var(k)?*™/S) is r-filtered A* homotopic and admits transfert

(i)

k: (Ezar(GlaF)auIJ) — (Eet(Ezar(GluF))quJ) = (Eet(GaF)aulJ)

is an r-filtered Zariski local equivalence.
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(ii) Let ¢ : (F*,F) — (G*, F) a filtered etale local equivalence with (F*, F), (G*, F) € Cy(Var(k)?sm?"/S).
If F* and G* are r-filtered A' homotopic and admit tranferts then ¢ : (F*,F) — (G*,F) is an
r-filtered Zariski local equivalence. Hence if (G, F) € C(Var(k)?*mP" /S) is r-filtered A' homotopic
and admits transfert

k: E.ur(F) = Eet(Erar(F)) = Eet(F)

is an r-filtered Zariski local equivalence.

(i)” Let ¢ = (F*,F) — (G*,F) a filtered etale local equivalence with ((F7,F),urs), (G}, F),v15) €
Ci(Var(k)2smrr /(Sp)). If (F*, F),urs) and ((G®*, F),vr;) are r-filtered A' homotopic and admit
tranferts then ¢ : ((F*, F),ury) = ((G*, F),vry) is an r-filtered Zariski local equivalence. Hence if
((Gr,F),ury) € C(Var(k)?*mP" /S) is r-filtered A1 homotopic and admits transfert

k- (Ezar(GlaF)auIJ) — (Eet(Ezar(GluF))quJ) = (Eet(G,F),U[J)

is an r-filtered Zariski local equivalence.

Proof. Similar to the proof of theorem 14. O

2.8 The Borel-Moore Corti-Hanamura resolution functors RCH, RCH  ROCH,

and R¢H

Let k a field of caracteristic zero.

Definition 21. (i) Let Xy € Var(k) and Z C Xo a closed subset. A desingularization of (Xo,Z)
is a pair of complex varieties (X,D) € Var®(k)), together with a morphism of pair of varieties
e: (X,D) — (Xo,A) with Z C A such that
— X € SmVar(k) and D := e }(A) = e Y(2) U (U;E;) C X is a normal crossing divisor
—€: X = Xy is a proper modification with discriminant A, that is € : X — X is proper and
€: X\D = X\A is an isomorphism.

(i1) Let Xo € Var(k) and Z C X a closed subset such that Xo\Z is smooth. A strict desingularization
of (Xo,Z) is a pair of complex varieties (X, D) € Var?(C)), together with a morphism of pair of
varieties € : (X, D) — (Xo, Z) such that

— X € SmVar(k) and D := ¢ 1(Z) C X is a normal crossing divisor
—€: X — Xy is a proper modification with discriminant Z, that is € : X — X s proper and
€: X\D = X\Z is an isomorphism.

We have the following well known resolution of singularities of complex algebraic varieties and their
functorialities :

Theorem 16. (i) Let X € Var(k) and Z C Xy a closed subset. There exists a desingularization of
(Xo, Z), that is a pair of complex varieties (X, D) € Var®(k)), together with a morphism of pair of
varieties € : (X, D) — (Xo,A) with Z C A such that

— X € SmVar(k) and D := ¢ 1(A) = e H(Z) U (U;E;) C X is a normal crossing divisor

—€: X = Xy is a proper modification with discriminant A, that is € : X — X is proper and
e: X\D = X\A is an isomorphism.

(11) Let Xo € PVar(k) and Z C Xo a closed subset such that Xo\Z is smooth. There exists a strict
desingularization of (Xo, Z), that is a pair of complex varieties (X, D) € PVar®(k)), together with
a morphism of pair of varieties € : (X, D) — (Xo,Z) such that

— X € PSmVar(k) and D := e 1(Z) C X is a normal crossing divisor
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—€: X — Xy is a proper modification with discriminant Z, that is € : X — X s proper and
€: X\D = X\Z is an isomorphism.
Proof. (i):Standard. See [23] for example.
(ii):Follows immediately from (i). O

We use this theorem to construct a resolution of a morphism by Corti-Hanamura morphisms, we will
need these resolution in the definition of the filtered De Rham realization functor :

Definition-Proposition 3. (i) Let h : V. — S a morphism, with V, S € Var(k). Let S € PVar(k) be
a compactification of S.

— There exist a compactification Xo € PVar(C) of V such that h: V — S extend to a morphism
fo="ho:Xo— S. Denote by Z = Xo\V. We denote by j : V — Xq the open embeddmg and
by ig : Z — X the complementary closed embedding. We then consider Xo := f0 ( ) € Xo
the open subset, fy:= f0|X0 Xo— S, Z= 20Xy, and we denote again j : V — X, the open
embedding and by ig : Z — Xo the complementary closed embedding.

— In the case V is smooth, we take, using theorem 16(ii), a strict desingularization € : (X, D) —
(Xo,2) of the pair (Xo, Z), with X € PSmVar(C) and D = Ui_,D; C X a normal crossing
divisor. We denote by ie : Dy — X = XC(.) the morphism of simplicial varieties given by the
closed embeddmgs ir : D = MjerD; — X. Then the morphisms f = fo oé: X — S and
fp. := foie: Dy — S are projective since X and Dy are projective varieties. We then consider
(X,D) :=e ! (X0,2), e :=¢x : (X,D) = (Xo,Z) We denote again by is : De = X = X ()
the morphism of simplicial varieties given by the closed embeddings iy : Dy = NijerD; — X.
Then the morphisms f := fooe: X — S and fp, := fois : D¢ — S are projective since
f:Xo— S is projective.

(i) Let g : V']S — V/S a morphism, with V'/S = (V',h'),V/S = (V,h) € Var(k)/S

— Take (see (i)) a compactification Xo € PVar(C) of V such thath : V — S extend to a morphism
fo=ho:Xo— S. Denote by Z = Xo\V. Then, there exist a compactification X)) € PVar(C)
of V! such that I : V' — S extend to a morphism f} = h{y: X\, — S, g: V' =V extend to a
morphism go : Xy — Xo and fo o Go = fi that is Gy is gives a morphism go : X4/S — Xo/S.
Denote by Z' = X,\V'. We then have the following commutative diagram

j _ -/ — (2 ,0_ _ — .
%4 X} t 7 Y50 (2) :2210

It gives the following commutative diagram

V—— Xo = 5 4(S) :

Z
QOT 96]

. .

VLX) = [y NS ~—— 2 G0N (2) 1 i

g9

— In the case V and V' are smooth, we take using theorem 16 a strict desingularigati_on € :
(X,D) — (Xo,2) of (Xo.Z). Then there exist a strict desingularization €, : (X', D) —
(X}, Z") of (X},Z') and a morphism g: X' — X such that the following dzagmm commutes



We then have the following commutative diagram in Fun(A, Var(k))

ie —

V = VC(.) %-X = XC(.)

L R

V' = VI( o —> X/ X{:(.) l(‘— D/. <—Zg§_l(Dsg(.)) : i;].

where ie : Do — X, the_ morphism of simplicial varieties given by the closed embeddings
: D, — Xn, and i, : D, — X the morphism of simplicial varieties given by the closed

embeddmgs il D! s X:l. It gives the commutative diagram in Fun(A, Var(k))

ie

V= ‘/c(.) —>] X = gil(Xo) = Xc(.) Dsg(.)

T

V= ‘/c/(.) H]X/ = g,ﬁil(Xé) Xé(.o) Dl- : lg.ail(Dsg(.)) : Z:;.
Proof. (i): Let Xoo € PVar(C) be a compactification of V. Let I : Xo =T1 — Xoo x S be the closure
of the graphofh and fo Z—pSOZO : XO ;)XOO XS—> S €X, .—pXOOOZO : XO ;)XOO XS—>X00 be
the restriction to Xg of the projections. Then, X € PVar((C), : Xo — Xoo is a proper modification
which does not affect the open subset V C X, and fo = ho : XO —> S is a compactification of h.
(ii): There is two things to prove:

o Let fo: Xog - S a compactification of h : V' — S and foo + Xbo — S a compactification of
W V' — S (see (i)). Let o : X§ — I'y C X{y x5 Xo be the closure of the graph of g, fj :=
(foo,fo)olo Xo <—>X00 xg Xo— S and go : =px,°lo: Xo <—>X00 XSXO — X, €x;, = Px}, 01:
X} — X}y xg Xo — X{, be the restriction to X of the projections. Then €X4o XO — X{o is
a proper modification which does not affect the open subset V' C X, fo X} — S is an other
compactification of b’ : V! — S and go : X}) — Xo is a compactification of g.

e In the case V and V' are smooth, we take, using theorem 16, a strict desingularization €:(X,D) —
(X0, Z) of the pair (X, Z). Take then, using theorem 16, a strict desingularization € : (X', D') —
(X x5, X4, X x5, 2') of the pair (X x g, X{, X x5, Z'). We consider then following commutative
diagram whose square is cartesian :

and € :=€joé€, : (X', D') — (X{, Z’') is a strict desingularization of the pair (X x g, X{, X x 5, Z').
O
Let S € Var(k). Recall we have the dual functor
DY : C(Var(k)/S) — C(Var(k)/S), F + D%Y(F) := Hom(F, E.(Z(S/S)))
which induces the functor

LDg : D (Var(k)/S) = D.(Var(k)/S), F s LDg(F) := DY(LF) := Hom(LF, E.;(Z(5/5)))

59



with 7 a topology on Var(k).
We will use the following resolutions of representable presheaves by Corti-Hanamura presheaves and
their the functorialities.

Definition 22. (i) Leth:U — S a morphism, with U, S € Var(k) and U smooth. Take, see definition-

(ii)

proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by Z = XO\U
Take, using theorem 16(ii), a strict desingularization € : (X,D) — (Xo,Z) of the pair (Xo,Z),
with X € PSmVar(k) and D := ¢ '(Z) = U_;D; C X a normal crossing divisor. We denote
by e : Dy — X = X( o) the morphism of simplicial varieties given by the closed embeddings

: D; = NierD; — X We denote by j : U — X the open embedding and by ps : XxS—=S
and_ps U xS — S the projections. Considering the graph factorization f:X LXxS5 58
of f + X — 5, where l is the graph embedding and pg the projection, we get closed embeddings
l:=1IxgS5: X —=XxS8andlp, := Dy x5l : Dy — Dy xS. We then consider the following map
in C(Var(k)?/S)

7x,0)/s(Z(U/S)) : Rix pys(Z(U/S))
= psuEet(Cone(Z(ie x I) : (Z((De x S, De)/X x S),ury) — Z((X x S, X)/X x 8)))

Bt (0,koad((jxD)*,(jxI))(Z((Xx8,X)/X xS
Ps ( ((GxD)*",(G*x 1)) (Z(X x )/ X xS))) pS* ( ((U > S U)/U ~ S)) 152(Z(U/S))

Note that Z((Dy x S, Dy)/X x S) and Z((X x S, X)/X x S)) are obviously A invariant. Note that
r(x,p)/s s NOT an equivalence (A, et) local by proposition 8 since px 5. Z((Dex S, Dy) /X xS) =0
and pgyg.ad((5 x I)*, (5 x 1) )(Z((X x S, X)/X x S))) is not an equivalence (Al,et) local.

Let g : U'/S — U/S a morphism, with U'/S = (U',1'),U/S = (U, h) € Var(k)/S, with U and U’
smooth. Take, see definition-proposition 3(ii),a compactification fo=h:Xo—= 8 ofh:U — S and
a compactification fo =n: X0 — S of W : U — S such that g : U'/S — U/S extend to a morphism
go : X4/S — Xo/S. Denote Z = Xo\U and Z' = X;\U'. Take, see deﬁmtmn—pmposztwn 3(ii), a
strict desingularization € : (X, D) — (Xo,Z) of (Xo,Z), a strict desingularization €, : (X', D') —
(X}, Z") of (X}, Z') and a morphism g : X' — X such that the following diagram commutes

X)—— Xo .

1,

X2 .x
We then have, see definition-proposition 3(ii), the following commutative diagram in Fun(A, Var(k))

e

U = Uc(.) —J> X = XC(.) Dsg(o) (7)

QT QT g’.T
4, . i”

U' = Ul —— X' = X[y =— D\, =——"57"(Ds, () : i}

Denote by ps : X x S — S and Pl X' x 8 — S the projections We then consider the following
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map in C(Var(k)?/S)

R§™(9) : Rx,p)s(Z(U/S)) =
pssEut (Cone(Z(ia x T) : (Z(Ds,(a) X S, Dy, (0))/X x 8),1urs) — Z((X x 8, X)/X x 5)))

T((gx1),E)(—)ops« ad((gx1)",(gx 1)) (=)

PsuBer(Cone(Z(iyg x 1) :
(Z((g~(Ds,(0)) X 8,5 (D, (0))/ X' % 8),urs) = Z((X' x §,X")/ X' x 5))))

PlsuBet (Z(igy xI),I)

P, Eet(Cone(Z(il, x I) : ((Z((D), x S, D’.))/X’ x S),ury) = Z(X' x S, X") /X' x 5)))
— Rz, pryys(Z(U']S))
Then by the diagram (7) and adjonction, the following diagram in C(Var(k)?/S) obviously commutes

rx,py/s(Z(U/S))

Rx.pys(Z(U/9)) PsxEet(Z((U x S,U) /U x 8)) = DZ(Z(U/S))
RgH(g)l lDé2<g>:—T(gxI,E><—>oad<<gx1>*,<gx1>*)<Eet<Z((UxS,U)/stm

’ T(X/’D/)/S@(Ul S)% / / ’ 12 /
Rx/.pys(Z(U')S)) —————= s, Eet(Z((U" x S,U") /U’ x §)) =: D¢’ (Z(U'/S))

(i) For g1 : U")S — U'/S, g2 : U'/S — U/S two morphisms with U"/S = (U',h"),U'/S =
(U',h"),U/S = (U,h) € Var(k)/S, with U, U" and U" smooth. We get from (i) and (i) a compact-
ification f = h : X —Sofh:U—=S, a compactification flf=hn:X"=Sofl:U =S, and a
compactification f" =h" : X" — S of b : U" — S, with X, X', X" € PSmVar(k), D := )_(\U cX
D' :=X'\U'C X', and D" := X"\U" C X" normal crossing divisors, such that g, : U"/S — U'/S
extend to g1 : X"/S — X'/S, g2:U'/S — U/S extend to g2 : X'/S — X/S, and

R§™ (g2 0 91) = R§™(g1) 0 R§™(92) : R(x,py/s = Rixr,prys
(iv) For

(Z(95,5))
—

Q" ==+ — BaearZ(U}/S) @pean1LUF™'/S) = ---) € O(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with UX smooth, we get from
(i), (i3) and (iii) the map in C(Var(k)?/S)

r$HQ") : REF(Q*) == (- — @pean liny R(nglyDgfl)/S(Z(Ugfl/S))
(X3~'.D3~h/s
(RS™ (922,5)) . n 12+
———— @acaAr  lm  Rign pnys(ZUF/S)) = ---) = Dg(QF),
(Xz.Dn)/s

where for (U?,h?) € Var(k)/S, the inductive limit run over all the compactifications fo : Xo — S

of he, : Uy — S with X, € PSmVar(k) and D, := X,\Us a normal crossing divisor. For m =
(m*): QF — Q3 a morphism with

\ n (Z(g3,)) e
Q1= (= DaeanZ(UT0/S) = Bpenn1Z(U5/S) = --),

« n (Z(95,8)) e
Q3= (- = BaeanZ(US o /S) 225 gepn 1 ZUL5/S) = ---) € O(Var(k) /)
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complexes of (maybe infinite) direct sum of representable presheaves with U , and Us , smooth, we
get again from (i), (ii) and (iii) a commutative diagram in C(Var(k)?/S)

CH ey 7S (Q5) 12y
RM(Q3) D¢*(Q3)
RgH(m)?_(RgH(m*))l lmg(m):_(@?(m*))
CH ey 7S Q1) 12y
RM(Q7) D¢*(Q7)

Let S € Var(k) For (h,m,m') = (h*,m*,m™) : Qi[1] — Q% an homotopy with Q%,Q3 €
C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with Uy, and
U3 ,, smooth,

(RS (h), RG™ (m), R™ (m")) = (RS (h*), RS™ (m*), R§™ (m™*)) : RE™(Q3)[1] — R°™(Q7)

is an homotopy in C(Var(k)?/S) using definition 22 (iii). In particular if m : Qf — Q3 with
Q7,Q% € C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with
Ui, and U3, smooth is an homotopy equivalence, then R§H (m) : R#(Q3) — RYH(Q7) is an
homotopy equivalence.

Let S € SmVar(k). Let F € PSh(Var(k)*™/S). Consider

(Z(94,8))
R

q: LF = (- = ©wa,ha)evarrysm /sZ(Ua/S) D (Uaha)eVar(kyor/SL(Ua/S) = -+) = F

the canonical projective resolution given in subsection 2.3.3. Note that the U, are smooth since S
is smooth and h, are smooth morphism. Definition 22(iv) gives in this particular case the map in
C(Var(k)?/9)

TgH(P*sLF) : RCH(PELF) = (= D (Ua,ha)eVar(k)sm /3 hg R(Xa,Da)/S(Z(Ua/S))
(Xa:Da)/s
(RE™ (g7 4)) . .
— s D ha)eVar(k)om /S lim  Rix, p.ys(ZUa/S)) =) = Dg (psLF),
(Xa:Da)/S

where for (Uy, ha) € Var(k)*™ /S, the inductive limit run over all the compactifications f, : X, — S
of hg : Uy, — S with X, € PSmVar(k) and D, := X,\U, a normal crossing divisor. Defini-
tion 22(iv) gives then by functoriality in particular, for FF = F* € C(Var(k)*™/S), the map in
C(Var(k)?/9)

r§" (05 LF) = (r§™ (05 LF")) : R (p5LF) — DY (o5 LF).

Let g : T — S a morphism with 7,5 € SmVar(k). Let h : U — S a smooth morphism with
U € Var(k). Consider the cartesian square

1%
UT _—

[

U——=S5

Note that U is smooth since S and h are smooth, and Uz is smooth since 7' and A’ are smooth.
Take, see definition-proposition 3(ii),a compactification fo = h : Xg = S of h : U — S and a
compactification f} = goh’ : X, — S of goh’ : U’ — S such that ¢’ : Ur/S — U/S extend
to a morphism g} : X}/S — X/S. Denote Z = Xo\U and Z' = X/\Ur. Take, see definition-
proposition 3(ii), a strict desingularization € : (X, D) — (Xo, Z) of (Xo,Z), a desingularization

62



€ : (X',D") — (X},Z") of (X}, Z'") and a morphism g’ : X’ — X such that the following diagram
commutes

_r
_ 90 _
X —— Xo .

1,

x-2.x

We then have, see definition-proposition 3(ii), the following commutative diagram in Fun(A, Var(k))

j i.

U = Ugo X =X
Q/T Q/T
Ur = Upo(e) —— X' = Xl L, (o) P
We then consider the following map in C(Var(k)?/T), see definition 22(ii)
T(9, RE")Z(U/S)) : 9" Rx.p)/5(Z(U/S))
LD, o Res s UD/S) = 99 Ry AU/ T))

ad(g”,9+)(R(x/ pryr(Z(Ur/T)))
SR Rk pryyr(Z(Ur/T))

For

Z(95,5))
—

Q"= (- > BaeanZ(UT/S) - @pean1ZUF~1/S) = ---) € O(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with h” : U — S smooth, we
get the map in C(Var(k)?/T)

T (g, R°")(Q*) : "R (Q*) = (-++ = @aean im  g"Rixn pry/s(Z(Ug/S) = -++)
(Xz,Dn)/S
(T(g,REM)(Z(UL/9)))

(- = Daean hﬂ R(Xg’,Dg’)/T(Z(Ug,T/S)) =)= RCH(Q*Q*)-
(Xz',Du")/T

Let F' € PSh(Var(k)*™/S). Consider
q:LF:= (- = O, ha)evar)m/sL(Ua/S) = -+ ) = F

the canonical projective resolution given in subsection 2.3.3. We then get in particular the map in
C(Var(k)?/T)

T(g, R°")(psLF) : g* RO (psLF) =
(T(9.R™)(2UUa /5)))

(= OWaha)evarwymss I "Rz, p,y/s(ZUa/S)) = --)
(Xa,Da)/S

(- = BWaha)evartkym/s 1M Rigr pryr(ZUar/S)) = ) = RM (g LF).
(X4.D4)/T

By functoriality, we get in particular for F' = F'* € C(Var(k)*™/S), the map in C(Var(k)?/T)

T(g, R“M)(psLF) : " R°M (p5LF) — R°M (p}g* LF).
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e Let 51,5 € SmVar(k) and p : S1 x Sy — S7 the projection. Let h : U — S a smooth morphism
with U € Var(k). Consider the cartesian square

UXSQK>S1XSQ

U—" =35

Take, see definition-proposition 3(i),a compactification fo = h : Xg — S; of h : U — S;. Then
foxI:XyxSy — S1xSsyis acompactification of Ax T : Ux Sy — Sy xSy and p’ : Ux Sy — U extend
to pj 1= px, : Xo X S2 = Xo. Denote Z = X\U. Take see theorem 16(i), a strict desingularization
€:(X,D) — (Xo,Z) of the pair (Xg,Z). We then have the following commutative diagram in
Fun(A, Var(k)) whose squares are cartesian

ie

D, (8)

HT P'i—Px] P”.T
./

UXSQZ(UXSQ)C({T%XXSQAD.XSQ

Then the map in C(Var(k)?/S; x S2)

T(p, REM)Z(U/S1)) : 0" Rix, )/, (Z(U/S1)) = R(xx55,D0x52)/81 x5 (LU X S2/81 x S5))

is an isomorphism. Hence, for Q* € C(Var(k)/S1) a complex of (maybe infinite) direct sum of
representable presheaves of smooth morphism, the map in C(Var(k)?/S; x Ss)

T(p, R7M)(Q") : p* R (Q") = R (p*Q")
is an isomorphism. In particular, for F' € C(Var(k)*™/S1) the map in C(Var(k)?/S; x S2)
T(p, R°™)(ps, LF) : p*R°™ (p5, LF) = R°M(p§, , 5,0"LF)
is an isomorphism.

o Let hy : Uy — S, hy : Uy — S two morphisms with Uy, Us, S € Var(k), Uy, U smooth. Denote by
p1: U1 xg Uz = Uy and py : Uy xs Uz — Uz the projections. Take, see definition-proposition 3(1))_,
a compactification f1g = hy : X190 — S of hy : Uy — S and a compactification foqg = hs : Xo9 — S
of hy : Uy — S. Then,

— fi0 % fa0 : X10 X g Xo0 — S is a compactification of hy X hy : U; xg Uy — S.

— P1o 1= PXyp - XlO X3 XQO — XlO is a Compactiﬁcation of p1: U1 Xs UQ — Ul.

— D20 = PXgp ° X10 X g X0 = Xog is a compactification of po : Uy x g Uy — Us.
Dgno‘ge 71 = Xlo\Ul and Zy = Xgo\gg. Take, see theorem 16(i), a strict Siesiggulari%ation € :
(X1, D) = (X10, Z1) of the pair (X19, Z1) and a strictdesingularization € : (X2, E) — (X290, Z2) of
the pair (X209, Z2). Take then a strict desingularization

€12 : ((Xl XSXQ)N,F)%(XH Xng,(D Xng)U(Xl XgE))
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of the pair (X1 xg Xa, (D xg X2)U (X1 xg E)). We have then the following commutative diagram

(Xl Xg XQ)N
and
— fix fo: Xy X g X, — 5 is a compactification of hy x hg : Uy xg Us — S.

— ()N ==proen: (X1 xg X2)N — X is a compactification of py : Uy xg Uz — Uj.
— (p2)N :=paoern: (X1 xg X2)V — Xy is a compactification of py : Uy x5 Uy — Us.

We have then the morphism in C(Var(k)?/S)
T(®, R§™)(Z(U1/S), Z(U2/$)) := RS" (p1) @ RG™ (p2) -
R(%,.5),5(Z(U1/8S)) ® Rix,,p))s(Z(U2/S)) = R, x %)~ F)s(Z(U1L x5 Ua/S))

For
. (2(05))
Ql = ( —)@aeAnZ(Ul O‘/S) —>@BGA” 1Z( /S) )’
) 0 e (Bl -
Qs =+ BaenBlU30/S) T, o Z(UFFS) ) € CVar(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U smooth, we get the
morphism in C(Var(k)?/S)

(T(®,RE™)(Z(UT",),Z(U3' 5))

T(,R$™)(Q1,Q5) : RYM(Q7) ® R“M(Q3) REH(Q1 @ Q3)).
For Fy, Fy € C(Var(k)*™/S), we get in particular the morphism in C(Var(k)?/S)
T(®, R§™)(p5LFy, psLFy) : REF (piLF) @ RO (psLFy) — RO (p5(LF, @ LF)).
Definition 23. Let h : U — S a morphism, with U, S € Var(k), U irreducible. Take, see definition-
proposition 3, fo = ho : Xo = S a compactification of h : U — S and denote by Z = Xo\U. Take, using

theorem 16, a desingularization € : (X, D) — (Xo,A) of the pair (Xo,A), Z C A, with X € PSmVar(k)
and D := e Y(A) = Ui_,D; C X a normal crossing divisor. Denote dx := dim(X ) dim(U).

(i) The cycle (Ap, x S) C Do x Dy x S induces by the diagonal Ap, C Dy x Dy gives the morphism
in C(Var(k)?/9)
[Ap,] € Hom(Z'" ((De % S, D)/ S), pssEet(Z((De x S, Da)/X x S)(dx)[2dx])) =
Hom(Z((De x S x X, D)/ X x S),
Z!"(De x 8 x P¥* Dy x P4X) /X x 8)/Z!" (=) x P4xX~1 (=) x Pdx~1))
C H%Z4p, 145 (0 X Do x Dg x S), s.t.c,(xDg) = Ds)
(ii) The cycle (Ag x S) C X x X x S induces by the diagonal Ag C X x X gives the morphism in
C(Var(k)?/S)
[Ag] € Hom(Z" (X x S, X)/S), ps«Fet(Z((X x S, X)/X x S)(dx)[2dx])) =
Hom(Z((X x S x X,X)/X x S),
Z (X x 8 x P, X x P /X x S)/Z ((—) x PAx~1 (=) x Pdx~1y)
CHYZ4y1as(0 x X x X x 9), s.t.a.(xX) = X)
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Let h : U — S a morphism, with U, S € Var(k), U smooth connected (hence irreducible by smoothness).
Take, see definition-proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by
Z = Xo\U. Take, using theorem 16(ii), a strict desingularization € : (X, D) — (Xo,Z) of the pair
(Xo,2) with X € PSmVar(k) and D := e *(Z) = Ui_;D; C X a normal crossing divisor. Denote
dx = dim(X) = dim(U).

(iii) We get from (i) and (i) the morphism in C(Var(k)?/S)
T(pss, ps«)(Z((De x 8, Ds)/X x S), Z((X x 8, X)/X x 8)) = ([Ap,]. [Ax]) :
Cone(Z(ie x I) : (Z'"((De x S, Ds)/S),urs) = Z" (X x S, X)/S)) —
PssEet(Cone(Z(ie x I) : (Z((De x S, D)/ X x S),ury) —
Z((X x 8, X)/X x 9)))(dx)[2dx] = R(x,py;s(Z(U/9))(dx)[2dx]
(iii)’ which gives the map in C(Var(k)2*m"/S)

T (ps, ps«)(Z((De x S, Da)/ X x S),Z((X x S,X)/X x S)) :
Cone(Z(ia x 1) : (Z'"((De % S, Da)/S), ury) — Z" (X x 8, X)/S)) =
Lps«piss Cone(Z(ie x I): (Z'" (Do x S, De)/S),ury) — Z'"((X x S, X)/89))

Lpssps«T(psy,ps«)(Z((DexS,De) /X xS),Z(XxS,X)/XxS)) Lpsuiis R( y ( (U/S))(dx)[2dx]
*USx 1Y (X D)/S

Proposition 12. Let h : U — S a morphism, with U, S € Var(k), U irreducible. Take, see definition-
proposition 3, fo = ho: Xo — S a compactification of h : U — S and denote by Z = Xo\U. Take, using
theorem 16(ii), a desingularization € : (X, D) — (Xo,A) of the pair (Xo,A), Z C A with X € PSmVar(k)
and D := e Y(A) = Us_,D; C X a normal crossing divisor. Denote dx := dim(X) = dim(U).

(i) The morphism
[Ap,]: Z"((De x 8, Ds)/S), = pssEet(Z((De x S, D)/ X x S)(dx)[2dx])
given in definition 23(i) is an equivalence (A, et) local.
(ii) The morphism
[Ag]: Z"((X x 8,X)/S), = ps+ Eat(Z((X x S, X)/X x S)(dx)[2dx])
given in definition 23(ii) is an equivalence (A, et) local.

Let h : U — S a morphism, with U, S € Var(k), U smooth connected (hence irreducible by smoothness).
Take, see definition-proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by
Z = Xo\U. Take, using theorem 16(ii), a strict desingularization € : (X,D) — (Xo,Z) of the pair
(X0, Z), with X € PSmVar(k) and D := e 1(Z) = U_;D; C X a normal crossing divisor.

(i4i) The morphism

T(pss, ps«)(Z((De x 8, Ds)/X x S), Z((X x 8, X)/X x 8)) = ([Ap,], [Ax]) :
Cone(Z(ie x I) : (Z'"((De x S,Ds)/S),urs) = Z" ((X x S, X)/S)) —

D5 Eet(Cone(Z(ie x I) : (Z((De x S, D)/ X x S),ury) —

Z((X x 8,X)/X x S)))(dx)[2dx] =: R(x,p)s(Z(U/S))(dx)[2dx]

given in definition 23(iii)’ is an equivalence (A, et) local.
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(i4i)’ The morphism
T (ps, ps«)(Z((De x S, Da)/ X x S),Z((X x S,X)/X x 5)) :
Cone(Z(ie x I) : (Z'"((De x S, D,)/S),urs) = Z" ((X x S, X)/S))
— LPS*MS*R(X,D)/S(Z(U/S))(dX)[2dX]
given in definition 23(iii)’ is an equivalence (A, et) local.

Proof. (i): By Yoneda lemma, it is equivalent to show that for every morphism g : T — S with T' € Var(k)
and every closed subset £ C T', the composition morphism

Hom®(Z((T,E)/S),C«Ap,)

[Ap,] : Hom®(Z((T, E)/S), C.Z! ((Da x S, Da)/5S))
Hom®(Z((T, E)/S), ps=Eet(Z((De x S, Ds)/ X x S)(dx)[2dx]))

is a quasi-isomorphism of abelian groups. But this map is the composite

[Ap,]

Hom®(Z((T, E)/S),Z'" ((De x S, Ds)/9))
Hom®*(Z((T, E)/S), pssEet(Z((Ds x S, Ds)/X x S)(dx)[2dx])) =
Hom®*(Z((T x X, E)/S x X),
C.Z (Do x S x P, Dy x P¥) /X x S)/ZF (=) x P71, (=) x PAX71))
which is clearly a quasi-isomorphism.
(ii): Similar to (i).
(iil):Follows from (i) and (ii).

(iii)":Follows from (iii) and the fact that pg. preserve (Al et) local equivalence (see proposition 9) and
the fact that pg. preserve (A, et) local equivalence (see proposition 8). O

Definition 24. (i) Let h : U — S a morphism, with U, S € Var(k), U smooth. Take, see definition-
proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by Z = XO\U
Take, using theorem 16(ii), a strict desingularization € : (X, D) — (Xo, Z) of the pair (Xo, Z), with
X € PSmVar(k) and D := e Y(Z) = U;_,D; C X a normal crossing divisor. We will consider the
following canonical map in C(Var(k)*™/S)

Tx,py,s(U/S) : Gr Lpsapis«Rix pys(Z(U/S)) < Grgl psapis«Rix pys(Z(U/S))
L oysCUI Gtz e e B (Z(U x 8,U)/U x 8)) 925, b B ((U/0)) =: DY(Z(U/S))
where, for b’ 1V — S a smooth morphism with V' € Var(k),
(U/S)(V/S) : Z((U x S,U)JU x S)(V x U x S,V xgU/U x S) = Z(UJU)(V x5 U), = ajyxsur
which gives
1%U/S)(V/S) : E%(Z((U x S,U)JU x S))(V x U x S,V xsU/U x S) = EX(ZUJU))(V x5 U),
and by induction

TSUU/S) : Grid psapisps«E5 (Z((U x S,U) /U x 8)) = h EZ(Z(U/U))

<i

where 7=* is the cohomological truncation.

(i) Let g : U'/S — U/S a morphism, with U'/S = (U',h'),U/S = (U,h) € Var(k)/S, U,U" smooth.
Take, see definition-proposition 3(ii),a compactification fo = h:Xy—=Sofh:U—= S and a
compactification fi=h : X, — S of b : U — S such that g : U'/S — U/S extend to a morphism
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go: X4/S — Xo/S. Denote Z = Xo\U and Z' = X(\U'. Take, see definition- proposztwn 3(ii), a
strict desingularization € : (X, D) — (Xo,Z) of (Xo,Z), a strict desingularization €, : (X', D) —
(X}, 2") of (X}, 2") and a morphism g : X' — X such that the following diagram commutes

X2 X,
x 2.5
Then by the diagram given in definition 22(i), the following diagram in C(Var(k)*™/S) obviously

commutes

Tix,py/s(U/S)
G Lpsupsi R(x,p)/s(L(U/S)) ———"—— h.E(2(U/U)) := D}(Z(U/9))

REM (g l lT(gyE)()Oad(g*19*)(Eet(Z(U/U))):—D%(9)

Tixr.prys(U'/S)
Gri Lpsuus Rz prys(Z(U')8)) s W B (Z(U' JU)) = DY(Z(U'/S))

where L(U/S) are (U'/S) are the maps given in (i).
(iii) Let S € SmVar(k). Let F € C(Var(k)*™/S). We get from (i) and (ii) morphisms in C(Var(k)*™/S)

TS"(LF) : Grgl Lpsuis«R(x+ pry)s(psLF)

r§ " (LF) WL(F)

Gt Losuns DR (s LF) "2 DY(L(F))

Lemma 1. (i) Let h : U — S a morphism, with U, S € Var(k), U smooth. Take, see definition-
proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by Z = Xo\U.
Take, using theorem 16(ii), a strict desingularization € : (X, D) — (Xo, Z) of the pair (Xo, Z), with
X € PSmVar(k) and D = e Y(Z) = Ui_,D; C X a normal crossing divisor. Then the map in
C(Var(k)>*m" 3)

ad(Grg™, Grsl ) (Lps«ps« Rz, py /s (Z(U/S))) 0 q
Grg®* LGrg, Lps.pus«R(x,p)/s(Z(U/S)) = Lps.ps«R(x.p)s(Z(U/S))

is an equivalence (A1, et) local.
(ii) Let S € SmVar(k). Let F € C(Var(k)*™/S). Then the map in C(Var(k)>*m?" /S)
ad(Grg™, Grel ) (Lps«ps«Rx- p-y/s(p5LF)) o q :
Grg™* L Grg, Lpsupiss R(x- py/s(PSLF) = Lpgupis«Rx+ pey/s(psLF)

is an equivalence (A1, et) local.

Proof. (i): Follows from proposition 12.
(ii): Follows from (i). O

Definition 25. (i) Leth:U — S a morphism, with U, S € Var(k) and U smooth. Take, see definition-
proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by Z = XO\U
Take, using theorem 16(ii), a strict desingularization € : (X,D) — (Xo,Z) of the pair (Xo,Z),
with X € PSmVar(k) and D := ¢ '(Z) = Ui_;D; C X a normal crossing divisor. We denote
by e : Dy — X = X( o) the morphism of simplicial varieties given by the closed embeddings

: Dr = NierD; — X We denote by j : U — X the open embedding and by ps : X x S — S
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(ii)

and ps : U x S — S the projections. Considering the graph factorization f : X LXxSh s
of f : X — S, where [ is the graph embedding and pg the projection, we get closed embeddings
l —l>< S: X > XxS and lp, = D; xgl: D; — Dy x S. We then consider the map in
C(Var(k)*" /)

T(RC™, RA)(Z(U/S)) : Rix,p)s(Z(U/S))

= Cone(Z(ie x I) : (Z"((Dy x S, Ds)/S),ury) — Z" ((X x 8, X)/9))(—dx)[—2dx]
T (psy,ps ) (Z((De x5, Da) /X x 8),Z((X x8,X) /X xS))(—dx)[~2dx]

LPS*MS*R(X,D)/S(Z(U/S))-

given in definition 23(iii).

Let g : U'/S — U/S a morphism, with U'/S = (U',1'),U/S = (U, h) € Var(k)/S, with U and U’
smooth. Take, see definition-proposition 3(ii),a compactification fo =h: Xo — S of h: U — S and
a compactification fo =h': X, — S of ' : U — S such that g : U'/S — U/S extend to a morphism
Jo : X}/S — Xo/S. Denote Z = Xo\U and Z' = X(\U'. Take, see deﬁmtmn—pmposztwn 3(ii), a
strict desingularization € : (X, D) — (Xo,Z) of (Xo,Z), a strict desingularization €, : (X',D') —
(X}, Z") of (X}, Z') and a morphism g : X' — X such that the following diagram commutes

g =
X)—— Xo .

1

X -9%.%x
We then have, see definition-proposition 3(ii), the diagram (7) in Fun(A, Var(k))

e

U =Uga) . x- Xe(o) sg(®)

9T gT giT
4/ . i

U = Ué(.) X = X/( o<~ D’. <—g§71(Dsg(.)) : i;.

Consider

[P)" € Hom(Z™ (X x 8, X)/8)(~dx) [-2dx], 2" (X' x 8, X')/8)(~dx)[~2dx])
2 Hom(Z' (X x A" x S, X x A%x")/S),
Ztr((X’ x P9X S, X' % ]P’dx)/S)/Ztr((—) « IEpalX—l7 (_) % ]pdx—l))

the morphism given by the transpose of the graph T'y C X' xg X of g : X' — X. Then, since

e 0 Jo = GOy, = goi' ooiy,, we have the factorization

O]t 0 Z(ia x I) : (Z"((Da,(a) % S, D, (0))/S), ) (—dx ) [~2dx]

Bl (g7 (Day a)) % 5,5~ (D, o))/ S), )~ [2dx)

20D, 2 (R % 8.X)/8)(—dxr)[~2dx .
with
[F* ]t S Hom((Ztr((Dsg(.) x Adx’ x S, Dsg(.) X AdX')/S), ’LL[J),
(Zir (5~ (Ds,(0)) X P x 8,57 1Dy, 0)) X PX)/S),upy) /Z7 (=) x P (=) x PAT)),
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We then consider the following map in C(Var(k)*P"/S)

RS"(9) : Rix.p)/s(Z(U/S)) =
COHG(Z(i. X I) : (Ztr((Dsg(.) X S, Dsg(.))/S),ulj) — Ztr((X X S,X)/S))(— X)[_2dX]
([Tg; 15,051

Cone(Z(ige x I) :

(Z" (57 (Dsy@) x 8,571 (Ds,())/8)urs) = Z7 (X' x S, X)/8)))(—dx/)[~2dx/]
(2 x D)D) (= dx)[=2dx/]

Cone(Z(iy x I) : (Z"((Dy x S, Dy))/S),urs) = Z7 (X" x 8, X')/9)))(—dx)[—2dx]
= Rixr,pry/s(Z(U'/9))
Then the following diagram in C(Var(k)?*™P"/S) commutes by definition

. T(RH R (2(U/S))
Rix.py/s(Z(U/S)) ———Lps«ps«Rx py/s(Z(U/S))

Rg”(g)l les*us*RgH(g)

A T(R°H ,RH)(2(U/S))
R,y s B0 1) 2 s R 50,1y (2(U/9)

(iii) For g1 : U")S — U'/S, g2 : U')JS — U/S two morphisms with U"/S = (U',h"),U'/S =
(U',h"),U/S = (U,h) € Var(k)/S, with U, U" and U" smooth. We get from (i) and (i) a compact-
ification f = h : X — S ofh:U — S, a compactification f' =h' : X' = S of ¥ : U’ = S, and a
compactification f" = h" : X" — 8 of b" : U" — S, with X, X', X" € PSmVar(k), D := X\U cX
D' := X'\U'Cc X', and D" := X"\U" C X" normal crossing dz’visors, such that g1 : U"/S - U'/S
extend to g1 : X"/S — X'/S, g2 : U'/S — U/S extend to go : X'/S — X /S, and

R§H (g2 0 g1) = REM (91) 0 RS (92) = Rix pyys = Rz pryys
(iv) For

Z n
Q= (o o BaennZ(U/8) L gy AZU/S) ) € C(Vax(R)/S)

a complex of (maybe infinite) direct sum of representable presheaves with UX smooth, we get from
(i),(ii) and (iii) the map in C(Var(k)*smP" /S)
T(RM, R Q") : ROM(Q) i= (- = Bgenn  lim R(ng175271)/S(Z(Ug*1/5))
(X5~t,Dp~Y/8
(RCH((JQ 5)) A n CH *
—— @aear lim Rz pnys(ZUL/S)) = ) = LpsepsR77(Q7),
(Xn Dn) S
where for (Uy, hyy) € Var(k)/S, the inductive limit run over all the compactifications fo:Xa— S
of ho, : Uy — S with X, € PSmVar(k) and D, := X,\Us a normal crossing divisor. For m =
(m*) : QF — Q3 a morphism with
qa 5))

QT ( T EBO(EA"Z(UI a/S) —> 69BEA" IZ( /S) )7

ga,B))

Q5= (- = DaeanZ(U3,/5) RGN Bpean1Z(UF 5" /S) = --+) € C(Var(k)/9)
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complexes of (maybe infinite) direct sum of representable presheaves with U , and Us , smooth, we
get again from (i),(i) and (iii) a commutative diagram in C(Var(k)>*™P" /S)

TR RS

. . )(Q3) .
RCH(Q3) Fospis RO (Q3)

R§H<m>:—<R§H<m*>>l lLPS*#S*RgH(m)i—LPS*#S*(RgH(m*))
R . T(RCH,RCH)( *) .
ROH(Qp) — s S s ROH(Q3)

Let S € Var(k) For (h,m,m') = (h*,m*,m™) : Qi[1] — Q% an homotopy with Q%,Q3 €
C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with Uy, and
U3 , smooth,

(R§™ (h), RG™ (m), R§™ (")) = (R§™ (h*), RG™ (m*), R§™ (m)) : R7M(Q3)[1] — RE*(Q7)

is an homotopy in C(Var(k)>*™P"/S) using definition 25 (iii). In particular if m : Q7 — Q% with
Q7,Q% € C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with
Ut and Us , smooth is an homotopy equivalence, then RS (m) : REH(Q3) — REH(QY) is an
homotopy equivalence.

Let S € SmVar(k). Let F' € PSh(Var(k)®™/S). Consider

(Z(9a,8))
T

q: LF:= (- = B ha)evar(ysm sL(Ua/S) D(Uaho)eVar(e)m/sL(Ua/S) = -++) = F

the canonical projective resolution given in subsection 2.3.3. Note that the U, are smooth since S
is smooth and h, are smooth morphism. Definition 25(iv) gives in this particular case the map in

C(Var(k)?/S)

T(RgH,RgH)(ngF) : RCH(PELF) =( = DO (Ua,ha)eVar(k)sm /S ) hg R(XQ,DQ)/S(Z(Ua/S))

(Xa,Da)/S

(RS (g2 5)) . ~ "

— s B (U ha)eVar(k)m /S lim Rz, p,y/s(Z(Ua/S)) =)= Lpspis« REF (p5 L),
(Xa:Da)/S

where for (U, ha) € Var(k)*™ /S, the inductive limit run over all the compactifications f, : X, — S
of hg : Uy, — S with X, € PSmVar(k) and D, := X,\U, a normal crossing divisor. Defini-
tion 25(iv) gives then by functoriality in particular, for FF = F* € C(Var(k)*™/S), the map in
C(Var(k)>smrr /S)

T(RS™, R§™)(p5LF) : RO (95 LF) = Lps.us. RO (p5LF).

Let g : T — S a morphism with T, S € SmVar(k). Let h : U — S a smooth morphism with
U € Var(k). Consider the cartesian square

UTh—/>T

ok

U—t.gs
Note that U is smooth since S and h are smooth, and Uz is smooth since 7' and A’ are smooth.
Take, see definition-proposition 3(ii),a compactification fo = h : X9 = S of h : U — S and a
compactification f} = goh’ : X, — S of goh’ : U’ — S such that ¢’ : Ur/S — U/S extend
to a morphism g} : X}/S — Xo/S. Denote Z = Xo\U and Z' = X/\Ur. Take, see definition-
proposition 3(ii), a strict desingularization € : (X, D) — (Xo, Z) of (Xo,Z), a desingularization
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€ : (X',D") — (X},Z") of (X}, Z'") and a morphism g’ : X’ — X such that the following diagram
commutes

_r
_ 90 _
X —— Xo .

1,

x-2.x

We then have, see definition-proposition 3(ii), the following commutative diagram in Fun(A, Var(k))

j i.

U=Ue) X =X

g/T g/T (g’)’.T

Ur = UT,c(o) J—) X' = Xé(.) Z<.— D! <—gj§'71(DS ,(.)) Y

° g ge
We then consider the following map in C(Var(k)??"/T),

T(g, R“")(Z(U/S)) : 9" Rix,p)/s(Z(U/S))
=5 g% Cone(Z(ia x I) : (Z((Da x 8, D4)/S), urs) = Z7 (X x S, X)/S))(—dx)[~2dx]
T(0,L)(-)oT(5,0)(-)

Cone(Z(ifyy x I) : (Z'" ((De x T, 5~ (Ds,(0))/T),urs) = Z" (X x T, X")/T)))(—dx)[—2dx]
(ITy, 1, [T1")

Cone(Z(iye x I :

(Z" (57 (Ds,0) * T,97 (D 0))/T),urg) = 27 (X' x T, X')/T)))(=dx)[~2dx]

(Z(ige x 1), 1) (—dx/)[~2d x/]

Cone(Z(i’, X I) : ((Ztr((l—)l. X T, DI.))/T),U[J) — Ztr((X/ X S, X/)/T)))(—dx/)[—QdX/]
= Rz pry,r(Z(Ur/T))
For

Z(g4,5))
R

Q"= (= Baern (U /S) - Spern 1 LU /S) — ---) € O(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with k% : U? — S smooth, we
get the map in C(Var(k;)lsmpr/T)

T(g, R°")(Q") : " R*(Q") = (- = Baean lim Q*R(Xg,bg)/s(Z(UZf/S)) =)
(Xz,D2)/S

(= Daecan lim R(Xg',Dg/)/T(Z(Ug,T/S)) — ) = R (g*Q")
(X&'.Dn")/T

(T(g.R“")(2(UL/9)))

together with the commutative diagram in C(Var(k)2*™" /T)

7(9.R7")(Q")

g*T(RgHngH)(Q*)l T(REHM,RE™) (9" Q)
. TLaRC2)(Q*)oT (g,1)(—)eT(g,p) (=)o (g,L)(—) .
g* Lps.ns. LEHQYS Lprfir«REH (9" Q")
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Let F' € PSh(Var(k)*™/S). Consider
q:LF:= (- = ®w. ha)evar)m/sL(Ua/S) = -+) = F

the canonical projective resolution given in subsection 2.3.3. We then get in particular the map in
C(Var(k)®smer /T

T(g, R°)(p5LF) : g RO (o5 LF) =
(T(g,R°")(2(Ua/89)))

(- = BWa,ha)evar(kyem /s im 9" Rix,,00)/5(ZUa/S) = )
(Xa,Da)/S

(- = OWaha)evarymss  m Ry pryr(ZWUar/S)) = ---) = R (ppg" LF),
(X4,D7,)/T

and by functoriality, we get in particular for F' = F'* € C'(Var(k)*™/S), the map in C(Var(k)?*™P" /T)
T(g, RO")(p5LF) : g* RO (p5LF) — R°M (p}g* LF)
together with the commutative diagram in C(Var(k)2*™" /T)

T(9,RM)(p5LF)

g*REM (ps LF) R (pg" LF)
g T(RSH RE™) (05 LF) JT(R$H7R2H>@;9*LF>
. Lp T(g. R ™) (05 LF)oT (9,1)(=)oT (9.0) (—)oT (9. LU ),
9" Lpsupss RO (p L) = Lorenr s REF (pg* LF)

Let S1,S2 € SmVar(k) and p : S; x S; — S the projection. Let h : U — S7 a smooth morphism
with U € Var(k). Consider the cartesian square

UXSQ%SHXSQ

v—" _g

Take, see definition-proposition 3(i),a compactification fo = h : Xg — S; of h : U — S;. Then
foxI:XoxSy— S xSy is acompactification of h x I : U x Sy — Sy x Sy and p' : U x Sy = U
extend to pj 1= px, : Xo X S2 — Xo. Denote Z = Xo\U. Take see theorem 16(i), a strict
desingularization € : (X, D) — (Xo, Z) of the pair (Xo, Z). We then have the commutative diagram
(8) in Fun(A, Var(k)) whose squares are cartesian

HT Pli—ZDxT P”.T
./

U x Sy = (U % Sa)e(a)y —> X X Sy <—— Dy x Sy

Then the map in C(Var(k)%$™P" /S x Sa)

Tp, RM)(E(U/51) : 0" R0/, BU/S1)) = Rixxsapoxsayssisa BT X S2/S1 x 52))

is an isomorphism. Hence, for Q* € C(Var(k)/S1) a complex of (maybe infinite) direct sum of
representable presheaves of smooth morphism, the map in C(Var(k)?™P" /S; x Ss)

T(p, R7)(Q") : p"R(Q") = R (p* Q")
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is an isomorphism. In particular, for F' € C(Var(k)*™/S;) the map in C(Var(k)?5™P" /S; x S,
1% 1% » p
T(p, R°™)(ps, LF) : p* REH (0%, LF) = R°" (p, , 5,0" LF)

is an isomorphism.

Let hy : Uy — S, he : Uy — S two morphisms with Uy, Us, S € Var(k), Uy, Us smooth. Denote by
p1: Uy xg Uy — Uy and P2 Ui xg Us — Uy the projections. Take, see deﬁn1t10n—pr0p051t10n 3(i ))
a compactification fio = h1 : X190 — S of hy : Uy — S and a compactification fag = ho : Xog — S
of h,2 : UQ — 5. Then,

— f_10 X f_20 : XlO X3 XQO —Sisa compactiﬁcation of hl X h,2 : U1 Xs U2 — 5.
— D10 = PxXyp ° X10 X g X909 — X1 is a compactification of py : Uy xg Uy — Uj.
— P20 1= PXop - XlO X3 XQO — XQO is a Compactiﬁcation of p2 U1 Xs UQ — U2.
Denote Zy = X10\Up and Zy = Xo0\Us. Take, see theorem 16(i), a strict desingularization €; :
(X1, D) — (X109, Z1) of the pair (X9, Z1) and a strictdesingularization & : (X, E) — (X2, Z2) of
the pair (Xgo, Zg) Take then a strict desingularization
€19 : ((Xl XSXQ)N,F) — (Xl XgXQ,(D XgXQ) U(Xl XgE))

of the pair (X1 xg Xa, (D x5 X2)U(X; xg E)). We have then the following commutative diagram

and

— fixfa: X, X g Xy — S is a compactification of hy x ho : Uy x5 Uy — S.

— ()N ==proen: (X1 xg X2)N — X is a compactification of py : Uy xg Uz — Uj.

— (P2)N :=pooern: (X1 x5 Xo)N — Xy is a compactification of py : Uy xg Uy — Us.
We have then the morphism in C(Var(k)2*m" /S)

T(®, RS™)(Z(U1/8), Z(U2/S)) := RS (p1) @ RE™ (p2) :
Rx,.0y/5(Z(U1/8) ® Rix;,))/8(Z(U2/8)) = R, o 50y~ .1y 5 (Z(U1 x5 U2/ 8S))

For

i} . (g7 )
Q; = (- = Daean Z(U] 4/ §) —=L2,

. . (Z(g2 5))
Q3= (- = BaeanZ(U3 o/ S) —25

Bpean1Z(UT5/S) = ),
Gpean1Z(Uy5"/S) — ) € C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U smooth, we get the
morphism in C(Var(k)%sm?r/S)

(T(®,RS™)(Z(UT"),2(U )

T(®,R§™)(Q1,Q3) : RM(Q7) ® R (Q3) ROM(Q1®Q3))
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, together with the commutative diagram in C'(Var(k)%s™P/S)

T(®,25™)(Q7,Q2)

ROM(Q7) @ R (Q3) ROM(QT % Q3)
T(RgH7RgH)(QT)®T(R§HxR§H)(Q§)l lT(RgHngH)(QT(@Q;)
Lpsopss (ROF(Q1) @ ROM QY 22T OO 1y ROH(Q5 0 Qa)
For Fy, F» € C(Var(k)*™/S), we get in particular the morphism in C(Var(k)?/S)
T(e, R$") (G5 LFy, p5LFs) - ROV(GSLEY) @ RO (55 LFy) — RO (p5(LF, L)
together with the commutative diagram in C(Var(k)?*™P"/S)

T(®7RgH)(p*SLF17p*SLF2)

ROH (p5 LFy) @ ROH (ph LEy) ROH(ps LFy x p5LFy)
T(RE™ RE™) (p5 LF)@T (RS \RS™) (o5 LF2) lT(RgH,RgH)(p*sLF1®p*S

. . LoseusT(®,RE™ ) (p5 LF1,p5 LF ; .
Lpsapise(ROH (05 LF) @ ROH (o LRy 12 WOSERORiy niso ROH (05 LFy X pLFy)

For S € Var(k), we will use rather the functors R and ROSCH since we are working in the image
of the graph functor Grg’ : Var(k)/S — Var(k)?/S. We have the full subcategory SmVar(k)/S C
Var(k)/S whose objects are morphisms f : X — S with X € SmVar(k). Then Grg*(SmVar(k)/S) C
Var(k)?*mp" /S. If S € SmVar(k), we have the factorization of morphism of site

Grl2 : Var(k)27 /5 S5, SmvVar(k) /S 25 Var(k)™ /S.
Definition 26. (i) Leth:U — S a morphism, with U, S € Var(k) and U smooth. Take, see definition-

proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by Z = Xo\U.
Take, using theorem 16(ii), a strict desingularization € : (X,D) — (Xo,Z) of the pair (Xo,Z),
with X € PSmVar(k) and D := ¢ '(Z) = Ui_;D; C X a normal crossing divisor. We denote
by ie : Dy — X = X( o) the morphism of simplicial varieties given by the closed embeddings

: Dr = NierD; — X We denote by j : U — X the open embedding. We then consider the

followmg map in C(Var(k)/S)
r?X,D)/s( (U/8) : R (X D)/S( (U/s))
i> FiEetr(Cone(Z(is) : (Z((De)/X), urs) = Z((X /X))
QRGN EELD, b Bu2(U/V)) = DY(E(U/S)).

Note that Z(D;/X) and Z(X /X)) are obviously A' invariant. Note that r(x pyss is NOT an equiv-
alence (A, et) local by proposition 4 since px,Z(De/X) = 0, and pg, ad(j*, j.)(Z(X /X)) is not
an equivalence (A, et) local.

(i) Let g : U'/S — U/S a morphism, with U'/S = (U',h'),U/S = (U, h) € Var(k)/S, with U and U’
smooth. Take, see definition-proposition 3(ii),a compactification fo =h: Xo — S of h: U — S and
a compactification fi = h' : XO — S ofh : U — S such that g : U'/S — U/S extend to a morphism
go: X3/S — Xo/S. Denote Z = Xo\U and Z' = X(\U'. Take, see definition- pmposztwn 3(ii), a
strict desingularization € : (X, D) — (Xo,Z) of (Xo,Z), a strict desingularization €, : (X',D') —
(X}, Z') of (X}, Z') and a morphism g : X' — X such that the following diagram commutes




We then have, see definition-proposition 3(ii), the commutative diagram (7) in Fun(A, Var(k))

e

U =Uga) . x- Xe(o) Dy, o)

9T gT giT
. .7 i

U =U!( —

c(e) - X/ = X(/:(.) ~— D/' %g-ail(Dsg(')) : Zi]'
We then consider the following map in C(Var(k)/S)

ROSCH(Q) : R?X)D)/s(Z(U/S)) —
FoBer(Cone(Zia) : (Z((D., (0)/ X ), urs) = Z(X /X))

T(3,E)(—)ops« ad(3",g+)(—)

fLE(Cone(Z(is) : (Z((G " (Ds,0)/X")surs) = Z((X' /X))
FiBet(Z(iyy) 1)
_—

fiBei(Cone(Z(iy) : (Z(D4/X'),ury) — Z(X'/ X))
= Rix prys(Z(U'/9))

Then by the diagram (7) and adjonction, the following diagram in C(Var(k)/S) obviously commutes

R 55 (2(U]8) — 20T By @) = DY)

(X.D
R%CHm)l Ds(9):=T(g,E)(—)oad(g",9:) (Eet(Z(U/U)))
031 b1y s(ZU'/S))
(X’",D") /s
Rl piy 5 (T(U'[S)) ——"— W E(Z(U' /U")) = DY(Z(U"/S))

(i) For g1 : U")S — U'/S, g2 : U'/S — U/S two morphisms with U"/S = (U',h"),U')S =
(U',h),U/S = (U,h) € Var(k)/S, with U, U and U" smooth. We get from (i) and (ii) a compact-
ification f =h: X = S of h: U = S, a compactification f' =h' : X' = 8 of B : U’ = S, and a
compactification f" =h" : X" — S of b : U" — S, with X, X', X" € PSmVar(k), D := X\U C X
D' := X"\U' Cc X', and D" := X"\U" C X" normal crossing divisors, such that g, : U" /S — U'/S
extend to g1 : X" /S — X'/S, g2 : U'/S — U/S extend to go : X'/S — X /S, and

R (g2 0 91) = RE (91) 0 RE™ (92) : R py)s = Rixn oy

(iv) For

Z(ga,5))
—

Q"= (- — DaearZ(UL/S) - Dpean 1 LU /S) — --) € C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with UX smooth, we get from

(i), (i) and (%i) the map in C(Var(k)/S)

rgCH(Q*) : ROCH(Q*) = ( - = Dgean—t h_r>n R?X;*I)Dg*l)/S(Z(Ugil/S))

(RS™ (g7 4)) . . .
¥>690461\" hﬂ R?X27Dg)/S(Z(UQ/S)) _)) %DS(Q )7

(Xz.Dn)/s

where for (U, hy) € Var(k)/S, the inductive limit run over all the compactifications fo:Xa— S

) (e

of he, : Uy — S with X, € PSmVar(k) and D, := X,\Us a normal crossing divisor. For m =
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(v)

(m*) : Q7 — Q3 a morphism with

* (95,5)) [rn—
Ql ( %@QGA"Z(Ul a/S> —ﬁ>@ﬁ€1\n 1Z( 1,,81/‘9)_)"')’

« n Z(94,5)) e
Q5= (- = Baean (UL, /8) L)), Opean 1 ZUF5'/S) = ---) € C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U , and Us , smooth, we
get again from (i), (i) and (iii) a commutative diagram in C(Var(k)/S)

r$71(Q3)

ROCH(Q3) D%(Q3)
R%CH(W)?_(R%CH(W*))l le(m):—(D%(m*))
0CH (yxy "5 QD) 0 ()
RPH(QY) Dg(@7)
Let

(Z(94,8))
T

Q" =+ = BacarZ(U"/S) ©pean 1 Z(UL/S) = ) € C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with UX smooth, we have by
definition
Grg®* R*M(Q) = RM(Q") € C(Var(k)?/S).

Let S € Var(k) For (h,m,m’) = (h*,m*,ml*) : Q1] — Q3% an homotopy with Q7,Q5 €
C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with Uy, and
U3, smooth,

(RE M (h), R (m), R§™ (m")) = (REH (h*), RE™ (m*), RE™ (m*)) : R*CM(Q3)[1] — R*M(Q7)

is an homotopy in C(Var(k)/S) using definition 26 (iii). In particular if m : Qf — Q% with
Q7,Q% € C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with
Ui o, and U3 , smooth is an homotopy equivalence, then RE“H (m) : R°“H(Q3) — R'“H(Q7) is an
homotopy equivalence.

Let S € SmVar(k). Let F' € PSh(Var(k)®*™/S). Consider

(Z(9a,8))
q: LF = (- = ©w, hoyevar(y SLUa/ S) =" B, ha)evar(yrsLUafS) = ++) = F
the canonical projective resolution given in subsection 2.3.3. Note that the U, are smooth since S
is smooth and h, are smooth morphism. Definition 26(iv) gives in this particular case the map in

C(Var(k)/S)

PCH (P LF) : ROH(pSLEF) = (- = S nevarymys I Bl o (Z(U/S))
(Xa,Da)/S

(RS (g2 5)) . \
"5 O bV /s I Rlx 5o o(Z(Ua/S)) = ---) = DY(p5LEF),

(Xa,Da)/8

where for (Uy, ha) € Var(k)*™ /S, the inductive limit run over all the compactifications f, : X, — S
of hg : Uy — S with X, € PSmVar(C) and D, := X,\U, a normal crossing divisor. Defini-
tion 26(iv) gives then by functoriality in particular, for FF = F* € C(Var(k)*™/S), the map in
C(Var(k)/S)

r0CH (D5 LF) = (r2°7 (p5LF*)) : R (p5LF) — DY(p5LF).
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e Let g : T — S a morphism with 7,5 € SmVar(k). Let h : U — S a smooth morphism with
U € Var(k). Consider the cartesian square

UTLT

Fl

U—".3g

Note that U is smooth since S and h are smooth, and Uz is smooth since 7' and A’ are smooth.
Take, see definition-proposition 3(ii),a compactification fo = h : Xo — S of h : U — S. Take,
see definition-proposition 3(ii), a strict desingularization € : (X, D) — (Xo, Z) of (Xo,Z). Then
fy = gol : Xr — T is a compactification of g o b’ : Up — S such that ¢’ : Up/S — U/S
extend to a morphism gj : Xr/S — X/S. Denote Z = Xo\U and Z’ = Xp\Ur. Take, see
definition-proposition 3(ii), a strict desingularization ¢, : (X', D') — (Xr, Z') of (X1, Z"). Denote
g =ghoe,: X' = X. We then have, see definition-proposition 3(ii), the following commutative
diagram in Fun(A, Var(k))

e

U ="Uga) X =X D, (o)
g/T géT (g’)’.T
Ur = Ur,(e) 7, X1 = X1.0(0) e Ql_l(Dsg/(.))
g/T g/T e’.T
Ur = Ur,c(e) I X L D, i%'*l(Dsg,(.)) Dige

We then consider the following map in C(Var(k)/T'), see definition 26(ii)

T(g, R*M)(Z(U/S)) - 9" Rk py s (Z(U/S))

g* RgCH (g/)

9" Rix: prys(Z(UT/S)) = 9°9- Rl pry,r(Z(Ur/T))

ad(g”.9.) (R0 7 (Z(Ur/T)))

R(()X/,D/)/T(Z(UT/T))
For

Z(94,8))

Q"= (- — BaearZ(UL/S) - Spenn LU /S) > ---) € O(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with h” : U — S smooth, we
get the map in C(Var(k)/T)

T(g, R*M)(Q7) : g R*M(Q) = (- = aear  lim  g"Rig, puys(Z(UL/S)) = -+)
(Xz.D%)/8
(T(9.R"H) @(U2/5)))

( — ®QGA" hﬂ RO

(Xg’)DZ/)/T(Z(Ug,T/S)) - ) = RCH(Q*Q*)-
(Xz'.Dy")/T

Let F' € PSh(Var(k)*™/S). Consider
q:LF = (- = ®w, ha)evar(k)om/sL(Ua/S) = -+ ) = F

the canonical projective resolution given in subsection 2.3.3. We then get in particular the map in
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C(Var(k)/T)

T(g, R*“™)(psLF) : g*R* M (psLF) =
(T(9. R )(2Ua /5))

(. RN @(Umha)EVar(k)Sm/S ) th>1 Q*R(()XQ,D@)/S(Z(UQ/S)) — - )

(Xa,Da)/S
(= Bahevamyn/s I Rl by p(ZUar/8)) = --) =t RO (ppg" LF).
(X4.DL)/T

By functoriality, we get in particular for F' = F* € C(Var(k)*™/S), the map in C(Var(k)/T)

T(g, R*M)(psLF) : g*RM (p5 LF) — R°“M (p1g* LF).

Let S1,S52 € SmVar(k) and p : S; x So — S the projection. Let h : U — S7 a smooth morphism
with U € Var(k). Consider the cartesian square

UXSQASHXSQ

v—" _g

Take, see definition-proposition 3(i),a compactification fo = h : Xg — S; of h : U — S;. Then
foxI:XoxSy— S xSy is acompactification of h x I : U x Sy — Sy x Sy and p' : U x Sy — U
extend to pj = px, : Xo X S2 — Xo. Denote Z = Xo\U. Take see theorem 16(i), a strict
desingularization € : (X, D) — (Xo, Z) of the pair (Xg, Z). We then have the commutative diagram
(8) in Fun(A, Var(k)) whose squares are cartesian

HT Pli—ZDxT P”.T
./

UXSQZ (UXS2)C(J.;<;‘X><S2AD. XSQ

Then the map in C(Var(k)/S1 x S2)
T(p, R"“™)(Z(U/51)) ZP*R?X,D)/SI (Z(U/S1)) = R?Xxs2,D.x52)/slx52 (Z(U x S2/81 x S2))

is an isomorphism. Hence, for Q* € C(Var(k)/S1) a complex of (maybe infinite) direct sum of
representable presheaves of smooth morphism, the map in C(Var(k)/S1 x S2)

T(p, RCT)(Q*) : p* ROCH (Q*) = ROCH (" (0%)
is an isomorphism. In particular, for F € C(Var(k)*™/S1) the map in C'(Var(k)/S1 x S2)
T(p, R*“™)(p%, LF) : p* R (p§, LF) = R*® (p}, , 5,0" LF)
is an isomorphism.

Let hy : Uy — S, he : Uy — S two morphisms with Uy, Us, S € Var(k), Uy, Us smooth. Denote by
p1: U Xg Uy = Uy and ps : Uy xg Uy — Us the projections. Take, see definition-proposition 3(i)),
a compactification fw =hy:Xio— Sofh:U; —» Sanda compactification f20 =hy: Xog = S
of h,2 : UQ — 5. Then,

— f_10 X f_20 : XlO X3 XQO —Sisa compactiﬁcation of hl X h,2 : U1 Xs U2 — 5.
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— P1o 1= PXip - XlO X3 XQO — XlO is a Compactiﬁcation of p1: U1 Xs UQ — Ul.
— P20 1= PXop - XlO X3 XQO — XQO is a Compactiﬁcation of p2 U1 Xs UQ — U2.

Denote Z; = X10\U; and Zy = X2z0\Usz. Take, see theorem 16(i), a strict desingularization €; :
(X1,D) = (X190, Z1) of the pair (X109, Z;) and a strictdesingularization & : (X2, E) — (X20, Z2) of
the pair (X290, Z2). Take then a strict desingularization

9! ((Xl XSXQ)N,F)%(XH Xng,(D Xng)U(Xl XgE))

of the pair (X1 xg Xa, (D xg X2)U (X1 xg E)). We have then the following commutative diagram

(X1 x5 X)W
and
— fixfa: X, X g Xy — S is a compactification of hy x ho : Uy xg Uy — S.
— (p)N :==proern: ()_(1 X g XQ)N — X is a compactification of p; : Uy xg Uy — Uy.
— (P2)N == pooern: (X1 x5 Xo)V — Xy is a compactification of py : Uy xg Uy — Us.
We have then the morphism in C(Var(k)/S)
T(@, REM)(Z(U1/5),Z(Us/S)) := RS (p1) @ RS (pa) :
R?X y/s(Z(U1/9)) @ R?X2,E))/S(Z(U2/S)) = R?XIXSXQ)N 7ys(Z(U1 x5 Uz/5))

For
. (Z(g%,5))
Ql = ( C = EBaEA"Z(Ul Q/S) ®BEA" IZ( /S) )’
. n 2(g5,5)) n—
Q3= (- = @aeaZ(UY,/S) RaCTYN Spenr1Z(UF5"/S) = --+) € C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U smooth, we get the
morphism in C(Var(k)/S)

. . o (T(@,RETNZ(UT)Z(UT 3)) . .
T(®, RE™)(Q7, Q%) : RH(Q) @ R*“M(Q3) - - 225 ROOM(QT 0 Q3)).

For Fy, Fy € C(Var(k)*™/S), we get in particular the morphism in C'(Var(k)/S)

T(®, RCM) (o5 LFL, psLF:) : ROM (p5LF) @ R'°M (p5LFy) — RO (ps(LF, © LFy)),

Definition 27. Let h : U — S a morphism, with U,S € Var(k), U irreducible. Take, see definition-
proposition 3, fo = ho: Xo — S a compactification of h : U — S and denote by Z = Xo\U. Take, using
theorem 16, a desingularization € : (X, D) — (Xo, A) of the pair (Xo,A), Z C A, with X € PSmVar(k)
and D = e Y(A) = Us_; D; C X a normal crossing divisor. Denote dx = dlm(X) = dim(U).

(i) The diagonal Ap, C De x D, induces the morphism in C(Var(k)/S)

[Ap,] € Hom(Z" (D4 /S), fuEet(Z(Do/ X)(dx)[2dx])) =
Hom(Z(Da x5 X/X), 2" (De x P /X)/Z'" (Do x P71/ X))
C H%(Z4,, (0% x Dy x5 Da))
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(ii) The cycle Agx C X xg X induces by the morphism in C(Var(k)/S)

[Ax] € Hom(Z" (X/S), fBet(Z(X /X)(dx)[2dx])) =
Hom(Z(X xg X/X),Z" (X x P /X) /7" (X x P4x~1/ X))
C HO(ZdX(D* x X X5 X))

Let h: U — S a morphism, with U, S € Var(k), U smooth connected (hence irreducible by smoothness).
Take, see definition-proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by
Z = Xo\U. Take, using theorem 16’(%) a strict desingularization € : (X,D) — (Xo,Z) of the pair

(X0, Z) with X € PSmVar(k) and D := ¢ 1(Z) = U{_,D; C X a normal crossing divisor. Denote
dx = dim(X) = dim(U). We get from (i) and (i) the morphism in C(Var(k)/S)

T(Fy, ) (@(De) %), (X)) = ((Ap,), [Ax])
Cone(Z(is) : (Z'"(Ds/S),ury) — Z'"(X/S)) —
FoBu(Cone(Z(ia) : (Z(D/X), u1s) - (X X)) (dx )2dx]
R p,s(Z(U/))(dx) 2dx].

Definition 28. (i) Leth:U — S a morphism, with U, S € Var(k) and U smooth. Take, see definition-
proposition 3, fo = ho : Xo — S a compactification of h : U — S and denote by Z = XO\U
Take, using theorem 16(ii), a strict desingularization € : (X,D) — (Xo,Z) of the pair (Xo,Z),
with X € PSmVar(k) and D := ¢ '(Z) = Ui_;D; C X a normal crossing divisor. We denote
by e : Dy — X = X( o) the morphism of simplicial varieties given by the closed embeddings

: Dy = NierD; — X We denote by j : U — X the open embedding. We then consider the map

in C(Var( )/S)
T(RH, R Z(U/S)) : Bl p,5(Z(U/S))
= Cone(Z(is) : (Z' (Do /S),ury) — Z"(X/S))(—dx)[—2dx]

T(fy,f+)(Z(De/X)L(X /X)) (—dx)[-2dx]

R 5y s(Z(U/8)).

given in definition 23(iii).

(i) Let g : U'/S — U/S a morphism, with U'/S = (U',h'),U/S = (U, h) € Var(k)/S, with U and U’
smooth. Take, see definition-proposition 3(ii),a compactification fo =h: Xo — S of h: U — S and
a compactification fi = h' : XO — S ofh :U" — S such that g : U'/S — U/S extend to a morphism
go: X4/S — Xo/S. Denote Z = Xo\U and Z' = X(\U'. Take, see definition- pmposztwn 3(ii), a
strict desingularization € : (X, D) — (Xo,Z) of (Xo,Z), a strict desingularization €, : (X',D') —
(X}, Z") of (X}, Z') and a morphism g : X' — X such that the following diagram commutes

X — Xo .

1

X -9.x
We then have, see definition-proposition 3(ii), the diagram (7) in Fun(A, Var(k))

e

j — —
U = Uc(.) —— X = Xc(o) sg(e)

9T gT giT
-/ -/ 7://

U = Ué(.) —> X/ XI( ) l<.— Dl. <—g§_l(Dsg(.)) : i;.



(iii)

(i)

Consider
[Tg)" € Hom(Z" (X/S)(—dx)[-2dx], 2" (X'/S)(=dx-)[~2dx"])
= Hom(Z!" (X x P4x /S) /ZtT(X x pdx—1/g),
L (X' x PO /8) /Ly (X' x Px'~1/8)
the morphism given by the transpose of the graph Ty C X' xs X of g : X' — X. Then, since
e Oy = §Oiye = goiooiy,, we have the factorization
[Tgl" 0 Z(ia) : (2" (Ds,(0)/ ), urs)(—dx)[—2dx]
Lk -
—— (Z"(§7 (D, (0))/8), urs)(=dxr)[~2dx]
Z(igy)
5

Z7(X')S)(=dx:)[~2dx/].
with
[M5,]" € Hom((Z" (Ds, o) x P /S),urs)/(Z" (Ds, o) x P2 /S), uzs),
(Zir (" (Ds, (0)) X P /), urg) [ (Zar (g~ (Dss, o)) X P¥x'=1/8), ury)).
We then consider the following map in C(Var(k)/S)
REM(g) = Rix pys(Z(U/S)) =
Cone(Z(is) : (Z' (D, )/S), urs) = Z" (X /S)(—dx)[—2dx]
(I 1%, Tal)
Cone(Z(igy) : (Z' (g7 (D, (0))/ ), urs) = Z7(X'/8))(=dx)[~2dx]

(Z(iga) 1) (—dxr)[—2d x/]

Cone(Z(i,) : (Z'"(D4/S),urs) = Z'"(X'/9))(=dx')[~2dx]
— R(X/,D/)/s(Z(U//S))

Then the following diagram in C(Var(k)/S) commutes by definition

(X D) /S U/S;% ébx D)/S( (U/S))
e ) lR%CH (9)

. T(ROCH ROCHY (7" /S))

Rlv pyys v/ —— R?X’,D/)/S(Z(U//S))

For g : U")S = U'/S, g2 : U'/S — U/S two morphisms with U"/S = (U',h"),U'/S =
(U',h"),U/S = (U,h) € Var(k)/S, with U, U" and U" smooth. We get from (i) and (i) a compact-
ification f = h : X — S of h:U — S, a compactification f' =h' : X' = S of ¥’ : U' = S, and a
compactification f" =h" : X" — S of K" : U" — S, with X, X', X" € PSmVar(k), D := X\U cX
D' = X'\U'Cc X', and D" := X"\U" C X" normal crossing dz’visors, such that g1 : U"/S —- U'/S
extend to g1 : X"/S — X'/S, g2 : U'/S — U/S estend to go : X'/S — X /S, and

R (g2 0 91) = RS (91) 0 RS (92) : Bk py s = Bir prryys
For

(Z(94,8))
T

Q" =+ = BacarZ(U"/S) ©pean 1 Z(UL/S) = ) € C(Var(k)/S)
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(v)

a complex of (maybe infinite) direct sum of representable presheaves with UX smooth, we get from
(i), (i) and (iit) the map in C(Var(k)/S)
T(RYCH  ROCHY Q") : RPH(Q*) := (-+- — @pgepn lim R?Xg,l)Dgfl)/S(Z(Ug*/S))
(Xz~hD5™h/s
(B (9% 5)) : 50 n 0CH ()
—— DacAn ) hg R(XS,DZ)/S(Z(Ua/S))_>"')_>R (Q )7
(X&.bg)/s

where for (Uy, hy) € Var(k)/S, the inductive limit run over all the compactifications fo:Xa— S

of ho : Uy — S with X, € PSmVar(k) and D, := X,\Us a normal crossing divisor. For m =
(m*) : Q7 — Q3 a morphism with

. . (g2 5)) .
Q1= (- = Daear Z(UT, /S) —25 @pepn1Z(UT5"/S) = --+),

. " (2(g2,0)) —
Q5= (- = DaearZ(Ug ) S) —2= @gepn—1Z(Uy5"/S) = --+) € C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with Uy, and U3, smooth, we
get again from (i),(ii) and (iii) a commutative diagram in C(Var(k)/S)
HPOC H 0C H *
ROCH (@) =R ()
R%CH(W)t—(R%CH(m*))l l(R%CH(m*))
Roow (@) B e gy
Let

(Z(9% . 5))
QF = (- = BaeanZ(U"§) 2222,

a complex of (maybe infinite) direct sum of representable presheaves with U smooth, we have by
definition

Spean1Z(UG~"/S) = ---) € C(Var(k)/S)

GI’}S?* ROCH(Q*) — RCH(Q*) c C(Var(k)Q,smpr/S)_

Let S € Var(k) For (h,m,m') = (h*,m*,m™) : Q[1] — Q% an homotopy with Q%,Q3 €
C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with Uy, and
U3 ,, smooth,

(R (h), RE (m), REM (m)) = (R (h*), R (m*), REM (m™*)) : ROM(Q3)[L] — R*OM(Q5)

is an homotopy in C(Var(k)/S) using definition 28 (iii). In particular if m : Qf — Q% with
Q7,Q5 € C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with
Ut , and U3, smooth is an homotopy equivalence, then R2CH (m) : ROCH (Q%) — R“H(Q}) is an
homotopy equivalence.

Let S € SmVar(k). Let F € PSh(Var(k)*™/S). Consider

(Z(9a,8))

q:LF := (- = O@a ha)evarym sL(Ua/S) = B, ho)evarym sL(Ua/S) = -+) = F
the canonical projective resolution given in subsection 2.3.3. Note that the U, are smooth since S
is smooth and h, are smooth morphism. Definition 28(iv) gives in this particular case the map in

C(Var(k)/S)
T(R%CH,R%CH)(/)ELF) . ROCH(ngF) = ( ©r = DWW, ha)eVar(k)sm /S hﬂ R?XQ,DQ)/S(Z(UQ/S))
(Xa,Da)/s
Sl G lim R o o (Z(Ua/S)) = ---) — ROCH(p5LF
7 D(Ua.ha)eVar(k)sm/s UM (Xa,Da)/S( (Ua/S)) = -++) = (psLF),
(Xa,Da)/S
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where for (Uy, ha) € Var(k)*™ /S, the inductive limit run over all the compactifications f, : X, — S
of hg : Uy, — S with X, € PSmVar(k) and D, := X,\U, a normal crossing divisor. Defini-
tion 28(iv) gives then by functoriality in particular, for F' = F'* € C(Var(k)*™/S), the map in
C(Var(k)/S)

T(REH, REEH)(p5LF) - UM (p5LF) = R°OH (p LF).

e Let g : T — S a morphism with 7,5 € SmVar(k). Let h : U — S a smooth morphism with
U € Var(k). Consider the cartesian square

1%
UT _—

.

[

Note that U is smooth since S and h are smooth, and Ur is smooth since T and h’' are smooth.
Take, see definition-proposition 3(ii),a compactification fo = h : Xg — S of h : U — S. Take,
see definition-proposition 3(ii), a strict desingularization € : (X, D) — (X, Z) of (Xo,Z). Then
fo = gol : Xr — T is a compactification of g o b’ : Ur — S such that ¢’ : Ur/S — U/S
extend to a morphism g : X7/S — X/S. Denote Z = Xo\U and Z' = Xr\Ur. Take, see
definition-proposition 3(ii), a strict desingularization ¢, : (X', D') — (Xr, Z') of (X1, Z'). Denote
g =ghoe, : X' = X. We then have, see definition-proposition 3(ii), the following commutative
diagram in Fun(A, Var(k))

e

U=Use) ——X =X

g’T 96T (g')/.T

J v ig. I —
Ur = Ur o) —= X1 = X7,c(0) g 1(Dsg,(.))
g’] g’T ﬁiT
Ur = Up ooy ——= X' = X[ () <—— D, =—"4 Dy, (0)) : iy

We then consider the following map in C(Var(k)/T),

T(g, ROT)Z(U/9)) : 9" Rl 5 (Z(U/S))
= g* Cone(Z(is) : (Z"(D./S),uu) — ZtT(X/S))(—dX)[—ZdX]

__)
Cone(Z(ige) : (2" (g7 (Ds,(0))/T)surs) = 2" (X1 /T))(—dx)[~2dx]
(Z(iyy),[Ter]®)
—er 5
Cone(Z(iy) = (2" (Dy/T), urs) — Z”((X'A/T)))(—dx’)[—de’]
= Rixs pryr(Z(Ur/T))
For

Z(ga,8))
T

Q" = (- = Bacar ZUT/S) - @pean1 Z(UE /) = ---) € C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with A% : U? — S smooth, we
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get the map in C(Var(k)/T)
T, ROH)(Q") : g  ROH(Q) = (- > Baear Ty "R, b (ZUL/S)) = )
(X&.Dp)/s
(T(g,R° M) (2(UZ/9)))

(= Daean lim R(Xg',Dg/)/T(Z(Ug,T/S)) — ) = R (g*Q")
(X&'.Dn")/T

together with the commutative diagram in C'(Var(k)/T)

T(g,R°“™)(Q")

g*ROCH(Q*) ROCH(g*Q*)
g*T(R%CHvR%CH)(Q*)l lT(R%CHvR‘%CH)(g*Q)
T ,ROCH *
g* ROCH (%) (g (e ROCH (g% (%)

Let F' € PSh(Var(k)*™/S). Consider
q:LF:= (- = ®w. ha)evar)m/sL(Ua/S) = -+ ) = F

the canonical projective resolution given in subsection 2.3.3. We then get in particular the map in
C(Var(k)/T)

T(g, R*")(psLF) : " ROH (p5LF) =
(T(9,B°") (2(Ua/5)))

(. RN ®(Ua,ha)€Var(k)Sm/S ) h_n>1 g*R(XmDQ)/S(Z(UQ/S)) — .. )

(Xa,Da)/S

(- = BWaha)evar(kyom/s  lim R(X&,D(;)/T(Z(UQ,T/S» — o) =t R*H(phg"LF),
(X,.Dy)/T

and by functoriality, we get in particular for F = F* € C(Var(k)*™/S), the map in C(Var(k)/T)
T(g, R"M)(p5 LF) : g "M (o5 LF) = R (pyrg” LF)
together with the commutative diagram in C'(Var(k)/T)

T(g,R*“™)(p5 LF)

g*ROCH (p5 LF) RYH (py.g* LF)

9*T(R%CH13%CH)(P§LF)l lT(ROTCHvROTCH)(p}g*LF)
T(g,R*“™)(p5 LF)

9" Lps«ps«REH (p5 LF) REH (79" LF)

Let S1,S2 € SmVar(k) and p : S; X So — S the projection. Let h: U — S; a smooth morphism
with U € Var(k). Consider the cartesian square

UXSQASHXSQ

U St

Take, see definition-proposition 3(i),a compactification fo=h:Xy— S of h:U — S;. Then
Jox1:Xox Sy — 51 xSy is a compactification of h x I: U X Sz — S1 X S2 and p’ : U x Sy = U
extend to pj = px, : Xo X S2 — Xo. Denote Z = Xo\U. Take see theorem 16(i), a strict
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desingularization € : (X, D) — (Xo, Z) of the pair (Xg, Z). We then have the commutative diagram
(8) in Fun(A, Var(k)) whose squares are cartesian

U= Uy — X<~" D,

| ons]

gxI 2

UXSQZ(UXSQ)C(.)—>-XXSQ<;D.XSQ

_,
P
’

Then the map in C(Var(k)/S1 x S2)
T(p, M) (Z(U/81)) : p*Rx py 5, (ZU/S1) = Bl 6, b sixss (LU X S2/S1 x S2))

is an isomorphism. Hence, for Q* € C(Var(k)/S1) a complex of (maybe infinite) direct sum of
representable presheaves of smooth morphism, the map in C(Var(k)/S1 x S2)

T(p, RCT)(Q*) : p* ROCH (Q*) =5 ROCH (p* %)
is an isomorphism. In particular, for F € C(Var(k)*™/S1) the map in C'(Var(k)/S1 x S2)
T(p, R*M) (0, LF) : p" R (5, LF) = R (o5, 5,0"LF)
is an isomorphism.

o Let hy : Uy — S, hy : Uy — S two morphisms with Uy, Us, S € Var(k), Uy, Uz smooth. Denote by
p1: U1 xg Uz — Uy and py : Uy xs Uz — Uz the projections. Take, see definition-proposition 3(1))_,
a compactification f19 = hy : X190 — S of hy : U3y — S and a compactification foq = hs : Xo9 — S
of hy : Uy — S. Then,

— leo X fQO : XlO X3 XQO — Sisa compactiﬁcation of hl X h,2 : U1 Xs U2 — 5.
— D10 ‘= Pxyp ° X10 X g X0 — X9 is a compactification of py : Uy xg Uy — Uj.
— D20 = PXagp ° X10 X g X909 = Xog is a compactification of po : Uy x g Uy — Us.
D§n0t_e 71 = Xlo\Ul and Zy = )__(20\[_]2. Take, see theorem 16(i), a strict Siesir_lgulariz_ation € :
(X1, D) = (X10, Z1) of the pair (X10,Z1) and a strictdesingularization € : (X2, £) — (X290, Z2) of
the pair (X209, Z2). Take then a strict desingularization
€12 : ((Xl XSXQ)N,F) — (Xl XSVXQ,(D XSVXQ) U(Xl XgE))

of the pair (X1 xg Xa, (D x5 X2)U(X; xg E)). We have then the following commutative diagram

X

PzT fa

_ N _ _ — !
(P2) Xl ><5 XQ p1 X2

W

(X1 x5 Xo)V

— W

and
— fix fa: Xy X g Xy — S is a compactification of hy x ho : Uy xg Uy — S.

— (p1)N ==proen: (X1 xg X2)V — X is a compactification of p; : Uy xg Uz — Uy.
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— (p2)N :=paoern: (X1 xg X2)V — Xy is a compactification of py : Uy x g Uz — Us.
We have then the morphism in C(Var(k)/S)
T(® ®, REH)(Z(Uh/9), ( Uz/S)) := R (p1) @ RE (ps) :

R0, pys(ZUL/S) @ Ry, ) s (Z(U/9) 5 RO% iy s ((UL x5 Un/S))

For
* n (Z(gz’ﬁ)) n—1
Q1 :=(— @aeA"Z(Ul ‘o) S) —— Bpean—1Z(UT'5 " /S) = --+),
" Z(95,5)) e
Q3 = (- = Baern LU /) 2y o (U 5Y/S) = - -+) € C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U smooth, we get the
morphism in C(Var(k)/S)

(T(®, RSN (Z(UT",) Z(U3 p))

T(®, RE™)(Q1,Q3) : R*“M(Q7) ® R*“M(Q3) ROH(Q7 @ Q3))

, together with the commutative diagram in C(Var(k)/S)

T(®,R¢77)(Q7,Q2)

ROCH(Q7) ® ROH(Q3) ROCH(Q1 x Q3)
lT(R%CHﬁ%CH)(Q’;@Q;)
ROCH(Q1 @ Q2)

For Fy, Fy € C(Var(k)*™/S), we get in particular the morphism in C'(Var(k)/S)

T(R%CH,R§H><Qi)®T(R%CH,R%CH)<Q;>l

ROCH(Q1) @ ROCH (Q3) T(®,RE°7)(Q7,Q2)

T(®, R (psLFy, p5LFy) : ROYH (pyLF)) @ RPCH (ps LFy) — RO“H(p4(LF, ® LF))
together with the commutative diagram in C'(Var(k)/S)

TS®xR%CH)(P§LF1,P§LFz)

ROCH (ps L) @ ROCH (p5 LF; ROCH (psLFy x piLFy)

T(REH xR%CH)(p*sLFl)t@T(R%CH,R%CH)(p*sLFz)l lT(R%CH,R%CH)(PELF@PELFz)

Ts®1R%CH)(P§LF11P§LF2)

ROCH(psLFy) @ RO“M (p5 Ly ROCH(psLFy x psLFy)

3 Triangulated category of motives

3.1 Definition and the six functor formalism

The category of motives is obtained by inverting the (Als, et) equivalence. Hence the Als local complexes
of presheaves plays a key role.

Definition 29. The derived category of motives of complex algebraic varieties over S is the category
DA(S) = Hopy o, (C(Var(k)™ /5)),

which is the localization of the category of complexes of presheaves on Var(k)*™ /S with respect to (A}, et)
local equivalence and we denote by

D(Ag, et) := D(AL) o D(et) : C(Var(k)*™/S) — DA(S)
the localization functor. We have DA™ (S) := D(AL, et)(PSh(Var(k)*™/S,C~(Z))) C DA(S) the full

subcategory consisting of bounded above complexes.
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Definition 30. The stable derived category of motives of complex algebraic varieties over S is the category
DAL(S) 1= Hopy oo(Cs(Var(k)™ /).

which is the localization of the category of G,s-spectra (XF® = F* ® G,s) of complezes of presheaves
on Var(k)*™ /S with respect to (AL, et) local equivalence. The functor

¥ C(Var(k)*™/S) — Cx(Var(k)*™/S)
induces the functor ¥°° : DA(S) — DA (S).
We have all the six functor formalism by [12]. We give a list of the operation we will use :
e For f: T — S a morphism with S, T € Var(k), the adjonction
(f* f) - C(Var(k)*™/S) = C(Var(k)*™/T)

is a Quillen adjonction which induces in the derived categories (f* derives trivially), (f*, Rf«) :
DA(S) S DA(T).

e For h: V — S a smooth morphism with V, S € Var(k), the adjonction
(hy, h™) : C(Var(k)*™/V) = C(Var(k)*™/S)

is a Quillen adjonction which induces in the derived categories (h* derive trivially) (Lhy, h*) =:
DA(V) <= DA(S).

e Fori: Z — S a closed embedding, with Z,S € Var(k),
(ix,3') := (ix,i1) : O(Var(k)*™/Z) = C(Var(k)*™/S)

is a Quillen adjonction, which induces in the derived categories (i, derive trivially) (i., Ri') :
DA(Z) = DA(S). The fact that i, derive trivially (i.e. send (Al et) local equivalence to (Al et)
local equivalence is proved in [4].

e For S € Var(k), the adjonction given by the tensor product of complexes of abelian groups and the
internal hom of presheaves

(( ®-), Hom®(-,-)) : C(Var(k)*™ /S)? — C(Var(k)*™ /S),
is a Quillen adjonction, which induces in the derived category

(- @Y ), RHom®(-,-)) : DA(S)? — DA(S),

e Let M, N € DA(S), Q°® projectively cofibrant such that M = D(A!,et)(Q®), and G* be A! local
for the etale topology such that N = D(A! et)(G*). Then,

RHom®*(M,N) =Hom*(Q*, E(G*)) € DA(S). 9)
This is well defined since if s: Q1 — Q2 is a etale local equivalence,
Hom(s, E(G)) : Hom(Q1, E(G)) — Hom(Q2, E(G))
is a etale local equivalence for 1 <17 <.

We get from the first point 2 functors :
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e The 2-functor C'(Var(k)*™/-) : Var(k) — Ab Cat, given by
S+ C(Var(k)*™/S), (f: T — S)— (f*: C(Var(k)*"/S) — C(Var(k)*™/T)).
e The 2-functor DA(-) : Var(k) — TriCat, given by
S—=DA(S), (f: T—S)— (f": DA(S) — DA(T)).
The main theorem is the following :
Theorem 17. [//[12] The 2-functor DA(-) : Var(k) — TriCat, given by
S+—=DA(S), (f:T— S)— (f":DA(S) — DA(T))
is a 2-homotopic functor ([4])
From theorem 17, we get in particular
e For f: T — S a morphism with T, S € Var(k), there by theorem 17 is also a pair of adjoint functor
(fi. /') : DA(S) = DA(T)
— with fi = Rf. if f is proper,
— with f' = f*[d] if f is smooth of relative dimension d.

For h : U — S a smooth morphism with U, S € Var(k) irreducible, have, for M € DA(U), an
isomorphism

LhyM — hyM|[d], (10)
in DA(S).

e The 2-functor S € Var(k) — DA(S) satisfy the localization property, that is for i : Z < X a closed
embedding with Z, X € Var(k), denote by j : S\Z < S the open complementary subset, we have
for M € DA(S) a distinguish triangle in DA(S)

M ad(jy,5") (M) M ad(i", i) (M)

5" M — jyg" M[1]
equivalently,

— the functor
(i*,7*) : DA(S) = DA(Z) x DA(S\2)
is conservative,
— and for F' € C(Var(k)*™/Z), the adjonction map ad(i*,4.)(F) : i*i.F — F is an equivalence
Zariski local, hence for M € DA(S), the induced map in the derived category
ad(i*,i,) (M) @ i*i. M = M
is an isomorphism.

e For f: X — S a proper map, g : T — S a morphism, with T, X, S € Var(k), and M € DA(X),

T(f,9)(M): g"Rf.M = Rfl§"M
is an isomorphism in DA(T) if f is proper.

Definition 31. The derived category of extended motives of complex algebraic varieties over S is the
category
DA(S) = Hoys_o,(C/(Var(k)/5)),

which is the localization of the category of complexes of presheaves on Var(k)/S with respect to (A}, et)
local equivalence and we denote by

D(A, et) := D(AS) o D(et) : C(Var(k)/S) — DA(S)
the localization functor. We have DA™ (S) := D(A}L, et)(PSh(Var(k)/S,C~(Z))) C DA(S) the full sub-

category consisting of bounded above complezes.
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3.2 Constructible motives and resolution of a motive by Corti-Hanamura
motives

We now give the definition of the motives of morphisms f : X — S which are constructible motives and
the definition of the category of Corti-Hanamura motives.

Definition 32. Let S € Var(k),

e the homological motive functor is M(/S) : Var(k)/S — DA(S), (f : X = S) —» M(X/S) :=
f!f!M(S/S)7

e the cohomological motive functor is MV (/S) : Var(k)/S — DA(S), (f: X — S) — M(X/S)Y :=
RfM(X/X) = fuEer(Zx),

e the Borel-Moore motive functoris MBM(/S) : Var(k)/S — DA(S), (f : X — 8) — MBM(X/S) :=
HM(X/X),

o the (homological) motive with compact support functor is M.(/S) : Var(k)/S — DA(S), (f: X —
S) = M.(X/S) := Rf.f'M(S/S).

Let f: X — S a morphism with X, S € Var(k). Assume that there exist a factorization f : X Lyxsy
S, with Y € SmVar(k), i : X — Y is a closed embedding and p the projection. Then,

Q(X/S) 1= pT'x Ly x5 € C(Var(k)™/S)
is projective, admits transfert, and satisfy D(AY,et)(Q(X/S)) = M(X/S).
Definition 33. (i) Let S € Var(k). We define the full subcategory

DA.(S): = <RfZx,(f:X — S) € Var(k) >
< RfZx,(f : X = S) € Var(k), proper, X smooth C DA(S)

where <,> denoted the full triangulated category generated by.

(ii) Let X,S € Var(k). If f : X — S is proper (but not necessary smooth) and X is smooth, M(X/S) is
said to be a Corti-Hanamura motive and we have by above in this case M(X/S) = MBM(X/S)[c] =
M(X/S)Y[e], with ¢ = codim(X, X x S) where f: X — X x S — S. We denote by

CH(S) = {M(X/S) ?g(/s:(x,f),fpr,Xsm} C DM(S)

the full subcategory which is the pseudo-abelian completion of the full subcategory whose objects are
Corti-Hanamura motives.

(i) We denote by
CHO(S) C CH(S)

the full subcategory which is the pseudo-abelian completion of the full subcategory whose objects are
Corti-Hanamura motives M (X/S) such that the morphism f: X — S is projective.

For bounded above motives, we have
Theorem 18. Let S € Var(k).

(i) There exists a unique weight structure w on DA™ (S) such that DA™ (S)“=° = CH(S)
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(i) There exist a well defined functor
W(S) : DA™(S) = K~ (CH(S)) , W(S)(M) = [M®)]

where M(®) € C~(CH(S)) is a bounded above weight complex, such that if m € Z is the highest
weight, we have a generalized distinguish triangle for all i < m

T s MO[E] — MO+ 1)) — - = M™[m] — M2 (11)

>1)

Moreover the maps w(M)ZY : MZ% — M induce an isomorphism w(M) : holim;M=* = M in

DA~ (S).

(ii) Denote by Chow(S) the category of Chow motives, which is the pseudo-abelian completion of the
category

— whose set of objects consist of the X/S = (X, f) € Var(k)/S such that f is proper and X 1is
smooth,
— whose set of morphisms between X1/S and X5/S is CH®: (X1 xgs X2), and the composition
law 1is given in [15].
We have then a canonical functor CHg : Chow(S) — DA(S), with CHs(X/S) := M(X/S) :=
Rf.Z(X/X), which is a full embedding whose image is the category CH(S).

Proof. (i): The category DA(S) is clearly weakly generated by CH(S). Moreover CH(S) C DA(S) is
negative. Hence, the result follows from [8] theorem 4.3.2 III.
(ii): Follows from (i) by standard fact of weight structure on triangulated categories. See [8] theorem
3.2.2 and theorem 4.3.2 V for example.
(iif): See [16]. O
Theorem 19. Let S € Var(k).

(i) There exists a unique weight structure w on DA™ (S) such that DA™ (S)~=0 = CH°(S)

(i1) There exist a well defined functor
W(S) : DA™(S) = K~ (CH’(S)) , W(S)(M) = [M®)]

where M) € C~(CH’(S)) is a bounded above weight complex, such that if m € Z is the highest
weight, we have a generalized distinguish triangle for all i < m

Ty : MO — MOV +1)] = - = M™[m] - M©W>? (12)
Moreover the maps w(M)ZY : MZ' — M induce an isomorphism w(M) : holim;M=* = M in

DA™ (S).
Proof. Similar to the proof of theorem 18. O

Corollary 2. Let S € Var(k). Let M € DA(S). Then there exist (F,W) € Cpy(Var(k)*™/S) such that
D(A',et)(F) = M and D(A',et)(Gr) F) € CH'(S).
Proof. By theorem 19, there exist, by induction, for ¢ € Z, a distinguish triangle in DA(S)

Ty« MO 2y gt Dty et ppm i) — M@t (13)
with MW [j] € CH(S) and w(M) : holim;M=* = M in DA™ (S). For i € Z, take (F});>i, Fu>i €
C(Var(k)*™/S) such that D(A',et)(F;) = MW[j], D(A',et)(Fp>i) = M¥Z" and such that we have in
C(Var(k)*™/5),

Fy>i = Cone(F; 25 Fpyy 2 o It g )y (14)
where m; : F; — Fji1 are morphisms in C(Var(k)*™/S) such that D(A! et)(m;) = m;. Now set
F = holim; F,>; € C(Var(k)*™/S) and W;F := F,>; — F, so that (F,W) € C;(Var(k)*™/S) satisfy
D(A', et)(Gr) F) = M®[p] € CH'(S). O
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4

4.1

The (filtered) D modules and the (filtered) De Rham functor
on algebraic varieties over a field k£ of characteristic zero

The D-modules on smooth algebraic varieties over a field & of character-
istic zero and their functorialities

Let k a field of characteristic zero.
For S = (5,0g) € SmVar(k), we denote by

Dg := D(0Og) C Homcg4(Os, Og) the subsheaf consisting of differential operators. By a Dg module,
we mean a left Dg module.

we denote by

— PShp(S) the abelian category of Zariski presheaves on S with a structure of left Dg module,
and by PShp .(S) C PShp(S) the full subcategory whose objects are coherent sheaves of left
Dg modules,

— PShpor(S) the abelian category of Zariski presheaves on S with a structure of right Dg module,
and by PShpor (S) C PShper () the full subcategories whose objects are coherent sheaves of
right Dg modules,

we denote by

— Cp(S) = C(PShp(S)) the category of complexes of Zariski presheaves on S with a structure
of Dg module,

— Cpor(S) = C(PShper(S)) the category of complexes of Zariski presheaves on S with a structure
of right Dg module,

in the filtered case we have

— Cp2yru(S) € C(PShp(S), F,W) := C(PShp(og)(S), F,W) the category of (bi)filtered com-

plexes of algebraic Dg modules such that the filtration is biregular, Dp(a) £i1(S) := Hoar (Cp(2) it (5))
its localization with respect to filtered Zariski local equivalence, and more generally DD(Q)fil’T(S )=

Ho.ar(Cp(2y£i(S)) its localization with respect to r-filtered Zariski local equivalence for r =
1, PR 5 m7

— Cporiu(S) C Cpyi(S) the full subcategory such that the filtration is a filtration by Dg submod-
ule (which is stronger then Griffitz transversality), Cp(1,0)fi1(S) C Cpayir(S) the full subcate-
gory such that W' is a filtration by Dg submodules, Dp(1,0)£(S) := Hozar (Cp(1,0)£i1(S)) its lo-
calization with respect to filtered Zariski local equivalence, and more generally Dp 10y fir,r (S) :=
Ho.ar(Cp1,0y7(S)) its localization with respect to r-filtered Zariski local equivalence for

r=1,---,00,

— Cpor(2)fit(S) € C(PShper (S), F,W) := C(PShpog)or(S), F, W) the category of (bi)filtered
complexes of algebraic (resp. analytic) right Ds modules such that the filtration is biregular,
as in the left case we consider the subcategories as above.

Definition 34. An X € SmVar(k) is said to be D-affine if the following two condition hold:

(i) The global section functor T'(X,-) : QCohp(X) — Mod(I'(X, Dx)) is ezxact.

(i)

IfT(X, M) =0 for M € QCohp(X), then M = 0.

Proposition 13. If X € SmVar(k) is D-affine, then :

(i) Any M € QCohp(X) is generated by its global sections.
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(ii) The functor T'(X,-) : QCohp(X) — Mod(I'(X, Dx)) is an equivalence of category whose inverse is
Le MOd(F(X, Dx)) — Dx Ar(x,Dx) Le QOOhD(X)

(i11) We have T'(X,-)(Cohp(X)) = Mod(T'(X, Dx))y, that is the global sections of a coherent Dx module
is a finite module over the differential operators on X.

Proof. Similar to the complex case : see [18]. O

Let f : X — S be a morphism with X,S € SmVar(k), Then, we recall from [10] section 4.1, the
transfers modules

° (DX*}S,FOTd) = f*mOd(DS7FOTd) = f*(DS,FOTd) Rf*0g (Ox,Fb) which is a left Dx module and
a left and right f*Dg module

e (Dxcs,Fr) = (Kx, ) ®0x (Dx—s, F") @04 f*(Ks, F}). which is a right Dx module and
a left and right f*Dg module.

Proposition 14. Let i : Z — S be a closed embedding with Z,S € SmVar(k). Then, Dz_s =
i*Dg/DsIz and it is a locally free (left) Dz module. Similarly, Dz, s = i*Dg/TIzDg and it is a
locally free right Dz module.

Proof. Similar to the complex case : see [18]. O

e Let S € SmVar(k).

— For M € Cp(S), we have the canonical projective resolution ¢ : Lp(M) — M of complexes of
Dg modules.

— Let 7 a topology on S. For M € Cp(S), there exist a unique strucure of Dg module on the
flasque presheaves EX(M) such that E,(M) € Cp(S) (i.e. is a complex of Dg modules) and
that the map k : M — E(M) is a morphism of complexes of Dg modules.

e Let S € SmVar(k). For M € Cpm (S), N € C(S), we will consider the induced D module structure
(right Dg module in the case one is a left Dg module and the other one is a right one) on the presheaf
M ® N := M ®z4 N (see section 2). We get the bifunctor

C(S) x Cp(S) = Cp(S),(M,N)—» M®N

e Let S € SmVar(k). For M,N € Cpwn (S), M ®ogs N has a canonical structure of Dg modules
(right Dg module in the case one is a left Dg module and the other one is a right one) given by (in
the left case) for S° C S an open subset,

menel(S°, Moy N),y€I'(5% Dg), yv.(m®@n) :=(ym)@n—me~vy.n
This gives the bifunctor
CD(OP) (5)2 — C’D(op) (S), (M, N) — M ®og N

More generally, let f : X — S a morphism with X, S € Var(k). Assume S smooth. For M, N €
Criplon (X), M ®p-05 N (see section 2), has a canonical structure of f*Dg modules (right f*Dg
module in the case one is a left f*Dg module and the other one is a right one) given by (in the left
case) for X° C X an open subset,

menel(X°MQros N),y e '(X? f*Dg), v.(m®@n) :=(y.m)@n—m®y.n
This gives the bifunctor

Of*D(orr) (X)2 - Of*D(OP) (X)v (Mv N) = M ®f*os N

93



e Let S € SmVar(k). The internal hom bifunctor
Hom(-,-) := Homg(-,-) : C(S)? — C(S)

induces a bifunctor

Hom(-,-) := Homyz,(-,-) : C(S) x Cp(S) = Cp(S)
such that, for F € C(S) and G € Cp(S), the Dg structure on Hom*®(F, G) is given by
v €T'(S8% Ds) — (¢ € Hom"(Fo, Giso) = (v ¢ 1 € F*(S%) = v ¢7(5%)(ar))
where ¢P(5°)(a) € T'(S°,G).

e Let S € SmVar(k). For M,N € Cp(S), Homo, (M, N), has a canonical structure of Dg modules
given by for S° C S an open subset and ¢ € I'(S°, Hom(M,Ogs)), v € T'(5°, Ds), (v.¢)(m) :=
~v.(¢(m)) — ¢(y.m) This gives the bifunctor

Homg,, (—,—) : Cp(S)*> = Cp(S)°P, (M, N) Homg (M, N)

e Let S € SmVar(k). We have the bifunctors

— Hom}, (—,—) : Cp(5)* — C(S), (M,N) — Hom}, (M,N), and if N is a bimodule (i.e. has
a right Dg module structure whose opposite coincide with the left one), Homp,(M,N) €
Cpor(S) given by for S° C S an open subset and ¢ € I'(S°, Hom(M, N)), v € T'(S°, Dg),
(@) (m) = (d(m))y

— Hompg(—,—) : Cper(S)? = C(S), (M,N) — Hompg(M,N) and if N is a bimodule,
HO’ITLDS(M, N) S CD(S)

DsM := Homp, (M, Ds) € Cp(S) ; DEM := Homp, (M, Ds) @0 DSw(Ks)[ds] € Cp(S)

and we have canonical map d : M — D%M. This functor induces in the derived category, for
M e DD(S),

LDsM := RHomps(LpM, Ds) @0 DSw(Ks)[ds] = DELpM € Dp(S).

where DGw(S) : DYw(Ks) - DYKs = Kg' is the dual of the Koczul resolution of the canonical
bundle (proposition 32), and the canonical map d: M — LID)%M .

e Let f: X — S a morphism with X, S € SmVar(k). For N € Cp s+p(X) and M € Cp(X),
N ®p, M has the canonical f*Dg module structure given by, for X° C X an open subset,

veI'(X% f*Dg),m e '(X°, M),n e I'(X°, N), v.(n®m) = (y.n) @ m.
This gives the functor

Cp)f*D(X) X CD(X) — Cf*D(X), (M, N) — M®DX N

e Let f: X — S be a morphism with X, S € SmVar(k), Then, for M € Cp(S), Ox Q05 f*M has
a canonical Dx module structure given by given by, for X° C X an open subset,

menel(X°0x oy [*M),y € (X° Dx), v.(m®n) = (y.m) @n —mdf (y).n.
This gives the inverse image functor

frmod: PShp(S) — PShp(X), M+ f*™IM := Ox @04 f*M = Dx_,5 @pps "M
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which induces in the derived category the functor
Lf*m4: Dp(S) = Dp(X), M Lf*™M := Ox @%.0. f*M = Ox ®;-05 [*LpM,
We will also consider the shifted inverse image functor

Lf‘*mOd[*] = Lf*mOd[dS — dx] : DD(S) — DD(X)

e Let f: X — S be a morphism with X, S € SmVar(k). For M € Cp(X), Dx.s ®p, M has the
canonical f*Dg module structure given above. Then, the direct image functor

12 1 :PShp(X) = PShp(S), M fumoaM = fu(Dxc s ®@p, M)

induces in the derived category the functor
/ = Rfimoda : Dp(X) = Dp(S), M — /M =Rf.(Dx«s®p, M).
f I

The functorialities given above induce :
e Let S € SmVar(k). For (M, F) € Cy;(S) and (N, F) € Cy;(S), recall that
FP((M,F)® (N,F)) :=Im(®,FIM ® FF"IN - M ® N)
This gives the functor
() : Cra(S) x Cpfa(S) = Cpra(S) , (M, F),(N,F)) — (M, F) @ (N, F).

It induces in the derived categories by taking r-projective resolutions the bifunctors, for r =

1,...,00,

('7 ) : DDfil,r(S)XDfil,r(S) — DDfil,T(S) ) ((M7 F)7 (N7 F)) = (Mu F)®L(N7 F) = LD(M7 F)®(N7 F)
e Let S € SmVar(k). For (M, F) € Cogra(S) and (N, F) € Cogri(S), recall that
FP((M,F) ®or, (N,F)) := Im(®qF1M ®or, FPTIN — M®o/s N)

It induces in the derived categories by taking r-projective resolutions the bifunctors, for r =
1,...,00,

('a') : DDfilﬂ”(S)2 - DDfil,T(S) ) ((MaF)a (NaF)) = (MvF) ®é5 (NaF>

More generally, let f : X — S a morphism with X,S € Var(k). Assume S smooth. We have the
bifunctors

(++) : Dp=ppite(X)? = Dpeppin(X),
(M,F),(N,F)) ~ (M,F) ®%.05 (N,F) = (M,F) ®f-05 L-p(N, F).

o Let S € SmVar(k). The hom functor induces the bifunctor

Hom(—, =) : Cpyiu(S) x Cri(S) = Cp(1,0)£i(S), (M, W), (N, F)) = Hom((M, W), (N, F')).

o Let S € SmVar(k). The hom functor induces the bifunctor

HOIIlOS(—7 —) : Cpfil(S)Q — CDinl(S), ((M, W), (N, F)) — ’Homos((M, W), (N, F))
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Let S € SmVar(k). The hom functor induces the bifunctors

- HomDs(_a _> : C(Dfil(s)2 — Oinl(S)v ((Mv W)a (Na F)) = HomDs((Ma W)v (Nv F))v
— HOIDDS(—, —) : ODonil(S)2 — Oinl(S), ((M, W), (N, F)) — HomDS((M, W), (N, F))

We get the filtered dual
DS () : Op(a)fa(S) = Cpayra(S)F, (M, F) = DF (M, F) := Homp, (M, F), Ds) ®os Dgw(Ks)|ds]

together with the canonical map d(M, F) : (M, F) — Dé’K(M, F). Of course D (-)(Cp(1,0)£u(S)) C
Cp(1,0)fi(S). It induces in the derived categories Dpyi1 (S), for r = 1,..., 00, the functors

LDs(-) : Do) fit,(S) = D2 g (8), (M, F) = LDs(M, F) := D§ Lp(M, F).
together with the canonical map d(M, F) : Lp(M, F) — D%" Lp(M, F).
Let f: X — S be a morphism with X, S € SmVar(k). Then, the inverse image functor
Frmed s Cpeaypa(S) = Cpaypa(X),
(M, F) v f*"UM, F) := (Ox, Fy) @05 [*(M,F) = (Dx5,F") @peps [*(M, F),
induces in the derived categories the functors, for r = 1,...,00 (resp. 7 € (1,...00)?),

Lf*mod : DD(Q)fil,r(S) — DD(Q)fil,r(X)a
(M, F) . Lf*modM — (OXuFb) ®%*Os f*(M, F) = (OXan) K f+0g f*LD(M7 F)

Of course f*mOd(CD(Lo)fil (S)) C CD(l,O)fil (X) Note that

— If the M is a complex of locally free Og modules, then Lf*™°4(M,F) = f*m°4(M,F) in
Dp(2)fit,00 (5)-

— If the Grf, M are complexes of locally free Og modules, then Lf*™°d(M, F) = f*m°d(M, F)
in DD(2)fil (S)

We will consider also the shifted inverse image functors
Lfrmed=) .= Lf*moddg — dx] : Dpygirr(S) = Doy pirr(X).
Let f: X — S be a morphism with X, S € SmVar(k). Then,the direct image functor
tmod : (PShp(X), F) = (PShp(S), F), (M, F) = funea(M,F) = fu((Dsex,F")@py (M, F))

induces in the derived categories by taking r-injective resolutions the functors, for r =1,..., oo,

/ = Rfumod : Dp2)fit,r(X) = Dp2)pir,r(S), (M, F) /(Mv F)=Rf.((Dsex,F") @p, (M,F)).
f f

Let f1 : X = Y and f3 : Y — S two morphism with X,Y,S € SmVar(C) or with X,Y,S €
AnSm(C). We have, for (M, F') € Cpyi(X), the canonical transformation map in Dp(2) s, (S)

T(/'2 o/l,/f2ofl)(M,F) :

[ | Q1P i= Rpan(Dyes PP 0, Ri((Dxcy, P wh, (M)
2 J1

T(f1,®)(—,—) * ord L ord L

— = Rfa.Rf1:(f{ (Dy s, F") @p, (Dxcy, F") @p, (M, F)))
= Rf?*Rfl*((ff(DY<—57Ford) ®%)y (DX%YvFOTd)) ®%)X (Mv F))

% RfpRfu((Dxes, ) @b (M, F)) = / (M, F)
f20f1
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e Let f: X — S be a morphism with X, S € SmVar(k). Then the functor
fFmed s Cpaga(S) = Cpogu(X), (M, F) — f*4(M, F) := DX Lp f*"**LpD§ (M, F)

induces in the derived categories the exceptional inverse image functors, for r = 1,...,00 (resp.
re(l,...0)3%),

Lf*™%: Dpa)fit,r(S) = Dp(2) it (X),
(M,F) s Lf*m°4M,F):= LDx Lf*™°LDg(M,F):= f*™L (M, F).

Of course f*mOd(CD(lyo)fil (8)) € Cp(1,0)fu(X). We will also consider the shifted exceptional inverse
image functors

LfFmedt=l .= L f*medldg — dx] : Dpeygirr(S) = Doy irr(X).

e Let S1,S2 € SmVar(k). Consider p : S; x Sy — S; the projection. Since p is a projection, we have
a canonical embedding p*Ds, < Dg,xs,. For (M, F) € Cp(g)f:(S1 x S2), (M, F) has a canonical
p*Ds, module structure. Moreover, with this structure, for (M, F') € Cp(2)fau(S1)

ad(p™™*?, p) (M, F) : (M1, F) = p.p*™ (M1, F)
is a map of complexes of Dg, modules, and for (M2, F') € Cp(2)i(S1 x S2))
ad(p™™?, p)(Ma, F) : p*"*p.(Mia, F) = (Mg, F)
is a map of complexes of Dg, x5, modules.
Proposition 15. (i) Let f1: X =Y and fo: Y — S two morphism with X,Y, S € SmVar(k).

— Let (M, F) € Cpa)fir,r(S). Then (fao f1)*mod(M, F) = fymed fymod(M, F).
— Let (M, F) € Dp2)pi,r(S). Then L(fzo f1)*™°4(M,F) = Lfi™4(Lf3m°4(M, F)).
(ii) Let f1: X =Y and fa:Y — S two morphism with X,Y,S € SmVar(k). Let M € Dp(X). Then,

T(/zo/l’/Jc2ofl)(M):/2 /1<M>—~+ o

is an isomorphism in Dp(S) (i.e. if we forget filtration).

111 et 19 : Lo — 41 and 11 : 41 — two closed embedding, wrt, 2,41,9 € dmvar . et
i) Let @ Z 7 d 1 Z S losed beddi ith Zs, Z4, S SmVar(C L
(M, F) € Cpa)yra(Z2). Then, (i1 0i0)smod(M, F) = i1smod(i0xmod (M, F)) in Cp(2ysu(S).

Proof. Similar to the complex case : see [10]. O

Proposition 16. For X € SmVar(k), we have for (M,F),(N,F) € Coyxsu(X) or (M,F),(N,F) €
Cpru(X), Denote by Ax : X — X x X the diagonal closed embedding and p1 : X x X — X, py :
X x X — X the projections. We have

(M, F) ®0y (N,F) = A" (i (M, F) @0 x 15" (N, F))
Proof. Similar to the complex case : see [18]. O
Let i: Z — S a closed embedding, with Z, S € SmVar(k). We have the functor
i* . Cpri(S) = Cpra(Z), (M, F) = i*(M, F) := Homi-ps((Dsez, F°"),i* (M, F))
where the (left) Dz module structure on i*M comes from the right module structure on Dg. z, resp.

Oz. We denote by

97



e for (M, F) € Cpyru(S), the canonical map in Cpyii(S)
ad(ismod; i*) (M, F) : iymoai® (M, F) := i(Homps(Dgez, F%),i* (M, F)) ®p, (Dscz, F°"?))
— (M, F),¢® P — ¢(P)
e for (N, F) € Cpsiy(Z), the canonical map in Cpyy(Z)
ad(ismod, i) (N, F) : (N, F) = i*ismoa(N, F) := Hom-pg(Dse 7,11 (N, F) ®p, (Ds«z,F%)))

n— (P—n®P)

The functor i induces in the derived category the functor :
Ri*: Dp(aypit,r(S) = Dpeypi(Z), (M, F) —
Ri*(M,F) := RHom;ps((Dzes, F),i* (M, F)) = Homps(Dzes, FO%), E(i* (M ).

Proposition 17. Let i : Z — S a closed embedding, with Z,S € SmVar(k). The functor iwmod :
Cp(Z) — Cp(S) admit a right adjoint which is the functor i* : Cp(S) — Cp(Z) and

ad(ismod; i*)(N) : N = i%ismoaN  and ad(ismod, i*)(M) : iwmoqi* M — M
are the adjonction maps.
Proof. Similar to the complex case : see [18]. O
One of the main results in D modules is Kashiwara equivalence :
Theorem 20. Leti: Z < S a closed embedding with Z,S € SmVar(k).

(i) The functor ismed : QCohp(Z) — QCohp(S) is an equivalence of category whose inverse is i =
a,i* : QCohp(S) — QCohp(Z). That is, for M € QCohp(S) and N € QCohp(Z), the adjonction
maps

ad(ixmod, i) (M) : iwmoai® M =5 M | ad(ivmod, i) (N) : i*ismoaN = N

are isomorphisms.
(it) The functor [, = iwmoda : Dp(Z) — Dp(S) is an equivalence of category whose inverse is Ri* :
Dp(S) = Dp(Z). That is, for M € Dp(S) and N € Dp(Z), the adjonction maps
ad(/, Ri*)(M) : /RiﬁM =M, ad(/, Ri*)(N) : Rz’ﬁ/N =N
are isomorphisms.

Proof. Similar to the complex case : see [18] :(ii) follows from (i). O

Lemma 2. Let i : Z — S a closed embedding with Z,S € Var(k). Denote by j : U := S\Z — Z the
open complementary embedding. Then, if i is a locally complete intersection embedding (e.g. if Z,S are
smooth), we have for M € Co,, (U) quasi-coherent, Li*™°*Rj, M = 0.

Proof. Similar to the complex case : see [10]. O

We deduce from theorem 20(i) and lemma 2 the localization for D-modules for a closed embedding
of smooth algebraic varieties:
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Theorem 21. Leti: Z — S a closed embedding with Z,S € SmVar(k). Denote by ¢ = codim(Z, S).
Then, for M € Cp(S), we have by Kashiwara equivalence the following map in Cp(S) :

ad(ixmod,it) (=) "
Kz)s(M) : Ty B(M) 22metE)

Hom(qr ,E(i1*M))oHom(Oz,T(¢,E)(M)

Gemodi* Lz E(M)

22, it (B(M))

temodKiv 05 (0z) @ix0s M
which is an equivalence Zariski local. It gives the isomorphism in Dp(S)
Kz/s(M) : RT zM = ivmodK 0, (02) = iwmoaLi* ™ Mc]
Proof. Follows from theorem 20 and lemma 2. O

Let k a field of caracteristic zero. Let S € SmVar(k). Let M € PShp .(S) a coherent Dg module so
that it admits a good filtration (M, F) for the filtered ring (Dg, F°"). We then have the characteristic
variety

Ch(M) := supp(ce(Gr? M)) C Ts

which is the support of the characteristic cycle cc(Gr’ M) € Z(Ts) of the coherent sheaf Gr’" M ¢
Shv.(Ts). Since for two good filtration (M, F) and (M, F') there exist r,s € Z satisfying F'iM C
Fi="M C F'""5M for all i, cc(Gr¥ M) € Z(Ts) and Ch(M) € Ts does NOT depend on the choice of a
good filtration F'.

For k C k' a subfield of characteristic zero and S € SmVar(k), we have by definition

ce(Gr" (my s (S)*M)) = cc(Gr" M) @r k' € 2(Ts,,)

and thus
Ch(my (S)™M) = Ch(M)y C Ts,,

with Sy := S @ K, since if (M, F) is a good filtration then (g5 (S)*™4M, 7y 1 (S)*™4F) is a good
filtration, 7y, 4 (S) : Spr := S @ k' — S being the projection (see section 2).
We have the following proposition :

Proposition 18. Let k a field of characteristic zero.

(i) Let i : Z — S a closed embedding with S,Z € SmVar(k). Let M € PShp (Z) a coherent Dy
module so that it admits a good filtration (M, F) for the filtered ring (Dg, F°"%). Then ismoa(M, F)
is a good filtration for the filtered ring (Dz, F°"®) and Ch(iwmeaM) = di(Ch(M)) C Ts where
di : Tz — Tsz := pgl(Z) — Tgs is the closed embedding where the first embedding is given by the
differential of i : i*Og — Oy.

(ii) Let S € SmVar(k). Let M € PShp .(S) a coherent Ds module so that it admits a good filtration
(M, F) for the filtered ring (Ds, F°"%). Let Ch(M) = U;CY, with C%; the irreducible components
of Ch(M). Then dim(C%,) < dim(S) for all I.

Proof. (i): Similar to the proof of [18].

(ii) Let S = U;S; an open affine cover. Since by definition Ch(ji M) = Ch(M) Npg'(S;), it is enought
to prove the result for a smooth affine variety. So, let S’ € SmVar(k) affine and i : S” — A} a closed
embedding. By (i) Ch(iwmoaM) = di(Ch(M)) so the result follows from [14]. O

Definition 35. Let k a field of characteristic zero.

(i) Let S € SmVar(k) connected (hence irreducible since S is smooth). A coherent Ds module M €
PShp .(S) is called holonomic if all the irreducible components C%, of supp(Ch(M)) = U,C,, € Ts
are of dimension dim(CY;) = dim(9).

(i) Let S € SmVar(k). Then S = U;S; with S; € SmVar(k) connected. A coherent Dg module
M € PShp ((S) is called holonomic if 57 M € PShp (S;) is holonomic for all i.
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Let k C k' a subfield. Consider the projection m = 3,5 (S) : Sy — S. By definition M € PShp .(S)
is holonomic if and only if 7™M € PShp .(Sk/) is holonomic since Ch(M )y = Ch(zm*™4M) C
Ts,,. In particular considering an embedding o : k C C, M € PShp .(S) is holonomic if and only if
wk/C(S)*mOdM € PShp (Sc) is holonomic.

Proposition 19. Let S € SmVar(k).
(i) Consider an exact sequence in PShp (S)
0— My — My — M3 — 0.
Then My € PShp ,(S) if and only if M1, Ms € PShp ,(5).
(i) An holonomic module M € PShp ,(S) has finite length.
Proof. Similar to the complex case : See [14] or [18]. O

Let S € SmVar(k). A locally free Og module with a structure of Dg module is called an integrable
connexion. We denote by Vectp(S) C PShp (S) the full subcategory whose set of objects consists
of integrable connexions. By definition, an integrable connexion M € Vectp(S) is holonomic since
Ch(M) = io(S) C Ts where ip : S — Tg, io(s) = (s,0) is the zero section embedding. Hence Vectp(S) C
PShp 1(5).

Proposition 20. Let k a field of characteristic zero. Let S € SmVar(k).
(i) A coherent Dg module M € PShp o(S) which is a coherent Og module is a locally free Og module.

(i1) An holonomic Ds module M € PShp 1,(S) is generically an integrable connexion, that is there exists
an open subset j : S° C S such that Mgo := j*M € Vectp(S°).

Proof. (i): Similar to the complex case : see [18].
(ii): Similar to the complex case : follows from (i) since there exist an open subset S° C S such that
ch(M) N p~1(5°) = Ts0S° where TsS C T is the zero section. O

Let k a field of characteristic zero. Let S € SmVar(k)
e we consider
— the full subcategories
Cp.n(S) C Cp(S) C Cp(S) and Dp (S) C Dp (S) C Dp(S)

consisting of complexes of presheaves M such that a,H™(M) are coherent, resp. holonomic,
sheaves of Dg modules, a, being the sheaftification functor for the Zariski topology,

— the full subcategories
CDopﬁh(S) C CDopﬁc(S) C CDop (S) and D’Dopﬁh(S) C D’Dopﬁc(S) C DDop (S)

the full subcategories consisting of complexes of presheaves M such that a, H" (M) are coher-
ent, resp. holonomic, sheaves of right Dg modules,

e in the filtered case we have
— the full subcategories
Cp)rit,n(S) C Cpaygit,e(S) C Cpaypa(S), and Dpayri,n(S) C Dp(2)fit,e(S) C Dp(2)ru(S),

consisting of filtered complexes of presheaves (M, F') such that a,H" (M, F) are filtered co-
herent, resp. filtered holonomic, sheaves of Dg modules, that is a, H"(M) are coherent, resp.
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holonomic sheaves of Dg modules and F' induces a good filtration on a,H" (M) (in particular
FPa,H"(M) C a.H"(M) are coherent sub Og modules), the full subcategories

Cp,0)fit,n(S) = Cp2gin(S) N Cp1,0yi(S) C Cpayir,n(S), and
Dp,0y£i,n(S) = Dpagir,n(S) N Dp 0y (S) € Dpagi,n(S),

consisting of filtered complexes of presheaves (M, F,W) such that a,H™(M, F) are filtered
holonomic sheaves of Dg modules and such that WPM C M are Dg submodules (recall
that the Og submodules FPM C M are NOT Dg submodules but satisfy by definition md :
F'Ds® FPM C FPT™M),

— and similarly the full subcategories
Cpor(2)£il,n (S) C Cpor(2)fil,c(S) C Cpor(2yi(S),

the full subcategories consisting of filtered complexes of presheaves (M, F') such that a, H" (M, F)
are filtered coherent, resp. filtered holonomic, sheaves of right Dg modules.

Let S € Var(k). Let Z C S a closed subset. Denote by j : S\Z — S the open embedding. We
denote by Cpyriin,z(S) C Cpran(S) the full subcategory consisting of (M, F) € Cpyin(S) such that
J*Gri, M € Co4(S) is acyclic for all p € Z.

Proposition 21. Let f: X — S a morphism with X,S € SmVar(k). Then,
(i) For (M,F) € Cpa)fu,n(S), we have LDs(M, F) € Dpa)fi,n(S)-
(ii) For (M, F) € Cp2)riu,n(S), we have Lf*™od(M,F) € Dp2yfi,n(X) and Lf*med(M, F) € Dp2yfirn(X).
(it1) For M € Cp r(X), we have ff M € Dp p(S) and ff! M := LDg ff LDx € Dp p(S).
(iv) If f is proper, for (M, F) € Cp(2)fa,n(X), we have ff(M, F) € Dpayri,n(S).
(v) For (M,F),(N,F) € Cpa)fun(S), (M,F)®5, (N,F) € Dp)ziu,n(S)

Proof. Similar to the proof of the complex case in [18] or simply follows from the complex case since
M € PShp (S) is holonomic if and only if m,c(S)*™**M € PShp (Sc) is holonomic. Note that (v)
follows from (ii) by proposition 16. O

Proposition 22. Let S € SmVar(k). For M € Cp .(S), the canonical map d(M) : M — D%LpM is an
equivalence Zariski local

Proof. Standard. O

Proposition 23. Let f1 : X = Y and fo : Y — S two morphism with X,Y,S € SmVar(k). Let
M € Cp y(S). Then, we have L(fy o f1)* ™M = Lfi™o4(Lf5™°4M) in Dp p(X).

Proof. Follows from proposition 15 (i), proposition 21 and proposition 22, or directly from the complex
case. o

Theorem 22. Let k a field of characteristic zero. Let S € SmVar(k).

(i) Let M € Dp o(S). Then M € Dp p(S) if and only if there exist a finite sequence
S:S():)SlD"'DSTDST+1:@

such that for all I, S;\Si4+1 is smooth and Hk(imedM) € Vectp(S1\Si+1) are integrable connexion
for allk € Z, 4 : S\\Si41 — S being the locally closed embedding.
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(i) Let M € PShp (S). Then M € PShp ,(S) if and only if there exist a finite sequence
S=5D282--28D2841=0

such that for all I, S;\Si+1 is smooth and i;™°M € Vectp(S;\Si+1) is an integrable connexion,
112 SI\Si+1 = S being the locally closed embedding.

Proof. (i): Similar to the complex case : follows from proposition 20, theorem 21 and proposition 21.
(ii):It is a particular case of (i). O

Let k a field of characteristic zero.

e Let C € SmVar(k) connected (hence irreducible). An algebraic meromorphism connexion M =
(M,V) € Mod(K¢,D(Oc¢)) at s € C is a K¢ module M endowed with a k linear map V : M —
Qb ®oc,. M such that V(fm) = dy @ m + fV(m) for f € K¢ where K¢ := Frac(Og,s) is the
field of fraction of C,

e Let S € SmVar(k). An algebraic meromorphism connexion M = (M, V) € PSho, (.p) s (S) along
a (Cartier divisor) D C S is a coherent Og(*D) module which has a structure of Dg module. In
particular, Mis\p € Vectp(S\D) is an integrable connexion since it is a Dg\p module which is a
coherent Og\ p module.

Lemma 3. Let S € SmVar(k). Let D C S a (Cartier) divisor. Denote by j : S° := S\D < S the open
embedding. Then, the restriction

J* : PShog(«p),ps (S) — Vectp(S5?)
is an equivalence of category whose inverse is
Jx 1 Vectp(S°) — PShog («p),pg (5).
By proposition 21, we get a full subcategory PSho («p),ps(S) C PShp n(S).
Proof. Standard fact on coherent Og(xD) = j.Ogo module. O

We now give the definition of the regularity of integrable connexions and holonomic Dg-modules on
S € SmVar(k): We first define it for integrable connexion and holonomic D¢c-module for C' € SmVar(k)
a smooth algebraic curve over k.

Definition 36. Let k a field of characteristic zero.

(i) Let C € SmVar(k) connected (hence irreducible). An algebraic meromorphism connexion M =
(M,V) € Mod(K¢c,D(Oc,s)) at s € C is called regular if there exists a finitely generated Oc,s
module L C M such that M = K¢ oL and xV (L) C QlC',S®OC,s L for some local parameter x € O¢ ;.
We call such an L C M an integral lattice.

(i) Let C' € SmVar(k). An integrable connerion M = (M,V) € Vectp(C) is called regular if for any
smooth compactification C € PSmVar(k) of C with j : C — C denoting the open embedding the
algebraic meromorphic connezrion

juM = (juM, j.V) € PSho (c\c),pe (C)

is regular at all s € C, that is for all s € (;’ the algebraic meromorphic connexion (j.M)s =
((J+M)s, (1 V)s) € Mod(K¢o, D(Og 4)) at s € C is reqular (see (i)).

(i1i) Let C € SmVar(k). Let M € PShp ;,(C) an holonomic D module. Then by proposition 20, there
exist an open subset | : C° C C such that M|co := I*M € Vectp(C?) is an integrable connexion.
We say that M is regular if I* M € Vectp(C?) is regular (see (ii)).
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We have the following :

Proposition 24. Let C € SmVar(k) connected (hence irreducible). Consider an algebraic meromorphism
connexion M = (M,V) € Mod(K¢, D(Oc¢,s)) at s € C. The following are equivalent :

(i) M is regular
(i) For any m € M, there exists a finitly generated Oc,s submodule L C M such that V(L) C L.

(iii) For any m € M there exist a polynomial F(t) = t™ + ait™ ' + -+ + a,, € Ocs[t] such that
F(zV)(m) = 0.

Proof. Similar to the complex case. O
We have then the following lemma
Lemma 4. (i) Let k: C — C' a morphism with C,C" € SmVar(k) smooth algebraic curves.

— Let M € PShp 4 (C). Then M is regular if and only if H* J, M € PShp 1,(C") are regular for
all k.

— Let N € PShp 4,(C"). Then M is regular if and only if H*Lk*™°¢N € PShp ;,(C) are regular
for all k.

(ii) Let o : k — C an embedding. Let C € SmVar(k) and M € PShp »(C). Then M is regular if and
only if mc(C)*™°M € PShp 5 (Cc) is regqular

Proof. (i):Similar to the complex case : see [18].

(ii): Follows from the fact that for [ : C° < C an open subset such that [*M € Vectp(C?) is an integral
connexion and s € C' with C' € SmVar(k) a compactification of C, j : C° — C < C, if L C (j.l*M)s
is an integral lattice then m,/c(C)*™L C (my/c(C)*™%j * M), is an integral lattice, and conversely if
L' C (my)c(C)*™°%j,1* M), is an integral lattice then L' N (j.l*M)s C (j.l* M), is an integral lattice the
canonical map

(75100 j00s M) = (jul*M)s < myc(C) ™ (ju1"M)s,m = m @ 1

being injective since [*M is a locally free O¢o module. O

For integral connexions and holonomic Dg modules on S € SmVar(k) an algebraic variety of arbitrary
dimesion over k, we define it by the case of curves

Definition 37. Let k a field of characteristic zero.

(i) Let S € SmVar(k). An algebraic meromorphism connexion M = (M,V) € PShog.py,ps(S) along
a (Cartier divisor) D C S is called regular, if for all morphism ic : C — X with C' € SmVar(k) a
smooth curve and all s = DMic(C), the meromorphic connexion (ifm°¢M, V) € Mod(K¢, D(Oc¢,s))
is reqular (see definition 36).

(i) Let S € SmVar(k). An integrable connerion M = (M,V) € Vectp(S) is called regular if for any
smooth compactification S € PSmVar(k) of S with D := S\S C S a (Cartier) divisor, the algebraic

meromorphic connexion (j. M) = ((j=M), (j.V)) € PSho(«p),ps(S) along D C S is reqular, where
j: S < S is the open embedding (see (i)).

(i1i) Let S € SmVar(k). An holonomic Dg module M € PShp ,(S) is called regular if for all morphism
ic : C — S with C € SmVar(k), im°M € PShyp ,(C) is regular (see definition 36).
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(iv) Let o : k — C an embedding. Let S € SmVar(k) and M € PShp (S). Consider the projection
Tyc(S) © S — Sc. Then by lemma 4(ii), if myc(S)*™*M € PShp (Sc) is reqular then M €
PShp 1, (S) is regular. So, let k a field of characteristic zero. Let S € SmVar(k) and M € PShp 5,(S).
We say that M is reqular in the strong sense if

71c(S0) ™ Mo € PShp 5 (Soc)

is reqular, where kg C k is a subfield of finite transcandence degree over Q such that S and M
are defined that is S = Sor := So ®k, k with Sy € SmVar(kg) and M = ﬂ'ko/k(So)*m"dMo with
My € PShp 1,(So), and we take an embedding o : ko — C. This definition does NOT depend on the
choice of the subfield ko and the embedding o : ko — C.

For S € SmVar(k), we denote PShp ,4(S) C PShp ,,(S) the full subcategory consisting of holonomic Dg
modules M € PShp ,(S) regular in the strong sense (see (iv)).

We have then the following easy proposition :
Proposition 25. Let S € SmVar(k). Consider an exact sequence in PShp ,(S)
0— My — My — M3 — 0.
(i) Then, Ms is regular if and only if My and M3 are regular
(i) Then, My € PShp ,1,(S) if and only if My, M3 € PShp .4 (S).

Proof. (i):Similar to the complex case : by definition we are reduced to the case of integrable connexions

on curves. But for 0 — My — M> kN M3 — 0 an exact sequence of integrable connexions on a curve
C € SmVar(k) with compactification C' € PSmVar(k), M; and Mz are regular at s € C if and only if My
is regular at s by proposition 24 (use (iii)).

(ii):Follows by definition from the complex case which is a particular case of (i). O

Let k a field of characteristic zero. Let S € SmVar(k)
e we consider
— the full subcategories
Cprn(S) C Cp n(S) and Dp 4(S) C Dp n(S)

consisting of complexes of presheaves M such that a, H"(M) € PShp ,4(S) (see definition 37),
a- being the sheaftification functor for the Zariski topology,

— the full subcategories
ODOPJ\]-L(S) C C’Dopﬁh(s) and DDopmh(S) C D’Dopyh(S)

the full subcategories consisting of complexes of presheaves M such that a,H" (M) €
PShp .1 (5),

e in the filtered case we have
— the full subcategories
Cp2)fitrn(S) C Cp2yrin(S), and Dpaypirrn(S) C Dp(2)fit,n(S),

consisting of filtered complexes of presheaves (M, F') such that a. H"(M) € PShp ,4(S) (see
definition 37), the full subcategories

Cp,0)fit,rh(S) = Cpagiten(S) N Cpa,0y7ia(S) C Cpayitren(S), and
Dp,0)fit,rn(S) = Dpagirn(S) N Dpa,oyra(S) € Dpagirn(S),

consisting of filtered complexes of presheaves (M, I, W) € Cp(1,0) i1,»(S) such that a, H" (M) €
PShp 1 (S) (see definition 37)
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— and similarly the full subcategories

Cpor(2)fitl,rn(S) C Cpor(2) fit,n (), and Dpon(a) fit,rn(S) C Dpor(2y i, n (S)

the full subcategories consisting of filtered complexes of presheaves (M, I') € Cpor(2)ir,n(S)
such that a, H"(M)°? € PShp .1 (S5).

Let S € SmVar(k). Let Z C S a closed subset. Denote by j : S\Z — S the open embedding. We
denote by Cpyir,z,rn(S) C Cpritrn(S) the full subcategory consisting of (M, F') € Cp i, rn(S) such that
J*Gri. M € Co4(S) is acyclic for all p € Z.

We now give an equivalent definition of regular holonomic Dg modules together with a result on
stability by direct, inverse image and duality.

Let S € SmVar(k). For each M € PShp (S) there exists by proposition 19(ii) a finite sequence of
holonomic submodules

O=M,;1nCM,.C---CMyCMy=M

such that M;/M; 1 € PShp 5 (S) is simple.

Definition 38. Let k : Z° — S a locally closed embedding with S, Z° € SmVar(k), and assume k is
affine. We define for M € PShp 5(Z°) the minimal extension

Lo (M) :=T(k, k*)(/m M) C /kM

where T (ky, k. )(M) : [, M — [, M is given by, using a factorization of k by open embeddings and proper
morphisms

o the adjonction map T(ji, j.)(N) := ad(5*, j«)()iN) : 41N — §.N for open embeddings j : X° — X
with X € SmVar(k),

e the trace map on proper morphisms.
By proposition 19(i), Lzo;s(M) € PShp 5 (S) is holonomic.

Theorem 23. (i) Let k : Z° — S a locally closed embedding with S, Z° € SmVar(k), and assume k
is affine. Let M € PShp ,,(Z°). If M is simple, then Lzo,5(M) is also simple, and is the unique
simple submodule of fk M and the unique quotient module of fk! M.

(i) Let S € SmVar(k). Let M € PShp 1 (S). If M is a simple Dg module then there exist k : Z° — S
a locally closed embedding with Z € SmVar(k), k affine, such that M ~ Lzo;s(N) with N €
Vectp(Z°) a simple integral connexion.

(ii) Let k : Z° — S, k' : Z'o locally closed embeddings with S, z0,7° e SmVar(k), k, k" affine. Let
N € Vectp(Z°) and N € Vectp(Z °) simple integral connezions. Then Lzo;s(N) = Ly,,5(N) in
PShp(S) if and only if Z° = Z'° and Ny ~ N|’U for an open dense subset U C Z° N Z'°.

Proof. Similar to the complex case : see [18]. O

Theorem 24. Let S € SmVar(k). Let M € PShp ,(S). Take by proposition 19(ii) a finite sequence of
holonomic submodules

O=M,;nCM,.C---CMyCMy=M

such that M;/M;+1 € PShp 5,(S) is simple. By theorem 28 there exist locally closed embeddings k; : Z2 —
S with Z? € SmVar(k) and N; € Vectp(Z?) simple integrable connexion such that M; ~ Lge;s(N;) in
PShp(S). Then M is regular if and only if the simple integral connexions N; € Vectp(Z?) are regular
(see definition 37).

Proof. Similar to the proof of the complex case in [18]. O
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Theorem 25. Let f : X — S a morphism with X, S € SmVar(k). Then,

(i) For (M, F) € Cp2)fi,rn(S), we have LDs(M, F) € Dp2)fir,ri(S)-

(ii) For (M, F) € Cp)tir,rn(S), we have Lf*™°4(M, F) € Dp2)pin(X) and Lf*™°% (M, F) € Dpa) pitrn(X)-
(i1i) For M € Cp (X)), we have ffM € Dp ., (S). and fﬂM = LDg ff LDx € Dp 1 (S).

(iv) If f is proper, for (M, F) € Cp(2)si,rn(X), we have ff(M, F) € Dp@)irrn(S).

(v) For (M,F),(N,F) € Cpe)fiu,m(S), (M,F) @&, (N, F) € Dp(a)siu,rn(S)

Proof. Follows by definition from the complex case : (i),(ii) and (iii): See [18].

(iv): Follows from (iii) and stability of coherent Ox-modules by direct image of proper morphism f :
X = S.

(v):Follows from (ii) by proposition 16. O

4.2 The D modules on singular algebraic varieties over a field £ of character-
istic zero

In this subsection by defining the category of complexes of filtered D-modules in the singular case and
there functorialities.

4.2.1 Definition

In all this subsection, we fix the notations: Let & a field of characteristic zero. For S € Var(k), we denote
by S = U._;S; an open cover such that there exits closed embeddings ;S; — S; with S; € SmVar(k).
We have then closed embeddings iy : Sr = NierSi — Sy = HZGISI Then for I C J, we denote by
Jjrs 85 = Sr the open embedding and pr : S; — Sy the projection, so that p;j oiy; = ¢; o j;;. This
gives the diagram of algebraic varieties (S;) € Fun(P(N), Var(k)) which gives the - diagram of sites (Sp) ==
Ouv(Sy) € Fun(P(N),Cat). Tt also gives the diagram of sites (S;)? := Ouv(S;)°? € Fun(P(N), Cat).
For I C J, we denote by m : S;\(S7\Ss) < S; the open embedding.

Deﬁniti~0n 39.~Let S € Var(k) and let S = U;S; an open cover such tha~t there exist closed embeddings
i;S; < Si with S; € SmVar(k). Then, PShp(2)i(S/(S1)) C PShp(a)£:((Sr)) is the full subcategory

e whose objects are (M, F) = (M1, F)icp,...q), S1.7), with
- (M, F) e PSh'D(g)fi[(S’]) such that Ts, M1 = 0, in particular (Mg, F') € PShp(2)fi,s, (S1)

— sry :m (M, F) = m*le*(MJ,F)[dgl — dg‘]] for I C J, are isomorphisms, pry : S; — Sr
being the projection, satisfying for I C J C K, prj«Sjk © S1j = SiKk ;

e the morphisms m : (M,F) — (N,F) between (M,F) = ((M,F)rcp,..qp»515) and (N, F) =
((N1, F)1cp,..qp,m10) are by definition a family of morphisms of complezes,

m = (my: (M, F) = (N1, F))icp,..q

such that rryomy =prygemyosry i Cp s, (Sr).

We denote by

PShp ) it (S/(S1)) € PShp(a)it,n(S/(S1)) € PShp(z)fir,e(S/(S1)) € PShpayra(S/(Sr))
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the full subcategory consisting of (M, F),sry) € PShD(g)fil(S/(gl)) such that for all I C [1,...,1],
(M, F) € PShp)fuc(Sr) resp. (Mr, F) € PShp)fun(Sr), resp. (Mr, F) € PShp(a)fi,n(S1) and
My € PShp »n(S1) (see definition 37) We have the full subcategories
PShp 1,0y it,rn(S/(S1)) € PShpagirrn(S/(S1)), PShoi,0)pin(S/(S1)) € PShpasinn(S/(Sr)),
PShD(l,o)fil,h(S/(gI)) C PShparan(S/(S1)),
consisting of (Mg, F,W), s1y) such that WP My are Dg, submodules.
We recall from [10] the following

e A morphism m = (mz) : (My),s15) = ((N7),rr5) in C(PShp(S/(S1))) is a Zariski, resp. usu,
local equivalence if and only if all the m; are Zariski local equivalences.

e A morphism m = (my) : (M, F),srg — (N1, F),r1y)) in C(PShD@)M(S/(S’I))) is a filtered
Zariski local equivalence if and only if all the m; are filtered Zariski local equivalence.

e By definition, a morphism m = (my) : (M1, F), sr5) = (N1, F),rry) in C(PShD(Q)fil(S/(S'I))) is
an r-filtered Zariski local equivalence if there exist m; : ((Ciz, F), sir7) — (Clivryrs F)s Sei+1)17),

0 < i< s, with (Ciz, F), sir5) € C(PShpay i (S/(S1))), (Cor, F), sirg) = (M1, F), 515), (Cs1, F), 8515) =
(N7, F),r17) such that

m:mso~-~omio~-~om0:((M],F),S[J-)((N[,F),T[J))

with m; : ((Cir, F), sir7) — ((Cix1y1, F), S(i+1y17) either filtered Zariski local equivalence or r-
filtered homotopy equivalence.

Definition-Proposition 4. Let S € Var(k) and let S = U;S; an open cover such that there exist closed
embeddings i;S; — S; with S; € SmVar(k). Then PShp2)i(S/(Sr)) does not depend on the open
covering of S and the closed embeddings and we set

PShp(a)7i1(S) = PShp(a)ra(S/(S1))

We denote by COD(Q)fil(S) = C(PShD(Q)fil(S/(S'I))) and by D%(z)ﬁlm(S) = K%(Q)fuyr(S)([El]_l) the
localization of the r-filtered homotopy category with respect to the classes of filtered Zariski local equiva-
lences.

Proof. Similar to the complex case : see [10]. O
We now give the definition of our category :

Definition 40. Let S € Var(k) and let S = U;S; an open cover such that there exist closed embeddings
i; 2 S; — S; with S; € SmVar(k). Then, Cp(2)ra(S/(S1)) C Cp2yri((Sr)) is the full subcategory

e whose objects are (M, F) = (M1, F)cp,..q), urg), with
— (Mp,F) € Cpeayis,s; (Sr) that is (My, F) € CD(Q)fil(S'I) satisfy n} Gr% My € Co(Sr) is acyclic
for all p € Z, where ny : 5'1\5’1 < S; is the open embedding,

—ury:m* (M, F)— m*pjj*(MJ,F)[dSI —dg‘]] for J C I, are morphisms, pry: S; — Si being
the projection, satisfying for I C J C K, prj*ujkx oury = urg in CDfi[(gj) ;

e the morphisms m : (Mg, F),ury) — ((Nr,F),v1y) between (M, F) = (Mg, F)rcp,..q, urs) and
(N,F) = ((N1,F)rcp,..qp,v15) being a family of morphisms of complexes,

m = (my: (Mr,F) — (N1, F))icp,..q

such that viy omy = prj«myoury in C’Dfil(g]).
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We denote by Og(z)fil(S/(S’])) C C’D(g)fi[(S/(g[>> the full subcategory consisting of objects (M, F),ury)

such that the ury are co-filtered Zariski local equivalences.

Let S € Var(k) and let S = UézlSi an open cover such that there exist closed embeddings i; : S; — S;
with S; € SmVar(k). Then, We denote by

Cp(2)fit.rn(S/(S1)) € Cp2)£i,n(S/(S1)) € Cp2) fire(S/(S1)) € Cpzya(S/(S1))

the full subcategories consisting of those (M, F),ury) € OD(Q)fil(S/(g[)) such that for all 7 C [1,...,1],
(M, F) € C’D(g)fi[)sl)c(g[), that is such that a, H"(M;, F) € PShpyi1..(S1) are coherent endowed with
a good filtration for all n € Z, resp. (M, F) € C’D(g)ﬁhshh(gl), that is such that a,H*(M;, F) €
PShpfi.n(Sr) are filtered holonomic for all n € Z, resp. such that (M, F) € C’D(g)fi[)shrh(g[),
that is such that a.H" (M, F) € PSthil’h(gj) are filtered holonomic for all n € Z and a,H"M; €
PShp 1, (S1)(see definition 37).
We denote by
Cpa.0)£it.1(S/(51)) C Co2pitn(S/(51)); Cp1,0)fitn(S/(S1)) € Coagirn(S/(S1)),
Cp1,0)i(S/(S1)) € Cpara(S/(St)),
the full subcategories consisting of those (M, F, W), urs) € Cpara(S/(Sr)) such that WPM; are Dg,

submodules.
We recall from [10] the following

e A morphism m = (my) : (Mg, urs) = (N7,vrs) in Cp(S/(Sr)) is a Zariski local equivalence if and
only if all the m; are Zariski local equivalences.

e A morphism m = (my) : (Mr, F),ur; — (N1, F),vry)) in C’D(g)fi[(S/(g[>) is a filtered Zariski
local equivalence if and only if all the m; are filtered Zariski local equivalence.

e Let r = 1,---,00. By definition, a morphism m = (m;) : (Mg, F),ur;) — ((Nr,F),v1s) in
Cp(2)7i(S/(Sr)) is an r-filtered Zariski local equivalence if there exist m; : (Cir, F),uirs) —

(Clasnyrs F)yunyrg), 0 < i < s, with (Cir, F),uirs) € Cp2)pa(S/(S1)), (Cor, F)yuirg) = (My, F), ury),
(Csb F), usj,]) = (N], F), 'U[J) such that

m=mgo---omio---omg:((Mr,F),ury = (N1, F),vrs))

with m; : (Cir, F),wirg) — (Clig1yr, F), u@+1)rs) either filtered Zariski local equivalence or r-
filtered homotopy equivalence (i.e. r-filtered for the first filtration and filtered for the second
filtration).

Definition 41. Let S € Var(k) and let S = U;S; an open cover such that there exist closed embeddings
i; 2 S; — S; with S; € SmVar(k)

(i) We have the derived category
Dop(2)a(S/(S1)) := Cp2yar(S/(S)))([E1] ™)

the localization with respect to the classes of filtered Zariski local equivalences, together with the
localization functor

D(zar) : Cp(2yra(S/(S1)) = Kpyra(S/(Sr)) = Dpayra(S/(Sr).
(ii) We have the full subcategories
Dp(1,0)fi1,r1(S/(S1)) € Dp(1,0)it,n(S/(S1)) € Dpagia(S/(S1))
which are the image o]”~(373(170)fil7h(S/(S’J)),~ resp. of Cp(1,0)fit,rn(S/(S1)), by the localization functor
D(zar) : Cp(2)5i(S/(S1)) = Dp2)£u(S/(Sr))-
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(ii) We have, for r =1,...,00, the r-filtered homotopy category
Kop(2)5i1,(5/(51)) := Hor(Cpa) 7 (S/(51)))

whose objects are those of CD(Q)fil(S/(S’I)) and whose morphism are r-filtered homotopy classes of
morphisms (r-filtered for the first filtration and filtered for the second), and

D)1 (S/(S1)) == Kp) i (S/(S1)))([E1] ")

the localization with respect to the classes of filtered Zariski local equivalences, together with the
localization functor

D(zar) : Cp2ypa(S/(S1)) = Kp@)pit(S/(S1)) = Dpaypa(S/(Sr))-

(iv) We have . 3 }
Dp1,0)fit,00,n(S/(S1)) C Dp2fit,e0,n(S/(S1)) C Dp2fir,eo(S/(S1))

the full subcategories which are the image of Cpasin.n(S/(Sr)), resp. of CD(L())fil’Th(S/(g])), by the
localization functor D(zar) : CD(Q)fil(S’/(S'])) — DD(Q)I'Z-LOO(S/(S’I)).

Let S € Var(k) and let S = U;S; an open cover such that there exist closed embeddings 4, : S; — S;
with S; € SmVar(k).

e We denote by
Cp(2)1(S/(S1))° C Cp(2)ua(S/(S1)) and Dp2)(S/(S1))° € Dpayra(S/(Sr))
the full subcategories consisting of ((My, F),ury) € CD(Q)fil(S/(S'I)) such that
H" (M, F),ury) = (H"(M;,F), H"urs) € PSh 9 14 (S/(S1))
that is such that the H"uy; are isomorphism.
e We have the full embedding functor
1950t Op@ypalS) = C 27 (S/(51)) = Cp2ya(S/(S1)° = Cpaya(S/(51)),
(Mp,F),s15) = (M1, F),srs)
This full embedding induces in the derived category the functors
Lg/(g,) : Doy it (S) = Hozar(c%(z)fu,oo(S/(gl))) — Dp2)7a(S/(51))° = Dpay it (S/(S1)),
((My,F),s15) — (Mg, F),s17).

We can show that this functor is a full embedding.

4.2.2 Duality in the singular case

The definition of Saito’s category comes with a dual functor :

Definition 42. Let S € Var(k) and let S = US; an open cover such that there exist closed embeddings
;0 S; = S; with S; € SmVar(k). We have the dual functor :

]D)é( : O%le(s/(gl)) - C%le(s/(gf))v ((MlvF)vle) = (ng (MI,F)a S?J)a
with, denoting for short dry :=dg, —dg,,

D" (s7;) T, (prs,D)(—
ufy:Dg (Mg, F) ——% DF prys(M;, F)[drs] Lo DY), prDg (M, F)[dr,]

It induces in the derived category the functor
LDj : DODfil(S/(gf)) — DODfil(S/(S’I))v (M1, F),s15) = D§Q((Mr,F),s1.),
with g : Q((M1, F), s1y) — (M1, F),s15) a projective resolution.
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For our definition, we have

Definition 43. Let S € Var(C) and let S = US; an open cover such that there exist closed embeddings
i; 0 S; = S; with S; € SmVar(C). We have the dual functors :

Ds : Cpri(S/(S1)) = Cpru(S/(S1)P), (M1, F),s15) — (Dg,(My, F), 1)),
with, denoting for short dry:==dg —dg,,
ufy: pryDg, (M, F)ldr,]
and R ~
Ds : Cpsi(S/(51)) = Cppa(S/(S1)), (M, F),s15) — (Dg, (M1, F), s¢,),
with, denoting for short dry :=dg, —dg,,
uIJ : Dg, (Mp, F)
It induces in the derived category the functors
LDs : Dpyir(S/(S1)) = Dpga.(S/(S1)), (M1, F),s15) — DsQ((My, F), s15),
with g : Q((M1, F), s15) — (M1, F),s15) a projective resolution, and
LDs : Dpyit,(S/(S1)%) = Dpgu(S/(S1)), (M1, F),s1) = DsQ((My, F),s15),
((

with ¢ : Q((M1,F),s15) = (M1, F),s15) a projective resolution.

4.2.3 Inverse image in the singular case

We give in this subsection the inverse image functors between our categories.

Let n : S° < S be an open embeddlng with S € Var(k) and let S = U;S; an open cover such that
there exist closed embeddings i; : S; <+ S; with S; € SmVar(k). Denote S¢ := n~'(S;) = Sy N S°
and ny := nse S¢ < S° the open embeddings. Consider open embeddings 7y : S’}’ < S such that

59N S; = 59, that is which are lift of n;. We have the functor
n*: Opgu(S/(S1)) = Cpsa(S°/(57)),
(M, F) = ((M[,F),U[J) — n*(M, F) = (ﬁ])*(M, F) = (ﬁ?(MI,F),n*uU)
which derive trivially.

Let f : X — S be a morphism, with X, S € Var(k), such that there exist a factorization f;X 4

Y x § 2% S with Y € SmVar(k), [ a closed embedding and pg the projection, and consider S = U._, S
an open cover such that there exist closed embeddings i; : S; < S;, with S; € SmVar(k) ; The (graph)
inverse image functors is

fret=I s Cppa(S/(S1) = Coga(X/(Y % 81)),
(M, F) = (M1, F),urg) = foU (M F) o= (O, B (M1, F)), £ urg)
with f;mOdHu 77 as in [10], It induces in the derived categories the functor
RN Do) i (S/(S1)) = Doy pin,r(X/ (Y % S1)),
(M, F) = (Mg, F),ury) = fmo/ (M, F) o= (Dx, Epg" 7 (M, ), £ ).
It gives by duality the functor

LfFmedt= Doy i+ (S/(S1)) = Doy it (X/ (Y x Sp)),
(M, F) = ((My, F),ury) — Lffmd=10 (0 F) .= LDgRf ™1 LDg (M, F).

The following proposition is easy :
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Proposition 26. Let f1 : X =Y and fo : Y — S two morphism with X,Y,S € Var(k). Assume there
exist factorizations f1: X Ny Yy 2L Y and fa:Y Loy § P55 8 with YY" € SmVar(k), l1,ls
closed embeddings and pg,py the projections. We have then the factorization

foofi: X Lol yr oy g sy g

We h(we, fOT (M, F) S OS(?)le(S/(gl))’ R(fg o fl)*mOd[*],F(M, F) Rf;mod -],r Rf*mod[ (]\47 F)

Proof. Similar to the complex case : see [10]. O

4.2.4 Direct image functor in the singular case

We define the direct image functors between our category.
Let f X — S be a morphism with X, S € Var(k), and assume there exist a factorization f : X 4

Y x 8 25 S with Y € SmVar(k), [ a closed embedding and _ps a the projection ; Let S = ul_ 1S an
open cover such that there exist closed embeddmgs i; : S; = S; with S; € SmVar(k). Then X = Ul_, X;
with X; := f71(S;). Denote, for I C [1,---1], S; = NMie1S; and X; = N;er X;. For I C [1,---1], denote by
S; =11 S;, We define the direct image functor on our category by

FEOR : Cp@ypa(X/(Y x 51)) = Cpa)ru(S/(51)),
(M1, F),urs) = (flmea(M1, F), f*(urs)) = (05, E(Q5, 5, /5, Fv) @0, 5, (M1, F)[dy]), f*(urs))

with f*(uss) as in [10]. It induces in the derived categories the functor

FDR
/f Doy pitn X/ (Y % 81)) = Doy parn (S/(50)), (M. F),urs) — (FEPE My, F), f*(ur)).

In the algebraic case, we have the followings:

Proposition 27. Let fi : X - Y and fo : Y —) S two morphism with XY, S € QPVar( ) quasi-
projective. Then there exist factorizations fi1: X -5 Y'xY 25V and fo : Y Ly yr v § P55 S with
Y/ =PNo c PVN)Y” =PNo c PNV open subsets, l1,12 closed embeddings and ps,py the projections. We

have then the factorization fao fi : X Lzoly)olt yr oy § P55 S, Leti: S < § a closed embedding

with S = P™° C P an open subset.

(i) Let M € Cp(X/(Y' x Y" x §)). Then, we have [; (M) = [ 7% ([ (M)) in Dp(S/(S1)).
(ii) Let M € Cpypun(X/(Y x Y" x 8)). Then, we have [°0 (M) = [7 ([ (M) in
Dp n(5/(51))-
Proof. Similar to the complex case : see [10]. O

4.2.5 Tensor product in the singular case

Let S € Var(k). Let S = US; an open cover such that there exist closed embeddings i; : S; — S; with
S; € SmVar(k). We have, as in the complex case, the tensor product functors

(=) @) (=) : Chra(S/(S1)) = Cpra(S/(S1)), (My, F),urs), (N1, F),vr;)) =
(M, F),urg) ®5) (N1, F),v10) = (M1, F) ®0 (N1, F)ldg, ), urs @ 1),
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with, denoting for short d;; :=dg, —dg, and dr := dg_,

T(py5° p1s)(=)ld1] «mod

ury @ury: (Mp, F) ®og (Ni, F)ldi] : pr+p17 (M1, F) @04 (N1, F))[d1]
= prr(P75 N (Mr, F) ®0g p??Od(NhF))[dl]

I(p; 7% pr) (= =) (wr)®I(p; 7 pra) (= =) (vrs)ld1]

pri+((My, F) ®og  (Ny, F))lds + dr].
It induces in the derived category, for 1 < r < oo, the functors
(=) @65 (=) : D3 i (S/(S1)) = Dpgire(S/(S1)), (M5, F),ury), (N1, F),vrs)) —
(M1, F),urs) ©6, (N1, F),v15) := (Lp(M1, F) ®0s Lp(Nr, F)ldg, ], uf; © vf ).
We have the following easy proposition :

Proposition 28. Let S € Var(k). Denote Ag : S < Sx.S the diagonal embedding. Denote p1 : SxS — S
and ps : S x S — S the projections. Let S = US; an open cover such that there exist closed embeddings
i; : S; = S; closed embedding with S; € SmVar(k). We have, for (Mr,ury), (Ni,vr5) € Cp(S/(Sr)),

(Mr,ury) @51 (N vrs) = A5 (0o My, pi7 %) ®0s,s (P37 N1, 937" %rs))

and
(M1, F),ury) ®6, (N1, F),v10) = RAG (017 My, pi7urs) @0s,cs (037N, p37"*vr)
Proof. Follows from proposition 16 and theorem 21. O

4.2.6 The 2 functors of D modules on the category of algebraic varieties over a field k£ of
characteristic zero and the transformation maps

Definition 44. Consider a commutative diagram in Var(k) which is cartesian :

D= X;-L o1

b

X——=S5

Assume there exist factorizations [ : X b, YVixSEL 8 g:T LN Yo x S 255 S with Y1,Ys € SmVar(k),
l1,l2 closed embeddings and ps, ps the projections. Let S = US; an open cover such that there exist
closed embeddings i; - S; < S; closed embedding with S; € SmVar(k). We then have as in the complex
case, for (M, F) = (M1, F),ury) € Cpz)yra(X/(Y1 x S1)), the following canonical transformation map

in Dp(aypi, (T/(Ya2 x Sr)),
TP™mdf, 9) (M, F) :

FDR
R ot /f (M, F) i= (Dry B(Gpg, B, 5, 5, o) @0y, o, (Mr, )55 (ur)

(T (ps,31) (Mr,F))

. *mod *mod
(FTIE(pszﬁI*E((leszxS&/szé,vFb) ®Oy X Yo x 81 pY1><SI(MI’F))) f (lexSJ( IJ)))

(TS (@) (P35, (M1, F)) ™!

(Prass BU, v, s B8 0y, s, Droeri BRI, (M1 F)). (G5 )

FDR ,
= / Rg *mod,F(M, F)

’
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Proposition 29. Consider a commutative diagram in Var(k)

f/
D=(f9)= Xr——T .

N

X——=S5

which is cartesian. Assume there exist factorizations f : X LN VixSE S, g:T N Yy x S8 258,
with Y1,Ys € SmVar(k), l1,ls closed embeddings and ps, ps the projections. Let S = US; an open
cover such that there exist closed embeddings 4 S; — S‘l closed embedding with S’Z € SmVar(k). For
(M, F) = (M1, F),u1s) € Cp2)si,«(X/(Y x Sr)),

FDR FDR ,
TDmod(f7 g) . Rg*mod,f‘/f (1\47 F) N ; Rg =o<mod,f‘(]\47 F)

is an isomorphism in Dpa) i1 »(T /(Y2 X S1)).
Proof. Similar to the complex case. O

Theorem 26. Let f : X — S a morphism with X,S € Var(k). Assume there exists a factorization

f:X LyxSE Swithy € SmVar(k), I a closed embedding and p the projection. Let S = US; an open
cover such that there exist closed embeddings i; : S; < S; closed embedding with S; € SmVar(k). Then,

(i) For (M,F) € Cpa)sirn(S/(S1)°P), we have LDs(M, F) € Dpaypirn(S/(S1)).
(ii) For M € Cp.rn(S/(S1)), RF™ (M) € Dp on(X/(Y x S;)) and Lf*°4"M € Dp .n(X/(Y x
S1)).
(iii) For M € Cp .n(X/(Y x S’])), ffM € DDmh(S/(g[)) and ff! M = LDg ff LDx € Dpyrh(S/(S'])).

(iv) If f is proper, for (M, F) € Cp)um(X/(Y x Sp))), we have J;(M.F) € Doy riten(S/(S1)).

(v) For (M,F),(N,F) e CD(Q)j’il,rh(S/(gl))7 (M,F)®§, (N,F) e DD(2)fil,rh(S/(§I))
Proof. Follows from theorem 25. O

4.3 The category of complexes of quasi-coherent sheaves on an algebraic
variety whose cohomology sheaves has a structure of D-modules

4.3.1 Definition on a smooth algebraic variety and the functorialities

Definition 45. Let S € SmVar(k). Let Z C S a closed subset. Denote by j : S\Z — S the open
complementary embedding.

(i) We denote by Cog p.z(S) C Cog.p(S) the full subcategory consisting of M € Cog p(S) such that
such that j*H™M =0 for all n € Z.

(i1) We denote by Cogri,p,z(S) C Cogru,n(S) the full subcategory consisting of (M, F) € Cogri,p(S)
such that there exist r € N and an r-filtered homotopy equivalence m : (M, F) — (M', F) with
(M',F) € Cogfu,p(S) such that j*H" Grh.(M', F) =0 for all n,p € Z.

Definition 46. Let S € SmVar(k). We have then (see section 2), forr =1,--- 00, the homotopy cate-
gory Kog rip.r(S) = Hop(Cog rit,p(S)) whose objects are those of Cog ru,p(S) and whose morphisms are
r-filtered homotopy classes of morphism, and its localization Dog fip+(S) = Kogfi.p.r(S)([E1]™1) with
respect to filtered zariski, resp. usu local equivalence. Note that the classes of filtered T local equivalence
constitute a right multiplicative system.
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e Let S € SmVar(k). Let (M, F) € Cogfu,p(S). Then, the canonical morphism ¢ : Lo(M, F) —
(M, F) in Cog i (S) being a quasi-isomorphism of Og modules, we get in a unique way Lo(M, F') €
Cogri,p(S) such that ¢ : Lo(M, F) — (M, F) is a morphism in Cog ri,p(S)

Let f : X — S be a morphism with X,S € SmVar(k). Let (M,F) € Cogrup(S). Then,
[rmedHY (M, F) := (Ox, Fy) ® p+04 f*H™(M, F) is canonical a filtered Dy module (see section 4.1
or 4.2). Consider the canonical surjective map q(f) : H" f*™°¢(M, F) — f*™m°d{"(M, F). Then,
q(f) is an isomorphism if f is smooth. Let h : U — S be a smooth morphism with U, S € SmVar(k).
We get the functor

prmed . COsfil,D(S) — COUfil,D(U), (M, F) = h*mOd(M, F),

Let S € SmVar(k), and let i : Z < S a closed embedding and denote by j : S\Z < S the open
complementary. For M € Co, p(S5), the cohomology presheaves of

Tz M := Cone(ad(5*, j.)(M) : M — j,j*M)[~1]

has a canonical Dg-module structure (as j*H" M is a j*Dg module, H"j.j*M = j,j*H™ M has an
induced structure of Dg module), and yz(M) : TzM — M is a map in Co, p(S). For Zo C Z a
closed subset and M € Co4 p(S), T(Z2/Z,v)(M) : Tz,M — T'zM is a map in Co, p(S). We get
the functor

Iz : Cosri,p(S) = Cogsri,n(S),
(M,F) = Tz(M,F) := Cone(ad(j*, j«)((M, F)) : (M, F) — j.j" (M, F))[-1],
together we the canonical map vz (M, F) :Tz(M,F) — (M, F)

More generally, let h : Y — S a morphism with Y, S € Var(k), S smooth, and let i : X — Y a
closed embedding and denote by j: Y\X < Y the open complementary. For M € Cp-o4 np(Y),

I'xM := Cone(ad(j*, j«) (M) : M — j.j*M)[—1]

has a canonical h* Dg-module structure, (as j*H™M is a j*h*Dg module, H"j,j*M = j,.j*H"M
has an induced structure of j*h*Dg module), and yx (M) : TxM — M is a map in Ch=0g p+p(Y).
For X5 C X a closed subset and M € Chog,10(Y), T(Z2/Z,¥)(M) : Tx,M — I'x M is a map in
Chrog.h+p(Y). We get the functor

I'x : Che0g fit,h*D(Y) = Chros fit,n=p(Y),
(M, F) — FX(M, F):= Cone(ad(j*,j*)((M, F)): (M, F)— j*j*(M, F))[—l],

together we the canonical map yx (M, F) : Tx(M,F) — (M, F)

Let f : X — S be a morphism with X, S € SmVar(k). Consider the factorization f : X Lxxsh
S, where [ is the graph embedding and p the projection. We get from the two preceding points the
functor

ot Cog pap(S) = Coy pip(X x 8), (M, F) s f*m°4N (M, F) := T'xp*™ (M, F),
and

fFrmed=Ll s O rup(S) = Coy pip(X x S),
(M, F) s fmol=b (M F) i= Tx BE(p™™!(M, F))[—dx],

which induces in the derived categories the functor

Rfrmod[=].T . Dogfi,p(S) = Doy ra,p(X x S),
(M, F) = RO (M, F) = Tx B(p™ ! (M, F)).
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4.3.2 Definition on a singular algebraic variety and the functorialities

Definition 47. Let S € Var(k) and let S = U;S; an_open cover such that there exist closed embeddings
i; 2 S; — S; with S; € SmVar(k). Then, Cosup(S/(Sr)) is the category

e whose objects are (M, F) = (M1, F)cp,..q), urg), with

- (MI7F) S COSIfil'D,SI (gl);
—ury:m* (M, F)— m*ij*(MJ,F)[dSJ —dgl] for J C I, are morphisms, pry: S; — Si being

the projection, satisfying for I C J C K, prj«ujk oury = urg in COSIlfiLD(g[) ;

o whose morphisms m : (Mr, F),ur;) — ((Nr1, F),v17) between (M, F) = (M1, F)icp,...qp, urs) and
(N, F) = ((N1, F)rcp,..q1,v17) are a family of morphisms of complezes,

m = (my: (Mr,F) = (N1, F))icp,..q

such that viy o mp = pryemy o ury in Cog yi.p(S1)-
We denote by Cgfiz,p(s/(gl)) C Corup(S/(Sr)) the full subcategory consisting of objects (M, F), ury)
such that the uyy are co-filtered Zariski local equivalences.
Definition 48. Let S € Var(k) and let S = U;S; an open cover such that there exist closed embeddings
i; 2 S; — S; with S; € SmVar(k). We have then (see [10]), for r =1,--- 00, the homotopy category
Kori,p,(5/(S1)) := Hor(Cosa,n(S/(51)))

whose objects are those of COfi[)D(S/(gj)) and whose morphisms are r-filtered homotopy classes of mor-
phism, and its localization

Dsipr(S/(51)) = Kogup.r(S/(S)([Ex] ")

with respect to the classes of filtered zariski local equivalence. Note that the classes of filtered T local
equivalence constitute a right multiplicative system.

Let f : X — S be a morphism, with X, S € Var(k), such that there exist a factorization f;X LN
Y xS SwithY e SmVar(k), [ a closed embedding and pg the projection, and consider S = Ul_,S; an
open cover such that there exist closed embeddings i; : S; < S;, with S; € SmVar(k). Then, X = Ulilei
with X; := f71(S;). We then have the filtered De Rham the inverse image functor :
frmetT s Corip(S/(Sh) = Cogup(X/(Y x Sp), (M, F) = (M, F),ury)

Jrret b, F) = (P B My, F), 57 )

with f;mOd[_]u 1 as in the complex case It induces in the derived categories, the functor
Rf*™od=1 Do rin o (S/(S1) — Dogap.(X/(Y x Sr)),
(MvF) = ((MfaF)auIJ) —
xmod|— *mod[— *mod[— Fxmod[—
Ryl bl e et F) = (D, B (M, F)), 57 ).

4.4 The (filtered) De Rahm functor over a field k£ of characteristic zero and
Riemann Hilbert for holonomic D-modules on smooth algebraic varieties
over a subfield k£ C C

Let j : S° — S an open embedding with S = (S5,0g) € RTop. Denote by Z := S\S° the closed
complementary subset. Recall that we have, see [10], for (M, F) € Cpyy(S°) the canonical maps in
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Cra(S)
T(j,®)(M, F) : DR(S)(j. (M, F)) i= 0 8o, j. (M, F) “2E0%,
Jed" s @0 Jx (M, F) = j2(Q%0 ®0g0 (M, F)) =: jDR(S°)(M, F)
and
T"(vz,®)(M, F) : DR(S)(L'z(M, F)) := Q% ®o05 I'z(M, F)
U UMD, 1 (08, @00 (M, F)) = Tz DR(S°)(M, F).
Let k a field of characteristic zero.
Proposition 30. LetY,S € SmVar(k). Letp:Y x S — S the projection. For (M,F) € Cpsu(Y x S),
DR(Y x §/S)(M,F) := (9%, 5/5: Fb) @0y s (M, F) € Cpr05u(Y X 5)
is a naturally a complex of filtered p* Ds modules, that is

DR(Y x S/S)(M, F) := (% xs/5, Fb) @0y s (M, F) € Cpepgu(Y X 5),

where the p* Dg module structure on Q@xS/S ®0y s M™ is given by for (Y x8)° CY xS an open subset,

(yeT((Y x 9)°, Tyxs),&®@m e T((Y x S)O,ngs/s ®0y s M™)) = v.(0@m) := (& (y.m).
Moreover, if ¢ : (M1, F) — (Ma, F) a morphism with (M, F), (M, F) € Cpru(Y x S),
DR(Y x §/5)(¢) :== (I ®¢) : (A 1575, Fb) @0y s (M1, F) = (Y 5/5, Fb) @0y s (M2, F)
is a morphism in Cppsu(Y x S).
Proof. Follows imediately by definition : see [10]. O

Proposition 31. Consider a commutative diagram in SmVar(k) :

D= yxS-2 =g

g”—(gé’xg)T QT

Y/ x T +—=T
with p and p' the projections. For (M, F) € Cpsa(Y x S) the map in Cyr. oy (Y x T)

Qyrxryyxsy sy (M, F) 0 g (8 5750 F) @0y s (M, F)) = (1), Fy) @040, g M, F)

given in [10] section 4.1 is a map in Cyr. py(Y' x T). Hence, for (M, F) € Cpyu(Y x S), the map in
Coyra(T) (with Lp instead of Lo)

TO(D)(M) : g™ Lo (p.E( 5751 Fy) @0y s (M, F))) = D.E( sz Fo) @0y, g (M, F)),
is a map i Cpyy(T).

Proof. Follows imediately by definition. O
Proposition 32. Let S € SmVar(k).

e We have the filtered resolutions of Kg by the following complex of locally free right Ds modules:
w(S) : w(KS) = (Qé, Fb)[dS]®Os (DS, Fb) — (Ks, Fb) and w(S) : w(Ks, Ford) = (Qé, Fb)[dS]®Os
(stFord) — (stFord)
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e Dually, we have the filtered resolution of Og by the following complex of locally free (left) Dg
modules: w¥(S) : w(Og) := (A*Ts, Fy)[ds] ®os (Ds, Fy) — (Os, Fy) and wV(S) : w(Og, Frd) :=
(/\'Ts,Fb)[ds] ®og (Ds,FOTd) — (Os,FOTd).

Let S1,S5 € SmVar(k). Consider the projection p = py : S1 X Sa — Sy.

o We have the filtered resolution of Dg, xs,—s, by the following complexes of (left) (p*Ds, and right
Dg, «s,) modules :

W(Sl X 82/81) : (Q§1X52/Sl[ds2]’Fb) ®051><52 (DsleQ,Ford) — (DSIXS2H51;FOT‘d).

e Dually, we have the filtered resolution of Dg, x s,—s, by the following complezes of (left) (p* Ds,, Ds, x s5)
modules :

wv(Sl X SQ/Sl) : (/\.T31><S2/Sl [dsz]va) ®Osl><sz (DslxszaFOTd) - (D51><52%51aFOTd)a

Proof. Similar to the complex case: see [18]. O

Definition 49. (i) Let i : Z — S be a closed embedding, with Z,S € SmVar(k). Then, for (M,F) €
Cpru(Z), we set

ismod(M, F) :=0,,,4(M,F) :=i.(M,F) ®p, (Dzcs,F”%)) € Cppa(S)

(i1) Let S1,52 € SmVar(k) and p : S1 x Sa — S be the projection. Then, for (M, F) € Cpsu(S1 X S2),

we set
- pgmod(Mv F) = p*(DR(Sl X 52/51)(M7 F)) = p*((Q§1x52/Sl Fb) ®051XSQ (M7 F))[dSQ] €
Cpyi(Sh),
= Pemod(M, F) := p. E(DR(S1 x S2/51)(M, F)) := p. E((QY, 5,/5,: Fb) ®0s, s, (M, F))[ds,] €
Cpriu(Sh).

(i) Let f : X — S be a morphism, with X,S € SmVar(k). Consider the factorization f : X —

X x § 25 S, where i is the graph embedding and ps : X x S — S is the projection. Then, for
(M, F) € Cpru(X) we set

— fEPE(M, F) = psumodismod(M, F) € Cpru(S),
PR, F) o= fEDR(M, F) = psumodismod(M, F) € Dppi(S).

FDR

By proposition 33 below, we have f M = ff M € Dp(X).

(iii) Let f : X — S be a morphism, with X,S € SmVar(k). Consider the factorization f : X —

X xS 5 S, where i is the graph embedding and ps : X x S — S is the projection. Then, for
(M,F) e Cple( ) we set

— fERE(M,F) :=DE§ Lp fEDADE Lp(M, F) := DE LppssmodismodDX x s Lp(M, F) € Cppa(S),

FDR(M F) = fEDR(M, F) := DE Lppssmodismod D% « s Lp(M, F) € Dpi(S).

Proposition 33. (i) Let i : Z — S a closed embedding with S,Z € SmVar(k). Then for (M,F) €
Cpfi(Z), we have

/(M7 F) = Rl*((M, F) ®%Z (DZHSJFOTd) = Z*((M7 F) ®DZ (DZHSJFOTd)) = Z.>‘ﬁ’n’7,0d(]\47 F)
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(ii) Let S1,S2 € SmVar(k) and p : S12 := S1 X Sy — Sy be the projection. Then, for (M,F) €
Cpri(S1 x Sa) we have

/ (M,F): = Rp.(M,F)®p, . (Dsxsses,,F"%)

P
= p*E((Qél XSQ/Slva) ®Oslxs2 (D51><527F0Td) ®Dsl><sz (Ma F))[d52]
= p*E((Q§1X52/Sl7Fb) ®Oslx52 (Mv F))[dSQ] = p*mod(Mv F)

where the second equality follows from Griffitz transversality (the canonical isomorphism map respect
by definition the filtration).

(iii) Let f: X — S be a morphism with X, S € SmVar(k). Then for M € Cp(X), we have fFDRM =

f
J; M.

Proof. (i):Follows from the fact that Dz, g is a locally free Dz module and that 4, is an exact functor.
(ii): Since Q%.,/8: [ds,], Fb) ®0g,, Ds,, is a complex of locally free Dy, x s, modules, we have in D i (S1 x
S3), using proposition 32,

(Dsyxsaesi F) @b o, (M, F) = (98,5, 1ds,), F) ©0s,, (D1, F) @psg,, (M, F).
(iii): Follows from (i) and (ii) by proposition 15(ii). O

Let k a field of characteristic zero. Let S € SmVar(k) connected. We use to shift the De Rham
functor in order to have compatibility with perverse sheaves in the complex or p-adic ananlytic case by
setting for (M, F) € Cpsa(S), DR(S)I"/(M, F) :== DR(S)(M, F)[~ds] € C}u(S).

Let k a field of characteristic zero. Let S € SmVar(k). Recall we denote for M, N € Cp(S5),

m(M,N) : Hompy(M,Ds) @ps N = Hompy(M,N), (¢ ®n) — (m — ¢(m)n)
the multiplication map in C'(S). It induces in the derived category for M, N € Cp(S) the map in D(S)

m(LpM,N) : RHomp,(M,Ds) @5, N = Hompg(LpM,Ds) ®p, N
— Hompg(LpM,N) = RHompg (M, N).

We use for the proof of theorem 28 in the next subsection the following :
Proposition 34. Let k a field of characteristic zero. Let S € SmVar(k).
(i) Let M,N € Cp(S). If N € Cp (S5),

m(LDM, N) : RHO’ITLDS(M, Ds) ®If)5 N = 'HomDS(LDM, Ds) XDy N
— Hompg (LpM,N) = RHomp,(M,N).
is an isomorphism in D(S).
(i) Let M,N € Cp(S). If N € Cp(S), we have using (i) a canonical isomorphism in D(S)
m(LpM,N)~* I
D(M,N): RHompg(M,N) —————— RHomps (M, Ds) @p, N
= Ks ®5, LDsM[~ds) @5 N = Ks @5 DsM ®§_ N[—ds] =t DR(S)7(LDsM @5 N)

Proof. (i):Standard.
(ii):Follows from (i). O
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4.4.1 Some complements on the (filtered)De Rahm functor for D modules on smooth
algebraic varieties over a subfield k£ C C

In this section, for S € AnSm(C), we write for short DR(S) := DR(S)!"], where we recall for S connected
DR(S)=1:= DR(S)[~ds].
For S € AnSp(C), we denote by

Oz(S) :Cs — DR(S)(Os)
the inclusion map in C(S). In particular, we get for S € Var(C), the inclusion map
Oz(S) : Bdr,S — DR(S)(OSQ?’L)

in C(5™).
For S € AnSp(C), we denote by

1(S) :: DR(S)(Os) = Kg, h® w +— hw
the canonical map in C(S). In particular, we get for S € Var(C), the canonical map
L(S) : DR(S)(OS&TL) — KS
in C(S%™).
e Let f: X — S amorphism with S, X € AnSm(C). Recall that we have for (M, F') € Cpyu(X) the
canonical map in D;(S)
L.(1. DR)OLF) : DR(S)( [ (M. F)) == 9 80, RJ.(Dx s h, (MLF))
!
(S
M Rf*(DXeS ®%)X (M, F)) ®Ds (DS ®os KS)

T(f)@)(DX&S(@gX (M,F),Ds®o4Ks)

Rf.(f*(Ds ®os Kg) ®f.py Dxs @p, (M, F))

= Rf(Kx ®o0y Dx @5 (M, F))

U9, RE(Q% ®ox (M, F)) = Rf.DR(X)(M, F)

which is an isomorphism. Hence, for S € AnSm(C) and (M, F) € Cpyi,(S°),
(), ®@)(M, F) : DR(S)(j«(M, F)) := Qg @05 j«(M, F) = j.(Qg0 ®0g0 (M, F)) =: j.DR(S?)(M, F)
is a filtered quasi-isomorphism.

e Let f: X — S a morphism with S, X € AnSp(C). Assume there exist a factorization f : X KN
Y xS & S with Y € AnSm(C), I a closed embedding and p the projection. Let S = U;S; an

open cover such that there exists closed embedding 4; : S; < S; with S; € AnSm(C). We have for
((My, F),ury) € Cpra(X/(Y x Sp)) the canonical map in Dy;(S/(Sr))

T*(f, DR)((M], F), U]J) :
DR(S)( /f (M1, ) uis)) = (@, ®0g, 95, B 5, 5, 00y s, (M1, F)). DR(fur,))

—:_) (Q.SI ®O§1 DSI ®D§1 ng*E( ¥ ®o

Y x51 /51 Dy .5, ©p, 5 (M1, F)), DR(furs))

w(Y x81)oT(pg, ,®)(—,~)

Y xSy

P5 B 5, ©@0y, 5 Dyys, ®p, 5 (M1, F)), DR(fur,))

—:—)pgl*E(Q;,XSI ®OY><SI (M[,F)),DR(f’LL[J)) = Rf*DR(X)((M[,F),uI]))

where w(Y x Sp) is the wedge product.
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e Let S € AnSm(C). Recall that we have for (M, F) € Cpsy(S) the canonical map in Dy;(S)
T(D,DR)(M,F) : DR(S)(LDs(M, F)) — Dg(DR(S)(M, F))

o LetSe AnSp(C). Let S = U;S; an open cover such that there exists closed embedding i; : S; — S;
with S; € AnSm(C). Recall that we have for ((My, F'),ur;) € Cpru(S/(Sr)) the canonical map in

Dya(S/(S1))
T(D,DR)(((Mp, F),urs)) : DR(S)(LDs (M, F),urs)) = Dg(DR(S)((Mr, F),urs))

e Let f: X — S a morphism with S, X € AnSm(C). Recall that we have for (N, F') € Cpsu(S) the
canonical map in D¢;;(X)

T*(f, DR)(M, F) : f*DR(S )(N ) Sy f*Homps (Os, Lp
LR D), 3om g po (F*Os, f* L
Tr(

;7)) HomDX (f*mOdOs, f*mOdLD (N, F)) = 'HomDX (Ox, >kmOdLD

. -1
(X)®I)

(N, F))
(N, F))
(N, F))
(N, F))

Q% @0y [ Lp(N,F) =: DR(X)(Lf*™4

)

Let k C C a subfield.

e Let f: X — S a morphism with S, X € Var(k). Assume there exist a factorization f : X — l

Y x 8% S with Y € SmVar(k), [ a closed embedding and p the projection. Let S = U;S; an affine
open cover so that there exists closed embedding i; : S; < S; with S; € SmVar(k). We have for
(M, F),ur;) € Cpyra(S/(S1)) the canonical map in Dy (X&" /(Y x S)Er)
FIDR(S)((My, F),ur;) = TxD"pDDR(S)(((Mq, F),urs)™")
DT*(p,DR)(— *Mo an
— 2B DX DR(Y x S) () (M. F).ur)™)

DR(YX5)(T(’ann)(*)::(LT(jqan)(*)))

w - y—1
OO DRY % S)(Tx(p §0U My, F),urg)™)

DR(Y x S)(Cxpg*(Mr, F),ury))™) = DR(X)(f*"** (M7, F), ury)).

e Let S € Var(k). Denote by Ag : S < S x S the graph embedding and p; : S x S — S and ps :
S xS — S the projections. Let S = U;S; an affine open cover so that there exists closed embedding
. 8; < S; with S; € SmVar(k). We have for (M, F),ur), (N1, F),urs) € Cpi(S/(S5)) the

canonlcal map in Dy (SE"/( I,C))
T(®= DR)((M7 F)(M17 F)vufJ)= ((N], F), uIJ)) : DR(S)((M7 F)an) ®cs DR(S)(((N17 F)vuIJ)an)
= RAS((piDR(S)((M7, F), urs)™) ®cs ps DR(S) (N1, F), ur.)™"))
— RAG((Py DR(S)((Mr, F), ur0)™") ®cs pyDR(S)((N1, F), urs)™"))[2ds]
T'(p1,DR)(-)®T" (p2, DR)(—)

AsDR(S x S)(((pi™H (M1, F),urs) ®0gys 5" (N1, F), urs))*")
T'(As,DR)(—) )

)
DR(S)((LAF™*((pi™ (M1, F),ur5) ®0sys p3"™ (N1, F),urs))
= DR(S)((M1, F),urs) ®6, (N1, F),ur))™).

Theorem 27. Let k C C a subfield.

(i) Let j : S° — S an open embedding with S € SmVar(k). Then, for M € Cp .1(S°), the map in
C(S5¢")

DR(S)(T (4, an)(M)) : DR(S)((5.M)*") = DR(S)(j.(M*"))

is a quasi-isomorphism.
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(ii) Let S e Var(k). Let S = U;S; an affine open cover so that there exists closed embedding i; : S; — S;
with S; € SmVar(k). For ((Mr, F),ury) € Cpra(S/(Sr)) the canonical map in Dyy(SE/(SIE))

T(D,DR)(((Mp, F),urs)) : DR(S)(LDs((M, F),urs)) = Dg(DR(S)((Mr, F),urs))
is an isomorphism.

(iti) Let f: X — S a morphism with S,X € SmVar(k). Then, for (M,F) € Cpfirn(X), the map in
Dya(S¢")

T.(f, DR)(M, F) : DR(S)(( /j (M, F)omy PEOTEED, b pgy /f (M, Fyom)
T«(f,DR)((M,F)*™

s Rf.DR(X)((M, F)"")

is an isomorphism if f is proper and o;yT(f, DR)(M,F) =: T(f, DR)(M) is an isomorphism in
D(S5&").

(i)’ Let f : X — S a morphism with S, X € Var(k). Assume there exist a factorization f : X LN
Y x 8 5 S with Y € SmVar(k), | a closed embedding and p the projection. Let S = U;S; an

affine open cover so that there erists closed embedding i; : S; — S; with S; € SmVar(k). For
(M1, F),ury) € Cpra(X/(Y x Sp)) the canonical map in D¢y (SE™/( }"(E))

(T(ps, .an))
T.(f, DR)((M;, F),u1,) : DR(S)( /f (M7, F),ugp)omy 22,

(f;DR)((Mr,F),ur,)*")

DR(S)( / (M, F),ups)™)) &

f

is an isomorphism if f is proper, and opyT(f, DR)((My, F),ury) =: T(f, DR)((M1,urs)) is an
isomorphism in D(SE" /( N??C))

(i) Let S € SmVar(k). Then, for M,N € Cp .(S), the map in D(SE")

RfDR(X)(((My, F),urs)*")

T(@,DR)(M,N) : DR(S)(M"") ®cn DR(S)(N*")

T(®,DR)(Man7Nan)

DR(S)(M*" ®@os N*") = DR(S)((M ®0s N)*")
is an isomorphism.

Proof. (i): Follows from the complex case : see [18].

(ii): Follows from the complex case which is standard.

(iii): Follows from (i) and GAGA.

(iv): Follows from (i). O

Theorem 28. Let k C C a subfield. Let S € SmVar(k).

(i) For M,N € Dp,1(S), we have using proposition 34 and theorem 27(iv) and (ii) the following
canonical isomorphism in D(C)

DR(M,N) : RHomp, (M, N) ®; C = Rag.RHomp. (M, N) ®; C
Jas-DOLN), / (LDsM ®, N) ®), C = DR(pt)/ (LDsM @5, N) ®;, C
as

as
(T(®,DR)(—,—)oT.(as,DR)(—) "

Rag.(DYDR(S)(M™) @ DR(S)(N™))

Ras.m(DR(S)(M“"),DR(S)(N“")) RHOHICSgn (DR(S)(Man),DR(S)(Nan))

is an isomorphism.
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(i)’ For M, N € Dp _,1(S), the canonical map in D(C)

DR(S)EPMN - RHomp, (M, N) ®;, C = RHomc,, (DR(S)(M®"), DR(S)(N"))

is equal to DR(M, N), hence is an isomorphism.

(ii1) We have DR(S)(Dp r1(S)) C Dcg,o(SE™), that is the image of the class of a complex of Dg module
with regular holonomic cohomology sheaves is a complex of presheaves on SE" whose cohomology
sheaves are constructible for a Zariski stratification of S defined over k.

(ii2) For M € PShp ,4(S), DR(S)(M) € P(S&") that is is a perverse sheaf for a Zariski stratification
of S defined over k.

Proof. (i): Follows from proposition 34 and theorem 27(iv) and (ii).
(i): Follows from the following commutative diagram in D(C)

DR(S)EDM:N

RHomp, (M, N)®; C= Rag.RHomp,(M,N) &

RHome,,, (DR(S)(M*"), DR(S)(N"))
lRaS*D(M N) m(—,—)T
DR (as,DR
[..(LDsM &5, N) @ C = DR(pt) [, (LDs ) €57 R 6 C LD Rig, (by DR(S)(M™) & DR(S)(Ne"))

(ii):Similar to the proof of the complex case in [18]: follows by definition from the locally free case by
theorem 22. O

4.4.2 On the De Rahm functor for D modules on smooth algebraic varieties over a p-adic
field K Cc C,

For S € AnSp(K), we denote by
a(S) : Bgr.s — DR(S)(OBgy.s)

the inclusion map in Cg,, ((SP°"). In particular, we get for S € Var(K), the inclusion map
a(S) : Bgr.s — DR(S)(OBgy.s)

in Cg,, ¢ (S9Pet).
For S € AnSp(K), we denote by

L(S) o DR(S)(OBdﬁS) — Bdr,S ® KS, hkRwm— k® (hw)
the canonical map in Cg,, ((SP°"). In particular, we get for S € Var(K), the canonical map
L(S) : DR(S)(OBdT’S) — Bdr,s ® Kg

in Cg,, ,(S59Pe).
We have the following theorem

Theorem 29. Let K C C, a p adic field.
(i) Let S € AnSm(K). The inclusion map in Cg,, (S*"Pe)

Oz(S) : Bdr,S — DR(S)(OBdns).

is a quasi-isomorphism.
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(i)’ Let S € AnSm(K).the canonical map in Cg,, ;(S*"P")
L(S) : DR(S)(OBdT’S) — Bdr,s ® Kg

is a quasi-isomorphism.

(i) Let S € Var(K). Let D = UD; C S a normal crossing divisor and denote j : S° := S\D < S the
open embedding. The inclusion map in Cg,, 4(S*"P)

a(S) : Bd,«)s(log D) — Q;(log D) Rog OBd,«)S(IOg D) = FODR(S)(j*Hdg(OSo, Fb) ®og (OBdr,Su F))

where jimdag(Os, Fy) = (§+Og0, Vp) with Vp the V-filtration (see section 5) that is the filtration by
order of the pole in this case, is a quasi-isomorphism.

(iii) Let S € AnSm(K). The functor
Vectp(S) = Dg,, o (S“P°"), (M, F) — FODR(S)((M,F)"" ®04 (OBars, F))
is fully faithful whose inverse on the image is given by
N € Shvg,, ,(S“P") — Re.((N,F) ®s,, s (OBar,s, F)).

where e : SPt — S s the morphism of site given by the inclusion functor.

Proof. (i):See [27].

(i): Follows from (i) by duality.

(i):See [21].

(ii):See [21]. O
Definition 50. Let K C C, a p adic field.

(i) Let f : X — S a morphism with S, X € AnSm(K). We have for (M,F) € Cpry(X) the canonical
map in Dy, ra(S)

TP (f, DR)(M, F) : DR(S) /f (M, F) ®0,, (0Buns. F))

: ( ;;Fb) ®os (OBdT,SaF) ®os Rf*((DXFSaFOTd) ®%X (Ma F))

(S
£, Rf.(Dxes, F) ®@F (M,F)) ®0s Bar,s ®ps Ks

T (f,®)(Dxs®p, (M,F).Bar,s)®1

Rf*((DXHSHFOTd) ®éx (M7 F) ®OX f*mOdBd’r‘,S) ®Ds KS
= Rf((Dxes, Fr) @h . (M,F) ®ox Bar,x) ®ps Ks

T(£,0)(Dxes,F™)@5, (M,F)®0 Bar,x,Ks)

Rf(f*Ks ®@%.p, (Dxs, F") ®F, (M, F) ®0x Bar,x)

= RE(Kx ®ox Barx @b, (M, F)) “X5 RE(Q%, F) @0y (M, F) @0y (OBgy x, F))
— RE.DR(X)((M,F) ®0y (OBgy.x,F))

which is an isomorphism by the projection formula for quasi-coherent modules for morphisms of
ringed topos (see [10]).

(i)’ Let f: X — S a morphism with S, X € AnSp(K). Assume there exist a factorization f : X LN
Y x84 S withy e AnSm(K), I a closed embedding and p the projection. Let S = U;S; an affine
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(ii)

( ii)

open cover so that there exists c~losed embedding i; : S; — S‘l with 5‘1 € AnSm(K). We have for
((My,F),ury) € Cpra(X/(Y x Sp)) the canonical map in Dy, ri1(S/(Sr))

TP (f, DR)(M;, F),urs) : DR(S)( /f (M, F),urs) ©0 (0B, (5, F)) i=

(Q.SI ®O§I (OBdr,(SI)7F) ®O" P« (Q;/XSI/SI ®OYX§I (My, F)), DR(fury)) =
(Q.§I ®O§I (OBdr,(SI)’F) ®O§I DS’I ®D§I Pg« (Q;’XSI/SI ®o Y x8; (MI,F))aDR(fuIJ))

w(YxSI)OT"“’d(;DgI ,®)(=,—)

Y xSp DYXSI ®p

pS;*E(Q;fo, ®oy 5, (OB, (v« F) ®0y s, Dyxs, ©Dy 5, (M1, F)),DR(ury))
= 15, B 5, @0y, s, (OByy vy F) @0, s (M1, F)), DR(urs))
= Rf. DR(X)((M1, F),urs) ®0x (OBy, (v« 3, F))
where w(Y x 5'1) is the wedge product. It is an isomorphism by the projection formula for quasi-
coherent modules for morphisms of ringed topos (see [10]).
Let S € AnSm(K). We have for (M, F) € Cpyu(S) the canonical map in Dy (S)
T(D,DR)(M,F): DR(S)(Ds(M, F)) — DY(DR(S)(M, F))

Let S € AnSp(K). Let S = U;S; an affine open cover so that there exists closed embedding
: S; = S; with S; € AnSm(K). We have for (Mg, F),ury) € Cpsa(S/(Sr)) the canonical map

in szz(S/(Sf))
T(D,DR)((M],F),’U,]J) : DR(S)(LDs((M],F),uIJ)) — D%(DR(S)((M],F),U]J))

Let f : X — S a morphism with S, X € Var(K). Assume there exist a factorization f : X — l

Y xS S withy e SmVar(K), | a closed embedding and p the projection. Let S = U;S; an affine
open cover so that there exists closed embedding i; : S; — S; with S; € SmVar(K). We have for
(Mg, F),ury) € Cpsi(S/(Sq)) the canonical map in Dsy(X /(Y x Sp)o™)

f'DR(S)((M;, F),ur;) = TxD p'DDR(S)(((M;, F),urs)™™)
2B DxDR(Y % S) (95 (M1 F)urs)™)

T (5,8)(=) " DR(Y xS)(T(v,an)(=):=(L,T(j,an)(-)))

DR(Y x S)(Tx(pgr°*(My, F),urs)™")
DR(Y x S)(Cxpg (M, F),urs))™) = DR(X)(f*"** (M7, F), ury)).

Let S € Var(K). Denote by Ag : S < S x S the graph embedding and p1 : S x S — S and ps :
S xS — S the projections. Let S = U;S; an affine open cover so that there exists closed embedding
i S; < S; with S; € SmVar(K). We have for (M;,F),ury),((N;,F),ury) € C'Dfil(S/(S'j)) the
canonical map in Dfil(S‘m/(g}m))

T(®, DR)((M1, F),urs), (N1, F),urs)) : DR(S)((Mr, F),ur;)*") @ce DR(S)(((Nr1, F),urs)™")
= RAS((pi DR(S)((M1, F),ur,)*") ®cs ps DR(S) (N1, F), ur;)™"))
= RAG((py DR(S) (M1, F),ur5)"") ®cs py DR(S) (N1, F), urs)*"))[2ds]

T' (p1,DR)(—)®T" (p2,DR)(—) an

ASYDR(S x S)(((pi™* (M1, F), urs) ©®0s,s Py (N1, F),u17))™)
T2sPRO), b R(S)(LAZ (™ My, F), urs) ©os,s 57 (N1, F), urs))™)
)

— DR(S)((M1, F),urs) ©65 (N1, F),u17))™").
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Theorem 30. (i) Let j: S° — S an open embedding with S € SmVar(K). Then, for M € Cp »1(S°),
the map in C(S")

DR(S)(T(j, an)(M)) : DR(S)((j«M)*") — DR(S)(j. (M“"))
is a quasi-isomorphism.
(ii) Let S € Var(K). Then, for (My,F),ur;) € Cpsirn(S), the map in Dg,, ri(S™™)
T(D,DR)(M,F) : DR(S)(LDs((My, F),urs)*"") = Dg(DR(S) (Mg, F), urs)*"))
is an isomorphism.

(it1) Let f: X — S a morphism with S, X € SmVar(K). Then, for (M,F) € Cpyurn(X), the map in
Dz, 5 (S")

DR(S)(T(f;.an)(M,F))

TP (f,DR)(M, F) : DR(S)((/f(M, )" ®0s (OBar,s, F))

By, an
T UPROLD T, REDR(X)((M, F)™ @0y (OBayx, F))

DR(S)( /f (M, F)™) @0, (OBay.s, F))

is an isomorphism if f is proper.
(iii)” Let f: X — S a morphism with S, X € Var(K). Then, for (Mg, F),ur;) € Cpsa(X/(Y x Sp)) the
map in Dg,, ri(S""/(Si"))

DR(S)((T(pg, -an)(-)))

T5e (£, DR)((M, F),u1s) : DR(S)( /j (M1 F)urs)™ 805 (OB, (5, F)

DR(S)( /j (M5, F),ur;)™) @og (OBy, 5, F))

TPdr (f,DR)((Mr1,F),urs)™")

RfDR(X)((My, F),urs)* ®os (OBdr,(YXS'I)’F))

is an isomorphism if f is proper.

Proof. Similar to the proof of theorem 27. For (iii) and (iii)’, we use GAGA for proper morphism of
algebraic varieties over a p-adic field. O

5 The De Rham modules over a field k£ of characteristic 0 : the
Kashiwara Malgrange V-filtration and the Hodge filtration in
the geometric case

5.1 The Kashiwara Malgrange V filtration for geometric D modules on smooth
algebraic varieties over a field of characteristic zero and the nearby and
vanishing cycle functors.

Let k C C a subfield. For S € Var(k), consider 7 := m,c(S5) : Sc := S ® C — S the projection so that
we have the injective map in PSho, (S¢)

nk/(c(Os) ' 0g — OS@ = W*mOdOS = 7105 ®j C, h— nk/C(Os)(h) =h®I1.
For M € PSho,(S), we have (see section 2) the canonical morphism in PSho, (Sc)

nog/0g. (M) : "M — TN = M @05 Osey M+ nog/0s. (M)(m) :=m®1
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For S € SmVar(k) and M € PShp(S)

n0s/0s, (M) : T M — 7" M = 7 M @705 Oge; m = nogjos. (M)(m) :==m® 1
is a morphism in PShp, (S¢), that is is a morphism of 7* Dg modules.
Definition 51. Let k a field of characteristic zero. Let S € SmVar(k).

(i) Let D =V (s) C S be a smooth (Cartier) divisor, where s € T'(S,L) is a section of the line bundle
L = Lp associated to D. Let M € PShp(S). A Vp-filtration (M,Vp) for M (see [10]) is called a
Kashiwara-Malgrange Vp-filtration for M if

— Vp.xM are coherent Vp oDg modules for all k € Z, that is (M,Vp) is a good filtration, in
particular M € PShp .(S) is coherent

— SVDﬁkM = VDykflM fO’I’k << O,

— all eigenvalues of sOs : Gry, k= VpiM/Vp 1M — Gry, x M := Vp 1t M/Vp 1M have
real part between k — 1 and k.

Almost by definition, a Kashiwara-Malgrange Vp-filtration for M if it exists is unique, so that
we denote it by (M,Vp) € PShoga(S) and (M,Vp) is strict. In particular if m : (Mq,F) —
(M, F) a morphism with (My,F),(Ma, F) € PShpysu(S) such that My and My admit the
Kashiwara-Malgrange filtration for D C S, we have m(Vp (FPMy) C Vp (FPM,, that is we get
m: (M1, F,Vp) — (M, F,Vp) a filtered morphism, and if 0 = M' — M — M" — 0 is an ezxact
sequence, 0 — (M',Vp) = (M,Vp) = (M",Vp) — 0 is an ezact sequence (strictness).

(i) More generally, let Z =V (s1,...,8,) =D1N---ND, CS be a smooth Zariski closed subset, where
si € T(S,L;) is a section of the line bundle L = Lp, associated to D;. Let M € PShp(S). A
Vz-filtration (M,Vyz) for M (see [10]) is called a Kashiwara-Malgrange Vyz-filtration for M if

— Vz M are coherent Vz,Og modules for all k € Z,
— 22:1 SiVZ)kM = VZ71€_1M fOT k<< 0,
— all eigenvalues of Y ._, $:0s, : Grv, x M = V5 ;M/Vz 1 M — Grgyk M =Vz M/Vg 1M

have real part between k — 1 and k.

Almost by definition, a Kashiwara-Malgrange Vyz-filtration for M if it exists is unique (see [26]), so
that we denote it by (M,Vz) € PShogu(S) and (M,Vz) is strict. In particular if m : (My,F) —
(M2, F) a morphism with (My,F),(Ma, F') € PShp)su(S) such that My and My admit the
Kashiwara-Malgrange filtration for D C S, we have m(Vz (FPM1) C Vg FPMs,, that is we get
m: (M, F,Vz) = (Ms, F,Vz) a filtered morphism, and if 0 - M’ — M — M" — 0 is an ezact
sequence, 0 = (M',Vz) = (M, Vz) = (M",Vz) — 0 is an exact sequence (strictness).
Definition 52. Let k a field of characteristic zero. Let S € SmVar(k). Let D =V (s) C S a (Cartier)
divisor, where s € T'(S, L) is a section of the line bundle L = Lp associated to D. We then have the
graph embedding i : S — L, i(z) := (z,s(x)). Let M € PShp (S). If the Kashiwara-Malgrange Vs-
filtration exist on tumoaM and the eigeinvalues of sOs are rational numbers, we refine the Vg-filtration to
all rational numbers as follows : forao=k—1+r/qe Q, k,q,r €Z, ¢<0,0<r <qg—1, we set

Vo.aM = gy} (Dh-1<p<a G5 M C VM
with Gr}fﬁ M :=ker(9ss— 1) C GrZS M and gy : Vs M — Gr}c/s M s the projection. We set similarly
Vs <caM = q;}c(@k71<5<a Grkvfﬂ M C Vs M
The Hodge filtration induced on GrZ M s
FPGrYs M := (FPM N Vs oM)/(FPM N Vs, o M)

We call it the rational Kashiwara-Malgrange Vg-filtration of iwmoaM. We set for a € Q, Vp oM =
1*Vs atxmodM and we call it for short the rational Kashiwara-Malgrange Vp-filtration of M.
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Definition 53. Let k a field of characteristic zero. Let S € SmVar(k). Let D = V(s) C S a divisor
with s € T'(S,L) and L a line bundle (S being smooth, D is Cartier). For M € PShp .(S) such that the
rational Kashiwara-Malgrange Vs-filtration on txmoaM exists, we define, denoting for k € Q, Vp M =
i*VS,ki*modM

e the nearby cycle functor

U)DM = @—1§o¢<0 Ger,a Z.*1710(1]\4 = ®71§a<0 GrVD,Ot M e PSthD(S)’

e the vanishing cycle functor

dpM = B_1<a<0 Grvy,a txmoaM = B_1<a<0 Grv, o M € PShp p(5),

e the canonical maps in PShp p(S)
can(M) = (0s,1) : pM — ¢pM , var(M) :=(I,s) : ppM — Yyp M.

By the complex case (see [20]), after considering a subfield ko C k and an embedding o : kg — C we have
° fO’I’ M € PShpyh(S), 1/)DM, ¢DM (S PShpﬁh(S).
° for M e PShDﬂnh(S), ’lﬁDM, ¢DM S PShDﬂnh(S).

Theorem 31. Let k C C a subfield. Let S € SmVar(k). Let D =V (s) C S a divisor with s € I'(S, L) and
p: L — S aline bundle (S being smooth, D is Cartier), so that we have the closed embedding i : S — L,
i(x) = (z,8(z)) and D = i~Y(s0), so being the zero section. For M &€ PShp .(S), such that the rational
Kashiwara-Malgrange Vp-filtration on M exists, we have the canonical isomorphism in D j(S&™)

T(p, DR)(M) := B(M) o A(M)~" : DR(S)(¥pM"") = yp DR(S)(M*")

with, for S = U;_1S; an open affine cover such that DN S; = V(f;) C S; is given by f; € T'(S;,Os,),
denoting q : L; := p~'(S;) — A}, the projection and j; : S; — S the open embeddings,

e the isomorphism in D j(S&")
A(M) : (D51 B—1<a<o Cone(ds : DR(Li/AL)((VDa M)*™) R0 s Ogan [log s]
— DR(Li/AL)(Vba M)™) @0, s*Ogen flog s]) 5 - )

i1 ji ’071 an
s (@3 DR(S:) (epMemy 2y .y MO (DR(S)(pp M ij (log s)7, m') = [mo),

e and the isomorphism in D j,(SE")
B(M) : (251 ®_1<a<0 Cone(ds : Vpa DR(L;/A})(M™) @04 s‘”lOSEn [log s]
= Vpa DR(Li/AL (M) @0, s°Ogan[log s]) 25 -

— (@1, DR(p" Oy )" mox” DR(L, /AL (M) L5 .
G, .y D07

YpDR(S)(M"),
ij (log s)?,m/) — Z(log s)m;,

J

= (1D DR(p" O, ) (DR(Li/AL) (M)
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so that T(¢Yp, DR)(M) o DR(S)(s0s) = N o T(¢)p, DR)(M) where
N :=log T € Hom(¢p DR(S) (M), rp DR(S)(M"™)

is induced by the monodromy automorphism T : oy §o of the universal covering  : S0 — G0 .= S\D.
As is the rest of this paper, we denote for short M®" := ang™* M = (m,;c(S)*™**M)*" € PShp (S&")

n 7 c(S
with ang : S¢" —= 285, Se L)> S.
Proof. See [26]. O

Definition-Proposition 5. Let k a field of characteristic zero. Let S € SmVar(k). Let D =V (s) C S
a divisor with s € T'(S,L) and L a line bundle (S being smooth, D is Cartier), so that we have the closed
embedding i : S — L, i(z) = (z,s(x)) and D =i~ 1(sg), so being the zero section. For M € PShp .(9),
such that the rational Kashiwara-Malgrange Vp-filtration on M exists, we have the canonical morphism
in D(S)

Tatg(¥p, DR)(M) := Baig(M) 0 Aag(M)~" : DR(S)(¥pM) = pDR(S)(M)

with, for S = U_1S; an open affine cover such that DN.S; = V(f;) C S; is given by f; € T'(S;,0s,),
denoting q : L; :=p~*(S;) — A}, the projection and j; : S; < S the open embeddings,

o the isomorphism in D.(S)
Aurg(M) : (®5_1 ®—1<a<0 Cone(ds : DR(L;/A}L)(Vpa M) @04 s* T Ogllog 5]
— DR(Li/AL) (Vpa M) @0, s*Osllogs]) 2 ---)
307!

s (@2, DR(S) (pM) L ) MO (DR(S)(4p M), ij (log s)7,m") — [mo)

o and morphism in D.(S)
Baig(M) : (B5_1 ®_1<a<0 Cone(ds : Vpa DR(L;/A}L) (M) ®04 s* T Og|log s]
s VbaDR(Li/AL) (M) ®0. s°Oslogs]) 225 ..
= (D721 DR(p* Oy ) (i* 7™ Hom(Aso, DR(L; /A})(M))) U,

= (@3 DR 0, )(DR(Li /AL (M) L2 .y WD, pR(s)(a),

Zma (log s)?,m') — Z(log s)m;,

J
with log s € Hom(Asge,p*Op1), so that Tug(¢Yp, DR)(M) o DR(S)(s0s) = N o Tag(vp, DR)(M) where
N :=logT € Hom(ypDR(S)(M),vpDR(S)(M))
is induced by the monodromy automorphism T : So &y Go of the universal covering

§° = lim Spec(L[t]/(t" — 5)) — §° := S\D

neN

and Ago := (5% Xgoxgo S°) € Fun(A®, Var(k)*™/S°) the diagram of lattices (see [4]). By definition we
have for k C C a subfield, the following commutaive diagram in D(SE")

TY (ang,®)(M)
_—

(DR(S)(¢pM))*"
Talg(¢D7DR)(M)l

(v DR(S)(M))™"
where T'(Yp,an)(M) is the isomorphism given in [1].

DR(S)((pM)™)
lT(meR)(M)
Un(DR(S)(M)™)

T(¢p,an)(M)
— &
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Proof. The proof that Aqqe(M) is an isomorphism is similar to the proof that A(M) is an isomorphism
in theorem 31. O

Definition 54. Let k a field of caracteristic 0. Let S € SmVar(k) and D = V(s) C S a (Cartier)
divisor. Denote by j : S° := S\D < S the open embedding. Let M € PShp ,.,(S) which admits the
rational Kashiwara-Malgrange filtration. There exist a subfield kg C k of finite transcendence degree over
Q, So € SmVar (ko) and My € PShp ,1(So) such that S = Sy Q, k and M = wko/k(So)*m"dMo. Denote
again by j : S° := S\D < S the open embedding. Consider then an embedding o : ko — C. Denote by

T ggn(a) — Sg’an(g) = Sgn(a)\Da"(") the universal covering and by j : So — So the open embedding.
Denote

Ar = ad(i*,i.)(—) 0 ad(n", m.) (DR(S)(Mg™)) € Homp(sge (. DR(SS)(ME™), op DR(SS) (MG™))
= Homp(sge)(DR(So)(j-Mg"). DR(So)(d:p Mg™))

where the equality follows from the isomorphisms
e T(j, DR)(My) i= T*(j, )(My) 0 DR(S)(T(j, an)(Ma)) : DR(So)(jo Mg™) =5 j. DR(SG)(Mg™),
o T(vp, DR)(My) : ypDR(So)(M§"™) = pDR(So)(ME™) of theorem 51.

We have by definition the following commutative diagram

03:=DR(S)7=Mo-*D Mo

Homp,, ,, (s4)(J+ Mo, ¥pMo) @i C : Hompsgz) (DR(S0) (- Mg™), DR(So)(vp Mg"))

lDR(S)j*MD”L’DMO 02:=Hom(T" (an,®)(—),T" (an, ®)(—))oan”§’T

T (3,®)(Mo),Targ (¥, DR)(Mo))
ég &4>DHOHID(SO (4« DR(S§)(Mo),»p DR(S§)(My)) @ C

(15)
where To14(¢Yp, DR)(My) is given in definition-proposition 5. By theorem 28, 63 is an isomorphism,
hence for m = z(my @ 1), 05 (m) = my @ 1 by the diagram (15). In particular for Ay = 02(Arx @ 1)
with

HomD(so)(DR(So)(j*Mo)aDR(SO)WDMO i

A= ad(i*32) (=) 0 Mg o(—) 0 ad(x*, 7, ) (DR(SE) (My)) € Homps, (j- DR(SE) (My), $rp DR(SZ)(Mo))
and nieg s(K) = K — Hom(Ase, K), we get in PShp .4 (S0)
pDR,D(MO) = (DR(S)j*MU’wDMO)_l(Aﬂ—) = Aﬂ-)k Zj*MO — wD(MQ)

If o' : kg <= C is an other embedding, there exists 0 : C — C an algebraic automorphism of C such that
Boo =0 and o' (ppr.p(Mo)) = 0(c(ppr.p(My))) by the diagram (15). This map gives in particular the
map in PShp »n(5)

ppr,.D(M) := ppr.p(Mo) ®og, Os : j«(M) — ¢p(M).

We now show, using the complex case, the existence of the rational Kashiwara-Malgrange filtration
in the regular holonomic case.

Lemma 5. Let S € SmVar(k) a smooth affine variety with a closed embedding | : S < AY. Let D =
V(f) C S a (Cartier) Divisor which is given by a f € I'(S,0s). Then D = DN S with D = V(f) C AY,
where the polynomial f € I‘(AQ’,OAkN) is a lift of f ; denote by j : S\D < S and j : AN\D — AN
the open embeddings. We then have the graph embedding i : S — S x AL, i(z) = (x, f(z)) and the zero
section embedding i : S — S x A}, io(x) = (2,0). Denote (z,t) € S x A}, the coordinates and s = t9y.
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(1)

(i)

(iii)

Let M € PShp(S) such that the multiplication map my : M — M, my(m) = fm, is an isomor-
phism. Denote by § = 1/(f —t) € Og(xD). Consider for i € N the polynomials Q; = w;;é(x—kj) €
Z[x] for i >0 and Qo = 1. We have then an isomorphism of Dg < t,t=1, 5 > modules

Af(M) : ]\4[8]fS = Z*(M ®og 05[8]) = bemodM = i, M ®y, k[@t] =1.M ®o4 i*modOS(*D),
ms? {5 m @ (t0;)76
whose inverse is
By(M) : iwmoaM =5 M[s]f*, m®0]5 — m/f7Q;(—s)f*
where the structure of Dg < t,t=1, s > module on M|s]f* is given by
— s.(msif$) = msItLfs t.(mst f*) =m(s+ 1) f5,
— P.(ms? %) = P(f)/fms’tLfs+ P(m)(s + 1)7 f5, for P € T'(S, Dg).
Consider by (i) the Dg < t,t71, s > submodule

Af(Os(xD))~
Nj := Dgls]f* € Os(xD)[s]f* 2LV,

i*modos(*D).
Then Ny /tN; an holonomic Dg module.

The endomorphism
S Nf/th — Nf/th

has a minimal polynomial which is equal to the Berstein-Sato Polynomial by € Q[x] of f.

Proof. (1): See [24].

(ii): By proposition 21, Og(*D) = j.Og\p is an holonomic Dg module. Hence, since Ny/tNy C Og(xD)
is a Dg submodule, N¢/tNy is an holonomic Dg module by proposition 19.

(iii): Follows from (ii) by [14] theorem 3.3.

O

For an arbitrary field of caracteristic zero, we have the following key proposition :

Proposition 35. Let k a field of characteristic zero.

(i1)

(i2)

(ii)

Let S € SmVar(k). Let D = V(s) C S a (Cartier) divisor, where s € T'(S,L) is a section of
the line bundle L = Lp associated to D. We then have the graph embedding i : S — L, i(x) =
(z,s(x)) and the zero section embedding ig : S — L, ig(x) = (2,0) and Ly = i9(S). Denote
j:8°:=8\D < S and j : L° := L\Log < L the open complementary subsets. Then j.Ogo =
Ogs(xD) € PShp 1 (S) admits the rational Kashiwara-Malgrange Vp-filtration, that is jcismoedOge =
t4modOg(xD) € PShp ,p(L) admits the rational Kashiwara-Malgrange Vs-filtration.

Let S € SmVar(k). Let D C S a (Cartier) divisor. Denote j : S° := S\D < S the open
complementary subset. Then for E € Vectp(S°) regular in the strong sense (see definition 37),
j«E € PShp +4(S) admits the rational Kashiwara-Malgrange Vg-filtration for all (Cartier) divisor
E=V()CS.

Let f : X — S a proper morphism with X,S € SmVar(k). Let D C S a (Cartier) divisor.
If M € PShp . (X) admits the (rational) Kashiwara-Malgrange V-1 (py filtration, then H™ ff M

admits the (rational) Kashiwara-Malgrange Vp filtration for all n € Z.
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Proof. (i1): Let S = Ul_;S; an open affine covering such that for each i DN S; = V(f;) C S; is given
by one equation f; € I'(S;,Og,). For each i, lemma 5 (iii) applied to S; and D N S;, gives the rational
Kashiwara-Malgrange Vg,-filtration for 4.m.qdOs; (*D). By unicity of the rational Kashiwara-Malgrange
V-filtration, we get the rational Kashiwara-Malgrange Vs-filtration on 7.,,,4Os(*D) since for all k € Q

Vs, kixmodOs(*D)|s;ns;, = Vs, kixmodOs(*D)|s,ns; -

(i2): Let E C S a (Cartier) divisor. Consider a subfield kg C k of finite transcendence degree over Q such
that S = Spr := S Rkg k with Sy € SmVar(ko), D = Doy := D ®y, k with Dy C Sy, E = Fo, .= F Rkg k
with Ey C Sy, E = wko/k(Sg)*mOdEo with E € Vectp(S§), S§ := So\Do, and an embedding o : ky — C.
For simplicity, we denote again S = Sy, E = Eg, D = Dy, j : S° := S\D < S the open complementary
subset and E = Ey € Vectp(S?), and denote for short

T = T, /c(S) : Sc == S @k, C— S
the projection. Since FE € Vectp(S?) is a locally free Ogo module
nos/0s, (E) 1 E=7m"E — Tl m nos/0s. (E)(m) :=m®1
is injective. Hence we get a canonical embedding
j*”Os/OsC (E): jum*E =1"j.E — j*(ﬂ'*m"dE), m—m®®1

By the complex case, see [20], j.(7*™°¢E) € PShp ,4(Sc) admits the rational Kashiwara-Malgrange
Ve -filtration for all divisor E’ C Sc. We then set for k € Q

Ve, = 1 (Ve ke (1 E) N 7). )
so that we get a strict monomorphism
j*nOs/Os(C (E) : (]*Ev VE) > T (]* (W*mOdE)v VE@)

and so that this filtration satisfies the property of the Kashiwara-Malgrange Vg-filtration. Taking back
the initial notations, this means that we get the Vg, filtration on j,Ey C PShp ;,(So). Then,

Ve kjE = Wko/k(S)*mOdVEmkj*Eo C Wko/k(S)*mOdj*Eo =j.F

gives the Vg filtration on j, F.
(ii): By definition H™ ff M=H"f,E(Dxs®pyM). We then see immediately that H" f, F(Dx. s®p
(M, Vy-1(py)) satisfy the hypothesis of the Vp filtration : since f is proper, the Vp ¢Os modules

VkH"f*E(DX&S QDx (M, Vf—l(D))) =

Im(H"f.(I ® 1y —1(p (M)): H"fsE(Dx+s ®py Vf*l(D)JCM) — H"f E(Dx+s ®p, M))

f

are coherent. O

Theorem 32. Let k a field of characteristic zero. Let S € SmVar(k). Every M € PShp ,.,(S) holonomic,
reqular in the strong sense (see definition 37), admits the rationnal Kashiwara-Malgrange Vg filtration
for each (Cartier) divisor E C S.

Proof. We may assume without loss of generality that S is connected. We argue by induction on
dim supp(M). If dimsupp(M) = 0, there is noting to prove. Denote i : Z := supp M — S the closed
embedding. There exist by proposition 20 an open subset j : S < S with D := S\S° C S a (Cartier)
divisor such that Z° := Z N S° is smooth and i*™°%j*M € Vectp(Z°) is an integral connexion. Then
dim(D N Z;) = dim(Z;) — 1 where Z; C Z are the irreducible component of Z since an holonomic Dg
module is generically an integral connexion on its support by proposition 20. Take a desingularization
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€ : Z — Z of the pair (Z,D N Z) and denote by [ : Z¢ — Z the open embedding. By proposition 35
(i0) and (i2), L,i*™°?j* M € PShp y1(Z) admits the rational Kashiwara Malgrange V.-1;-1(p filtration,
hence by proposition 35 (ii)

Gxd* M = ismod€xmoalsi™ ™5 M € PShp 1 2(S)
admits the rational Kashiwara Malgrange Vg filtration for all divisor £ C S. We then consider
e the nearby cycle functor for M
Yp(M) :=9Yp(jsj M) := B_1<a<0VDkj«j "M € PShp rn pnz(S),
and we have then, by theorem 31, the canonical isomorphism
(4, DR)(j.j* M) : DR(S)(pM) = vpDR(S)(M)
(note that Yp K = ¥p(j.j*K) for K € P(S&™)),
e the vanishing cycle functor for M
¢ (M) := H® Cone(6pr,p(M) : T);" M — 4pp(M)) € PShp 1. prz(S)
which is regular holonomic by proposition 25, where 6pg p is the factorization in Dp 4 (S)

AR (M) pr,p(M)

.k k. ¢
ppR,D(Jsg M) o ad(§*, j)(M)) : M FE’hM = LDsRI'p LDs M

of the map in PShp ,4(S) of definition 54

Yp (M)

. ek cx . ad(j*, . ) (M) . .
pDR,D(Jxj M) o ad(j*, j«)(M)) :== M X Gt M

2o BT, (5, M) =: b (M),
we have then by theorem 28 the canonical isomorphism
(T(vp, DR)(M),T(¢Yp, DR)(jxj"M)) : DR(S)(¢,M) = ¢p DR(S)(M)

e the canonical map can?(M) := Hc(¢(M)) : Yp(M) = ¢,M in PShp r1,pnz(S),

e the variation map var?(M) := HDgc(¢h,(DsM)) : ¢HM — ppM in PShp ., pz(S), using the
isomorphisms

— DR(S)™~ " (T1(D, %, )(DR(S)(M)) : DsppM = ¢, DsM,
— DR(S)™~ " (To(D, , ¢)(DR(S)(M)) : Ds¢p, M = pDs M,
Consider then the following canonical map in Cp . (S)
Is(M) 1= (0, (ad(j*  4.)(M), por,p(juf* M) 0 8d(j*, j,)(M)),0) :

c(xgo M)),can? (M De(zgog(DM)),war? (M
M—>(1/JDM((S/S( ) (M)) ISO/S(M)@(%J)M( (zg0,5(DM)) (M)) b M).

with
z50/5(M) := Cone(ppr,p(j«i*M) : j«j*M — ¢YpK) € Cp rn(5)
which is a quasi-isomorphism by theorem 10 and theorem 28. By induction hypothesis, ¢7,M € PShp .1, pnz(S)

admits the Kashiwara-Malgrange rational Vg-filtration for all divisor E C S. Let F C S a Cartier divisor.
We then set for k € Q

- (c(ws0,5(M)),can?(M))
VM = Is(M)~ (Vg H (bpM, Vg) —L=

<k . ek (De(zsos(DM)),var? (M))
Cone(ppr,p(juj™M) : (juj* M, V) = (bpK, V) @ (¢ M, Vg) ——=

(YpM,VEg)))).
O
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Theorem 33. Let k C C a subfield. Let S € SmVar(k). Let D =V (s) C S a divisor with s € I'(S, L) and
L a line bundle (S being smooth, D is Cartier). For M € PShp ,1(S), so that the rational Kashiwara-
Malgrange Vp-filtration on M exists by theorem 32,

e we have the canonical isomorphism in D, (S&™) given in theorem 31
T(4p, DR)(M) : DR(S)(ypM*") = ¢p DR(S)(M*")
so that T(1p, DR)(M) o DR(S)(s95) = N o T(¢p, DR)(M) where
N :=1log T € Hom(yp DR(S)(M®"), op DR(S)(M*"))

is induced by the monodromy automorphism T : So &y Go of the universal covering T : S0 — GO =
S\D.

o we have the following canonical isomorphism in D ;(SE")

T(6p, DR)(M) : DR(S)(¢pM™") ZHEED, DR(S)(9f, M) 200D, 65 DR(S) (M),
where
¢ M := H° Cone(0pr,p(M) : T';"M — 1pM) € PShp ,4,p(S)
with Opr.p the factorization in Dp ,p(S)
oo (M) 0 ad(j*,j.)(M)) : M 2220, pVar . ppg Ry LDgM 222200, ),
of the map in PShp .1 (S) given in definition 54.
Proof. Follows from theorem 31. O

Theorem 34. Let S € SmVar(k).

(i) Let M € PShp ,,(S). Let S° C S an open subset such that D := S\S° =V (s) C S is a (Cartier)
divisor. Denote © : D — S the closed embedding and j : S° — S the open embedding. Take
an embedding o : k — C. We have, using definition 54 and theorem 32, the canonical quasi-
isomorphism in Cp ., (S) :

Is(M) = (0, (ad (5", j:) (M), ppr,p(M) 0 ad(j*, ji ) (M), 0) :
c(xgo M)),can(M De(xgo DM)),var(M
(c(zs0,5(M)),can(M)) 250/5(M) ® pp M (De(zso,5(DM)),var(M)) Vo M).

M — (YpM

with
ISO/S(M) = COHG(pDR’D(M) j*j*M — 1/}DK) € Cpﬁrh(S)

(i) Let D =V (s) C S a Cartier divisor. Denote i : D < S the closed embedding and j : S° := S\D —
S the open embedding. Then the functor

(j*, ¢D7 can, var) : PShDﬂnh(S) — PShD)Th(SO) X J PShD)T}L,D(S)
is an equivalence of category whose inverse is

PSthh(SO) XJ PSthh(S) — PSthhyD(S),

c(xgo M) ,u De(zgo DM")),v
(M/,M”,U,U) HHl((wDM/) sto/S(M/)@MN (De(zs /S( )),v) (¢DM/))_
Proof. (1):By theorem 28, theorem 33 and definition 58 we have I's(M) = DR(S)”’_1(IS(DR(S)(M))).
The result then follows from theorem 10.
(ii):Follows from (i). O
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We now give the p-adic version of theorem 33 :

Theorem 35. Let k C K C C,, a subfield with p a prime number and K a p adic field. Let S € SmVar(k).
Let D=V (s) C S a divisor with s € T'(S,L) and L a line bundle (S being smooth, D is Cartier). so that
we have the closed embedding i : S — L, i(z) = (z,s(z)) and D =i~1(s0), so being the zero section. For
M € PShp .1, (S), so that the rational Kashiwara-Malgrange Vp-filtration on M exists by theorem 32,

. . . . t
e we have the canonical isomorphism in Dg,, (S5 ")

T(¢Yp, DR)B* (M) := BB (M) o AB+ (M)~
DR(S)(vpM™ @04, OBay,sy) = ¥pDR(S)(M™ @0, OBar,sy)
with, for S =U;_,S; an open affine cover such that DNS; =V (f;) C S; is given by f; € T'(S;, Os,),
denoting q : L; := p~1(S;) — A}, the projection and j; : S; — S the open embeddings,
— the isomorphism in Dg,, (S5
ABar (M) (©_, ®_1<a<0 Cone(ds : DR(L;/AL) (VDo M)*™) @04 8T OBay. s
— DR(Li/AD)(Voa M)™) @0 s*OBar,s,c) 215 )
= (®;1 DR(S:)(¥p M @04, OBar,s) )
((G9).0~"

. ( R(S)(ypM*") ®OsK OBqr, k) ij IOgS ) = [mO]v

(S
~

lQA
~ o

— and the isomorphism in Dy, (S5
BBar (M) : (Bj=1 ®—1<a<0 Cone(0; : VDaDR(Li/A,IC)(M“”) ®04 got1 ®0s, OBar.s,c
= VpaDR(Li/AL) (M) 80, 5 ®05, OBar,sy) 2 ---)
— (@1, DR Oy )" mer ™ DR(Li/ AL (M®™) @04, OBar,sy) s )
=5 (@51 U DR(p" Oy )(DR(Li/AD(M™) €05, OBursic) 25 )

pDR(S)(M*" @0s, OBar,sy ), ij (logs)?,m') = > (log s)’m;,
J

((57),007*

so that Tp,, (Yp, DR)(M) o DR(S)(s0s) = N o Tg,, (¥p, DR)(M) where
=logT € Hom(yp DR(S)(M™ ®05, OBar s ), ¥pDR(S)(M*" @04, OBar,s,))

~

is induced by the monodromy automorphism T : S° =

n 5 of the perfectoid universal covering
m:8° = S°:=S\D (see [27]).

. . . . . pet
e there is a canonical isomorphism in Dy, (S3"")

DR(S)((0,var(M)®I))

T8 (¢p, DR)(M) : DR(S)(ppM™" ®0s,. OBar.sy )
(I,7Bdar (4p,DR)(M))

R(S)(¢pM™" @0g, OBar.sy)

where

¢DDR(S)(Man ®OSK OBdr,SK)-

@0 M := H° Cone(Opr p(M) : T)," M — 1pM) € PShp 1, p(S)

with Opr, p the factorization in Dp ., (S)

’Y]\S’h(M) Opr,p(M)
SR,

ppr.p(M) 0 ad(5%, j.)(M)) : M

of the map given in definition 54. In particular

I')"M := LDgRT pLDsM ¥p(M).
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= TP (yp, DR)(M) o DR(S)(s ® I) = can(DR(S)(M*" @0, OBay,s,)) © T (¢p, DR)(M)
= TP (¢p, DR)(M)o DR(S)(0s ® I) = var(DR(S)(M*" ®0g,. OBar,s,)) o TP (op, DR)(M).
Proof. Similar to the proof of theorem 33. O

We now look at the particular case of algebraic integral connexions. The following follows from the
work of Bhatwaderkar and Rao ([7]).

Theorem 36. Let R a local finite type algebra over a field of characteristic zero k. Let f € R a non zero
divisor and non invertible element. If M € Mod(Ry) is a projective Ry := R[1/f] module, then there
exist a projective (hence free) module M' € Mod(R) such that M} := M' @p Ry = M

Proof. See [7]. O

Corollary 3. Let S € SmVar(k). Let S° C S an open subset such that D := S\S° = V(s) C S is a
Cartier divisor. Denote j : S° < S the open embedding. Let E = (E,V) € Vectp(S°) an integrable
connexion regular along D (see definition 37).

(i) For all s € D, there exist an open affine neighborhood Ws C S of s in S and a free Oy, -submodule
E' C (j«E)w, such that E\/WSOSD = Eyw,nse, DsE' = (j.E)\w,, sVsE' C E' and such that all the
eigeinvalue of the residue matric Vs : E'/sE' — E'/sE’ are rational numbers k € Q, 0 <k < 1.

(i)’ For s € D, such an E' C (j.E)w, is unique.

(ii) There exist a unique locally free Og-submodule E' C j.E such that EI’SO = FE, DsE' = j,E and

sVsE'" C E' and such that all the eigeinvalue of the residue matriz Vs : E'/sE' — E'/sE' are
rational numbers k € Q, 0 <k < 1.

Proof. (i):Consider an affine neighborhood W; C S of 5. Then, Ejy:ng. € Vect(Wy N S?) is projective
since it is locally free and W/ N S° is affine. By the complex case and regularity, there exist an integral
lattice L' C j.(F ® C) such that DgL = E, s0sL C L and such that all the eigeinvalue of the residue
matrix Vg : L'/sL' — L'/sL’ are rational numbers k € Q, 0 < k < 1. Then set L := L'N C j.E. we
have then DgL = E, s0,L C L and all the eigeinvalue of the residue matrix Vs : L/sL — L/sL are
rational numbers k£ € Q, 0 < k < 1. In particular Ljso = E and L is a coherent j.Og module. Denote
R = Ow: . Then by theorem 36 the projective Ry module L, g. € Mod(Ry) extend to a free module
L € Mod(R), that is L C j,.j*L with L ®r Ry = Lgjg.. Then take a neighborhood W, C W/ of s in
W! and E' € Vect(Ws), E' C (j.E)w,, such that E, = L. Then, Elw.nse = Bw.» DsE' = (jE)jw,,
sVsE'" C E' and all the eigeinvalue of the residue matrix Vg : E'/sE’ — E’/sE’ are rational numbers
keQ 0<k<1.

(i):Follows the unicity of the Vp filtration on j,. E.

(ii):Follows from (i) and (i) . O

5.2 The De Rham modules on algebraic varieties over a field of caracteristic

zero

We recall the theorem of [25]

Theorem 37. Let f : X — S a projective morphism with X, S € Var(C), where projective means that

there exist a factorization f : X L PN x S 25 S with | a closed embedding and ps the projection. Lel
S = U_1S; an open cover such that there exits closed embeddings iy : S; — S; with S; € SmVar(C).
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For I C [1,...,s], recall that we denote S; := M;ie1S; and X1 := f~1(S;). We have then the following
commutative diagram

irols ~ P35, ~
X] —>PN X S] —>S]

j}JT ;D’”T :DIJT

iyol. ~ P35, ~
X; —PN xS, L= S,

whose right square is cartesian (see section 5).

(i) For
(((M[,F),’LL[J),K,O[) S HM(X),

where (M, ), u1) € PShpya(X1/(BY x §1)), K € P(X"), we have
FDR
Hn(/j (My, F),ury), RfsW, fu(a)) € HM(S)

for all n € Z, and for all p € Z, the differentials of Gr¥, ffDR
the Hodge filtration F.

(i) Then, for

((My, F,W),ury) are strict for the

(Mg, E,W),urg), (K, W),a) € DIMHM (X)),
where (My, F,W),urs) € Cp1,0)pu( X1/ (PN x S1)), (K,W) € Cya(X"), we have

FDR
H"(/f (M, F,W),urs), Rf(K, W), fu(a)) € MHM(S)

for all n € Z, and for all p € Z, the differentials of Grh, fFDR

5 ((Mp, F,W),uy) are strict for the
the Hodge filtration F.

Proof. (i):See [26].

(ii):Follows from (i) using the spectral sequence of the filtered complex (ffFDR((MI, FW),urg), Rf« (K, W), fu())

associated to the filtration W: see [25]. O

Definition 55. Let S € SmVar(k). Let D = V(s) C S a divisor with s € T'(S,L) and L a line bundle
(S being smooth, D is Cartier). For (M,F,W) € PShp oytiirn(S), consider using theorem 32 the
Kashiwara-Malgrange Vs-filtration on txmeaM and denote Vp M = i*Vg pismoaM . We then define,
using definition 53,

e the nearby cycle functor
Yp(M,F,W) := ®_1<a<0(Grvy,,o M, F,W) € PShp( o) iu,p(5)
where Gry,, .o M is endowed with the induced filtration FP Gry,, o M := FPVp o M/FPVp oM,
e the vanishing cycle functor
¢p(M, F,W) := ©_1<a<0(Grvp,o M, F,W) € PShp 0)i1,p(S5)
where Gry, .o M is endowed with the induced filtration FP Gry, o M := FPVp oM /FPVp oM,
e the canonical maps
can(M, F,W) i= (9, 1) : (M, F, W) = ép(M, F,W)(~1),
var(M, F,W) :=(1,8) : ¢p(M, F,W) — p(M, F,W).
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Proposition 36. Let S € SmVar(k). Let D =V (s) C S a (Cartier divisor). Consider a composition of
proper morphisms (f : X = X, BN SIPELIG G S) € SmVar(k) and

(M,F):Hno/ HnT/ (Ox,Fb)GPSthilyrh(S).

1 s

which admits a Vp-filtration (see theorem 32). Then,

and

¢D(M7F):Hn°/ .

1

-H"r / ’t/Jf—l(D) (Ox, Fb) (S PSthil,rh(S)
fr

¢p(M, F) = Hm/ Hn/ ¢r-1(p)(Ox, Fy) € PShp pir,n(95).
fr

1

Proof. Immediate from definition. O

Definition 56. (i) Let S € SmVar(k). We define, see theorem 25(iv), the full subcategories

PDRM*(S) ¢ PDRM?*(S) C PDRM (S) = U;enPDRM"(S) C PShpfi1..1(5)

consisting of pure De Rham modules inductively. For each S € SmVar(k), we define

PDRM'(S) :=< H”/(OX,Fb)(d), (f : X — S) € SmVar(k) proper,n,d € Z >C PShp i r1(S),
f

the full abelian subcategory, where <,> means generated by and (—) is the shift of the filtration.
Assume we have defined PDRM*=1(S) C PShpyirn(S) for all S € SmVar(k). For each S €
SmVar(k), we define

PDRM*(S) :=< H" / (M, F)(d),(f : X — S) € SmVar(k) proper,
;
(M,F) € PDRM*Y(X),n,d € Z >C PShpsirn(S),
the full abelian subcategory, where <,> means generated by and (—) is the shift of the filtration.
By proposition 36, for D =V (s) C S a (Cartier) divisor and (M,F) € PDRM(S), we have, using
theorem 32 or proposition 35(ii), for all k € Z

GrY pp(M, F),Grl 1p(M,F) € PDRM(S).

Let S € Var(k) non smooth. Take an open cover S = U;S; such that there are closed embedding
S1 < Sp with Sy € SmVar(k). We define as in (i), see theorem 26(iv), the full subcategories

PDRM*'(S) € PDRM?(S) C PDRM(S) = UjenPDRM'(S) C PShY, .1 ,.4(S/(S1))

inductively. For each S € Var(k), we define

PDRM'(S) :=< H" / (rgngQ(owgﬂFb),xj(])(d),

Ps

(f : X — S) € Var(k) proper, X smooth, f =pgoi,n,deZ>C PShODfil’Th(S/(S'I))

the full abelian subcategory, where <,> means generated by and (—) is the shift of the filtration,
1: X =Y xS is a closed embedding with Y € PSmVar(k),
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(ii)

— for j : X° — X an open embedding we set using proposition 35(il) jimag(Oxo, Fy) =
(j+Oxe, F) with FPj,Oxo := ®rOYFPT*Vy\ vo 1j.Ox0o, X\X° =V (s) C X,

— we set
(0% 99Oy 3,2 Fb), 15) € Copiren(X/(Y x 81))
where

JHd . - . -
Fch q(OYxSI7Fb) := Cone(ad(jnmdg, j;)(—) : jnHdgjT (OYXS'I\X’Fb) - (OYxSpr))v

together with the maps

*mod

ad(p77 . pry«)(—)

w1y T (Oy 5, Fy)

ad(jrymag.d'”’*) (=)
) ad(J1J1Hdg>J pIJ*F}/(,Hdg(OYXSJ,Fb).

V,Hdg -
pIJ*FXXgJ\I (Oy w3, o

Assume we have defined PDRM*=1(S) C PShODfil’Th(S/(S'I)) for all S € Var(k). For each S €
Var(k), we define

PDRM*(S) :=< H"/ (I‘gdg((Ml,F),uU)(d), (f : X — S) € Var(k) proper, X smooth, f = pgoi,

ps

((My,F),ur;) € PDRM*(X),n,d € Z >C PSh, ;,(S/(S1))

the full abelian subcategory, where <,> means generated by and (—) is the shift of the filtration,
i:X =Y xS isa closed embedding with Y € PSmVar(k), ((M;, F),u;;) € DRM*~Y(X) and

— for j : X° — X' an open embedding with X' € SmVar(k) and (M, F) € PShp i n(X?)
we set jigag(M,F) = (j«M,F) using theorem 32 or proposition 35(ii) with FPj.M =
SROFFPRV o yo nde (M, F), X'\X° = V(s) C X',

— we set
V,Hdg L V,Hdg q o
L ((Mp, F)yupg) = 7Y ( My, F),ui ;) € Copa(X/(Y x Sr))

with I‘}’Hdg(MI,F) = ad(nudgi;)(—) : Cone(jnmagis (M, F) — (Mj, F)), together with the
maps

*mod *mod
q .1V,Hdg I(pIJ JUJ*)(“IJ)Oad(ZDIJ 1PIJ*)(7)
ul, T (M, F)

ad(ir ey,
pIJ*FV,Hdg (M, F) d(Grrmdg,d" " ") (=)

V,Hdg
X x50 prp L (M ).

Note that if S is smooth then this definition of PDRM(S) agree with the one given in (i).

For k c C and S € Var(k), we have by theorem 37 PDRM (Sc) C ws(HM(Sc)) which are by
definition the De Rham factor of geometric pure Hodge modules.

Let S € Var(k). Take an open cover S = U;S; such that there are closed embedding S; — g[ with
S; € SmVar(k). We define using the pure case (i) and (i)’ the full subcategory of weak mized De
Rham modules

DRM(S) = {((M], F, W), UIJ), GI‘?/((M[, F, W), ’u,]J) (S PDRM(S)} C PShD(l,O)fil,rh(S/(gl))
whose object consists of (Mg, F,W),ury) € PShD(LO)fZ—Mh(S/(S’I)) such that

Cry (Mg, F,W),ury) == (Gr}Y My, F),Gryy, ury) € PDRM(S).
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For S € SmVar(k) and D = V(s) C S a (Cartier) divisor, we have for (M,F,W) € 5_1%]\//[(5),
using theorem 32,

wD(M7F7W)7¢D(M7F7 W) € m(s)u
by the pure case (c.f. (i) and proposition 36) and the strictness of the V -filtration.

(i)’ Let S € Var(k). Take an open cover S = U;S; such that there are closed embedding S; — Sp with
Sr € SmVar(k). The category of (mized) de Rham modules over S is the full subcategory

DRM(S) C DRM(S) C PShp(1 0 i, (S/(Sr))

whose object consists of (My, F,W),ury) € DRM(S) such that for each I C [1,...s] and every
Cartier divisor D C Sy, the three filtrations F,W and Vp on M are compatible, the filtration
W is admissible for D (that is the relative monodromy filtration < W,W(N) > exists on M;
where N s the monodromy of S’I\D on M;), and so on inductively on the graded vpM until
supp(Yp, - -+ ¥p,. M) has dimension zero.
For k ¢ C and S € Var(k), we have by theorem 37 DRM(Sc) C wg(MHM((Sc)) which are by
definition the De Rham factor of geometric mized Hodge modules. In particular, for S € Var(k), a
morphism

m . ((M],F, W),U]J) — ((N],F, W),UIJ), ((M],F, W),UIJ), ((N],F, W),U]J) (S DRM(S)

is strict for the Hodge filtration F. For S € Var(k) we get D(DRM(S)) := Ho,qr(C(DRM(S))) after
localization with Zariski local equivalence.

Remark 3. (i) Let S € SmVar(k). By definition,

PDRM(S) =< H”/ H"/ Ox,F)d), (f: X =X, 15 X,_1 L5 Xo = 8) € SmVar(k),

"

fi proper,1 <i<r.nq,...n.,d € Z>C PShpsirn(S).

(i) Let S € Var(k) non smooth. Take an open cover S = U;S; such that there are closed embedding
Sp — S; with S; € SmVar(k). By definition,

PDRM(S) :=< H"l/ (F}’lHdg(mH"T/ 90y 5 F)))(),

ps PX,_q

(f:X:XTAXT_l f—1>X0=S) € Var(k) proper, fi = ps,_, 0t;,1 <i<rny,...n.,d €Z >
C PShpyirrn(S),

where i; : X; — Y; x X;1 is a closed embedding with Y; € PSmVar(k). Note that if S is smooth
then this definition of PDRM (S) agree with the one given in (i).

e Let S € SmVar(k). We consider the canonical embedding
ts : C(DRM(S)) = Cp,0)7a(9)
which induces in the derived category the functor
ts : DIDRM(S)) = Dp(,0)7it(S) = Dp(1,0) fit,00 (5)
after localization with respect to filtered Zariski local equivalences and oo-filtered Zariski local

equivalences respectively. Note that if m : (M, F,W) — (N,F,W) with (M, F,W),(N,F,W) €
C(DRM (S)) is a Zariski local equivalence, then it is a filltered Zariski local equivalence by strictness.
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e Let S € Var(k) non smooth. Take an open cover S = U;S; such that there are closed embedding
S; — S; with S; € SmVar(k). We consider the canonical embedding

ts : C(DRM(S)) < Cp1,0y7u(S/(Sr)),
which induces in the derived category the functor
ts : D(DRM(S)) = Dp(1,01(S/(S1)) = Dp1.0) fit.ee(S/(S1))

after localization with respect to filtered Zariski local equivalences and oo-filtered Zariski local
equivalences respectively. Note that if m : (M, F,W) — (N,F,W) with (M, F,W),(N,F,W) €
C(DRM (S)) is a Zariski local equivalence, then it is a filltered Zariski local equivalence by strictness.

Definition 57. (i) Let S € SmVar(k). Let D = V(s) C S a divisor with s € T'(S,L) and L a line
bundle (S being smooth, D is Cartier). Denote by j : S° := S\D — S the open complementary
embedding. Let (M,F,W) € DRM(S°)). By theorem 32, M admits the Kashiwara-Malgrange
rational Vp-filtration, that is iwmeaM admits the Kashiwara-Malgrange rational Vs-filtration and
Vo M :=i*Vs pixmoaM . We then define,

— the canonical extension

Jeriag(M,F,W) := (j.M,F,W) € DRM(S), F*j,M =>_ 0¢F'**"Vp o.M C j. M,
keN
WijuM := Wijaw (M, W) :=< . W M, W (N)y M >C j.M

and (ju M, W) := juo (M, W) is given by monodromy weight filtration similarly as in the com-
plex case in [25], so that j*jipag(M,F,W) = (M,F,W) and DR(S)(jxrag(M,F,W)) =
J+DR(S°)(M, W),

— the canonical extension
Jirrag (M, F,W) == D5 j 1rq,D5 % (M, F,W) € DRM(S)
so that 7*jinag(M, F,W) = (M, F,W) and DR(S)(jigag(M,F,W)) = 5 DR(S°)(M,W).
Moreover for (M', F,W) e DRM(S),

— thereis a canonical map ad(j*, jemag)(M', F,W) : (M', F,W) — jumagi*(M', F,W) in DRM(S),
— there is a canonical map ad(jiag, 7%)(M', E,W) : jigagj* (M, F,W) — (M', F,W) in DRM (S).

(i) Let S € SmVar(k). Let Z =V (Z) C S an arbitrary closed subset, T C Og being an ideal subsheaf.
Taking generators T = (s1,...,8.), we get Z =V (s1,...,8,) =Ni_1Z; C S with Z; = V(s;) C S,
s; € T(S,L;) and L; a line bundle. Note that Z is an arbitrary closed subset, dz > dx — r
needing not be a complete intersection. Denote by j : S° := S\Z — S, jr : S 1= Nic1(S\Zi) =

S\ (UserZ;) iy g0 3, § the open complementary embeddings, where I C {1,--- ,r}. Denote
D(2/8) = {(Zi)icpr...ss Zi C 8,NZ; = 2}, 2, C Z,
the flag category. For (M,F,W) € DRM(S°), we define by (i)
— the (bi)-filtered complex of Dg-modules

Jerag(M, F,W) i= lim Totearar=e(j1."j¢" (M, F,W)) € C(DRM(S)),
D(2/9)

where the horizontal differential are given by, if I C J, drj = ad(j}*J,jf,ig)(j}’* (M,F,W)),
g1y 87— ST being the open embedding, and dry =0 if I & J,
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— the (bi)-filtered complex of Dg-modules

Jirrag(M, F,W) := lim Totearar——s(jn 377 (M, F, W) = D™ jurragDg * (M, F.W) € C(DRM(S)),
D(Z/5)

where the horizontal differential are given by, if I C J, dry = ad(jff!lg,j}‘J)(jf* (M,F,W)),
jr : 87 — ST being the open embedding, and dry =0 if I & J.

By definition, we have for (M, F,W) € C(DRM (S°)), j*jsrag(M,F,W) = (M, F,W) and j* jigaq(M, F,W) =
(M,F,W). For (M',F,W) e C(DRM(S)), there is, by construction,

— a canonical map ad(5*, jumag) (M, E,W) « (M, F,W) = jundagi*(M', F,W) in C(DRM(S)),
— a canonical map ad(figag, i*) (M, E,W) 2 jigagi™ (M, F,W) — (M', F,W) in C(DRM(S)).
Let j : S° — S an open embedding with S € SmVar(k). For (M, F,W) € C(DRM(S5°)),
e we have the canonical map in Cp(1,0)fi1(5)

T(j*Hdg’j*)(M7 F7 W) = k © ad(j*aj*)(j*Hdg(Mv F7 W)) :j*Hdg(Ma Fa W) - .]*E(Ma Fa W)7
e we have the canonical map in Cp1,0)fi1(S)

T(j!aj!Hdg)(Mu F7 W) = qu{LD(k o ad(]*uj*)(_)) :
J(M,F,W) := DX Lpj. E(DE (M, F,W)) — DY Lpj.ga,D5 (M, F,W) = jigay,(M, F,W).

Remark 4. Let j: S° — S an open embedding, with S € SmVar(k). Then, for (M, F,W) € DRM(S5°),

o the map T'(j1, jirag) (M, W) : jiw(M, W) = jigag(M, W) in Cposi(S) is a filtered quasi-isomorphism
(by the acyclicity of the functor j. in the divisor case).

o the map T (Junrdg, j+ ) (M, W) ¢ Gurag(M, W) = Juw (M, W) in Cpoyu(S) is a filtered quasi-isomorphism
(by the acyclicity of the functor j. in the divisor case).

Hence, for (M,F,W) € DRM(S5°),
o we get, for all p,n € N, monomorphisms
FpHnT(j!uj!Hdg)(Ma F7 W) : FpHnj!’w(Mu F7 W) — FpHnj!Hdg(Ma F7 W)

in PShog(S), but FPH" ji,(M,F,W) # FPH"jiga,(M, F,W) (it leads to different F-filtrations),
since FPH"5(M,F) C H"jiM are sub Dg module while the F-filtration on H" jigrag(M, F) is given
by Kashiwara-Malgrange V -filtrations, hence satisfy a non trivial Griffith transversality property,
thus H"j1(M, F) and H"jigqg(M, F') are isomorphic as Dg-modules but NOT isomorphic as filtered
Dg-modules.

e we get, for all p,n € N, monomorphisms
T (jerrag, j«) (M, F,W) : FPH" jomag(M, F,W) — FPH" j,,(M, F,W)

in PShog(S), but FPH" jupag(M, F,W) # FPH" j.,(M,F,W) (it leads to different F-filtrations),
since FPH"j,E(M,F) C H"j.E(M) are sub Dg module while the F-filtration on H" j,pag(M, F) is
given by Kashiwara-Malgrange V -filtrations, hence satisfy a non trivial Griffith transversality prop-
erty, thus H"j, E(M,F) and H"j.gag(M, F) are isomorphic as Dg-modules but NOT isomorphic
as filtered Dg-modules.

Proposition 37. (i) Let S € SmVar(k). Let D = V(s) C S a divisor with s € T'(S,L) and L a line
bundle (S being smooth, D is Cartier). Denote by j : S° := S\D — S the open complementary
embedding. Then,
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— (%, jxmag) : DRM(S) = DRM(S°) is a pair of adjoint functors
— (JiHag, 7%) : DRM(S°) = DRM(S) is a pair of adjoint functors.
(ii) Let S € SmVar(k). Let Z =V(Z) C S an arbitrary closed subset, T C Og being an ideal subsheaf.
Denote by j : S°:= S\Z < S. Then,
— (4%, jxmag) : D(DRM(S)) = D(DRM(S°)) is a pair of adjoint functors
— (Jirdg, 7*) : D(DRM (S°)) &= D(DRM(S)) is a pair of adjoint functors.
Proof. (i): Follows from the fact that for (M, F) € DRM(S), we have FPVp «oM = j . FPj*MNVp oM,

where VDpr = ’L'*Vsypi*modM.
(ii):Follows from (i). O

The map given in definition 54 induces the following:

Definition 58. Let k a field of caracteristic 0. Let S € SmVar(k) and D C S a (Cartier) divisor. Let
(M,F,W) € DRM(S). The map of definition 54 given by theorem 28 and theorem 31 in PShp ,4(S)

_ -1

ppr,p(M) = DR(S)™ (ad(i*,i4)(—) o ad(m™, m ) (DR(S)(M))) : juM — p(M).

induces, similarly to the complex case ([25]) by theorem 28, the unicity of the V -filtration, and the
definition of the monomdromy filtration, the following map in PShp i o) firrn(S)

porR,D(M, F,W) := ppr,.p(M) : jurrag(M, F,W) — bp(M, F,W).

Proposition 38. (i) Let (M,F,W) € DRM(S). Let S° C S an open subset such that Ms. €
Vectp(S°). Denote i : D := S\D < S the closed embedding and j : S° — S the open embed-
ding. We have the canonical quasi-isomorphism in Cp ., (S) given in theorem 34:

Is(M) := (0, (ad(j", j«) (M), ppr,p(M) 0 ad(j", ji)(M)), 0) :

(c(xgo,s(M)),can(M)) (De(zgo /s (DM)),var(M))
M — (ppM —= T50/5(M) ® ¢pM = YpM).

gives a filtered quasi-isomorphism in Cp( o) fit,rn(S)

IS(Mv F7 W) = (07 (a’d(j*vj*Hdg)(Mv F7 W)apDR,D(Mv F7 W) © ad(j*aj*Hdg)(Ma Fa W)),O) :

c(xgo M,FW)),can(M,F,W
(M, F,W) = (¥p(M, F, W) (c(zso,s( ) ( )

:Z?So/s(M,F, W) @¢D(M,F,W)

DY e(zg0,5 (DT (M, F,W)))var(M,F,W))

Yp (M, F,W)).
with, see definition 58,

xSO/S(Ma F7 W) = Cone(pDR,D(Mu F7 W) : j*Hdg(M7 F7 W) — wD(M7 F7 W)) € CD(I,O)j'il,Th(S)

(i) Let S € SmVar(k). Let D = V(s) C S a (Cartier) divisor, where s € T'(S,L) is a section of
the line bundle L = Lp associated to D. We then have the zero section embedding i : S — L.
We denote Ly = i(S) and j : L° := L\Lo < L the open complementary subset. We denote by
DRM (S\D) x; DRM (D) the category whose set of objects consists of

{M,N,a,b), M € DRM(S\D),N € DRM(D),a : yp1M — N,b: N = pp1 M}
The functor (see definition 55)

(5%, ¢p1,can,var) : DRM(S) — DRM(S\D) xy DRM (D),
(M, F,\W) — (" (M,F,W), ¢p1 (M, F, W), can(M, F,W),var(M, F,W))

is an equivalence of category.
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Proof. (i):Similar to the complex case ([25]) by theorem 28, the unicity of the V-filtration and the

definition of the monodromy weight filtration.
(ii): follows from (i). O

We make the following key definition

Definition 59. Let S € SmVar(k). Let Z C S a closed subset. Denote by j : S\Z < S the complemen-
tary open embedding.

(i) We define using definition 57, the filtered Hodge support section functor

5% . C(DRM(S)) — C(DRM(S)),
(M, F,W) — Pgdg(M, F,W) := Cone(ad(j*, jurtag) (M, E,W) : (M, F,W) = junaqi* (M, F,W))[—1],

together we the canonical map 5% (M, F,W) : THY9 (M, F,W) — (M, F,W).
(1)’ Since jumdg : C(DRM(S°)) — C(DRM(S)) is an ezxact functor, I‘IZ{d‘q induces the functor

I‘IZ{d‘q : D(DRM(S)) — D(DRM(S))v (M, F\W) — 1—JZ{dg(]W7 EW)

(ii) We define using definition 57, the dual filtered Hodge support section functor

% . C(DRM(S)) — C(DRM(S)),
(M, F,W) — T5 9 (M, F,W) := Cone(ad(jizrag, ) (M, F, W) : jigzag, i* (M, F,W) — (M, F,W)),

together we the canonical map ~y "9 (M, F,W) : (M, F,W) — Ty (M, F,W).
13 NCE N\Hdg - — 1s an exact functor, ’ induces the functor
(i)’ Since jinag - C(DRM(S%)) = C(DRM(S)) Junctor, T3 "% induces the |
U7 . D(DRM(S)) — D(DRM(S)), (M, F, W)~ TyH% (M, F,W)

We now give the definition of the filtered Hodge inverse image functor :

Definition 60. (i) Leti: Z < S be a closed embedding, with Z,S € SmVar(k). Then, for (M,F,W) €
C(DRM(S)), we set

iyt (M, F,W) :=i* Gry, o T (M, F,W) € D(DRM(Z))

and

i%HrZZd(M, F,W):=i* Gry, oIy (M, F,W) € D(DRM(Z)),

noting that iwmoed : D(DRM(Z)) — D(DRMz(S)) is an equivalence of category whose inverse is
i* Gry, o : D(DRMj(S)) — D(DRM(Z)).

(i) Let f : X — S be a morphism, with X,S € SmVar(k). Consider the factorization f : X SN
X x S 25 S, where i is the graph embedding and ps : X x S — S is the projection.

— For (M,F,W) € C(DRM(S)) we set
Fifig (M, FW) = ity H A, FW) (dx)[2dx] € DIDRM (X)),
— For (M,F,W) € C(DRM(S)) we set

*mo -$mod_*mod|[—
fHdgd(MaFa W) = ZHdgdpS [ ](MaFa W) ED(DRM(X))v
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If j: S° < S is a closed embedding, we have, for (M, F,W) € C(DRM(S)),
Jitdg (M, F.W) = jifged(M,F,W) = j*(M, F,W) € D(DRM(S°)))
(iii) Let f : X — S be a morphism, with X,S € SmVar(k). Consider the factorization f : X —
X x S 25 S, where i is the graph embedding and ps : X x S — S is the projection.
— For (M,F,W) € C(DRM(S)) we set
Fitdg (M, F,W) =T pg (M, FW)(dx)[2dx] € C(DRM(X x S)),
— For (M,F,W) € C(DRM(S))) we set
Fimod(M, F,W) == T 9pumel=l (v, P W) € C(DRM(X x S)),

Definition-Proposition 6. (i) Let g : S — S a morphism with S',S € SmVar(k) andi: Z — S a
closed subset. Then, for (M, F,W) e C(DRM(S))), there is a canonical map in C(DRMg/ (S’ x S))

T (g, 7) (M, F,W) = gyge T 7% (M. F.W) = D750 g™ (M, F.W)
unique up to homotopy such that

Vol s (Gaett (M, F,W)) 0 TH9 (g, ) (M, F,W) = giiao® % (M, F,W).

(i)’ Let g : S — S a morphism with S’,S € SmVar(k) and i : Z — S a closed subset. Then, for
(M,F,W) € C(DRM(S))), there is a canonical isomorphism in C(DRMg (S’ x S))

TH (g, V) (M, E,W) : T8 ogppne® (M, F,W) & gino T 79 (M, F, W)
unique up to homotopy such that

Vit (gno T (M, F, W) 0 gino® Ty 99 (M, F, W) = THI9 (g, 4) (M, F, W),

(i) Let S € SmVar(k) and i1 : Z1 < S, is : Zy < Z7 be closed embeddings. Then, for (M,F,W) €
C(DRM(S))),

— there is a canonical map T(Zy)Z1,vHW9) (M, F,W) : FIZidQ(M, FW) — Fgldg(M, E,W) in
C(DRM (S))) unique up to homotopy such that

VPP (M, F, W) 0 T(Za ) Z1,v™99) (M, F, W) = v/ (M, F, W)

together with a distinguish triangle in K(DRM/(S))
Hdg
ngg(M, F, W) T(Z2/Z1,y )(M,F\W)

ad(j3 .45, ") Tz, (M, F,W))

I5% (M, F,W)

T 4, (G, F) = T 7% (M, F,W)[1]

— there is a canonical map T(Zo)Z1,~"H49) (M, F,W) : Fé’lHdg(M, FW) — I‘é’szg(M, F,W)
in C(DRM(S))) unique up to homotopy such that

1 M W) = T(Z2) 20,7 19) (M, F,W) 0y 199 (ML FLW).
together with a distinguish triangle in K(DRM (S))

Hdg -
Ty (M, FW) Qe LIOLEW), s (v )

T(Z3/Z1,y"" Hdg)(MvFvW)) P\/ qu(

M, F,W) — D79 (M, F,W)][1]
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Proof. Follows from the projection case and the closed embedding case using the adjonction maps. O

The definitions 59 and 60 immediately extends to the non smooth case :

Definition 61. Let S € Var(k). Let Z C S a closed subset. Let S = U;S; an open cover such that there
exist_closed embeddings i; : S; — S; with S; € SmVar (k). Denote Zy := Z N S;. Denote by j: S\Z — S
and jr : S{\Zr < S the complementary open embeddings.

(i) We define using definition 57, the filtered Hodge support section functor
TE% . C(DRM(S))) - C(DRM(S))), (M, F, W), urs) — TE9((My, B, W), ury) =

Cone(ad(j*, jumag)(Mr, F, W), urs) = (ad(j}, jrerag) (M, F, W) :
(M7, EW),urg) = (Jrsemagi; (Mr, F, W), jremagurs))[—1],

together with the canonical map ”ygdg((Ml, F,W),urg) : ngg((MI, EW),urg) = (Mp, E,W),ury).

(i)’ Since jramag : C(DRM(S1\Sr)) — C(DRM (S;)) are exact functors, TH™ induces the functor
7% . D(DRM(S)) — D(DRM(S)), (Mg, F, W), urs) — DEY (M, F,W),uzs)
(i) We define using definition 57, the dual filtered Hodge support section functor

Ty . C(DRM(S)) — C(DRM(S)),

(My, E,W),upg) = Ty H9(My, F W), urg) = DEYTS9DEY (M, F W), urg) =
Cone(ad(jigag, j)(Mr, F,W),ury) := (ad(jnrag, j7)(Mr, F,W)) :

(Grimdgd s (Mr, EW), (Gremaguty)®) — (Mg, F,W),ury)),

together we the canonical map ’yg’Hdg((MI, FW),urg): (M, F,W),ury) — F}’Hdg((Ml, FW),urg).

(i)’ Since jnmag : C(DRM(S\S1)) — C(DRM (S1)) are exact functors, l"gd‘q’v induces the functor
r"% : D(DRM(S)) — D(DRM(S)), (Mr, F,W),ur;) v+ Ty (My, F, W), urs)

Definition 62. Let f: X — S a morphism with X, S € Var(k). Assume there exist a factorization f :

XLy xS Swithy € SmVar(k), I a closed embedding and pg the projection. Let S = U;cr an open

cover such that there exist closed embeddings i : S; — S; with S; € SmVar(k). Denote X1 := f=(Sz).
We have then X = U;c1 X; and the commutative diagrams

f:XILYXS[pLS]

\ li/]:—(IXiI) l’i[

p5, =1 -

Y x S] e S]
(i) For (M, F,W),ur;) € C(DRM(S)) we set (see definition 61 forl)

Fias (M, F,W),upg) = TR (o (M, By W), g (dy)[2dy] € C(DRM(X)),
(ii) For (M, F,W),ury) € C(DRM(S))) we set (see definition 61 forl)
Fige (M, F,W) 1= D (o) (g, W), p o g ) € C(DRM (X)),
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Let j : S° <= S an open embedding with S € Var(k). Let S = U;er an open cover such that there exist
closed embeddings i : S; — S; with S; € SmVar(k). We have then, for (M, F,W),ur;) € C(DRM(S)),
quasi-isomorphisms in C(DRM(S))

and

I(5” Jfﬁgd)(—) L (Mp, FS W) upg) o= (]I(MIvFW) IuIJ)%]Hggd((MlvFvw)vufJ)

I(]*v‘];}rggd)( ) ];fg;d((M[,F,W),uIJ)%j*((MI,F,W),U],]) = (_}?(M[,F,W),j?ﬂ]])

Definition 63. Let S € Var(k). Let S = Ujer an open cover such that there exist closed embeddings
1:8; — S; with S; € SmVar(k). We have the following functor

(=) @199 (=) : D(DRM(S))? - D(DRM(S)),
(M, F,W),urs), (N, F,W),v17)) = (M, F,W),ur;) @329 (N, F,W),v1;) =
A, i (M, FW) @0, o P37 (N1, F, W), p’{}""de ® P57 *tr) =

S><S

A% Gry,s, DRI (it (My, F, W) ®0s, s, ps7 (N, B, W), pii % urs @ p3fory)

using the definition 62 for the diagonal closed embedding Ag : S — S x S.
Proposition 39. Let f1 : X =Y and fo: Y — S two morphism with X,Y,S € QPVar(k).
(i) Let (M,F,W) € C(DRM(S))). Then,

(f20 f)I (M, F,W) = fiied f3ad (M, F,W) € D(DRM(X)).

(ii) Let (M,F,W) € C(DRM(S))). Then,

(f20 f)HIH (M, F,W) = fiod f3ied(M, F,W) € D(DRM (X))

Proof. Immediate from definition. O

Theorem 38. (i) Let S € Var(k). Let S = U;c1S; an open cover such that there exists closed embed-

ding i; - S; = S; with S; € SmVar(k). Then the full embedding
vs : DRM(S) < PShiy; o) rir.rn(S/(S1)) = Cp(1,0pit.rn (5/(S1))
induces a full embedding
vs : D(DRM(S) < Dp(1,0)fit.en(S/(S1))

whose image consists of (M, F,W),ury) € DD(l,O)fil,rh(S/(S’I)) such that (H™(My, F,W), H"(uyy)) €
DRM(S) for all n € Z and such that for all p € Z, the differentials of G}y, (M, F) are strict for
the filtrations F'.

Let S~€ Var(k). Let S = U;erS; an open cover such that there exists closed embedding i; : S; — 5‘1
with S; € SmVar(k). We have then

D(DRM(S) =< / (n % Dirag (L% (Opnons,s Fo)swrs), (f 2 X 5 PV9 xS 255 8) € QPVar(k) >

Ps

:</ (I‘}/(’Hdg(OPN,DXSI,Fb) zr)(f: X LpN x5 P, 2, 8) € QPVar(k), proper, X smooth >
ps

C Dop1,0)fit,-n(S/(S1))

where n : PN < PN are open embeddings, | are closed embedding and <,> means the full trian-
gulated category generated by.
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(ii) Let S e Var(k). Let S = U;erS; an open cover such that there exists closed embedding i; : S; — S;
with S; € SmVar(k). Then the full embedding

vs : DRM(S) < PShy 1 oy i (S/(S1)) = Cpa0)fitrn (S/(S1))
induces a full embedding
ts : D(DRM(S)) = Dp(1.0) fit.oorn(S/(S1))

whose image consists of (M, F,W),ury) € DD(lyo)filyooyrh(S/(S’])) such that (H™(My, F,W), H"(ury)) €
DRM(S) for all n € Z and such that there exist r € Z and an r-filtered homotopy equivalence
(M7, F,W),ury) = (M7, F,W),ury) such that for all p € Z the differentials of Griy, (M, F) are

strict for the filtrations F'.

Proof. (i):We first show that ¢g is fully faithfull, that is for all M = (M, E,W),ury), M’ = (M}, F,W),ur;) €
DRM(S) and all n € Z,
LS EXt%(DRM(S)) (M,M/) = HomD(DRM(S))(Ma M/[n])
— Extps), (M, M) i= Hompg) o0 (s/030) (M MUnl)

For this it is enough to assume S smooth. We then proceed by induction on max(dim supp(M ), dim supp(M”)).

e For supp(M) = supp(M’) = {s}, it is obvious. If supp(M) = {s} and supp(M’) = {s'} wit s’ # s,
then by the localization exact sequence

Exthavmm(s)) (M, M') = 0 = Extp g (M, M)

e Denote supp(M) = Z C S and supp(M’) = Z' C S. There exist an open subset S° C S such that
Z°:=7ZN5°and Z'° := Z' N S° are smooth, and M, zo = (i* Grv,,,0 Miso, F,W) € DRM(Z°)
and M{,, := (i Gry,,, .0 M{s,, F; W) € DRM(Z'°) are filtered vector bundles, where j : §° < §
is the open embedding, and i : Z° — S°, i : Z'° < S° the closed embeddings. Considering the
connected components of Z° and Z /0, we way assume that Z° and Z "o are connected. Shrinking S°
if necessary, we may assume that either Z° = Z'°or Zz°NZ'° = (), We denote D = S\S°. Shrinking
S° if necessary, we may assume that D is a divisor and denote by [ : S — Lp the zero section
embedding.

— If Z° = Z'°, denote i : Z° < S° the closed embedding. We have then the following commu-
tative diagram

Lgo

Exthpra(sey) (Mse, Mig.)

. . . .
i Grvzo,oiz*mod l*modll Grv,,.,0

EXt'D So (M|So Mlso)

Exthpras(z0))(Mjze, M| z.) = ExtD 70y, (M)ze, M| ,)

Now we prove that ¢z. is an isomorphism similarly to the proof the the generic case of [6]. On
the other hand the left and right colummn are isomorphisms. Hence tgo is an isomorphism by
the diagram.

—If Z°N Z'° = (), we consider the following commutative diagram

Lgo

Exth pras(sey) (Mise, Mig.) Ext 50y, (M]s0, M{g.)

i Grvzo,oii*mod i*modii* Grv,,,0
Ext} prar(zey) (M) ze,0) = 0 ——— Ext 70y, (M| z0,0) = 0
where the left and right column are isomorphism by strictness of the Vz. filtration (use a

bi-filtered injective resolution with respect to F' and Vz. for the right column).
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e We consider now the following commutative diagram in C(Z) where we denote for short Hy :=
D(DRM(S))

Hom

s Hdg(pg —,ad - M
0 —— Hom$;, (I} M, TH49 (') (oo U ﬁoth(Fé’HdgM V1) PR T )EFV H99 €M Garragi* M) ——

Hdg (M) Hom/(—,ad(j™, g
0 — Hom, g, (I "M, FH‘E 9) —>Hom'D(S) (T M, 3\49) v Jﬁd )W ) v (TH M, juragy* M) —

whose lines are exact sequence. We have on the one hand,
. ,Hdy . e ° ,Hdy . <%
HOTHD(DRM(S))(FZ)H IM, jurragi*M') = 0 = Homp g CHTYM, jnagi™ M)
On the other hand by induction hypothesis
. JHd Hd, . JHd Hd,
LS HomD(DRM(S)) (Fé qM, FD qMI) — HomD(S)O (Fé qM, FD qMI)
is a quasi-isomorphism. Hence, by the diagram
. JHd

ts : Hom$y prasesy (T 99 M, M') — Homy g, (T 749 M, M)

is a quasi-isomorphism.
e We consider now the following commutative diagram in C(Z) where we denote for short Hy :=

D(DRM(S))

Hom VHd‘q./\/l7 ad (g
V,Hdg , 419 ﬁ)—(lﬁ WB( (JHngﬁ mHO st M, M) ——= 0

v,Hdg y Hdg(M)I,—I Homﬂdd ]lHd97ﬁ)
0 — Homp,g), (T /\/l Mﬁ) ompg), (M, M') —— mD(S)O(j|quj MM')——0

0

whose lines are exact sequence. On the one hand, the commutative diagram

. - 3 j* . 3 -k
HomD(DRM(S))(J!Hng M, M) —>H0mD(DRM(So))(J M, j* M)

\LLS lLso
3*

Hom®p, g, (jiragy™ M, M) Hom$, g0y, (7* M, j* M)

together with the fact that the horizontal arrows j* are quasi-isomorphism by the functoriality
given the uniqueness of the Vg filtration for the embedding I : S < Lp, (use a bi-filtered injective
resolution with respect to F' and Vg for the lower arrow) and the fact that tg. is a quasi-isomorphism
by the first two point, show that

vs : HomYy ppas(sy) (rrrags™ M, M') — Homd gy, (j1magsi" M, M)
is a quasi-isomorphism. On the other hand, by the third point

ts « Hom®y pascsy) (T M, M) = Hom3 g (T 99 M, M)
is a quasi-isomorphism. Hence, by the diagram

vs : Homby ppas(s)) (T OM, M') — Hompy ), (T 149 M, M)

is a quasi-isomorphism.
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This shows the fully faithfulness. We now prove the essential surjectivity : let

(M7, F,W),ury) € CD(l,O)fil,rh(S/(Sl))

such that the cohomology are mixed hodge modules and such that the differential are strict. We proceed
by induction on card{n € Z}, s.t.H"(My, F,W) # 0 by taking the cohomological troncation and using
the fact that the differential are strict for the filtration F' and the fully faithfullness.

(i):Follows from (i).

(ii):Follows from (i). Indeed, in the composition of functor

ts : D(DRM(S)) “% Dp1,0) pitrn(S/(S1)) = Dp(1,0) fit,eorn(S/(S1))

the second functor which is the localization functor is an isomorphism on the full subcategory Dp 1,0y fir,rn (S/ (51))%
Dp,0)fit,rn(S/ (S’ 1)) constisting of complex such that the differentials are strict for F', and the first func-
tor vg is a full embedding by (i) and ts(D(DRM(S))) C Dp(lyo)fumh(S/(S’[))St. O

Definition 64. Let f : X — S a morphism with X, S € SmVar(k). Consider a compactification
f: XL X ENgS of f, in particular j is an open embedding and f is proper.
(i) For (M,F,W) € C(DRM (X)), we define, using definition 57,

Hdg FDR
/ (M, F,W) = / Juttag(M, F,W) € Dopy0)7a(S)
f f

It does not depends on the choice of the compactification as in the complex case: for two compactifi-
cation f: X — S, f': X' = S, there exist a compactification f": X" — S together with morphisms
e: X" = X and ¢ : X" — X' such that foe= foe = f". Let (M,F,W) € C(DRM (X))), then
— by definition H* ffFDR Gr{fV Jsrdg(M,F,W) € PDRM(S) for alli,k € Z, hence by the spectral
sequence for the filtered complex ijDRj*Hdg(M, W)

~ pHdg ~ [FDR
Grk, (H? /, (M, F,W)) = Gryy (H' /, Jurrag(M, F,W)) € PDRM(S)

since it is a sub-quotient of H* jFDR

DRM(S) for alli € Z.

— fqu M,F,W) is the class of a complex such that the differential are strict for F' by theorem
37 in the compler case

Crly Jurrag(M, F, W), this gives by definition H' qu(M, F,W)) e

We then set using theorem 38

Hdg
RfF9(M,FW) = 15" / (M, F,W) € DIDEM(S))
!

(i) For (M,F,W) ee C(DRM (X)), we define, using definition 57,

Hdg FDR
/ (M, F,W) 3:[ Jiag(M, F,W) € Dp1,0y7u(S)
f f

It does not depends on the choice of the compactification as in the complex case: for two compactifi-
cation f : X — S, f’ : X' — S, there exist a compactification f : X" — S together with morphisms
e: X" = X and e’ : X" — X' such that foe= foe = f". Let (M,F,W) € C(DRM(X))), then
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— by definition H* I;DR Gr]&, Jirag(M, F,W) € PDRM(S) for all i,k € Z, hence by the spectral
sequence for the filtered complex f;DRj!Hdg(M, W)

FDR

. Hdg .
Gy, (H /f | (M, F,W)) == Grk, (H° /f Jirag(M, F,W)) € PDRM (S)
o . i (FDR ~ | - o . i (Hdg
since it is a sub-quotient of H* 7 Gryy fimag (M, F, W), this gives by definition H" ff! (M, F\W)) €

DRM(S) for alli € Z.

— ;!Idg (M, F,W) is the class of a complex such that the differential are strict for F' by theorem

87 in the complex case.

We then set using theorem 38
Hdg
RfHY9 (M, F,W) = Lgl/ (M, F,W) € D(DRM(S))
I
In the singular case, we set the following

Definition 65. Let f : X — S a morphism with X, S € Var(k). Assume there exist a factorization

X LY xS 2, Swithy e SmVar(k), | a closed embedding and ps the projection. LetY € PSmVar(k)
a compactification of Y and denote by n : Y < Y the open embedding. Denote again ps : Y x S — S
the projection. Let S = U;ec1S; an open cover such that there exists closed embedding i; : S; — 5‘1
with S; € SmVar(k). We have then the open cover X = U;X; with X; := f~1(S;) together with closed
embeddings iy : X1 : =Y X S;.

(i) For (My, F,W),ury) € C(DRM (X)), we define, using definition 57 forn x [ 1Y x S <Y x S,

Hdg FDR B
/ (Mp, F,W),ury) == / (n X D)wmag(Mr, F,W),urs) € Dp1,0y£i(S/S1)

with
(n X D)srrag(Mr, F. W), urg) i= ((n X I)wrag (M, F,W), (n x I)wnagurs) € C(X /(Y x Sr))

We then set using theorem 38 and theorem 37

Hdg
RfH48(My, F, W), urp) = 15! / ((My, F,W), urs) € D(DRM(S)).

ps

(i) For (My, F,W),ur;) € C(DRM (X)), we define, using definition 57 forn x [ : Y x S <Y x S,

Hdg FDR -
/ (My, FE,W),ury) := / (n x Dhaag((Mr, F;W),ury) € Dp(1,0)£a(S/(S1))

s! Ps
with
(n % Daag(Mr, F W), urg) == ((n X Dimag(Mr, F, W), ((n x I.magui;)?) € C(X /(Y x S1))
We then set using theorem 38 and theorem 37

Rf1Y9((My, F,W = 1/Hdg
) I, L, ),UIJ) =lg ((M],F,W),U]J)ED(DRM(S))

ps!
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Proposition 40. Let f1 : X = Y and fo : Y — S two morphism with XY, S € QPVar(k) or with
X,Y,S € SmVar(k).

(i) Let (M,F,W) e C(DRM(X)). Then,
R(fz0 1) (M, F,W) = Rf5.Rf{{"(M,F,W) € D(DRM(S)).
(i1) Let (M,F,W) e C(DRM(X)). Then,
Hdg _ Hdg Hdg
R(fao f1)| (M, F,\W) = Rf5 “Rf,(M,F,W) e D(DRM(S))
Proof. Immediate from definition. O
Proposition 41. Let f: X — S with S, X € SmVar(k) or with S, X € QPVar(k). Then

(i) (fIQEIZIgOd,Rffdg) : D(DRM(S)) = D(DRM (X)) is a pair of adjoint functors. For (M,F,W) €
C(DRM(S)) we denote by

ad(fifgy " REM) (M, F, W)« (M, F,W) = RES fragd (M, F,W)
the adjonction map in D(DRM(S)). For (N,F,W) e C(DRM (X)), we denote by

ad(Frigg", REMO) N F,W) 2 fiig RETY (N, F,W) = (N, F,W)
the adjonction map in D(DRM (X)).

(ii) (Rf!Hdg, ;I’ng) : D(DRM (X)) — D(DRM(S)) is a pair of adjoint functors. For (M,F,W) €
C(DRM (S)) we denote by

ad(Rf1Y, fimedy(M, F,W) « RfY fipned (M, F, W) — (M, F,W)
the adjonction map in D(DRM(S)). For (N,F,W) e C(DRM (X)), we denote by

ad(RA, fifig ) (N, F,W) + (N, FEW) = fiiil RFTS(N, F,W)
the adjonction map in D(DRM (X)).

Proof. Follows from proposition 37 after considering the graph factorization f : X — X x S ¥% S with
X € PSmVar(k) a compactification of X. O

We have by proposition 39 and proposition 40 the 2 functors on QPVar(k) :

e D(DRM(-)): QPVar(k) — D(DRM(=)), S+~ D(DRM(S)), (f : T — S) — Rf,
e D(DRM(-)): QPVar(k) — D(DRM(=)), S — D(DRM(S)), (f : T — S) — Rf'™,
o D(DRM(-)): QPVar(k) — D(DRM(-)), S — D(DRM(S)), (f : T — S) = f1i1od,
e D(DRM(-)): QPVar(k) — D(DRM(-)), S — D(DRM(S)), (f : T — S) = fif1ed.

Proposition 42. Let f: X — S with S, X € SmVar(k) or with S, X € QPVar(k). Then

(1) (f;fﬁ;d, RfH9) . D(DRM(S)) — D(DRM (X)) is a pair of adjoint functors. For (M, F,W),urs) €
C(DRM (S)) we denote by
ad(fifgg ", RE")(Mr, F, W), urg) + (Mr, W), ) = REZ [ (Mo, B W), urg)
the adjonction map in D(DRM(S)). For (N, F,W),ury) € C(DRM (X)), we denote by
ad(frzig " RES)((ND By W) urg) : Fifag RIS (Nr F W), urg) = (N B W), )

the adjonction map in D(DRM (X))
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(ii) (Rf!Hdg, ii9%) : D(IDRM (X)) — D(DRM(S)) is a pair of adjoint functors. For (M, F,W),urs) €
C(DRM (S)) we denote by

ad(RFY, fiiag (M1, F W) urg) - RETS G54 (My, F W) urg) = (M1, F W), uny)
the adjonction map in D(DRM (S)). For (N, F,W),ur;) € C(DRM (X)), we denote by

ad(RfY, fimed)((Ny, F,W),urg) « (N1, F,W),urg) = fined REPY(Ng, F, W), upg)
the adjonction map in D(DRM (X)).

Proof. Follows from proposition 37 after considering a factorization f : X — ¥ x § 2% § with ¥ €
PSmVar(k). O

Theorem 39. Let k a field of characteristic zero.
(i) We have the siz functor formalism on D(DRM(—)) : SmVar(k) — TriCat.
(ii) We have the siz functor formalism on D(DRM(—)) : QPVar(k) — TriCat.
Proof. Follows from proposition 42. o

Theorem 40. Let k C K C C, a subfield with p a prime number and K a p adic field. Let S € SmVar(k).
Let D = V(s) C S a divisor with s € T'(S,L) and L a line bundle (S being smooth, D is Cartier). so
that we have the closed embedding i : S < L, i(x) = (z,s(x)) and D = i~%(s0), so being the zero section.
For (M,F,W) e DRM(S),

e we have the canonical isomorphism in Dg,, (S5"P*")
TP (Yp, DR)(M, F,W) := BB (M, F,W) o APar (M, F, W)™
R(S)(wD (Mv F, W)an ®OsK (OBdT,Ska)) = wDDR(S)((Mv F, W)an ®OSK (OBdT’7SK ) F))

with, for S =U;_,S; an open affine cover such that DNS; =V (f;) C S; is given by f; € T'(S;, Os,),
denoting q : L; == p~'(S;) — A}, the projection and j; : S; — S the open embeddings,

— the isomorphism in DBdTinl(S?("*pet)

ABar (M F, W)+ (95, ©—1<a<0 Cone(s : DR(Li/AL)(Vpa (M, F*,W))™™) @04 s OBy 5,
- DR(Ll/Allc)((VDOt (M7 F*_lu W)an) ®Os SaOBdr,SK) M e )

~ (&3 DR(S:) (p (M, F, W)™ ©0,, (OBars, F) 5 +-)
i¥),0)" 1t an
((37),0) (DR(S)(wD(M7 F, W) ) ®OsK (OBdr,SKa ij logs ) = [m0]7

— and the isomorphism in DBdrgfil(S}l("’pet)
BB (M, F,W) : (87— ©_1<a<0 Cone(s : Vpa DR(Li/Ay) (M, F*,W)™) @05, 5" OBay. s,
= Voa DR(Li/AL (M, F*~1 W)™) @0,  s°OBays,) 225 )
= (@31 DR Oy )" mum ™ DR(L: (AN (M, F,W)™) @0, (OBur s, F)) 25 )
- <€Bf:1wnDR(p*oA;c><DR<LZ-/A}€><<M, FW)™) @0y, (OBarsye, F))) 225 --2)

0)
DO DR(S)(M, F, W)™ 90, (OBars,c, F ij (log s)7, m') Z log )/m;,

152



so that Tp,, (Yp, DR)(M) o DR(S)(s0s) = N o Tp,,. (¥p, DR)(M) where

N :=logT € Hom(yy)p DR(S)(M*" ®0s, OBdT’SK),wpDR(S)(M(m ®0s, OBgr s, ))

is induced by the monodromy automorphism T : So &y Go of the perfectoid universal covering
m: 8% — §°:=S\D (see [27]).

t
e there is a canonical isomorphism in Dg, 27u (S5 7<)

(Sk
TP (¢p, DR)(M, F,W) : DR(S)(¢p (M, F,W)™" @0, (OBarsy, F))
)

DR(S)(0,(var(M,F,W)®I)) DR(S (¢p (M F W)an ®OS (OBdT)SK7F))

B i
UL W), 65 DR(S) (M, F,W)*™ @05, (OBar,s,., F)).

where
(b’l))(M, F,W) := Cone(@pr,p(M,F,W) : Fé’Hdg(M, EW) — ¢p(M,F,W))

with Opr,p(M, F,W) the factorization in Cp o) fir,rn(S)
pDR,D(Mu F7 W) o a'd(j*uj*Hdg)(Ma F7 W)) :

v T MLEW) Ly Hdg
RIS MR
D

9y, F,w) LoD,

(M, F,W) Up(M, F,W).
of the map given in definition 58.
Proof. Follows from the proof of theorem 35: j; ABdar (M, F, W) are filtered quasi-isomorphism, hence

Cone(ds : VoaDR(Li/Ap) (M, F*,W)*™) @0, s* T OBay, s
— Vpa DR(Li/AL) (M, F*~" W)*") ®0g, s*OBuap,sy)

is strict for the F-filtration (i.e. the spectral sequence for the F-filtration is E;-degenerate, hence the
fact that j*BPa (M, F,W) is a quasi-isomorphism implies that j*BZa (M, F,W) is a filtered quasi-
isomorphism. O

6 The geometric Mixed Hodge Modules over a field i of char-
acteristic 0

6.1 The complex case where k£ C C

Let k C C a subfield. For S € Var(k), we denote by ang : S%" := S&"» 2% S L S the morphism
of ringed spaces given by the analytical functor.

e For (M, F) € Co,iu(S), we denote by (M, F)" := an§"4(M, F) € Coq i (S&").
e For (M, F) € Cpyiu(S), we denote by (M, F)* := ang"°?(M, F) € Cpru(S&™).
We denote for short
DR(S) := DR(S&") o ang™? : Cp i (S) — Cru(SE™), M +— DR(S)(M")
the De Rham functor.

e Let S € SmVar(k). The category Cp(1,0)fi1,rn(S) X1 Dyir,e,r,(SE") is the category
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— whose set of objects is the set of triples {((M, F,W), (K,W),«a)} with
(M7 F7 W) € CD(LO)fil,Th(S)u (K7 W) € Dfil,c,k(SEn)u « (Ku W) & CSE” — DR(S)[i]((M7 W)an)

where DR(S)!=) := DR(S)71(S&") : Cp1,0)it,rn(SE™) = Cru(SE") is the De Rahm functor

(recall for S” C S a connected component of S of dimension d, DR(S)‘[;] = DR(S)|s[d]) and

« is an morphism in D ¢; (S&"),

— and whose set of morphisms are
¢ = (ép,9c,[0]) : (M1, W), (K1, W), a1) = (M2, F,W), (K2, W), a2)
where ¢p : (My, F,W) = (Ma, F,W) and ¢¢ : (K1, W) = (K2, W) are morphisms, and
0 = (0%, I(DR(S)(¢7')) o I(en), I(a2) o I(¢pc @ 1)) : I(K1, W) ® Cgen[1] = I(DR(S)(M3"™, W))
is an homotopy, i.c. for all i € Z,
6" 00" =9 08" = (I(DR(S)(¢n)) o I(en))" — (I(a2) o I(¢c))',

I: Cpyy(SE™) — Kyi(SE™) being the injective resolution functor : for (K, W) € Cy;yi(SE™),
we take an injective resolution k : (K, W) — I(K,W) with I(K,W) € Cy;(S&") which is
unique modulo homotopy, and the class [f] of 6 does NOT depend of the injective resolution ;
in particular, we have

DR(S)T (¢85 0on = a0 (po @ 1)
in Dy (SE™) ; and for
* ¢ = (¢p,9c,[0]) : (My, F,W), (K1, W), 1) = (M2, F, W), (K2, W), a2)
* ¢ = (¢, e, [0']) + (Mz, F, W), (K2, W), 02) = (M3, F, W), (K3, W), a3)

the composition law is given by

¢ 0 ¢ = (¢p 0 ¢p, e © pc, [(DR(S)(¢5™)) o [0] + [0'] 0 I(pc @ I)[1]) :
((Ml,F, W), (Kl,W),Oél) — ((M3,F, W), (Kg,W),O(g),

in particular for (M, F,W),(K,W),a) € Cp(1,0)fit,rh(S) X1 Dfit,c.r(SE),
I pwy (k. w).a) = (Ins Ik, 0).
We have then the full embedding
PShp (1,0 fit,rn (S) X1 Pritk (SE") = Cp1,0)fit,rh (S) X1 Dyiter (SE™)
where PShp(1,0)fi1,rn (S) X1 Prirx(S¢") is the category
— whose set of objects is the set of triples {((M, F,W), (K, W), «)} with
(M, F,W) € PShp1,0)itr(S), (K, W) € Py x(S&"), a: (K, W) ® Cgan — DR(S)I((M, W)*™)

where DR(S)[7 is the De Rahm functor and « is an isomorphism in D ;(S&"),

— and whose set of morphisms are
d) = (¢D7 (bC) = ((bDa ¢Ca O) : ((Mlv Fv W)a (Klv W)a 041) - ((M27 Fv W)a (KQ, W)v OQ)
where ¢p : (M1, F,W) — (Ma, F,W) and ¢¢ : (K1,W) — (K2, W) are morphisms (of filtered
sheaves) and DR(S)7)(¢%") o a1 = g o (¢c @ I) in Pyip 1 (SE).
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e Let S € Var(k). Let S = U,;e1.S; an open cover such that there exists closed embeddings i; : S; < S;

with S; € SmVar(k). The category C’D(l)o)ﬁl’rh(S/(S})) X1 Dyt e (SE™) is the category
— whose set of objects is the set of triples {(((My, F,W),ury), (K,W),«)} with
((MI, Fa W),’LL[J) € CD(l,O)fil,rh(S/(gl))a (K7 W) € Dfilycyk(SEn)a
a: T(S/(51)(K, W) @ Csan — DR(S)N (M1, W), urs)™™)

where

DR(S)") = DR(SE")"™)  Cpu,0ypiten (8" /(S78)) = Cra(SE"/(S1¢)

is the De Rahm functor and « is a morphism in D, (SE™/( ~}177}C)),

— and whose set of morphisms consists of

(b = (¢D=¢Cv [9]) : (((levFvW)vufJ)v(Kle)val) - (((M217F7W)7UIJ)7 (KQvW)va

where ¢p @ (M1, F,W),ury) = (Mg, F,W),ury) and ¢¢ : (K1,W) — (K2, W) are mor-

phisms, and

0= (0% I(DR(S)(¢1")) o L(ar), I(az) 0 I(¢c ® I)) :
I(T(S/(S1) (K1, W) @ Cggn[1] = I(DR(S)(((Mar, W), ur)*"))

is an homotopy, I : Ci(SE"/( ~}l%)) — K (SE™/( ~}l%)) being the injective resolution functor

s for (K1, W), try) € Cra(S&™/( ~}17’(5)), we take an injective resolution

E: (K, W),try) — I(Kr,W),trs)

with I((K,W),trs) € Cru(SE"/( ~}"(%:)) which is unique modulo homotopy, and the class [0] of

0 does NOT depend of the injective resolution ; in particular we have
DR(S)T(¢F) car = az o (¢ @ 1)

in Dyt (Sg"/(S¢%)) 5 and for

* ¢ = (¢D7¢C7 [9]) : (((levFv W)vuIJ)v (Kle)val) — (((M217F7 W)vuIJ)v (K27W)7a2)
* ¢I = ( IDv(b/Cv [GI]) : (((M217F7 W)vufJ)v (K27W)7a2) - (((M317F7 W)vufJ)v (K37W)7a

the composition law is given by

¢' 0 ¢ = (¢ 0 bp, ¢ © bc, I(DR(S)(65™)) 0 6] + [0] 0 I(de ® I)[1]) :
(Mg, E W) urg), (K1, W), 1) = (Mar, F, W), urg), (K3, W), as)

in particular for ((My, F,W),urs), (K, W), @) € Cp.0)fien(S/(51)) X1 Dir e k(SE™),
Lar, ) ), (g w),e) = (D), 1k, 0).
We have then full embeddings
PShOD(l,O)fil,rh(S/(gl)) x1 Prit i (Sg") = C%(I,O)fil,rh(s/(gf)) X1 Dyit,e.u(SE")
0
L O it (5/(50)0 %1 Dyinei(SE) < Cnioytrn(S/(51)) 1 Dit.e.u(SE™)

where PSh%(lyo)fﬂyrh(S/(S’I)) X1 Ppir,1e(SE") is the category
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— whose set of objects is the set of triples {(((Mr, F,W),urs), (K,W),«)} with
((va F, W)vufJ) € PShOD(l,O)fil,rh(S/(gf))v (K, W) € Pfil,k(s(gn)v
a: T(S/(51)(K, W) @ Cgan — DR(S)N (M1, W), urs)™™)

where DR(S)[ is the De Rahm functor and « is an isomorphism in D (S&"/( ~}17’}5)),

— and whose set of morphisms are

¢ = (¢Da¢C) = (¢Da¢CaO) : (((MU,F’ W)vulJ)v (KlaW)val) - (((MQI,F, W)vulJ)v (KQ,W)7a2)

where ¢p : (My, F,W),ur;) = (Mg, F,W),ur;) and ¢¢ : (K1,W) — (K2, W) are mor-
phisms (of filtered sheaves) such that ¢}’ oy = a2 0 ¢ in Py (SE").

Moreover,
e For (M, F,W),ury), (K, W),a) € CD(LO)fZ-Mh(S/(S’I)) X1 Dyit,e,(SE™), we set
(((M[,F, W),U]J), (Kv W)va)[l] = (((M[,F, W)vuIJ)[l]v (Kv W)[1]7a[1])

e For

¢ = (¢D7 ¢Ca [9]) : (((leu F7 W),'UJJ), (K17 W)u Oél) — (((MQIu F7 W)auIJ)u (K27 W)u 042)
a morphism in CD(170)fil7Th(S/(S’1)) X1 Dyt e (SE™), we set (see [11] definition 3.12)

Cone(¢) := (Cone(¢p), Cone(¢c), ((a1,), (a2,0))) € Dp1,0)fit,rn(S/ (1)) X1 Dyit,e u(SE"),
((a1,0), (a2,0)) being the matrix given by the composition law, together with the canonical maps
= a(=) = (a(¢p),ci(¢0),0) : (Mar, F, W), ury), (K2, W), ag) — Cone(¢)
= c2(=) = (c2(¢p), 2(¢0), 0) : Cone(¢) = (Mg, Fs W), ury), (K1, W), ar)[1].
Remark 5. By [11] theorem 3.25, if

¢ = (¢D7¢Ca [9]) : (((MlvFv W)vuIJ)v (Kle)val) - (((MQvFv W)vuIJ)v (KQvW)7a2)

is a morphism in O’D(l)o)fil)rh(s/(g[)) X1 Dyite,(SE") such that ¢p is a Zariski local equivalence and
oc is an isomorphism then ¢ is an isomorphism.

We get from [10] the following definition :

Definition 66. (i) Let f : X — S a morphism with S, X € SmVar(k). Let f : X if XL sa
compactification of f with X € SmVar(k) and j the open embedding. Denote Z = X\X = N;Z;
with Z; C X (Cartier) divisor. Let

a: (K, W)®Cxgn — DR(X)((M, W)*")
a morphism in Dy (X&), with
(M, F,W) € C(DRM(X)), (K,W) € Dt c.x(X¢")*" ).
We then consider the maps in D ¢ (SE™)
foa i Rfui(K, W) ® Cgan := RfuRjuu(K, W) @ Cgan

Rf.jec T ans TV G@) (=) _ . un
B9, R F Rjuw DRX) (M, W)™) TS R E DR(X) (arrag (M, W)™)

Hdg
DR(S)(( /j (jurrag (M, W))™™) = DR(S)( /j (M, W))em)

T(f,DR)(-)"!
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(ii)

(iii)

and

Jrev: Rfiy (K, W) ® Cgan := RfuRjiy (K, W) ® Cgan

FL2%, RE.Rju, DROO((M, W)*) 2020,

T(vaR)(7)71 DR(S)((/
f

Rf.DR(X)(jirzag(M, W)*™)
Hdg

G (M, W))™) = DR [ 08, W),

see definition 4 and definition 64 .
Let f : X — S a morphism with S, X € QPVar(k). Consider a factorization f : X Lyxshs

with Y € SmVar(k), | a closed embedding and ps the projection. Let Y € PSmVar(k) a smooth

compactification of Y with j : Y < Y the open embedding. Then f : X 4 Yxg & Sisa
compactification of f, with X C Y x S the closure of X and | the closed embedding. Denote
Z = X\X = M;Z; with Z; C X Cartier divisors. Let S = U;S; an open affine cover and i; : S; — 5‘1
closed embedding with S; € SmVar(k). Let

a:T(X/(Y x S))(K,W)® Cxar) — DR(X) (M1, W)*", u})
a morphism in D¢y (XE" /(Y x Sre)), with
(M, W),urs) € C(DRM(X)) C Cposit,en(X/(Y x S1)), (K, W) € Dyir e r(Xg")* 470,

We then consider the maps in D¢y (SE"/( ~??C))

fea = fu(@) - T(S/S1)(R fuu (K, W)) © Csgr
= T(S/S1)(Bpu(I X §)uw (K, W)) @ Cszn = Rpu(I X j)wu T(X/(Y % S1))((K, W) @ Cxen)

02, Rpo(T X §) s DR(X) (M7, W), ur.1)™)
TY(Ix5,Q)(— _ . an
IO, R DR(X)(I % §)wrrag(My, W), urs)™)

Hdg

DR(S)(( /, (I % 3)ostag (M1, W), ur))™) = DR(S)(( /f (M1, W), ur)™)

T(f,DR)(-)

and

fia= fila) : T(S/S1) (R frw(K,W)) @ Cgan
i> T(S/S’I)(Rﬁ*(l X ])*w(Kv W)) ® CSE" i> Rﬁ*(‘[ X ])’wT(X/(Y X S’I))((K7 W) ® CX@")
Rp.DYR(Ixj).D’a

Rp.(I X ) DR(X) (M1, W), ury)*")

Rp. DR(X)((I % j)rrrag(M1, W), urs)*)
Hdg

(L G)irag(Mr, W), ury))*™) = DR(S)((/J” (M1, W), ury))*"),

T(D,DR)(=)o(DT™ (Ix4,®)(—))oT(D,DR)(—)

T(f,DR)(-) DR(S)((/

f

see definition 4 and definition 65 .

Let 1 : S° < S an open embedding with S € Var(k) and denote Z = S\§° =MN;Z;. with Z; C S
g’artier divisors. Let S~: Ui§’i an open affine cover and i S; — S; closed embedding with
S; € SmVar(k). Let Iy : S¢ — St open embeddings such that S¢ NS = S°NSr. Let

a:T(S/(SD)((K, W) ® Csgn) = DR(S)((M1, W), urs)*")
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(iv)

(v)

a morphism in Dy (SE™/( ~}‘?C)), with
(M5, W), urs) € C(DRM(S)) € Cpoitrn(S/(51)), (K, W) € Drir.e o (SE").
We then consider the maps in D¢y (SE"/( ~}177}C))

Pz(a) : T(S/(S)) TG (K, W) ® Csgn) = TYT(S/(S1)) (K, W) @ Csgr )

BLze e DR(S) (Mg, W), urs)™™)

(T(vz,DR)(M1,W),ur5) ' :=((LT" (1r,®) (M1, W))o(T" (an,®) (Mr,W))) !

DR(S)((T5 % (M, W), uzs))™)
and
T% (@) : T(S/(SN)) Ty (K, W) ® Cgan) = TYT(S/(S1))((K, W) @ Cgen)

I'Ya w an
—= T DR(S)((M1, W), urs)™")
T(vy,DR)((M1,W),ur):=(DI,T" (11,®)(D(M7,W)))o(DTY (an,®)(D(Mr,W))))

DR(S)((F?w((MD W)v uIJ))an)7
see definition 3 and definition 59.

Let f: X — S a morphism with S, X € QPVar(k). Consider a factorization f: X — Y x S 58
qjith Y € SmVar(k). Let S = U;S; an open affine cover and i; : S; — S; closed embedding with
S; € SmVar(k). Let

a: T(S/(Sn))((K, W) @ Cszn) = DR(S)((Mr, W), urs)™")
a morphism in Dy (SE"/(S¢%)), with
(M1, W), urs) € C(DRM(S)) C Cpofirn(S/(51)), (K, W) € D i cr(SE") 1),
We then consider, see (iii), the maps in Dy(X&"/(Y x Src)™™)
fla=f{(a) : T(X/(Y x S))(f* (K, W) & Cxgn) = T(X/(Y x 5))(T§p* (K, W)) @ Cxgr)

= (0w, T(S/S0) (K, W)1 © Cen), T%p™ T (D1)(=))

Rlxp*a « Wk
—5 (P%ps, DR(S) (M1, W), urs)r, T%p* DR(ur))

T!(f,DR)(=):=T(vx,DR)(=) "' oT" (p,DR)(-) DR(X)(f5met(My, W), ur))™)
and
fra=fa): T(X/(Y x 57))(f*(K,W) @ Cxan) = T(X/(Y x S))(T"p* (K, W) @ Cxan)
= (Dx"p5, T(S/(SD)((K, W) @ Cszn )1, T p*T(Drs)(-))
e, (0 pt DR(S)((Mr, W), ur)r, T p* DR(u1))

T (f,DR)(-):=T(yx ,DR)(=)oT" (p,DR)(-) DR(X)(f};@Od((MI W), ur.)%")
g 3 )

Let S € Var(k).Let S = U;S; an open affine cover and i; : S; — S; closed embedding with S; €
SmVar(k). Let

a: T(S/(S1))((K, W) ® Csgr) = DR(S)(((M1, W), urs)*"),
o/ : T(S/(S1))((K',W) @ Csgr) — DR(S)(((M], W), vrs)*")
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two morphism in Dy (S&"/(S§%)), with

(M7, W), uzs), (M}, W),ur;) € C(DRM(S)) C Cposirrn(S/(S1)), (K, W), (K',W) € Dysu(Se).
We then consider the map in Dy (S&"/(S¢L))

a®a’ : T(S/(5)(K,W) @ (K',W) ® Csar)

=5 T(S/(51) (K, W) ® Cser) © T(S/ (S >><<K W) @ Cogn)

LU DR<S><<<M1, W), urg)™) @b R(S)((( W), vrs)"")

HETPRCD), DRES) (M1, W), urs) @52 (Mf, W), v10)™")

. (M )

(T

n

e

= DR(S)((M1, W), urs) ®54° (

with T(@", DR)(—, =) := T(ys, DR)(—) o T(®, DR)(—, —) o

W), vrg))™

(p1, DR)(—) ® T(p2, DR)(-)).

Definition 67. Let S € SmVar(k). Let D = V(s) C S a divisor with s € T'(S,L) and L a line bundle
(S being smooth, D is Cartier). For M = ((M, F,W),(K,W),a) € PShp1,0)fi,ru(S) X1 Prir1(SE"), we
then define, using definition 55 and theorem 33,

e the nearby cycle functor
¢D((M7 F7 W)7 (Ku W)7 CY) = (¢D (Mu F7 W)7 ¢D (Ku W)7 wDa) € PShD(l,O)fil,Th(S) Xr Pfil,k(s(gn)a

with Ypa := T(¢p, DR)(M) o ¢ip(a).

e the vanishing cycle functor
ép (M, F, W), (K,W),a) := (¢p(M, F,W),¢p(K,W),¢ppa) € PShp(0)fi,rn(S) X1 Pritx(S¢"),

with ¢pa :=T(¢p, DR)(M) o ¢p(a).

e the canonical maps in PShp o) pirrn(S) X1 Pra,k(SE™)

can(M) = (can(M, F,W), can(K,W)) : Yp((M, F,W), (K, W),a) = ¢p (M, F,W), (K,W),a)(-),
var(M) := (var(M, F,W),var(K,W) : ¢p(M, F,W), (K,W),a) = Yp((M, F,W), (K,W), «).

Proposition 43. Let S € SmVar( ). Let D V(s) C S a (Cartier divisor). Consider a composition of
proper morphisms (f : X = X, SN SIPELIG G S) € SmVar(k) and

(M, F) = Hm/ < H" [ ((Ox, Fy), H" Rf1.c--- H" Rf . Zx,
1 fT
Hnofl* 0-++0 H"’"fr*oz(X)) S PSthil,rh(S) X7r Pk(SEn)

Then,

1/1D(M7F):Hm/ Hnr/ (Y5-1(p)(Ox, Fy)), H" Rf1s - - - H" Rfrst)-1(p)Zx,
H"™ fio0-- 0 H" fraps-1(pya(X)) € PShppi rn(S) X1 Pr(SE™)
and

¢D(M7F)=H"°/ /f(%bf (0)(Ox, Fy)), H* Rf1sc- - H"" Rfripp—1(pyLx

H" Ofl* o---oH" fr*gf)f D)Oé(X)) S PSthil,rh(S) Xr Pk(SEn)
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Proof. Immediate from definition. O
We now come to the main definition of this section :
Definition 68. Let k C C a subfield.

(i0) Let S € Var(k). Take an open cover S = U;S; such that there are closed embedding Sy — S; with
Sr € SmVar(k). The category of mized hodge modules over k is the full subcategory

MHM,c(S) € DRM(S) x1 Pyix(SE™) € PShp(1 )i (S/(S1)) x1 Prisi(SE™)
whose object consists of ((Mr, F,W),ury),(K,W),a) € DRM(S) X1 Pfii(SE") such that
(e (Mp, F, W) ury), (K, W), ) € MHM (Sc)
where

— myc = Tyc(S) : Sc — S is the projection (see section 2),
— DRM(S) is the category of de Rham modules introduced in section 5 definition 56,
— MHM(Sc) is the category of mized hodge modules on Sc introduced by Saito ([25]).

(i) Let S € SmVar(k). We denote by

My sc(8) =< (7 [ ot [ (O @) R e R e P oo B frra(X)),

1 r
(f: X=X, ELN X, 1= EEN Xo =5) € SmVar(k), proper, ni,...n.,d € Z >
C PDRM(S) X7 Pfilyk(SEn) C PSthil,rh(S) X7r Pk(S((Ufn)

the full abelian subcategory, where <,> means generated by and (=) is the shift of the filtration,
a(X) : ZXU‘:“"” — DR(X)(Og(n)

is the inclusion quasi-isomorphism in C(X&"), and we use definition 66. We have by proposition
48 for (M, F),K,«) € HM gy 1.c(S),

Cr) ¢Yp((M,F),K,a) := Gt} p(M, F),Gr} YpK,Gr}Y ¢pa) € HMym r.c(S).
and
Gry p((M,F),K,a) := Gy p(M, F),CGr} ¥pK,Gr} ¢pa) € HMym r.c(S).

for all k € Z. We have by theorem 87, for S € SmVar(k), HM g 1,c(S) C HM(Sc) which consists
of geometric Hodge module defined over k.

Let S~€ Var(k). Let S = U;c1.S; an open cover such that there exists closed embeddings i; : S; — 5‘1
with St € SmVar(k). We denote by

(1)

HMgmﬁkﬁ(c(S) =< (Hnl/ Hnr/ (F}?IHdg(OYXf(T,LI’Fb)’IIJ)(d)’

p1 T

R"pr, - R ppT(X/(Yy x Xoo1,1))(Zxan ), H" pro - - H" proo( X)),

(f: X=X 15X 1 5% Xo=9) e Var(k), >
C PDRM(S) x1 Py(S&™) € PShp tirn(S/(S1)) X1 Pe(SE™)
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the full abelian subcategory, where <,> means generated by and (—) is the shift of the filtration,
fi: Xi =Y, xX; 4 P X proper, Y; € PSmVar(k), X; smooth, with

a(X) 1= (T% Yy x Kr1.0)) s T(X/ (Y % Kro,0)(Zxon) @ Cxxon 1= (CX Ly sz, s tr)
~ JHd an
= DR(X)(0r(Ty, Oy %, , + Fb)s2r)™).
is an isomorphism in D(X&" /(Y. x XT,L])(%"), and we use definition 66. Note that if S is smooth

then this definition of HMgpm k.c(S) agree with the one given in (i). We have by theorem 37, for
S € Var(k), HM g 1,c(S) C HM(Sc) which consists of geometric Hodge module defined over k.

(ii) Let S € Var(k). Take an open cover S = U;S; such that there are closed embedding S; — S with
S; € SmVar(k). We define using the pure case (i) and (i)’ the full subcategory of mized Hodge
modules defined over k

MHMy,, .c(S) :=
{(M7, F, W), upg), (K, W), @), s.t. Gy (Mp, F,W),urg), (K, W), @) € HM g j.c(S)
C DRM(S) X1 Pritk(SE") C PShp1,0)pitrn(S/(S1)) X1 Prisk(SE")

whose object consists of ((My, F,W),urs), (K,W),a) € DRM(S) X1 Prix(SE") such that
Gy (M1, E,W),urg), (K, W), a) == (Gry (Mg, F),uzy),Gr)' K,Gr}" ) € HMyp, 1.c(S).
We set
2§ = (T (Og,, Fy) 212), Lo, a(S)) € MH Mgy 1.c(S)
with j;L%.. = i;0g" Lggn and
a(S) == (T%,0(S1)) : T(S/(SD))(ZGan) = (Fg}w(cégn),tu) = DR(S)(OF(Fg}Hdg(OSIaFb)ﬂUJ))'

For S € SmVar(k) and D = V(s) C S a (Cartier) diwvisor, we have for (M, F,W),(K,W),a) €
MHM gy, 1,c(S), using theorem 32,

wD((Ma F7 W)u (K7 W)u Oé), ¢D((M7 F7 W)7 (Ku W)7 CY) S MHqu,k,(C(S)u
by the pure case (c.f. (i) and proposition 43) and the strictness of the V -filtration.
For k C C and S € Var(k), we have by theorem 37

MHM g 1.c(S) € MHMy,c(S) C MHM(Sc).

For S € Var(k) we get D(MHM g x,c(S)) := Ho(zarusu) (C(MH Mgy r,c(S))) after localization with

Zariski local equivalence and usu local equivalence.
We now look at functorialities :

Definition 69. Let k C C a subfield. Let S € SmVar(k). Let j : S° < S an open embedding. Let
Z := S\S° = V(Z) C S an the closed complementary subset, T C Og being an ideal subsheaf. Taking
generators T = (S1,...,8,), we get Z =V (s1,...,87) = Ni_1Z; C S with Z; =V (s;) C S, s; € (S, L;)
and L; a line bundle. Note that Z is an arbitrary closed subset, dz > dx — r needing not be a complete
intersection. Denote by jr : ST = Nicr(S\Z;) = S\(Uic1Z;) 2y g0 2y S the open embeddings. Let
(M,F,W) € MHM gy, ,,c(S°)). We then define, using definition 57 and definition 2
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e the canonical extension

j*Hdg((Mv Fv W)a (K7 W),Oé) = (j*Hdg(M, Fv W)aj*w(Ka W),]*O[)
= TOt((jI*Hdgj?(Mv Fv W)ajf*wj?(Kv W)a.jf*a)) € MHMgmach(S)v

so that j*(]*Hdg((M, Fa W)v (Ka W)v a)) = ((Mv Fv W)a (K7 W)a Oé),
e the canonical extension

j!Hdg((Mu F7 W)7 (Ku W),CY) = (j!Hdg(M7 F7 W)uj!’w(Ku W),j!Oé)
= TOt((jI!Hdgj;(Mv F7 W)aj]!wj;(Ka W),j[!Oé)) S MHMgm,k,(C(S)a

so that 7*(hiaag (M, F,W),(K,W),a)) = (M, E,W), (K,W),a).
Moreover for (M', F,W),(K',W),a’) € MHMgpm 1.c(S),
o there is a canonical map in MH Mgy, k.c(S)

ad(j*, jurdg) (M, F,W),(K' W), ') : (M",F,W),(K' W), &) = junagi*(M', E,W),(K',W),a'),

o there is a canonical map in MHMgm 1.c(S)

ad(j!Hdgaj*)((M/aFa W)v (K’,W),O/) :j!Hdgj*((MlvFv W)a (K/,W),O/) — ((MlvFv W)a (K/,W),O/).

Let j : S° < S an open embedding with S € SmVar(k). For (M, F,W) € C(MH Mg, 1.,c(S°)),
e we have the canonical map in Cp(y0y£i1(S) x1 Cru(SE")

T(j*Hdgvj*)((Mv Fv W)a (Kv W)va) = (koad(j*aj*)(_)ako ad(]*,]*),()) :
j*Hdg((Mv F, W)v (Kv W)va) — (.]*E(Mv F, W)v.]*E(Kv W)va)

e we have the canonical map in Cp(y0)£i1(S) x1 Cru(SE")

T(j!aj!Hdg)((Mv F, W)v (Kv W)va) = (k Oad(j!aj*)(_)vko ad(]|,]*)(—),0) :
(j!(Mv F, W)aj!(Kv W)vj!a) — j!Hdg((Mv F, W)v (Kv W)va)

the canonical maps.

Proposition 44. (i) Let S € SmVar(k). Let D = V(s) C S a dwisor with s € I'(S,L) and L a line
bundle (S being smooth, D is Cartier). Denote by j : S° := S\D — S the open complementary
embedding. Then,

— (5%, Jemdg) : MHM g, .0 (S) S MHM g, 1.c(S°) is a pair of adjoint functors
— (Jradg, J%) : MHMgp, 1,c(5°) S MHM g k.c(S) is a pair of adjoint functors.

(i) Let S € SmVar(k). Let Z =V(Z) C S an arbitrary closed subset, T C Og being an ideal subsheaf.
Denote by j : S°:= S\Z < S. Then,

— (5%, Jrmdg) : DIMHM g, 1,c(S)) S D(MHM g, 1,,c(S°)) is a pair of adjoint functors
— (rHdg, 7%) : D(IMH Mgy k.c(S°) S D(MHM g, 1,c(S)) is a pair of adjoint functors.

Proof. (i): Follows from proposition 37.
(ii):Follows from (i) and the exactness of j*, j.rdg and jigdg- O

Definition 70. Let S € SmVar(k). Let Z C S a closed subset. Denote by j : S\Z — S the complemen-
tary open embedding.
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(i) We define using definition 59, definition 3 and definition 66(ii), the filtered Hodge support section
functor

5% C(MHMgp k.c(S)) = C(MHMgp 5.c(S)), (M, F,W),(K,W),a)
rH9((M, F,W), (K, W),a) := (TH% (M, F,W),T%(K,W),Tz(a))
= Cone(ad(j™, jurdg)(—) : Jrrdg, J* (M, F,W), (K, W), ) = (M, F,W), (K, W), a)[-1]

see definition 69 for the last equality, together we the canonical map

~HW (M, F, W), (K, W), @) : THY (M, F, W), (K, W), a) = (M, F,W), (K, W), ).

1)” Since jipag : C(MHMgm k.c(S°) = C(MHM gy, 1..c(S)) is an exact functor, T899 induces the
; 9 gm,k, gm,k, z
unctor
5% s D(MH Mgy ,c(S)) = D(MHMgp, 1.c(5)),
(M, F,W), (K, W),a) — TH9 (M, F,W), (K,W),a)

(ii) We define using definition 59, definition 3 and definition 66(iii) the dual filtered Hodge support

section functor
L% O(MHMgkc(S)) = C(MHMgnic(S), (M,F.W),(K,W),a)
Ly (M FW), (K, W), «) i= (T "% (M, F,W),T ;" (K, W), T} (a))
= Cone(ad(j!Hdgaj*)(_) : j!Hdguj*((Ma F7 W)u (K7 W)u Oé) — ((Mu F7 W)7 (Ku W)7 OZ))

see definition 69 for the last equality, together we the canonical map

N P (M, E, W, (K, W), @) = (M, F,W), (K, W), a) — Ty 9(M, F,W), (K, W), a).

(i1)” Since jigag : C(MHMgp 1.c(S°)) = C(MHMgpm k.c(S)) is an exact functor, ngg,v induces the
functor
1% s D(MH Mg k,c(S)) = D(MH Mg ,c(S)),
(M, F,W),(EK,W),a) — Ty"9(M,F,W),(K,W),a)

In the singular case it gives :

Definition 71. Let S € Var(k). Let Z C S a closed subset. Let S = U;_S; an open cover such that there
exist closed embeddings i; : S; — S; with S; € SmVar(k). Denote Z; := Z N Sy. Denote by n: S\Z < S
and ny : S{\Z; < S the complementary open embeddings.

(i) We define using definition 61, definition 3 and definition 66(iii) the filtered Hodge support section
functor

L% . C(MHMgp .c(S)) = C(MHMgpm 1.c(S)),
(M, F, W), urg), (K, W), @) = T (M7, W), ugg), (K, W), a) ==
= (DY ((My, F, W), urp), T (K, W), Tz (@)
together with the canonical map

F)/gdg(((Mlv F, W), uIJ)v (Ka W)v a) :
CH9(((My, F,W),uzs), (K,W),a) = (Mg, F,W),urs), (K, W), ).
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(i)’ By exactness of ngy and I'Y it induces the functor

T2% . D(MHM,gp, 1.c(S)) = D(MHMgm 1.c(S)),
(Mg, E, W), urg), (K, W), a) — ngg(((MDF, W), urg), (K, W), a)

(i1) We define using definition 61, definition 3 and definition 66(iii) the dual filtered Hodge support
section functor

D% C(MHMgnpc(S)) = C(MHMgnxc(S)), (Mr, F,W),urs), (K, W), a) =

FéﬂHdg(((vaFv W)vufJ)v (K7 W)va) = (Pédeg((vaFv W)vufJ)7Féﬁw(K7 W),I‘%(a))

)

together we the canonical map

V,Hdg

Yz (((M[,F,W),u](]),(K,W),Oé) :
(M, F, W), up ), (K, W), a) = D% ((Mp, F, W), up ), (K, W), ).

(i)’ By exactness of I‘}’Hdg and T}, it induces the functor
UM% . D(MHMyp 1.c(S)) = D(MHMyp, x.c(S)),
(M1, FE,W),urg), (K, W), ) = D79 (Mp, F, W), urg), (K, W), o)
= (T 19 (My, F,W),ury), Ty (K, W), Ty (@)
This gives the inverse image functor :

Definition 72. Let f : X — S a morphism with X, S € Var(k). Assume there exist a factorization f :

XLy xS Swithy € SmVar(k), I a closed embedding and ps the projection. Let S = U;cr an open
cover such that there exist closed embeddings i : S; — S; with S; € SmVar(k). Denote X1 := f~1(Sy).
We have then X = U;c1 X; and the commutative diagrams

f:XILYXS[&S[

\ ii}:_(lxi{) li}

ps, =
Y x S[ E—— S[

(i) For (M, F,W),ury),(K,W),a) € C(MHMqgn kc(S)) we set (see definition 71 for )
FHRO(M1, FW),urg), (K, W), @) =
LR (5T My FW), g ugg) ps (K W), psa) (dy)[2dy] € C(MH Mgy (X)),
(it) For (M, F,W),ury),(K,W),a) € C(MHMqgn1c(S)) we set (see definition 71 for 1)
FHO((Mr, FW),urg), (K, W), @) =
D (! g, B W), ), p (K W), psa) € CIMH My p,c(X)),
Let j : S < S an open embedding with S € Var(k). Let S = Ujer an open cover such that there ewist

closed embeddings i : S; < S; with S; € SmVar(k). We have then, for (Mg, F,W),urs), (K, W),a) €
C(MHMgm, 1c(S)), quasi-isomorphisms in C(MHM g, 1.c(S))

(I(J*J;ﬁ;d)(—)am :j*Hdg(((MIaFa W)vulJ)a (Kv W)ao‘) -
j*(((MIaFa W)vulJ)a (Kv W)ao‘) = (j*((MIaFa W),UIJ),,]'*(K, W)va)

and

(I(]* j?fg;d)(—),l) :j!Hdg(((vaFv W)vuIJ)v (K7 W)va) -
j*(((MIaFa W)vulJ)a (K,W),Oé) = (j*((MIaFa W),UIJ),,]'*(K, W)va)
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Definition 73. Let S € Var(k). Let S = Uier an open cover such that there exist closed embeddings
1:8; — S; with S; € SmVar(k). We have, using definition 63 the following bi-functor

(=) ©05? (=) : DIMH My k.c(S))* = DIMH Mgy 1,c(5));
(Mp, W) urg), (K, W), o), (Mp, F, W), v15), (K", W), d) =
(((MIvFv W)vuIJ)v (K, W)va) ®ggg (((M}7F7 W), v15), (K/,W),O/) =
((M17F7 W)vuIJ) ®ggg ((ijFv W)vva)v (K, W) b (Klv W)va ® O/)
where the map o ® o is given in definition 66(v).
Proposition 45. Let f1: X =Y and fo: Y — S two morphism with X,Y, S € QPVar(k).
(i) Let M € C(MHMgp, 1,c(S)). Then,

(f2 0 f1) 99 (M) = f;79 £317199 (M) € D(MH Mgy 1.c(X)).
(ii) Let (M,F,W) &€ C(MHM g, 1.c(S)). Then,
(f20 f1)' (M) = 17199 (1199 (M) € D(MH My, 1o,c(X))

Proof. Immediate from definition. O

Proposition 46. Let S € SmVar(k). Let D =V (s) C S a (Cartier) divisor, where s € I'(S, L). Denote
i:D:=8\D < S the closed embedding and j : S° — S the open embedding.

(i) Let (M,F,W),(K,W),a) € MHMgp, 1.c(S). We have, using proposition 38, the canonical quasi-
isomorphism in C(MH Mg, 1,c(S)) -

Is(M) := (Is(M),1s(K),0) :

(M, F, W), (K, W), a) = (bp((M, F,W), (K, W), a) ((c(zs0,5(M)),can(M)),(c(zs0/5(K)),can(K)),0)
Tgo,5(M,F,W), (K,W),a) & ¢p((M, F,W),(K,W),a) =
(T50/5(M, F,W), 250 /5(K, W), 250 /5(cx)) ® (¢ (M, F, W), ¢p (K, W), ¢pa)
((De(z 50,5 (DK M)),var(M)),(De(zs0,5(DK)),var(K)),0)

wD((Mv Fv W)a (Kv W),Ot))

(1) We denote by MHM g, 1,c(S\D) x 7 MHM g, 1.,c(D) the category whose set of objects consists of
{(M,N,a,b),M (S MHMgmyky(c(S\D),N S MHMgmﬁkﬁc(D),a : 1/)1)1./\/1 — N,b N — 1/)D1M}
The functor (see definition 67)

(j*v(bDl;Cv’U) : MHMgm,k,C S) — MHMgm,k,(C(S\D) XJ MHMgm,k,(C(D)a
(M, F, W), (K, W), a) = (" (M, F,W), j* (K, W), j*a), op (M, F, W), (K, W), &), can(—), var(—))
is an equivalence of category.

Proof. (i):Follows from proposition 38.
(ii):Follows from (i). O

Let S € Var(k). Let S = U,;esS; an open cover such that there exists closed embeddings 4; : S; — S;
with S7 € SmVar(k). We have the category Dp(1,0)fit,»n(S/(S1)) X1 Dyit,e.k(SE")
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e whose set of objects is the set of triples {(((My, F,W),urs), (K, W), a)} with
(M7, F,W),urs) € Dp(1,0)piten(S/(S1)), (K, W) € Dyiter(SE™),
a: T(S/(S1))(K, W) ® Csen — DR(S)7 (M7, W), ury)™)
where « is an morphism in Dfil(Sg"/(S"}%)),
e and whose set of morphisms consists of
6= (6,60, [0]) : (Mar, F, W), urg), (K, W), a0) = (Mg, F, W), ugg), (Ko, W), )

where ¢p : (M1, F,W),ur;) = (M2, F,W),ur;) and ¢¢ : (K1,W) — (K2, W) are morphisms
and

0= (0% I(DR(S)(¢D")) o L(ar), I(az) 0 I(¢c ® I)) :
I(T(5/(S51)) (K1, W)) @ Cgan [1] = I(DR(S)(((Mar, W), urs)*"))

is an homotopy, I : Dy (SE™/( ~}”}C)) — K (S&"/(S¢ 't)) being the injective resolution functor,
and for

- (b = (¢Da¢cv [0]) : (((M117F7 W)aul,])v (K17W>,041) - (((MQIvFv W);UIJ)v (K27W>5a2)
- (b/ = ( b’¢/c" [9/]) : (((MQIvFv W),UIJ), (K27W)aa2) — (((M3I,Fa W)vulJ)a (Kg,W),Otg)

the composition law is given by

¢ 06 := (9 0 6p, d 0 o, I(DR(S)($5™) o 6] + [0'] o I(pc ® 1)[1]) -
(((MU,F’ W)vulJ)v (Kla W)val) - (((M3I,Fa W)vulJ)v (K3a W)va3)a

in particular for (M, F,W),ur;), (K,W),a) € DD(LO)fiMh(S/(S'I)) X1 Dyit,e, i (SE™),

Ty F Wy ur ) (W) 0) = (I, ), 1K, 0),

and also the category DD(LO)j'iMhm(S/(S'I)) X1 Dyite,(SE") defined in the same way, together with the
localization functor

(D(zar), 1) : Cp(,0fit,en(S/(S1)) X1 Diite i (SE) = Dp(1,0)itrn(S/(S1)) X1 Dyt e (SE™)
= Dp1,0)fit,rh,00(S/(S1)) X1 Dyit e, (SE")-

Note that if ¢ = (¢, éc, [0]) : (M1, F\ W), urs), (K1, W), a1) = ((Ma, F,W),ury), (K2, W), a2) is a
morphism in Dp1,0)fit,#n(S/(S1)) X1 Dyit,c,k(S¢") such that ¢p and ¢c are isomorphism then ¢ is an
isomorphism (see remark 5). Moreover,

e For ((Mr, F,W),ury), (K, W),a) € Dp1,0)fit.rn(S/(51)) X1 Dit ek (SE"), we set
(Mp, F, W), ugg), (K, W), a)[1] = (Mg, F, W), ugg)[1], (K, W)[L], af1]).
e For
¢ = (¢p,0c, [0]) : (Mir, W), upg), (K, W), on) = (Mo, F, W), urg), (K2, W), )
a morphism in Dp(y o) fir.-4(S/(S1)) X1 Dyiter(SE™), we set (see [11] definition 3.12)

Cone(¢) := (Cone(¢p), Cone(¢c), (a1,), (a2,0))) € Dp.o)fit,n(S/(S1)) X1 Dyit,e o (SE"),

((a1,0), (a2,0)) being the matrix given by the composition law, together with the canonical maps
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= ci(=) = (a(¢p), c1(pc), 0) : (Mar, F,W),ury), (K2, W), az) — Cone(¢)
— c2(=) = (c2(¢p), c2(dc), 0) : Cone(¢) — (M1, F, W), ury), (K1, W), an)[1].

We have then the following :

Theorem 41. (i) Let S € Var(k). Let S = U;e1S; an open cover such that there exists closed embed-
ding i; : S; — S; with S; € SmVar(k). Then the full embedding

ts : MHMgm k.c(S) < PShpy ) it on (S/(S1)) X1 Pritk(SE™) = Cpr0)pitrn(S/(S1)) X1 Dipit,e.n(SE™)
induces a full embedding
vs : D(MH Mg 1,c(S)) = Dp.o)fitrn(S/(S1) X1 Dit,er(SE")

whose image consists of (M, F,W),ury), (K,W),«a) € DD(l)Q)fi[)rh(S/(g[)) X1 D it ek (SE™) such
that
(H™(M, F,W),H"(ury)), H*(K,W), H"«) € M HM g, 1,,c(S)

for alln € Z and such that for all p € 7Z, the differentials of G}y, (My, F') are strict for the filtrations
F.

Let S~€ Var(k). Let S = U;crSi an open cover such that there exists closed embedding i; : S; — 5‘1
with S; € SmVar(k). Then,

(1)

FDR

D(MHMgp, 1.c(S)) =< ( /f (n % Diag(T™ ™ (Opnonez, . Fo), 215)(d), REQY, fra(X)),

(f: X LPNe x § 2 8) e QPVar(k), de Z >
FDR
=< (/j (F}/fHdg(O[PN10x517 Fb)v {E],])(d), Rf*(@Xv f*Oé(X)),
(f: X LipNoy g2 S) € QPVar(k), proper, X smooth, d € Z >
C Dp(1,0)£it,rn(S/(S1)) X1 Dyt en(SE™)

where n : PN¢ < PN are open embeddings, | are closed embedding and <,> means the full trian-
gulated category generated by and (—) the shift of the F-filtration.

(i) Let S € Var(k). Let S = UierS; an open cover such that there exists closed embedding i; : S; — S;
with S; € SmVar(k). Then the full embedding

ts : MHMgm k.c(S) < PShpy )it o (S/(S1)) X1 Pritk(SE™) = Cpr,0)pitrn(S/(S1)) X1 Dpit,e.n(SE™)
induces a full embedding
vs : D(MH Mgy 1,c(S)) = Dp,0)fit.oern(S/(S1)) X1 Dyiter(SE™)

whose image consists of (M, F,W),urs),(K,W),a) € DD(l)Q)fi[)oo)rh(S/(g[)) x1 Dy (SE™) such
that
(H"(My, F,W), H"(ury)), H" (K, W), H"a) € MHM,p 5.c(S)

for alln € Z and such that there existr € Z and an r-filtered homotopy equivalence (M, F,W),urs) —
(M7, F,W),ury) such that for all p € Z the differentials of G}, (M}, F) are strict for the filtrations
F.
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Proof. (i): We first show that g is fully faithfull, that is for all M = ((My, F, W), ury), (K,W),a), M’ =
(M7, E,W),urg), (K' W), a') € MHMgy, 1,c(S) and all n € Z,

Ls EXt%(MHAfgm’k,c(S))(M7M/) = HomD(MHMgm’k,C(S))(M; M/[n])
- EXt%(S) (M, M/) = HomD(S)::DD(l,O)fil,rh(S/(gI))XIDfiZ(ngn) (M, M/[n])

For this it is enough to assume S smooth. We then proceed by induction on mazx(dim supp(M ), dim supp(M”)).

e For supp(M) = supp(M’) = {s}, it is the theorem for mixed hodge complexes or absolute Hodge
complexes, see [11]. If supp(M) = {s} and supp(M’) = {s'} and s’ # s, then by the localization
exact sequence

EXUD (01 1My o () (M M) = 0 = Extip gy (M, M)

e Denote supp(M) = Z C S and supp(M’) = Z' C S. There exist an open subset S° C S such that
Z°:= ZNS°and Z'° := Z'NS° are smooth, and M,z = ((* Gry,o,0 Migo, F,W),i* j* (K, W),a*(i)) €
MH Mgy 1(2°) and M{ ,, := (i Gry,,, 0 Mgo, F,W),i"j* K, a*(i")) € MHMgp, (Z'°) are vari-
ation of geometric mixed Hodge structure over k C C, where j : S° — S is the open embedding,
and i : Z° < §°, ' . Z'° < 5° the closed embeddings. Considering the connected components
of Z° and Z'°, we way assume that Z° and Z "o are connected. Shrinking S if necessary, we may
assume that either Z° = Z'° or Z°NZ'° = (), We denote D = S\ S°. Shrinking S° if necessary, we
may assume that D is a divisor and denote by [ : S < Lp the zero section embedding.

— If Z° = Z'°, denote i : Z° < S° the closed embedding. We have then the following commu-
tative diagram

Lgo

EXtD (0 m a0 (50) (Mses Miso) Exts0)(M]s0, M|g.)

(i* GTVZD,(),Z'*,(I* (i))i(i*modai* 5O (Z)) (i*modvi* O ('L)) 1 (7’* GrVZO *O’i* ,a* (7’))

Lzo

EXt%(A4HMgm,k,C(ZO)) (M‘ZO y MTZO) Ext%(zo)(./\/l|zo, MTZO)

Now we prove that ¢z. is an isomorphism similarly to the proof the the generic case of [6]. On
the other hand the left and right colummn are isomorphisms. Hence tg0 is an isomorphism by
the diagram.

— If Z°N Z'° =0, we consider the following commutative diagram

Lgo

EXUD (0 My e (50)) (Mse, Migo) Extp g0y (M)se, M{g,)
(@ Grvzo,o,i*,a*(i))1(i*mod,u,a*(i)) (i*mod,u,a*(z‘))i(i* Grv,,,0,i",0" (1))
EXtD (0 10y 1o (209) (M 20, 0) = 0 ———— Ext 70y (M| 20,0) = 0

where the left and right column are isomorphism by strictness of the Vzo filtration (use a
bi-filtered injective resolution with respect to F' and V. for the right column).

e We consider now the following commutative diagram in C(Z) where we denote for short H :=
D(MHMgm,k,C(S))

Hom(—,'yg

0 Hom®, (V- Hd Hdg dJMﬁf o 1V, Hdg (—ad(j” J*IﬁJ)(M&de . A gt
— Homy (' M, T M') ——— Hom%(I'; ./\/l./\/l — M, juragj*M') ——0

Hdg m , d ) B
00— Hom'D(S)(l"v oM, FHdI;} (,) — HO)mD(S)(Fv quMHO 9) i R )%?S)))(FBHdgMaj*Hdgj*MI) —0
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whose lines are exact sequence. We have on the one hand,
HOIH?:)(MHMW,C,C(S))(FVD WM, jerragi™M') =0 = Hom3, ) (T'); WM, jurragi*M')
On the other hand by induction hypothesis
. JHd Hd . JHd Hd
LS HomD(MHMgm’k,C(S))(F\é gM,FD gM/) — HOmD(S)(F\é gM,FD gM/)
is a quasi-isomorphism. Hence, by the diagram
Hdg V,Hd

LS . HOHlD(MHM[gka(S))( V M M)-)HOIHD(S)( gM M)

is a quasi-isomorphism.

e We consider now the following commutative diagram in C(Z) where we denote for short H :=
D(MH Mg, .c(5))

Hom

Hom$; (T qu/\/l,./\/lgjy& H)omH(./\/l Mﬂ(&d(]lﬂi ﬁomH(deq] M M)——0

m(y 79 ( M), — Hom(ad(j:
O e HomD(S) (Fv HdgMO.ASl’);S ( ﬁ(}m.p(s) (M, M (J Hag> ﬁOmD(S) (,]'Hdg] M M ) —_— O

0

whose lines are exact sequence. On the one hand, the commutative diagram

. . Y 3" . Y .
HomD(MHMgm,k,C(S))(]!Hdg] M, M) —>H0mD(MHMgm,k,C(SO))(J M, j* M)

lLs lLso
.

Hom s, (jirdgj* M, M) Hom'p o (j* M, j* M)

together with the fact that the horizontal arrows j* are quasi-isomorphism by the functoriality
given the uniqueness of the Vg filtration for the embedding [ : S < Lp, (use a bi-filtered injective
resolution with respect to F' and Vg for the lower arrow) and the fact that tg. is a quasi-isomorphism
by the first two point, show that

vs + Homb g, () (Uirdgd "M, M) — Homdyg) (jirragi™ M, M)
is a quasi-isomorphism. On the other hand, by the third point

vs : Hombyarag, o (s (D799 M, M) = Homd, ) (T4 M, M)
is a quasi-isomorphism. Hence, by the diagram

. JHd . ,Hd

LS HomD(MHMgm’k,C(S))(FB gM, M/) — HOmD(S) (FB gM, M/)

is a quasi-isomorphism.
This shows the fully faithfulness. We now prove the essential surjectivity : let
(M7, F,W),ury),(K,W),a) € CD(l,O)fil,rh(S/(gI)) x1 Cru(Se")

such that the cohomology are mixed hodge modules and such that the differential are strict. We proceed
by induction on card{n € Z} , s.t. H™ (M, F,W) # 0 by taking for the cohomological troncation

TS"(((MI,F,W),UU),(K,W),a) = (( (M, F,W), < "urg), T (K w), < ")
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and using the fact that the differential are strict for the filtration F' and the fully faithfullness.
(i):Follows from (i).
(ii):Follows from (i).Indeed, in the composition of functor

vs : DIMHMgp, .c(S)) “% Dp1,0)piten(S/(S1)) X1 Dy (SE™)
= Dp(1,0) fit,oern (S/(51)) X1 Dgar(SE™)

the second functor which is the localization functor is an isomorphism on the full subcategory
D10y pi,n(S/(S1))* X1 Dyt (SE™) € Doy pinn(S/(S1)) x1 Dy (SE™)

constisting of complex such that the differentials are strict for F, and the first functor ts is a full
embedding by (i) and tg(D(MH Mg, k,c(S))) C Dp(1,0) i1 (S/(S1))* X1 Dgar(SE™). O

Definition 74. Let f : X — S a morphism with X, S € Var(k). Assume there exist a factorization
X LY xS 2, Swithy e SmVar(k), | a closed embedding and ps the projection. LetY € PSmVar(k)

a smooth compactification of Y with n :' Y < Y the open embedding. Then f:X 4 Yxg P5, Sisa
compactification of f, with X C'Y x S the closure of X and l the closed embedding, and we denote by
n' : X — X the open embedding so that f = fon'.

(i) For (M;, F,W),ury),(K,W),a) € C(MHMgn, ,c(X)), we define, using definition 65 and theo-

rem 41

FDR
Rf*Hdg(((vaFv W),’UJJ), (Kv W)aa) = Lgl(/ (TL X I)*Hdg((MIaFa W)vulJ)va*w(Ka W)vf*(a))

f
€ D(MHMgpm .c(5))

where fi(a) is given in definition 66, and since

— by definition
) FDR B B
H( / Cryy (Ixn) gags(Mr, F, W), uzy), Rf. Griy nl (K, W), f. Grly nla) € HM gy, x.c(S)
;

foralli, k € Z, hence by the spectral sequence for the filtered complezes f;DR(Ixn)Hdg*((MI, F W), ury)
and Rf (I X 1)y (K, W))

Hdg

Griy Hi(/f (M7, F,W),ury), Rfww(EK, W), feat)) :=
FDR

(Grk, H? / (I X 1) gag«((My, F,W),ury), Grlyy H' Rf.nl,,, (K, W), Grly, H' foa) € HMyp, 1.c(S)

f

this gives by definition Hi(fjﬁdg((MI,F, W), urg), Rfvw(K, W), fu(a)) € MHM gy, 1,,c(S) for

all i € Z.

— Hdg((MI,F, W), ury) is the class of a complex such that the differential are strict for F by
téeorem 87 in the complex case.

(i1) For (M, F,W),ury),(K,W),a) € C(MHM g, ,c(X)), we define, using definition 65 and theo-
rem 41,
FDR
Rf!Hdg(((Mquu W),'UJJ), (Ku W),CY) = Lgl(/ (TL X I)!Hdg((MluFu W)auIJ)uRf!w(Ku W)7f’(a))

f
€ D(MH Mgy k,c(5))

where fi(a) is given in definition 66, and since
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— by definition

FDR
HZ(/f Gty (n X Digag(My, F, W), ury), Rf. Griy, nly, (K, W), Grly, fia) € HM g, 1.c(S)

foralli, k € Z, hence by the spectral sequence for the filtered complezes ffFDR(an)!Hdg((MI, F, W), urg)
and Rf.(n x ), (K, W)

) Hdg
Gr’IiVHl(/f' ((M[,F,W),U]J),Rf[w(K,W),f[Oé) =
FDR a
(Crk, B / (n % Distag (My, F, W), ury), Gr, HURFunly, (K, WY, Gk H' fia)) € HM,p ()

!
this gives by definition Hi(fﬁdg((MI,F, W), ury), Rfrw (K, W), fi(e)) € MHM gy, 1o,c(S) for
alli € Z.

— }!Idg((MI,F, W), ury) is the class of a complex such that the differential are strict for F by
téeorem 87 in the complex case.

Proposition 47. Let f1 : X = Y and fo: Y — S two morphism with X,Y,S € QPVar(k).

(i) Let M € C(MHMgp, 1,c(X)). Then,
R(fao 1) M = R R M € D(MHMgp k.c(S))-
(i1) Let (M,F,W) € C(MHMgm rc(X)). Then,

R(fz0 f1){" ™M = RfyRF{M € D(MHMgpm r.c(S))

Proof. Immediate from definition. O

Let £k C C a subfield. Definition 72, definition 74 and gives by proposition 45 and proposition 47

respectively, the following 2 functors :

e We have the following 2 functor on the category of algebraic varieties over k C C

D(MHMgp, kc(+)) : QPVar(k) — TriCat, S — D(MH Mg, k.c(S)),
(f T = 8) = (f*H9 (M1, F, W), upyg), (K, W), a) =
FHO(Mr, FW),urg), (K, W), a) = (fag (Mg, FESW) urg), f1K, W), fra).
see definition 62 and definition 66 for the equality.

e We have the following 2 functor on the category of quasi-projective algebraic varieties over k C C

D(MHMgmyky(c(')) : QPV&I"(IC) — TriCat, S+ D(MHMgm_’k_’(c(S)),
(f 1T — S) — (f*Hdg : (((vaFv W),U],]), (Kv W)aa) = Rf*Hdg(((MIaFa W)vulJ)a (Kv W),Ot))

e We have the following 2 functor on the category of quasi-projective algebraic varieties over k C C

D(MHMg .c(-)) : QPVar(k) — TriCat, S — D(MHMqm .c(S)),
(f T — S) — (f!Hdg : (((MIvFv W))? (Ka W)va) = f!Hdg(((M17F7 W)vufJ)v (Ka W)va))'
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e We have the following 2 functor on the category of algebraic varieties over k C C
D(MHM g k.c(+) : QPVar(k) — TriCat, S — D(MH Mg, k,c(S5)),
(f:T—8)— (fH% (M, F,W),us), (K,W),a) —
FHRO((Mr, FEW)urg), (K, W), @) o= (fidg (M1, FW),ugg)), (K, W), f*a)).
see definition 62 and definition 66 for the equality.
Proposition 48. Let f: X — S with S, X € QPVar(k). Then
(i) (f*Hdo RfH9) . D(MHMgpm 1c(S)) = DIMHM g, 1,c(X)) is a pair of adjoint functors.
— For (My, F,W),ury), (K,W),a) € C(MHMgpm kc(5)),
ad(f* 9, REZ)((My, F, W), urg), (K, W), @) =
(ad(frgg ", RE) (M, F, W), ung), ad (£, Rfau) (K W)
(M1, F,W),urg), (K, W), ) = Rf fH9 (M, F,W),urg), (K, W), a)
is the adjonction map in D(MH Mg, k.c(5)).
— For (N1, E,W),ury),(P,W),B8) € C(MHMgm 1c(X)),
ad(f 199, Rf199) (N1, W), urg), (P,W), B) ==

(ad(frag " RET) (N1, E, W) urg)s ad(f Rfi) (P, W)) -

FHAWREA((N1, E,W),urg), (P,W), B) = (N1, E, W), urg), (P, W), B)
is the adjonction map in D(MH Mgy, (X))
(ii) (RfTY, fHA9) . D(MH Mg (X)) = D(MH Mgy, 1.c(S)) is a pair of adjoint functors.
— For (My, F,W),ury), (K,W),a) € C(MHMgm k,c(5)),
ad(Rf{1, fH9)((Mr, F, W), ury), (K, W), a) :=

(ad(fi75e", RET)(Mr, F, W), ury), ad (£, R fus) (K, W)) :
R fH9(Mr, W), urg), (K, W), ) = (Mp, FS W), upg), (K, W), @)
is the adjonction map in D(MH Mg, 1,c(5)).
— For (N1, E,W),ury), (P,W),8) € C(MHMgm 1c(X)),
ad(Rf!Hdgv f!Hdg)(((va F, W)v uIJ)v (Pv W)? ﬁ) =
(ad(f;lg_gd’ Rf!Hdg)((va F, W)? ulJ)? ad(f!wv Rf!w)(Pv W)) :
(((N17 F, W)v uIJ)v (Pv W)vﬁ) - f!Hngf!Hdg(((N17 F, W)v uIJ)? (P7 W)= B)
is the adjonction map in D(MH Mg, 1,c(X)).

Proof. Follows from proposition 44 after considering a factorization f : X — ¥ x § 2% § with ¥ €
PSmVar(k). O

Theorem 42. Let k C C a subfield.
(i) We have the siz functor formalism on D(MH Mg .c(—)) : SmVar(k) — TriCat.
(11) We have the siz functor formalism on D(MHMgm .c(—)) : QPVar(k) — TriCat.
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Proof. Follows from proposition 48. o

We recall the definition of the Deligne complex of a complex manifold and the Deligne cohomology
class of an algebraic cycle of a complex algebraic variety.

Definition 75. (i) Let X € AnSm(C). We have for d € Z the Deligne complex

(ii)

(iii)

(i)

Zp x(d) := (Zx(d) = 15'DR(X)) = (Zx(d) = (Ox — --- — QL) € C(X)
Let D C X a normal crossing divisor. We have for d € Z the Deligne complexes
Zp (x,0)(d) := (Zx(d) < (Ox — --- = Q% '(log D))) € C(X)

and

Zpx,p)(d)" = (Zx(d) = (Ox = --- = Q5 (D)) € C(X).

Moreover we have (see [15]) canonical products

= (=) (=) : Zp(x,p)(d) @ Zp,(x,0)(d") = Zp (x,p)(d + d')
= (=) (=) : Zp,x,p)(d)" ® Zp (x,p)(d')" = Zp (x,p)(d +d')"
Let X € AnSm(C). We have for d € Z the Deligne (homology) complex

C3(X,Z(d)) := Cone(ZHomp, ) (A%, X) ® T(X, FID%) < T'(X,D%)) € C(Z)

Let D C X a normal crossing divisor. Denote U := X\D. We have for d € Z the Deligne
(homology) complezes

CH((X, D), Z(d)) := Cone(ZHomp,;¢r)(A*,U) & I'(X, FdDS((log D)) — I'(X, D% (log D))) € C(Z)
and

O3 (X, D, Z(d)) := Cone(Z Homp ;) (A*, (X, D)) & T(X, F*D% (D)) — T'(X, D% (D)) € C(Z).

Let k C C, a subfield. Let X € PSmVar(k). We have, for k € Z and d € Z, the Deligne cohomology
Hp(Xg", Z(d)) == H'(X¢", Zx,p(d)) = H*Ch (X", D, Z(d))"

Let U € SmVar(k). Let X € PSmVar(k) a compactification of U with D := X\U a normal crossing
divisor. We have, for k € Z and d € 7, the Deligne cohomology

HE(UE™, Z(d)) := H*(X, Z(xan par),p(d)) = H*CH((XE", DE"), Z(d))”
and

Hp(X, D, Z(d)) == H"(X&", (xan,pgm),p(d)") = H*Cp(XE", D™, Z(d))".

Let k C C, a subfield. Let U € SmVar(k). Let X € PSmVar(k) a compactification of U with
D = X\U a normal crossing divisor. We define the Deligne cohomology of a (higher) cycle
Z € Z24U,n)%=0 by

[Z]D = Im(sz_n(’Ysupp(Z))([Z]))v

H* (Ysupp(2)) : Hg;ﬁ)p(z) (XE", Zxan pan(d)) — HE"(XE&", Zxan pan(d))

with supp(Z) := px(supp(Z)) C X, where supp(Z) C X x O™ is the support of Z.
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(v) Let k C C, a subfield. Let U € SmVar(k). Let X € PSmVar(k) a compactification of U with

D := X\U a normal crossing divisor. We have for d € Z the morphism of complezxes
R ZUU, 0) — O (X", D&, Z(d)), Z — RE(Z) == (T3,Q4, Ryz)
which gives for Z € Z4(U,n)?=0,
[RE(2)] = [Z]p € HE' ™" (UE", Z(d))

Let f: X — S a morphism with S, X € AnSm(C). We have for d € Z the canonical morphism of
Deligne complexes

(ad(f*, £.)(Zs), %)) : Zp,s(d) = f.Zp x(d)

which induces after taking the resolution of the Deligne complexes by differential forms the morphism in

c(z)

f* = (f*v f*a e(f)t) : Cone(ZHomDi.ff(R) (A.v S)V S F(Sv Fd'Ag) — F(Sa A:‘S’))
— Cone(Z Homp;r)(A®, X)¥ @ T(X, FIA%) — T(X, A%))

where 6(f)" is the homotopy in the morphism in Dy (k) ®; D(Z)

(f*, £, 0()") = (T(S, (9%, Fb)), ZHompf sy (A%, S)Y, as.a(S))
= (I'(X, (2%, Fb))s ZHomDiff(R)(A.v X)v7 ax«a(X)),

which induces in cohomology for n € Z, the morphisms of abelian groups
f*+ Hp(S, Z(d)) — Hp (X, Z(d));
we get dually, after taking the resolution of the Deligne complexes by currents the morphism in C(Z)

fe = (fus f,0(f)) : Cp(X, Z(d)) := Cone(ZHomp, s () (A, X) & T(X, F'D%) — I'(X, D%))
— O3 (S, Z(d)) := Cone(ZHomp; s r)(A*, S) & T(S, F4DY) — T'(S, DY)

where 0(f) is the homotopy in the morphism in Dy, (k) ®r D(Z)

(f*,f*ue(f)) : (P(Xv( 3(7Fb))vzHomDiff(R)(AzX)?aX!a(X))
= (I'(S, (%, Fb)), ZHomDiff(]R)(A.v S), asia(S)),

which induces in homology for n € Z, the morphisms of abelian groups
fv: Hyp(X,Z(d)) = Hy,p(S,Z(d)).
Theorem 43. Let k C C a subfield.

(i) Let U € SmVar(k). Denote by ay : U — pt the terminal map. Let X € PSmVar(k) a compactifica-
tion of U with D := X\U a normal crossing divisor. The embedding (see theorem 41)

L: D(MHMgm_’kﬂc({pt})) — Dfil(k) X1 D(Z)
induces for k € Z and d € Z, canonical isomorphisms

WarmagZat™) - H*(atnmag Zg ™) = HE(XE", DE, Z(d)), and

UavragZi ™) « B (au.nagZ ") = Hp(UE", Z(d)).
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(i) Let h : U — S and h' : U' — S two morphism with S,U,U’ € SmVar(k). Let X € PSmVar(k)
a compactification of U with D := X\U a normal crossing divisor such that h : U — S extend to
f:X = S. Let X' € PSmVar(k) a compactification of U' with D' :== X'\U' a normal crossing
divisor such that h' : U' — S extend to f' : X' — S. The embedding v : D(MH Mg, 1.c(pt)) —
Dyy(k) x1 D(Z) (see theorem 41) induces for k € Z and d € Z a canonical isomorphism

UavxsuiragZy, s ) Homp(ama,,, . (s (honaag 2o s huvragZg @ (d)[K])
RI(—,—)
— HOHlD(MHMgm,k,C(pt))(ngg, aU/ng!HngIJ/deU(d) [k]) = Hk(aU/st!Hngg,dfsU(d))

= Hp((X x5 X)E, (X" xs U) U (U x5 X))E", Z(d)).

(iii) Let U € SmVar(k). Let X € PSmVar(k) a compactification of U with D := X\U a normal crossing
divisor. For [Z] € CHY(U,n) and [Z'] € CHd/(U7 n'), we have

([Z] . [Z/])D — [Z]D . [ZI]D c H2d+2d/—n—n'(Uan7Z(d+ d/))

where the product on the left is the intersection of higher Chow cycle which is well defined modulo
boundary (they intersect properly modulo boundary) while the right product of Deligne cohomology
classes is induced by the product of Deligne complexes (=) - (=) : Zp x,p)(d) ® Zp (x,py(d’) —
Zpﬁ(xyD)(d + d/).

(iv) Let h : U — S,n' : U — S, b : U" — S three morphism with S,U,U’,U" € SmVar(k). Let
X € PSmVar(k) a compactification of U with D := X\U a normal crossing diwisor such that
h:U— S extend to f : X — S. Let X' € PSmVar(k) a compactification of U' with D' := X'\U’
a normal crossing divisor such that h' : U' — S extend to f' : X' — S. Let X’ € PSmVar(k) a
compactification of U' with D' := X'\U’ a normal crossing divisor such that b’ : U' — S extend to

f X' = 8. For[Z] € CHYU xg U',n) and [Z'] € CHY (U’ x5 U",n"), we have

(2] 012 = Zpo(2)p € HY 7" (U x5 U")&", Z(d" — "))
where the composition on the left is the composition of higher correspondence modulo boundary while
the composition on the right is given by (ii).

Proof. (i):Standard.

(ii):Follows on the one hand from (i) and on the other hand the six functor formalism on the 2-functor
D(MHM gy k.c(—)) : SmVar(k) — TriCat (theorem 42) gives the isomorphism RI(—, —).

(iil):Standard.

(iv):Follows from (iii).

6.2 The p-adic case where k C K C C,

Let p a prime integer. Let k C K C C, a subfield of a p adic field K. Denote by k C C, its algebraic
closure. We denote by G := Gal(K/K) C Gal(k/k) the Galois group of K. Recall (see section 2) that for
a prime number [, a Z; module K = (K,,)nen € Fun(N, Ab) is a projective system with K,, a [™ torsion
group such that K,, = Kp4+1/I"K,11 is an isomorphism. For S € Var(k) and [ a prime integer, we have
(see section 2)

e the full subcategory Cz, £ (S¢) C PSh(S¢, Fun(N, C(Z))) and the full subcategory
Daz,fit,ek(S) C Dz, i (S) := Hoey Cz, 7t (S),

whose cohomology sheaves of the graded piece are constructible with respect to a Zariski stratifica-
tion of S, the full subcategory Cz, yu (S5 ") € PSh(SE"P*, Fun(N, C(Z))) and the full subcategory

D, pie k(SE7) © D, (S #™) 1= Hoper Ca, g (S5 ™)
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whose cohomology sheaves of the graded piece are constructible with respect to a Zariski stratifi-
cation of S,

o Py, 1i(S) C Dy, pino(S°) and Py, pik(SeP) C Dy, firer(SeP) the full subcategories of fil-
tered perverse sheaves.

For S € Var(k), we denote by ang : S := S’g: — Sc, — S the morphism of ringed spaces given by
the analytical functor. For S € Var(k), we denote By, s, := Bar ry (semy and OBay, s, == OBay. gy (507
where Ry : AnSp(K) — AdSp /(K, Ok) the canonical functor (see section 2).

e For (M, F) € Cofu(S), we denote by (M, F)2" := ang™?(M, F) € Cos i (SE)-
e For (M, F) € Cpsu(S), we denote by (M, F)" := ang™4(M, F) € Cora(SE))-
We denote for short
DR(S) := DR(S&") o ang"*" : Cpya(S) — Cﬁl(sg:vpet), M — DR(S)(M™)
the De Rham functor.

e For K1, K> € Dz, (S}I("’pet), we denote for short K1 ®q, K> := K ®ép K> € Dy, (S";("’pet) the derived
tensor product.

o For (K1, W), (K2, W) € Dz, u(S3"*"), we denote for short (K1, W) ®q, (K2, W) := (K1, W) ®ép
(K2, W) € Dz, ;u(S3"P") the derived tensor product.

e For M,N € Dg,, . _(Si"""), we denote for short M &g, N := M &f s NV € Dgy, s, (S5Pety
the derived tensor product.

o For (M, W),(N,W) € Dg,, . _fu(Si"""), we denote for short (M, W)®g,, (N, W) := (M, W)E,,
(N,W) € Dg,, 5, (S57P¢") the derived tensor product.

6.2.1 The B, functor

Motivated by theorem 29 and theorem 12, we make the following definition:

Definition 76. Let S € SmVar(k). Let D =V (s) C S a (Cartier) divisor, where s € T'(S, L) is a section
of the line bundle L = Lp associated to D. We denote by j : S° := S\D < S the open complementary
subset. Let m: SR — SR the perfectoid universal covering.

(i) We define, using definition 57,
Bay.50/5.k 7= FODR(S)((jertag (Ose, )™ @040 (OBarsic, F)) € Ca 5, (SHP)
together with the canonical map in CBdr,SK (S‘;("’pet)
as(Bay,s0/s,x) = F'DR(S)(ad (5", jurrag) (Os, Fy)™" @ I) : Bar,sic = Bay,s0/5,x
(i1) We define, using definition 55, the nearby cycle module
Bir,yp,x = FODR(S)(WD(OSO,FZ,))“" ®OS%L (OBay.s,., F)) € CBdT,S(S(Iz(n,pet)

together with the canonical maps in Cg,, 5 (SEmPety

pB4,.0(0s) = F°DR(S)(ppr,0(Ose, )™ @ I) : Byy. 505, — Barwp i
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and

asBaryp) = F'DR(S)((ppr.p(Ose, Fy) 0 ad(j*, jurrag)(Os, Fy))*" @ 1) :

as(Bar,s0/5,K) pBy,.,0(0s)

Bar, s Bar,s0/8,5 Baryp, K
where ppr.p(Oge, Fy) : jurdg(Ose, Fy) — ¥p(Oso, Fy) is given in definition 58.
(iii) We define, using definition 55 and (i), the vanishing cycle module
Bargp.x = FPDR(S)((60(Oso, Fy))™™ ©044n (OBuarsic: F)) € Chy, s, (S,
together with the canonical maps in Cp,, o (SHVPEYY We have using definition 55 the following maps

caanr,D(OS) = FODR(S)(CGITL(OSD7 Fb)an X I) : Bdr,wD,K — Bdr,q&,:;,lﬁ

and
'UaTIBdT,D(OS) = FODR(S)(’UOJT(OSO,Fb)an (24 I) : Bdr,qu,K — Bdr,wD,K

and

asBar.sp.x) = FODR(S)((can(Oso, Fy) 0 ppr,p(Ose, Fy) 0 ad(§*, jurrag)(Os, Fy))*" @ I) :

asBar,yp. 1) cang,, .p(Os)

Bar, s Bar,yp,xk ——— Bar,¢p,k

(v) Using (i1), we set
Barso,s,5 = Cone(ps,, . p(0s) : Bar.so/5,x = Baryp,x) € Cpyp s (Sampety
together with the canonical map in Cg,, o (S’?("’pet)
asBarwgo, s,x) = (asBar,s0/5,K), a5 Barp,x)) : Bar,si = Barago, s, k-
(v) For L € Sthp(So’et) a local system, we set using theorem 32 for j.(L ® OS;()
Vboj«(L ®q, Bar,sg.) = Vpoj=(L ®q, Osg.) ®0s,. Bar.si € Cb,, (SE")
so that we have the isomorphism in Dy, (S?("’pe’f)

m(L ®q, Bar,s¢.) : VDoj« (L ®q, Bar,sg.) OBy, s, Bar.se/s.x
= VDoJ« (L ®Qp Bdr,S}’() ®BdT,SK FODR(S)(]*HdQ (OSOan) ®0s (OBdT‘,Sa F))

— juL ®q, Bar.s50/5,1c, — j+L ®q, F'DR(S)(jirrag(Ose, Fy) ®0s (OBar,s, F)),
S@h®wr— s® huw.

More generally, for Z C S a closed subset and L € Shvz (Z°) a local system with Z° := Z N S°,
we set using theorem 32 for j.(L ® Oz )

Vpojs (L ®g, Bar,se.) = Vboj«(L ®g, Ozs) ®0s,. Bar,sx € C,, (SFF)
so that we have the isomorphism in Dg,, (S’?("’pet)
m(L ®q, Bar,sg.) : Vpoj«(L ®@q, Bar,s3,) @By, s, Bar,se/s,5 = jxL ®q, Bar,s0/5,K

SQh®wr— s® hw.
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(vi) For L € Shvz, (5¢) a local system, we set using theorem 32 for j.(L ® Oss)

¥p(L ®g, Bar.sg ) = Gr¥8_ o j+(L ®q, Oss.) ®0s, Bar,s, € Ca,, (S7*")
s0 that we have the isomorphism in Dy, (S5

m(L ®q, Bar,sg.) : (L ®q, Bar,sg.) @By, s, Baryp,k = ¥0L @, Baryp, K
= pL @g, FODR(S)(Gr' 3, (Ose, Fy) @0 (OByr.s, F)), s @ h®@w — s @ hw

More generally, for Z C S a closed subset and L € Shvz, (Z°') a local system with Z° := Z N S°,
we set using theorem 32 for j.(L ® Oz )

¥p(L @q, Barsg ) := Gr‘_/[fga<oj* (L ®q, Ozg.) ®os,. Bar,sx € Ch,, (SgmPety

s0 that we have the isomorphism in Dy, (S5

m(L ®q, Bar,s.) : (L ®q, Bar,sg.) @By, s, Baryp,k = ¥pL @, Baryp, K
= pL @g, FODR(S)(Gr'3_, _(Ose, Fy) @0 (OByr.s, F)), s @ h®@w — s ® hw

We then give using definition 76 and the local system case an inverse functor to the De Rham functor
for De Rham modules

Definition 77. (i0) Let S € SmVar(k) irreducible. We then have the morphism of site ang : Sp"P*" —

(1)

S given by the analytical functor. Let K € PZP’k(Set) a perverse sheaf, in particular there exist
an open subset S° C S with D := S\S° a (Cartier) divisor such that K|go := j*K € C(5>) is a
local system for the etale topology, where we denote j : So — S the open embedding and i : D — S
the closed embedding of the Cartier divisor. Assume first that K|p = i*K is a local system.

Then, YpK,¢ppK € Cz, (D) are local systems. We denote again K := ang K € C(SEPY) and
K = j*K € C(S3:"™P"). Denote by 7 : Sp™™ — S5 the perfectoid universal covering. We then

have by theorem 12 a canonical isomorphism in szﬁc(S?("’pEt)

c(zs0/5(K)),can(K)) var(K))

~ ( De(DK),
Is(K): K = (WpK w50 5(K) @ pp I L),

YpK)
We then set using definition 76
Bar,s(zs0/5(K)) = 250 /5(K) ®@q, Barzgo,s,K =
Cone((ad(i*,.)(—) 0 ad(x*, 7.)(K)) © ps,, » (Os) :
oK ®q, Bar,s0/5. = 0 (K) ®qg, Baryp.x) € Da,, (Si)
and

(c(Bar,s(x50/5(K))),can(K)®cansg,,.,p(Os))

Bairs(K) := (Bar,s(¥pK) := YpK ®q, Baryp,x
Bar,s(zs0/5(K)) ® Bar,s(¢p K) := (250 /5(K) ®q, Barwse,s,5) ® 0K @q, Bar,gp,Kx)

(De(Bar,s(zs0/5(DK))),var(K)Qvarg,, . p(Os)) an.pe
RS 2 Bar,s(WpK) == YpK ®q, Baryp k) € Da,, (S5,

Let S € SmVar(k) irreducible. We then have the morphism of site ang : S4Pt — S given by the
analytical functor. We define the functor

Bars : Dz, it,ek(S%) = Diy, s it(S")
using the nearby and vanishing cycle functors. For (K,W) € P,ry(S) a filtered perverse sheaf
and (D1,...,Dq) € S(K) a stratification by (Cartier) divisor D; C S, 1 < i < d such that
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(ii)

K\ pen\D(r+1) := ;K € Dz, o(D(r)\D(r + 1)) are local systems for all 1 < r < d, where D(r) :=
Mi<i<rDi and I, : D(r)\D(r + 1) < S is the locally closed embedding, we have by theorem 12 a
canonical isomorphism in DZWC(S}I("’pet)

Is(K): K S (- — @ xS\Dil/S"'$S\Dir/S¢Dir+l"'¢D¢S¢Dis+1"'¢Did(K)—>"')a

1<iy - <ig<d
we then define by (i0)

B T K7W = li e
d ,S( ) (Dly,,.,égl)ES(K)(

@ ¢p,, ., D, VD, D, Ts\Di /5 Ts\Dy, /5 (K, W)
1<ip < <ig<d

®QdeT,ms\Dil/sﬁK ®BdnsK T ®BdnsK Bdr>mS\Dir/S,K ®Bdr,sK BdhcbDiTJrl K ®Bdr,sK T

OBar, s, Bar,op,, K OBarsyc Baryp, K OBas, OBy s, Baryp, & =)

For m : (K1,W) — (K2,W) a morphism with (K1,W), (K2, W) € P,tu(S%), considering a
stratification (D1,...,Dq) € S(K1) NS(K2) by (Cartier) divisor D; C S, 1 < i < d such that
K1 p)\D(r+1)> Ko\ pr)\D(r4+1) € Dz,,c(D(r)\D(r +1)°*) are local systems for all 1 <r < d, we get

Bd,_)s(m) :

Bar,s (K1, W) = (- — @ ¢p, ,, 9D, YD, | VD, Ts\Di /5" Ts\D;, /5 (K1, W)
1<is < <ig<d

®QdeT7$S\Di1/SvK ®]Bdr,SK U ®Bdr,SK BdTyﬂCs\DiT/&K ®]Bdr,SK

Bd?‘ﬁDirJrl K ®BdnsK T ®Bdr,sK Bdhqbpis K

DB, Barp, K OBarsy " OBapsy Baryp, K =)

(zS\Dil/S"'$S\DiT/S¢DiT+1 D, wDiSJrl "'ﬂJDid (m)®I)

Bars(Ka,W):=(--=> P ¢b

1<ip < <ig<d

ép, YD, VD, TS\D;, /5 Ts\D;, /5 (K2, W)

irgl s+1

®QdeT1fﬂs\Dil/sﬁK ®Bdr,sK T ® BdT,fﬂs\Dir/sﬁK ®BdnsK

Bargp, K @Bars, " ©Bars, Bargp, K

®]Ed"‘,SKBdT’wDiS+1 K ®]Ed""SK e ®Bdr,SK BdTwaid7K — )

Note that if L is a local system on S then By, s(L) = L @ By, 5.k, that is it does NOT depend on
the choice of a stratification (see remark 6). This gives the functor

Bar.s : Dz, pit.e(S) = D(Pprit(S%)) = Da,, (S5,

Let S~€ Var(k). Let S = U;c1.S; an open cover such that there exists closed embeddings i; : S; — S}
with S; € SmVar(k). We define as in (i) the functor

Dz, fitek(S/(SF)) = D, (S5 /(ST),
(K, W) = Bdr,(é;)(K= W) = IB%dr,(S'I)(if*j}k (K, W), t1s)

ety T(S/(51))
Bd’l‘,(é’[) : Dpril,c,k(S t) —I>
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with for (K,W) € Ppry(S),

B, (K ,W):= li
ar () ) (D1 DRES(K)

( @ ¢, %, U SNBSS D, 18 (1237 (K W)
1<i; < <ig<d

is411

®QdeT>IS‘I\Di Y]

K ®BdT151,K . ar, 81 K Bdr’xSI\DiT,I/SI’K ®BdT151,K

1,1/5

B B _ . _ B B _
dT1¢DiT+1,I,K ®Bdr,SIYK ®Bdr,SIYK dr,quiS’I,K ®]Bdr,SIYK

B ~ - . ~ B ~ —...). B t
drpp, oK OBus, o OBys,  Bdrup, K ): Bar(tr.s))

with (D1, ..., Dq) € S(K) stratifications by Cartier divisor D; C S, 1 <14 < d such that K|py\p(r+1) =

I'K € Dz, C( (r\D(r + l)et) are local systems for all 1 < r < d, and Ds; C S; are (C’artzer)
divisor such that D;N St C DS 1NS (that is DsNSt is a union of irreducible components of DS ns
which are (Cartier) divisors), having by theorem 12 the canonical isomorphism in Dz, (S5 ")

Is(K): K = (- — @ TS\Dy, /S TS\D,, /SPD,, | D, VD, - UD,, (K) = ).

1<iy-<ig<d

Remark 6. Let S € SmVar(k). Let K € Py, 1(S°). (D1,...,Dq) € S(K) stratifications by Cartier
divisor D; C S, 1 <i < d such that K|p(y\p(r+1) := K € Dz, (D(r)\D(r 4+ 1)) are local systems for
all 1 <r <d. We then have the canonical map in Dg,, (S}l{"’pﬂ)
as(K, Bdr) = (I & aS(Bqufﬁs\Di/s)’ I® aS(BdT@Di)vl ® as(Bderi)) o (I(K) ® I) ' K XqQ, Bar, s, —
Bar,s(K) = @ TS\D;, /S T\Di, /SPD; ., D VD, ., ¥D; K
1<iy < <ia<d
®QdeT7$S\Di1/SvK ®]Bdr,SK o ®Bdr,SK Bd"‘;IS\DiT/S;K ®]Bdr,SK
B D, ®Bdr,SK e ®BdT,SK Bdr,quiS K ®]BdT15K Bdr’wDierl K ®BdnsK cee ®Bdr,SK BdvaDidyK — )

Gl

On the other hand we have by theorem 29,
a(9) : K @q, Bar,s, — F'DR(S)((K ® Ogan, Fy) ®0ggn (OByy.s5, F))
in Dy, (S’}l("’pet).

(i) If K € Py, (S®) is a local system then the map as(K,Bay) is an isomorphism since by proposition
46

(Os, Fy) = @ TS\D;, /S TS\D,, /SPD,, |~ PD, VD, - ¥D,,(Os, Fb)
1<ip < <ig<d

in D(DRM(S) and since the functor

K ®q, (=) : Cz, (Si"P") —= Cp, (Si"P"), N = K ®q, N
18 exact.

(i) If K € Py, x(5°) is NOT a local system then the map as(K,Bg,) is NOT an isomorphism is
general. For example, for j : S° < S an open embedding with D := S\S° a Cartier divisor, we
have in Dy, (S}l{"’pﬁ), by proposition 46,

T(jaEdT)(Zpyso) = (Oac(EdT@s\D/s,K)vo) : Edr7s(j*Zp7So) i>

(0D(Zp,s) ®q, Baryp,x = (Ts\D/s(Zp,sx) @ Barwg p/s. k) © (00(Zp,s ) ®q, Bar,gp,x) —
¥p(Zp,si) @, Barap k)

= Bay,s0/5,5 = F'DR(S)(jxt1ag(Ose, Fy)*" ©0g4n (OBarsyc, F))
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which is, by theorem 29 (in the case of D a normal crossing divisor, Bg, g0 /s x = Bar,s, (log Dx) ),
NOT isomorphic in Dg,, (SgP") to

§+(S°) : juBar.ss. — FODR(S)(j«(Os, Fy)™" ®0sgn (OBar,sc, F)),
and also NOT isomorphic to
DT, @) (=, =) : (jxZp,s3.) @ Bar, s — DG(j1Bar,sy)
see also remark 1. If K € Py (S) is NOT a local system, the functor
K @g, (=) : Cu, (SEP) = Co, (SE7°), N > K 90, N

is NOT ezxact and in particular does NOT preserve pro-etale equivalence. Recall also that the
filtered De Rham functor does NOT commutes with filtered tensor product in general (it may leads
to different F-filtration).

Let k ¢ K C C, a subfield of a p-adic field. Let S € SmVar(k) and D C S a Cartier divisor. Denote
S° .= S\D. We write for simplicity,

r,S += Ddr,Sk > r,S = Sk

o Byrs :=Ba sx, OByr s := OBar s

® Birsoss :=Barsoss xs Baryp := Baryp,k and Bar,ep = Bar,ep, K
T, L5085 ‘T T g0,5,K"

[ ] Bd / = Bd /

We now look at the functorialities with respect to the proper morphisms and with respect to the open
embeddings :

Let f : X — S a morphism with X, S € SmVar(k). Let D C S a (Cartier) divisor and denote
S°:=S\D and X°:= X\ f~}D). Denote j : S° — S, j' : X° < X the open embeddings.

e We have the following quasi-isomorphism in Cp,, (X 3"")

msBar,s0/5) : [ Bar,so/s @B, s Bar,x M
F*FODR(S) (jurrag(Oso, Fy)*™ @04 (OBar.s, F)) @ -5, s F°DR(X)((Ox, F)™ ®@0y (OBar.x), F)

=

FYDR(f*Os)(f* jutrag(Ose, Fy)™ @0 (OBar.s, F)) @ s, s F°DR(X)((Ox, F)™™ @0 (OBar x), F)

wXOQf*OS/OX (=)

FODR(X)(f*"*%jsrrag(Ose, Fy)" @0y (OBar x, F))
— FYDR(X)(j.rag(Oxo, Fp)*" @0y (OBay,x), F) =: Bay xo/x -

e We have the following quasi-isomorphism in Cs,, (X 7""")

* I®a(X
mf(Bar,yp) + [ Baryp @pBar s Bar,x 18,
F*F'DR(S)(¥p(Ose, Fy)™ @05 (OBar,s, F)) @ g, s F°DR(X)((Ox, F,)* @0 (OBar,x), F)

_%
F'DR(f*Os)(f*¥p(Ose, Fy)" ®0s (OBar,s, F)) @5, s F' DR(X)((Ox, F;)*™" ®0x (OBgr,x), F)

wXOQf*OS/OX (=)

FDR(X)(f*™")p(Ose, F,)*" @0y (OBay, x, F))
= FODR(X)(¥y-1(p)(Oxe, F3)*™ ®0x (OBar x, F)) =: Barw, 1 1, -
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e We have the following quasi-isomorphism in Cp,, ;(X5"")

% I®a(X
myBaryp) © [ Barpp @p+Bars Bar,x 18R,
f*F°DR(S)(¢p(Ose, F)™ @05 (OBar,s, F)) @484, s FP DR(X)((Ox, )" ®0x (OBar,x), F)

%
F'DR(f*0s)(f*¢p(Ose, )" @05 (OBar,s, F)) ®f+p,, s F°DR(X)((Ox, F)* @0y (OBap,x), F)

wxoNpxog /05 (—)

FODR(X)(f*¢p(Ose, )™ ®0x (OBarx, F))
= F'DR(X)(¢5-1(0)(Oxe, F)™ ®0x (OBar,x, F)) =: Barg, ., -
e We have the following map in Cg,, (S% " )
myf(Barzso,s) = (MyBar,so/s), msBar,yp)) : [ Barwso,s @ f<Baps Bar,x = Barwyo,
Definition 78. (i) Let f : X — S be a proper morphism with X,S € SmVar(k). Let (K,W) €

Ppri[)]g(Xet) N szﬁl’c)k,gm(Xet) be a filtered perverse sheaf of geometric origin. We have then, by
the perverse hard Lefchetz thorem, a canonical isomorphism in szﬁl,c,k(set)

UK, W)« (K, W) Zorez PREF(KW).
Consider a stratification (E1,...,Eq) € S(K) by (Cartier) divisor E; C X, 1 <1 <d, such that
K| pe)\E@+1) = K € Dz, (BE(r)\E(r +1))")

are local systems for all 1 < r < d, I, : E(r) — X being the locally closed embeddings. Let k € Z.
Take a stratification (D1, ...,D.) € S(K) by (Cartier) divisor D; C S, 1 <i<e, such that

(kaf*CCil - 'xir¢EiT+1 e '¢Eis 1/1E1-S+1 o 'wEidK)\D(r’)\D(T’-i-l) =
my PR fuwi, i dp, 0B, VB, € Dz, [(D(r)\D(r +1))")

are local systems for all 1 < i1 < «+ < dpyp1 < o+ < g1 < - < ig < dandall <7 <e,
my : D(r") < S being the locally closed embeddings. This implies that

PRY £ K\ pirp\ D@41y = mu PREFLK € Dy, ((D(F)\D(r' + 1))
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are local systems for all 1 <r’" < e. We then define the canonical maps in Dg,, ru(Sg" pety

Bar,s("R" fuIs(K,W))

T*(f,Bar) (K, W) : Bay,s(PR* £ (K, W))
(o= @ Bars(PR* furx\p,, s ax\m,, /598, ,, - OB, VB, VB, (K,W)) = ---)
1<i1 - <ig<d
(o @ ¢p;,. ., 0p; ¥p; . YD,
1<i1 < <ig<d,1<j1 <+ <je<e
T\D,, /5" "QUS\DiT,/S(kaf*xX\Eil/X o Tx\B, /XOE, OB, VB, Ve, (K W)
QdenCES\Dh/s Q@ Bd'ﬁzS\DjT,/S ®]Edr,s IBgalszDjrl+1

LR BdT’¢DjS/ ®]Edr,s Bdr7w13js/ Q- ® Bdr,wuj(3 — )

+1

L (5)o((T(f¥0) (=)o 0T (£,9) (=) oT (f,0) (=)o oT(f,¢) (—)oT (f,x) (—)o--oT'(f,2)(—))®I)

(= D Rfc(2x\f-1(D;,)/STX\By, /8 EX\f-1(D;, )/ X TX\E,, /X

1< < <19 <d,1<j1 < <je<e

¢f (DJT/+1)¢ il d)f I(DJ / ¢E15 1/)f L(D; /+1 1/}E1 1 'wffl(Djd)wE‘id (K’ W))
pEdT>IS\DJ-1/S ® - @ Bar ES\D; /5 OBar, s Bar »PD; v - Edrﬁojs,
®BdnsEdT,¢Dj Q- OBary,, =)
s'+1 e
T(f,®)(—,—)
(= ) Rfc(2x\f-1(D;,)/STX\By, /8 TX\F-1(D;,,) /X TX\E,, /X
1< << <d,1<j1 < <je<e
P5=1(D;,, VPEiy  P1(Ds ) PEL 1Dy, VB, V1D, VB, (K, W)

®q, [ IB3dr,903\Dj1/s R ® f*IB%dr,ws\Dj /s Qf*Bar.s Bdmejr/H R ® f*BdeDjs/
®f*BdT,Sf*Bdr,ij . Q- ® Edr’ije )= et)

Rf.(I®axBar.ay\ g, ) x )®0x Bar,o p, )®ax Bar,y )

(= ) RI(@x\p-1(D;,)/5TX\E;, /8 " TX\f~1(D; )/ XEX\Ei, /X

1<y << <d, 1< 1 << je<e
¢f71(DjT/+1)¢ ir41 d)f D] /)¢E151/)f (D; /+1)1/}Eis+1 '.'wfil(Djd)/(/)Eid (K’ W)
®pr*Bdnfﬂs\Dj1/S ® & f BdrﬂzS\Dy‘ , /5 ®©f*Bar,s Edr,quj / @B f*EdT’¢D1J

+1

©fBars [ Baryp, ,  ® OBaryp, O Bas

IBng@x\Ei1 /X ®]Ed7',X - ® IBng@x\EiT/x

B4 xBarop, | © @ Baros, Oux Barys, | © - @Bargs, ) =)
Rf(1@msBarzg, p/s)®m s Barep )OMs Barwp )

(= ) Rfc(2x\f-1(D;)/XTX\EW, /X TX\F-1(D;,,) /X TX\E,, /X
1<i < <ig <d,1<j1 < <je<e
P5=1(D;,, VPEiy  Pr1(D ) PEL V1D, VB, V1D, VB, (K, W)

QPEdT>IX\Ei1/X OBapx @ @ IB3dT7IX\EiT/x
®Bdr,XBdT1¢Eir+l Q@ Q Edr’¢Ei3 ®]Bdr,X Bdr 1[))_:; 1 X ® IBd’l" ¢Eid

®BdT,XBdT>””X\f*1<D' yx @ ®Bd”xv LD; /X

®]BdT,XBdr,¢f,1(DjT/+l) Q- ®Bdr,¢f71w B @By, x Bar 1o, o ,® @Bdwﬁlwk)) — )

= REBynx (K, W),
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with ly(K, W) : PREf.(K,W) < Rf.(K,W), which gives the canonical map in D]BdTYS(S?("’pet)

Bay.s (1(K,W))
—

T(f, Ba) (K, W) : Bay s (R (K, W)) SrezBar,s(PRF f. (K, W))

k
(T (f)BdT)(KvW)) Rf*Ban(K, W)

It gives, by functoriality, for (K, W) € Dz, fil,c.k,gm(5), the canonical map in DBdnsfil(S}l(n’pet)

T(f, Bdr)(K, W) : Bdr’S(Rf*(K, W)) — Rf*Bdrﬁx(K, W)

(ii) Let f: X — S a morphism with S, X € QPVar(k). Consider a factorization f: X <Y x S 2 8
with Y € SmVar(k). Let S = U;S; an open affine cover and i; : S; — S; closed embedding with
S; € SmVar(k). Denote by iy : X; — Y x Sy the closed embeddings. For (K, W) € Pzpfil’k(Xe’f) N
Dz, fitc k,gm(X "), we have as in (i) the following map in DBdeil(S?{"’pet/(gl K )APet)

T*(f,Bar) (K, W) : By, 5,y (PRE(K, W) = (H*(--- — .
1<i1<--<ig<d,1<j1 < <je<e
TSA\Dy /51 VENDs, 11590, 1 9B, VD, u VD Pan BBy By v
Ty S\Biy 1 /Y x5 P, PB, VB, YR, (K W))) g,
Bdr,%_ R ®

(YRR

B o - B o
dr,mSI\Dh /3 ® ® dr,mSI\DJ_T ®B

, /St dr,Sr

Bdr,qﬁﬁthl ®Bdr,.§'1 Bdr,wﬁj\ & .- ®Bdr)ijeJ —> e ),Bdr(t]J))

(A
(I@my(=)o(I®a—(=))oT (p,®)(—,—)olk(=)oT(p,—)(—)o---oT(p,—)(-))

(= @ pg]*E(x(YXSI)\p*I(Ejl,l)/YXsz(YXS'I)\Eil’I/YXS'I
1<i1 < <ig <d,1<j1 < <je <e

B xS\ Dy, 1)/ Y xSV (Y xS\ By, /Y x 81

¢P71(Djrl+1vf)¢E~ir+1 o ¢p71(Dis/*I)¢EiS 1/}p71(bjs'+1)wéi o wpfl(bjdwl)wéidvl (K’ W) By

541
Bdr>m(yx51)\Eil/Yx§I ®Bm,yx51 ®-® Bdr’z(YXSI)\Eir,I/YXSI ®Bd“’x51
]Bdr,%iTHJ R Bdn%i&] @By, v s, Bd’r’wéierl,I R--® Bd“%id,f
®Bdr,w§,Bdr@(wén\rl@jl,ﬂ/x @3 Bdm(vxén\rlujjr/)/x
®BdT,YX§I]BdT1¢P71(Djr/+l,l) ® - Bdr’qbp*l(f’js,,j)
®BdT,Y><5'1 Bdr’d’p*l(ﬁjswl,ﬂ ©o® Bdr’d)P*l(ch,I)) =), Bar(ts) = Rp*Bdn(YXSI)(K’ W)

where (E1,...,Eq) € S(K) is a stratification by Cartier divisor E; C X, 1 <14 <d, such that
K|E(r)\E(r+1) = Z:K S DZP)C((E(T‘)\E(T + 1))6t)
are local systems for all 1 < r < d, I, : E(r) < X being the locally closed embeddings, and
(D1,...,D) € S(K) is a stratification by Cartier divisor D; C S, 1 <i < e, such that
(kaf*ﬂfil "'xir¢EiT+1 "'¢Eis Z/JEI-SH ""/’EidK)\D(r')\D(rurl) =

mi PR fuy, - wi bp, o dm V., € Dz, [(DO)\D( +1))%)
are local systems for all 1 < iy < --+ < dpgy < -0 < gy < oo <ig < d, all 1 < 0" <o,
ke€Z, my: D(r') — S being the locally closed embeddings, Ds 1 C Sy (Cartier) divisor such that

DsNS; C DS,[ NS, and E~511 CcY x S[ (Cartier) divisor such that Es N X C E’s,[ NX. It gives,
by functoriality, for (K, W) € Dz, fi1.c k.gm(S), the canonical map in Dy, ra(SiP" /(S7E))

T(f,Bar)(K, W) : Bdr,(él)(Rf*(Kv w)) — Rf*Bdr,(ngl)(Kv w).

s+1
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Lemma 6. Let f : X — S a proper morphism with X,S € SmVar(k). Let E C X a (Cartier) divisor.
Denote j : U := X\E — X the open embedding. Let K € Pz, 1(X®) such that K|y and K| are local
systems and such that PRF f.K = RF f.K are local systems for all k € Z. Then,

(i) The map
Rfi(I ® axBarv/x,c,)) : RfRjsmy o, K ©Barse, = Rf«(Rjsmy 0, K @ Baru/x.c,)
is an isomorphism.
(i) The map
Rf(I®axBaryy)) : REAWYEK ®@Bars — Rf(YpK @ Bary,)
is an isomorphism.
(ii) The map
Rf.(I®axBareg)) : Rf+opK @Bars = Rfs(0pK @ Bargy)
is an isomorphism.
(iv) The map
Rf.(I ® axBaray, x,c,)) : Rfszv/x (M c, K) @ Bar,s., = Rfv(2v/x (K) @ Baray, x ¢, )
is an isomorphism.

Proof. (i):Follows from theorem 6 and theorem 8.

(ii):Follows from theorem 40 and on the other hand theorem 6 and theorem 8.

(iii):Follows from theorem 40 and on the other hand theorem 6 and theorem 8.

(iv):Follows from (i), (ii). O

Theorem 44. (i) Let X € PSmVar(k). Let Z C X a closed subset. Denote by j : U :== X\Z — X
the open complementary embedding. Take (Cartier) divisor Dy, ..., D, C X such that Z = Ni_, D;.
The map in D(Barc,,G)

RT' (X%, I ®ax (Bdr,Di/X)) : RT'(XG%, Rj*ZUet7p) ® Bdr,(Cp = RI'(Ug, Zp)Uet) ® Bdr,Cp
— RIU(X}, juZp vet @q, Bar x\Dy /X ®Byrx *** @Bay.x Bar,X\Dy/X)
= RU(Xg, FODR(X)(jundg (Ov, Fo)™™ @ox (OBay,x, F)))
is an isomorphism.

(i) Let f : X — S be a proper morphism with X,S € SmVar(k). For K € Dz, . (X°"), the map in
D]Bdmg(S(g:’pEt) (where the a G module structure is a continuous action of the Galois group)

T(f7 Bdr)(K) : Bdr,S(Rf*K) — Rf*Bdr,X(K)
gien in definition 78 is an isomorphism.

(i)” Let f : X — S a morphism with S, X € QPVar(k). Consider a factorization f: X — Y x § 58
qjith Y € SmVar(k). Let S = U;S; an openNajﬁne cover and i; : S; — S; closed embedding with
S; € SmVar(k). Denote by i; : X1 — Y x St the closed embeddings. For K € DZpﬁcﬁk(Xet), the

map mn DBde(Sézypet/(glﬂp)an,pet)
T(f,Bar)(K) : By, (5, (R K) = Rp.B,, v« 5,)(K)

gien in definition 78 is an isomorphism.
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Proof. (i):Follows from lemma 6(i).
(ii):Follows from lemma 6 and on the other hand theorem 5 together with theorem 8.
(ii):Follows from lemma 6 and on the other hand theorem 5 together with theorem 8 as for (ii). O

Remark 7. Let f : X — S a proper morphism with S, X € Var(k). Then for K € Cz, (X€), the map in
DZP (San,pet)

ad(Lf*™°% Rf.)Bar,s T(f,£,®) (K Bar, x

s Rf(K © Bay.x)

RfK @ Bay.s ) Rf.K ® Rf.Bar.x

is an isomorphism by theorem 6 and theorem 8. In the analytic case ([27]), for f : X — S a smooth proper
morphism with X, S € AnSm(K) and L € Locz, (X)) an analytic local system, the map in Dz, (SP°")

ad(Lf*™°% Rf.)(Bar,s) T(ff,®)(L,Bar,x)
—_—

Rf*L & IB%dr,S’ Rf*L ® Rf*Bdr,X Rf* (L & IB3dr,X)

is an isomorphism.

Definition 79. (i) Let j : S° < S an open embedding with S € SmVar(k) and D := S\S° a
(Cartier) divisor. We will consider, for (K,W) € Py, k(S>), the canonical isomorphism in

De,, sa(Sg™"")
T(.]v BdT)(Ka W) = ((07 (C('ISD/S(_)v 0)) ® C(Bdr,SO/S) ® 1, O)) : BdT,S(j*w (K7 W)) i>
(- D Unres, s Tsm, 508, OB, VB, VB, e (W)

1<iy - <ig<d

il ig41

®Qde7‘>wD ®]Ed'r',s Bdr@s\ﬁjil/s ®]Bdr,s e BdT@S\Eir/S

®]Bdr,SBdT7¢Ei — @ ® Bdhd’ﬁ:is OB, s IBgGlTﬂ/JEL+1 ®-® Bdr,d}gid =) =

(= P TS0 |STNE,, 5 TS\By, /SPB,,  PB VB, VB, Jew (K W) ©
1<d - <iqg<d

ODTS\B;, /8" TS\Bi, /SPE,,, OB, VB, VB, e (W)

®q, (Bdhfﬂsf)/s & Bargp) OBay. s Bd?“,ms\p;il/s OBy, s " & Bdrvms\Eir/s

®Bg,,sBdr,¢p, » @ ®Bdr,¢>§is QB s IB%almpE-I_+1 ® - ®Bdr,w,;-id — ) =

(= B vprs\p,sTs\m,sOE, OB VB, VB, de (K W)

1<dy - <iqg<d

il Tg41

®Qde7‘>wD ®]Ed'r',s Bdr@s\ﬁjil/s ®]Bdr,s e BdT@S\Eir/S
®BarsBarop, | © 0 OBargy, ®pis Baryy,  © 0 @Bargg, =)

m(=)""

=
(«+-— @ VDojsw(Tso\m,, /s Tso\B,, /8PE |~ OB, VB, - Ve, (K, W)

1<iy--<ig<d
®QdeT@so\Eil /s ®]Bdr,s e 'BdT@sD\EiT/s

®Bdr,sBdT7¢EiT+ ®-® Bd?“,dmis ®]Bdr,s Bdrﬂ/)EiS+1 ®-® Bdr,wgid) ®IB¢T’S IBgdr,SO/S) — )

1

= VpojuwBar,se (K, W) @B, s Barso/s-
where (Ex,...,Eq) € S(K) is a stratification by (Cartier) divisor E; C S°, 1 < i <d, such that
Kpe\B(r+1) = K € Dz, J(E(\E(r + 1))%)

are local systems for all 1 <r <d, I, : E(r) < S° being the locally closed embeddings.
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(i) Letl:S° < S an open embedding with S € Var(k) such that D = S\S° C S is a Cartier divisor.
Let S = U;S; an open affine cover and i; : S; — S; closed embedding with S; € SmVar(k). Let
ly: S’ — SI open embeddings such that S’O NS =S°NS; and D; C S; a Cartier divisor such that
Dn S’I C DrnS. We will consider, for (K,W) € Py, rit, 1 (S¢"), the canonical isomorphism in
De,, fa(SE""" /(S1,5)*"P")

T(1,Bar) (K, W) := ((0, (c(xg0/5(—),0)) @ c(Bar s0/5) @ 1,0)) : By, (5, (L (K, W)) =
((( RN @ wDI:EgI\Eil,I/gl ...:Egl\DI,iT/S¢E~ "¢E~i5,1wE~' ’Q/JE ll*][ *w(K W)

i1t is4151
1<dy - <ig<d

®Q,Bar,p;, ©B

dr 5y Bdr’xgl\éil,l/s ®Bdn51 e ® Bdr,x‘gl\@ihl/s

®8,,5,Bargs,  ®  OBarg, | ©B, 5 Bary,  © - @Barg, =)

1] is, »S1 PTE T
(= @ xS}’/SIxS\Eil,I/S"';CSI\E%I/SQSE%H,I"'¢EiS,I¢EiS+11 ¢E Z]*jl Lo (K, W) @
1<iy - <ig<d
DDy TNy 1 /S LENE 1 /SPB 0 PB VB, VB 10T e (B W)
®q, (Bar, 50,5, D Barop) e, 5 Bdméf\éil,z/s ®By, 5, " ® Bdméf\éir,z/s
®BdTvSIBdT’¢EiT+1,I ®R-® Bdr’¢Eis,I ®B,, 5, Bd’r‘)wéis+1,1 ®R-® Bdr’”’ﬂ“id,z — ) >

(= @ Z/}DIIS\EH,I/S"'IS\EiT,I/SQbEiTHJ "'QbEiSyﬂ/)EiHlJ "'ZDEidJZ'I*j?Z*w(KvW)

1<dy - <ig<d
®QPBdT’wD ®Bdﬂ§1 IB%dr’mgl\ﬁil,l/s ®Edh5‘ e IB%dr’mgl\ﬁ“ir,l/é"f

®8,, Barss,  © OBargy @8, Bary,  © 0 @Bary, =) Bar(ti))

ipg1sd
(m(=)""
(( = @ VEIOlI*w (:Eg?\Eil,I/SI o .xS?\Eir,I/S¢EiT+1,I T ¢Eis,I¢EiS+l h '¢Eid,1il*j; (K’ W)
1<y <ig<d
®Qder’z§?\Ei111/S ®Bdh§1 ¥ Bdr’mgi’\ﬁiir,ﬂs ®BdT~§1 Bdr’¢ﬁir+1,1 ®:® Bdr’¢ﬁis,1 ®BdT~§1
Bure,, O ©Birvs,, ) ©8, 4, Bansyysy = ) Bart2)

= VDOZ*“’Bdr,(S;’)(K’ W) ®B,,. s (Bdng?/gl, try)-
where (Ex,...,Eq) € S(K) is a stratification by Cartier divisor E; C S°, 1 <i <d, such that
K|E(r)\E(r+1) =UK € DZP)C((E(T‘)\E(T + 1))6t)

are local systems for all 1 < r < d, I, : E(r) — S° being the locally closed embeddings, and
Esr C St, Dy C Sp are (Cartier) divisor such that E;N S C Es NSy and DNS; Cc DN Sy. It
gives for (K,W) € Dz, it k(S* e), the canonical isomorphism in Dg,, i (S5 pEt/(SI,K)‘m pet)
T(laBdr)(Ka W) : Bdn(gl)(l*w(Ka W)) = VDOl*den(S‘f;)(Kv W) OBar,s (Bdr,S?/SlvtlJ)'

Let S € SmVar(k). Let j : S° — S an open embedding such that D = S\S° C S is a Cartier divisor.
Denote by Ag : .S < S x S the diagonal closed embedding and p; : S x S — S and py : S x S — S the
projections.
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e We have the isomorphism in Cg,, (S%""*")

m(Bar,s0/5,K) : Bar,s0/5,K @B, s, Bar,s50/5,K =
FODR(S)(jx1dg(Ose, Fy) ®05 (OBar,syc, F)) @y, 5,. FODR(S)(Jurag(Oso, Fy) @05 (OBar, sy, F))
F° ws A*modFODR(S % S)(( *mOdj*qu(OSO Fb) ®Os><s

P5" % jut1dg(Oso, Fy) ®0s, s (OBay (sx5),5 F)))
DR(Sx8)(ad(AY "4 Asemoa)(—))

AT FODR(S % S)(Asumoa A 174y (07" jur1ag(Oso, o) @0, s 13" utiag(Oso, Fy))

TBdr (Ag,DR)(—)
®0sxs (OBar,(sx )50, F)) ———————>

A" As. FODR(S) (AT 14, (07" jur1ag(Oso, Fb) ®0s, 5 D5 futiag(Ose, Fy)) ®0 (OBar s, F))
= F°DR(S)(jurag(Ose, Fy) @527 jurtag(Ose, Fy) @05 (OBay, sy, F))

F°DR(S)(m .
SaeLUCHUON F°DR(S)(jutrag(Ose, Fy) @05 (OBar.s,c, F)) := By 5075, K

where
m: (j0s0,Vp) @0g (j+Os0, VD) = (j«Os0, VD), m(by ® by) = b1bs

is the multiphcamon map whose inverse is
n: (j+O0s0,Vp) = (jxOs0, VD) ®0s (j+Os0, VD), n(b) =b® 1.
e We have the isomorphism
MBar,yp, k) : Baryp,k OBy, s, Barwp, K =
F'DR(S)(¥p(Ose, Fy) ®0s (OBar. sy, F)) @By, s, F'DR(S)(¢¥p(Ose, Fy) @05 (OBar, sy, F))

Flws =25 AFFODR(S x 8)(pi™ " (0se, Fy) ®05ys P50 (Os0, Fy) ®05, 5 (OBar, (sx5)xc> F))
DR(SxS)(ad(A5" 4\ Asemoa)(—))

AU FODR(S % 8)(Asemod AT 14y (D0 (050, Fy) ®04,.5 95" p (Ose, F))

TBdr (As,DR)(—)
®OS><S(OBdT‘ (SXS)KvF)) S—>

AGN g FODR(S) (A4, (07D (Os0, Fy) @05y s P50 (050, Fy)) ®0g (OBar, sy, F))

— F'DR(S)(¢¥p(Ose, Fp) ®odg Yp(Oso, Fy) ®og (OBar s, F))

F°DR(S)(m
A) FODR(S)(1/}D (Oso,Fb) ®og (OBdr,SK , F)) = Bdr,wp,K

where
m :p(Oge) ®og ¥p(Oge) = YpOgo, m(by ® ba) = bybs

is the multiplication map whose inverse is
n: ’lﬁD(OSo) = ’Q/JD(OSc)) ®og wD(OSD)7 nb)=b® 1.
e We have similarly to By, s,k the isomorphism

MBar,pp,K) * Bargp, K O8uy.s,. Barop, K — Bdr,op, K

with
m: ¢p(Ose) ®og ¢p(Og0) = dpOsge, m(by @ bo) = bibo

is the multiplication map whose inverse is

n: gf)D(OSo) = gf)D(OSo) ®og ¢D(OSO)7 n(b) =b®1.
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e We have similarly the isomorphism
m(Bdr,wsc)/s,K) :Bdr,wso/s,K ®BdT,SK Bdr,wso/s,K 1> Bdr,wso/s,K
with
m := (m,0,m) : Cone(j.Os0 — ¥p(Oso)) ®og Cone(j.Os0 — ¥p(Ogo)) — Cone(j.Os0o — 1¥p(Oso)).

Definition 80. (i) Let S € SmVar(k). For (K1, W), (K2, W) € Pgprui(S¢) filtered perverse sheaves,
we have the isomorphism in Dy, i (S5 P)

T(®,Bq) (K1, W), (K2, W)) : Bay s(K1, W) ®B,, s Bar,s(K2, W)

= (o @ Ts\D,, /S TS\D;./SPD; ., Dy YD, YD, (K1, W) ®q,

1<ip < <ig<d

ird1 is41

BdT>1S\Di1/s ®Bdr,s s ®[Bdr’s IBngJS\DiT/s ®Bdr,SK BdT>¢DiT+1 ®]Bdr,s T

®Bdr,SBd"'y¢DiS ®Bdr,s Bdr,i/lDi#l ®Bdr,s T ®Edr,s BdT,’l/}Did — ) ®Bdr,s

(o= @ TS\Dy, /S TS\D,, /SPD, D, VD, ,, YD, (K2, W) ®q,

1<ip < <ig<d

i1

Bdr,ms\Dil/s ®Bdr,s o ®]Ed7',SK IB%dTJS\DiT/s ®]Bdr,s BdT>¢DiT+1 ®]Bdr,s T

®Bdr,SBd7‘y¢DiS ®]Bdr,s Bdr,i/lDi#l ®Bdr,s T ®Edr,s BdT,’l/}Did — )

= (= @ TS\D;, /S TS\D;, /SPD,, | PD, YD, - ¥p,, (K1, W) @ (K2, W)) ®q,

1<ip < <ig<d

s+1

Bd’l‘,ws\Dil /S ®]Edr,s T ®Bdr,s IBd"‘yw.S'\DiT/S' ®]Edr,SK

Bargp, | ®Bursy ** OBarsye Biroo, K Obups Baryp, | ®OBars,

1
®Bdr,SBdT>'¢'Did K OBy s IBdT,ﬂCs\Dil/s OByrs " OBy s Bdhfﬂs\pir/s OBar, s
Barop, , @Bars " Obars Baroo, ®8ars Barwo, | OBans  OBars Baryp, =)

(m(BdT*mS\Dil/S)"“ ’m(BdT’¢DiT+1 )1 ’m(BdT’wDid YK))

(= @ TS\Dy, /S TS\D,, /SPDs | 0D, YD, - ¥p,, (K1, W) @ (K2, W) ®q,

1<iy <-<ig<d

Bdhfﬂs\Dil/s ®Bay,s *** ©Bay,s Bdhfﬂs\pir/s OBar, s BdT@DiTJrl K OBy s OBy, s BdhcbDiS )
= Bars((K1, W) @™ (K, W)
with (D1, ...,Dq) € S(K) a stratification by (Cartier) divisor D; C S, 1 < i < d such that
K1\ p\D@r+1)> K2 perp\D(r41) € Dz, .e(D(r)\D(r + 1))
are local systems for all 1 <r < d.

(i) Let S € Var(k). Let S = UierS; an open cover such that there exists closed embeddings i; : S; — S;
with S; € SmVar(k). For (K, W), (K2, W) € Py, ;i r(S) filtered perverse sheaves, we have the
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an,pet an,pet

isomorphism in Dy, ru(Sg """ /(ST ™)) given as in (i)
T(®,Bar) (K1, W), (K2, W)) : Bdr,(é‘z)(Klv W) OBy, s Bdr,(é‘z)(K% W)

= (( @ T3 \Duy1/51 " TSNPy, 159D < 0p, Vb —p, (g (K, W) @,

1<iy < <ig<d

i1t is411

IEBdr’mé_‘f\ljnyl/s ®Bdh§1 o ®BdT~§1 BdT’IS‘I\DirJ/SI ®BdT~§1 Bdr’¢ﬁir+1,1 Bar,s;

T ®]Edr,§1 Bd’“»d’DisJ ®Bdr,.§1 Bdrﬂ/ﬁjis ®Bd 5; ®]Edr,§1 BdTwaidJ - )7Bdr(t1J)) ®]Bdr,s

1l r8

« T5\Duy 1/81 " NPy 1 /519Dt PP Ve, YD, (1201 (K2, W) @,

1<iy < <ig<d

IEBd?“,ﬂﬁs‘f\zjilJ/s ®Bdr,5'1 o ®Bdr,5‘1 Bdr@s’*I\DiTJ/SI ®Bdn5‘1 Bdr,ﬁbb

B =
ipp1s ] dr,St

e ®]Edr,§1 Bdﬂ(bDiSJ ®Bdr,.§1 Bd’“>wbi5+lyl ®Bdr,.§1 T ®]Edr,§1 BdTwaidYI — )7 Bdr(th)) —

(( @ xéI\Dil,I/SI...xSI\DiT’I/§I¢Dir+1,I...¢Ei5,1wﬁis+1’1 ’Q[JEld,I(ZI*]?((KI’W)@(K2’W)))
1<ip < <ig<d
2

dr’wSI\DiT,I/SI ©m

2
dr,S Bd?“»d’ﬁv ®Bdr,§1

2
®o, B L ® = ® . B
Qp dT’IsI\Dil, Bdr,SI Bd'r‘,SI i1

1/8
2 2 2
a ®Edr,5‘1 BdT7¢Di3,I ®Bdr,§1 BdT>wﬁis+l,1 ®Bdr,§1 o ®]Ed7',_§1 Bd’"’wmd,] — ), Bar(trs))

(m(Bdr,z &

SI\Dil,I/S’K)’m >m(Bdr,¢D_

ipg1sd

(( @ TS\ Dy, 1751 ---ng\DiM/@(b[)iHl’I"'<Z5[77_.S,I¢f)is+1’, "'%/J[)id,l(il*j}ﬁ((Kl,W)@(Kz,W)))

1<y < <ig<d

))"' >m(BdT‘,wD_ I ))
ig,

®QdeT’I§1\ﬁil, X )i X . Rp )

dr, St Bdr’¢f’ir+1

- QB Bdr,wb, ! %"')aBdT(tIJ))
ig,

/8 dr,51 dr,51 dT’ISI\DiT,I/SI dr,51 dr,51

Bargp, , OB, 5, Barys,

OB, o
isp1.1 dr,St

dr,S‘I

= By, 5, (K1, W) @ (Ko, W)
with (D1, ...,Dg) € S(K) stratifications by Cartier divisor D; C S, 1 <1i < d such that
K1\ p\D@r+1)s K2 prp\p(r41) € Dz, .e(D(r)\D(r 4+ 1))

are local systems for all 1 < r < d, and Ds,[ c Sy (Cartier) divisor such that Ds N Sy C DS,I ns.
This gives, for (K1, W), (K2, W) € Dz, fi1,c x(S"), isomorphism in Dg,, ra(Sg" " /(S7E),

T(®,Bar) (K1, W), (K2, W)) : By, g, (K1, W) @g,, By, (5, (K2, W)
= Bdr,(é})((Kla W) ®L,w (KQ, W))

Definition 81. (i) Let S € SmVar(k). For (K,W) € Dz, i1,c.x(S), we have the isomorphism

B((K,W),D5(K,W))

T(D,By ) (K, W) : By, s(Dg (K, W)) DsByr s (K, W)
given by the pairing

(®>Bdr)((K7W)>Dg'(K7W))

T
B((K7 W)= Dg (Ka W)) : Bdr,S(DgK) ®]Bdr,SK Bdr,S(Kv W)
Bar,s(ev a(Sk)~ !
BdT)S(D%(K, W) ® (K, W)) M Bdr,S(Zp,SEt) L IB%dr,SK

using definition 80.
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(i) Let S € Var(k). Let S = UjerS; an open cover such that there exists closed embeddings i; :
S; < S; with S; € SmVar(k). For (K,W) € Dprﬂ,c,k(Sef), we have the isomorphism in

Ds, pia (S /(ST3F")

B((K,W),Ds(K,W))

T(D, Bar)(K, W) : By, (5, (D4(K, W) DsB,, g, (K. W)
given by the pairing

B((Ka W)v (K W)) dr, (St )(Dv (K W)) ®Bdr Sk IBgdr( )(K W)
T(®,Bar) (K,W),Dg (K, W))

Bdr,(gl)(]D)g’(K7 W) ® (K7 W))

By, (5, (evK) (a(Sr.x))~*
R

Byr,(51) Zp,set) By g, o t1)

using definition 80.

Definition 82. (i) Let j : S° — S an open embedding with S € SmVar(k) and D = S\S° a
(Cartier) divisor. We will consider, for (K,W) € Dg_ i1 crx(S*), the canonical isomorphism
in Ds,, ra(Sg"")

T'(.]v Bdr)(Ka W) : Bdr,S(j!w(Ka W)) = IBdr,S( g‘j*ng‘(Kv W)
T(Dvﬂ%dr)(j*ng‘(Kvw))

]D)SBdr,S (]*ng’O (K7 W)
Ds(VpojrwBar,so (Dg. (K, W)) @ By 505
TP Bar) W), Ds(VpojswDsoBar,s0 (K, W) @ Bgr, 50/

— VpojiwBar,se (K, W) ®B,, s DsBay s/,

DsT(j,Bar)(Dgo (K,W))

)
)
)
)

using definition 79 and definition 81.

(i) Let I : S° — S an open embedding with S € Var(k) such that D = S\S° is a Cartier divisor.
Let S = U;S; an open affine cover and i; : S; — S; closed embedding with S; € SmVar(k). Let
S — SI open embeddings such that S’O NS =S°NS; and D; C S; a Cartier divisor such that

D N S’I c D;nS. We will consider, for (K W) € Dz, fit,e.x(S” ), the canonical isomorphism in

D, pa(SiP (Sp i )met)
T, Bar) (K, W) < By, (5 (l(K, W) == By, 5, (D4l DY (K, W
DSBdn(gI)(l*w (

)

T(DdeT)(l*ng‘(Kvw)) ))
Ds(VolswBy,, (50 (D0 (K, W) @8, s By, 50/8,,t17))
)

)

DsT(l,Bar)(Dgo (K,W))

T(D,Ba,)(K,W
% DS(VDol*wDS"Bdr,(Sg)(Ka W) ®g,, s (By, 89750t

= VDOl!der,(S;’ (K, W) OBar, s DS( dr,S9/S1
using definition 79 and definition 81.

As a consequence of this formalism we have :

Theorem 45. (i) Let S € SmVar(k) irreducible. Let S € PSmVar(k) a compactification of S, with
D = S\S C S a (Cartier) divisor. Denote by j : S° < S the open embedding. We have the
canonical isomorphisms, given by, using definition 78, definition 79, definition 80 and definition

191



81, fO’I’ K, K' e DZP)C)k(Sgt),

BdT,S(K17 Kg) : RHOHI(Kl, Kz) X Bdr,fe i> IB%dT);;(Rag*Rj*’Hom(Kl,Kz))

520, Rag, By s(RjHom(K, Ka))

]Edr’g(T(ijdr)(_))

Rag,(Vp,oRj:Bar,s(Hom (K1, K2)) ®B,, s By, s/35)

Bar,s (m(K1,K2)™")

Rag, (Vp,oRj:Bar,s(Dg K1 ® Ka) @y, s Bay,s/5)
Rag,(Vp,oRjs(DsBar,s (K1) ®g,,, s Bar,s(K2)) @8, s By, s/5)

mBar,s(K1),Bar (K. .
Cars ) Bars®D), Rag, (Voo Rje Hom(Bap, s (K1), Bars(K2)) @5, o Bars/s)
i) RHOm(Bdrﬁs(Kl),Bdns(KQ)).

(T(D,Bar) (K1)®I)oT(®,Bar) (Ds K1,K2)

(ii) Let S € Var(k). Let S € PVar(k) a compactification of S, with D := S\S C S a Cartier divisor.
Denote by j : S° < S the open embedding. Let S = U;erS; an open cover such that there exists
closed embeddings i; : S; — S; with S; € SmVar(k). We have the canonical isomorphisms, given

by, using definition 78, definition 79, definition 80 and definition 81, for K, K' € sz,c,k(s,%t),

Bdr,(gj)(Kh KQ) . RHom(Kl, KQ) X Bdr,fc —:—> Bdr’E(RaS*Rj*’Hom(Kl, KQ))

T(ag,Bar)(— 1
00, Rag By, s (Rj-Hom(K1, Ka))

By, csp) (T(5:Bar)(—))

Rag.(Vp,oRjB,, 5, (Hom(K1, K2)) ®8,, s By, 5, 75,5 17))

Bar,s (m(K1,K2)™")

Rag, (Vp,oRjB,, 5, (D§K1 @ K3) ®B,, s By, 5, 75, t17))
(T(D,Bar)(K1)®1)oT(®,Bar,)(Ds K1,K2)

Rag.(VD,oRj«(DsBy, (5,)(K1) ®By,.s By, (3,)(K2)) ®z,,.s By, 5, 5,5117))

mBy,. (5, (K1) By, (5,)(K2))

Rag,.(VpoRjsHom(B,, ,)(K1), By, g, (K2)) ®z,, s By, 5, 75,:t17))
—:—> R Hom(Bdr,S(K1)7 Bdrﬁs(KQ)).

Proof. Follows from theorem 44. O
Let S € SmVar(k) and D C S a (Cartier) divisor. We have by theorem 40 the following isomorphisms

FOTPa(0g, Fy) : Bayyp, := F°DR(S)(¥p(Os, F3)*" @04 (OBar.s, F))
= FY%pDR(S)(OBar.s, F) = ¥pF°DR(S)(OBy, s, F) =: ¥pBar.s

and

FOT'Bir(Og, Fy) : Bar.g,, := F°DR(S)(¢p(0s, F)*" ®0s (OBar.s, F))
= FYpDR(S)(OBy,.5, F) = ¢pF°DR(S)(OBy,.5, F) =: ¢pBar.s-

Definition 83. (i) Let j : S° < S an open embedding with S € SmVar(k) and D := S\S° a
(Cartier) divisor. We will consider, for (K,W) € Pz i x(S), the canonical isomorphism in
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(ii)

Ds,, sru(SEP)

T($p,Ba,) (K, W) : Bay,s(¢p (K, W)) =
(= P TS\B, /S ES\B,, /SPE,, OB, VB, B, YD (W)

1<iy--<ig<d
®BdT>1ZJD ®]Bdr,s Bdr@s\ﬁil/s ®]Bdr,s e Bdr,ms\gir/s
®BdT,SBdr7¢Ei o Q- ---® Bdn(ﬁgi OB, s Bdr,wgi o Q- ® Bdrﬂbéid =)

m(—)®1
(= P Yols\p,s o T\E, 598, 8, Ve, Ve, (K W)

1<i1--<ig<d

®Bdr’ms\5i1/5 By s ® Bdﬂms\ﬁ:ir/s
®baysBirgs, @ OBaros, O8unsBarws, | @ @Bargg, ) =) = YpBar,s((K, W))
using definition 76(vi). We will also consider, for (K,W) € Dz, ik (S), the canonical isomor-
phism in Dg, i (S5P)
T(¢p,Bar) (K, W) : Bar,s(¢p (K, W)) = Bar,s (D pDg (K, W))
T(DledT‘)(wDDg‘(Kvw)) ]D)SBdr)S(dJD]D)g'o (K, W)) DsT(vaBdT‘)(DZ‘(Kvw))
T(D7Bd7‘)(

KW _
RAGETDICOIEN DsypDsBar,s(K, W) — ¢pBar s(K, W),

Ds(¥pBar,s(Dg(K, W)))
using definition 81.

Let 1 : S° — S an open embedding with S € Var(k) such that D = S\S° C S is a Cartier divisor.
Let S = U;S; an open affine cover and i; : S; — S; closed embedding with S; € SmVar(k). Let
ly: 5’}’ — S open embeddings such that 5’}’ NS =S°NS; and D; C S; a Cartier divisor such that
DNS; c DinNS. We will consider, for (K,W) € Pzpfihk(S’o’et), the canonical isomorphism in

Ds,, rir(SiP [ (Sr k) mPet)
T, Bar) (K. W) By s, (00 (K W) 5>

(= D T5by s TENDe OB P VE . VB, eI D (K W)
1<iy - <ig<d
OBary, ®B

dar,51 Bdr’zgz\ﬁ%l,l/s ®Bdh§1 ¥ IBdr’mé_lr\li‘iml/s

@ @Bargy, | OB, 5, Baryy  © @Baryy =), Bar(tr))

m(—)®I1
RSN

(= @ 1/}[-)1 (zgj\bil,l/gI " .'IS'I\DI,'LT/S¢E~'LT+1,I ” .¢Ei3,lwéis+l,l o wEid,IiI*j? (K, W)

1<iy - <iq<d

XB

dr,5p dT’¢Ez'T+1 I

Db, (BdT’mSI\Eil,I/S ®B,,.5, " ®Bdras 5, /s

@ @Bangy, ) =) Barte)

dr,S

= Bar o= - Q@ Baro - . B _
®Bd“sl dr’¢Eir+1,I® ® drds,;, 1 ®Bd“sl dr’wEisH,I

i> ¢DBdT,(§I)(K7 W)

using definition 76(vi), where (E1,...,Eq) € S(K) is a stratification by Cartier divisor E; C S°,
1 <i<d, such that
Kpe)\er+1) = 1K € Dy, (E(r\E(r + 1))

are local systems for all 1 <r <d, I, : E(r) < S° being the locally closed embeddings, and ESJ C
S;, Dy  Sp are (Cartier) divisor such that E;NSy C ESJQSI and DNS; € D;NS;. We will also
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consider, for (K,W) € szfil,c,k(Set), the canonical isomorphism in D]Bdeil(S}l("’pet/(SLK)a"*pet)
T(¢p,Bar)(K, W) : By, 5,)(¢p (K, W)) =B, 5,)DsvpDg(K,W))
T(D,Ba) (4 pD (K,W)) v DsT(¥p,Bar) (D% (K,W))
T DsBdr,(S,)(lbDDs(Ka w)) R

T(D, By, )(K,W =
TOE ), DspDsBy,, 3, (K, W) =5 ¢pBy, (5,0 (K, W),

Ds¢pBy, (5,)(Ds (K, W))

using definition 81. It gives for (K,W) € szfu,c,k(So*et), the canonical isomorphisms
T(¢p,Bar) (K, W) : By, 5, (¥p (K, W)) = ¢¥pB,, 5, (K, W).

and
T(¢p,Bar) (K, W) : Bdr,(gz)(¢D(K7 w)) = ¢DBdr,(SI)(Ka w).

in D, pa (S5 /(S1,k) P,

6.2.2 The geometric p-adic Mixed Hodge Modules

Let p a prime integer. Let & C K C C, a subfield of a p-adic field. Denote by k C C, its algebraic
closure. Recall G = Gal(K, K) C Gal(k, k) denotes the Galois group of K.

For S € Var(k), we denote for short Og := OSE;" Bar,s := Bar,s., = BdTchp(SES) and OBy, s :=
OBar,sc, = OBdT’RCP(S&?). where Rc, : AnSp(C,) — AdSp /(C,, Oc,) is the canonical functor (see
section 2).

Let S € Var(k). Recall that S¢ C Var(k)*™ /S denote the small etale site. We then have the morphism
of site ang : S4Pet .= S’g:’pet — 8¢ given by the analytical functor where S’g:’pet C (AnSp(C,)s™/S)rre

an,pet

is the small pro-etale site. Then, PShg,, ¢, 7i(Sc, ™) is the category whose objects are ﬂ'}}’%i (N, F)

with N € PShg,, £y (S*"P¢") together with a continuous action of G compatible with the By, s module
structure.

e Let S € SmVar(k). The category Cp1,0)fi1,rn(S) X1 Dy, fil,e,k(S) is the category
— whose set of objects is the set of triples {((M, F,W), (K, W), «)} with

(M,F,W) € Cpa,0)fi,rn(S), (K, W) € Dy, fi1,c.r(S),
a: By s(K,W) = FODR(S)N (M, F, W) @04 (OBg,.s, F))

where

x we recall that

DR(S)I) = DR(SEMI): Cp1,0pitrn (SET) = Coyyzpi (SEP)

P

is the De Rahm functor (for S’ C S a connected component of dimension d, DR(S)‘[;,] =
DR(S)5/[d)),

* the functor

Bar,s : Dz, fit,cx(S) — DBdeil(Sé:’pet)

is the functor from complexes of presheaves with constructible etale cohomology to com-
plexes of By, ¢ modules given in definition 77 (recall that for L a local system, it is given
by Bar,s(L) := an§ L ®q, Bars, ),

* « is a morphism in D[Bdmg,fil(SE:’pEt), that is a morphism in ngmﬁl(Sg:’pd) compatible
with the action of the galois group G = Gal(K, K) C Gal(k, k),
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— and whose set of morphisms are
(b = (¢D7¢Cu [9]) : ((MluFu W)7 (Klaw)ual) — ((M27F7 W)u (K27 W)7a2)
where ¢p : (M1, F,W) = (M, F,W) and ¢¢ : (K1,W) — (K2, W) are morphisms and

0 = (6°, I(F°DR(S)(¢%' @ 1)) o I(an), I(a2) o I (Bar.s(6c))) :
I(Bays(K1, W)[1] = I(F°DR(S)((M, F,W)" @04 (OBay.s, F))

is an homotopy, I : CBdr,S,Gjﬂ(Sé:’pet) — KBdr,S’GLﬁl(SE:’pEt) being the injective resolu-
tion functor : for (N, W) € CBdr,Sycyj'il(SE:met), k: (N,W) — I(N,W) with I(N,W) €
CBdr,S,Gjﬂ(Sé:’pet) is an injective resolution, and the class [#] of § does NOT depend of the
injective resolution ; in particular

FODR(S)IN(¢% @ I) 0 aq = ag 0 By s(c)
San,pet

in DIBd’V‘,S7G7.fil( Cyp ), and for

* ¢ = (¢D,¢C, [6‘]) : ((Ml,F, W), (Kl,W),Oél) — ((MQ,F, W), (KQ,W),OCQ)
* ¢I = ( IDv(b/Cv [9/]) : ((M27F7 W)v (KQvW)70‘2) — ((M27F7 W)v (Kg,W),CM;;)

the composition law is given by

¢ 0 ¢ = (&p 0 bp, ¢ © b0, [(FODR(S)(¢&™ @ 1)) o [6] + [0'] o I(Bar,s(60))[1]) :
((Ml,F, W), (Kl,W),Oél) — ((Mg,F, W), (Kg,W),CY;;),

in particular for (M, F, W), (K, W),a) € Cp.0)rirn(S) X1 Dz, pit,e.1(S),
I rw), (8 w),0) = (I, Ik, 0).
We have then the full embedding
PShp1,0)7it,rn(S) X1 Pr, pik(S) = Cp1,0)fit,rn (S) X1 Dz, fit,e x (S)

where the category PShp o) fir,rn(S) X1 Pz, £it(S) is the category
— whose set of objects is the set of triples {((M, F,W), (K, W), «)} with

(M, F,W) € PShpq,0)ti1,r1(S), (K,W) € Py, si1.(S),
a: Bays(K, W) = FCDR(S)((M, F,W)*™ @0, (OBay. s, F))

where « is an isomorphism,

— and whose set of morphisms are
¢ = (¢p,0c) = (¢p,0c,0) : (M1, F,W), (K1, W), 1) = (M2, F, W), (K2, W), az)
where ¢p : (M1, F,W) = (M2, F,W) and ¢¢ : (K1,W) — (K2, W) are morphisms such that
FODR(S)IT (¢ @ I) 0y = arg 0 Byy.5(bc)
in Py, 5.c.ra(Sg. ")

o Let Se Var(k). Let S = U;erS; an open cover such that there exists closed embeddings i; : S; < S;
with S7 € SmVar(k). The category Cp(1,0)ri,rn(S/(S1)) X1 Dz, fit,e,r(S') is the category
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— whose set of objects is the set of triples {(((Mr, F,W),urs), (K,W),«)} with

(M7, E,W),urg) € CD(l,O)fil,rh(S/(S’I))a (K, W) € Dz, fi1,c.x(S),
a: By, 5K, W) = FODR(S)TI(Mr, F,W),ur0)™ @05 (OBy, 5, F), 1))
where
* the functor
DR(S)71 = DR(SEN): Cp o) pitmn (SE/(STEET)) = Cgyzpu (S P /(STED))

is the De Rahm functor,
* the functor

By 3y : Drypsiten(S%) = Dy, pa(Ser ™ /(STE0)

is the functor from complexes of presheaves with constructible etale cohomology to com-
plexes of By, modules given in definition 77,

* ais amorphismin Dy, q, i (Sg:’pet/(g’??dfet)), that is a morphism in D[Bdmfil(Sg:’pet/(g?%fEt))
compatible with the action of the galois group G = Gal(k, k) C Gal(k, k)
— and whose set of morphisms are
(b = (¢D7 ¢Ca [9]) : (((M117 F7 W)u ’UJJ), (Kl7 W)u Oél) — (((M2I7 F7 W)u uIJ)u (K27 W)u 042)

where ¢p @ (M1, F,W),ury) = (Mg, F,W),ury) and ¢¢ : (K1,W) — (K2, W) are mor-
phisms (of filtered complexes) and

0 = (6°, I(F°DR(S)(6p)) o I(a1), I(a2) o I(Bar,s(é)) :
I(By, 5, (K1, W))[1] = IDR(S)(Mar, F, W), ur )™ @04 (OB, 5., F). 1))

is an homotopy, I : Cs,, ¢ ra(SE" /(7)) = Ks,,. . rua(SE"/(SE%,)) being the injective
resolution functor : for (Nr, W), t1s) € Cg,,.c.ria(SE/( ~}l?cp)),

k:((Nr,W),try) = I((N1, W), trs)

with I((Nr, W), t1s) € Cs,,.c5u(SE)/( ~}lfcp)) is an injective resolution, and the class [f] of 6
does NOT depend of the injective resolution ; in particular we have

FODR(S)T(6F @ I) o a1 = az 0 By, 5,)(éc)

. onpet
in Dg,, . ru(Sc,/S7el), and for

* ¢ = (¢D7¢C7 [9]) : (((levFv W)vuIJ)v (Kle)val) — (((M217F7 W)vuIJ)v (K27W)7a2)
* ¢I = ( ID7¢/07 [9/]) : (((M217F7 W)vufJ)v (K27W)7a2) - (((M317F7 W)vufJ)v (K37W)7a3)

the composition law is given by

¢ 0 ¢:= (¢ 0 ¢, 8 0 60, I(FODR(S) (@™ @ I)) o [0] + [0'] 0 I(By, 5, (6c))[1]) :
((Myp, EEW)urg), (K1, W), a1) = (Msg, E,W),ury), (K3, W), as).

in partiCU1ar for (((Mlv Fv W)a U],]), (Ka W)v OZ) € CD(l,O)fil,rh(S/(gl)) X Dpril,C,k(SEt)v

Ty W ur ) (W) ,0) = (U ) Iic, 0).
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We have then full embeddings

PShOD(l,O)fil,rh(S/(gI)) X1 Ppril,k(Set) — C%(l,o)fil,rh(s/(gf)) X1 Dpril,c,k(Set)

0
bs/3;

—— Cp1,0)fit,rn(S/(S1))° X1 Dz, it (S) == Cp(1,0)7it,rn(S/(S1)) X1 Dz pit,e o (S)
where the category PShOD(l,O)fil,rh(S/(gl)) X1 Py, i1, 1(S) is the category
— whose set of objects is the set of triples {(((Mr, F,W),ur;), (K,W),«)} with

(M7, F,W),ury) € PShD(l,O)fil,rh(S/(gl>)a (K, W) € Pg,rit.k(S7),
o Bdr,(é’;)(K’ W) - FODR(S)[i](((MIa Fa W)vuIJ)an ®og (OBdr7(§I)7 F))

where « is an isomorphism,

— and whose set of morphisms are

¢ = (¢Da¢C) = (¢Da¢0a0) : (((MU,F’ W)vulJ)v (KlaW)val) - (((MQI,F, W)vulJ)v (KQ,W)on)

where ¢p : (Myr, F,W),ury) = (Mar, F,W),ur;) and ¢¢ : (K1, W) — (K2, W) are mor-
phisms such that
FDR(S) (¢ @ ) ocr = az 0By, 5, (¢c)

in Ph...7(SE, "/ (STE").
Moreover,
e For (((MI, F, W)7UJJ)7 (K7 W)u Oé) S CD(LO)fil,rh(S/(gj)) X7 sz,fil,c,k(set), wo st

(Mp, F,W), upg), (K, W), 0)[1] := (M1, F, W), urs)[1], (K, W)[1], o[1]).
e For

¢ = (¢D7¢07 [9]) : (((MlIaFa W)vulJ)a (Klvw)aal) - (((MQI,F, W)vulJ)a (K27W)aa2)

a morphism in CD(Lo)f,L'lyrh(S/(g])) X1 Dz, itk (S), we set (see [11] definition 3.12)

Cone(¢) := (Cone(¢p), Cone(éc), ((a1,6), (a2,0))) € Dpr,0)fi,rn(S/(S1)) X1 Dz, fit,ek (S,
((a1,0), (a2,0)) being the matrix given by the composition law, together with the canonical maps

= ci1(=) = (c1(¢p),c1(9c),0) : (Mar, F,W),ury), (K2, W), aa) — Cone(o)
— ca(—) = (e2(ép), c2(dc), 0) : Cone(pp) — (Mg, F,W),ury), (K1, W), a1)[1].

Remark 8. By [11] theorem 3.25, if
¢ = (¢D7¢C7 [9]) : (((MluFu W),'UJJ), (K17W)7a1) — (((M27F7 W),'UJJ), (KQ,W),CYQ)

is a morphism in CD(Lo)f,L'lyrh(S/(S‘])) X1 szfﬂ,c,k(sef) such that ¢p is a Zariski local equivalence and
¢c s an isomorphism then ¢ is an isomorphism.

Definition 84. Let k C C, a subfield.
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(i1) Let f : X — S a proper morphism with S, X € SmVar(k). Let
o : By x (K,W) = F'DR(X)((M, F,W)*" @0, (OBa x, F))
a morphism in Dy, jzl(X‘m pEt), with
(M,F,W) € C(DRM(X)), (K,W) € Dz, fi1,c.s(X).

We then consider, using definition 78 and definition 50, the map in Dg,, q, fll(Sa" pEt)

fea = ful@) : Bars(RE(K, W) TLEED, b p By, x (K, W)

B0 RE,FODR(X)((M, F, W)™ @0, (OBay.x, F))

00, FORFDR(X)((M, F, W)™ @0y (OBar.x, F))

CIEDBOLE, PODR(S)( [ (M., W)™) @0, (OBavs. F)
F°DR(S)(T(an S (M W)™ B 0 ! an

FODR(S)(( /f (M, F, W)™ @0, (OBays, F))

— FODR(S)((Rf*HdQ(Mv F, W))an ®os (OBdT,Sv F))

where tpo(A) = Dyy(tpo(A)) is the image of the embedding tpo(A) : FCA < A by the localization
functor.

(i2) Let j : S° — S an open embedding with S € SmVar(k) and D = S\S° a (Cartier) divisor. Let
o : Bayrso (K, W) = FODR(S)((M, F, W)™ @04, (OBgrs0, F))
a morphism in ngmqfil(Séf"’pet), with
(M,F,W) € C(DRM(S°)), (K,W) € Dz, i, (S”)* P

We then consider, using definition 79 together with theorem 45, theorem 28 and the strictness of
the V -filtration, and definition 50, the maps in DIBdr,G,fiz(Sé:’pet)

. . ) T(,Bar)(K,W
Jeer = Ju(@) : Bar, g (fuw (K, W)) AL VCSLN

VpojswBar,se (K, W) @8, s Bar,s0/5
0O, Vi juw (FODR(S) (M, F, W) @04, (OBar.s0, F))) ©8,, s Bar,s0/5
= (Vpojuw F*DR(S) (M, F, W)™ @0 (OBay.s, F))) @8,, s
(FODR(S)(jerag(Ose, )™ @05 (OBars, F)))

ws@m(M)*™ . an
s, RODR(S)(jusag (M, F, W)™ @05 (OBay.s, F))

where m(M) : Ogo ®0go M = M, m ® f + fm is the multiplication map structure of the module
M and wg is the wedge product, and

M VDO]D)j*]D)Bdr,SO (Ka W) ®Bdr,s ]D)SBdr,SO/S)

Jra = ji(a) : Bar s (Grw (K, W))

VpoDj.Da)®I . o an
o e VoD D(FC DR(S®) (D(M, F, W)™ ©04, (OBar,s0, F))) @5, DsBar. g0
= VpoDjuw D(F° DR(S)(D(M, F, W)™ @04, (OBar. 50, F)))

®Bdr,s(FODR(S)(j!Hdg (OSOJFb)an ®os (OBdT,S7 F)))
ws@m (M an . an
eS0T, FODRS) Gustag (M, F, W)™ @04 (OBay.s, F))
where m(M) : Ogo ®04o M = M, h ® m +— hm is the multiplication map and ws is the wedge

product.
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(i2)’

(ii0)

Let1:S° < S an open embedding with S € Var(k) and D = S\S° a Cartier divisor. Let S = U;5;
an open affine cover and i; : S; — S; closed embedding with S; € SmVar(k). Let Iy : S — Sp
closed embeddings such that SY NS =5°NSr. Let

0+ By 5oy (K W) = FODR(S®)(My, E W), 1) 0. (OB 5002 F)s117)
a morphism in DEMG’M(S(gf"’pet/(g}’)’g:’pet)), with
((My, F,W),uz;) € C(DRM(S°)) C Cp1,0)5i,rn(S°/(S7)), (K, W) € Dz, fit e (S7)* .
We then consider as in (i2) the maps in DBdT7G7fil(Sg:’pet/(g%;pet))
La=1(a) : By, 5, (w(K,W))

T(1,Bay) (K, W
ORI, Y B g ) (B W) @5, ) B g5, 10)

lec o an
M VDQl*wFODR(S )(((M], F, W), U]J) ®og ((OBdr,5;7 F),lfjj)) ®Bdr,(§1) (BdT,S}’/gz’tIJ)
=,
Vpoluw F*DR(S) (M1, F, W), urs)™ ®os (OBy,. 50, F),t11)) 8, s |

(FODR((gf))((ZI*Hdg(Og?,Fb), z17)" ®os (OBy, 5,,F),tr11)))

wg @m(Mp)*™
. FODR(S)((Lrrag (M1, F, W), urs)™) @0 (OBg,. 5, F);trs))

and

ha =) : By, g, (hw (K, W))

Ti(1,Bay) (K,W) VpoDL.D(a®T)
—_ T Bt A

VpoDLD(By,. 500 (K, W)) @5, o ) DBy, 50/5,,t17)
VpoDLwD(F DR(S®) (M1, F, W), u15)*™" ®0g0 (OB, 50, F), 1)) @5, 5 ) D(Byy. 50/5,t17)
— VoDl D(FCDR(S®) (M1, F, W), ur;)™ @0g0 (OB, 0 F),t17))) @B, 5 )

)

(FODR((gl))((lI'qu(Oso,Fb) 217)"" @05 (OBy, 5, F),t11)))

wg @m(Myp)*™
o FODR(S)(hipag (M1, F,W),ur ;)" @05 (OBy,. 5,, F),t17))

Let f: X — S a morphism with S, X € SmVar(k). Take a compactification f : X Lxts of f
with X € SmVar(k), j an open embedding and D = X\X a divisor (see section 2, we can take D
a normal crossing divisor but it is unnecessary). Let

a:Bagrx (K, W) — FODR(X)((M, F,IW)" ®0, OB, x)
a morphism in Dg,, c ra(Xc, P with,
(M,F,W) € C(DRM (X)), (K,W) € Dz, sit,c.i(X")*"P.
We then consider, using (i1) and (i2) the maps in Dgp,, q, fll(Sa" pety
fea = fu(@) : Bar, s (Rfuw (K, W)) = Bay. s (R fufiw (K, W))
REByy 5 (e K. W) 2% REF DR Gstag (M. F, W)™ @0 (OBar.x, F))

FODR(S)(T(an, [;)(=) " )oF T dr (f,DR)(=)""oRfuipo

T(vadr)(f)

FODR(S)(Rfsragjemdg(M, F,W)*" @04 (OBar.s, F))
= F'DR(S)(Rferag(M, F,W)*" @04 (OBar.s, F))
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and

f'a = fi(@) : Bar,s (R fuus (K, W)) = Bar s (R fujiu (K, W))
DB, RE By 5 (oK W) 2% REFODR(X) Guatag (M, F, W)™ @0, (OBay ., F))

FODR(S)(T(an, [;)(=)"")oF T dr (f,DR)(=) 'oRf.tz0

FODR(S)(Rf.ragirag(M, F,W)*™ @04 (OBar.s, F))
= F'DR(S)(Rfirrag(M, F,W)*™ @04 (OBay. s, F)).

(i) Let f: X — S a morphism with S, X € Var(k). Consider a factorization f : X — Y x S & S with

Y € SmVar(k), and let f: X L X < Y x § 2. S bea compactification of f, with Y € PSmVar(k)
and D = Y\Y a (Cartier) divisor (e.g. a normal crossing divisor). Let S = U;S; an open affine
cover and i; : S; — S; closed embedding with S; € SmVar(k). Let

a: By, oy W) = FDR(X)((My, F,W),urz)*" ®0y 5, (OBy, v, 5,, F))

an,pet

a morphism in DBdhgyj'il(Xg:’pEt/(Y X g[@ ), with

(M1, F,W),uz;) € C(DRM (X)) C Cp1,0)itrn(X/(Y x 51)), (K, W) € Dz, pis,c.1 (X0

We then consider, using definitions 78 and (i2)’, the maps in Dg,, ¢ jzl(S‘m pEt/(g}lfdfd))

fra = fu(@) By, 5,y (Rfuw (K, W) = By, (5, (RS ja (K, W)

)
M Rp.By,. (7 x5,y (Few (K W)
)
)

Jxeu

R FODR( )((j*Hdg((va F7 W)a uIJ)an) ®OX ((OBdr,YXS'N )7t1J

FRp. DR(X)((jurtag (M, F. W), urg)™) @ox (OBy, 515, F).trs
FOTBar (f,DR)(jurag(M1,F,W),ury))

Rputpo
—_—

FODR(S)( /f Gerrag (M1, B, W), ur)™ @og (OB g, F), 1))

FODR(S)(T (an, [;)(—)®I)

FODR(S)( /j Jerrag (M1, F W), ur)™ 0, (OB 5., F), 1))
— FODR(S)((Rferrag(Mr, F,W),ury))™ @0, (OB, 5,, F)),
and

fia = fi(a) : B dr, s,)(Rf*J'w(K w))) — Bdr,(g,)(Rﬂj!w(Ka W)

D(T(fBar)(=)"" o ,
——"—— Rp.By, (v 5, G (K, W)

== Rp. FPDR(X)((jirag (M1, F,W),urg)™) @0x (OBy, 5,5, F),tr1))

FORp, DR(X)((jrrtag (M, F,W),urs)™) @0y (OB, 55, F),tr1))
FOTBdr (f,DR)(jimag((M1,F,W),ur.))

Jra

Rputpo
e

FODR(S)( / Grrtag (M, F, W), ur))™ @03 (OBy, 5, F),t12))
i
FODR(S)(T (an, [;)(—)®I)

FODR(S)( /j Jirag(Mr, FW), ur)™ 0, (OB, 5, F), 1))

= FODR(S)(Rfurtag(My, F.W),ur0))™ ©04 (OBy, 5., F)t1).
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(iii)

(iv)

Let 1 : S° — S an open embedding with S € Var(k) and denote Z = S\S°. Let Dy,---,Dq C S
Cartier divisor such that Z = ﬁgles. Denote lg : Ds — S the closed embeddings. Let S = U;S;
an open affine cover and i; 1 S; — S; closed embedding with S; e SmVar(k). Let I s : ﬁ;)s < S
closed embeddings such that DLS NS=5NDyrs. Let

a:B, 5, (K,W)— FYDR(S)(((My, F,W),ury)® @04 ((OBy,.5,, F);trr))
a morphism in D[Bquﬁl(Sé:’pet/(g}l?dfet)), with

(M1, F,W),urs) € C(DRM(S)) € Cp(1,0)fit.rn(S/(S1)), (K, W) € Dz, pit e (S P,

We then have by (i2), the maps in DBth,fu(Sgg’pEt/(S?fc’fﬁ))

Iz(a) : By, 5, TEE, W) = By, 5, ([T, T (K, W)
I,(l1slsx(a an
Ll bty pOpR(S) (P (M7, Fy W), ur)™ @05 (OB, 5, F)strs))
and
T (a) : By, 5Ty " (K, W) S By, 5, (Th" - TH" (K, W)

I,(l1yls1(cx an
Ll taleD), RO pR(S)((Ty ™99 (M, F, W), ur))* ©0s (OBy, 5, F),t1s)

Let f : X — S a morphism with S, X € Var(k). Consider a factorization f : X — Y x § 58
qjith Y € SmVar(k). Let S = U;S; an open affine cover and i; : S; — S; closed embedding with
S; € SmVar(k). Let

0 By ) (K W) = FODR(S)((Mr, W), urs)™ @0, (OB, 5, F),t1,)
a morphism in D[Bdmgﬁl(S(’é:’pet/(g%;pet)), with
((My, F,W),ur;) € C(DRM(S)) C Cp(1,0)fitn(S/(S1)), (K, W) € Dy, fir c.1 ()5,

We then have by (iii), the maps in D]Bdr,g)fil(Xg:’pet/(Y X S’?ﬁc’fet))

fla= f'(a) : Bdr,(YxS,)(f!w(Ka w)) = Bdr,(YxS;)(FEU(p*(Kv W)
X BODR(X) (R o (My, F, W), u10)™ ©0x (OB s, F) 1)
— DR(X)(fi52 (M1, F,W),ur;)* ®@ox ((OBy,.y 5, F) trr))
and
fra=f*(a): Bdr,(YxS;)(f*w(Kv w)) = Bdr,(YxS,)(F}/pr*(Kv w))
RGN FODR(Y x 8)((TLHp*med((My, F, W), u15))*" @0y ((OBy,.y 5, F)st1))
= FODR(X)(fifa (M1, F, W), ur1)*" @0y ((OBy,.y 5,5 F)st11))
with

p*a . BdT‘,(YXS[)(p* (K; W)) —:_) p*mOdBdr,(S'I)(K’ W)
p*moda

L2 p e FODR(S) (M1, F, W), ur)™ ®os (OBy, 5,.F).t1s))
= FODR(Y x S)(p*™* (M1, F,W),ur;)*" @0y, s (OBy, v 5, F),t1))-
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(v) Let S € Var(k). Denote by As : S — S x S the diagonal closed embedding and py : S x S — S,
pa S~>< S — S the projections. Let S = U;S; an open affine cover and i; : S; — S; closed embedding
with S; € SmVar(k). Let

a:By 5, (K,W)— FYDR(S)(((My, F,W),ury)® @04 ((OBy,.5,, F),trr)),
a Bdr,(S,)(K/7 W) — FODR(S)(((M}7 F,W),v15)* ®og ((OBdr,S'ﬂF)vtIJ))

two morphisms in DBth,fu(ngwpet/(g?&pet))’ with

(M1, F, W), urs), (M}, F,W),v15) € C(DRM(S)) C Cp1,0)pit,rn(S/(S1)),
(K, W), (K/, W) S szfﬂ,c,k(set).

We have then, as in (iv), the following map in D]Bdmgyfil(S(g:’pEt/(S?g;pEt))

a® O/ : Bdr,(é’;)((Kv W) ®L,w (K/a W))

T(®,Bar) (K,W),(K'\W))~!

Bdr,(g,)((Kv W) OByr, s Bdr,(gl)(K/a W))

28, FODR(S)((M1, F. W), ur)™ ©os (OB, 5, F), t11)) ®5,

FODR(S)(((M7, F,W),vr,)*" ®0s (OB, 5, F),tr.s))

22 V0 Vs, oTYFPDR(S x S)(pi™md(My, F, W), u15)™ @04, s P34 (M}, F,W),vr.)"
®03xs((OBdr,S‘Ix§,vF)vtIJ))

FODR(S)((My, F,W),ur,)*™ @52 (M7, F,W),v1,)"" @05 ((OBy, g, F), 1))

where S = M;S; with S; C S Cartier divisor, and (see (ii)) for j; : S\S; < S the open embedding
m(M) : Vs,0jiw(M, F,W) ®0g jixtdg(Os\s,» Fv) = Jistag(M, F, W) is the multiplication map.

Lemma 7. (i) Letj:S° < S an open embedding with S € SmVar(k) such that D = S\S° =V (s) C S
is a (Cartier) divisor. For (M,F,W) € C(DRM(S°)),

(I,m(-)Qws
e

m(M) : Vpojsw (M, F,W) ®0g Jxrdg(Ose, Fy) = jsmag(M, F,W),m & h — m(M)(m ® h) := hm
is an isomorphism in C(DRM(S)), whose inverse is given by

n(M) : jerag(M, F,W) = Vpojew (M, F,W) ®0g jxdg(Ose, Fy),m = n(M)(m) :=s"m® 1/s".
where r € N is such that s"m € T'(W,Vpoj.M) for m e T(W, M) and W C S an open subset.

()" Let | : S° — S an open embedding with S € Var(k) such that D = S\S° = V(s) C S is a
Cartier divisor. Let S = U;S; an open affine cover and i; : S; < S; closed embedding with S; €
SmVar(k). Letl; : S¢ < S; closed embeddings such that SyNS = S°NSy. For (My, F,W),urs) €
C(DRM (S°))

(m(M7y)) : Vpolsw((Mr, F,W),ury) ®og (lI*Hdg(Og?an);le) = (lemag(Myp, F,W), ury)
is an isomorphism in C(DRM (S)) whose inverse is given by

(n(M7)) = Lerag (M1, F, W), urg) = Voolew (M1, F, W), ury) ®os (lismag(Ogo, Fo), 1)

1) Let j : §° —= S an open embedding wit € SmVar such that = c=V(s) C Sisa
L S S bedd h S € SmVar(k h that D = S\S \%4 S
(Cartier) divisor. For (M, F,W) € C(DRM (5°)),
ws & m(M)anVDOj*wFODR(SO)(((M7 F, W))an ®0g0 (OBdT7S°=F)) ®Bdr,s
FODR(S)(jsrag(Ose, Fy)™ ®0s (OBay,s, F))
— FODR(S)(j*Hdg(M, F, W)an Rog (OBdr,57 F)), (w1 ® m) ® (’LUQ ® h) — (w1 N wz) ® (hm)
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is an isomorphism in C(DRM (S)) whose inverse is

wg' @ n(M)™™ : F°DR(S)(jemag (M, F, W)™ @04 (OBqay. s, F))
— (VDOj*wFODR(SO)(((Mv F, W))an ®os (OBdT,Sv F))) ®Bdr,s
(F°DR(S)(j«rdg(Ose, Fy)™ R0 (OBay.s, F))).

(i1)” Let I : S° — S an open embedding with S € Var(k) such that D = S\S° = V(s) C S is a
Cartier divisor. Let S = U;S; an open affine cover and i; : S; < S; closed embedding with S; €
SmVar(k). Letl; : S¢ < S; closed embeddings such that SyNS = S°NSy. For (My, F,W),urs) €
C(DRM (S°))

(wg, ® m(M1)*™) : Vpolsw F*DR(S®) (M1, F,W),u11)*" ®050 (OBy, 50, F),t11)) @3, s,

(F*DR((SD)((Ur+rag(Oge, F) 210)™" ©0s ((OBy, 5, F),t11)))
— FODR(S)((Lerrag (M1, F, W), ur1)™) ®05 (OBy, 5, F),t17))
is an isomorphism in C(DRM(S)) whose inverse is
(ng ®@n(Mp)™) : FPDR(S)((Lerag (M1, F,W),u17)™) @05 (OBy,. 5,, F), t17))
= Vpoluw FPDR(S®) (M1, F, W), ur1)*" @050 (OBy,. 50, F), t17)) @5, |
FDR((S1)((remag(Ogy. Fy),w10)*" ®05 ((OBy, 5,, F), t11)).
Proof. (i): Follows from the definition of the V-filtration and the F-filtration.
(i):Follows from (i).
(ii): Follows from (i).
(ii):Follows from (ii). O
Proposition 49. Let k C C, a subfield.
(i0) Let j : S° — S an open embedding with S € SmVar(k) and D = S\S° a (Cartier) divisor. If
a : By 5o (K, W) = FODR(S°)((M, F, W)™ @04, (OBgr 50, F))

. . . . t .
is an isomorphism in Dy, fil(S(g’a"’pe ), with
G, v

(M7 F7 W) S Cv(DR]\f(SO))7 (K, W) c Dpril,c,k(SO#Et),

then the maps in DBdT,G,fiz(S(‘é:’pet)

Je = ju(@) : Bar,s (Juw (K, W)) = FODR(S)((jxrrag (M, F, W))*" @04 (OByy,s, F))
and
gl = ji(a) : Bar,s(jrw (K, W)) = FCDR(S)((jirrag (M, F, W)™ @05 (OBar,s, F))

giwen in definition 66 are isomorphism.

(i0)" Letl:S° < S an open embedding with S € Var(k) and D = S\S° a Cartier divisor. Let S = U;S;
an open affine cover and i; : S; — S; closed embedding with S; € SmVar(k). Let Iy : S — St
closed embeddings such that SY NS =S5°NSr. If

a: By, 5o (K, W) = FODR(S) (M5, F,W),urs)™" ®0s, (OBy,.5;))
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(i)

(1)’

(ii)

is an isomorphism in D]Bdmgyfil(S(‘é:’pEt/(S?%fd)), with

((My,F,W),ur;) € C(DRM(5°)), (K,W) € Dz, fi1,c.i(S),
then the maps in D]Bdmcyfil(S(g:’mt/(g??c’:d))
Lo =1(a) 1 By, (5, (L (K, W) = FODR(S) (hazag (M1, F,W), urg)™ ®0, (OBy, 5,), F))
and
ha =U(a) : By, 5, (hw(EK, W)) = FODR(S)(Lrag (M1, F, W), urs)™ ®0os (OBy, (5,), F))
are isomorphisms.
Let f: X — S a morphism with S, X € SmVar(k). If
a: Bayx (K, W) = FCDR(X)((M,F, W)™ @0, (OBar,x, F))
an isomorphism in Dy, c. fil (Xgr’pet), with
(M,F,W) € C(DRM(X)), (K,W) € Dz fit.c.s(X),
then the morphisms given in definition 84
fear= fu(@) : Bar,s (R (K, W) = FODR(S)(Rfenag(M, F W)™ ©0g (OBar,s, F)
and
fia = fi(a) : Bar.s(Rfrw(K,W)) — FODR(S)((R fizrag (M, F,W))*" @04 (OBg.s, F))
are isomorphisms.

Let f: X — S a morphism with S, X € QPVar(k). Consider a factorization f: X —Y x S ENS
qjith Y € SmVar(k). Let S = U;S; an open affine cover and i; : S; — S; closed embedding with
S; € SmVar(k). If

o Bdr,(YxS“I)(K7 W) - FODR(X)(((Mth W)vulJ)an ®OY><§I (OBdr,YXS'I’F))

~ an,pet

is an isomorphism in DBdT7G7fil(Xg:’p8t/(Y x Sie,” ), with
(Mp,F,W),ur;) € C(DRM(X)), (K,W) € Dz, fit,c.n(X),
then, the maps in DBde’ﬁl(Sg:,pet/(g?%fet))

fra = fia): Bdr,(é’l)(Rf*w(Ka W)) — FODR(S)((Rf*Hdg((MIa F,W),urg)*™ ®og (OBdT‘7(§I)7 F)),
and

fia = fi(e) : By, 5, (Rfw(EK,W))) = FPDR(S)((Rfirag (M1, F, W), ur1))*" @05 (OBy, 5,): F)),
are isomorphisms.

Let f: X — S a morphism with S, X € QPVar(k). Consider a factorization f : X — Y x S ENS
with Y € SmVar(k). Let S = U;S; an open affine cover and i; : S; — S; closed embedding with

S; € SmVar(k). If

a:B, 5, (KW)— FYDR(S)(((My, F,W),ury)" ®0s, (OBy, (3,), F))
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. . . . - an,pet gan,pet .
is an isomorphism in Dler,G,jzl(Scp /(SI,CP ), with

((MI, Fa W)v uIJ) € O(DRM(S))v (K7 W) € Dpriquqk(SEt)’
the maps in D]Bgdmg)fil(Xg:’pet/(Y X S’I)fg:’pet)

fla=fHa) : By, iy 5, (F (K, W) = FODR(X)(fiiie" (Mr, F,W),urg)™ @0y (OB, (v, 5, F))
and

[ra= f*(a) : Bdr,(YxS‘I)(f!(Kv W)) - FODR(X)(fIQ}ZI;d((Mh F, W)vuIJ)an ®ox (OBdr,(YxS‘I)’ F))
gien in definition 84 are isomorphisms.

Proof. (i0): Follows from lemma 7(ii).

(i0):Follows from lemma 7(ii)’.

(i): Follows from (i0) and on the other hand theorem 44 and GAGA for proper morphism of algebraic
varieties over a p-adic field.

(i): Follows from (i0)’ and on the other hand theorem 44 and GAGA for proper morphism of algebraic
varieties over a p-adic field.

(ii): Follows from (i0). O

Definition 85. Let S € SmVar(k). Let D = V(s) C S a divisor with s € T'(S,L) and L a line bundle
(S being smooth, D is Cartier). For M = ((M,F,W),(K,W),a) € PShpq 0)fi,rn(S) X1 Pz, itk (S),
we then define, using definition 55, theorem 40 and definition TphipsiBdr,

e the nearby cycle functor
1/)D((M7 F7 W)a (K7 W)a Oé) = (1/)D(M7 F7 W)a T/JD (Ka W)7 1Z)DQ) € PSh'D(l,O)fil,Th(S) XIPpril,k(Set)a

with

T(¥p ,Bar)(K,W) 'l/)DBd S(K W) Ypa

TBdr (4p,DR)(M,F,W)

Ypa: Bars(vp (K, W))

wDDR(S)((Mv F, W)an ®0og (OBdT,Sv F))
DR(S)(Yp (M, F,W)*" Qo4 (OByr.s, F)),

e the vanishing cycle functor
(bD((Ma Fa W)7 (Ka W)7 CY) = (¢D(Ma Fa W)7 ¢D (K7 W)a ¢DQ) S PShD(l,O)fil,Th(S) X1 Ppril,k(Set)a

with

T(¢p,Bar)(K,W) QbDBd S(K W) ¢pa

TBdr (¢p,DR)(M,F,W)

¢pa: By s(op (K, W))

¢DDR(S)((M7 F, W)an ®0og (OBdT,Sv F))
DR(S)(¢p(M,F,W)*" @04 (OBgr,s, F)),

o the canonical maps in PShp 1,0y fir,rn(S) X1 Pz, i1,k (S)

can(M) = (can(M, F,W), can(K,W)) : p (M, F,W), (K,W),a) = ¢p(M, F, W), (K,W),a)(-1),
var(M) = (var(M, F,W),var(K,W)) : ¢p(M, F,W), (K,W),a) = ¥p (M, F,W),(K,W), a).
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Proposition 50. Let S € SmVar(k). Let D =V (s) C S a (Cartier divisor). Consider a composition of
proper morphisms

(f: X=X, I xS X = S) € SmVar(k), proper,1 <i <r,

and
(M, F) = H”O/ H"T/ ((Ox, Fy), H"Rf1.- - H'" Rf Zx,,
f -
H™ f1, 00 H" fr.a(Xc,)) € PShpfir,en(S) X1 Py, 1 (S).
Then,
Yp(M, F) = H""/ H"/f (Vy-10)(Ox, Fp)), H" Rf1. - - - H"" Rfrstp -1 (p)Lx s
f fr
H™ fi 00 H™ frabspya(Xc,)) € PShosin(S) X1 Pz, x(S),
and
¢p(M, F) = Hno/ Hn/f (Vy-1(p)(Ox, Fy)), H* R fric- - H" Rfpsdp-1(p)Lx;,
f fr
H™ fioo0---0 H™ frdpp-1pye(Xe,)) € PShppirrn(S) X1 P, x(S),
Proof. Immediate from definition. O

Let S € Var(k). Let S = U;c1S; an open cover such that there exists closed embeddings i; : S; — S;

& . . eV,
with S; € SmVar(k). We consider Ly ger € Cz,i(S) such that j; Ly g = Z?FSIMZZTSI and set

a(S) : BdTy(SI)(Z;”’Set) =
)

V,w 5

(FSI pr(SI) ® Bdrv‘béu ®]Ed7',_§1 T ®]Ed7',_§1 Bdr»‘i’bd,l ’ Bdr(tl‘])
= V,w _ B
- (FSI Lys, @By, 5, ®Bdr,51 Bdﬂ%l,l ®]Bm,s, o ®Bdr,51 Bdﬂ%dy,’BdT(xU))

a((81,c,)®1)
B

(VD1,10 o VDd,Iorgl (FODR(S’I)((OBdr,SI)’ F)) ®Bdr,51 Bdr’¢51,1 ®Bm,s, . ®Bdn§1 Bdrﬁgbde yBar(trs))

(DT(75,,@) () @(DR(S)Dppp, 5, , (O, F))&@D(ppp. 5, , (O, F1)

FODR(S) (VD1,10 o Vf)d,zorg}h (OSI ’ Fb) ®B dar,(51)
FODR(S)((I5; % (Og,, Fy))™" @0, (OBy, 5, F), 1s)

OBdr,S; ,X17) O

dr,S

T(DR,®)(—,— an
TREOED), FODR(S) (T (05, Fy) ®o,, (57905, )™ ©o,, (OB, 5, F).z1s)

FODR(S)(m(0g,))

FODR(S)((I5;% (O, Fy)*" @05, (OBy, 5, F), 1s)
= FODR(S)((I‘X}Hdg(OSI,Fb), 215)"" ®@os (OBy, 5,y F),t1s))

is an isomorphism in ngmg(Sg:’pEt/(S’I)fg:’pet), where Dq,...,D4 C S are Cartier divisors such that
S = ﬂ‘si:le, .DS)] C Sy are Cartier divisor such that Ds N S; C .DS)] NSy, ir: Sy — Sy are the closed
embeddings, m(0) : O xp O = O,h @ f + hf is the multiplication map, and we use definition 84 and

proposition 49.
We now give the definition of p adic mixed Hodge modules which is the main definition of this section
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Definition 86. Let k C C, a subfield.

(1)

-

(i)

(ii)

Let S € SmVar(k). We denote by

HMypc, (S) =< (H™ / T / (Oxs Fy)(d), R™ fuv - R fouZy xots H™ frs - H™ froa(X)),

J1 I8
(f: X=X, f—T>XT_1 — ---£>X0 = S) € SmVar(k), proper, ni,...,ng,d €Z >
C PDRM(S) X7 Pzwk(set) C PSthil,rh(S) Xr PZP,;C(S“)

the full abelian subcategory, where <,> means generated by and (=) the shift of the filtration,

a(X) : Bdr,X (Zp,Xet) = Bdr,XCp — DR(X)(OBdr,XCP)

is the inclusion quasi-isomorphism in C]B;dmg(XCpit), and we use definition 84. We have by propo-
sition 50 for (M, F),K,a) € HMyp kc,(S),

Gr)Y Yp((M,F),K,a) := Gr})) p(M, F),Gr} ypK,Gr)) pa) € HMgm j.c,(S).
and
Gry ¥p((M, F), K, ) := Gt} ¥p(M, F),Gry YpK, Gl Ypa) € HMgn k.c,(S).
forallk € Z. We set
2l = ((0s, Fy), Zp,ser, o(S)) € HMyp 1.c, ()
Let S € Var(k). Let S = U;c1S; an open cover such that there exists closed embeddings i; : S; — S;
with S; € SmVar(k).
HM g 1,c,(S) =< (R™pr«rdg - "R"Tpr*Hdg(Fgfg(Oij(PM,Fb),iEIJ)(d),
Rnlpl* e RnTpr*T(X/(Yvr X Xr—l,l))(Zp,Xet)a Hnlpl* e Hnrpr*a(X))a
(f X=X 15X 1> 5% Xo=8) e var(k), n1,....n.,deZ>
C PDRM(S) %1 Pz, 1(S®) C PShpirn(S/(Sr)) %1 Pz, 1(S)
the full abelian subcategory, where <,> means generated by and (—) the shift of the filtration,

fi: X; =Y xX; 4 iy X1 proper, Y; € PSmVar(k), X; smooth, and a(X) is given above. Note
that if S is smooth then this definition of HMgy, k.c,(S) agree with the one given in (i).

Let S € Var(k). Take an open cover S = U;S; such that there are closed embedding S; — g[ with
S; € SmVar(k). We define using the pure case (i) and (i)’ the full subcategory of mized Hodge
modules defined over k

MHMgmyky(cp(S) =
{(M, E, W) upg), (K, W), ), s.t. Gry (Mg, F,W),urs), (K,W),a) € HMgm c,(S)}
C DRM(S) %1 Pz, pi1.1(S%) € PShp1,0)i,rn(S/(S1)) %1 Pr, fit k(S
whose object consists of (Mg, F,W),ur;),(K,W),a) € DRM(S) x1 Pz, ¢i,x(S) such that
Gry (M, F W), upg ) (K, W), a) = (Gr) (My, F),ury),Gr)) K,Gr} ) € HM g k.c, ().

where DRM (S) is the category of de Rham modules introduced in section 5 definition 56. The fact
that o is an isomorphism implies that the Galois representation of G induced on each k-point of S
is a de Rham representation. We set

Zgg‘q = ((Fg}Hdg(OSI,Fb),xj,]),ZgiSet,Oé(S)) € MHMgmﬁkﬁcp (S)
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with «(S) given above. For S € SmVar(k) and D = V(s) C S a (Cartier) divisor, we have for
(M, F, W), (K,W),a) € MHM gy, 1,c,,(S), using theorem 32,

1Z)D((]\4a Fa W)v (Ka W)v O[), ¢D((Ma Fa W)v (Ka W)v a) € MHMgmﬁkﬁcp (S)v
by the pure case (c.f. (i) and proposition 50) and the strictness of the V -filtration.

For S € Var(k) we get D(MHMgm k.c,(S)) := Ho(aret)(C(MHMgp 1.c,(S))) after localization with
Zariski local equivalence and etale local equivalence.

We now look at functorialities :

Definition 87. Let k C C, a subfield. Let S € SmVar(k). Let j : S° < S an open embedding. Let
Z = S\S° = V(Z) C S an the closed complementary subset, T C Og being an ideal subsheaf. Taking
generators T = (S1,...,87), we get Z =V (s1,...,87) =Ni_1Z; C S with Z; =V (s;) C S, s; € (S, L;)
and L; a line bundle. Note that Z is an arbitrary closed subset, dz > dx — r needing not be a complete

intersection. Denote by jr : ST := Nicr(S\Z;) = S\(Uier Z:) i S0 2y S the open embeddings. Let
(M,F,W) € MHMgyy, ,c,(S°)). We then define, using definition 57 and definition 7

e the canonical extension

Jettag (M, E, W), (K, W), @) := (jurrag(M, F, W), juu (K, W), joct)
=€ MHqu,k,(Cp (S)v

50 that J* Gurtag (M, F, W), (K, W), 0)) = (M, F, W), (K, W), ),
o the canonical extension
Jrag (M, F, W), (K, W), @) := (iaag (M, F, W), i (K, W), jir) :=€ M HMgm k.c, (),
so that j* (g (M, F,W), (K,W),a)) = (M, F,W),(K,W),«a).
Moreover for (M', F,W),(K',W),a') € MHMgy, 1., (S),
e there is a canonical map in M H Mg k.c,(S)
ad(j", jurag) (M', F, W), (K, W), ') : (M', E, W), (K', W), d) = juragi™ (M', F,W), (K', W), d),
e there is a canonical map in MH Mg k.c,(S)
ad(firag, j°)(M', W), (K", W), d') : figagi™ (M', F.W), (K', W), o) = (M', F, W), (K', W), ).
For (M, F,W) € C(MHM_, ¢, (S°)),
e we have the canonical map in Cp1,0)7:(S) X1 Cyra(S)
T(jurag: 3«) (M, F,W), (K, W), @) := (ko ad(j", j.) (=), k 0 ad(j", j«), 0) :
Jerag (M, F,W), (K, W), &) = (jE(M, F, W), j. E(K, W), @)
e we have the canonical map in Cp(1,0)7:(S) X1 Crir(S)

T(j!aj!Hdg)((Mv F, W)v (Kv W)va) = (k Oad(j!vj*)(_)vko ad(]|,]*)(—),0) :
(j!(Mv F, W)vj!(Kv W)vj!a) - j!Hdg((Mv F, W)? (K, W)va)'

Proposition 51. (i) Let S € SmVar(k). Let D = V(s) C S a divisor with s € T'(S,L) and L a line
bundle (S being smooth, D is Cartier). Denote by j : S° := S\D — S the open complementary
embedding. Then,
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= (3%, Jxmdg) : MHM g r.c,(S) S MHMgm k.c,(S°) is a pair of adjoint functors
= (iHdg,J*) : MHM g 1.c,(S°) S MHMgyy k¢, (S) is a pair of adjoint functors.

(i) Let S € SmVar(k). Let Z =V (Z) C S an arbitrary closed subset, T C Og being an ideal subsheaf.
Denote by j : S°:= S\Z < S. Then,

= (%, Jerdg) : DIMHMgp 1.c,(S)) S D(MHMgpm k.c,(S°)) is a pair of adjoint functors
= (Jirdg, J*) : DIMHMgy 1, (5°) S D(MHMgy r.c,(S)) is a pair of adjoint functors.

Proof. (i): Follows from proposition 37.
(ii):Follows from (i) and the exactness of j*, j.rdg and jigdg- O

Definition 88. Let S € SmVar(k). Let Z C S a closed subset. Denote by j : S\Z — S the complemen-
tary open embedding.

(i) We define using definition 59, definition 8 and definition 84 (i), the filtered Hodge support section
functor

I7% : C(MHMgm ke, (S) = C(MHMgn ke, (S), (M,F,W),(K,W),a)

L7%((M,F,W), (K. W), ) := (P7% (M, F,W), T (K, W),I())

= Cone(ad(j*aj*Hdg)(_) : j*Hdg’j*((Mv F, W)a (Kv W)a a) - ((Ma F, W)v (Ka W)v a)[_l]
see definition 87 for the last equality, together we the canonical map

NP (M, F, W), (K, W), ) : THY (M, F,W), (K,W),a) = (M, F,W), (K, W), ).

(i)’ Since jirag : C(MHMgm kc,(S°)) = C(MHMqyy .c,(S)) is an exact functor, I‘IZ{d‘q induces the

functor
L7 DM H My 1.2, (S)) = D(MHMgpn e, (S)),
(M, F,W), (K, W),a) — TH9 (M, F,W), (K,W),a)

(i1) We define using definition 59, definition 8 and definition 84 (iii) the dual filtered Hodge support
section functor

LM% O(MHMgngc, (S)) = C(MHMqyy ., (S)), (M,F,W),(K,W),a) —
Ly (M, E W), (K, W), 0) i= (% (M, FW), D7 (K, W), T (a)
= Cone(ad(jigdg, j*) (=) : Jimdg, 3* (M, E,W), (K, W), a) — (M, F,W),(K,W),a))

see definition 87 for the last equality, together we the canonical map

N P (M, E, W, (K, W), @) = (M, F,W), (K, W), ) — Ty 9(M, F,W), (K, W), a).

(i)’ Since jigag : C(MHMgm k.c,(5°)) = C(MHMgy, k.c,(S)) is an exact functor, ngg,v induces the
functor

U "% . D(IMHMym k¢, (S)) = D(MHMgn 1.c,(S)),
(M, F,W),(K,W),a) — DT 9(M, F,W),(K,W),a)

In the singular case it gives :

Definition 89. Let S € Var(k). Let Z C S a closed subset. Let S = U;_,S; an open cover such that there
exist closed embeddings i; : S; < S; with S; € SmVar(k). Denote Z; := ZNS;. Denote by n: S\Z — S
and ny : S{\Z; < Sy the complementary open embeddings.
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(i) We define using definition 61, definition 8 and definition 84 (i) the filtered Hodge support section
functor
D5 C(MHMgp, k¢, (S)) = C(MHMgpy k¢, (S)),
(M1, EW),urg), (K, W), a) = T (Mr, FW), urg), (K, W), ) :=
= (L5 (M1, F,W),urg), T (K, W), D(a)

together with the canonical map

F)/gdg(((Mlv F, W), uIJ)v (Ka W)v a) :

5% (Mr, F W), urp), (K, W), ) = (M7, EW), ur), (K, W), ).
(i)’ By exactness of ngg and T it induces the functor

5% : D(MHMgp p.c,(S)) = D(MHMqn 1.c,(S)),
(((Mlv Fv W)a uIJ)v (Ka W)v a) = ngg(((Mlv Fv W)a uIJ)v (Ka W)7 a)
(ii) We define using definition 61, definition 8 and definition 84(iii) the dual filtered Hodge support
section functor
F}7Hdg : C(MHM(JW7/€7CP (S)) - C(MHqu,k,Cp (S))v (((M17 F, W)v uIJ)v (K7 W)v O‘) =
Ly (M, F W), urg), (K, W), 0) = (D9 (M, B, W), ugp), T (K, W), Da)),

together we the canonical map

VzﬁHdg(((vaFv W),UIJ), (Kv W),Oé) :

(((Mlv Fv W)a uIJ)v (Ka W)v a) - Fédeg(((va Fv W)a uIJ)a (K7 W)5 Oé).
(i)’ By exactness of Fé’Hdg and T',", it induces the functor

UM% . D(MHMym k.c,(S)) = D(MHMgn 1.c,(S)),
(((Mla Fa W)v UIJ), (Ka W)v a) = Fédeg(((Mlv Fv W)a uIJ)v (Ka W)7 a)

= (FéﬁHdg((Mla F, W)v uIJ)v Féﬁw(Ka W)v F(a))

This gives the inverse image functor :

Definition 90. Let f: X — S a morphism with X, S € Var(k). Assume there exist a factorization f :

XLyxs2 SwithY e SmVar(k), I a closed embedding and ps the projection. Let S = Ujer an open

cover such that there exist closed embeddings i : S; — S; with S; € SmVar(k). Denote X1 := f~1(S;).
We have then X = U;c1 X; and the commutative diagrams

f:XILYXS[&S[

\ ii}:_(lxi{) li}

ps,=:fr
Y x S[ E—— S[

(i) For (Mg, F,W),ury), |, W),a) € C(MHMgy r,c,(S)) we set (see definition 89 for 1)

f;{’rg;d(((Mlu F7 W)7 U]J), (Ku W)7 CY) =
LR (g My, W), p " ), p (K, W), psa) (dy)[2dy] € C(MH Mgy g, c, (X)),
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(ii) For (M7, F,W),urs), (K, W), o) € C(MHMgp, rc,(S))) we set (see definition 89 for 1)
fﬁlﬁgd(((Mquu W)?’“IJ), (K7 W),Oé) =

smod|[— smod|[— * *
FX)Hdg((pgl [ ](vaFv W)7p§I [ ]UIJ)va(Kvw)vaO‘) EC(MHqu;k;Cp(X))v

Definition 91. Let S € Var(k). Let S = Uier an open cover such that there exist closed embeddings
1:8; — S; with S; € SmVar(k). We have the following bi-functor

(=) @629 (=) : DIMH Mg g, (5))* = DIMH My 1., (5)),

Os
(((MIvFv W)vuIJ)v (K7 W)va)v (((M}=F7 W)vva)v (Klv W)va/) =
(((MIvFv W)vuIJ)v (Ka W)va) ®ggg (((ijFv W)vva)v (K W)val) =

((M17F7 W)quJ) ®ggq ((M;7F7 W)7UIJ)7 (Ku W) ®L,w (Klu W),CY & O/)

where the map a ® o' is given in definition 84.

Proposition 52. Let f1: X =Y and fo: Y — S two morphism with X,Y,S € QPVar(k).
(i) Let M € C(MHMgy, rc,(S))). Then,

(f20 f1)!HU9 (M) = f17199 (1199 (M) € D(MH Mg 1..c, (X)).

(ii) Let (M, F,W) € C(MHMqyprc,(S))). Then,
(f20 f1) 99 (M) = ;79 £31199 (M) € D(MH Mgy ¢, (X))

Proof. Immediate from definition. O

Proposition 53. Let S € SmVar(k). Let D = V(s) C S a (Cartier) divisor, where s € T'(S,L) is a
section of the line bundle L = Lp associated to D.

(i) Let (M, F,W),(K,W),a) € MHM gy xc,(S). We have, using proposition 38, the canonical quasi-
isomorphism in C(MHMgy k.c,(S)) :

Is(M):= (Is(M),Is(K),0) :
((c(z50/5(M)),can(M)),(c(x(K)),can(K)),0)

(M, F,W),(K,W),a) = (Yp((M, F,W), (K,W),«a)
:ESD/S((Ma Fa W)v (Ka W),OZ) & ¢D((M7 Fv W)a (K7 W),Oé) i>
(ISO/S(Mv F, W)aISO/S(Kv W)aISO/S(a)) @ (¢D(Ma F, W)v(bD(Kv W)a d)DQ)
((De(zgo,s(DM)),var(M)),(De(zgo 5 (DK)),var(K)),0) 1/)D((M, F, W), (K, W),a))

(ii) We denote by MHM gy r.c,(S\D) x g MHMgy, r.c,(D) the category whose set of objects consists
of
{(M,N,a,b), M € MHMgp ic,(S\D),N € MHMgp ic,(D),a: pp1M — N,b: N = ¢p1 M}
The functor (see definition 85)

(j*,(bD,C,U) : MHqu7k7(cp(S) — MHqu7k7(cp(S\D) XJ MHqu,k,(Cp(D)a
((Mv Fv W)a (Kv W)aa) = ((.]*(Mv Fv W)a.]*(Kv W),j*oz), ¢D((Ma Fa W)v (Ka W)va)vcan(_)vvaT(_))

is an equivalence of category.
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Proof. Follows from proposition 38. o

Let S € Var(k). Let S = U,;esS; an open cover such that there exists closed embeddings i; : S; < S;
with S € SmVar(k). We have the category Dp1,0)i,rn(S/(S1)) X1 Dz, fit,e,k (S)

e whose set of objects is the set of triples {(((My, F,W),urs), (K, W),a)} with
(M, E,W),ury) € DD(l,O)fil,rh(S/(Sl))a (K,W) € Dy, fit,c.1(S),
o By 5 (K, W) = FODR(S)N((My, F, W), 1)) 90, (OB, 5, F), t1))
where « is a morphism in DBdT7G7fﬂ(Sg:’pet/(g}l?dfet)),
e and whose set of morphisms consists of
¢ =(¢p, 90, [0]) : (Mar, F, W), urg), (Ki, W), 1) = (Mar, F, W), ury), (K2, W), a2)

where ¢p : (M1, F,W),ur;) = (M2, F,W),ury) and ¢¢ : (K1,W) — (K2, W) are morphisms
and

0 = (6°, I(DR(S)(¢}') x I) o I(an), I(a2) 0 I(By, 5,)(¢c ®I))) :
I(By, 5,y (K1, W))[1] = I(F°DR(S)(((Mar, F, W), ur;)™ ®os (OB, g,, F),tr,)))

is an homotopy, I : ngmg,ﬁl(S’g:’pet/(g}lfcfet)) — KBdT7G7fil(Sg:’pet/(g?fc’fet)) being the injective
resolution functor, and for

—¢= (¢Da¢07 [9]) : (((M117F7 W)vufJ)v (Kle)val) - (((M217F7 W)vufJ)v (K27W)7a2)
- (b/ = ( /D= IC= [9/]) : (((M217F7 W)vufJ)v (KQvW)70‘2) — (((M317F7 W)vuIJ)v (K37W)7O‘3)

the composition law is given by
¥ 06 = (8 0 90, 0o 0 b0, IDR(S)(GE" © 1)) o 6] + 0] 0 I(By 5, (60 1] :
(((Mllv Fv W)a uIJ)v (Klv W)a 041) — (((M317 Fv W)a uIJ)v (K37 W)5 043),
in particular for (M, F,W),ury), (K,W),a) € CD(LO)ﬁMh(S/(S})) X7 szfi[)c)k(set),

Iy W) ur ) (5 W),a) = (U )s Ik, 0),

and also the category Dp(lyo)fumhyoo(S/(S’I)) X1 Dz, fil,c,k(S") defined in the same way, together with
the localization functor

(D(zar),I) : CD(1,o)fu,rh(5/(§1)) X1 Diter(S) — DD(Lo)fu,rh(S/(gI)) X1 Dfirer(S)
— Dp(1,0)fitrh,0(S/(S1)) X1 Dyit, e (S).

Note that if ¢ = (¢D7 (bc, [9]) ~ (((Ml,F, W),U]J), (Kl, W), 041) — (((MQ, F, W), UIJ), (Kz, W), 042) is a
morphism in Dp 1,0y i, rn(S/(S1)) X1 szfil’c,k(S’et) such that ¢p and ¢¢ are isomorphism then ¢ is an
isomorphism (see remark 8). Moreover,

o For ((M;,F,W),uzs),(K,W),a) € Dpg.0)rit,rn(S/(S1)) X1 Dz, fit.e(S°), we set
(M, E W) upg), (K, W), a)[1] = (M5, F, W), upg)[1], (K, W)L, af1]).
e For
¢ = (¢p,0c,[0]) : (Mir, F, W), upg), (K1, W), on) = ((Mar, F, W), urs), (K2, W), a2)
a morphism in Dp(y 0 fir.-4(S/(S1)) X1 Dz, fit,e.i(S), we set (see [11] definition 3.12)
Cone(¢) := (Cone(¢p), Cone(¢c), ((a1,6), (@2,0))) € Dp(1,0)fit,rn(S/(S1)) X1 Dz pit,e e (S),

((a1,0), (a2,0)) being the matrix given by the composition law, together with the canonical maps
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= ci(=) = (a(¢p), c1(pc), 0) : (Mar, F,W),ury), (K2, W), az) — Cone(¢)
— c2(=) = (c2(¢p), c2(dc), 0) : Cone(¢) — (M1, F, W), ury), (K1, W), an)[1].

We have then the following :

Theorem 46. (i) Let S € Var(k). Let S = U;c1S; an open cover such that there exists closed embed-
ding i; : S; — S; with S; € SmVar(k). Then the full embedding

ts : MHMgm k¢, (S) = PShy 1 o) rirrn(S/(S1)) X1 Pr, it k(S%) = Cpr,0)piten(S/(51)) X1 Da, fit,e x (S°)
induces a full embedding
15t D(MH Mg k.c,(S)) < Dpgoypimn(S/(S1)) X1 Dz, fit,er(S%)

whose image consists of (My, F,W),urs),(K,W),«a) € DD(l)Q)fi[)rh(S/(g[)) X1 Dz, fit,e.(S)
such that
(H" (M, F,W),H" (ur)), H"(K,W),H" o) € M HM gy 1..c,(S)

for alln € Z and such that for all p € 7Z, the differentials of G}y, (Mr, F') are strict for the filtrations
F.

Let S~€ Var(k). Let S = U;erS; an open cover such that there exists closed embedding i; : S; — 5‘1
with S; € SmVar(k). Then,

(1)

D(MH My, .c,(S)) =< (/fFDR(n X D1t1ag (T (Opnroe g, F)y w10)(d), REZE xor, fra(X)),
(f: X L PVexS2 S)eQPVar(k), de Z >

=< (AFDR<(F§Hd9<OpN,OXg,,Fb>, w17)(d), RfuZyxet, fro(X)),

(f: X LpNexgs? S) € QPVar(k), proper, X smooth >

C Dp(1,0)£it,rn(S/(S1)) x1 Dz, fit,er(S)

where n : PN© < PN are open embeddings, | are closed embedding and <,> means the full trian-
gulated category generated by and (—) is the shift of the F-filtration.

(i) Let S € Var(k). Let S = UierS; an open cover such that there exists closed embedding i; : S; — S;
with S; € SmVar(k). Then the full embedding

ts : MHMgm k¢, (S) = PShy 1 o) pirrn(S/(S1)) X1 Pr, it k(%) = Cpr0)piten(S/(51)) X1 Dz, fit.e x (S°)
induces a full embedding
ts : D(MH Mg i.c,(S)) = Dp(1,0)fit,00,n(S/(S1)) X1 Dz, fit,c x(S)

whose image consists of (My, F,W),ury), (K, W),«) € D’D(l)o)fil)oo)rh(s/(g[)) X1 Dz, itk (S)
such that
(H" (M, F,W),H" (urs)), H"(K, W), H" o) € M HM gy 1..c,(S)

for alln € Z and such that there existr € Z and an r-filtered homotopy equivalence (M, F,W),urs) —
(M7, F,W),ury) such that for all p € Z the differentials of G}, (M}, F) are strict for the filtrations
F.
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Proof. (i): We first show that g is fully faithfull, that is for all M = ((My, F, W), ury), (K,W),a), M’ =
(M7, E,W),urg), (K'\ W), ') € MHM g i.c,(S) and all n € Z,

LS : EXt%(MHMgm,k,cp (S))(M,M/) = HOIHD(MHMgm,k cp (S (M M’[?’L])
- EXt%(S) (M, M) = HomD(S) =Dp1,0)fit.rh (S/(S1)) X1 Dyir (5¢t) (M, M'[n])

For this it is enough to assume S smooth. We then proceed by induction on max(dim supp(M ), dim supp(M”)).

e For supp(M) = supp(M’) = {s}, it is the theorem for mixed hodge complexes or absolute Hodge
complexes, see [11]. If supp(M) = {s} and supp(M’) = {s'} and s’ # s, then by the localization
exact sequence

EXt%(MHMgm,k,Cp(S))(M7MI) =0= Ext%(s) (M,MI)

e Denote supp(M) = Z C S and supp(M’) = Z' C S. There exist an open subset S° C S such that
Z° := ZNS° and Z'° := Z'NS° are smooth, and M, z0 = ((* Gry,e,0 M go, F,W),i* j*(K,W),a*(i)) €
MH Mg x(2°) and M{ ,,, := (i Gry,,, 0 Mgo, F,W),i"j* K, a*(i")) € MHMgp, (Z'°) are vari-
ation of geometric mixed Hodge structure over k C C, where j : S° — S is the open embedding,
and i : Z° < §°, i’ : Z'° < §° the closed embeddings. Considering the connected components
of Z° and Z'°, we way assume that Z° and Z "o are connected. Shrinking S if necessary, we may
assume that either Z° = Z'° or Z°NZ'° = (), We denote D = S\ S°. Shrinking S° if necessary, we
may assume that D is a divisor and denote by [ : S < Lp the zero section embedding.

— If Z° = Z'°, denote i : Z° < S° the closed embedding. We have then the following commu-
tative diagram

Lgo

EXt%(MHMgm,k,CP (5°)) (M‘So, MTSO) EXt%(So) (M\Soa MTSO)

(i* GrVZO 1077:*701* (i))I(iﬂwnodvi* s Ok (Z)) (i*mOdvi* s Ok (Z))I(Z* GrVZO v07i*7a* (7‘))

Lzo

EXtD (M oMy 1 e, (22)) (Mz0s M 20) Extpz0y(M]z0, M)

Now we prove that tz. is an isomorphism similarly to the proof the the generic case of [6]. On
the other hand the left and right colummn are isomorphisms. Hence tgo is an isomorphism by
the diagram.

—Ifzenze = (), we consider the following commutative diagram

Lgo

EXt%(MHMgm,k,\CP (So)) (M|So, Miso) EXt%(SD) (M|So’ MiSO)

(@ GrVZD,Ovi*1a*(i))1(i*modvi*ya*(i)) (i*modyi*ya*(i))i(i* Grvyo,0,8",0" (1))

ExXtharmn,, e, (20)) (Mze,0) =0 Extf(z0)(M|z0,0) =0

where the left and right column are isomorphism by strictness of the Vzo filtration (use a
bi-filtered injective resolution with respect to F' and Vz. for the right column).

e We consider now the following commutative diagram in C(Z) where we denote for short H :=
D(MHM g k., (S))

H m(—, M —,ad p M
0 —— Hom?y (1749 pq, D9 22 Qe (s g Rop 2200 Ll O g 5o vopgny g

Hdg Hom(—,ad (5", g
00— Hom'D(S)(I‘V quM FHquT (,) - HO)mD(S)(FV quM J 9) itk ]ﬁd )%\?S)))(Fé’HdgMaj*Hdgj*MI) —0
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whose lines are exact sequence. We have on the one hand,
Hom®b vrra,, yc, (S))(FVD’HdgMaj*Hdgj*M/) =0 = Homp g, (CHT9M, jurrags* M)
On the other hand by induction hypothesis
Lg Hornb(MHMgm,k’Cp(S))(FE’H@M, ngg./\/l/) — Hom'D(S)(Fé’HdgM, ngg./\/l/)
is a quasi-isomorphism. Hence, by the diagram
vs  Homb sy, e sy (TD 99 M, M) = Homs, ) (T 599 M, M)
is a quasi-isomorphism.

e We consider now the following commutative diagram in C(Z) where we denote for short H :=

D(MH Mg .c, (S))
Hom(y ) #49(Mm Hom(ad(j:
0 Hom}I(I‘\g’HdgM, Y gl H)omH M, MIP)(M ﬁomH()jugdqj M M)——0
\LLS Ls Ls
Hom(’yv Hdg (4

Homﬁad(]deg ,ﬁ)(/‘/ov )

0 —— Homs) (™ M, MY —>ﬁomD(S)(M omp gy (j1adgj* M, M') —=0

whose lines are exact sequence. On the one hand, the commutative diagram

%

b ; sk J [ + % <k
HomD(MHMgm,k,cp(S))(J!Hdgj M, M) —>H0mD(MHMgm,k,CP(So))(J M, j* M)

\LLS lLso
-

HOHl.D(S) (j!Hdgj*M,MI) HOHl.D(So) (j*M,j*MI)

together with the fact that the horizontal arrows j* are quasi-isomorphism by the functoriality
given the uniqueness of the Vg filtration for the embedding [ : S < Lp, (use a bi-filtered injective
resolution with respect to F' and Vg for the lower arrow) and the fact that tgo is a quasi-isomorphism
by the first two point, show that

vs s Homb nrpn,,, o e (5)) (tagd ™M, M) = Homdy g (jrragi™ M, M)
is a quasi-isomorphism. On the other hand, by the third point

vs : Homp nrpasy,, vc, snTp B9 M M) — Hom3, ) (I'p B9 M, M)
is a quasi-isomorphism. Hence, by the diagram

vs : Hombarpag,, o o, s (L7 ™M, M) = Homy g (IS M, M)
is a quasi-isomorphism.

This shows the fully faithfulness. We now prove the essential surjectivity : let
(M7, W), urg), (K, W), ) € Cp(1,0)pirrn(S/(S1)) x1 Cpan(S)

such that the cohomology are mixed hodge modules and such that the differential are strict. We proceed
by induction on card{n € Z} , s.t. H" (M, F, W) # 0 by taking for the cohomological troncation

TS"(((MI,F,W),UU),(K,W),a) = (( (M, F,W), < "urg), T (K w), < ")
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and using the fact that the differential are strict for the filtration F' and the fully faithfullness.
(i):Follows from (i).
(ii):Follows from (i).Indeed, in the composition of functor

vs : D(MH Mgy, 1.c,(S)) = Dp.0)itrn(S/(51)) X1 Dz, fit,e x (5)

— Dp(1,0) fit,00,rh (S/(S1)) X1 Dz, fit,c.1(S)

the second functor which is the localization functor is an isomorphism on the full subcategory

DD(LO)fu,rh(S/(gI))St X1 Dz, it,e(S) C DD(l,O)fil,rh(S/(gl)) X1 Dz, fit,e.u(S)

constisting of complex such that the differentials are strict for F, and the first functor tg is a full
embedding by (1) and Ls(D(MHqu7k7(cp (S))) C DD(l,O)fil,rh(S/(Sl))St X1 szfil,c,k(sﬁ). O

Definition 92. Let f : X — S a morphism with X, S € Var(k). Assume there exist a factorization
X LY xS 2, Swithy e SmVar(k), | a closed embedding and ps the projection. LetY € PSmVar(k)
a smooth compactification of Y with n : Y < Y the open embedding. Then f : X 4 Yxg P5, Sisa

compactification of f, with X CY xS the closure of X and [ the closed embedding, we denote by
n' : X — X the closed embedding so that f = fon'.

(i) For (Mg, F,W),ury),(K,W),a) € C(MHMgm rc,(X)), we define, using definition 65 and the-
orem 46,

Hdg

Rf*Hdg(((MI,F, W);UIJ)v (K, W)va) = Lgl(/f ((vaFv W)’uIJ)’Rf*“’(K’ W)’ f*(a))
€ D(MH Mgy 1.c,(5))

where fi(a) is given in definition 84, and since

— by definition
~ FDR ~
Hl(/, Griy (3 1)wrrag (M1, F, W), urs), Rf. Griy nl, (K, W), Gty f.a) € HMgm ¢, (S)
7

foralli, k € Z, hence by the spectral sequence for the filtered complezes f;DR(an)*Hdg((MI, W), ury)
and Rf.n!, (K, W)

) Hdg
GrI;VHZ(/ ((M],F,W),’U,[J),Rf*w(K,W),f*a) =
f
FDR

((MI,F, W),’LL[J),GIJ&/ HlRf_*n;w(Ka W)vGrIIiV Hlf*a) € HMgmakap(S)

f

(GrY, Hl/

this gives by definition Hi(ijdg((MI,F, W), urg), Rfew (K, W), fu(a)) € MH Mg 1.c,(S) for

all i € Z.
- Hdg((MI,F, W), ury) is the class of a complex such that the differential are strict for F by
téeorem 87 in the complex case.
(i) For (Mr, F,W),uzy), K, W),a) € C(MHMgp rc,(X)), we define, using definition 64 and the-
orem 46,

Hdg
Rfirag(Mp, F,W),urg), (K, W), a) = LEI(/ﬂ (M, E,W), urg), B fu (K, W), fi(a))
€ D(MHMg 1.c,(S))

where fi(a) is given in definition 84, and since
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— by definition

FDR
Hl(/f Grfy (n x Iigag(Mr, F,W),urs), Rf. Grly niy, (K, W), Grly fia) € HMgm 1.c, (S)

foralli, k € Z, hence by the spectral sequence for the filtered complezes ffFDR(an)!Hdg((MI, W), ury)
and Rf.n), (K, W)

) Hdg
Grly 1 [ (M1, o W)ur.) Rk, i) =
f!
FDR o ]
(n X I)!Hdg((MIa Fa W)v U[J), GrlliV HZRf*nfw(Kv W)a Grlé[/ Hlf!o‘) € HMgm-,k-,Cp (S)

f

(Grf, Hlf

Hdg

this gives by definition H'( e

alli € Z.

- Ifdg((MI,F, W), ury) is the class of a complex such that the differential are strict for F by
t}fbeorem 37 in the complex case.

((M17F7 W)vufJ)va!w(Kv W)vf!(a)) € MHqu,k,Cp(S) for

Proposition 54. Let f1 : X =Y and fo: Y — S two morphism with X,Y,S € QPVar(k).
(i) Let M € C(MHMgyy, rc,(X)). Then,

R(f20 f1)299(M) = Rf1RFI(M) € DIMHMgp i, (9)).
(ii) Let M € C(MHMgy, rc,(X)). Then,
R(f20 f1){%(M) = Rfy{“Rf ][ (M) € DIMHMgp .c,(S))

Proof. Immediate from definition. O

Let £ € K C C, a subfield of a p-adic field K. Definition 90, definition 92 and gives by proposition
52 and proposition 54 respectively, the following 2 functors :

e We have the following 2 functor on the category of algebraic varieties over k C C,
D(MHM g kc,(-) : QPVar(k) — TriCat, S +— D(MHMgm kc,(5)),

(f: T —S)— (fH% . (M1, F,W),ury), (K,W),a) —
f!Hdg(((vaFv W)vuIJ)v (Ka W)va) = ( ;;le;d(((MIvFv W)vufJ))a f!w(Kv W)a f!a))'

see definition 62 and definition 84 for the equality.
e We have the following 2 functor on the category of quasi-projective algebraic varieties over k C C,

D(MHMgp ic, () : QPVar(k) — TriCat, S — D(MH Mg 1.c, (S)),
(f:T—=8)r— (f*Hdg (M1, F W), upg), (K7 W), a) — Rf*Hdg(((vaFv W)vuIJ)v (K7 W), a)).

e We have the following 2 functor on the category of quasi-projective algebraic varieties over k C C,

D(MHMgm,k,Cp(')) : QPVar(k) — TriCat, S+ D(MHMgmﬁkﬁcp (S)),
(f T — S) — (f!Hdg : (((MI,F, W))v (Ka W)va) = f!Hdg(((MlvFv W),UIJ), (Ka W)va))
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e We have the following 2 functor on the category of algebraic varieties over k C C,

D(MHM g rc,(-)) : QPVar(k) — TriCat, S+ D(MHMgm kc,(5)),

(f : T — 8) — (f'H99 . (My, F,W),urs), (K,W),a) —

f*Hdg(((Mlv F, W)? ulJ)? (Ka W)? a) = ( Igilzl_gd(((va F, W)v uIJ))u f*w(Kv W)a f*a))

see definition 62 and definition 84 for the equality.
Proposition 55. Let f: X — S with S, X € QPVar(k). Then
(i) (f*Hd9, Rffdg) : D(MHM g kc,(S)) = D(MHMgm kc,(X)) is a pair of adjoint functors.
— For (((M[, F‘7 W), UIJ), (K, W), a) S C(MHMgmﬁkﬁcp (S)),

ad(f*Hdgv RfHdg)(((M17 F, W)v uIJ)? (Ka W)? a) =

*

(ad(fgg;dvafdg)((Mva W)vufJ)vad(f*quf*w)(Kv W)) :

(My, F, W), ugg), (K, W), a) — RfE9 FHI9 (M, F,W),ury), (K, W), a)
is the adjonction map in D(MH Mgy, k.c,(S)).
— For (N1, F,W),uz;),(P,W),B) € C(MHMqyp rc,(X)),
ad(f*Hdgv Rffdg)(((va F, W)v uIJ)? (P7 W)v B) =
(ad(fiae?, RE) (N1, F,W),urg), ad(f*, R faw) (P,W)) -

g *

FHABYREA((N1, FE,W),urg), (P,W), B) = (N1, E, W), urg), (P, W), B)
is the adjonction map in D(MHMgm k., (X))
(ii) (Rf™, fH19) . D(MH Mg e, (X)) = D(MHMyp i.c,(S)) is a pair of adjoint functors.
— For (M, F,W),urs), (K, W),a) € C(MHMgpn,kc,(5)),
ad(Rf, fH99)(Mr, FLW), ), (K, W), @) =

(ad (57320, RIF9)(My, F, W), ), ad (%, R fio) (K, W)) -
R fHY(My, W), urg), (K, W), @) = (M, W), urg), (K, W), @)
is the adjonction map in D(MH Mgy, k.c,(S)).
— For (N, F,W),uz;),(P,W),B) € C(MHMqyy rc,(X)),
ad(Rf™, fH (N1, F W), ury), (PW), ) =
(ad(fi7g", BRI (N1, FW)s 1), ad (1, R ) (P,W))
(N1, E.W),urg), (PW), B) = fHORFI (N7, W), urg), (PW), )
is the adjonction map in D(MH Mgy, 1.c,(X)).

Proof. Follows from proposition 51 after considering a factorization f : X — ¥ x § 2% § with ¥ €
PSmVar(k). O

Theorem 47. Let k C C, a subfield.
(i) We have the siz functor formalism on D(MH Mgy, .c,(—)) : SmVar(k) — TriCat.
(ii) We have the siz functor formalism on D(MH Mgy, r.c,(—)) : QPVar(k) — TriCat.
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Proof. Follows from proposition 55. o

We give the following version (where the De Rham cohomology is twisted by the p-adic periods) of
the syntomic complex of a p adic analytic space and the syntomic cohomology class of an algebraic cycle
of a p adic algebraic variety.

Definition 93. (i) Let K a p adic field. Let X € AnSm(K). We have for d € Z the syntomic complex

(i)

(iii)

(i)

Zgyn.x(d) := (Zp x (d) = DR(X)(OBy, x, F)/F%) € C(X*)
Let D C X a normal crossing divisor. We have for d € Z the Deligne complexes
Zsyn,(X,D) (d) = (ZX (d) — DR(X)(OBdT,X (log D)a F)/Fd) € O(Xet)
and
Zsyn,(x,0)(d)" := (Zx(d) = DR(X)(OBjny,x (D), F)/F?) € C(X).
Moreover we have as for Deligne complexes canonical products
= (=) (=) Zsyn,(x,0)(d) @ Zsyn,(x,0)(d") = Zp,(x,p)(d + d)
- (_) ! (_) : Zsyn,(X,D) (d)v ® Zsyn,(X,D) (d/)v — Zsyn,(X,D) (d + d/)v
Let K a p adic field. Let X € AnSm(K). We have for d € Z the syntomic (cohomology) complex
Ceyn(X,2(d)) := Cone(I'(X, Ect(Zyp,x)) © T'(X, FdEet(DR(X)(OIB%dr,X, F)))
— (X, Ea(DR(X)(OBy, x, F)))) € C(Zy)

Let D C X a normal crossing divisor. Denote U := X\D. We have for d € Z the syntomic
(cohomology) complexes

C2,. (X, D), Z(d)) := Cone(I(X, Eet(Zp,x)) ® [ (X, F?Et(DR(X)(OByr x (log D), F)))
= D(X, Eet(DR(X)(OBar, x (log D), F)))) € C(Zy)

and
Cs'yn(X, D,Z(d)) := Cone(I'(X, Eet(Zp,x)) ® T'(X, FdEet(DR(X)(OIB%dT,X(D), F)))
= T'(X, Eet(DR(X)(OBayr,x (D), F)))) € C(Zy).

Let k C K an embedding of a field of characteristic zero into a p adic field. Let X € PSmVar(k).
We have, for k € Z and d € Z, the syntomic cohomology

H{, (X380 2(d)) = HE (X, Zx sy (d) = HYCS,, (X1, D, Z(d))

syn syn

Let U € SmVar(k). Let X € PSmVar(k) a compactification of U with D := X\U a normal crossing
divisor. We have, for k € Z and d € Z, the syntomic cohomology

HE (U Z(d)) :=HX, Zxan per),syn(d)) = H*CS,,, (X3, D§), Z(d))

syn

and

HE,(X,D,Z(d)) :== H* (X", Z(xen psn),syn(d)) = H*CS,, (X3, DI Z(d)).

syn syn

Letk C K C C, an embedding of a field of characteristic zero into a p adic field. Let U € SmVar(k).
Let X € PSmVar(k) a compactification of U with D := X\U a normal crossing divisor. We define
the Deligne cohomology of a (higher) cycle Z € Z4(U,n)?=° by

[Z]syn = Im(HQd_n(Vsupp(Z))([Z]))v

H* (Youpp(2)) * Hayy o2y (XE0 Lxgr pgn () = B2, ™ (XE, Zxgr pan (d))

with supp(Z) := px (supp(Z)) C X, where supp(Z) C X x O" is the support of Z.
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(v) Let k C K an embedding of a field of characteristic zero into a p adic field. Let U € SmVar(k). Let
X € PSmVar(k) a compactification of U with D := X\U a normal crossing divisor. We have for
d € Z the morphism of complexes

REy : 24U, 0) = C3,,(X&", DE", Z(d)), Z = RG(Z) := (T7,97, Ry)

syn
which gives for Z € Z4(U,n)?=0,
[RG(2)] = [Z]syn € HZ " (U], Z(d))

Let K a p adic field. Let f : X — S a morphism with S, X € AnSm(K). We have for d € Z the
canonical morphism of Deligne complexes

(ad(f*, f)(Zp,5), 3 : Lsyn,s(d) = fusyn.x (d)

which induces after taking the canonical flasque resolution of the syntomic complexes the morphism in
C(Zy)
fr= (15 000)") : O3y (S, Z(d)) =
Cone(I'(S, Eei(Zp,s)) @ T'(S, FdEet(DR(S)(OBZ‘nf)S, F))) = (S, Ec.(DR(S)(OBgy.,s, F))))
— O (X, Z(d)) =

Cone(T'(X, Bt (Zp x)) ® T(X, FE(DR(X)(OBins.x, F))) < T(X, Eet(DR(X)(OBg,. x, F))))

where 6(f)" is the homotopy in the morphism in D (k)®;D(Z,) (where here the comparaison morphisms
a are in D, ¢ ru(K) instead of Dy, . ri(Cp))

(f*, f5,00f)") : (T(S, Bt (DR(S)(OBay,s, F))), (S, Eet(Zy,s)), (S))
= (D(X, Eet(DR(X)(OBar,x, F))), T(X, Eet(Zp,x)), (X)),
which induces in cohomology for n € Z, the morphisms of abelian groups

[ HY (S, Z(d)) — H2 (X,Z(d)) ;

we get dually,
Je= (f*af*,e(f)) :
Cone(T'(X, Eet(an))v 5> FdP(X, Eet(DR(X)(OBdT)X, F)))v — I'(X, Eet(DR(X)(OBdT)X, F)))v)
— COHG(F(S, Eet (Z;&S))V S FdF(Sa Eet (DR(S)(OBdT,Sv F)))v — F(Sa Eet (DR(S)(OBdT,Sv F)))v)

where 6(f) is the homotopy in the morphism in D ;; (k) @7 D(Z,) (where here the comparaison morphisms
« are in DIBdT,G,fil(K) instead of DIBdT,G,fil(Cp))

(fe f, 0(1)) : (T(X, Eet(DR(X)(OBar,x, F)))", D(X, Eet(Zp,x)) ", (X))
- (F(Sv Eet(DR(S)(OBdT,Sa F)))v7 P(Sv Eet(ZP,S))v7 a(S))7
which induces in homology for n € Z, the morphisms of abelian groups
fot Hysyn (X, Z(d)) = Hay,syn (S, Z(d)).
Theorem 48. Let k C C, a subfield.

(i) Let U € SmVar(k). Denote by ay : U — pt the terminal map. Let X € PSmVar(k) a compactifica-
tion of U with D := X\U a normal crossing divisor. The embedding (see theorem 46)

v: DIMH Mg .c,({pt})) = Dya(k) x1 D(Zp)
induces for k € Z and d € Z, canonical isomorphisms
WavagZi ) - H(anagZi ) = HE,, (X&", D&, Z(d)), and

WavsmagZy ™) H¥(av.nagZg*) = HE,, (UE" Z(d)).

syn
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(ii)

(iii)

(i)

Let h : U — S and b/ : U — S two morphism with S,U,U" € SmVar(k). Let X € PSmVar(k)
a compactification of U with D := X\U a normal crossing divisor such that h : U — S extend to
f:X = S. Let X' € PSmVar(k) a compactification of U' with D' :== X'\U' a normal crossing
divisor such that ' : U' — S estend to f' : X' — S. The embedding v : D(MH Mgy, 1.c,(pt)) —
Dyy(k) x1 D(Zyp) (see theorem 46) induces for k € Z and d € Z a canonical isomorphism

L(QU’XSU!Hngg/d;ZSU) : Homp(vm g, e, (5)) (hunmagZi™ , hunmagZi® (d)[k])
RI(—,—)
——— Hompam,,, ., (pt))(ZﬁdQ, aU/st!Hngg/dfsU(d) [k]) = Hk(aU/st!Hngg,dfsU(d))

= Hp (X' xs X)E, (X xs U)U (U’ x5 X))&", Z(d)).

Let U € SmVar(k). Let X € PSmVar(k) a compactification of U with D := X\U a normal crossing
divisor. For [Z] € CHY(U,n) and [Z'] € CHd/(U7 n'), we have

([2) - [Z)syn = [Z)syn * |2 syn € HX 2 =277 (Ugn 7(d + d))

where the product on the left is the intersection of higher Chow cycle which is well defined modulo
boundary (they intersect properly modulo boundary) while the right product of Deligne cohomology
classes is induced by the product of Deligne complexes (=) - (=) : Zgyn,(x,0)(d) @ Lgyn (x,py(d") =
Zsyn,(X,D) (d + d/)

Let h : U — S,p' : U — S, h : U" — S three morphism with S,U,U’',U" € SmVar(k). Let
X € PSmVar(k) a compactification of U with D := X\U a normal crossing divisor such that
h:U— S extend to f : X — S. Let X' € PSmVar(k) a compactification of U' with D' := X'\U’
a normal crossing divisor such that h' : U' — S extend to f' : X' — S. Let X’ € PSmVar(k) a
compactification of U' with D' := X'\U’ a normal crossing divisor such that b’ : U' — S extend to

f X' = 8. For[Z] € CHYU xg U',n) and [Z'] € CHY (U’ x5 U",n’"), we have
(12) 0 12 syn = [Z)syn © [Z)syn € HY " (U x5 U")E0, Z(d" = "))

where the composition on the left is the composition of higher correspondence modulo boundary while
the composition on the right is given by (ii).

Proof. (i):Standard.

(ii):Follows on the one hand from (i) and on the other hand the six functor formalism on the 2-functor
D(MHM g k,c,(—)) : SmVar(k) — TriCat (theorem 42) gives the isomorphism RI(—, —).
(iii):Standard.

(iv):Follows from (iii).

7

7.1

O

The algebraic filtered De Rham realizations for Voevodsky
relative motives over a field k£ of characteristic 0

The algebraic Gauss-Manin filtered De Rham realization functor

Let k a field of characteristic zero. Consider, for S € Var(k), the following composition of morphism in
RCat (see section 2)

with,

- sm e(S

&(S) : (Var(k)/S, Ovarry/s) 225 (Var(k)™™ /S, Ovag(ryom /5) 2 (S, Os)
for X/S = (X, h) € Var(k)/S,
Ovar(k)/s(X/9) == Ox (X),
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e (6(8)"0s(X/S) = Ovar(r)s(X/9)) == (h*Os — Ox).

and Ovar(k)ysm /5 1= P5+Ovar(k) /s, that is, for U/S = (U, h) € Var(k)*™ /S, Ovar(k)sm /s (U/S) := Ovar(ry/s(U/S) 1=
Ou(U)

Definition 94. (i) For S € Var(k), we consider the complexes of presheaves
Q9 := coker(Qoy,, ., s/e(8)0s * L(sy-05 = QZ)VM(WS) € Coq(Var(k)/S)
which is by definition given by

— for X/S a morphism Q4(X/S) = Q% s(X)
— forg: X'/S — X/S a morphism,

Qs(9) = Qxr/x) /(579 (X) 1 Q% s(X) = 9" Qxys(X) = Q%0 5(X)
w = Qxryx) 575X )W) == g" (W) : (@ € AT (X') = w(dg()))

(ii) For S € Var(k), we consider the complexes of presheaves
Q;S = pS*Q;S = COker(QOVar(k)sm/S/e(S)*Os : Q;(S)*Os — Qb\/ar(k)sm/s) S OOS (Var(k)Sm/S)
which is by definition given by

— for U/S a smooth morphism Q54(U/S) = Q7;,5(U)
— forg:U'/JS —U/S a morphism,

9;5(9) = Qv sys)(U) ij/s(U) — 9" Quys(U') — Q.U’/S(U/)
w = Qoo sys) (U (W) = g* (W) 1 (0 € AT (U”) = w(dg(e)))

Remark 9. For S € Var(k), Q94 € C(Var(k)/S) is by definition a natural extension of Q294 € C(Var(k)™™/S).
However Q4 € C(Var(k)/S) does NOT satisfy cdh descent.

For a smooth morphism h : U — S with S,U € SmVar(C), the cohomology presheaves H"Q'U/S of
the relative De Rham complex

DR(U/S) := Q5 := coker(h*Qg — Qu) € Ch-05(U)

for all n € Z, have a canonical structure of a complex of h*Dg modules given by the Gauss Manin

connexion : for S° C S an open subset, U° = h=1(S°), v € I'(8°,Ts) a vector field and & € QPU/S(U")C

a closed form, the action is given by

o —

7+ [w] = [(7)0w],
w € QF,(U°) being a representative of @ and 5 € I'(U°, Tyy) a relevement of vy (h is a smooth morphism),
so that
DR(U/S) = Q.U/S = coker(h*QS — QU) S Ch*Os,h*D(U)
with this h*Dg structure. Hence we get h.Q7; o € Cog p(S) considering this structure. Since h is a
smooth morphism, Q’[’J /5 are locally free Oy modules.

The point (ii) of the definition 103 above gives the object in DA(S) which will, for S smooth, represent
the algebraic Gauss-Manin De Rham realisation. It is the class of an explicit complex of presheaves on
Var(k)*™/S.

Proposition 56. Let S € Var(k).
(i) For U/S = (U, h) € Var(k)*™" /S, we have e(U).h*Q}¢ = Q7 5.
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(i) The complex of presheaves Q95 € Cos (Var(k)s™/S) is Al homotopic, in particular A' invariant.
Note that however, for p > 0, the complexes of presheaves Q°*=P are NOT A" local. On the other
hand, (g, Fy) admits transferts (recall that means Tr(S), Tr(S)* Q¢ = QPS)

(iii) If S is smooth, we get (294, Fy) € Cogrit,ps(Var(k)s™/S) with the structure given by the Gauss
Manin connexion. Note that however the Dg structure on the cohomology groups given by Gauss
Main connexion does NOT comes from a structure of Dg module structure on the filtered complez of
Ogs module. The Dg structure on the cohomology groups satisfy a non trivial Griffitz transversality
(in the mon projection cases), whereas the filtration on the complex is the trivial one.

Proof. Similar to the proof of [10] proposition. O

We have the following canonical transformation map given by the pullback of (relative) differential
forms:
Let g : T — S a morphism with T',.S € Var(k). Consider the following commutative diagram in RCat

P(g)

D(97 6) : (Va'r(k)sm/Tu OVar(k)Sm/T)

le(T)

(T7 OT)

(Var(k)sm/S, OVar(k)Sm/S)

P(g)

It gives (see section 2) the canonical morphism in Cy-og i (Var(k)*™ /T)
Q/(T/S) = Q(OVar(k)Sm/T/g OVar(k)sm/s)/(OT/g*Os) :
g*( /S’Fb) Q;*OVar(k)sm/s/g*e(S)*Os (Q/T’Fb) QOVar(k)Sm/T/e( T)*Or

which is by definition given by the pullback on differential forms : for (V/T) = (V, h) € Var(k)*™ /T,

. Qvyvy/rys)(V/T)
Q V/T): g*(Q5)(V/T) := 1 Q2 (U (V) =:Q%.(V/T
/sy (V/T) : g°( /s)( /T) (h':U—>SSII%gl/:V—>U,h,g) U/s( ) V/T( ) /T( /T)

© = Qv 9 (V/T) (W) = g™*w.
If S and T' are smooth, Q/(7/s) : g"(29g, Fy) = (7, Fp) is a map in Cy-05 fit,g«ps (Var(k)™™ /T) Tt
induces the canonical morphisms in Cy-og fi1,9+ pg (Var(k)*™ /T):

T(9,Bet)(255.Fs)
%

* . * . Eet (22 ) .
EQ sy 9" Eet (g, Fp) Eet(9" (g, Fy)) e Eet(Q97, Fy).

and

T(9,Ezar)(Q)5,Fp) E.ar(Q(1/5))
BN

EQ/(T/S) : g*Ezar(Q757Fb) Ezar(g*(Q;57Fb)) Ezar(Q;Tan)-
Definition 95. (i) Let g : T — S a morphism with T, S € Var(k). We have, for F' € C(Var(k)s™/5),

the canonical transformation in Coyra(T) :
T9(g,9,.)(F) : g™ Loe(S). Hom® (F, Eet (5, Fy))
= (9" Loe(S)Hom* (F, Ect(Q5, F}))) ©¢-05 Or

T(e,9)(—)oT(g,Lo)(-)

Lo(e(T)+g"Hom® (F, Eet (275, F)) ®g-05 Or)
T(g,hom)(F,Eet(Q;s))®I

Lo(e(T)«Hom® (g F, g" Eet (275, F})) ®g+05 Or)
ev(hom,®)(—,—,—)

Loe(T)-Hom® (9" F, " Eet (25, Fy) @gee(5)-05 (T)"Or)
Hom® (g* F,EQ ®I) o/ % °

g /(T/S) Loe(T)*Hom (g F‘7 Eet(Q/T7 Fb) ®g*e(5)*Os G(T) )

= Loe(T) Hom* (g* F, Ect (¥, Fy)
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where m(a ® h) := h.« is the multiplication map.

(ii) Let g: T — S a morphism with T, S € Var(k), S smooth. Assume there is a factorization g :

TLHYxS2 Swithy e SmVar(C), I a closed embedding and pg the projection. We have, for
F e C(Var(k)*™/S), the canonical transformation in Cop (Y x S) :

T(g,92,.)(F) : g™ e(S), Hom* (F, Eet (295, 1))
= P Bear (95" e(S). Hom® (F, Betr(Q) 5, Fp)))

T (ps,Q,.)(F) o x .
e L1 E.ar(e(T x S)Hom® (pg F, Eet(Q/Yxsv £)))

=5 (T % 8).Tp(Hom® (95 F, B (@5, F3)))
2o, o % §) Hom® (TYp5 F, Eut (Q0y 50 Fb)-
For @Q € Proj PSh(Var(k)*™/S),
T(9,Q)(Q) : g e(S). Hom®(Q, Eet (U5, Fy)) — e(T x S)xHom®* (L1p5Q, Eet(y s, Fb))
is a map in Coprup(Y x9).
Let S € Var(k). We have the canonical map in Cog sy (Var(k)*™/S)
st (g, Fo) ®os (275, Fp) = (g, Fy)

given by for h: U — S € Var(k)*™/S by the wedge product

° . w ) °
ws(U/S) : (5, F) @05 (W5, Fp) (U) ——— (5, F)(U)
It gives the map

et (ws)

- B
Ews : Eet(Q5, Fy) @05 Eet(Q 5, Fb) = Eet((Q)5, Fb) @05 (5, F1)) —— Eet(Q g, F)

If S € SmVar(C),
ws : (g, Fy) ®os (g, Fp) = (275, Fy)
isa map in Cosfil,Ds (Var(k)sm/S)
Definition 96. Let S € Var(k). We have, for F,G € C(Var(k)*™/S), the canonical transformation in
Cosra(9) :
T(2,9)(F, G) : e(S), Hom(F, B 5, Fy)) @0, e(S). Hom(G, Fur(0, Fy
=1 e(S). (Hom(F, B (g, F2)) ©05 Hom(G, Eet(, Fy)
e(8)«T(Hom,®)(—)

)
)
e(S)Hom(F @ G, Eet(Q7g, Fy) ®0s Eet(275, Fb))
HomPECENS), o(S) Hom(F @ G, Eet (5, Fy))
If S € SmVar(C), T(®,Q)(F,G) is a map in Cog i, p(S).
Definition 97. (i) Let S € SmVar(C). We have the functor

C(Var(k)*™ /8)% = Cofan(S), F s e(S) Hom®(L(ir.ji F), Eet(s, Fy))[~ds).
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(ii) Let S € Var(k) and S = UlizlSi an open cover such that there exist closed embeddings i; : S; — S;
with S; € SmVar(C). For I C [1,---1], denote by St := MicrS; and jr : S; — S the open embedding.
We then have closed embeddings iy : S; — Sy := I;c1S;. We have the functor

C(Var(k)*™ /S) = Corup(S/(S1)), F = (e(S)xHom® (L(irji F), Eer(Q5, Fo))[=dg, ], uf ;(F))
where
uf;(F)lds, ]« e(S1).Hom* (L(i1sji F), Bet ()5, b))

*mod

ad(p7y

200, pr gy ole(S1) Hom® (L(ireji F), Bar(5 )

pra«T (P15, )(L(i1+J7 F))

prre(Sy)Hom® (v} ;L(i1.j; F), Eet (5, Fb))

pIJ*6(5,7)*Hom(5q(D1J)(F),Eﬁt(ﬂ;’gr],Fb))

pry«e(Sy)Hom® (L(ijuj5F), Eet (Q

;SJ ) Fb)) .
For I C J C K, we have obviously prj«ujx(F)ours(F) = urx(F).
We then have the following key proposition

Proposition 57. (i) Let S € Var(k). Letm : Q1 — Q2 be an equivalence (A, et) local in C(Var(k)*™/.S)
with Q1,Q2 complexes of projective presheaves. Then,

e(S)«Hom(m, Eet(27g, Fy)) : e(S)sHom* (Q2, Eet ()5, F1)) — e(S)xHom® (Q1, Eet (275, F}))
is an 2-filtered quasi-isomorphism. It is thus an isomorphism in Dogfi,p,0o(S) if S is smooth.

(ii) Let S € Var(k). Let S =U._,S; an open cover such that there exist closed embeddings i; : S; — S;
with S; € SmVar(C). Let m = (mg) : (Qu1,575) = (Qa1,57;) be an equivalence (A',et) local in
C(Var(k)*™/(S1)°P) with Q11, Q21 complexes of projective presheaves. Then,

(e(gl)*%om(mlu Eet(Q;Sla Fb))) :
(e(S1).Hom®(Qar, Ea (235, Fb)), urs(Qar, s35)) — (e(Sr). Hom® (Qur, Ba(Q35,, Fy)), urs(Qur st 7))

is an 2-filtered quasi-isomorphism. It is thus an isomorphism in Dog i, D,00((S1))-
Proof. Similar to the proof of [10] proposition. O

Definition 98. (i) We define, using definition 97, by proposition 57, the filtered algebraic Gauss-
Manin realization functor defined as

FEM i DAL(S)? = Doggip.eo(S), M — F§M(M) := e(S)Hom® (L(F), Bt (g, Fy))[—ds]
where F € C(Var(k)*™/S) is such that M = D(A', et)(F),

(ii) Let S € Var(k) and S = U._,S; an open cover such that there exist closed embeddings i; : S; — S,
with S; € SmVar(C). For I C [1,---1], denote by St = NierS; and j; : S; = S the open embedding.
We then have closed embeddings iy : S; < St := ;1 S;. We define, using definition 97 and
proposition 57 the filtered algebraic Gauss-Manin realization functor defined as
F§M i DAL(S)? = Doyi,p,00(S/(S1)), M —
FEM(M) = (e(S1) Hom® (L(ir.gi F), Ea(@g.), F3)[~ds, ] ul, (F))

where F € C(Var(k)*™/S) is such that M = D(A!, et)(F).
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Proposition 58. Let f : X — S a morphism with S, X € Var(k). Let S = UL_,S; an open cover such that
there exist closed embeddings i; : S; — S; with S; € SmVar(C). Then X = Uélei with X; == f~1(S;).
Denote, for I C [1,---1], St = Nic1S; and X1 = NierX;. Assume there exist a factorization

fiXxLyxsisg

of f with Y € SmVar(C), | a closed embedding and pgs the projection. We then have, for I C [1,---1], the
following commutative diagrams which are cartesian

~ Ps ~

f]=f|XIZX]lI%YXS]pLS] ,YXSJLSJ
SN

~ Ps; ~ ~ P3; ~

Y x S ——= 57 Y xS —— 51

Let F(X/S) := pssT%Z(Y xS/ Y xS). The transformations maps (Nr(X/S) : Q(X1/S1) — ir.jiF(X/S))

and (ko I(y,hom)(—, —)), for I C [1,---,1], induce an isomorphism in Do fi,p,00(S/(S1))
1°M(x/8) -
FEM(M(X/S)) = (e(St)«Hom(L(ir:ji F(X/S)), Bet(235, Fb))[~dg, ], uf; (F(X/S)))

(8(51)*H0m(LNI(X/S)1Eet(ﬂ;gl Fb)))

(e(S1)xHom(Q(X1/51), Eer(Q)5,, Fb))[~dg,], v ,(F(X/5)))

(koI (v,hom)(—,—))~* .
7;ho (pgz*FXIEZ‘"(QYXSI/SI’Fb)[_dgl]’ wry(X/9)).

Proof. Similar to the proof of [10] proposition. O

Definition 99. Letg : T — S a morphism with T, S € SmVar(C). Consider the factorization g : T Lorx
S P25 S where 1 is the graph embedding and ps the projection. Let M € DA(S) and F € C(Var(k)*™/S)
such that M = D(AL, et)(F). Then, D(AL et)(g*F) = g*M.

(i) We have then the canonical transformation in Dofip,oo(T % S) (see definition 95) :

T(g, FM)(M) : Rg*m T FGM (M) := g4 e(S) . Hom® (LF, Eet(Q, Fy)))[—dr]
T(g,2/.)(LF)
_—

(T  S).Hom® (TYDELE, Eut(Rpocss Fo)) [—d) = FEM(Lg™ (M, W)).
(ii) We have then the canonical transformation in Do ri,co(T) (see definition 95) :
T9(g, FEM) (M, W) : Lg*"MIFGM (M) := g""%e(S). Hom® (LF, B (s, Fy)))[~dr]
T°(g,9,.)(LF)
e(T)-Hom* (g" LF, Eet(Q), Fy))[~dr] = F£ (g"M).

Definition 100. Let g : T — S a morphism with T,S € Var(k). Assume we have a factorization

g:T Ly xS 5 withy e SmVar(C), I a closed embedding and ps the projection. Let S = U._,S;
be an open cover such that there ezists closed embeddings i; : S; — S; with S; € SmVar(C) Then,
T = U_\T; with T; := g~'(S;) and we have closed embeddings i, := i; 0l : T; — Y x S;, Moreover
gr :==pg, + Y x S; — S;is a lift of gr :== g7, = Tt — S1. Denote for short dy; = dy + dg, . Let
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M € DA.(S) and F € C(Var(k)*™/S) such that M = D(Ag, et)(F). Then, D(Ap,et)(g*F) = g*M. We
have the canonical transformation in Do i p.oo(T/(Y % St))

T(g, FEM)(M) : Ry b T FGM (M) =
(D, B (377 e(31). Hom® (L(ir. 7 F), Bur(Q3,, Fo))) [=dy — d, ], 557, (F)
(P BE(T (31,2, )(L(ir«d7 (F,W)))))

(Crye(Y x Sp)sHom® (3 Lir.ji F), Eet(Qy, 5,0 Fo))[—dy — dg,], 55ui ;(F)1)
(I(7,hom(—,-)))
(e(Y x Sp)Hom*(Ty, §; L(ir+ji F), Eet(Q)y 5, Fb))[—dy — dg, ], giui,(F)2)

(G(YX51)*H0m(T"’7(Dgf)(j}’F);Eet(Q;yXgI )

(e(Y x Sp)xHom® (L(i}.51"9" F), Eer(Q Fy))[~dy — dg,],uf, (9" F)) = F£" (9" M).

;YXSI ’
Proposition 59. (i) Let g : T — S a morphism with T, S € Var(k). Assume we have a factorization

g:T LYy xS 25 S with Ys € SmVar(C), [ a closed embedding and ps the projection. Let S =
Uﬁzlsi be an open cover such that there exists closed embeddings i; : S; — S; with S; € SmVar(C)

Then, T = U\_\T; with T; := g~*(S;) and we have closed embeddings i} :=i; ol : T; < Y2 x S,
Moreover gr :=pg, : Y xSt — Sr is a lift of gr :== g7y : Tr — S1. Let f : X — S a morphism with

X € Var(k). Assume that there is a factorization f : X Ly xS 25 S, with v € SmVar(C), I
a closed embedding and pg the projection. We have then the following commutative diagram whose
squares are cartesians

flroXp— Vi xT———T

| ]

flr=fxI:YaxX—=Y xYyx8—=Y, xS

| L

X Vi x S S

Consider F(X/S) := pgTXZ(Y1 x S/Y1 x S) and the isomorphism in C(Var(k)*™/S)

T(f,9.F(X/S)): g"F(X/S) := g"pssTXZ(Y1 x S/Y1 x §) =
pral%, Z(Y1 x T/Yy x T) =: F(X7/T).

which gives in DA(S) the isomorphism T(f,g,F(X/S)) : g*M(X/S) = M(Xp/T). Then, the
following diagram in Do i p,co(T/(Y2 X St)) commutes

T(g,FM)(M(X/S))

Rg*modT FGM (M (X/S)) FEM(M(Xr/T))
lIGM(X/S) J{IGI\/I(XT/T)
smod[—],I"( _ « - - 4 _ ~ — _
g (pSI*FXIEzaT(Qlesl/SI’Fb)[ dSIL(T(gIXI,’Y)(*)OTT?(QIJJS'I))(pY2XSI*FXTIEzaT(QY2XYIXS[/YzXSI’Fb)[ dY2

wrs(X/S)) wr (X1 /T))

(i) Let g : T — S a morphism with T,S € SmVar(C). Let f : X — S a morphism with X € Var(k).
Assume that there is a factorization f : X Lyxs s S, with Y € SmVar(C), I a closed
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embedding and pg the projection. Consider F(X/S) = pssI'YZ(Y xS/Y % S) and the isomorphism
in C(Var(k)*™/S)

T(f,9.F(X/S)): g"F(X/S) := g"pssTXZ(Y x S/Y x S) =
praT%, Z(Y x T/Y x T) =: F(Xp/T).

which gives in DA(S) the isomorphism T(f, g, F(X/S)) : g*M(X/S) = M(Xr/T). Then, the
following diagram in Do fi1,00(T) commautes

T°(g.FM)(M(X/S))

Lgmed=IFGM(M(X/S)) FEM(M(Xr/T))
lIGM(X/S) \LIGIW(XT/T)
T(gxI,v)(—)oTS (g,
g*modLO (pS*FXEzar (Q;/XS/S7 Fb)[_dT] (T'(gxI,y)(—) (9,ps))

prT*FXTEzar(Q;/xT/Tv Fb)[_dT}

J{Tw(@)f)’)(OYXS) J{Tw(®7"/)(OY><T)
emo TPmod (o V(T y B(Oy x5, F,
Lg*mod [FPR Dy E(Oy s, Fy)[~dy — dy] —— 2D OEOSBI FOR D ROy o, Fy)[~dy — dr).
Proof. Follows immediately from definition. O

We have the following theorem:

Theorem 49. (i) Let g: T — S is a morphism with T, S € Var(k). Assume there ezist a factorization

g:T Ly xS withy e SmVar(k), I a closed embedding and pg the projection. Let S = ut_,S;
be an open cover such that there exists closed embeddings i; : S; < S; with S; € SmVar(C). Then,
for M € DA.(S)

T(g, FM)(M) : Rg™ oI FGM (M) = FEM (g7 M)
is an isomorphism in Dog it D,co(T/(Y % 5’1))
(i) Let g : T — S is a morphism with T, S € SmVar(C). Then, for M € DA.(S)
TO (g, FOM) (1) : Ly FEM (0) 5 FEM (" M)
is an isomorphism in Do, (T).

(ii) A base change theorem for algebraic De Rham cohomology : Let g : T — S is a morphism with
T,S € SmVar(k). Let h : U — S a smooth morphism with U € Var(k). Then the map (see
definition [10] section 2)

Tt(u)(gv h) : Lg*mOdRh* (Q.U/Sv Fb) :_> Rh; (Q.UT/Tv Fb)
is an isomorphism in Do, (T).
Proof. Similar to the proof of [10] theorem. O

Definition 101. Let S € Var(k) and S = U\_,S; an open affine covering and denote, for I C [1,---1],
St = NierS; and jr : Sy — S the open embedding. Let i; : S; — S; closed embeddings, with S; €
SmVar(C). We have, for M, N € DA(S) and F,G € C(Var(k)*™/S) such that M = D(A!, et)(F) and
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N = D(AY, et)(@), the following transformation map in Do ti.p(S/(Sr))

T(FEM, @)(M,N) : F§M (M) @5 FEM(N) =
(e(St)-Hom(L(ir.; F), Eer(23g,, Fy))[~ds, ] urs(F)) @5
(e(SD)-Hom(L(i1.57 G), B (235, , ) [~dg, ], ur(G))

= ((e(Sr)sHom(L(ir.ji ), B (5, Fy)) €0,
e(S)Hom(L(i1.5i ), B (235, o)) —ds, ), urs (F) @ urs(G))

(T(®,2, 5, ) (L(ir«3] F),L(ir+37 G)))

(e(Sr)«Hom(L(irj; F) © Llirj; G), Eet (g, Fpr))[~dg, ], v1:(F © G))

= (e(Sr)Hom(L(irj; (F @ G), Bt (5, Fy))[~dg, ), urs(F © G)) = F§M (M @ N)

Proposition 60. Let f1 : X1 — S, fo : Xo — S two morphism with X1, Xs, S € Var(k). Assume that
there exist factorizations f1 @ X1 LN Vi x S 2508, fa: Xo N Yo x S 255 S with Y1,Ys € SmVar(C),
l1,1l> closed embeddings and ps the projections. We have then the factorization

fix fa: X=Xy xg Xo 22Xy vy x § 25 8
Let S = UZ 15 an open affine covering and denote, for I C [1,~ ], St = NierSi and j;y : St — S
the open embedding. Let i; : S; < S; closed embeddings, with S; € SmVar(C). We have, for M,N €
DA(S) and F,G € C(Var(k)*™/S) such that M = D(A',et)(F) and N = D(A',et)(G), the following
commutative diagram in Do i p(S/(ST))

FEM(M(X1/8) ® M(X»/S))

TS @M/ MX/S - peM (\1(x, xg Xa/S)

FEM(M(X1/8)) @6, F§M (M(X2/8S))

lIcM(Xl/S)(gIGM(XﬁS) \LIGM(XH/S)
(pS'I*FXUEZ@T'(QY x51/81° )[ dSJ wIJ(Xl/S))®Os ) ) _(pS'I*FXu”EZ‘”(QYl><Y2><SI/SI )[ dSI]
(P, T xar Bear(2, g, 5, F)[dg, ] wrs(Xp/5)) 2 esinds wr5(X12/5))
Proof. Immediate from definition. O

7.2 The algebraic filtered De Rham realization functor

Let k a field of caracteristic zero. We recall (see section 2), for f : ' — S a morphism with T, S € Var(k),
the commutative diagrams of sites (3) and (4)

mT

Var(k)?/T Var(k)? pT/T
K J
P(f) Var (k)%™ /T [ Var(k)2sm#r /T
Var(k)?/S P(f)j‘ > Var(k)2?" /S PO
\ [ \
Var(k)zsm/S V&I‘ 2 smpr/S
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and
Grr}?

Var(k)z’pT/T Var(k
P Var(k)>*m" /T P(f) Var(k)s™/T
GFJZ l
Var(k)%?" /S P Var(k PO
\ [ \
Grlré2
Vaf(k)z’sm/s Var(k)s™/S

For s:Z — J a functor, with Z, J € Cat, and fo : Te — Sy(e) a morphism with 7, € Fun(J, Var(k))
and Se € Fun(Z, Var(k)), we have then the commutative diagrams of sites (5) and (6)

Var(k)?/Te L Var(k)? 7PT/T
PTe “
P(fa) Var(k)2s™ /T, T foy Var(k)2mP" /T,
Var(k)2/S, Pife >“L' Var(k)>P" /S, P(fa)
Var(k)>*™ /S, =l Var(k)2smPr /S,
and
Glrén2
Var (k)27 /T, : Var(k)/
PTe PTe
ar¥?
P(f) Var (k)27 /T, Pfe) Var(k)*" /T,
GréL ‘
Var(k)??" /S, P(f.)j° Var(k P(fs)
& \

Grs.

Var (k)™ /S, Var(k)*™ /S,

We will use the following map from the property of De Rham modules (see section 5) together with
the specialization map of a filtered D module for a closed embedding (see [10] section 4.1) :

Definition-Proposition 7. (i) Let | : Z — S a closed embedding with S, Z € SmVar(k). Consider
an open embedding j : S° — S. We then have the cartesian square

S0 —m—— S
|
A

V-
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where j' is the open embedding given by base change. Using proposition 35(ii) or theorem 32, the
morphisms Q@Q,VD (Og, Fy) for D C S a closed subset of definition-proposition of [10] induces a
canonical morphism in Ciog ri(Z)

Q(Z,31)(0s, Fy) : " Qv 051mdg(Ose, Fy) = jipag(Oze, Fy),

where Vz is the Kashiwara-Malgrange Vz-filtration and Vp is the Kashiwara-Malgrange Vp-filtration,
which commutes with the action of Ty.

(ii) Letl: Z — S and k : Z' — Z be closed embeddings with S, Z,7' € SmVar(k). Consider an open
embedding j : S° — S. We then have the commutative diagram whose squares are cartesian.

o1 _g

1

70 =7 x5 87— =7
k’T kT
7%= 7' x5 8 —= 7'
where 7' is the open embedding given by base change. Then,
Q(Z',j1)(0s, Fy) = Q(Z', ji)(Oz, Fy) o (*Qv,, 0Q(Z, 1)(Os, Fy)) :
E*Qv,, ol* Qv 0jiag(Ose, Fy) F vy Q)00 1) k" Qv 0dHag(Oz0, Fp)

Q(Z,j))(0z,Fy) .
#]!’}Idg(oZ’mFb)

in Cr=1=04 fit(Z") which commutes with the action of Tz .

(iii) Consider a commutative diagram whose squares are cartesian

Goo J2 g0 J1 IS
,,T ’T ZT
790 = Zx58%° 2o g0 7xs80~ 7
where j1, jo, and hence j1,j5 are open embeddings. We have then the following commutative diagram

* . ad(j ! yvj*)(o Ov;F . .
Qv 0j11mdg(Ose, Fy) ——222 215 Qv 0 (j1 0 j2) 7% (Og00, F)
lQ(Zvj!)(OSva) lQ(Zv(jloJé)!)(OSva)

. ad(fhrageds’)(Ozo Fy)
Jimag(Oze, Fy) . (J1 © 32)rmdg(Ozoo, Fy)

in Cr=0g fit(Z) which commutes with the action of Ty.

Proof. (i): By definition of jigag : mgo (MHM(S?)) — C(DRM(S))), we have to construct the isomor-
phism for each complement of a (Cartier) divisor j = jp : S° = S\D < S. In this case, we have the
closed embedding i : S < L given by the zero section of the line bundle L = Lp associated to D.
We have then, using definition-proposition of [10] section 4.1, the canonical morphism in PSh;-og i (Z)
which commutes with the action of T

. « . T(LH)(=)" . .
Q(Z,)(0s, Fy) : Qv 0ftag(Osos Fy) Ty 1951100 Qvpo 0(Oso, Fy) = I rag(Oz0, Fy).

231



and V2Ti(l, j)(—)~! = Q/Q,Vs (t4mod(Os, Fp)). Now for j : §° = S\ R < S an arbitrary open embedding,
we set

Q(Z,j)(0s, Fy) = lm  (Q(Z,jp,))(ip,(Os, Fy)) : 1" Qv 051mag(Ose, Fy) = jirag(Ozo, Fy)
(D;),RCD;CS

(ii): Follows from [10] section 4.1.
(iii): Follows from [10] section 4.1. O

Using definition-proposition 6 in the projection case, and the specialization map given in [10] section
4 and the isomorphism of definition-proposition 7, in the closed embedding case, we have the following
canonical map :

Definition 102. Consider a commutative diagram in SmVar(k) whose square are cartesian

Zr— T« T\Zr

S

J T %97 X T %aS < T x S\(T x Z)

Ixyg
% / /
7 3

§——5\z

where i and hence I x i and i’, are closed embeddings, 7, I X j, j' are the complementary open embeddings

and g: T LT xS 25 S is the graph factorization, where | is the graph embedding and pg the projection.
Then, the map in Ciogp, s rit(T)

spvr (DR (Orxs, Fy)) : UTR89 (Orses, F) =% U Quy o (T2 (Orxs, Fy))

QT,(Ix3))(Orxs,Fp):=Ti(I,(Ix5))(—)

T (07, F)

which commutes with the action of T, where the first map is giwven in [10] section 4.1 and the last map
is studied definition-proposition 7, factors through

spve (Tyd g9 (Orxs, Fy)) 1 VTt g9 (Orws, Fy) = U109 (Or s, Fy)

Py (D759 (Or x5, F))

y.1%(Or, Fy),

with for U C T xS an open subset, m € T'(U,Orxs) and h € T'(Ur, Or), n(m) := n®1 and spy,. (=) (m®
h) = h - spy,.(m) ; see definition-proposition 6 and theorem 32. Then,

v (Dyd g (Orxs, Fy)) « UMD 9 (Or s, Fy) = T3 (01, ),
is a map in Cp1,0y¢u(T), i-e. is D linear. We then consider the canonical map in Cp(y,0ysu(T)

*mMo *mMo *MMo B l*mOdTHdg ’ N o 7F -
al9, 2)(Os, Fy) : Ty (05, ) = 19 0pgneir 119 (O, ) OB

SPvp TV 229 (Orx s, Fy))

l*mOdF}/‘)f;g(OTXS? Fb) Fé’THdg(OTu Fb)
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Lemma 8. (i) Forg:T — S and g : T' — T two morphism with S,T,T" € SmVar(k), considering
the commutative diagram whose squares are cartesian

T — ~— T\ Zp

T

Zp ——> T<—+ T\Zr

Pk

ZZSjS\Z

we have then

algo g, Z)(0s, Fy) = a(g', Zr)(Or, Fy) o (g *™*a(g, Z)(Os, Fy)) :
9" ™%(9,2)(0s,Fy)

(gog) Ty %(O0s, Fy) = g *mg* Ty (05, Fy) g1 (Or, Fy)

g’ 20) (O, Fy), L1900, ).

(it) For g : T — S a morphism with S,T € SmVar(k), considering the commutative diagram whose
squares are cartesian

k/ -/
Z% ——=Jr S o

L]

gk g

we have then the following commutative diagram
. g Mol (7' 7,V H49)(Og, F)
g mOdF;HdQ(Os,Fb) gﬁmng}}Hdg(Os,Fb)

a(9,Z)(0s,Fy) a(9,2")(Os,Fy)

Zip [ Zr Y T 9) (O, Fy v,Hdg
Zr

(
YA (O, B (Or, Fy)

Proof. (i):Follows from definition-proposition 7 (ii)
(ii):Follows from definition-proposition 7 (iii) O

We can now define the main object :

Definition 103. (i) For S € SmVar(k), we consider the filtered complexes of presheaves
(257", For) € Cpg u(Var(k)>"" /)

given by,
_ fO’f’ (Y X S, Z)/S = ((Y X S, Z),p) c Var(k)Q,smpr/S,

Q557 ((Y x 8,2)/5), For) = (D575 Fb) @0y s Ty Oy s, F1))(Y x 5)

with the structure of p*Ds module given by proposition 30,
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— forg: (Y1 x8,71)/S = (Y1 x 8, Z1),p1) = (Y x 8,2)/S = (Y x S,Z),p) a morphism in
Var(k)>5™" /S denoting for short Z = Z xyxs (Y1 x S),
Q5577 (9) : (W xs/5 F) ®0y s T (Oy xs, Fy))(Y x S)

= 9 (w5750 Fb) @0y s Ty 19Oy s, F)) (Y1 % 8)

Qevy x5/vx8y/(5/5) (D T4 (Oy x5,F3)) (Y1 % S)

(Q;ﬁ xS/8» Fb) ®OY1><S g*mOdF\Z/)Hdg(OYX& Fb))(Yl X S)

DR(Yx5/)(a(9,2) Oy x5, 7)) (Y x8) ,
: L (%, xs/50 Fb) ®0y, x5 F\éHdg(Olestb))(Yl x S)

. SJHd
( leS/Sva)(g)Oles Fél g(Oylxg,Fb))(}/lXS),

DR(Y1xS/S)(T(Z1/Z~" ") (Oy, xs,Fp))(Y1xS)

where

x {_ 1is the arrow of the inductive limit,

x we recall that

Q(Yl><S/Y><S)/(S/S)( (OYX57Fb)) ((Q;/Xs/san) ROy x5 F\Z/’Hdg(Ost,Fb))
— (QY1 xS/S» Fb) <X)OY1><S g*mOdPé)Hdg(OYXS7 Fb))

is the map given in [10] section 4.1, which is piDg linear by proposition 31,
* the map

a(g, Z)(Oyxs, Fy) : g*mOdFé’Hdg(OYxS, F)— Fé’Hdg(Oylxs, Fy)

s the map given in definition 102
* the map

T(21/Z,7"H99)(Oy, x5, Fb) : T, 9 (Oyy x5, ) = T Oy, 5, )
18 given in definition-proposition 6.

Forg: (Y1 xS,Z1),p1) = (Y xS8,Z),p) and ¢" : (Y] x S,Z1),p1) = (Y1 x S,Z1),p) two
morphisms in Var(k)*s™P" /S we have

Q75 (gog) = Q5 (9) 0 U5 (9) : (Wrssys: Fy) @0y s Ty Oy xs, Fy)) (Y x 5)

Q95" (9)
(Q;ﬁ xS/S» Fb) ®OY1><S F}lHdg(OYl xS Fb))(Yl X S)

onT( )

. JHd
( Y{XS/S’Fb) ®Oy1/><5 Fé{ g(OY{XSva))O/lI X S)v

since, denoting for short 7 =7 Xyxs (Y1 x S) and 7' =7 Xyxs (Y{ x S)
— we have by lemma 8(i)
a(gog,Z")(Oyxs, Fy) = alg', 2)(Oy, xs, Fy) 0 g " **a(g, Z)(Oy x5, F),
— we have by lemma 8(ii)

T(Zi/ZA/v’-YV’Hdg)(OYI’XSv Fb) o @(g/; Z)(OYI xSy Fb)
= a(g/v Zl)(OY1><57 Fb) © g,*mOdT(Zl/ZAv7V1Hdg)(OY1X57 Fb)'
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(i) For S € SmVar(k), we have the canonical map Cog fir,ps (Var(k)*™/S)
Gr(Q/s) : Gry (Q"F”’T Fpr) = (g, F)
given by, for U/S = (U, h) € Var(k)*™/S
Gr(25)(U/S) : Grg (5 ™", Fpr)(U/S) = (Qrxs/s: F) ®0ps T (Ouxs, F))(U x S)
P D), (/50 Fr) @005 T4 (Ovrxs, F))(U)
(7 /s, Fy) @0y i/ T % (Ouxs, Fy))(U)

Quxs)/sys)(=)(U)

where h + U 2% U x § 255 8 s the graph factorization with iy the graph embedding and ps
the projection, note that a(iy,U) is an isomorphism since for ju : U x S\U — U x S the open
complementary i;mo? qu(M FW) =

Let g : T — S amorphism with 7', S € SmVar (k). We have the canonical morphism in Cy- p, ;1 (Var(k)>*™?" /T')

QF’I}T/S) 9*(Q;§’W7FDR) — (Q;’TF’W,FDR)

induced by the pullback of differential forms : for (Y1 x T, Z1)/T) = (Y1 x T, Z1),p) € Var(k)?smr" /T,

Q6 (Y1 X T, 21)/T) :
gFEPT(Y, x T, 2,))T) = li QP (v x T, 2)/8
/8 (Vs x T, 20)/T) (h:(YxS,Z)%S,gl:(Y11><H71’,Z1)%(Y><T,ZT),h,g) /8 (' xT,2)/8)

Q. ,I,pr

95 " (g"0g1) ) (Y1 xT)

QI (Vi X T, 21)/8) Q7 (Yi x T, 20)/T),

/

where ¢’ = (Iy x g) : Y x T — Y x S is the base change map and q(M) : Qy, x1/5 ®0y, .7 (M, F) =
Qy, x1/7®0y, v (M, F) is the quotient map. It induces the canonical morphisms in Cg- p pit (Var(k)**™" /T)

Eet (QF

T * T ,E' - * ° T ) ] i
EQVE o - g Bt Q5" Fpr) ~ 22 By (587 For)) —— 5% B (557", For)

and

E. ar(Q

T * T ’ L] T ) L] T
BQIE 0" B (U5 Fp) P22, B (g (@30 Fp)) 00 B (@4 B,

Definition 104. Let g : T — S a morphism with T, S € SmVar(k). We have, for F € C(Var(k)>*m" /S),

the canonical transformation in Cpsy(T) :

T(g, 2 "")(F) : ¢ Lpe(S). Grgs Hom® (F, E.ar (255", FpR))
i> (g*LDe(S)*Hom. (F, Ezar(Q;g‘)pru FDR))) ®g*Os OT

T(g,Gr'?)(—)oT (e,9)(—)oq o(T)

rlTi g Hom*(F, B.ar (275 ™", FoR)) @4+ 05 Or
(T(g,hom)(—,—)®1)

e(T) HO’ITL (g Fg Ezar(Q oToPT FDR)) ®g*Os OT
e(T). Grit Hom®(¢* F, g*EmT(Q;g’pr, FpR)) ®gee(sy-05 €(T) Or

Hom®(g* F, (EQI;(PTT/S)®m))

ev(hom,®)(—,—:—)

e(T). Gri?, Hom® (g* F, Ezar(Q/’T P FpR))
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The complex of presheaves (Q;g’pr, Fpr) € Cpgru(Var(k)?*™P" /S) have a monoidal structure given
by the wedge product of differential forms: for p: (Y x S, Z) — S € Var(k)>*™" /S, the map
DR(=) (7% (=) owy /s : (QF 5/5 ®0y x5 (Ovxs, b)) @p-0s (81 5/5 ®0y x5 (Ovxs, Fp))
- Q;/XS/S @Oy x5 F?Hdg(OYxSa Fy)
factors trough
DR(-)(v VHdg( ))owYxS/S5

() x5/5 @0y x5 (Oyxs, Fb)) @pr0s (25 1578 ®0Oy«s (Oyxs, Ip))
DR(=)(vy T4 (=)@DR(—)(vy ™ (-))

(575 D0y s LT (Oy x5, Fy) @pr0s B 575 D0y s Ty (O x5, Fy)

(DR(=) (v " (=))owy x5/5)"

V%55 ®Oyxs L% Oy s, Fy)
unique up to homotopy, giving the map in Cpy fii(Var(k)?5m?" /S):
ws = (5", Fpr) ®os (s ™", For) = (5™ Fpr)
given by for p: (Y x S, Z) — S € Var(k)>*™" /8,
ws((Y x S,2)/8S) :
(D 575 0y xs Ty ) Oy xs, 1) @p0s (B w575 @0y s T Oy xs, Fo))(Y x S)

(DR(=)(v; "% (=))owy x5/5)" (Y X5)

(9575 @0y s T (Ov s, F))(Y x 9)
which induces the map in Cp, i (Var(k)**m?" /S)

EwS Ezar(QZSI;’pT; FDR) ®Os Ezar(Q/S FDR) :_>

. 7 ° r Ear(w ° -
Eoor (57", Fpr) @0, (4", Fpr)) =%, By(Q55", Fpp)

by the functoriality of the Godement resolution (see section 2).

Definition 105. Let S € SmVar(k). We have, for F,G € C(Var(k)*>*™P"/S), the canonical transforma-
tion in Cpsi(S) :

T(2,N(F,G):

e(S). Gr Hom(F, Ezor (5", Fpr)) @0 €(S). GrE. Hom(G, Bz (057", For

i> G(S)* Gr152* (Hom(F, Ezar (Q;gvPT7 FDR)) ®Os Hom(G, Ezar (Q. T,pr FDR
/S
= €(8). Grg, Hom(F @ G, (Ezar(Q;’Sina Fpr) ®os EzaT(Q;;)pr DR

Hom(FRG,Ews)
%

)
)
e(S)s G Hom(F @ G, Boar(205 ™", FoR) ®05 Bear (205", FpR)))
)
e(8). Gri. Hom(F ® G, Ezar (275 ™", FpR)).

Let S € Var(k). Let S = Ul_,S; an open affine cover and denote by S; = NierSi. Let i; 1 S; — S;
closed embeddings, with S; € Var(k). For I C [1,---1], denote by S; = IT;c;S;. We then have closed
embeddings i; : S; < Sy and for J C I the following commutative diagram

Dry= 51 L>g1

juT PIJT

Sy —L=8;
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where pry : S’J — g[ is the projection and j;; : S; < Sy is the open embedding so that j; o jr; =
js. This gives the diagram of algebraic varieties (S;) € Fun(P(N),Var(k)) which the diagram of
sites Var(k)2*"#"/(S7) € Fun(P(N), Cat). This gives also the diagram of algebraic varieties (S7)° €
Fun(P(N)°?, Var(k)) which the diagram of sites Var(k)2™?" /(S;)°? € Fun(P(N)°, Cat). We then get

(555 For)[=dg,]. Tis) € Cpyg  ra(Var(k)>*™" /(S1))

with

. (o®L.pr } ad(pmU pr . (<)
TIJ . (Q/S'I ’FDR)[_dSI]

I
pIJ*p?J(Q;gI P Fpr) ®p;,,0§1 OSJ [—dSJ]

mopry- @5 o [ds,)

PL+ (Q;g;pr, Fpr)[—dsz,].
For (G1,K1y) € C(Var(k)?>*™"" /(S1)°P), we denote (see section 2)
e'((S1))«Hom((Gr1, K1), (Ezar(Q;’(g’ST7 Fpr)[=dg, ], T15)) :=
(¢'(Sr)s Hom(Gi, Ezar(Q;’gFI’pra Fpr))[—dg,),urs((G1,K1,))) € Cpru((Sr))
with
urs((Gr, K1s)) : € (S1) Hom(Gy, Ezar(Q;’gi’pra Fpr))[—ds,]

ad(p} 5 prsa) (=)oT (prs,e)(—)

pr€' (87)xp1, Hom(G1, Bzar(Q5 ", FoR)) @p;,05, O3,[~dg,]

( )hom)( ) ) O * * sL,pTr
P prae (SJ)*HO’ITL(p[JGIapIJEzar(Q/S ", Fpr)) ®p;,05, Og,1-dg,]

moHom(p; ;Gr,T17)

pry«€ (Sy) Hom(p},Gr, Ezar(Q;g:;pru Fpr))[—dg,]

'Hom(KIJ,Ezar(Q;’;J’pT,FDR))

pr«€ (S5) Hom(Gy, Ezar(Q;gj’pr, Fpr))[—dg,].

This gives in particular

(Q;’(Fg’f’{, Fpr)[—dg,|,T1y) € Cps,,fil (Var(k)»mpr /(G§)op),

We now define the filtered De Rahm realization functor.
Definition 106. (i) Let S € SmVar(k). We have, using definition 103 and definition 25, the functor
FEPR . C(Var(k)*™/S) — Cpga(S), F
FEPR(F) = e(S). Gl Hom® (R (05 L(F)), Ezar(5 ™", For))[~ds]
Moreover, the differentials of FEPT are strict for the filtration by theorem 37.

(ii) Let S € Var(k) and S = U._,S; an open cover such that there exist closed embeddings i; : S; — S
with S; € SmVar(k). ForI C[1,---1], denote by Sy := N;erS; and jr : St — S the open embedding.
We then have closed embeddings iy : Sp — Sy = HieIS’i. Consider, for I C J, the following
commutative diagram

Dry= 51 SN Sy

juT PIJT

Sy —L=8;
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and jry: Sy < St is the open embedding so that j; o jr; = jy. We have, using definition 103 and
definition 25, the functor

FEPR C(Var(k)*™/S) = Cpru(S/(S1)), F —

FEPR(F) = ¢/ ((Sr))« Hom® (R (p5, L(ir.j; F)), RS (T(D11) (T F))),

(Bzar (55, For)[=d3, ), Trs))

= (¢/(S1) Hom® (RO (0, L(ir i F)), Bear (05", For))[=dg, ), uf ; (F))

where we have denoted for short ¢/(St) = e(Sy) o Grg, and
U?J(F) [dé',z] : e/(gl)*Hom'(RCH(/)Z:IL(@'I*]’}*F)), Ezar(Q;g;prv FDR))
ad *m0d7 _ Mo ~ PPN * . o . T

MPU*PU e’ (S1)«Hom (RCH(PgIL(U*j[F)),Ezar(Q/’;I’p ; Fpr))
p1+T(p1s,Q27P7)(—)

pr+€'(S5)Hom® (1, R (0%, Lirji F)), Ezar(Q;’;,’prv FpRr))

Hom(T(p1s,RE™)(Liraji F) ™ Eet(255 7" FoR))

i€’ (S)-Hom® (R (p% pisL(ir.jiF)), Ezar(Q;g:;pra Fpr))

Hom(Rgf (T*(D1y) (7 F)),Eet(ﬂ;’SFfT;FDR))

prs«€'(Sy) Hom® (RCH(ngL(iJ*j}F)), E.ar (Q;gj’pr, Fpr)).

For I C JC K, we have obviously prjsuyi(F)ourj(F) = urk(F). Moreover, the differentials of
FEPE are strict for the filtration by theorem 37.

Recall, see section 2, that we have the projection morphisms of sites p, : Var (k)25 /(§7)°P —
Var(k)%*™P" /(S1)°P given by the functor
Pa : Var(k)>*™P" /(S7)°P — Var(k)>*™" /(5)°P,
pa((Y} X S’],Z])/S‘[,S]J) = ((Y} X Al X g],Z] X Al)/gj,S[J X I),
pa((gr) : (Y] % S1.27)/S1,875) = (Y1 x S1,21)[S1.817)) =
(g] X I) : (()/I/ X Al X g[,Z} X Al)/g],S/IJ X I) — ((Y] X Al X S’],Z] X Al)/S’]),S[J X I))

We have the following key proposition :
Proposition 61. (i1) Let S € Var(k). Let S = U._,S; an open cover such that there exist closed
embeddings i; : S; — S; with S; € SmVar(k). The complex of presheaves (Q;’(I;;’IP)T,FDR) €
CD(s',)f“ (Var(k)z’smpr/(gl)"p) is 2-filtered A' homotopic, that is

* o' pr . o' pr * o' pr
ad(paapa*)(g/(gl) aFDR) : (Q/S ’FDR) - pa*pa(Q/(SI) aFDR)

is a 2-filtered homotopy.

(i2) Let S € SmVar(k). The complex of presheaves (Q;g’pT,FDR) € Cpgri(Var(k)®™rr/S) admits
transferts, i.e.

Tx(S). Te(S)" (257", Fpr) = (@5 ™", Fpr).

(iii) Let S € Var(k). Let S = UL_,S; an open cover such that there exist closed embeddings i; - S; < S;
with S; € SmVar(k). Let m = (my) : (Q11,K1;) — (Q2r, K%;) be an equivalence (A, et) local with
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(Qir, K1) — (Qa1,K15) € C(Var(k)*™" /(S1)°P) complezes of representable presheaves. Then,
the map in Cpyu((Sr))

M = (e(gl)*Hom'(mI,Emr(Q/:g P Fpr)[—dg,])) :
e’((gz))*Hom'((sz,K}J),(Ezar(ﬂ;(r O For)[=dg, ], T1r))

¢ (S1)-Hom® (Qur, K}), (Buar (57 For)~dg, ] T1)

is a 2-filtered quasi-isomorphism. It is thus an isomorphism in Dp ti,((ST)).

Proof. (i1): Similar to the proof of [10], proposition (iil)

(i2): Similar to the proof of [10], proposition (ii2) : Let a € Cor(Var(C)?*™?"/S)((Y1 x S, Z1)/S, (Y2 x
S, Z5)/S) irreducible. Denote by i : @ < Y7 X Y5 x S the closed embedding, and p; : Y1 x Yo xS — Y7 x S,
p2 1 Y1 X Yo xS — Y, x S the projections. The morphism p; o4 : @ — Y7 X S is then finite surjective and
(Z1 x Ya)Na C Yy x Zy (ie. pa(p;H(Z2) Na) C Zs). Then, the transfert map is given by

Q757 (@) (Wynesys0 ) @0vys Tz (Ovaxs, 1)) (Yo % )

s p;((Q;fng/&Fb) @Oy, x5 F}7Hdg(OY2><Sva))(Yl x Ys x 5)

((Q;ﬁngxS/Sva) ®OY1><Y2><S 1—‘;/’15%2(03’1 ><Y2><S=Fb))(yl X Yo X S)

DR(=)(T((Z1 xY2)Na/ Y1 x Za,yV HA9) (=) (=)

Q(yy x vy x5/ Yax5)/(5/5)(=)(=)

. Hd.
((QleYng/S’Fb) ®OY1><Y2><S Fz/zlngz)ma(OHXYzXSaFb))(}/l X Yo x S)

I . JHd
—1 ((QYl xYaxS/S» Fb) ®OY1><Y2><S FE/ZIX%2)QO¢(OY1 xY2 xS Fb))(a)

e/ v1 xvax (—)(=) oo
(@/ Y1 X Y2 X 5)/(S/8) (%5, Fb) @0, i dF(VZng/Q)ma(OylnyXs,Fb))(a)

tr

Qasvyx5)(s/8)(=)(=)

° JHd
(23, x5/5 Fb) ®0y, 15 D21 (Oyy x5, Fy)) (Y1 % S).
ii):Follows from (i) and theorem 15. O
(i) (i)

Pr0p051t10n 62. Let S € Var(k).Let S = U._S; an open cover such that there exist closed embeddings
: S; = S; with S; € SmVar(k).

(i) Letm = (mp) : (Q11, K7 ;) — (Qa1, K7 ;) be an etale local equivalence local with (Q11, K7 ), (Q21, K7) €
C(Var(k)*™/(S1)) complexes of projective presheaves. Then,

(e/(gf)*Hon”f (RgH (ml)a Ezar (Q;£7pT7 FDR))[_dSI]) :

¢'(Sr)Hom* (R (p5Q11), R (K1), (Bzar (53 ™" Fpr)[=d3,], T11))

— ¢ (S1) Hom® (R (p5Qar), REE (K2))), (Ezar(Q;gI’pT, Fpr)[—dg,|,Trs))
is a filtered quasi-isomorphism. It is thus an isomorphism in Dp i ((S5)).

(i) Let m = (mp) : (Qur. K};) — (Qa21,K3;) be an equivalence (A',et) local equivalence local with
(Qi1, K1), (Q2r,K%,) € C(Var(k)*™/(Sr)) complezes of projective presheaves. Then,

(e/(gf)*Hon”f (RCH (ml)a Ezar (Q;£7pT7 FDR))[_dSI]) :
€I(§])*H0m.(( (pSQl ) (K]]))7(Ezar(Q;i;mTuFDR)[_ng]uTIJ))

— €/ (S).Hom* (R (p5Qar), R (Ku))a(Ezar(Q;’gFI’pT,FDR)[—dél]aTu))

is a filtered quasi-isomorphism. It is thus an isomorphism in Dp i ((Sr)).
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Proof. Follows from proposition 61 (see the proof the complex case in [10] section 6 ) and the fact that
the differential of the complexes involved are strict for the F-fitration. o

Definition 107. (i) Let S € SmVar(k). We define using definition 106(i) and proposition 62(ii) the
filtered algebraic De Rahm realization functor defined as
FEPE DAL(S) = Dpra(S), M —

FEPR(M) := e(S). Grgl Hom® (R (p5L(F)), Bzar (05", For))[~ds]

where F € C(Var(k)*™/S) is such that M = D(A!,et)(F).

-

(i)’ For the Corti-Hanamura weight structure W on DA.(S)™, we define using definition 106(i) and
proposition 62(ii)
FDR . TyA — -
Fgo:DAZ(S) — Dy, O)M(S), M —
FEPR(M,W)) = e(S). Grg’ Hom®* (RO (p5L(F, W), Boar (5 ™", Fpr))[—ds]
where (F,W) € Cyy(Var(k)*™/S) is such that M = D(A',et)((F,W)) using corollary 2. Note
that the filtration induced by W is a filtration by sub Ds module, which is a stronger property then
Griffitz transversality. Of course, the filtration induced by F satisfy only Griffitz transversality in
general.

(i) Let S € Var(k) and S = U._,S; an open cover such that there exist closed embeddings i; : S; < S;
with S; € SmVar(k). For I C[1,---1], denote by S; = MicrS; and jr : Sy — S the open embedding.
We then have closed embeddings iy : S; < Si = I;c1S;. We define, using definition 106(ii) and
proposition 62(ii), the filtered algebraic De Rahm realization functor defined as

]:gDR : DAC(S) — DDj'il(S/(S'])) M —

F§PRM) = (€' (S1)«Hom* (RO (pg, Li1<ji F)), Bzar (75" Fpr))[~dg, ], uf ;(F))

where F € C(Var(k)*™/S) is such that M = D(A',et)(F), see definition 106.

(i)’ For the Corti-Hanamura weight structure W on DA_(S), using definition 106(ii) and proposition
62(ii),
FEPR DAL (S) = Dpy 05 (S/(S1))y M = FEPR(M, W) :=

(¢/(Sr)Hom® (RO (g, L(ir.j7 (F, W), Ezar (53" Fpr))[~dg, ], uf ; (F, W)

where (F,W) € Cyy(Var(k)*™/S) is such that (M, W) = D(A',et)(F,W) using corollary 2. Note
that the filtration induced by W s a filtration by sub Dg -modules, which is a stronger property then
Griffitz transversality. Of course, the filtration mduced by F satisfy only Griffitz transversality in
general.

Pr0p051t10n 63. For S € Var(k) and S = Uﬁ 15i an open cover such that there exist closed embeddings
0 S; = S; with S; € SmVar(k), the functor FEPR is well defined.

Pmof. Similar to the proof of [10] proposition : follows from proposition 62. O

Remark 10. (i) Let S € SmVar(k). We have, by proposition 61, for M € DA.(S) the isomorphism

n DD(l 0)fil, oo (5)

Hom(—, k) o Hom(T(RH , REH) (p5s L(F,W)), =)~ :
FEPR(M, W) = €' (S) Hom* (R (p5 L(F,W)), Eear (5", Fpr))[—ds]
=5 €/(S)Hom® (Lpssps« REM (05 L(F, W), Eet(Q;’SF’pT, Fpr))[—ds]
as it was defined in [10].
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(i) Let S € Var(k) and S = UL_,S; an open cover such that there exist closed embeddings i; :
S; < S; with S; € SmVar(k). We have, by proposition 61, for M € DA.(S) the isomorphism

m D1 0) 1, oo(S/(SI))
(Hom(—, k) o (Hom(T(RH, R“M)(pg, L(irji(F,W))), =) ™" :
FEPR((M,W)) = (¢ (S1)«Hom* (R (p, Lir<ji (F, W), Eear (253", For))[=dg, ], uf ;(F,W))
= (€' (S1)xHom® (Lug, .pg, R (g, L(iruji (F, W), Ber(Q55 ™", Fpr))[=dg, ), uf , (F, W)
as it was defined in [10].

Proposition 64. Let f: X — S a morphism with S, X € Var(k). Assume there exist a factorization
FfixLyxs?rss

of f with Y € SmVar(k), | a closed embedding and ps the projection. Let Y € PSmVar(k) a compact-
ification of Y with Y\Y = D a normal crossing divisor, denote k : D < Y the closed embedding and
n:Y < Y the open embedding. Denote X C Y x S the closure of X C Y x S. We have then the
following commutative diagram in Var(k)

Let S = Ul 1S an open cover such that there exist closed embeddings i; : Sy — S; with S; € SmVar(k).
Then X = UL_| X; with X; := f~1(S;). Denote, for I C [1,---1], St = NierSi and X1 = Nier X;. Denote
X —Xﬁ(YxS’I)CYXS’I the closure of X; CY x S, cdeI =70 x8r) = XI\XICYXSI
We have then for I C [1,---1], the following commutative diagram in Var(k)

X]—ZI>-Y><S']

l l(v%pi
2 1 _ -~ Pg ~

X]—>-I YXS]—>-I St

%

Zr=X/\X; ——= D x S;

Let F(X/S) := pssT%YZ(Y x S/Y x S) € C(Var(k)*™/S). We have then the following isomorphism in
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Dpya(S/(S1))
1(X/S): F§PR(M(X/S)) =
(€/(S1)«Hom(RH (p3 L(ir.j; F(X/S))), zar(Q;’gFI’pr,FDR))[—déf],U?J(F(X/S)))

(Hom (R (N1(X/9)), Bzar(5 " Fp 1))

(€' (S1)Hom(R (p5 Q(X1/51)), Ezar(Q;’gFI’pra Fpr))[—dgz,],vi;(F(X/9)))

(HOW(PSI*IJ((XI,ZI)/SI);—)[—dSI])71

(pSI*EzaT((Q;/XSI/SI’F ) ®OY><S (n x I)qur\/ qu(OYXS'I’Fb))(dY + dSI) 2dy + ds«]] ’LU]](X/S))
= s RETEI(0, o B (dy)[2dy ), @ (X/S)). D s R finetz i1,

Proof. Similar to the proof of [10], proposition

O

Corollary 4. Let S € Var(k) and S = Uﬁzlsi an open cover such that there exist closed embeddings
. S; < S with S; € SmVar(k). Then for M € DA.(S), FEPR € 15(D(DRM(S))), where vs :

D(DRM(S’)) < Dpi(S/(Sr)) is a full embedding by theorem 38.

Proof. There exist by definition of constructible motives an isomorphism DA(S)
w(M) : M = Cone(M(X1/S) — -+ — M(X,/9)).
Hence we have the isomorphism in Dy fi1(S/(S5))
F§PR(w(M)) : FEPR(M) = Cone(F§ V(M (X1/8)) = - = FEPH(M(X,/S))).
The result then follows from proposition 64.
Proposition 65. For S € Var(k) not smooth, the functor (see corollary 4)
g ' FEPR DA (S)P — D(DRM(S))

does not depend on the choice of the open cover S = U;S; and the closed embeddings i; : S; — 5‘1 with

S; € SmVar(k).
Proof. Similar to the proof of [10] proposition

O

We have the canonical transformation map between the filtered De Rham realization functor and the

Gauss-Manin realization functor :

Definition 108. Let S € Var(k) and S = U'_,S; an open cover such that there exist closed embeddings
i;: S; < S; with S; € SmVar(k). Let M € DA.(S) and F € C(Var(k)*™/S) such that M = D(A', et)(F).

We have, using definition 103(ii), definition 24, proposition 1 and proposition 61, the canonical map in

Doy fit,p.00(5/(S1))
T(F§M, F§P™(M) :
FEM(LDsM) = (e(S)«Hom® (L(i1.jiDsLF), Ezar(Q5, . Fy))[~dg, ], uf;(F))
= (6(31)*H0m'(LD%,L(Z'I*J'}*F),E r(Q95,, Fb))[—dg, ], uj ,(F))

’Hom(f,Gr(QSI))71

(e(gj)*Hom'(LD%IL(iI*j}*F), Grlgl* EW(Q;*SF;W, Fpr))[—dg,],ui,(F))

1(Gri",Ge2 ) (=,-)

(e(S1)«Hom® (Grg?" LDG L(i1.j F), Ezar(Q55 ™" Fpr))[~dg, ], uf ,(F))

(Hom.(TCH(L('LI*JI )OT(RCH1RCH)(L(Z'I*J'TF))yEzar(Q;’grj’pT1FDR))[*d§I])

(¢/(S1) Hom* (ROH (p

SIL(iI*j;F))’ EZ(W(Q.LRPT’ FDR))[_dSI]v u?J(F)) = ]:gDR(M)

/51
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Proposition 66. Let S € Var(k) and S = U._,S; an open cover such that there exist closed embeddings
3; 2 S; — S; with S; € SmVar(k)

(i) For M € DA(S) the map in Dog p(S/(S1)) = Do p(S)
o T(F§M, FEPRY(M) : 0pa FSM (LDsM) =5 00 FEPH (M)
given in definition 108 is an isomorphism if we forgot the Hodge filtration F'.
(ii) For M € DA.(S) and all n,p € Z, the map in PSho, p(S/(Sr))
FPHT(FGM, FEPR) (M) : FPHMFGM (LDgM) — FPH"FEPR(M)
given in definition 108 is a monomorphism. Note that FPH"T(F§M, FEPE)(M) is NOT an iso-

morphism in general : take for example M(S°/S)Y = D(A, et)(j.Eet(Z(5°/S))) for an open
embedding j : S° — S, then

H"FS§M(LDsM (S°/S)V) = FSM(2(S°/8S)) = j.E(Oso, Fy) ¢ ms(MHM(S))

and hence is NOT isomorphic to H"FLPR(LDsM(S°/S)Y) € ns(MHM(S)) as filtered Dg-
modules (see remark 4). It is an isomorphism in the very particular cases where M = D(AY, et)(Z(X/S))
or M = D(A', et)(Z(X°/S)) for f: X — S is a smooth proper morphism and n : X° < X is an
open subset such that X\ X° = UD; is a normal crossing divisor and such that f|p, = foi;: D; = X

are SMOOTH morphism with i; : D; — X the closed embedding and considering fixo = fon :
X° — S (see [10] section 6.1 in the complex case).

Proof. (i):Follows from the computation for a Borel-Moore motive.
(ii):Follows from (i). O
We now define the functorialities of F£P# with respect to S which makes 71, r @ morphism of 2

functor.

Definition 109. Let S € Var(k). Let Z C S a closed subset. Let S = UL_,S; an open cover such that
there exist closed embeddings i; : S; — S; with S; € SmVar(k). Denote Z; := Z N S;. We then have
closed embeddings Z; — S; — S].

(i) For F € C(Var(k)*™/S), we will consider the following canonical map in D(DRM(S)) C Dp 1,0)fz‘l(S/(gl))

T( V JHdg QF pr)(F W)

/S
F\Z/)Hdgbgl (L Hom® (RCH (ngL(il*j}k (F, W) Ezar (Q;g}prv FDR))[_dSI]v uf;(F,W))
Hom'(f%gf(vv’zl(L(iI*j}‘(FvVV)))) Ezar(ﬂ/sF P Fpr))

Ty 10! (el Hom® (RO (g T, L(ireji (F. W), Ezar (55", For))[=ds, ), ufy (F, W)

= i3 el Hom® (RO (g, T, L(i1.7 (W), Buar (577, Fon)) [—ds, | w7 (. W).
with u?f(F) as in [10].
(i) For F € C(Var(k)*™/S), we have also the following canonical map in D(DRM (S)) C DD(LO)fu(S/(gI))
T(5Y, Q) (F,W) :
i5' (€L Hom® (ROH (p% LT 2, B(ir.jiDs(F. W), Ezar (557" For))[=dg, |, uf i (F.W)) =

/St
T7%0s" (€ Hom® (RO (pf LTz, B(ir.jiDs (F.W))), Baar (057", For))[=dg, | ufy (F.W)
Hom.(RgIH(’YZI( )) Eza'r(Q;SF P FDR))

D05 (¢, Hom* (ROH (g5, L(i1.5{Ds (F.W)). Eear (U7, Fp)[~ds, L uf (W)
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with u%Z(F) as in [10].

Definition 110. Let g : T — S a morphism with T,S € Var(k). Assume we have a factorization
g:T Ly xS S withy € SmVar(k), | a closed embedding and pg the projection. Let S = UL_|S; be
an open cover such that there exists closed embeddings i; = S; < S; with S; € SmVar(k) Then, T = Ui 1T
with T; := g_l(Si) and we have closed embeddings i} := i;0l : T; < YXSZ, Moreover gy := =Dg, Y xS —
Sy is a lift of g1 = gy + Tr — Sr. Let M € DA.(S)™ and (F,W) € Cpy(Var(k)*™/S) such that
(M,W) = D(AL,et)(F,W). Then, D(AL, et)(g*F) = g*M and there exist (F',W) € Cy;y(Var(k)*™/S)
and an equivalence (Al et) local e : g*(F,W) — (F', W) such that D(AL, et)(F',W) = (g* M, W).Denote
for short dyy := —dy —dg, . We have, using definition 104 and definition 109(i), the canonical map in
D(DRM(T)) C Dpq,0ysa(T/(Y x Sp))

T(g, FFPR)(M) : gijag'vs' F§ PR (M) =

(L(i1di (F, W), Baar (55 77, For))dy 1], 357 uf ,(F, W)

P\/ qu ' (g?mod(e;Homo (RCH(p»i %

Sr
(T(3,9577)(=))

— 5

Dy 199, (el Hom® (G RO (p5, Lireji (F, W)))7Ezar(ﬂ;ifg,FDR))[dw]vé}u?J(Fa w))
Hom (T(§r,R*)(=) "', —)

ryHde, 1 (ei}[om'(RCH(p;XSIEI?L(il*ﬁ (£, W), Ezar (Q;’}Efgl7 Fpr))ldy 1], gyu, (F,W))

(049,00 (FW)

L;l(e;’y'-lom'(RCH(Pst T4, 91 L(ir i (F, W), zar(Q;ifgIaFDR))[dYI]ag?’Yu?J(Fv w))

(Hom(R,c/fgl (T (Dgr) (31 (F,W))), Ezarm;ijg Fpr))[dv1])

vpt (€ Hom® (RO (p, g L(ih.jr 9" (F, W), Ezar(ﬂ;ifgl s For))ldy 1], ug (" (F, W)

Hom(RTT s (Lif. i1 (€)),-)

17t (el Hom® (REH (pr

Py 5, LT (B W), Bzar (5375 For))ldy 1l uf ,(F', W)

/Y><517
=y FEDR(g* )
Definition 111. o Let f: X — S a morphism with X, S € Var(k). Assume there exist a factoriza-
tion f: X LyxS2 S withy e SmVar(k), I a closed embedding and pg the projection. We
have, for M € DA (X), the following transformation map in D(DRM/(S))

*mod R Hdg
T(f, FFPR) (M) : FEPR(Rf, M) SIHE IO, p pdg pimod £1DR (R )

T(f,F PR (Rf. M)

FEPE(ad(f*,Rf)(M))

REFFEPR (£ REM) RfH9FLPR ()

Clearly, for p :' Y x S — S a projection with Y € PSmVar(C), we have, for M € DA.(Y x S),
Ti(p, FFPH)(M) = Ti(p, FFP1) (M)[dy]

o Let S € Var(k). Let Y € SmVar(k) and p : Y x S — S the projection. We have then, for
M € DA(Y x S) the following transformation map in D(DRM/(S))

FELE (ad(Lpy,p*) (M
T!(p,]-"FDR)(M) Hdgf)ljng( ) y x5 (ad(Lpy,p™)(M))

T(p, FFPR)(Lpy(M,W))

Rp" " FE P8 (p* Lp: M)

modl T(prmod pimody(_ eod]
Rp!Hdgp d[ ]]:FDR(LpﬁM) (p p )(=) p!Hdgp d[—]

ad(Rpf! 9 p ol (FEPR (Lpg M)

F&PR(LpyM) FEPE(LpyM)
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o Let f: X — S a morphism with X, S € Var(k). Assume there exist a factorization f : X 4

Y xS 25 S withY e SmVar(k), I a closed embedding and pg the projection. We have then, using
the second point, for M € DA(X) the following transformation map in D(DRM(S))

T(f, FFPRY(M) : Rp' ™ FEPR(M, W) == Rp' 0 FELE(1.M)
FDR —
T r M), pFDR (10, MY =5 FEPR(RAM)

o Let f: X — S a morphism with X, S € Var(k). Assume there exist a factorization f : X KN

Y xS 25 S withY e SmVar(k), I a closed embedding and pg the projection. We have, using the
third point, for M € DA(S), the following transformation map in in D(DRM (X))

ad(R ‘Hdg1 *mrod ]_—FDR '!M
T, FEPRY(AT)  FEDR(f gy AU i TR )

’Ty(ps,]:FDR)(}-FDR(j‘M

fHZLOdeIHdg FDR(f M)

FEPE(ad(Rfy, f1)(M))

f*mod FDR(Rf!f!M) f]»fﬂiwd]:FDR( )

o Let S € Var(k). Let S = Uézls’i an open cover such that there exist closed embeddings i; : S; — S;
with S; € SmVar(k). We have, using definition 105 and the preceding point, denoting Ag : S —
S the diagonal closed embedding and py : S xS — S, po : S xS — S the projections, for
M, N € DA(S) and (F,W),(G,W) € Cyy(Var(k)*™/S)) such that (M,W) = D(A' et)(F,W) and
(N, W) = D(Al, et)(G,W), the following transformation map in D(DRM (S))

T(FEPR,@)(M, N) : FEPR(M) @§2% FEPR(N) i= AT (i  FEPR(M) Go, o 03" FEPR(N)

T (p1 stDR)(M)@T (p1,FEPFY (M)

A" (FELTPIM) @055 FELS (02N)

(T(@Q(RH (5 5 Llirxis)«(i1x5s) piF[2ds)), RO (0% 5 L(irxis)«(irxjs)*ps F(2ds))))

T'(As, FIPE) (p) M@p,y N) ]_-FDR(
S

AJY(FEPE(pIM @ phN) APy M @ pyN)) = FEPH(M & N)

where the last equality follows from the equality in DA(S)
As(piM ® pyN) = Agpi M @ Agpy N = M ©@ N

Proposition 67. Let g : T — S a morphism with T,S € Var(k). Assume we have a factorization
g:T KN Yo x S 25 S with Yy € SmVar(k), I a closed embedding and ps the projection. Let S = ut_, S;
be an open cover such that there exists closed embeddings i; : S; — S; with S; € Sm\{ar(k) Then,
T =U_T, with T; := g7 1(Si) and we have closed embeddings i, := i; 0l : Ty < Yz x S;, Moreover
gr :==pg, : Y x Sy — Sy is a lft of g1 == 9|T1 2T — SI Let f : X — S a morphism with X € Var(k)
such that there exists a factorization f : X KN Vi x 8 2558, with Yy € SmVar(k), | a closed embedding
and ps the projection. We have then the following commutative diagram whose squares are cartesians

Xr — YV XT ——T

I

YIxX—Y i xYsxS——=Yox S

///

fiX——=YVix8

Take aismooth compactification Y, € PSmVar(C) of Y1, denote X; c Y x g[ the closure of Xy, and
Zr:= X1\X1. Consider F(X/S) := pgsT'XZ(Y1 x S/Y1 x S) € C(Var(k)*™/S) and the isomorphism in
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C(Var(k)™/T)

T(f,9.F(X/S)): g"F(X/S) := ¢g"psTXZ(Y1 x /Y1 x §) =
praT%, Z(Y1 x T/Yy x T) =: F(X7/T).

which gives in DA(T) the isomorphism T(f,g,F(X/S)) : g*M(X/S) = (X1/T). Then the following

diagram in D(DRM(T)) C Dpq,0ysa(T/(Y2 x St)), where the horizontal maps are given by proposition
64, commutes

S$mod , — g;modI(X/S) *mo
gimodi S FEPR(M(X/S)) —24— gimod R LIY9 (0, o Fy)(dy, ) [2dy, ], 210(X/S))
lT(Pgl Vi HdD) ()
(g, FFPR) (M(X/S)) Rf 1 gamed( 90y, o Fy)(dy,)[2dy, ], 15(X/S))
|T 0T 100 PS5 10 )
I(Xr/T)

o FEPR(M(Xr/T)) RE O T(Oy, v, 5, Fo)(dvia)2dv3,] 1 (X /T)).

with dy,, = dy, + dy,.
Proof. Follows immediately from definition. O

Proposition 68. Let S € Var(k). Let Y € SmVar(k) andp:Y x S — S the projection. Let S = U._,S;
an open cover such that there exist closed embeddings i; : S; < S; with S; € SmVar(k). For I C [1,---1],
we denote by St = Mie1Ss, j7 : St — S and jr : Y xSt — Y xS the open embeddings. We then have closed
embeddings iy : Y XSt — YXS’I. and we denote bypgl : YXS’I — S’I the projections. Let f': X' — Y xS

a morphism, with X' € Var(k) such that there exists a factorization f' : X' Y xY xS yxs
with Y' € SmVar(k), ' a closed embedding and p' the projection. Denoting X} := f ~'(Y x St), we have
closed embeddings iy : X7 — Y’ xY x St Consider

F(X']Y x 8) i=pyxss D% Z(Y' x Y x §/Y' x Y x §) € C(Var(k)*™ /Y x S)

and F(X'/S) := pyF(X'/Y x S) € C(Var(k)*™/S), so that LpsM(X'/Y x S)[—2dy]| =: M(X'/S). Then,
the following diagram in D(DRM (S)) C Dp1,0)fa(S/(Y x Sr)), where the vertical maps are given by
proposition 64, commutes

FDR ’
RpHa FEPE(M (x' /Y $8)) LMD R (0 (x7/9))

T(p;fﬁ;’dxp?ﬂ;d)(—)ol?pwg!(I(X’/Yxs))T TI(X’/S)

Hd "Hdg ¢'«+modryHdg
Rp7NRf, fHZlZO Ly s

Hd Hd
Rf fifg g™

Proof. Immediate from definition. O

Proposition 69. Let fi : X1 — S, fo: Xo = S two morphism with X1, X5, S € Var(k). Assume that

there exist factorizations f1: X1 LN VixS 258, fo: X, LN Yo x S 25 S withYy,Ys € SmVar(k), I1,ls
closed embeddings and ps the projections. We have then the factorization

ll ><l2

f12::f1XfQ:XlQ::X:[XSXQ—)YlX}/QXSP—S>S

Let S = Uﬁzlsi an open affine covering and denote, for I C [1,-;- ], St = NierS; and j; : Sp — S
the open embedding. Let i; : S; < S; closed embeddings, with S; € SmVar(k). We have then the
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following commutative diagram in D(DRM(S)) C DD(l,O)fil(S/(gl)) where the vertical maps are given
by proposition 64

REF@GH9 (0, 5, Fy)(d2)2d1], 215 (X1/5))®0s

FEPR(M(X,1/S)) 8% FEPR(M(X,/S)) — DD, gt Hdo 0y o Fy)(dy)[2ds), 215(X2/S))
J{T(]—'gDR@)(M(Xl/S),M(Xz/S)) J/(Ew(yleI,YQXSI)/SI)
FEPR(M(X,/S) ® M(Xa/S) = M(X1 x5 Xa/S)) — 22 RfFIOCLAS Oy s, Fo) (i) 2dia], 215 (X1 /S)
with di = dy,, d2 = dy, and di3 = dy, + dy,.
Proof. Immediate from definition. O

Theorem 50. (i) Let g : T — S a morphism, with S,T € Var(k). Assume we have a factorization

g: T Ly xS 2 Suwithy e SmVar(k), I a closed embedding and ps the projection. Let
M € DA.(S). Then map in D(DRM(T))

T(g. FIP)(M) : gipag? F§ PR (M) = FrPH(g* M)
given in definition 110 is an isomorphism.

(i) Let f : X — S a morphism with X, S € Var(k). Assume there exist a factorization f: X Ly x

S 25 S with Y € SmVar(k), | a closed embedding and ps the projection. Then, for M € DA.(X),
the map given in definition 111

T(f, FIPR) (M) - RETOFEPR(M) = FEPRRAM)
is an isomorphism in D(DRM (S)).

(ii) Let f : X — S a morphism with X,S € Var(k), S quasi-projective. Assume there exist a factoriza-

tion f : X Ly xS S withY e SmVar(k), | a closed embedding and ps the projection. We
have, for M € DA.(X), the map given in definition 111

T(f, FFPR) (M) : FEPR(RfM) = RfF49 FRPR (M)
is an isomorphism in D(DRM(S)).

(iv) Let f: X — S a morphism with X, S € Var(k), S quasi-projective. Assume there exist a factoriza-

tion f: X Ly xSP5 5 withy e SmVar(k), [ a closed embedding and ps the projection. Then,
for M € DA.(S), the map given in definition 111

T (. FFPR)0M) : FEPR(FM) S St FEPR (1)
is an isomorphism in D(DRM (X)).
(v) Let S € Var(k). Then, for M, N € DA.(S), the map in D(DRM(S))
T(FEPR, ©)(M,N) : F§PR(M) 0557 FEPR(N) = FEPRM © N)
given in definition 111 is an isomorphism.

Proof. The proof is similar to the complex case : follows from [4] by proposition 67 and proposition 68,
more precisely :

(i):follows from proposition 67 and proposition 64.

(ii):follows from proposition 68

(iii),(iv): see [10].
(v)

v):follows from proposition 69. O
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We have the following easy proposition

Proposition 70. Let S € Var(k) and S = UL_,S; an open affine covering and denote, for I C [1,---1],
St = NierS; and jr : Sy — S the open embedding. Let i; : S; — S’Z closed embeddings, with S’Z S
SmVar(k). We have, for M, N € DA(S) and F,G € C(Var(k)*™/S) such that M = D(A!,et)(F) and
N = D(AY, et)(@), the following commutative diagram in Dog ti1p.0o(S/(S1))

]_—GIW ]_—FDR)(M)®T(]_—G1W ]_—FDR)(N
S S .}:gDR(M

T
FEM(ILDsM) @, F§M (LDsNY ) @557 FEPR(N)

lT(]’gM@)(LDsM,LDsN) lT(]—'gDR,®)(M,N)

T(FSM,FEPH)(M@N)

FSM(LDg(M @ N)) FEPR(M ® N)

Proof. Immediate from definition. O

8 The Hodge realization functors for relative motives over a
field k£ of characteristic 0

8.1 The Hodge realization functor for relative motives over a subfield £ C C

Let k C C a subfield. We have for f : T — S a morphism with 7,5 € Var(k) we have the commutative
diagram of site

Anp:=Anyp o(®;C)

AnSp(C)/T¢g" Var(k)/T

i 5

AnSp(C)*™ /T¢g" [ ) Var(k)*™ /T
AnSp(C)/S¢ Ans: _AHJ B Var(k)/S P(f)
\ ‘/ \
AnSp(C)*™ /San Ans Var(k)*™ /S

This gives for s : 7 — J a functor with Z, J € Cat and f : Ty — S,(e) @ morphism of diagram of algebraic
varieties with Ty € Fun(Z, Var(k)), Se € Fun(J, Var(k)) the commutative diagram of sites

Anr,:=Anr, o(®;C)

Dia'?(S) := AnSp(C)/T¢% Var(k) /T,

AnSp(C)*™ /T

o(®rC) [

J Var(k) /S P(f.)
[ PSe

AnSp(C)/Se Anse:=An

AnSp (C)*m /ST
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8.1.1 The Betti realization functor
Let k£ C C a subfield.
Definition 112. Let S € Var(k).
(i) The Ayoub’s Betti realization functor is
Btig : DA(S) — D(S¢") , M € DA(S) — Btig M = Re(S¢")« Ang M = e(S¢").sing . Ang F’
where F € C(Var(k)s™/S) is such that M = D(A!, et)(F).
(ii) In [9], we define the Betti realization functor as
Btig : DA(S) — D(S*") = D(S°“) , M v BtigM = Re(5°"),CwgM = e(5°),sing, CwgF
where F € C(Var(k)*™/S) is such that M = D(A', et)(F).
(iii) For the Corti-Hanamura weight structure on DA™ (S), we have by functoriality of (i) the functor
Bti5 : DA™(S) = Dyu(SE") , M v+ (Btis M, W) := Bti§(M, W) := e(S°").sing , Anf(F, W)
where (F,W) € C¢y(Var(k)™/S) is such that (M,W) = D(A', et)(F,W).
Note that by [9], Ang and 6@; derive trivially.

Note that, by considering the explicit D} local model for presheaves on AnSp(C)*™/S&", Btig(DA™(S)) C
D~(S%") ; by considering the explicit I} local model for presheaves on CW*™ /S ﬁi;(DA_ (9)) C
D~ (Sgm).

Let f : T'— S amorphism, with T, S € Var(k). We have, for M € DA(S), (F,W) € Cy;u(Var(k)*™/S)
such that (M, W) = D(Al,et)(F,W), and an equivalence (Al et) local e : f*(F,W) — (F',W) with
(F',W) € Cyiy(Var(k)*™/S) such that (f*M, W) = D(A',et)(F’,W) the following canonical transfor-
mation map in D¢ (TE¢"):

TO(f,Bti) (M, W) : f* Btig(M, W) := f*e(SE").sing . Ang(F, W)

IO, o(1gm). f*sing,. Any(F.W)

e(T¢"™)«T(f:0) (F,W)

e(T"").sing f* Anpp(F, W) = e(T¢").sing, . Ang. f*(F, W)

e(TE™ ) sing Anl. e

e(T¢"),sing, . Anj (F', W) =: Btif. f*(M,W).

Definition 113. Let f : T — S a morphism, with T,S € Var(k). Consider the graph factorization
f:T Lrxs s of f with I the graph closed embedding and p the projection. We have, for
M € DA.(S), the following canonical transformation map in D ¢y o(TE"):

T(f, Bti)(M, W) : f** Btig(M, W) := """ p* Btig(F, W)

T Bt g p (F, W) 222 W)

0 D) (—
TO(1,Bti)(—)

0 i)(—
1B, PTY Btig s D" (F, V)

— I* Btif, g Dyp* (F, W) Bti (*TYp* (F,W) = Btil f*(M,W).
where we use definition 4.

Definition 114. o Let f: X — S amorphism, with X, S € Var(k). We have, for M € DA.(X), the
following transformation map in Dy o(SE")

T.(f, Bti) (M, W) : Btik(Rf. (M, W)) 22U A ) (BUS (RS (MW))

LR, R BUX(f*RE (M W)

Rfewf ™" Btig(Rf.(M, W)
Bti% (ad(f*,Rf.)(M,W))

R fuu Btik (M, W)
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Clearly if | : Z — S is a closed embedding, then T.(l,Bti)(M,W) is an isomorphism since
ad(l*,1.)(=) : 'l.(M, W) — (M, W) is an isomorphism (see section 3).

o Let f: X — S a morphism with X, S € Var(k). Assume there exist a factorization f : X 4
Y xS 25 S withy e SmVar(k), | a closed embedding and ps the projection. We have then,
for M € DA.(X), using theorem 51 for closed embeddings, the following transformation map in
Da((Y x S)g")

Ti(f,Bti)(M) : Rfi, Btix (M, W) = Rpg,l. Bti%x (M, W)
. -1
LGB, B BH(Y x S)* (1 (M, W)
T(ps,Bti)(psyls (M,W))

DA X9 p )OI, Bii( x §)* (Ll (M, W)
Rpsgwpzv Bti(y X S)*(Lpsﬁl* (M, W)) = Rpsgwpgu Bti(y X S)*(Rfu (M, W))
2Wps 25D, iy % ) (RA(M, W)

Clearly, for f : X — S a proper morphism, with X,S € Var(k) we have, for M € DA.(Y x S),

o Let f: X — S a morphism with X, S € Var(k). We have, using the second point, for M € DA(S),
the following transformation map in D ¢y (X&)

fw X 9

Bti% (ad(fi,f') (M, W

T'(f, Bti)(M, W) : Bti (f (M, W))

PP LT, P Bty (A (M, W) D, ' Btig (M, W)

e Let S € Var(k). We have, for M,N € DA(S) and F,G € C(Var(k)*™/S)) such that M =
D(Al, et)(F) and N = D(A', et)(G), the following transformation map in Dy (SE")

Beig (M, W) @ Big(N, W) = (e(S).sing,,. Ans(F,W)) @ (e(S).sing, . Ank (G, F))
T(sing p+ ,&)(Ang (F,W),An (G, F)) e(S).sing,. Ang((F,W) ® (G, W)) =: Btig((M, W) & (N, W))

Theorem 51. (i) Let f : X — S a morphism, with X, S € Var(k). For M € DA.(S),
T(f, Bti)(M, W) : £ Bti%s(M, W) = Bti f*(M, W)
is an isomorphism in Dy (XE").
(ii) Let f: X — S a morphism, with X,S € Var(k). For M € DA.(X),
Ti(f, Bti) (M, W) : Rfv Bti’ (M, W) = Btik Rfy(M, W)
is an isomorphism.
(iii) Let f: X — S a morphism, with X,S € Var(k). For M € DA.(X),
To(f, Bti) (M, W) : Rfuw Bti’ (M, W) = Btil Rf.(M, W)
is an isomorphism.
() Let f: X — S a morphism, with X, S € Var(k). For M € DA.(S),
T'(f, Bti)(M, W) : f" Btig(M, W) = Btik f'(M, W)

is an isomorphism.
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(v) Let S € Var(k). For M, N € DA.(S),
T(®,Bti)(M, W) : Btig(M, W) ®@ Btig N = Btiyx (M, W) ®@ (N,W))
is an isomorphism.
Proof. By functoriality it reduced to the case of Corti-Hanamura motives which is then obvious. O

The main result on the Betti realization functor is the following
Theorem 52. (i) We have Btig = 1%?1; on DA™ (S)

(i) The canonical transformations T(f,Bti), for f: T — S a morphism in Var(k), define a morphism
of 2 functor
Bti* : DA(-) = D((-)&"), S € Var(k) — Btig : DA(S) — D(Sg")

which is a morphism of homotopic 2 functor.

(i)’ The canonical transformations T(f,Bti), for f: T — S a morphism in Var(k), define a morphism
of 2 functor

Bti" : DA.() = Dsa((-)&"), S € Var(k) — Btig : DA(S) — Dy (Sg")
which is a morphism of homotopic 2 functor.

Proof. (i): See [9]
(ii) and (ii):Follows from theorem 51. O

Remark 11. For X € Var(k), the quasi-isomorphisms

Hom(i,Xg")
—

7 Hom (D", X) 22 7 Hom(De" (0, 1), Xa") 7 Hom([0, 1]", X&"),

where, - - -
D7, :=(e: U — AL, D"(0,1) C e(U)) € Fun(Vetz (D™(0,1)), Var(k))

is the system of etale meighborhood of the closed ball D(0,1) C AZ, and i : [0,1]" — DZ(0,1) is the
closed embedding, shows that a closed singular chain o € ZHom" ([0, 1]", X&), is homologue to a closed
singular chain ~

B =a+0y=Pjo» € ZHom" (A", X¢")

which is the restriction by the closed embedding [0,1]" — UEY 5 A, where e : U — A} an etale
morphism with U € Var(k), of a a complex algebraic morphism (3 : Uc — Xc¢ defined over k. Hence

B([0,1]™) = B([0,1]™) C X is the restriction of a real algebraic subset of dimension n in Resg(X) (after
restriction a scalar that is under the identification C ~ R?) defined over k.

8.1.2 The complex Hodge realization functor for relative motives over a subfield k£ C C

Let k C C a subfield. }
Let S € Var(k). Let S = U$_,S; an open cover such that there exists closed embedding i; : S < S;
with S; € SmVar(k). Recall (see section 5.2) that Dp1,0)fi,rn(S/(S1)) X1 Dyit,e,r(SE™) is the category

e whose set of objects is the set of triples {(((My, F,W),urs), (K, W), )} with

((My, F,W),urs) € Dp1,0)fit,rn(S/(51)), (K, W) € Dyt e x(SE™),
a: T(S/(S0)(K, W) ® Cgan — DR(S)N (M7, W), urs)™™)

where ¢ is an morphism in Dy, (S&"/( ~}’f}c)),
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e and whose set of morphisms consists of

¢ = (¢D7¢Ca [9]) : (((MUvFv W)vuIJ)v (Kle)val) - (((MQIvFv W)vuIJ)v (KQvW)70‘2)

where ¢p : (M1, F,W),ur;) = (M2, F,W),ury) and ¢¢ : (K1,W) — (K2, W) are morphisms
and

0 = (0%, I(DR(S)(¢D")) o I(an), I(az) o I(pc @ 1)) :
I(T(S/(S) (K1, W)) ® Csgr[1] = I(DR(S)((Mar, W), urs)™"))

is an homotopy, I : Dy (SE™/( ~}”}C)) — Kfil(SE"/(}’f}C)) being the injective resolution functor,
and for

- (b = (¢Da¢cv [0]) : (((M117F7 W)aul,])v (Klvw)aal) - (((MQIvFv W);UIJ)v (K27W)5a2)
- (b/ = ( b’¢/c" [9/]) : (((MQIvFv W),UIJ), (K27W)aa2) — (((M3I,Fa W)vulJ)a (Kg,W),Otg)

the composition law is given by

¢ 06 = (¢ 0 6, ¢ 0 b0, [(DR(S)(¢5™)) © [0] + 0] o I(do @ )[1]) :
(((MU,F’ W)vulJ)v (Kla W)val) - (((M3I,Fa W)vulJ)v (K3a W)va3)a

in particular for (M, F,W),ury), (K,W),a) € DD(LO)fiMh(S/(S'I)) X1 Dyit,e, i (SE™),
Ty, W) ur ) (6 W),0) = ((Iag ), 1, 0),

together with the localization functor

(D(zar),I) : Cp(1,0)it.rn(S/(S1)) X1 Dite i (SE™) = Do) fitrn(S/(S1)) X1 Dit e p(SE™)
— Dp(1,0)fit,rh,00(S/(S1)) X1 Dipit e (SE).

Note that if ¢ = (ép, dc, [0]) : (M1, F,W),urg), (K1, W), a1) = ((Mz, F,W),ury), (K2, W), a2) is a
morphism in Dp 0y fit,rn(S/(S1)) X1 Dyit,e,k (SE™) such that ¢p and ¢c are isomorphisms then ¢ is an
isomorphism (see remark 5). Moreover,

e For (((MI,F, W)v”lJ)a (K7 W),Oé) € DD(I,O)fil,rh(S/(gl)) X1 Dfilycyk(s(gn)a we set

(((M[,F, W),U]J), (Kv W)va)[l] = (((M[,F, W)vuIJ)[l]v (Kv W)[1]7a[1])

e For
¢ = (¢p,¢c,0]) : (Mir, F\ W), urg), (K1, W), a1) = (Mar, F,W), ury), (K2, W), az)
a morphism in DD(LO)fu,rh(S/(gI)) X1 Dyit,e,(SE™"), we set (see [11] definition 3.12)
Cone(¢) := (Cone(¢p), Cone(¢c), (a1,6), (a2,0))) € Do fit,n(S/(S1)) X1 Dyit,e o (SE),
((a1,0), (a2,0)) being the matrix given by the composition law, together with the canonical maps

= ci1(=) = (c1(¢p),c1(9c), 0) : (Mar, F,W),ury), (K2, W), aa) — Cone(o)
— ca(—) = (c2(¢p), c2(¢c), 0) : Cone(p) — (((Mur, F,W),ury), (K1, W), a1)[1].

Let S € Var(k). Let S = U$_,S; an open cover such that there exists closed embedding i; : S — S;
with S; € SmVar(k). Consider the category

(Dp1,0)£i1(S1) x1 Dyiter(S§E)) C Fun(T'(S;), TriCat)
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e whose objects are ((My, F,W), (K7, W), ar),urs) € Fun(I'(S;), TriCat) such that
(M5, F,W), (K1,W),a1) € Dp,oyra(S1) x1 Direr(S7%) = D(51)
and for I C J,
ury : (Mg, EW), (K, W), ar) —
pro« (Mg, FW), (K7, W), ag) = (pry«(M g, F, W), prye (K7, W), prycoy)
are morphisms in D(S’I),

e whose morphisms m = (my) : (M1, F,W),(Kr,W),ar),ury) — (M}, F,W), (K}, W),a}),vr5)
is a family of morphism such that v;; o my = prj.myoury in D(Sr)

We have then the identity functor
Is : Dpi,oysa(S/(S1))° X1 Dgite o (SE™) = (D105t (S1) X1 Dyit,en(S§E)),
(((MI,F,W),U]J) (K ) ) (((vaFvw)ail*j?(Kaw)vj;a)a(UIJ;IaO))v

m = (mI,’I’L) = m = (ml7l*j;n)
which is a full embedding since for ((My, F,W),ury) € DD(l,o)fiz(S/(gI))oa
Ury : (M[,F, W) _>pIJ*(MJaFa W)

are isomorphisms in DD(l)O)fi[(g[), and hence for (M, F,W),ur;), (K,W),«a) € DD(Lo)fiz(S/(S'I))O X1
Dy e i (SE™),
(UIJalao) : ((MluFu W)alf*]?(K7W)7]?a) —
pIJ*((MJuFu W)7ZJ*¢7;(K7 W)u]s}a) = (pIJ*(MJ7F7 W),l]*];(K, W)aj}ka)

are isomorphisms in D(Sy).

Definition 115. For h : U — S a smooth morphism with S,U € SmVar(k) and h : U % X L Sa
compactification of h with n an open embedding, X € SmVar(k) such that D :== X\U =U;_;D; C X is
a normal crossing divisor, we denote by, using definition 74 and definition 103

I(U/S) : hyragh'97,4% =

(pS*Ezar(QS(XS/S ®Ox><5 (n X I)!HdgFE7Hdg(OU><Su Fb))u DSh*EusuQUgnu h[CY(U, 6))
((DR(XxS/S)(ad((nxI)1rag,(nxI)*)(-)),0),1,0)

(Cone((ﬂr)pr(lfh X I))ze[ »»»»» s] :pS*EZGT(Q;(XS/S ®OX><S F}/fHdg(OXXSv Fb)) —
(. [N (pS*EZGT(QDIXS/S ®ODI><S Fé’IHdg(ODjxs, Fb))) — e ))7Dsh*EusuZU€n,h[a(U, 6))
— (F§PH(Z(U)9)), Btis Z(U/S), (Z(U/S)))

the canonical isomorphism in Dp i (S) X1 De i (SE™), where

o we recall that (see section 6.1)
W70 = (0L Oy ys, Fy), Zuan, o(U)) € HMgp 1c(U),

e ip, : D; — X are the closed embeddings,
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o a(Z(U/S)) == ha(U,6) :=T"(h,®)(—) o (U, 8) (see definition 66), with

a(U,8) := (DRU)(wxv/0)w /o) (L% (Ovxu ) o a(U) :
(CUE" - DR(U)((pU*Ezar(QZJXU/U QOy wu F\lg)Hdg(OUXU)))an)’

by the way we note that the following diagram in C(UE™) commutes

a(U)

Cyan Qf.n =t DR(U)(OF")

ad(@ﬁU*)()T DRU)(Qwxuv/v)/(U/pt) (FE’Hdg(OUxU)))T

a(UxU) . an
pU*EusuF\éCUXUE" I DéEIU)((pU*EzaT(QUxU/U ®OU><U F\[?Hdg(OUXU))) )

Lemma 9. Let S € SmVar(k). Let g : U'/S — U/S a morphism with U/S := (U,h),U’/S := (U',h) €
Var(k)*™/S. Leth:U % X Lsa compactification of h with n an open embedding, X € SmVar(k) such

that D := X\U = U_;D; C X is a normal crossing divisor, Let h' : U n—/> x' 15 5a compactification
of b’ with n' an open embedding, X' € SmVar(k) such that D' := X\U = Ui_,D; C X is a normal
crossing divisor and such that g : U’ — U extend to g : X' — X, see definition-proposition 3. Then,
using definition 115, the following diagram in Dpyy(S) X1 D(SE") commutes

1(U'/8)

Mggagh 4025 " (F§PH(Z(U')S)), Btig Z(U'/S), a(Z(U'/9)))

ad(ngdg,g!deJ)(h’Hdgz?dg)l lm?;’"(RgH<g>>,Bti*s<g>,e<g>>

1(U/S)

hisagh' M 92,5 (F5PH(2(U/9)), Btiz Z(U/S), a(Z(U/5)))

where
0(g9) = Rp([Ly]) : I(Btig Z(U'/S) @ C)[1] = I(DR(S)(orF§ P (Z(U/S))™))

is the homotopy given by the third term of the Deligne homology class of the graph T'y C U’ xg U (see
definition 75) and op : Cpry(S) — Cp(S) is the forgetful functor and we recall (see section 6.1) that
I: C(S‘Cm/g}l?c) — K(S‘CI”/S’}’)’}C) is the injective resolution functor.

Proof. Immediate from definition. O
We now define the Hodge realization functor.

Definition 116. Let k C C a subfield. Let S € Var(k). Let S = Uj_,S; an open cover such that there
exists closed embedding i; : S < S; with S; € SmVar(k). We define the Hodge realization functor, using
definition 106, definition 112, and lemma 9

FEY9 = (FEPE Btig @Q) : C(Var(k)*™/S) — Dp(1.0y7a(S/(51)) X1 D pit,e i (SE™)
first on objects and then on morphisms :

o for F € C(Var(k)*™/S), taking (F,W) € Cyy(Var(k)*™/S) such that D(A',et)(F,W) gives the
weight structure on D(Al, et)(F),
F§U(F) = (FEPR(EW), BS(F.W) © Q. a(F)) :=
(e(8)sHom (RS (g, Lizj; (F. W), RO(TU(D15)(=)), (Bzar (05", FoR). T11)),
e(S).sing , Ang L(F, W), a(F)) € Dp,0)5a(S/(S1)) ¥1 Dpit,er(SE")
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where o(F') is the map in Dy (SE™/( ~??C))7 writing for short DR(S) := DR(S)[7] := (DR(S’])[-ng])
a(F) : T(S/(S1))((Btig(M, W)) ® Csgr) := (irj7((e(S)sing . Ang L(F,W)) ® Cs), I)
= (e(Sr).sing . Ay Lir.ji (F,W) @ Cgen, T(prs, An)(Lir.j; (F, W)))

B‘d(!?;,!a,ﬂxg;,a,gl)(_)

B0 hra)eVi h1athiaChan — ) urs)), W)

((Z(U1a/51)),0(9% a.5))

i> (((( — GB(UIathQ)GVIhIa!h!IaCS?;E

DR(S)(or(e(S). Hom((RG (0, Liz.ji (F.W)), R (TU(D11)(-)), (Bzar (5", For), T12)))™")
= DR(S)((op FgPH(M, W))™")

with
FER(M) == op FEPR(M) € Dposa(S/(Sr)),

where of : DD(LO)I'H(S/(S'I)) — Dposi(S/(S1)) is the forgetful functor, using lemma 9,
((Z(Ura/5)),0(91,0,5))

being the matriz given inductively by the composition law in D’D(l)o)fil(g]) X1 Dfil)c,k(g‘}%), that
is we have the following isomorphism in (D'D(l,O)fil(gl) X1 Dfil,c,k(g}%)), denoting for short Vj :=
Var(k)*™ /S;

o \Hd
ad qI a 597‘71 a, B'Hdg)( )

. ~ (
(I*(U1a/51)) : (( = ©ya hra)evi hratmaghis " Qg™
D (Ura,hra)eVi Mot HAGN; qu@gdg — ), urgs), W)

= Ig(FE9(F) == (FEPR(F,W), Bt} Ling;(F,W) ® Q,a(F)))

where we denote by egaﬁ : Ura — Urg which satisfy hyg o 9?,(1,3 = hja the morphisms in the
canonical projective resolution

(Z(91,0,8))

q: Lip g (F,W) = (( g 69(UIQ,hja)GVar(k)S"L/SIZ(UVIO‘/SVI)
®(U1a,h;a)e\/ar(k)sm/SIZ(UIO‘/gl) — ), W) = ingr (F,W),
e for m : Fy — Fy a morphism in C(Var(k)s™/S), taking (Fi,W),(Fo, W) € Cpy(Var(k)*™/S)

such that D(AY, et)(Fy, W) gives the weight structure on D(AY, et)(Fy) D(AY, et)(Fy, W) gives the
weight structure on D(AY, et)(F1) and such that m : (Fy,W) — (Fy, W) is a filtered morphism, the

morphism fqu( ) in DD(LO)M(S’/(S'I)) X1 Dyi,e i (SE) is given by
-1, . ol . . & vy
F&Um) s = IgT ((I(Ura/(SD)) o (2d(15 5" Mo prarag)(Qp,)) © (I (Una/ (51))) ™)
= (FEPH(m), Btig(m) © Q,0(m) = (0(l1a,5))) : F§ " (F1) = Fg " (Fy)
using lemma 9, that is we have the fo{lowing commutative diagram in (DD(LO)fil(SI) XIDfil,c,k(S’}’%)),
denoting for short Vi := Var(k)*™ /Sy,

Hdg

| o *(Ura/S
(- — @(Um,hm)EVIhIoz!Hdgh‘]Iide{{dg Ares, O (Urahra)evi RTatHgh 'HdeHdg =) upy), W Gl ()

oA )| FH9 )= (FE PP (m), B3 (m),(0(110,2)))

Hdg
\HdgHdg 931, p Hdg o Hd I*(Ua/S1)Y-Hd
(- = BWranrarevi bratmagh *QE™ —"% O, hiayevihiatmaghiy Qg = -), urp), WY S (1)

where
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Hd o,!Hd '\Hdg -, Hd
— we denoted for short Agl.liﬂ :=ad(g7; aﬁg,gll oprirdg) Mo HZ g)

Hd o|Hd |Hdg - Hd
— we denoted for short Agz?;;qa,g = ad(93] arg > 951 0 prrdg) (hia" Lg q)

— we denote by 9?1704;6 : Ura — Urg, which satisfy hig o guya’,@ = hja, the morphisms in the
canonical projective resolution

L 5\ (Z(971,6,8))
q: Lipgi(F1, W) = ((--- — 69(UIQ,hja)GVar(k)S””‘/S'IZ([]IO‘/SI) —

DUy hre)eVar(kyem /5 LU1a/S1) = -+ ), W) = ireji (F1, W)

— we denote by g37 , 5+ Ura — Ui, which satisfy hrg o 9510, = Na, the morphisms in the
canonical projective resolution

. x P (Z(!];I,a,g))
q: Lipg; (Fo, W) = ((--- — 69(UIQ,hja)GVar(k)S””‘/S'IZ([]IO‘/SI) -

D0y hre)eVar(kyem /5, LU1a/S1) = -+ ), W) = i (F2, W)

— we denote by I}, 5: Ura — Urg which satisfy higolf, 5= hio and l?;;ogfmﬁ = 9%70,8% 08
the morphisms in the morphism of canonical projective resolutions

L L = (2(34,8))
Lir.gr (m)  Lirgy (Fla W) = (( S ®(U1a,hm)EVar(k)Sm/S'IZ(UIO‘/SI) o >’ W) S

(= @(Um)hm)EVar(k)m/glz(Ua/éf) — ) W) =t Lig i (Fy, W),
— the maps I*(Uj,,) are given by definition 115 and lemma 9.

Obviously FE¥(F[1]) = FE(F)[1] and FE(Cone(m)) = Cone(FE(m)). This functor induces by
proposition 62 and remark 5 the functor

FH9 = (FEPE Btig ®Q) : DA(S) = Dp1.0yi(S/(S1)) X1 D itk (SE),
M = D(A', et)(F) = F§ ¥ (M) = FEY(F) = (F§PR(M), Btig M @ Q, a(M)),

with (M) = a(F).

We now give the functoriality with respect to the five operation using the De Rahm realization case
and the Betti realization case :

Proposition 71. (i) Let g : T — S a morphism with T, S € Var(k). Assume there exists a fac-

torization g : T Lyxs S, with Y € SmVar(k), | a closed embedding and p the projec-
tion. Let S = U;erS; an open cover and i; : S; — S; closed embeddings with S; € SmVar(k).
Then, Gr : Y x S — S is a lift of g1 = g, = Tr — S and we have closed embeddings
it i=irolojy:Tr <Y x S;. Then, for M € DA.(S), the following diagram commutes :

g" (O‘(M)) $mo an
T(gybti)(M)l lDR(T)[]((T(gﬁ}'FDR)(M))“”)

Btij g*M © C — O pR()-)(FRR(g* M))en)

g Bt M ®C

see section 5, definition 110 and definition 118
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(i) Let f : T — S a morphism with T, S € QPVar(k). Then, for M € DA.(T),the following diagram

commutes :
o fe(a(M) (-] Hdg -DR an
Rfo Btil M @ C DR(S) N (RfH FRR(M)))
T*(f,bti)(M)T TDR(S)[]<<T*<f,fFDR><M>>“">
. a(Rf«M) (-] DR an
Btig Rf.M ® C DR(S)H((Fs " (RfM))™™)

see section 5, definition 111 and definition 114
(iii) Let f:T — S a morphism with T, S € QPVar(k). Then, for M € DA.(T),the following diagram

commutes :
R Btis: M @ C PO D RSV (R FD (M)
ﬂ(fﬁti)(M)L lDR(Sﬂ]<<Tz<f,fDR><M>>“">
- a(RfiM) (-] ™~ an
Btig RiAM ® C DR(S)N(F§ p(RAM))™)

see section 5, definition 111 and definition 114.
(iv) Let f : T — S a morphism with T,S € QPVar(k). Then, for M € DA.(S),the following diagram

commutes :

f‘(a(M))D

FUBtiL M@ C R(T)EN(fet FER(M))m)

T (.ﬂbti)(M)T TDR” (T)(TH (g, FFPRY(M))*™)

a(f'M
Bty /1M @ C L DRET)(FRR (D))

see section 5, definition 111 and definition 114.
(v) Let S € Var(k). Then, for M,N € DA.(S),the following diagram commutes :

a(M)®a(N)

Btif M @ Btig N ® C DR(S)((FEE(M) @0y FEE(N))™)

T(®1bti)(M7N)l lDR(S)((T(&fDR)(M,N))“")
(a(M®N))

Bti%(M @ N)® C DR(S)((FRr(M @ N))*™)

see definition 111 and definition 114.

Proof. (i): Follows from the following commutative diagram in (Dp,0)fa(Y X Sr) %1 Dyiger(Y x ~}Ifc)),

Hdg
_xHd \HdgryHdg 91,08 .
(= SWrahrayevidr hiarmaghyo ' Zg ™ —>(~*Hd91°(U ) (grrgo " Fr PR (F),
! 9 Ta/21)) s ppsk *
OWrarevi hatiaghn  ZE " =), ury), W) e G B (R, W), g% (o F))

77 (gr,h )(—)l
o (T(g,FFP™)(M),T (g, Bti)(M),0)

Aftde
"\Hdg,Hd I8
/ g g
(((— @(U}a,hla)EWIhIa!HdghIa ZngI E— (]_-IEDR(Q*F)’

(I°(UL/Y %51))

""Hdgr,Hd ko % *
®(U}a7h}a)€WIhIIaIHdghla gZyX%vI _>)auIJ)7W) BtlT(g F, W),O[(g F))

where, we have denoted for short V; := Var(k)*"/S; and W; := Var(k)*"/Y x S,
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e we denoted for short Agh;dg = ad(gy’ ;Hgg,gl o B,qu)(h‘HngHdg)

o, B

e we denoted for short A = ad(g}t(‘ifédg, g}'a ﬂ,qu)(h,'Hdg 51951)

(B
e we denote by g7, R Uro — Urg, which satisfy hrg o g7, 5= h1a, the morphisms in the canonical
projective resolution

(2(97 .5))

q: Lirg; (F,W) := (- = ® gy, . yevar(y 5 ZUra/S1)
®(U1a,h;a)e\/ar(k)sm/SIZ(UIO‘/gl) — ) = ing (B, W)

e we denote by g/]’fa) 5+ Ury = Upg, which satisfy hfg o g,{f% 5 = hg, the morphisms in the canonical
projective resolution

S e ~  (Z(9r% )
q¢: Lin g (g FW) = (= s e evarymy x5, LWUra/Y % S1) s

Ia>

w1 evartwyem )y x5 LULa)Y X S1) = -0) = iy (g FW)

(ii): Follows from (i) by adjonction.

(iii): The closed embedding case is given by (ii) and the smooth projection case follows from (i) by
adjonction.

(iv): Follows from (iii) by adjonction.

(v):Obvious

We can now state the following key proposition and the main theorem:
Proposition 72. Let k C C a subfield.

(i) Let RS Var(k). Let S = U;S; an open cover such that there exist closed embeddings i; : S; — S;
with S; € SmVar(k). Then we have the isomorphism in Dp1,0y£i(S/(S1)) X1 Dyit,er(SE™)

Fl9(7.6) = (FEPR(Zg, W), Bti(Zs, W) © Q, a(Zs

((QF pT(RCH(dd(lIJI*)(F szI)))),I,O)

/S

I ((e(S)Hom (RO (TG Zg, ), RO (211)), (Baar (027", Fpr), T14)), T(S/(S1))( gvan),rg;wa(él,a)))

/5,

with (see section 6.1) j7Qgan = iT¢"Qg, and

(T¥, a(51)
—

a(S) : T(S/(51))(Q¥en) ® Cgan — (rg;wc%,m) DR(S)(op (Lg% (Og,, Fy), x1,))

(ii) Let f : X — S a morphism with X, S € Var(k), X quasi-projective. Consider a factorization
f: X Ly xS 2 S withy = PNe ¢ PN an open subset, | a closed embedding and pg
the projection. Let S = U;S; an open cover such that there exist closed embeddings i; : S; —
S; with S; € SmVar(C). Recall that S; = NierSi, X1 = f~1(Sr), and Sp = I;erS;. Then,
using proposition 71(iii), the maps of definition 111 and definition 114 gives an isomorphism in
Dp,0y7i(S/(S1)) X1 Dyit,e,k(SE™)

(T"(fa ‘FFDR)(vaw)aT"(fa Btl)(ZXa W),O) :
FUMPM (X/8)) = (FEPH(RAZx, W), Biis RA(Zx, W) © Q a(RfZx))

= (Rfuag (T Oy 5, F), 215(X/S)), RfuwQ%an, fi(a(X))) =t 15(RfinagQ% ™).
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with

)Pgdg = ((I‘}/(vjlfdg(OYXgl,Fb),:vU(X/Y X S’)),Q}‘éém,a(X)) € C(MHM g, 1.c(X))

Proof. (i):Follows from proposition 62.
(ii): Follows from (i) by proposition 71(iii),theorem 50(i) and theorem 51(i).
The main theorem of this section is the following :
Theorem 53. Let k C C a subfield.
(i) For S € Var(k), we have ]-"gdg(DAC(S)) C D(MHMgp, 1.c(5)),
vs : D(MHMgp, 1.c(S)) = Dpg.oysa(S/(51)) X1 Dyiter(SE")
being a full embedding by theorem 41.

(1) The Hodge realization functor Fraq(—) define a morphism of 2-functor on Var(k)
FI9 Var(k) — (DAe(—) = D(MH Mgy, .c(-)))

whose restriction to QPVar(k) is an homotopic 2-functor in sense of Ayoub. More precisely,

(#0) forg:T — S a morphism, with T, S € QPVar(k), and M € DA.(S), the the maps of definition

110 and of definition 113 induce an isomorphism in D(MH Mgy, 1,c(T))
T(g, FH)(M) = (T(g, F"P)(M), T(g, bti) (M), 0) :
gHIFLU (M) = 1 girag  FE PR (M), 9" Btis (M) © Q, g*(a(M)))
= (FEPR (9" M), Biiz (9" M) @ Q, alg™ M) =: Ff (9" M),

(ii1) for f : T — S a morphism, with T,S € QPVar(k), and M € DA.(T), the maps of definition

111 and of definition 114 induce an isomorphism in D(MH Mgp, 1 c(S))
To(f, FH9) (M) := (Tu(f, FFPE) (M), To( £, 0ti) (M), 0) :
RfageFp (M) := o5 (REEOFEPR(M), R Btir (M) @ Q, fo(a(M)))
S g (FEPR(REM), Btig(Rf. M) © Q, o Rf.M)) =: FEU(Rf.M),

(i2) for f: T — S a morphism, with T,S € QPVar(k), and M € DA.(T), the maps of definition

111 and of definition 114 induce an isomorphism in D(MH Mg, 1 c(S))
T(f, FHU9) (M) = (T(f, FFPR) (M), Ti(f, bti) (M), 0) -
RfinagFr (M) o= o5 (R FE PR (M), Ry Btiz (M) @ Q, fi(a(M)))
= 15 (FEPR(RAM), Btig(RAM) © Q, a( fiM)) =: F§'“(RAM),

(i43) for f: T — S a morphism, with T, S € QPVar(k), and M € DA_.(S), the maps of definition

111 and of definition 114 induce an isomorphism in D(MH Mg, 1.c(T))

T'(f, FA9)(M) = (T'(f, FFPR)(M), T'(f, bti)(M), 0) :
FrHOFION) = o (frmed FEPR(M), f'Btis(M) @ Q, f{(a(M)))
S i M (FEPR(FM), Bt (f M) ® Q,af' M) =: F % (f' M),
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(ii4) for S € Var(k), and M, N € DA.(S), the maps of definition 111 and of definition 114 induce
an isomorphism in D(MH Mg k.c(S))

T(®, F1%)(M,N) = (T(®, F§P™) (M, N), T(®,bti) (M, N),0) :
g (FEPE(M) 051 ]-'FDR(N) Btis(M) ® Btig(N) ® Q, (M) ® a(N))
& FEY(M @ N) = 15 (FEPE(M @ N), Btis(M @ N) © Q, (M @ N)).
(iii) For S € Var(k), the following diagram commutes :

MH(/S)

Var(k)/$ D(MHMyn1.c(5))
M(/S)L lLS
Fhda -
DA(S) u Dp1,0)£i(S/(S1)) X1 Dyit,e, 1 (SE™)

Proof. (i): Let M € DA.(S). There exist by definition of constructible motives an isomorphism in DA(S)
w(M) : M =5 Cone(M(Xo/S)[do] = -+ 22 M(X,,/S)[dm]),

with f,, : X, — S morphisms and X,, € QPVar(k). This gives the isomorphism in DD(LO)J"Z-Z(S/(S’I)) X
Dyit ek (S¢")

FHI (my) FH9 (my)

F§ " (w(M)) : Fg'"(M) = Cone(Fg'™ (M (Xo/S))[do] Fg (M (X /S))ldm)),

On the other hand, by proposition 72(i), we have
Hdg ~ Hdg
Fs U (M(Xn/S)) = RfinagQx™ € D(MHMgp, 1.c(5))-

This prove (i).

(ii0): Follows from theorem 50(i), proposition 71(i) and theorem 51.

(ii1): Follows from theorem 50(iii), proposition 71(ii), and theorem 51(iii).

(ii2):Follows from theorem 50(ii), proposition 71(iii), and theorem 51(ii).

(ii3): Follows from theorem 50(iv), proposition 71(iv), and theorem 51(iv).

(ii4):Follows from theorem 50(v), proposition 71(v) and theorem 51(v).

(1): By (ii), for g : X’/S — X/S a morphism, with X', X, S € Var(k) and X/S = (X, f), X'/S =
(X', '), we have by adjonction the following commutative diagram

/ 29 (A 1(/S)(9)=11 ad(g1,9') (F'Zs))
FHOM(X'/8) = fif'Zs = figg' [Zs) PR RN L FHS(M(X/S) = fif'Zs)

Ty(f FHA9)(f M (X /S))oT (1, fH@)(M(X’/S))l T (f,FH) (F M(X/S))oT (f fHdgxM(X/S))l

Hd_;)(j'HngHdg)

H(X'/S) = Rflyao f H9ZEY = finaggimasd’ ity #%Wﬂdg = H(X/S) = finagfH925"

where the left and right columns are isomorphisms by (ii). This proves (iii). O
The theorem 53 gives immediately the following :

Corollary 5. Let k C C a subfield. Let f : U — S, f': U" — S morphisms, with U,U’, S € Var(k)
irreducible, U’ smooth. Let S € PVar(k) a compactification of S. Let X, X' € PVar(k) compactification
of U and U’ respectively, such that f (resp. f’) extend to a morphism f X =S, resp. f: X' — 8.
Denote D = X\U and D' = X'\U' and E = (D xg X')U (X xgD'). Denotei:D — X,i :D < X
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denote the closed embeddings and j : U < X, j' : U’ — X' the open embeddings. Denote d = dim(U)
and d' = dim(U"). We have the following commutative diagram in D(Z)

_ o FlHds(—7) Hd Hd
RHom].jA(S’) (M(U//S), M((Xv D)/S)> - RHom.DMHM(g)(f!/HngU’ g, f*HngU g)
lm(,) J{Rl(y)
o Fi,

RHom®(M (pt), M(X' x5 X, E)(d")[2d]) RHom®*(Z}"  ayrx s Zi 22 (d) [2d])

| . |

C2Dd+o(X/ XS’ X,E,Z(d))

where
M((X,D)/S) := Cone(ad(ix,i') : M(D/S) = M(X/S)) = fujxEet:(Z(U/U)) € DA(S)
and 1 the isomorphisms given by canonical embedding of complezes.

Proof. The upper square of this diagram follows from theorem 53(ii). On the other side, the lower square
follows from the absolute case. o

8.2 The p adic Hodge realization functor for relative motives over a subfield
kcC,

Let p a prime number. Let £ C C, a subfield.
For S € Var(k), we have the analytical functor

an™od . Op(S) — CD(OSE;)(Sé:’pEt), M — M = an™? M
given by the morphism of ringed topological spaces ang : S¢* — S. For S € Var(k), we denote by for
short OBy, s 1= OIB%dT,SE;z = OIB%anCP(S&l:). where Rc, : AnSp(C,) — AdSp /(C,, Oc,) is the canonical
functor (see section 2). For S € Cat a site, p a prime number, we recall (see section 2) the functor
(=) ®Zy:C(S) = Cz,(S) C C(N xS) = PSh(S,Fun(N, C(Z))), K — K ® Zy := (K ® Z/p"Z)nen.
Let S € Var(k). Let S = U;esS; an open cover such that there exists closed embeddings i; : S; — S;
with S € SmVar(k). We have the category Dp1,0fi,rn(S/(S1)) X1 Dz, fit,e,k (S)
e whose set of objects is the set of triples {(((My, F,W),urs), (K, W), )} with
((Mr, F,W),urs) € Dp1,0)i,n(S/(S1)), (K, W) € Dz, sit,c.x(S),
a: By, 5K W)— FODR(S)N (M1, W), urs)™ @05 (OBy, 5, F), 1))
where « is a morphism in DBdT7G7fﬂ(Sg:’pet/(g}l?dfet)),
e and whose set of morphisms consists of
¢ = (60, ¢c, [0]) : (Mg, F, W), ury), (Ki, W), 1) = ((Mar, F, W), ury), (K2, W), a2)
where ¢p : (M1, F,W),ur;) = (M2, F,W),ur;) and ¢¢ : (K1,W) — (K2, W) are morphisms
and
0 = (0%, I(DR(S)(¢p") x I) o I(a1), I(az) o I(By, 5,)(¢c ®1))) :
I(By, 5,y (K1, W))[1] = I(F°DR(S)((Mar, F,W),ur,)*" @05 (OB, 5,, F).t17))

is an homotopy, I : DB%GJH(SE:*”“/(S??C’:E’&)) — K]Bdhgyfil(S(‘é:’pEt/(S?fc’:et)) being the injective
resolution functor, and for
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- (b = (¢Da¢cv [0]) : (((M117F7 W)aul,])v (K17W>,041) - (((MQIvFv W);UIJ)v (K27W>5a2)
- (b/ = ( /D=¢/Cv [6‘/]) : (((M217F7 W)vufJ)v (KQvW)70‘2) — (((M317F7 W)vuIJ)v (K37W)7O‘3)

the composition law is given by

¢ 06 = (¢ 0 6, ¢ 0 b0, [(DR(S) (@5 @ 1)) o [0] + [0'] 0 I(By,. (5, (6c)[1]) :
(((MllvFv W),UIJ), (Klvw)aal) - (((M317F7 W),UIJ), (Kg,W),OAg),

in partiCUIar for (((Mla Fa W),UIJ), (Ka W)v a) € OD(I,O)fil,rh(S/(S’I)) XTI Dpril,C,k(Set)a

Ty PWyur ) (W) 0) = (I ), I, 0),

and also the category DD(170)fil7Th7OO(S/(S’1)) X1 Dz, fit,e,(S°") defined in the same way, together with
the localization functor

(D(zar), I) : Cp(,0ypitrn(S/(S1)) X1 Dz, pi,e(S) = D10y piten(S/(S1)) X1 Dz, fit,en(S)
— DD(l,O)fil,rh,oo(S/(Sl)) XTI DZp.fil,c,k(Set)~

Note that if ¢ = (¢D7 (bc, [9]) ~ (((Ml,F, W),U]J), (Kl, W), 041) — (((MQ, F, W), UIJ), (Kz, W), 042) is a
morphism in Dp 1,0y i1 (S/(S1)) X1 Dz, fit,e.x(S°*) such that ¢p and ¢¢ are isomorphism then ¢ is an
isomorphism (see remark 8). Moreover,

o For (M1, F,W),urs), (K, W), @) € Dp1,0)51,rn(S/(51)) X1 Dz, fit,c.x(S%), we set
(M, W) urg), (K, W), a)[1] == (M5, F,W), ury)[1], (K, W)[1], af1]).
e For
¢ = (¢p,0c, [0]) : (Mir, F, W), upg), (K1, W), on) = ((Mar, F, W), urs), (K2, W), a2)
a morphism in Dp(y o) fir.rn(S/(S1)) X1 Dz, fit,e.1(S), we set (see [11] definition 3.12)
Cone(¢) := (Cone(¢p), Cone(¢c), ((a1,6), (2,0))) € Dp(1,0)sit,rn(S/(S1)) X1 Dz, pit,e e (S),

((a1,0), (av2,0)) being the matrix given by the composition law, together with the canonical maps

= ci(=) = (a1(¢p), c1(¢c), 0) : (Mar, F,W),ury), (K2, W), az) — Cone(¢)
— c2(=) = (e2(¢p), c2(dc), 0) : Cone(¢) — (M1, F, W), ury), (K1, W), an)[1].

Let S € Var(k). Let S = Uj_,S; an open cover such that there exists closed embedding i; : S < S;
with S; € SmVar(k). Consider the category

(DD(I,O)fil(gl) X1 Dpril,c,k(S’]et)) C Fun(I'(S;), TriCat)
e whose objects are ((My, F,W), (K;,W),ar),ur;) € Fun(T'(St), TriCat) such that
(M1, F, W), (K1, W),ar) € Dpg.oya(Sr) X1 Dz, fit,e.(S§") =: Dy(Sr)
and for I C J,

ury - ((M17F7W)7(K17W)7a1) —
pry«(My, F, W), (Ky, W), a5) := (prg« (Mg, F, W), pry« (K7, W), pry«a.y)

are morphisms in D, (Sr),
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e whose morphisms m = (mp) : (M, F,W),(K1,W),ar),ury) — (M7, F,W), (K}, W), a}),vr5)
is a family of morphism such that vr; o m; = prjemy o ury in Dp(St)

We have then the identity functor
Is : Dp(10yit(S/(S1))° %1 Dz, pit,e ke (SY) = (Dp(,0)7at(St) X1 Dz, pit,er(S5)),
(((MI, Fa W)v”Lf)a (K7 W)a Oé) — (((MI, Fa W)vlf*j;(Ka W)vj}ka)v (uIJa Ia O))v
m = (my,n) —m= (mr,i.jin)
which is a full embedding since for (M, F,W),ury) € DD(LO)I'H(S/(S’I))O,
urg : (Mp, F,W) = pry«(M, F,W)

are isomorphisms in DD(LO)I'H(S'I), and hence for ((My, F,W),ury), (K, W),«a) € DD(LO)M(S/(S’I))O X I
Dz, fit,c.x(S),

(U]J,I,O) : ((MluFu W)alf*]}k(K7W)7]}ka) —
pIJ*((MJaFa W)vl]*]j;(Kv W)ajs}a) = (pIJ*(ijFv W)all*.];(Ka W)v]}ka)

are isomorphisms in D, (Sy).

Definition 117. For h : U — S a smooth morphism with S,U € SmVar(k) and h : U % X
compactification of h with n an open embedding, X € SmVar(k) such that D := X\U = U_, D;
a normal crossing divisor, we denote by, using definition 74 and definition 103

Ip(U/S) : h!Hdgh!Hng:fgg =

(Ps+Ezar (Qx w575 ®Oxxs (N X I)!HdgFE’Hdg(OUxS, Fy)), DshyEe;Zy et , ha(U, §))
(DR(X x5/8)(ad((nx Dizzag,(nxI)*)(—)),0),1,0)

i>S’a
Cc X is

(Cone((Q)F" (ip, X I)icp, .a) : Ps«Fzar(Qx 575 @0xns TxT (Oxxs: Fy)) =
(= (PsuBaar(Q, w575 ®0p, x5 Tt (0D, s 1)) = ++)), Dshy EeyZyy yer, (U, 6))
— (F§PR(Z(U/8)), Rl Zp,vrer, a(Z(U/S)))
the canonical isomorphism in Dpyy(S) X1 DZpycyk(Set), where

e we recall that (see section 6.2)
WHAIZI = (19 ( Oy s, By), Zypyer, a(U)) € HMgm k¢, (U),
e ip, : D; — X are the closed embeddings,
o a(Z(U/S)) == ha(U,6) :=T"(h,®)(—) o a(U,8) (see definition 84), with
a(U,8) := (DRU)(Quxuvv)w /o T0 T (Ovxu, Fy)) @ 1) ™' o a(U) ;
Bar,u = DR(U)((pvs+Ezar (v /0 ®0u «v L)% (O0v )™ @0y (OBary, F)),
by the way we note that the following diagram in C(U(‘Cl:’mt) commutes

a(U)

Bar,vr FO((Q{]&L ) ®oy (OBg,u, F)) =: FODR(U) (OBgru, F)

DR(U)(QwXU/U)/(U/m)(Fg'Hdg(OUXU,Fb))eaI)T

Eet F°DR(U)((pv+ Ezar () 1717 ®Ou v L% (Opwu, Fy))™ @0y (OBar,, F))
Tw(PU@)(—)*lT

ad (55704 5y, ) (=) «(UxU . s an
P BTy B 00 ) ) By FODR(U X U j10 ®0ure T (O, Fo)™ ©04 (OBarusw, F,
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Lemma 10. Let S € SmVar(k). Let g : U'/S — U/S o morphism with U/S := (U,h),U’/S := (U',h) €
Var(k)*™/S. Leth:U % X L sa compactification of h with n an open embeddmg, X € SmVar(k) such
that D := X\U = U;_;D; C X is a normal crossing diwisor, Let h' : U NG AN compactification
of b’ with n' an open embedding, X' € SmVar(k) such that D' := X\U = Ui_;D; C X is a normal

crossing diwisor and such that g : U' — U extend to g : X' — X, see definition-proposition 3. Then,
using definition 117, the following diagram in Dpy;i(S) X1 D¢ (S€) commutes

B agh H9Z DO (Brpr@718)), e(5°).C. @V 19) © L), (U S))

ad(ngdg,g!Hdg)(h’Hngﬁ‘ég)l (2,7 (RSM (9)),Re(5°").Z(9),0(9))

Ip(U/é(‘ FDR(7,(U/S)), e(S). C.(Z(U/S) ® Z,), a(Z(U/S)))

\HdgryHdg
hiaagh™ YL, §

where
0(g) == Rp([Ly]) : I(Bar,s(MZy, 1 et))[1] = I(FODR(S)(F§PH(Z(U/S)™" @05 (OBar,s, F)))

is the homotopy given by the third term of the syntomic homology class of the graph Ty C U’ xg U, and
we recall (see section 6.2) that I : Cp,, .a(SE!/(S7¢,)) = KBb,,.c(S¢)/(S7,)) is the injective resolution
functor.

Proof. Immediate from definition. O
We can now define the p adic Hodge realization functor for motives :

Definition 118. Let kK C C,, a subfield. Let S € Var(k). Let S = U;_;S; an open cover such that there

exists closed embedding i; : S — S; with S; € SmVar(k). We define the Hodge realization functor as,
using definition 106,

F§ = (FEPR e(8).CuL ® Zy) : C(Var(k)™ /S) = Dp(10)5ia(S/(S) X1 Dz e k(S),
F s F§U(F) = (FEP(F, W), e(S).Cu(L(F, W) ® Z,), a( F)),
first on objects and then on morphisms :

o for F € C(Var(k)*™/S), taking (F,W) € Cyy(Var(k)*™/S) such that D(A',et)(F,W) gives the
weight structure on D(AL,et)(F),

FLU9(F) = (FEPR(F,W), e(S).Cu(L(F, W) ® Z), o F)) =

(e(S)«Hom((RG! (p5, Lirsji (F,W)), RO (TU(D1.)(-)), (Bear (55, For), Tr1),

e(S).Co(L(F, W) @ Zy,), o(F)) € Dp1,0)5(S/(S1)) X1 Dz, fit e (S)

where o(F) is the map in ngrﬁl(Sg:’pet/(g?fcfet)) writing for short DR(S) := DR(S)7] :=
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(DR(S1)[~dg,])
a(F) : By, 5,y (Re(S) (M, W) @" L)) =By, (5, ((i1:57e(S*)x Co(L(F, W) © Z,)), 1)
= By, (3 (e(S75)CuLirji (F,W) © Zp)), 1)

Bp 5, (ad(980 5,05 ) (2)

= (((( — @(Ula,hla)GVIBdr,S'l (hla!h!laZp,g‘;t)—c)
GB(UIouhIQ)GVIBdT,SI (hlo‘!hlfazp,g;t%) - ')7 uIJ))’ W)

(UZ(U1a/51)),0(98 a.5))

LU*]] (£, W), RCH(Tq(DIJ)(_)))v (Ezar (Q;gl’prv Fpr),Tr)))™"

®0s((OBg,. 5,, F),tr1))
— F'DR(S)((Fs "M, W)™ @05 (OB, 5, F),t11))

FODR(S)((e(S)«Hom((RS (v}

using lemma 10,

((Z(Ura/9)), 097 0.8))
being the matriz given inductively by the composition law in DD(l,O)fil(S’I) X1 Dfil(gft), that is
we have the following isomorphism in (Dp(1,0y5a(S1) x5 Dyu(S§')), denoting for short Vi :=
Var(k)*™ /St
Pt (=)

‘HngHdg a‘d(gI a,B 91 «,B8!'Hdg
p,S1

(I°(U1a/51) : (- = S Wiahra)evihiamaghy
EB(UIQ,hm)ev,hla!HdghIIingggf = ),ury), W)
= Is(Fg(F) = (FEPRE W), e(S7)Cu(Lin i (F,W) © Zp)), o F)))

where we denote by g7, 5 * Ura — Urg which satisfy hig o 97 ap = hia the morphisms in the
canonical projective resolution

(2(97 o.5))

q: Lil*j?(Fv W) = (( = 69(UIQ,hIQ)GVar(k)Sm/SIZ(UIO‘/S?I)
D (0o hre)eVar(kyem 1§, LU1a/S1) = -+ ), W) = ireji (F, W),

o for m : F1 — Fy a morphism in C(Var(k)*™/S), taking (F1,W),(F2, W) € Cry(Var(k)*™/S)
such that D(AY, et)(Fy, W) gives the weight structure on D(AY, et)(Fy) D(AY, et)(Fy, W) gives the
weight structure on D(AY, et)(F1) and such that m : (Fy,W) — (Fy, W) is a filtered morphism, the
morphism fqu( ) @ Dp1,0)£i(S/(S1)) X1 Dyit,ek(S) is given by

——-1 ° a o! . . Q -
F§Um)s = Iy ((I°(Ura/(81))) o (2170157 o prr1ag) (Z5,5,)) © (I Ura/ (S1)) ™)
= (FEPR(m), Re(S°).Z(m), 0(m) = (0(l1a,p))) : F§ “(Fy) = Fg ™ (Fy)
using lemma 9, that is we have the following commutative diagram in (DD(LO)fil(SI) X Dir.er(S69),

denoting for short Vi := Var(k)*™ /Sy,

Hdg

9310, *(Ura/8
((( — 69(UIa,hIQ)EVIhIoz'Hdgh‘HngHdg = ﬁ> @(UIQ,hIQ)GVIhIa‘Hdgh'HngHdg — . ) ’LLIJ)?Wg d ! é{dg(Fl)

ad(l;lfdfqvli .i'Hd (= )l Hdg _(rFDR et
£ BlHdg Fg W (m)=(Fg =" (m),Re(5°)+Z(m),(0(l1a,8)))
AMLdg

937 & I1*(Us /S
((( = BWrahra) evzhla'Hdgh'Hd"ZHdg —f EB(UIQ,M)eVIhla'Hdgh'HngHd" = ) upy), WY e 30FHds

where
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Hd o,!Hd '\Hdg -, Hd
— we denoted for short Agl.liﬂ :=ad(g7; aﬁg,gll oprirdg) Mo HZ g)

Hd o|Hd |Hdg - Hd
— we denoted for short Agz?;;qa,g = ad(93] arg > 951 0 prrdg) (hia" Lg q)

— we denote by 9?1704;6 : Ura — Urg, which satisfy hig o guya’,@ = hja, the morphisms in the
canonical projective resolution

L 5\ (Z(971,6,8))
q: Lipgi(F1, W) = ((--- — 69(UIQ,hja)GVar(k)S””‘/S'IZ([]IO‘/SI) —

DUy hre)eVar(kyem /5 LU1a/S1) = -+ ), W) = ireji (F1, W)

— we denote by g37 , 5+ Ura — Ui, which satisfy hrg o 9510, = Na, the morphisms in the
canonical projective resolution

. x P (Z(!];I,a,g))
q: Lipg; (Fo, W) = ((--- — 69(UIQ,hja)GVar(k)S””‘/S'IZ([]IO‘/SI) -

D0y hre)eVar(kyem /5, LU1a/S1) = -+ ), W) = i (F2, W)

— we denote by I}, 5: Ura — Urg which satisfy higolf, 5= hio and l?;;ogfmﬁ = 9%70,8% 08
the morphisms in the morphism of canonical projective resolutions

L L = (2(34,8))
Lir.gr (m)  Lirgy (Fla W) = (( S ®(U1a,hm)EVar(k)Sm/S'IZ(UIO‘/SI) o >’ W) S

(= @(Um)hm)EVar(k)m/glz(Ua/éf) — ) W) =t Lig i (Fy, W),
— the maps I*(Uj,,) are given by definition 115 and lemma 9.

Obviously FE¥(F[1]) = FE(F)[1] and FE(Cone(m)) = Cone(FE(m)). This functor induces by
proposition 62 and remark 8 the functor
FL = (FEPR (8°),C.(L @ Zp) : DA(S) — Dp(1,0)7a(S/(S1)) X1 Dz, fit,e.:(S),
M = D(A',et)(F) = Fg™(M) := Fg*(F) = (FEPH(M), Re(S). (M @" Z,), (M),

with (M) = a(F).

We now give the functoriality with respect to the five operation using the De Rahm realization case
and the etale realization case :

Proposition 73. Let p a prime number. Consider an embedding k C C,.

(i) Let g : T — S a morphism with T, S € Var(k). Assume there exists a factorization g : T LN
Y xS 5 S, withY e SmVar(k), | a closed embedding and p the projection. Let S = U;ieS; an
open cover and i; : S; — S closed embeddings with S S SmVar(k). Then, g; : Y x Sl — Sl s a
lift of gr = gi1, : Tr — St and we have closed embeddings i} :=iyoloj; :Tp — Y x S;. Then, for
M = D(Al,et)(F) € DA.(S), the following diagram commutes :

* (a(M))
Bdr,(YxS‘I)(g ’LURe(Set)*(M ®LZ ))

FODR(T)((gimad FEPR(M))™ @0, (OB, vy 5,5 F)st1))

JBdﬂ(YxSn(T* (9.€)(M®Zy)) lDR(T)H (T(g, FFPR)(M)*"@1)

e " a(g™M)
B, (v x5 (Re(T)g" (M o Z,)) —=

see definition 110 and definition 84.
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(i1) Let f : T — S a morphism with T, S € Var(k). Assume there exists a factorization f : T LyxsL
S, withY € SmVar(k), | a closed embedding and p the projection. Let S = U;erS; an open cover and
ii : Si = S; closed embeddings with S; € SmVar(k). Then, for M = D(A' et)(F) € DA(T),the

following diagram commutes :
By, (5, (RfewRe(T). (M &F 7,)) U R0 DR(S)F (R FEPR (M) @0, (OB, 5, F),trs))
dr,(Sr) *W * * T Os dr,Sp° s U1 g

By, 5,y (T (f,e)(M®Zp))T DR(S)!I((T. (f,]-'FDR)(M))“"®I)T

a(Rf.
By, (3, (Re(S°). RI(M @F 2,)) "M pODR(S)-N(FEPR(REM))™ ©0 (OBy, 5, F), 1))

see definition 111 and definition 84.

(iii) Let f: T — S a morphism with T, S € Var(k). Assume there exists a factorization f : T Lyxst
S, with Y € SmVar(k), | a closed embedding and p the projection. Let S = U;erS; an open cover and
i; 2 S; = S; closed embeddings with S; € SmVar(k). Then, for M = D(A' et)(F) € DA.(T),the

following diagram commutes :
61y (Rfrw Re(T) (M @ 2,))" ™8 FODR(S) I (RA™ FEpp(M))™ @05 ((OBy, g, F),t11))
dr,(S1) lw * P ! FDR Os dr,Sp2 ) VL
lﬁdmsn(T!(fveﬂM@Zp)) lDR(S)H((Tz(f,fFDRxM))“"@z)

an (i (RS, RAM @ 2,)) 2 po pR(S)F(FEpp(RAM))™ S0, (OB, 5, F).tr1))

see definition 111 and definition 84.

(iv) Let f : T — S a morphism with T, S € Var(k). Assume there exists a factorization f : T LyxsL
S, with Y € SmVar(k), l a closed embedding and p the projection. Let S = U;e1.S; an open cover and
i; : S; = S; closed embeddings with S; € SmVar(k). Then, for M = D(A',et)(F) € DA.(S),the

following diagram commutes :
w € (Oé(M)) *771.01 an
By v < ([ Re(S) (M @F Z,) ) —— FODR(T)N((fiag  FEPR(M))™™ @0, (OB, yx5,- F)str1))
]Bdr,(YXS'I)(T!(f7€)(M®ZP))T DRH(T)((T!(97}'FDR)(M))“"®1)T
(/' M) - "
B (v x50 (Re(T)f (M @ Z)) === FODR(T)N(FFPR(FM)™ @01 (OB s, F)strr)

see definition 111 and definition 84.

(v) Let S € Var(k). Let S = U;erSi an open cover and i; : S; < S; closed embeddings with S; €
SmVar(k). Then, for M, N € DA.(S),the following diagram commutes :

Bdr,(S’I)(Re(Set)*(M ®L Z]D))®Bdns
By, 5 (Re(S9)(N @ Zp))
T(®,Bar)(Re(S")  M®Zy,Re(S ) N®Zp)
e (a(M®N)) an
(Re(5°).((M & N) " 7)) FODR(S)(FEpp(M © N))*" @0, (OBy, 5,. F).11,))

DO, pOpR(S)(FEPR(M) @H% FEPR(N))™ @0, (OB, 5, F), 1

lDR(S)((T(®7TFDR)(M7N))“"®I)

Bdr, (1)

see definition 111 and definition 84.
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Proof. (i): Follows from the following commutative diagram in (Dp1,0)fia(Y x Sr) xr Dpa(Y x S¢t)),

Hdg
~«Hdg \Hdg,Hdg 91.0.8 .
(= SWrahryevidr “hiatmaghta ™2, 5, —— (gifag  FFPR(F),

\Hdgr, Hdg @71 (U1a/50) 0 0 et .
69(Um,hm)evfhIO&!HthIa Zp-,gf =), ury), W) > g""e(S) O L(F, W), g*(a(F)))

TH9 (G, b )<—)l
o y (T(g, FFPY(M), T(g,¢) (M),0)
Aftda
""Hd Hd 9,0,
(((4) 69(U}a,hla)EVVIhl]oc!HdghIa gZp,ngS'I (]‘-TEDR(Q*F),

"Hd d (I*(U. /Y x81)) o " .
By, oW Haumraghta VZIE o ) uns), W) L (1), O, Lt F W), alg* F))

where, we have denoted for short V; := Var(k)*™/S; and Wy := Var(k)*™ /Y x S,

Hdg ._ o,!Hdg \Hdgry,Hdg

e we denoted for short Agf,a,ﬁ =ad(970.5" 91.0.50dg) P10 ZP7§I)
Hdg _ ‘e\Hdg 'e ""HdgryHdg

e we denoted for short Aglf,'a,g =ad(gr a5 90 apmdg) o Zp,YXS'I)

e we denote by 9?@,3 : Urq — Uypg, which satisfy hjg o 9?@,3 = h1a, the morphisms in the canonical
projective resolution

. = (Z(97,a,8))
q: LZI*.]I (Fv W) = ( g 69(UIQ,hlra)G\/ar(k)sm/SIZ(UIO‘/SI) %

DB (U0 hra)evarkysm 5, LWUra/S1) = -+ +) = 1.7 (F, W)

e we denote by g}”a g U To = U}ﬁ, which satisfy h7g o g}"a 5 = hq,, the morphisms in the canonical
projective resolution

g e = (9% 5)
q: Lz,l*]] (g F, W) = ( T GB(UEQ,h}a)GVar(k)Sm/YXSIZ(U}a/Y x SI) —=5

w1 yevarwyem v x5 LULa)Y X S1) = -+-) = iy (g F W)

(ii): Follows from (i) by adjonction.

(iii): The closed embedding case is given by (ii) and the smooth projection case follows from (i) by
adjonction.

(iv): Follows from (iii) by adjonction.

(v):Obvious

Proposition 74. Let p a prime number. Consider an embedding k C C,.

(i) Let S € Var(k). Let S = U;S; an open cover such that there exist closed embeddings i; : S; — S;
with S; € SmVar(k). Then we have the isomorphism in Dp(1 0y ru(S/(S1)) X1 Dy (S)

F§(Zs) = (FEPM(Zs), e(S™)u(Zs @ L), a(Zs))
()27 (RO (ad(i7 i1.) (T, 25 )))),1,0)

Ig'l((e(s)*Hom((RCH(Fg;wZS'I)v RCH(xIJ))v (EZGT(Q;i)prv FDR)? TIJ))? T(S/(gf))(zg,sﬁf)v O‘(S’Iv 6)))

—:_> LS((Fg}Hdg(OS’I ) Fb)a IIJ)v Z;],Sﬁt ) Q(S)) = LS(ngg)
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with

a(S) : By, (5,)(Lset @ Ly) := By, 5, (L} Ly ger,T1)
(T%, «(51))
—L—— FODR(S)((I$;"(0g,, Fy), x15) ®0s (OB, 5,,F), trs))
(i1) Let f: X — S a morphism with X,S € Var(k), X quasi-projective. Consider a factorization f :

XLyxS2 S withy =PV c PN an open subset, | a closed embedding and pg the projection.
Let S = U;S; an open cover such that there exist closed embeddings i; : S; — S; with S; € SmVar(k).
Recall that S; = NierSi, X1 = f~1(S), and Sy = HieIS'i. Then, using proposition 73(iii), the
map of definition 111 gives an isomorphism in DD(LO)I'H(S/(S’I)) X1 Dz, fit,e,k(S)

(Ti(f, FFPR)N(Zx), Tile, [)(Zp,x 1)) :
FOMPM(X/8)) = (FEPR(RAZX), e(S). RA(Zx ® Lp), a(RfZx))
2 (Rfuag (T 0y 5, Fo), 215(X/S)), RfZE oo, Aol X)) =2 ts(Rfirrag(Zy ).

with
Ly = (OX" " (Oy 3, F), 215 (X/9)), 2y e, a(X)) € C(MH Mgy e e, (X))
Proof. Follows from proposition 73(iii) and theorem 50. O

The main theorem of this section is the following :

Theorem 54. Let p a prime number. Let k C C, a subfield.
(i) For S € Var(k), we have F&(DA.(S)) € D(MH Mg 1.c,(S)),
vs : D(IMHMgp, ¢, (S)) = Dp.oya(S/(51)) X1 Dz, pit,e.s(S)
being a full embedding by theorem 46.
(i) The Hodge realization functor Frqae(—) define a morphism of 2-functor on Var(k)
FH9  Var(k) — (DAo(—) — D(MHMgm k.c,(—)))
whose restriction to QPVar(C) is an homotopic 2-functor in sense of Ayoub. More precisely,
(#0) for g:T — S a morphism, with T, S € QPVar(k), and M € DA.(S), the the map of definition
110 induces an isomorphism in D(MH Mgy x.c,(T))
T(g, FH) (M) := (T(g, FPT)(M), T(g, e)(M " Z;),0) :
g FHI M) = i (g3 FEPR ), 6" Re(S7). (M ©F 2,), g*(a(M)))
S (FEPR(g" M), Re(T) g™ (M @ Z,), (9" M) =: Ff (9" M),
(ii1) for f : T — S a morphism, with T, S € QPVar(k), and M € DA.(T), the map of definition
111 induces an isomorphism in D(MH My k.c,(S))
T.(f, FH9) (M) = (T.(f, FFPF)(M), 1,0) -
RfnageFp (M) := o5 (RFFOFLPR(M), RfRe(T). (M " Z,), fo(a(M)))
= g (FEPR(RF.M), Re(S°) Rf (M @" Z,), a(Rf.M)) =: FEY(Rf.M),
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(i2) for f: T — S a morphism, with T, S € QPVar(k), and M € DA.(T), the map of definition
111 induces an isomorphism in D(MH Mgy k.c,(S))
Ti(f, FH9) (M) := (T(f, FFPH) (M), Ti(f, e)(M @ Z,),0) :
RfiagFr®(M) := o' (Rf Y FLPR(M), RfiRe(T)(M @" Z,), fi(a(M)))
= 15 (F§ PR(RAM), Re(S)uRAM © Zp, a( iM)) = F7'"(fiM),
(i3) for f : T — S a morphism, with T,S € QPVar(k), and M € DA.(S), the map of definition
111 induces an isomorphism in D(MH Mgy, 1.c,(T))
T'(f, FH9) (M) = (T'(f, FFPR) (M), T (f,¢)(M " Z,),0) :
f*Hdngdg<M> = 1! (fifag " FEPR(M), ['Re(5)(M @" L), f((M)))
S NFLPR(SM), Re(T) fH (M @5 Zy), o f1 M) = Fr (' M),
(ii4) for S € Var(k), and M,N € DA.(S), the map of definition 111 induces an isomorphism in
D(MH Mg .c, (S))
T(@, F19)(M, N) := (T(®, F§™)(M, N), 1,0) : F§* (M) 527 F™(N) :=
i5 (FEPR(M) @G0 FEPR(N), Re(S). (M @ Z,) @ Re(S5).(N @" Z,),a(M) © ( )
S gt FE9(M @ N) = 15 (FEPR(M @ N), Re(S), (M @ N) @* Z,),a(M & N)).

(i1i) For S € Var(k), the following diagram commutes :

Var(k)/S MHUS) D(MHMy,, 1.c,(S))
M(/s>l lbs
FHde -
DA(S) 2 Dp,0y5i(S/(S1)) X1 Dz, fit,e.(S)

Proof. (i):Let M € DA.(S). There exist by definition of constructible motives an isomorphism in DA(S)
w(M) : M =5 Cone(M(Xo/S)[do] =% -+ 22 M(X,,/S)[dm]),

with f,, : X, = S morphisms and X,, € QPVar(k). This gives the isomorphism in DD(LO)J"Z-Z(S/(S’I)) X
Dz, fit,c.k(S)
]_-éidg(ml) ]_-é{dy(ml)

FE9(w(M)) : FE (M) =5 Cone(FL™ (M(Xo/S)) do] FE&Y9(M(Xn/S))dm)),

On the other hand, by proposition 74(i), we have

FE(M(X0/S)) = RfinagZy € D(MHMgp, . c, (S))-

This prove (i).

(ii0): Follows from theorem 50(i) and proposition 73(i).
(ii1): Follows from theorem 50(iii) and proposition 73(ii).
(ii2):Follows from theorem 50(ii) and proposition 73(iii).
(ii3): Follows from theorem 50(iv) and proposition 73(iv).
(ii4):Follows from theorem 50(v) and proposition 73(v).
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(iii): By (ii), for g : X'/S — X/S a morphism, with X', X, S € Var(k) and X/S = (X, f), X'/S =
(X', f'), we have by adjonction the following commutative diagram

/ F& 49 (M(/8)(9)=f ad(g1,")(f'Zs))
FdM(X')S) = fif'Zs = figg f'Zs) s FEY(M(X/S) = f£.1'Ts)
T (f FH9) (f M (X' /S))oT! (f’-f”dg)(M(X’/S))l T (f,FHY)(F M(X/S))oT! <f,f”d9><M<X/S>>l
) NHdgryHd 1—?’3& Mpyaorpay )L ) \Hdgry Hd
H(X'/S) = Rf{yq,f Y2, " = finaggimagg 9N ————"" MH(X/S) = fiag /92 E

where the left and right columns are isomorphisms by (ii). This proves (iii). O
The theorem 54 gives immediately the following :

Corollary 6. Let p a prime number. Let k C C, a subfield. Let f : U — S, f':U' — S morphisms, with
U,U’", S € Var(k) irreducible, U’ smooth. Let S € PVar(k) a compactification of S. Let X, X" € PVar(k)
compactification of U and U’ respectively, such that f (resp. f') extend to a morphism f:X =5, resp.
f"X’—>S Denote D = X\U and D' = X'\U' and E = (DXSX) (X xg D). Denotei:D — X,

: D < X denote the closed embeddings and j : U — X, j' : U — X' the open embeddings. Denote
d dim(U) and d' = dim(U’). We have the following commutative diagram in D(Z)

B L FHAg(— =)
RHO’ITL (S)( (U//S)vA]\4((AXVaD)/‘S’));)I%IJO"TLD(]\4}11\457”kL (S))(f'qu pU/vf*Hdg fg)
lRI(—,—) lRI(—,—)
F}p{td (=—)

RHom®(M (pt), M (X' xg X, E)(d')[2d"]) RHom°(ZH GU/XSUIZ UX o (d)[2d'])
|
Rd

ll
X/xgX

Zy(X' x5 X,E,e) Ot (X' x5 X, E, Z(d))

where
M((X,D)/S) := Cone(ad(i,i') : M(D/S) = M(X/S)) = fujxEet(Z({U/U)) € DA(S)
and 1 the isomorphisms given by canonical embedding of complezes.

Proof. The upper square of this diagram follows from theorem 54(ii). On the other side, the lower square
follows from the absolute case. O
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