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Abstract

We introduce the categories of geometric complex mixed Hodge modules on algebraic varieties

over a subfield k ⊂ C, and for a prime number p, the categories of p-adic mixed Hodge modules on

algebraic varieties over a subfield k ⊂ Cp. We then give a complex Hodge realization functor on the

derived category of relative motives over k ⊂ C and a p-adic Hodge realization functor on the derived

category of relative motives over k ⊂ Cp.
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1 Introduction

Let k be a field of characteristic zero and S be a scheme of finite type over k. Let DAc(S) be the
derived category of constructible motives over S. In a previous work ([10]) when k = C is the field of
complex numbers, we built a Hodge realization functor :

FHdgS : DAc(S)→ D(MHM(S))

where D(MHM(S)) is the derived category of mixed Hodge modules introduced by Morihiko Saito. This
functor commute to the sixth operations formalism and define a 2-functor morphism on the category of
schemes over C.

In this work, we extend this realization functor to the general case of any field k of characteristic
zero embedded in C and we develop a p-adic analog of this realization.

The first step of the construction involves a rational version (i.e. over k) of the category of
mixed Hodge modules. The key point of the construction is the existence of the Kashiwara-Malgrange V -
filtration over k for regular holonomic D-modules (theorem 32) which is proved by induction on dimension
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using the complex case, and Saito’s theorem on the strictness and stability of the direct image for proper
morphisms in the complex case. The mixed hodge modules over k are then the mixed Hodge modules
whose regular holonomic sheaf is defined over k. To develop a p-adic analog, we also introduce the full
subcategory of geometric mixed Hodge modules.

For simplicity, we assume S smooth and let (M,F •M) be a filtered regular holonomic DS-
module. We say (M,F •M) is pur de Rham if it belong to the full abelian category generated by the
successive higher direct image of the structural DX -module (OX , Fb) of the proper S-schemes X smooth
over k, Fb being the trivial filtration.
Let (M,F •M,W •M) be a bi-filtered regular holonomic DS-module (F •M is the Hodge filtration and
W •M is the weight filtration). We say (M,F,W ) is de Rham if the associated graded module GrW (M,F )
is a pur de Rham module and if the weight filtration is finite and satisfy an admissibility condition with
respect to the Cartier divisors of S. The de Rham modules over S ∈ Var(k) are introduced in definition
56.

A constructible sheaf over S is given by a constructible sheaf K over the analytic complex space
SanC such that there exist a stratification (Si) of S over k such that K|Sani,C is a Q-local system.

We denote by Pk(S
an
C ) := P (SanC )∩Dc,k(S

an
C ) the full sub-category of perverse sheaves with constructible

cohomology sheaves over S.
A geometric mixed Hodge module over S, assumed to be smooth for simplicity, is a triple

((M,F,W ), (K,W ), α) where (M,F,W ) is a de Rham module over S, (K,W ) ∈ Pk(S
an
C ) is a filtered

perverse sheaf over S and α is an isomorphism α : (K,W )⊗C ≃ DR(S)((M,W )an) compatible with the
de Rham comparison theorem and where DR(S)(Man) is the de Rham complex associated to Man. The
geometric mixed Hodge module over S ∈ Var(k) are introduced in definition 68.

Let D(MHMgm,k,C(S)) be the derived category of the category of complexes of geometric
mixed Hodge modules over S. This category can be defined for any scheme S of finite type over k. We
prove the following theorem :

Theorem 1. Let Var(k) be the category of schemes of finite type over a subfield k ⊂ C. Then :

• The categories D(MHMgm,k,C(S)), for S ∈ Var(k), are endowed with the formalism of the sixth
operation.

• There exist a Hodge realization functor :

FHdgS : DAc(S)→ D(MHMgm,k,C(S))

compatible with the sixth operations formalism.

Let p be a prime number, Cp be a completion of an algebraic closure of Qp and let k ⊂ K ⊂ Cp
be a subfield of a p-adic field K. Let S be a smooth scheme over k, BdR,S be the sheaf of relative de Rham
p-adic periods over the pro-étale site of the p-adic analytic Huber space Sanproet (introduced by Fontaine,
Faltings and Scholze) and CBdR(S) be the category of complexes of BdR,S-modules.

For any lisse Qp-sheaf K over Set, the sheaf K⊗BdR,S over Sanproet has a Poincaré resolution by
the de Rham complex OBdR,S⊗Ω•San . We obtain a functor from the category of lisse Qp-sheaves over Set
to the category of complexes of BdR,S-modules. Using, a Beilinson’s devissage by nearby and vanishing
cycles functors, we extend this functor to perverse sheaves :

Bdr,S : Pk(Set)→ CBdR(S).

A geometric p-adic mixed Hodge module over S, assumed to be smooth for simplicity, is a triple
((M,F,W ), (K,W ), α) where (M,F,W ) is a de Rham module over S, (K,W ) is a filtered perverse sheaf
over Set and

α : Bdr,S(K,W ) ≃ F 0DR(S)((OBdR,S , F )⊗OS (M,F,W )an)

is an isomorphism of complexes of W -filtered (BdR,S , G)-modules over Sanproet, compatible with the p-adic
de Rham comparison theorem (Faltings and Scholze) and where DR(S) is the de Rham complex associ-
ated an analytic DS-module and G := Gal(K̄/K) is the Galois group of K. The geometric p-adic mixed
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Hodge module over S ∈ Var(k) are introduced in definition 86.

Let D(MHMgm,k,Cp(S)) be the derived category of the category of complexes of p-adic geo-
metric Hodge modules over S. In fact D(MHMgm,k,Cp(S)) can be defined for any scheme S of finite
type over k. We prove the following p-adic version of theorem 1 :

Theorem 2. Let k →֒ K →֒ Cp be a subfield of a p-adic field. Then :

• The categories D(MHMgm,k,Cp(S)), for S ∈ Var(k), are endowed with the formalism of the sixth
operation.

• There exist a p-adic Hodge realization functor :

FHdgS : DAc(S)→ D(MHMgm,k,Cp(S))

compatible with the sixth operations formalism

The proof of the first part of the theorems 1 and 2 is similar to the classical complex case, the crucial
point is to show in the p-adic case that the isomorphism α is functorial. We are then reduced to prove
that the functor Bdr commute to direct images in the proper case (theorem 44). To do this, we use p-adic
Hodge theory comparison theorems in the open case ([21]).

The proof of the second part of the theorems follows our strategy of [10] :
In the case k ⊂ C, we first fully faithfully embed D(MHMgm,k,C(S)) into the fiber product of the
derived category of bi-filtered regular holonomic DS-modules over k and the derived category of filtered
constructible Q-sheaves with k-rational stratification, and construct the realization functor inside this big
category (definition 116), then we check that the image is contained in DMHMgm,k,C(S) and commutes
with the six operation (theorem 53).
In the case k ⊂ K ⊂ Cp, we first fully faithfully embed D(MHMgm,k,Cp(S)) into the fiber product
of the derived category of the category of bi-filtered regular holonomic DS-modules over k and the
derived category of filtered constructible Qp-etale sheaves with k-rational stratification and construct the
realization functor inside this big category (definition 118), then we check that the image is contained in
D(MHMgm,k,Cp(S)) and commutes with the six operation (theorem 54).

I am grateful to F.Mokrane for his help and support during the preparation of this work as well as
J.Wildeshaus for the interest he has brought to this work. I also thank A.C.Le Bras, P.Boyer and S.Morra
for the help and interest they have brought to this work.

2 Preliminaries and Notations

2.1 Notations

• After fixing a universe, we denote by

– Set the category of sets,

– Top the category of topological spaces,

– Ring the category of rings and cRing ⊂ Ring the full subscategory of commutative rings,

– TRing the category of topological rings and cTRing ⊂ TRing the full subscategory of commu-
tative topological rings,

– RTop the category of ringed spaces,

∗ whose set of objects is RTop := {(X,OX), X ∈ Top, OX ∈ PSh(X,Ring)}

∗ whose set of morphism is Hom((T,OT ), (S,OS)) := {((f : T → S), (af : f∗OS → OT ))}

and by ts : RTop→ Top the forgetfull functor.
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– RvTop the category of valued ringed spaces

∗ whose set of objects is

RvTop := {(X,OX , (vx, x ∈ X)), X ∈ Top, OX ∈ PSh(X, cTRing), vx ∈ Spv(OX,x)}

where OX is a sheaf of complete topological commutative ring for a non archimedean
semi-norm, Spv(−) denote the set of continous valuations of a topological commutative
ring for a non archimedean semi-norm

∗ whose set of morphism is

Hom((T,OT , (vx, x ∈ T )), (S,OS , (vx, x ∈ S))) :={
((f : T → S), (af : f∗OS → OT )), a

∗
f (vf(x)) = vx for allx ∈ T

}
.

– Cat the category of small categories which comes with the forgetful functor o : Cat →
Fun(∆1, Set), where Fun(∆1, Set) is the category of simplicial sets,

– RCat the category of ringed topos

∗ whose set of objects is RCat := {(X , OX), X ∈ Cat, OX ∈ PSh(X ,Ring)},

∗ whose set of morphism is Hom((T , OT ), (S, OS)) := {((f : T → S), (af : f∗OS → OT )), }

and by tc : RCat→ Cat the forgetfull functor,

– AbCat a category consisting of a small set of abelian categories,

– TriCat a category constisting of a small set of triangulated categories.

• Let F : C → C′ be a functor with C, C′ ∈ Cat. For X ∈ C, we denote by F (X) ∈ C′ the image of X ,
and for X,Y ∈ C, we denote by FX,Y : Hom(X,Y )→ Hom(F (X), F (Y )) the corresponding map.

• For C ∈ Cat, we denote by Cop ∈ Cat the opposite category whose set of object is the one of C :
(Cop)0 = C0, and whose morphisms are the morphisms of C with reversed arrows.

• Let C ∈ Cat. For S ∈ C, we denote by C/S the category

– whose set of objects (C/S)0 = {X/S = (X,h)} consist of the morphisms h : X → S with
X ∈ C,

– whose set of morphism Hom(X ′/S,X/S) between X ′/S = (X ′, h′), X/S = (X,h) ∈ C/S
consits of the morphisms (g : X ′ → X) ∈ Hom(X ′, X) such that h ◦ g = h′.

We have then, for S ∈ C, the canonical forgetful functor

r(S) : C/S → C, X/S 7→ r(S)(X/S) = X, (g : X ′/S → X/S) 7→ r(S)(g) = g

and we denote again r(S) : C → C/S the corresponding morphism of (pre)sites.

– Let F : C → C′ be a functor with C, C′ ∈ Cat. Then for S ∈ C, we have the canonical functor

FS : C/S → C′/F (S), X/S 7→ F (X/S) = F (X)/F (S),

(g : X ′/S → X/S) 7→ (F (g) : F (X ′)/F (S)→ F (X)/F (S))

– Let S ∈ Cat. Then, for a morphism f : X ′ → X with X,X ′ ∈ S we have the functor

C(f) : S/X ′ → S/X, Y/X ′ = (Y, f1) 7→ C(f)(Y/X ′) := (Y, f ◦ f1) ∈ S/X,

(g : Y1/X
′ → Y2/X

′) 7→ (C(f)(g) := g : Y1/X → Y2/X)
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– Let S ∈ Cat a category which admits fiber products. Then, for a morphism f : X ′ → X with
X,X ′ ∈ S, we have the pullback functor

P (f) : S/X → S/X ′, Y/X 7→ P (f)(Y/X) := Y ×X X ′/X ′ ∈ S/X ′,

(g : Y1/X → Y2/X) 7→ (P (f)(g) := (g × I) : Y1 ×X X ′ → Y2 ×X X ′)

which is right adjoint to C(f) : S/X ′ → S/X , and we denote again P (f) : S/X ′ → S/X the
corresponding morphism of (pre)sites.

• Let C, I ∈ Cat. Assume that C admits fiber products. For (S•) ∈ Fun(Iop, C), we denote by
C/(S•) ∈ Fun(I,Cat) the diagram of category given by

– for I ∈ I, C/(S•)(I) := C/SI ,

– for rIJ : I → J , C/(S•)(rIJ ) := P (rIJ ) : C/SI → C/SJ , where we denoted again rIJ : SJ → SI
the associated morphism in C.

• Let (F,G) : C ⇆ C′ an adjonction between two categories.

– For X ∈ C and Y ∈ C′, we consider the adjonction isomorphisms

∗ I(F,G)(X,Y ) : Hom(F (X), Y )→ Hom(X,G(Y )), (u : F (X)→ Y ) 7→ (I(F,G)(X,Y )(u) :
X → G(Y ))

∗ I(F,G)(X,Y ) : Hom(X,G(Y ))→ Hom(F (X), Y ), (v : X → G(Y )) 7→ (I(F,G)(X,Y )(v) :
F (X)→ Y ).

– For X ∈ C, we denote by ad(F,G)(X) := I(F,G)(X,F (X))(IF (X)) : X → G ◦ F (X).

– For Y ∈ C′ we denote also by ad(F,G)(Y ) := I(F,G)(G(Y ), Y )(IG(Y )) : F ◦G(Y )→ Y .

Hence,

– for u : F (X) → Y a morphism with X ∈ C and Y ∈ C′, we have I(F,G)(X,Y )(u) =
G(u) ◦ ad(F,G)(X),

– for v : X → G(Y ) a morphism with X ∈ C and Y ∈ C′, we have I(F,G)(X,Y )(v) =
ad(F,G)(Y ) ◦ F (v).

• Let C a category.

– We denote by (C, F ) the category of filtered objects : (X,F ) ∈ (C, F ) is a sequence (F •X)•∈Z
indexed by Z with value in C together with monomorphisms ap : F

pX →֒ F p−1X →֒ X .

– We denote by (C, F,W ) the category of bifiltered objects : (X,F,W ) ∈ (C, F,W ) is a sequence
(W •F •X)•,• ∈ Z2 indexed by Z2 with value in C together with monomorphisms W qF pX →֒
F p−1X , W qF pX →֒W q−1F pX .

• Let A an additive category.

– We denote by C(A) := Fun(Z,A) the category of (unbounded) complexes with value in A,
where we have denoted Z the category whose set of objects is Z, and whose set of morphism
between m,n ∈ Z consists of one element (identity) if n = m, of one elemement if n = m+ 1
and is ∅ in the other cases.

– We have the full subcategories Cb(A), C−(A), C+(A) of C(A) consisting of bounded, resp.
bounded above, resp. bounded below complexes.

– We denote by K(A) := Ho(C(A)) the homotopy category of C(A) whose morphisms are
equivalent homotopic classes of morphism and by Ho : C(A) → K(A) the full homotopy
functor. The category K(A) is in the standard way a triangulated category.

• Let A an additive category.
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– We denote by Cfil(A) ⊂ (C(A), F ) = C(A, F ) the full additive subcategory of filtered com-
plexes of A such that the filtration is biregular : for (A•, F ) ∈ (C(A), F ), we say that F is
biregular if F •Ar is finite for all r ∈ Z.

– We denote by C2fil(A) ⊂ (C(A), F,W ) = C(A, F,W ) the full subcategory of bifiltered com-
plexes of A such that the filtration is biregular.

– For A• ∈ C(A), we denote by (A•, Fb) ∈ (C(A), F ) the complex endowed with the trivial
filtration (filtration bete) : F pAn = 0 if p ≥ n + 1 and F pAn = An if p ≤ n. Obviously, a
morphism φ : A• → B•, with A•, B• ∈ C(A) induces a morphism φ : (A•, Fb)→ (B•, Fb).

– For (A•, F ) ∈ C(A, F ), we denote by (A•, F (r)) ∈ C(A, F ) the filtered complex where the
filtration is given by F p(A•, F (r)) := F p+r(A•, F ).

• Let A be an abelian category. Then the additive category (A, F ) is an exact category which
admits kernel and cokernel (but is NOT an abelian category). A morphism φ : (M,F ) → (N,F )
with (M,F ) ∈ (A, F ) is strict if the inclusion φ(FnM) ⊂ FnN ∩ Im(φ) is an equality, i.e. if
φ(FnM) = FnN ∩ Im(φ).

• Let A be an abelian category.

– For (A•, F ) ∈ C(A, F ), considering ap : F pA• →֒ A• the structural monomorphism of of the
filtration, we denote by, for n ∈ N,

Hn(A•, F ) ∈ (A, F ), F pHn(A•, F ) := Im(Hn(ap) : H
n(F pA•)→ Hn(A•)) ⊂ Hn(A•)

the filtration induced on the cohomology objects of the complex. In the case (A•, F ) ∈ Cfil(A),
the spectral sequence Ep,qr (A•, F ) associated to (A•, F ) converge to GrpF H

p+q(A•, F ), that is
for all p, q ∈ Z, there exist rp+q ∈ N, such that Ep,qs (A•, F ) = GrpF H

p+q(A•, F ) for all
s ≤ rp+q.

– A morphism m : (A•, F ) → (B•, F ) with (A•, F ), (B•, F ) ∈ C(A, F ) is said to be a filtered
quasi-isomorphism if for all n, p ∈ Z,

HnGrpF (m) : Hn(GrpF A
•)
∼
−→ Hn(GrpF B

•)

is an isomorphism in A. Consider a commutative diagram in C(A, F )

(A•, F )
m //

φ

��

(B•, F )
i2//

ψ

��

Cone(m) = ((A•, F )[1]⊕ (B•, F ), d, d′ −m)
p1 //

(φ[1],ψ)

��

(A•, F )[1]

φ[1]

��
(A
′•, F )

m′ // (B
′•, F )

i2// Cone(m′) = ((A
′•, F )[1]⊕ (B

′•, F ), d, d′ −m′)
p1 // (A

′•, F )[1]

If φ and ψ are filtered quasi-isomorphisms, then (φ[1], ψ) is an filtered quasi-isomorphism.
That is, the filtered quasi-isomorphism satisfy the 2 of 3 property for canonical triangles.

• Let A be an abelian category.

– We denote by D(A) the localization of K(A) with respect to the quasi-isomorphisms and by
D : K(A)→ D(A) the localization functor. The category D(A) is a triangulated category in
the unique way such that D a triangulated functor.

– We denote byDfil(A) the localization ofKfil(A) with respect to the filtered quasi-isomorphisms
and by D : Kfil(A)→ Dfil(A) the localization functor.

• Let A be an abelian category. We denote by Inj(A) ⊂ A the full subcategory of injective objects,
and by Proj(A) ⊂ A the full subcategory of projective objects.
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• For S ∈ Cat a small category, we denote by

– PSh(S) := PSh(S,Ab) := Fun(S,Ab) the category of presheaves on S, i.e. the category of
presheaves of abelian groups on S,

– K(S) := K(PSh(S)) = Ho(C(S)) In particular, we have the full homotopy functor Ho :
C(S)→ K(S),

– C(2)fil(S) := C(2)fil(PSh(S)) ⊂ C(PSh(S), F,W ) the big abelian category of (bi)filtered com-
plexes of presheaves on S with value in abelian groups such that the filtration is biregular, and
PSh(2)fil(S) = (PSh(S), F,W ),

– Kfil(S) := Kfil(PSh(S)) = Ho(Cfil(S)),

– Kfil,r(S) := Kfil,r(PSh(S)) = Hor(Cfil(S)), Kfil,∞(S) := Kfil,∞(PSh(S)) = Ho∞(Cfil(S)).

For f : T → S a morphism a presite with T ,S ∈ Cat, given by the functor P (f) : S → T , we will
consider the adjonctions given by the direct and inverse image functors :

– (f∗, f∗) = (f−1, f∗) : PSh(S) ⇆ PSh(T ), which induces (f∗, f∗) : C(S) ⇆ C(T ), we denote,
for F ∈ C(S) and G ∈ C(T ) by

ad(f∗, f∗)(F ) : F → f∗f
∗F , ad(f∗, f∗)(G) : f

∗f∗G→ G

the adjonction maps,

– (f∗, f
⊥) : PSh(T ) ⇆ PSh(S), which induces (f∗, f

⊥) : C(T ) ⇆ C(S), we denote for F ∈ C(S)
and G ∈ C(T ) by

ad(f∗, f
⊥)(F ) : G→ f⊥f∗G , ad(f∗, f

⊥)(G) : f∗f
⊥F → F

the adjonction maps.

• For (S, OS) ∈ RCat a ringed topos, we denote by

– PShOS (S) the category of presheaves of OS modules on S, whose objects are PShOS (S)
0 :=

{(M,m),M ∈ PSh(S),m :M ⊗OS →M}, together with the forgetful functor o : PSh(S) →
PShOS (S),

– COS (S) = C(PShOS (S)) the big abelian category of complexes of presheaves of OS modules
on S,

– KOS (S) := K(PShOS (S)) = Ho(COS (S)), in particular, we have the full homotopy functor
Ho : COS (S)→ KOS (S),

– COS(2)fil(S) := C(2)fil(PShOS (S)) ⊂ C(PShOS (S), F,W ), the big abelian category of (bi)filtered
complexes of presheaves ofOS modules on S such that the filtration is biregular and PShOS(2)fil(S) =
(PShOS (S), F,W ),

– KOSfil(S) := Kfil(PShOS (S)) = Ho(COSfil(S)),

– KOSfil,r(S) := Kfil,r(PShOS (S)) = Hor(COSfil(S)), KOSfil,∞(S) := Kfil,∞(PShOS (S)) =
Ho∞(COSfil(S)).

• For S ∈ Cat a small category and n ∈ N, PShZ/nZ(S) ⊂ PSh(S) is the full subcategory of n-torsion
presheaves. The functor

(−)⊗ Z/nZ : PSh(S)→ PShZ/nZ(S), F 7→ F ⊗ Z/nZ

is right exact and its restriction the full subcategory PSh(S)L ⊂ PSh(S) of torsion free presheaves
is exact. For S ∈ Cat a ringed topos and p ∈ N a prime number, PShZp(S) ∈ Fun(N,AbCat)
is category whose objects are (Fl)l∈N with Fl ∈ PShZ/plZ(S) such that Fl → Fl+1/p

lFl+1 is an
isomorphism. We then have CZp(S) := C(PShZp(S)) ∈ Fun(N,AbCat). We get the functor

(−)⊗ Zp : C(S)→ CZp(S), F 7→ (F ⊗ Z/plZ)l∈N

which is right exact.
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• For S• ∈ Fun(I,Cat) a diagram of (pre)sites, with I ∈ Cat a small category, we denote by S• :=
ΓS• ∈ Cat the associated diagram category

– whose objects are ΓS0• := {(XI , uIJ)I∈I}, with XI ∈ SI , and for rIJ : I → J with I, J ∈ I,
uIJ : XJ → rIJ(XI) are morphism in SJ noting again rIJ : SI → SJ the associated functor,

– whose morphism are m = (mI) : (XI , uIJ)→ (X ′I , vIJ) satisfying vIJ ◦mI = rIJ (mJ) ◦ uIJ in
SJ ,

We have then PSh(S•) = PSh(ΓS•) the category of presheaves on S•,

– whose objects are PSh(S•)0 := {(FI , uIJ)I∈I}, with FI ∈ PSh(SI), and for rIJ : I → J with
I, J ∈ I, uIJ : FI → rIJ∗FJ are morphism in PSh(SI), noting again rIJ : SJ → SI the
associated morphism of presite,

– whose morphism are m = (mI) : (FI , uIJ)→ (GI , vIJ) satisfying vIJ ◦mI = rIJ∗mJ ◦ uIJ in
PSh(SI),

Let I, I ′ ∈ Cat be small categories. Let (f•, s) : T• → S• a morphism a diagrams of (pre)site
with T• ∈ Fun(I,Cat),S• ∈ Fun(I ′,Cat), which is by definition given by a functor s : I → I ′ and
morphism of functor P (f•) : Ss(•) := S• ◦ s → T•. Here, we denote for short, Ss(•) := S• ◦ s ∈
Fun(I,Cat). We have then, for rIJ : I → J a morphism, with I, J ∈ I, a commutative diagram in
Cat

DfIJ := Ss(J)
rsIJ // Ss(I)

TJ
rtIJ //

fJ

OO

TI

fI

OO
.

In particular we get the adjonction given by the direct and inverse image functors :

((f•, s)
∗, (f•, s)

∗) = ((f•, s)
−1, (f•, s)∗) : PSh(Ss(•)) ⇆ PSh(T•),

F = (FI , uIJ) 7→ (f•, s)
∗F := (f∗I FI , T (DfIJ)(FJ ) ◦ f

∗
I uIJ),

G = (GI , vIJ) 7→ (f•, s)∗G := (fI∗GI , fI∗vIJ ).

• Let I ∈ Cat a small category. For (S•, OS•) ∈ Fun(I,RCat) a diagram of ringed topos, we denote
by

(S•, OS•) := (ΓS•, OΓS•) ∈ RCat .

We have then PShOS• (S•) = PShOΓS•
(ΓS•) the category of presheaves of modules on (S•, OS•),

– whose objects are PShOS• (S•)
0 := {(FI , uIJ)I∈I}, with FI ∈ PShOSI (SI), and for rIJ : I → J

with I, J ∈ I, uIJ : FI → rIJ∗FJ are morphism in PShOSI (SI), noting again rIJ : SJ → SI
the associated morphism of presite,

– whose morphism are m = (mI) : (FI , uIJ)→ (GI , vIJ) satisfying vIJ ◦mI = rIJ∗mJ ◦ uIJ in
PShOSI (SI),

• For A ∈ Ring, dimK(A) denote the Krull dimension of A. For σ : A → B a morphism with
A,B ∈ cRing, we have the extention of scalar functor

⊗AB : (−)⊗A B : Mod(A)→ Mod(B), M 7→M ⊗A B

(m :M ′ →M) 7→ (mB := m⊗ I :M ′ ⊗A B →M ⊗A B).

which is left ajoint to the restriction of scalar

ResA/B : Mod(B)→ Mod(A), M = (M,aM ) 7→M = (M,aM ◦ σ), (m :M ′ →M) 7→ (m :M ′ →M)

The adjonction maps are
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– for M ∈Mod(A), the canonical map in Mod(A)

nA/B(M) :M →M ⊗A B, nA/B(M)(m) := m⊗ 1,

– for M ∈Mod(B),
I ×∆B :M ⊗A B =M ⊗B B ⊗A B

in Mod(B), where ∆B : B ⊗A B → B is given by for x, y ∈ B, ∆B(x, y) = x− y.

Let σ : A → B a morphism with A,B ∈ cRing. A module M ∈ Mod(B) is said to be defined
over A if there exist a module M0 ∈ Mod(A) and an isomorphism M ≃ M0 ⊗A B in Mod(B). A
module M ∈ Mod(B) is defined over A if and only if there exist a presentation of M , that is an

exact sequence in Mod(B), B⊕
J φ
−→ B⊕

I

→M → 0, such that φ ◦ σ(A⊕
J

) ⊂ A⊕
I

.

• For f = (f, af ) : (T , OT ) → (S, OS) a morphism of ringed topos with (S, OS), (T , OT ) ∈ RCat,
af : f∗OS → OT , we have the pull-back of presheaves of modules

f∗mod : PShOS (S)→ PShOT (T ), M 7→ f∗modM := f∗M ⊗f∗OS OT

(m :M ′ →M) 7→ (f∗modM := f∗m⊗ I : f∗modM ′ → f∗modM).

which is left ajoint to

f∗ : PShOT (T )→ PShOS (S), M = (M,aM ) 7→ f∗M = (f∗M,aM ◦ af ),

(m :M ′ →M) 7→ (f∗m : f∗M
′ → f∗M)

The adjonction maps are

– for M ∈ PShOS (S), the canonical map in PShOS (S)

ad(f∗mod, f∗)(M) := nf∗OS/OT (M) : M → f∗f
∗modM = f∗f

∗M ⊗f∗f∗OS f∗OT ,

nf∗OS/OT (M)(m) := ad(f∗, f
∗)(M)(m)⊗ 1,

– for M ∈ PShOT (S), the canonical map

ad(f∗mod, f∗)(M) := I ×∆OT : f∗modf∗M = f∗f∗M ⊗OT OT ⊗f∗OS OT →M,

where ∆OT : OT ⊗f∗OS OT → OT is given by for x, y ∈ Γ(T,OT ), T ∈ T , ∆OT (x, y) = x− y.

Let f = (f, af ) : (T , OT ) → (S, OS) a morphism of ringed topos with (S, OS), (T , OT ) ∈ RCat,
af : f∗OS → OT A presheaf M ∈ PShOT (T ) is said to be defined over (S, OS) if there exist a
M0 ∈∈ PShOS (S) such that M ≃ f∗modM0 in PShOT (T ). For M ∈ PShOT (T ) quasi-coherent, M
is locally defined over (S, OS) if and only if there exists locally a presentation ofM , that is an exact

sequence in PShOT (T
′), T ′ ⊂ T , O⊕

J

T

φ
−→ O⊕

I

T →M → 0, such that φ ◦ af (O
⊕J

S ) ⊂ O⊕
I

S .

• For X ∈ Top, we denote by dimF (X) its Krull dimension and dimL(X) its Lebegue dimension.
Note that if X is Hausdorf dimF (X) = 0 and if X is everywhere not Hausdorf dimL(X) = 0. For
X ∈ Top and x ∈ X , we denote by dimF,x(X) := infx∈U dimF (U) its Krull dimension at x and
dimL,x(X) := infx∈U dimL(U) its Lebegue dimension at x.

• Denote by Sch ⊂ RTop the full subcategory of schemes. For X ∈ Sch, dim(X) := dimF (X). For
X = SpecA ∈ Sch an affine scheme, dim(X) = dimK(A). For X ∈ Sch and x ∈ X , dimx(X) :=
dimF,x(X) = dim(OX,x). A morphism h : U → S with U, S ∈ Sch is said to be smooth if it is flat
with smooth fibers geometric fibers. A morphism r : U → X with U,X ∈ Sch is said to be etale if
it is non ramified and flat. In particular an etale morphism r : U → X with U,X ∈ Sch is smooth
and quasi-finite (i.e. the fibers are either the empty set or a finite subset of X) For X ∈ Sch, we
denote by
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– Schft /X ⊂ Sch /X the full subcategory consisting of objects X ′/X = (X ′, f) ∈ Sch /X such
that f : X ′ → X is an morphism of finite type

– Xet ⊂ Schft /X the full subcategory consisting of objects U/X = (X,h) ∈ Sch /X such that
h : U → X is an etale morphism.

– Xsm ⊂ Schft /X the full subcategory consisting of objects U/X = (X,h) ∈ Sch /X such that
h : U → X is a smooth morphism.

For a field k, we consider Sch /k := Sch / Spec k the category of schemes over Spec k. We then
denote by

– Var(k) = Schft /k ⊂ Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

– PVar(k) ⊂ QPVar(k) ⊂ Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

– PSmVar(k) ⊂ SmVar(k) ⊂ Var(k) the full subcategories consisting of smooth varieties and
smooth projective varieties respectively.

For a morphism of field σ : k →֒ K, we have the extention of scalar functor

⊗kK : Sch /k → Sch /K, X 7→ XK := XK,σ := X ⊗k K, (f : X ′ → X) 7→ (fK := f ⊗ I : X ′K → XK).

which is left ajoint to the restriction of scalar

Resk/K : Sch /K → Sch /k, X = (X, aX) 7→ X = (X, σ ◦ aX), (f : X ′ → X) 7→ (f : X ′ → X)

The adjonction maps are

– for X ∈ Sch /k, the projection πk/K(X) : XK → X in Sch /k, for X = ∪iXi an affine open
cover with Xi = Spec(Ai) we have by definition πk/K(Xi) = nk/K(Ai),

– for X ∈ Sch /K, I ×∆K : X →֒ XK = X ×K K ⊗k K in Sch /K, where ∆K : K ⊗k K → K is
the diagonal which is given by for x, y ∈ K, ∆K(x, y) = x− y.

The extention of scalar functor restrict to a functor

⊗kK : Var(k)→ Var(K), X 7→ XK := XK,σ := X ⊗k K, (f : X ′ → X) 7→ (fK := f ⊗ I : X ′K → XK).

and for X ∈ Var(k) we have πk/K(X) : XK → X the projection in Sch /k. An algebraic variety
X ∈ Var(K) is said to be defined over k if there exists X0 ∈ Var(k) such that X ≃ X0 ⊗k K in
Var(K). By definition,

– for X = Spec(A) ∈ Var(K) an affine variety, X is defined over K if A ∈ Mod(K) is defined
over k, that is if A = K[x1, . . . , xN ]/I is a presentation of A, I =< f1, · · · fr >⊂ K[x1, . . . , xN ]
with f1, . . . , fr ∈ k[x1, · · · , xN ] is generated by elements over k.

– for X = Proj(B) ∈ PVar(K) an projective variety, X is defined over K if B ∈ Mod(K)
is defined over k, that is if B = K[x0, . . . , xN ]/I is a presentation of B with I generated
by homogeneous elements, I =< f1, · · · fr >⊂ K[x0, . . . , xN ] with f1, . . . , fr ∈ k[x0, · · · , xN ]
homogeneous.

For X = (X, aX) ∈ Var(k), we have Schft /X = Var(k)/X since for f : X ′ → X a morphism of
schemes of finite type, (X ′, aX ◦ f) ∈ Var(k) is the unique structure of variety over k of X ′ ∈ Sch
such that f becomes a morphism of algebraic varieties over k, in particular we have

– Xet ⊂ Schft /X = Var(k)/X ,

– Xsm ⊂ Schft /X = Var(k)/X .
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• Denote by CW ⊂ Top the full subcategory of CW complexes, by CS ⊂ CW the full subcategory of
∆ complexes, by TM(R) ⊂ CW the full subcategory of topological (real) manifolds which admits a
CW structure (a topological manifold admits a CW structure if it admits a differential structure)
and by Diff(R) ⊂ RTop the full subcategory of differentiable (real) manifold.

• Denote by AnSp(C) ⊂ RTop the full subcategory of analytic spaces over C, and by AnSm(C) ⊂
AnSp(C) the full subcategory of smooth analytic spaces (i.e. complex analytic manifold). For
X ∈ AnSp(C), we set dim(X) := 1/2 dimL(X), and for x ∈ X dimx(X) := 1/2 dimL,x(X). For
X ∈ AnSp(C) and x ∈ X , there exist by Weirstrass preparation theorem a finite surjective morphism
r : Xx → Dn0 where Dn = D(0, 1)n ⊂ Cn is the open ball and dimx(X) := 1/2 dimL,x(X) =

dimK(OX,x) = n. For X ∈ AnSm(C) and x ∈ X , there exist an isomorphism r : Xx
∼
−→ Dn0 , hence

there exist a covering by open subsets X = ∪iXi such that ri : Xi
∼
−→ Dni . If X ∈ AnSm(C) is

connected then dim(X) := dimL(X) = 2n where r : Xx
∼
−→ Dn0 for x ∈ X . For X ∈ AnSp(C),

dim(X) := dimL(X) = dimL(Xreg) where Xreg ⊂ X is the smooth locus of X . A morphism
h : U → S with U, S ∈ AnSp(C) is said to be smooth if it is flat with smooth fibers. A morphism
r : U → X with U,X ∈ AnSp(C) is said to be etale if it is non ramified and flat. For X ∈ AnSp(C),
we denote by

– Xet ⊂ AnSp(C)/X the full subcategory consisting of objects U/X = (X,h) ∈ AnSp(C)/X
such that h : U → X is an etale morphism.

– Xsm ⊂ AnSp(C)/X the full subcategory consisting of objects U/X = (X,h) ∈ AnSp(C)/X
such that h : U → X is a smooth morphism.

By the Weirstrass preparation theorem (or the implicit function theorem if U and X are smooth),
a morphism r : U → X with U,X ∈ AnSp(C) is etale if and only if it is an isomorphism local.
Hence for X ∈ AnSp(C), the morphism of site πX : Xet → X is an isomorphism of site.

• For V ∈ Var(C), we denote by V an ∈ AnSp(C) the complex analytic space associated to V with
the usual topology induced by the usual topology of CN . For W ∈ AnSp(C), we denote by W cw ∈
AnSp(C) the topological space given byW which is a CW complex. For simplicity, for V ∈ Var(C),
we denote by V cw := (V an)cw ∈ CW. We have then

– the analytical functor An : Var(C)→ AnSp(C), An(V ) = V an,

– the forgetful functor Cw = tp : AnSp(C)→ CW, Cw(W ) =W cw,

– the composite of these two functors C̃w = Cw ◦An : Var(C)→ CW, C̃w(V ) = V cw.

• Let S ∈ RTop. Let S = ∪i∈LSi open cover and ii : Si →֒ S̃i closed embedding with S̃i ∈ RTop,
L ∈ Set. We denote by (S̃I) ∈ Fun(P(L)op,RTop) the diagram given by for I ∈ L S̃L := Πi∈I S̃I and
for I ⊂ J , pIJ : S̃J → S̃I is the projection. We have then open embeddings jI : SI := ∩i∈ISi →֒ S
and closed embeddings iI : SI →֒ S̃I . We consider the functor

T (S/(S̃I)) : C(S)→ C(S/(S̃I)) →֒ C((S̃I)), K 7→ T (S/(S̃I))(K) := (iI∗j
∗
IK, I).

• Let k ⊂ C a subfield. For S ∈ Var(k), let S = ∪iSi affine open cover and ii : Si →֒ S̃i closed
embedding with S̃i ∈ SmVar(k) connected. We denote by DR(S) := DR(S)[−] the De Rham
functor

DR(S) := DR(S)[−] : CDfil(S/(S̃I))→ C(SanC /(S̃anI,C)),

((MI , F ), uIJ) 7→ DR(S)((MI , F ), uIJ) := (DR(S̃anI,C)(MI , F )[−dS̃I ], DR(uIJ))

• We denote by AdSp ⊂ RvTop the full subcategory of adic spaces. By definition, for X =
(X,OX , O

+
X) ∈ AdSp there exist an open cover X = ∪iXi such that

Xi = Spa(Ri, R
+
i ) :=

{
v ∈ Spv(Ri), v(f) ≤ 1 for all f ∈ R+

i

}
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with Ri ∈ cTRing for a non archimedean semi-norm and R+
i ⊂ Roi ⊂ Ri a subring, where Roi =

{f ∈ Ris.t|fi| ≤ 1}. We then have

R+
i =

{
f ∈ Ri, v(f) ≤ 1 for all v ∈ Spa(Ri, R

+
i )

}
.

• For K ⊂ Cp a p-adic field, denote by AnSp(K) ⊂ RTop the full subcategory of analytic spaces over
K, By definition, for X ∈ AnSp(K) there exist an open cover X = ∪iXi such that Xi = Spv(Ri)
where Ri ∈ cTRing is a Tate algebra over K. Note that we have the map m : X → M(X) in
RTop with m|Xi : Xi = Spv(Ri) → M(Xi) = Spec(Ri) which sends a valuation v to its support
p = {f ∈ Ri, v(f) = 0} and where M(Xi) is endowed with the standard G-topology. By definition,
we have

– the forgetfull functor oK : AdSp /(K,K+)→ AnSp(K), such that oK(Spa(R,R+)) = Spv(R),

– the canonical functor RK : AnSp(K)→ AdSp /(K,OK) such that RK(Spv(R)) = Spa(R,Ro).

We denote by AnSm(K) ⊂ AnSp(K) the full subcategory of smooth analytic spaces. For X ∈
AnSp(K), we set dim(X) := dimL(X), and for x ∈ X dimx(X) := dimL,x(X). For X ∈ AnSp(K)
and x ∈ X , there exist by Weirstrass preparation theorem a finite surjective morphism r : Xx → Dn0
where Dn = D(0, 1)n ⊂ Kn is the open ball and dimx(X) := dimL,x(X) = dimK(OX,x) = n. For
X = Spv(A) ∈ AnSp(K) affinoid, dim(X) := dimL(X) = dimK(A) where for the last equality note
that for 0 < r < 1, D(0, r)n = Spv(K < x1, · · · , xn >r) ⊂ D(0, 1)n = Spv(K < x1, · · · , xn >) is
a rational open subset since the norm is ultrametric in contrast to the complex case. A morphism
h : U → S with U, S ∈ AnSp(K) is said to be smooth if it is flat with smooth geometric fibers. A
morphism r : U → X with U,X ∈ AnSp(K) is said to be etale if it is non ramified and flat. For
X ∈ AnSp(K), we denote by

– Xet ⊂ AnSp(K)/X the full subcategory consisting of objects U/X = (X,h) ∈ AnSp(K)/X
such that h : U → X is an etale morphism.

– Xsm ⊂ AnSp(K)/X the full subcategory consisting of objects U/X = (X,h) ∈ AnSp(K)/X
such that h : U → X is a smooth morphism.

For X ∈ AnSp(K), we have the morphism of site πX : Xet → X .

• Let K ⊂ Cp a p-adic field. For V ∈ Var(K), we denote by V an ∈ AnSp(K). We have then the
analytical functor An : Var(K) → AnSp(K), An(V ) = V an, An(f) = fan. We will also consider
the canonical functor RK : AnSp(K) → AdSp /(K,OK), which sends by definition X = Spv(R)
affinoid with R a Tate algebra over K to X = Spa(R,Ro) with Ro := {f ∈ R, |f |p ≤ 1}.

• Denote by Top2 the category whose set of objects is

(Top2)0 := {(X,Z), Z ⊂ X closed} ⊂ Top×Top

and whose set of morphism between (X1, Z1), (X2, Z2) ∈ Top2 is

HomTop2((X1, Z1), (X2, Z2)) :=
{
(f : X1 → X2), s.t. Z1 ⊂ f

−1(Z2)
}
⊂ HomTop(X1, X2)

For S ∈ Top, Top2 /S := Top2 /(S, S) is then by definition the category whose set of objects is

(Top2 /S)0 := {((X,Z), h), h : X → S, Z ⊂ X closed } ⊂ Top /S × Top

and whose set of morphisms between (X1, Z1)/S = ((X1, Z1), h1), (X2, Z2)/S = ((X2, Z2), h2) ∈
Top2 /S is the subset

HomTop2 /S((X1, Z1)/S, (X2, Z2)/S) :={
(f : X1 → X2), s.t. h1 ◦ f = h2 and Z1 ⊂ f

−1(Z2)
}
⊂ HomRTop(X1, X2)
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We denote by

µS : Top2,pr /S := {((Y × S,Z), p), p : Y × S → S, Z ⊂ Y × S closed } →֒ Top2 /S

the full subcategory whose objects are those with p : Y × S → S a projection, and again µS :
Top2 /S → Top2,pr /S the corresponding morphism of sites. We denote by

Gr12S : Top /S → Top2,pr /S, X/S 7→ Gr12S (X/S) := (X × S, X̄)/S,

(g : X/S → X ′/S) 7→ Gr12S (g) := (g × IS : (X × S, X̄)→ (X ′ × S, X̄ ′))

the graph functor, X →֒ X × S being the graph embedding (which is a closed embedding if X is
separated), and again Gr12S : Top2,pr /S → Top /S the corresponding morphism of sites.

• Denote by RTop2 the category whose set of objects is

(RTop2)0 := {((X,OX), Z), Z ⊂ X closed} ⊂ RTop×Top

and whose set of morphism between ((X1, OX1 ), Z1), ((X2, OX2 ), Z2) ∈ RTop2 is

HomRTop2(((X1, OX1), Z1), ((X2, OX2), Z2)) :={
(f : (X1, OX1)→ (X2, OX2)), s.t. Z1 ⊂ f

−1(Z2)
}
⊂ HomRTop((X1, OX1), (X2, OX2))

For (S,OS) ∈ RTop, RTop2 /(S,OS) := RTop2 /((S,OS), S) is then by definition the category whose
set of objects is

(RTop2 /(S,OS))
0 :=

{(((X,OX), Z), h), h : (X,OX)→ (S,OS), Z ⊂ X closed } ⊂ RTop /(S,OS)× Top

and whose set of morphisms between (((X1, OX1), Z1), h1), (((X2, OX2), Z2), h2) ∈ RTop2 /(S,OS)
is the subset

HomRTop2 /(S,OS)(((X1, OX1), Z1)/(S,OS), ((X2, OX2), Z2)/(S,OS)) :={
(f : (X1, OX1)→ (X2, OX2)), s.t. h1 ◦ f = h2 and Z1 ⊂ f

−1(Z2)
}

⊂ HomRTop((X1, OX1), (X2, OX2))

We denote by

µS : RTop2,pr /S := {(((Y × S, q∗OY ⊗ p
∗OS), Z), p), p : Y × S → S, Z ⊂ Y × S closed } →֒ RTop2 /S

the full subcategory whose objects are those with p : Y × S → S is a projection, and again
µS : RTop2 /S → RTop2,pr /S the corresponding morphism of sites. We denote by

Gr12S : RTop /S → RTop2,pr /S,

(X,OX)/(S,OS) 7→ Gr12S ((X,OX)/(S,OS)) := ((X × S, q∗OX ⊗ p
∗OS), X̄)/(S,OS),

(g : (X,OX)/(S,OS)→ (X ′, OX′)/(S,OS)) 7→

Gr12S (g) := (g × IS : ((X × S, q∗OX ⊗ p
∗OS), X̄)→ ((X ′ × S, q∗OX ⊗ p

∗OS), X̄
′))

the graph functor, X →֒ X × S being the graph embedding (which is a closed embedding if X is
separated), p : X×S → S, q : X×S → X the projections, and again Gr12S : RTop2,pr /S → RTop /S
the corresponding morphism of sites.

• We denote by Sch2 ⊂ RTop2 the full subcategory such that the first factors are schemes. For a field
k, we denote by Sch2 /k := Sch2 /(Spec k, {pt}) and by

14



– Var(k)2 ⊂ Sch2 /k the full subcategory such that the first factors are algebraic varieties over
k, i.e. schemes of finite type over k,

– PVar(k)2 ⊂ QPVar(k)2 ⊂ Var(k)2 the full subcategories such that the first factors are quasi-
projective varieties and projective varieties respectively,

– PSmVar(k)2 ⊂ SmVar(k)2 ⊂ Var(k)2 the full subcategories such that the first factors are
smooth varieties and smooth projective varieties respectively.

In particular we have, for S ∈ Var(k), the graph functor

Gr12S : Var(k)/S → Var(k)2,pr/S, X/S 7→ Gr12S (X/S) := (X × S,X)/S,

(g : X/S → X ′/S) 7→ Gr12S (g) := (g × IS : (X × S,X)→ (X ′ × S,X ′))

the graph embedding X →֒ X × S is a closed embedding since X is separated in the subcategory
of schemes Sch ⊂ RTop, and again Gr12S : Var(k)2,pr/S → Var(k)/S the corresponding morphism
of sites.

• We denote by CW2 ⊂ Top2 the full subcategory such that the first factors are CW complexes, by
TM(R)2 ⊂ CW2 the full subcategory such that the first factors are topological (real) manifolds
and by Diff(R)2 ⊂ RTop2 the full subcategory such that the first factors are differentiable (real)
manifold.

2.2 The p-adic de Rham period sheaves for adic spaces over a p-adic field

Let p a prime number. For X = (X,OX , O
+
X) ∈ AdSp /(K,K+) an adic space over a p-adic field K ⊂ Cp,

we consider

• the map WX : Ainf,X := W (Ôb+X ) → Ô+
X where ÔX denote the completion of OX with respect to

the ideal pOX ⊂ OX , b the tilting functor and W the Witt vectors,

• the map WX : Binf,X :=W (Ôb+X )[p−1]→ ÔX := Ô+
X [p−1]

• the integral period sheaf B+
dr,X := lim

←−n∈N
Binf,X/(kerWX)n with the filtration F kB+

dr,X := (kerWX)kB+
dr,X ⊂

B+
dr,X .

• the period sheaf Bdr,X := B+
dr,X [t−1] where t is a generator of the ideal kerWX ⊂ B+

dr,X with the

filtration F kBdr,X :=
∑

j t
−jF k+jB+

dr,X ⊂ Bdr,X .

• the integral sheaf

OB+
dr,X := lim

←−
n∈N

(O+
X⊗̂W (OK/pOK)Ainf,X [p−1])/(ker I ⊗WX)n

with the filtration F kOB+
dr,X := (kerWX)kOB+

dr,X ⊂ OB
+
dr,X .

• the period sheaf OBdr,X := OB+
dr,X [t−1] where t is a generator of the ideal kerWX ⊂ OB+

dr,X with

the filtration F kOBdr,X :=
∑
j t
−jF k+jOB+

dr,X ⊂ OBdr,X .

2.3 The classical theorems for etale topology on schemes, and the comparai-
son theorem with the analytic topologies for algebraic varieties over local
fields

We first recall the smooth base change theorem
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Theorem 3. (i) Consider a commutative diagram in Sch which is cartesian

XT
f ′ //

g′

��

T

g

��
X

f // S

such that g is smooth or more generally locally acyclic. Let F ∈ C(Xet) be a torsion sheaf where we
recall that Xet ⊂ Schft /X is the small etale site. Then the transformation map (see [10] section
2) in D(T et)

T (f, g)(F ) : g∗Rf∗F → Rf ′∗g
′∗F

is an isomorphism.

(ii) Let k′/k an extention of field of characteristic zero. Let f : X → S a morphism in Var(k). Let
F ∈ C(Xet) be a torsion sheaf Then the transformation map (see [10] section 2) in D(Setk′ )

T (f, πk/k′ )(F ) : π
∗
k/k′Rf∗F → Rfk′∗π

∗
k/k′F

is an isomorphism where we recall (see section 2) πk/k′ = πk/k′ (X) : Xk′ → X and πk/k′ =
πk/k′ (S) : Sk′ → S are the projections.

Proof. (i): Standard : see [22] for example.
(ii):Follows from (i).

We now recall the proper base change theorem :

Theorem 4. Consider a commutative diagram in Sch which is cartesian

XT
f ′ //

g′

��

T

g

��
X

f // S

such that f is proper. Let F ∈ C(Xet) be a torsion sheaf where we recall that Xet ⊂ Schft /X is the
small etale site. Then the transformation map (see [10] section 2) in D(T et)

T (f, g)(F ) : g∗Rf∗F → Rf ′∗g
′∗F

is an isomorphism.

Proof. Standard : see [22] for example.

We deduce from the proper base change theorem the projection formula and the Kunneth formula for
the cohomology of etale sheaves:

Theorem 5. (i) Let f : X → S a proper morphism with S,X ∈ Sch. Let n ∈ N. Let F ∈ CZ/nZ(X
et)

and G ∈ CZ/nZ(S
et) be n-torsion sheaves. Then the transformation map (see [10] section 2) in

DZ/nZ(S
et)

T (f,⊗)(F,G) : Rf∗F ⊗
L
Z/nZ G→ Rf∗(F ⊗

L
Z/nZ f

∗G)

is an isomorphism.

(ii) Let f : X → S a morphism with S,X ∈ Sch. Let n ∈ N. Let F ∈ CZ/nZ(X
et) and G ∈ CZ/nZ(S

et)
be n-torsion sheaves. Then the transformation map (see [10] section 2) in DZ/nZ(S

et)

T (f,⊗)(F,G) : Rf!F ⊗
L
Z/nZ G→ Rf!(F ⊗

L
Z/nZ f

∗G)

is an isomorphism.
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Proof. (i):Follows from theorem 4: see [22] for example.
(ii):Follows from (i) by taking a compactification f̄ : X̄ → S̄ of f : X → S.

Remark 1. Let f : X → S a morphism with S,X ∈ Sch. Let n ∈ N. Let F ∈ CZ/nZ(X
et) and

G ∈ CZ/nZ(S
et) be n-torsion sheaves. Then, if f is not proper, Hk(Rf∗F ⊗LZ/nZ G) is NOT isomorphic

in ShvZ/nZ(S
et) to HkRf∗(F ⊗LZ/nZ G) in general.

Let f1 : X1 → S and f2 : X2 → S two morphisms with X1, X2, S ∈ Sch. Denote p1 : X1 ×S X2 → X1

and p2 : X1 ×S X2 → X2 the base change maps. We have then

f1 ⊗ f2 = f1 ◦ p1 = f2 ◦ p2 : X1 ×S X2 → S.

Let F1 ∈ CZ/nZ(X
et
1 ) and F2 ∈ CZ/nZ(X

et
2 ) be n-torsion sheaves. Then the canonical map in CZ/nZ(S

et)
(see [10] section 2)

T (f1, f2,⊗)(F1, F2) : Rf1∗F1 ⊗
L
Z/nZ Rf2∗F2

ad(p∗1 ,Rp1∗)(F1)⊗ad(p
∗
2 ,Rp2∗)(F2)

−−−−−−−−−−−−−−−−−−−−−−→

Rf1∗Rp1∗p
∗
1F1 ⊗

L
Z/nZ Rf2∗Rp2∗p

∗
2F2

=
−→ R(f1 ⊗ f2)∗p

∗
1F1 ⊗

L
Z/nZ R(f1 ⊗ f2)∗p

∗
2F2

T (⊗,E)(−,−)
−−−−−−−−→ R(f1 × f2)∗(p

∗
1F ⊗

L
Z/nZ p

∗
2F2).

Theorem 6. (i) Let f1 : X1 → S and f2 : X2 → S two proper morphisms with X1, X2, S ∈ Sch.
Denote p1 : X1 ×S X2 → X1 and p2 : X1 ×S X2 → X2 the base change maps. Let F1 ∈ CZ/nZ(X

et
1 )

and F2 ∈ CZ/nZ(X
et
2 ) be n-torsion sheaves. Then the canonical map in CZ/nZ(S

et) given above

T (f1, f2,⊗)(F1, F2) : Rf1∗F1 ⊗
L
Z/nZ Rf2∗F2 → R(f1 × f2)∗(p

∗
1F ⊗

L
Z/nZ p

∗
2F2)

is an isomorphism.

(ii) Let f1 : X1 → S and f2 : X2 → S two morphisms with X1, X2, S ∈ Sch. Denote p1 : X1×SX2 → X1

and p2 : X1 ×S X2 → X2 the base change maps. Let F1 ∈ CZ/nZ(X
et
1 ) and F2 ∈ CZ/nZ(X

et
2 ) be

n-torsion sheaves. Then the canonical map in CZ/nZ(S
et) given after taking compactification of f1

and f1 by the one of (i) for the compactifications and on the other hand by the open embedding case

T (f1, f2,⊗)(F1, F2) : Rf1!F1 ⊗
L
Z/nZ Rf2!F2 → R(f1 × f2)!(p

∗
1F ⊗

L
Z/nZ p

∗
2F2)

is an isomorphism.

Proof. (i): Follows from theorem 4: see [22] for example.
(ii):Follows from (i) by taking a compactification f̄1 : X̄1 → S̄ of f1 : X1 → S and a compactification
f̄2 : X̄2 → S̄ of f2 : X2 → S.

Remark 2. Let f1 : X1 → S and f2 : X2 → S two morphisms with S,X1, X2 ∈ Sch. Let n ∈ N.
Denote p1 : X1 ×S X2 → X1 and p2 : X1 ×S X2 → X2 the base change maps. Let F1 ∈ CZ/nZ(X

et
1 )

and F2 ∈ CZ/nZ(X
et
2 ) be n-torsion sheaves. Then, if f1 or f2 is not proper, Hk(Rf1∗F1⊗LZ/nZRf2∗F2) is

NOT isomorphic in ShvZ/nZ(S
et) to HkR(f1 × f2)∗(p∗1F1 ⊗LZ/nZ p

∗
2F2) in general.

We now recall the comparaison theorems :

Theorem 7. Let f : X → S a morphism with X,S ∈ Var(C). Let F ∈ C(Xet) be a torsion sheaf where
we recall that Xet ⊂ Schft /X = Var(C)/X is the small etale site. Then the transformation map (see
[10] section 2) in D(San)

T (f, an)(F ) : an∗S Rf∗F → Rf∗ an
∗
X F

is an isomorphism.

Proof. Standard, see [22] for example : follows from theorem 4 (i) and the open embedding case.
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Theorem 8. Let K ⊂ Cp be a p-adic field. Let f : X → S a morphism with X,S ∈ Var(K). Let

F ∈ CZ/nZ(X
et) be an n-torsion sheaf where we recall that Xet ⊂ Schft /X = Var(C)/X is the small

etale site. Then the transformation map (see [10] section 2) in D(San,et)

T (f, an)(F ) : an∗S Rf∗F → Rf∗ an
∗
X F

is an isomorphism.

Proof. Standard, see [19] for example : follows from theorem 4 (i) and the open embedding case.

2.4 Constructible and perverse sheaves on algebraic varieties over a subfield
k ⊂ C

Let S ∈ AnSp(C). We have

• the classical dual functor

D0
S : C(S)→ C(S), K 7→ D0

SK := Hom(LK,Eusu(ZS))

which induces in the derived category

D0
S : D(S)→ D(S), K 7→ D0

SK := Hom(LK,Eusu(ZS)) = RHom(K,ZS)

• the Verdier dual functor

DvS : D(S)→ D(S), K 7→ DvSK := RHom(K,wS)

where wS := a!SZS is the dualizing complex, aS : S → {pt} being the terminal map.

For S ∈ AnSm(C) smooth connected of dimension dim(S) = dS we have DvS = D0
S [2dS ].

We recall the definition of constructible sheaves on algebraic varieties over a subfield k ⊂ C:

Definition 1. Let k ⊂ C a subfield. Let S ∈ Var(k).

(i) A sheaf K ∈ Shv(SanC ) is called constructible (with respect to a Zariski stratification over k) if there
exists a stratification S = ⊔αSα with lα : Sα →֒ S locally closed subsets such that l∗αK ∈ Shv(Sanα,C)
are (finite dimensional) local systems (for the usual topology) for all α. Note that we make the
hypothesis that the strata Sα are defined over k.

(ii) We denote by
Cc,k(S

an
C ) ⊂ C(SanC ) and Dc,k(S

an
C ) ⊂ D(SanC )

the full subcategories consisting of K ∈ C(SanC ) such that ausuH
nK ∈ Shv(SanC ) are constructible

for all n ∈ Z (see (i)).

(ii)’ We denote by
Cfil,c,k(S

an
C ) ⊂ Cfil(S

an
C ) and Dfil,c,k(S

an
C ) ⊂ Dfil(S

an
C )

the full subcategories consisting of (K,W ) ∈ Cfil(SanC ) such that ausuH
nGrWk K ∈ Shv(SanC ) are

constructible for all n, k ∈ Z (see (i)).

(iii) We denote by

Pk(S
an
C ) := P (SanC ) ∩Dc,k(S

an
C ) ⊂ Dc,k(S

an
C )⊗Q ⊂ Dc,k(S

an
C )

the full subcategory of perverse sheaves (which are by definition torsion free) whose cohomology
sheaves are constructible with respect to a Zariski stratification (defined over k), see (ii).
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(iii)’ We denote by

Pfil,k(S
an
C ) := Pfil(S

an
C ) ∩Dfil,c,k(S

an
C ) ⊂ Dfil,c,k(S

an
C )⊗Q ⊂ Dfil,c,k(S

an
C )

the full subcategory of filtered perverse sheaves (which are by definition torsion free) whose coho-
mology sheaves are constructible with respect to a Zariski stratification (defined over k), see (ii)’.

Theorem 9. Let k ⊂ C a subfield.

• Let S ∈ Var(k). Then for K ∈ Dc,k(S
an
C ), DvSK ∈ Dc,k(S

an
C ). For K,K ′ ∈ Dc,k(S

an
C ), K ⊗K ′ ∈

Dc,k(S
an
C ).

• Let f : X → S a morphism with S,X ∈ Var(k). Then for K ∈ Dc,k(X
an
C ), Rf∗K ∈ Dc,k(S

an
C ) and

Rf!K := DvSRf∗D
v
XK ∈ Dc,k(S

an
C ).

• Let f : X → S a morphism with S,X ∈ Var(k). Then for K ∈ Dc,k(S
an
C ), f∗K ∈ Dc,k(X

an
C ) and

f !K := DvXf
∗DvSK ∈ Dc,k(X

an
C ).

For S ∈ Var(k), we have thus the full subcategory

Dc,gm(SanC ) : = < Rf∗ZX , (f : X → S) ∈ Var(k) >

= < Rf∗ZX , (f : X → S) ∈ Var(k) proper, Xsmooth >⊂ Dc,k(S
an
C )

where <> means the full triangulated category generated by.

Proof. Standard : follows from the fact that a morphism f : X → S with X,S ∈ Var(k) admits a
Whitney stratification whose strata X = ⊔α,βXα,β , S = ⊔αSα are Zariski locally closed subset, that is
locally closed subvarieties defined over k.

Let k ⊂ C a subfield.
Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor. Denote i : D →֒ S the closed embedding and

j : So := S\D →֒ S the open embedding. Let π : S̃o,anC → So,anC the universal covering. We then consider,

• for K ∈ C(So,anC ), the nearby cycle functor

ψDK := i∗R(j ◦ π)∗π
∗K[−1] ∈ D(Dan

C ),

we write again ψDK := i∗ψDK ∈ D(SanC ),

• for K ∈ C(So,anC ), the maximal extension

xSo/S(K) := Cone(ad(i∗, i∗)(−) ◦ ad(π
∗, π∗)(j∗K) : Rj∗K → i∗R(j ◦ π)∗π

∗K =: ψDK[1]) ∈ D(SanC ),

• for K ∈ C(So,anC ), the vanishing cycle functor

φDK := Cone(ad(j ◦ π∗, j ◦ π∗)(K) : i∗K → ψDK ∈ D(Dan
C )

together with the canonical map c(φDK) : ψDK → φDK in D(Do,an
C ), we write again φDK :=

i∗φDK ∈ D(SanC ),

• for K ∈ Cc(S
o,an
C ), the canonical morphisms in Dc(D

an
C )

can(K) := c(φDK) : ψDK → φDK , var(K) := DvSc(φDD
v
SK) : φDK → ψDK.

For K ∈ Cc,k(S
o,an
C ), we have ψDK ∈ Cc,k(D

o,an
C ) since it preserve local systems hence φDK ∈

Cc,k(D
o,an
C ) and xSo/SK ∈ Cc,k(S

o,an
C ).

Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor. Denote i : D →֒ S the closed embedding and
j : So := S\D →֒ S the open embedding. Let π : S̃o,anC → So,anC the universal covering.
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• For K,K ′ ∈ C(So,anC ), we have by definition ψD(K ⊗K ′) = ψD(K)⊗ ψD(K ′),

• For K,K ′ ∈ Cc(S
o,an
C ) we have by (Verdier) duality φD(K ⊗K ′) = φD(K)⊗ φD(K ′)

• For K,K ′ ∈ C(So,anC ), we have the tranformation map in D(So,anC )

T (⊗, ψD)(K,K
′) : (ψDK)⊗K ′

I⊗(ad(i∗,i∗)(−)◦ad(π
∗,π∗)(−))

−−−−−−−−−−−−−−−−−−−−→ ψDK ⊗ ψDK
′ = ψD(K ⊗K

′).

If K,K ′ ∈ Dc(S
o,an
C ), then T (⊗, ψD)(K,K ′) is an isomorphism (projection formula),

• For K,K ′ ∈ Cc(S
o,an
C ) the tranformation isomorphism in Dc(S

o,an
C )

T (⊗, φD)(K,K
′) : φD(K ⊗K

′) = DvSψD(D
v
SK ⊗ DvSK

′)

DvST (⊗,ψD)(DvSK,D
v
SK
′)

−−−−−−−−−−−−−−−−→ DvS(ψDD
v
S(K)⊗ DvSK

′) = φDK ⊗K
′

by (Verdier) duality.

In the filtered case, we will consider the weight monodromy filtration for open embeddings :

Definition 2. Let k ⊂ C a subfield.

(i) Let S ∈ Var(k) and j : So →֒ S an open embedding such that D := S\So = V (s) ⊂ S is a
Cartier divisor. Let Pfil,k(S

o,an
C )ad,D ⊂ Pfil,k(S

o,an
C ) the full subcategory such that the relative

weight monodromy filtration of W with respect to D ⊂ S exists.

– For (K,W ) ∈ Pfil,k(S
o,an
C )ad,D, we consider as in [25]

j∗w(K,W ) := (Rj∗K,W ) ∈ Pfil,k(S
an
C ), WkRj∗K :=< Rj∗WkK,W (N)kK >⊂ Rj∗K

so that j∗j∗w(K,W ) = (K,W ), where WkRj∗K ⊂ Rj∗K is given by W and the weight mon-
odromy filtration W (N) of the universal cover π : S̃o,anC → So,anC . Note that a stratitification
of WkRj∗K is given by the closure of a stratification of WkK and D := S\So.

– For (K,W ) ∈ Pfil,k(S
o,an
C )ad,D, we consider

j!w(K,W ) := DvSj∗wD
v
S(K,W ) ∈ Pfil,k(S

an
C )

so that j∗j!w(K,W ) = (K,W ).

For (K ′,W ) ∈ Pfil,k(SanC )ad,D, there is, by construction,

– a canonical map ad(j∗, j∗w)(K
′,W ) = ad(j∗, j∗)(K

′) : (K ′,W )→ j∗wj
∗(K ′,W ) in Pfil,k(S

an
C ),

– a canonical map ad(j!w, j
∗)(K ′,W ) = ad(j!, j

∗)(K ′) : j!wj
∗(K ′,W )→ (K ′,W ) in Pfil,k(S

an
C ).

(ii) Let S ∈ Var(k). Let j : So := S\Z →֒ S an open embedding with Z = V (I) ⊂ S an arbitrary
closed subset, I ⊂ OS being an ideal subsheaf. Taking generators I = (s1, . . . , sr), we get Z =
V (s1, . . . , sr) = ∩ri=1Zi ⊂ S with Zi = V (si) ⊂ S, si ∈ Γ(S,Li) and Li a line bundle. Note that
Z is an arbitrary closed subset, dZ ≥ dX − r needing not be a complete intersection. Denote by

jI : So,I := ∩i∈I(S\Zi) = S\(∪i∈IZi)
joI−→ So

j
−→ S the open complementary embeddings, where

I ⊂ {1, · · · , r}. Denote

D(Z/S) :=
{
(Zi)i∈[1,...r], Zi ⊂ S,∩Zi = Z

}
, Z ′i ⊂ Zi

the flag category. Let Pfil,k(S
o,an
C )ad,(Zi) ⊂ Pfil,k(S

o,an
C ) the full subcategory such that the relative

weight monodromy filtration ofW with respect to the Zi ⊂ S exists. For (K,W ) ∈ C(Pfil,k(S
o,an
C ))ad,(Zi),

we define by (i)
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– the (bi)-filtered complex of DS-modules

j∗w(K,W ) := lim
−→
D(Z/S)

TotcardI=•(jI∗wj
o∗
I (K,W )) ∈ C(Pfil,k(S

an
C ))

where the horizontal differential are given by, if I ⊂ J , dIJ := ad(j∗IJ , jIJ∗w)(j
o∗
I (K,W )),

jIJ : SoJ →֒ SoI being the open embedding, and dIJ = 0 if I /∈ J ,

– the (bi)-filtered complex of DS-modules

j!w(K,W ) := lim
←−
D(Z/S)

TotcardI=−•(jI!wj
o∗
I (K,W )) = DvSj∗wD

v
S(K,W ) ∈ C(Pfil,k(S

an
C )),

where the horizontal differential are given by, if I ⊂ J , dIJ := ad(jIJ!w, j
∗
IJ)(j

o∗
I (K,W )),

jIJ : SoJ →֒ SoI being the open embedding, and dIJ = 0 if I /∈ J .

By definition, we have for (K,W ) ∈ C(Pfil,k(S
o,an
C ))ad,(Zi), j∗j∗w(K,W ) = (K,W ) and j∗j!w(K,W ) =

(K,W ). For (K ′,W ) ∈ C(Pfil,k(SanC ))ad,(Zi), there is, by (i),

– a canonical map ad(j∗, j∗w)(K
′,W ) : (K ′,W )→ j∗wj

∗(K ′,W ) in C(Pfil,k(S
an
C )),

– a canonical map ad(j!w, j
∗)(K ′,W ) : j!wj

∗(K ′,W )→ (K ′,W ) in C(Pfil,k(S
an
C )).

Definition 3. Let S ∈ Var(k). Let Z ⊂ S a closed subset. Denote by j : S\Z →֒ S the complementary
open embedding.

(i) We define using definition 2, the filtered Hodge support section functor

ΓwZ : C(Pfil,k(S
an
C )ad,(Zi))→ C(Pfil,k(S

an
C )),

(K,W ) 7→ ΓwZ(K,W ) := Cone(ad(j∗, j∗w)(K,W ) : (K,W )→ j∗wj
∗(K,W ))[−1],

together we the canonical map γwZ (K,W ) : ΓwZ(K,W )→ (K,W ).

(i)’ Since j∗w : C(Pfil,k(S
o,an
C )ad,(Zi))→ C(Pfil,k(S

an
C )) is an exact functor, ΓwZ induces the functor

ΓwZ : Dfil,c,k(S
an
C )ad,(Zi) → Dfil,c,k(S

an
C ), (K,W ) 7→ ΓwZ(K,W )

(ii) We define using definition 2, the dual filtered Hodge support section functor

Γ∨,wZ : C(Pfil,k(S
an
C )ad,(Zi))→ C(Pfil,k(S

an
C )),

(K,W ) 7→ Γ∨,wZ (K,W ) := Cone(ad(j!w, j
∗)(K,W ) : j!w, j

∗(K,W )→ (K,W )),

together we the canonical map γ∨,HdgZ (K,W ) : (K,W )→ Γ∨,wZ (K,W ).

(ii)’ Since j!w : C(Pfil,k(S
o,an
C )ad,(Zi))→ C(Pfil,k(S

an
C )) is an exact functor, Γ∨,wZ induces the functor

Γ∨,wZ : Dfil,c,k(S
an
C )ad,(Zi) → Dfil,c,k(S

an
C ), (K,W ) 7→ Γ∨,wZ (K,W )

Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor. Denote i : D →֒ S the closed embedding and
j : So := S\D →֒ S the open embedding. Let π : S̃o,anC → So,anC the universal covering. We then consider,
for (K,W ) ∈ Dfil,c(S

o,an
C )ad,D = Ho(C(Pfil,k(S

o,an
C )ad,D),

• the filtered nearby cycle functor

ψD(K,W ) := (ψDK,W ) ∈ Dfil,c(D
an
C ), Wk(ψD(K,W )) :=< WkψDK,W (N)kψDK >⊂ ψDK,

• the maximal extension

xSo/S(K) := Cone(ad(i∗, i∗)(−) ◦ ad(π
∗, π∗)(j∗K) : j∗w(K,W )→ ψD(K,W )[1]) ∈ Dfil,c,k(S

an
C ),
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• the vanishing cycle functor

φD(K,W ) := Cone(ad(j ◦ π∗, j ◦ π∗)(K) : i∗(K,W )→ ψD(K,W )) ∈ Dfil,c,k(D
an
C ),

• the canonical morphisms in Dfil,c,k(D
an
C )

can(K,W ) := c(φD(K,W )) : ψD(K,W )→ φD(K,W ),

var(K,W ) := DvSc(φDD
v
SD(K,W )) : φD(K,W )→ ψD(K,W ).

Definition 4. Let k ⊂ C a subfield.

(i) Let f : X → S a morphism with S,X ∈ Var(k). Consider the graph factorization f : X
l
−→ X×S

p
−→

S of f where l the the graph closed embedding and p is the projection. We have, using definition 3,

– the inverse image functor

f∗w : Dfil,c,k(S
an
C )ad,(Γf,i) → Dfil,c,k(X

an
C ), (K,W ) 7→ f∗w(K,W ) := l∗Γ∨,wX p∗(K,W )

– the exceptional inverse image functor

f∗w : Dfil,c,k(S
an
C )ad,(Γf,i) → Dfil,c,k(X

an
C ), (K,W ) 7→ f !w(K,W ) := l∗ΓwXp

∗(K,W ).

(ii) Let f : X → S a morphism with S,X ∈ Var(k). Consider a compactification f : X →֒ jX̄
f̄
−→ S of

f with X̄ ∈ Var(k), j an open embedding and f̄ a proper morphism. Denote Z = X̄\X. We have,
using definition 2,

– the direct image functor

Rf∗w : Dfil,c,k(X
an
C )ad,(Zi) → Dfil,c,k(S

an
C ), (K,W ) 7→ Rf∗w(K,W ) := Rf̄∗j∗w(K,W )

– the proper direct image functor

Rf!w : Dfil,c,k(X
an
C )ad,(Zi) → Dfil,c,k(S

an
C ), (K,W ) 7→ Rf!w(K,W ) := Rf̄∗j!w(K,W ).

We will use a version of a result of Beilison on perverse sheaves.

Definition 5. Let k ⊂ C a subfield. Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor. Denote
So := S\D. We denote by Pk(S

o,an
C )×J Pk(Dan

C ) the category

• whose objects are (K ′,K ′′, u, v) where K ′ ∈ Pk(S
o,an
C ) and K ′′ ∈ Pk(Dan

C ) are perverse sheaves and

u : ψDK
′an → K

′′an and v : K
′′an → ψDK

′an are morphism in Dc(D
an
C ) such that v ◦ u = T − I,

• whose morphisms are m = (m′,m′′) : (K ′1,K
′′
1 , u1, v1) → (K ′2,K

′′
2 , u2, v2) such that u2 ◦ ψDm′ =

m′′ ◦ u1 and ψDm
′ ◦ v1 = v2 ◦m′′.

We give the following version of the well known theorem for perserse sheaves

Theorem 10. Let k ⊂ C a subfield. Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor. Denote
i : D →֒ S the closed embedding and j : So := S\D →֒ S the open embedding. Then the functor

(j∗, φD, can, var) : Pk(S
an
C )→ Pk(S

o,an
C )×J Pk(D

an
C )

is an equivalence of category whose inverse is

Pk(S
o,an
C )×J Pk(D

an
C )→ Pk(S

an
C ),

(K ′,K ′′, u, v) 7→ H1(ψDK
′ (c(xSo/S(K

′)),u)
−−−−−−−−−−−→ xSo/S(K

′)⊕ i∗K
′′ (DvSc(xSo/S(D

v
SK
′)),v)

−−−−−−−−−−−−−−→ ψDK
′).
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We denote, for K ∈ Pk(SanC ) by

Is(K) := (0, (ad(j∗, j∗)(K), ad(j ◦ π∗, j ◦ π∗)(K)), 0) :

K
∼
−→ (ψDK

(c(xSo/S(K)),can(K))
−−−−−−−−−−−−−−→ xSo/S(K)⊕ i∗φDK

(DvSc(xSo/S(D
v
SK)),var(K))

−−−−−−−−−−−−−−−−−−→ ψDK)

the canonical isomorphism in Dc,k(S
an
C ).

Proof. Similar to the proof of [5] : follows from the fact that Pk(S
an
C ) form an abelian category stable by

the nearby and vanishing cycle functors.

Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor. Denote i : D →֒ S the closed embedding and
j : So := S\D →֒ S the open embedding. In the filtered case, we get, for (K,W ) ∈ Pfil,k(SanC ) the map
in Dfil,c,k(S

an
C )

Is(K,W ) := (0, (ad(j∗, j∗)(K), ad(j ◦ π∗, j ◦ π∗)(K)), 0) :

(K,W )→ (ψD(K,W )
(c(xSo/S(K,W )),can(K,W ))
−−−−−−−−−−−−−−−−−−→ xSo/S(K,W )⊕ i∗φD(K,W )

(DvSc(xSo/S(D
v
S(K,W ))),var(K,W ))

−−−−−−−−−−−−−−−−−−−−−−−→ ψD(K,W ))

which is NOT an isomorphism in general (it leads to different W -filtration on perverse cohomology).

2.5 Constructible and perverse etale sheaves on algebraic varieties over a
field k of charactersitic 0

Let k a field of caracteristic zero. Let S ∈ Var(k). We have

• the classical dual functor

D0
S : C(Set)→ C(Set), K 7→ D0

SK := Hom(LK,Eet(ZS))

which induces in the derived category

D0
S : D(Set)→ D(Set), K 7→ D0

SK := Hom(LK,Eet(ZS)) = RHom(K,ZS)

• the Verdier dual functor

DvS : D(Set)→ D(Set), K 7→ DvSK := RHom(K,wS)

where wS := a!SZS is the dualizing complex, aS : S → {pt} being the terminal map.

For S ∈ SmVar(k) smooth connected of dimension dim(S) = dS we have DvS = D0
S [2dS].

We recall the definition of constructible etale sheaves on algebraic varieties over a field k of caracteristic
zero:

Definition 6. Let k a field of caracteristic zero. Let S ∈ Var(k). Let l a prime number. Recall (see
section 2.1) that K = (Kn)n∈N ∈ ShvZl(S

et) is a projective system with Kn ∈ ShvZ/lnZ(S
et) such that

Kn → Kn+1/l
nKn+1 is an isomorphism.

(i) A sheaf K ∈ ShvZl(S
et) is called constructible if there exists a stratification S = ⊔αSα with lα :

Sα →֒ S locally closed subsets such that l∗αK ∈ Shv(Setα ) are (finite dimensional) local systems (for
the etale topology) for all α.

(ii) We denote by
CZl,c,k(S

et) ⊂ CZl(S
et) and DZl,c,k(S

et) ⊂ DZl(S
et)

the full subcategories consisting of K ∈ CZl,c(S
et) such that aetH

nK ∈ ShvZl(S
et) are constructible

for all n ∈ Z (see (i)).
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(ii)’ We denote by
CZlfil,c,k(S

et) ⊂ CZlfil(S
et) and DZlfil,c,k(S

et) ⊂ DZlfil(S
et)

the full subcategories consisting of (K,W ) ∈ CZlfil(S
et) such that aetGrWk HnK ∈ ShvZl(S

et) are
constructible for all n, k ∈ Z (see (i)).

(iii) We denote by
PZl,k(S

et) ⊂ DZl,c,k(S
et)⊗Zl Ql ⊂ DZl,c,k(S

et)

the full subcategory of perverse sheaves (which are by definition torsion free).

(iii)’ We denote by
PZl,fil,k(S

et) ⊂ DZlfil,c,k(S
et)⊗Zl Ql ⊂ DZlfil,c,k(S

et)

the full subcategory of filtered perverse sheaves (which are by definition torsion free).

Let k/k′ a field extention. Let S ∈ Var(k). Let l a prime number.

(i) A sheaf K ∈ ShvZl(S
et
k′ ) is called constructible (over k) if there exists a stratification S = ⊔αSα with

lα : Sα →֒ S locally closed subsets such that l∗αK ∈ Shv(Setα ) are (finite dimensional) local systems
(for the etale topology) for all α.

(ii) We denote by
CZl,c,k(S

et
k′ ) ⊂ CZl(S

et
k′ ) and DZl,c,k(S

et
k′ ) ⊂ DZl(S

et
k′ )

the full subcategories consisting of K ∈ CZl(S
et
k′ ) such that aetH

nK ∈ ShvZl(S
et
k′ ) are constructible

over k for all n ∈ Z (see (i)).

(ii)’ We denote by
CZlfil,c,k(S

et
k′ ) ⊂ CZlfil(S

et
k′ ) and DZlfil,c,k(S

et
k′ ) ⊂ DZlfil(S

et
k′ )

the full subcategories consisting of (K,W ) ∈ CZlfil(S
et
k′ ) such that aetGrWk HnK ∈ ShvZl(S

et
k′ ) are

constructible over k for all n, k ∈ Z (see (i)).

(iii) We denote by
PZl,k(S

et
k′ ) := PZl,k′(S

et
k′ ) ∩DZl,c,k(S

et
k′ ) ⊂ DZl,c,k(S

et
k′ )

the full subcategory of perverse sheaves whose stratification is defined over k.

(iii)’ We denote by

PZl,fil,k(S
et
k′ ) := PZl,fil,k′(S

et
k′ ) ∩DZlfil,c,k(S

et
k′ ) ⊂ DZlfil,c,k(S

et
k′ )

the full subcategory of filtered perverse sheaves whose stratification is defined over k.

Theorem 11. Let k a field of caracteristic zero. Let l a prime number.

• Let S ∈ Var(k). Then for K ∈ DZl,c,k(S
et), DvSK ∈ DZl,c,k(S

et). For K,K ′ ∈ DZl,c,k(S
et),

K ⊗K ′ ∈ DZl,c,k(S
et).

• Let f : X → S a morphism with S,X ∈ Var(k). Then for K ∈ DZl,c,k(X
et), Rf∗K ∈ DZl,c,k(S

et)
and Rf!K := DvSRf∗D

v
XK ∈ DZl,c,k(S

et).

• Let f : X → S a morphism with S,X ∈ Var(k). Then for K ∈ DZl,c,k(S
et), f∗K ∈ DZl,c,k(X

et)
and f !K := DvXf

∗DvSK ∈ DZl,c,k(X
et).

We have then, for S ∈ Var(k), the full subcategory

DZl,c,gm(Set) : = < Rf∗ZX , (f : X → S) ∈ Var(k) >

= < Rf∗ZX , (f : X → S) ∈ Var(k) proper, Xsmooth >⊂ DZl,c,k(S
et)

where <> means the full triangulated category generated by.
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Proof. Standard : see [22] for example.

We now give, following Ayoub, the definition of the nearby and vanishing cycle functors for con-
structible etale sheaves :

Let k a field of characteristic zero. Let l a prime number. Let S ∈ Var(k) and D = V (s) ⊂ S a
Cartier divisor with s ∈ Γ(S,L). Denote i : D →֒ S the closed embedding and j : So := S\D →֒ S the
open embedding. Let

π : S̃o := lim
−→
n∈N

S̃on := Spec(L[t]/(tn − s))→ So

the universal covering given by taking the n-th roots of s andASo := (So×So×SoS
o) ∈ Fun(∆•,Var(k)sm/So)

the diagram of lattices (see [4]). We then consider,

• for K ∈ CZl(S
o,et), the nearby cycle functor

ψDK := i∗R(j ◦ π)∗π
∗Hom(ASo ,K)[−1] ∈ DZl(D

et),

we write again ψDK := i∗ψDK ∈ DZl,c(S
et),

• for K ∈ CZl(S
o,et), the maximal extension

xSo/S(K) := Cone(ad(i∗, i∗)(−) ◦ ad(π
∗, π∗)(−) ◦ ev(K) :

Rj∗K → i∗R(j ◦ π)∗π
∗Hom(ASo ,K) =: ψDK[1]) ∈ DZl(S

et),

• for K ∈ CZl(S
o,et), the vanishing cycle functor

φDK := Cone(ad(j ◦ π∗, j ◦ π∗)(−) ◦ ev(K) : i∗K → ψDK ∈ DZl(D
et)

together with the canonical map c(φDK) : ψDK → φDK in DZl(D
et), we write again φDK :=

i∗φDK ∈ DZl(S
et),

• for K ∈ CZl,c,k(S
o,et), the canonical morphisms in DZl,c,k(D

et)

can(K) := c(φDK) : ψDK → φDK , var(K) := DvSc(φDD
v
SK) : φDK → ψDK.

Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor with s ∈ Γ(S,L). Denote i : D →֒ S the closed
embedding and j : So := S\D →֒ S the open embedding. Let

π : S̃o := lim
−→
n∈N

S̃on := Spec(L[t]/(tn − s))→ So

the universal covering and ASo := (So ×So×So So) ∈ Fun(∆•,Var(k)sm/So) the diagram of lattices (see
[4]).

• For K,K ′ ∈ CZl(S
o,et), we have by definition ψD(K ⊗K ′) = ψD(K)⊗ ψD(K ′),

• For K,K ′ ∈ CZl,c,k(S
o,et) we have by (Verdier) duality φD(K ⊗K

′) = φD(K)⊗ φD(K
′)

• For K,K ′ ∈ CZl(S
o,et), we have the tranformation map in DZl(S

o,et)

T (⊗, ψD)(K,K
′) : (ψDK)⊗K ′

I⊗(ad(i∗,i∗)(−)◦ad(π
∗,π∗)(−))

−−−−−−−−−−−−−−−−−−−−→ ψDK ⊗ ψDK
′ = ψD(K ⊗K

′).

If K,K ′ ∈ DZl,c,k(S
o,et), then T (⊗, ψD)(K,K ′) is an isomorphism (projection formula),

• For K,K ′ ∈ CZl,c,k(S
o,et) the tranformation isomorphism in DZl,c,k(S

o,et)

T (⊗, φD)(K,K
′) : φD(K ⊗K

′) = DvSψD(D
v
SK ⊗ DvSK

′)

DvST (⊗,ψD)(DvSK,D
v
SK
′)

−−−−−−−−−−−−−−−−→ DvS(ψDD
v
S(K)⊗ DvSK

′) = φDK ⊗K
′

by (Verdier) duality.

25



We have then the following :

Proposition 1. Let k a field of characteristic zero. Let S ∈ Var(k) and D ⊂ S a Cartier divisor. For
K ∈ PZl,k(S

et), we have ψDK,φDK ∈ PZl,k(S
et).

Proof. Take an embedding k →֒ C and consider the morphism of site

anS : SanC = San,etC → SetC
⊗kC−−−→ Set

given by the analytical functor. By [1], we have a canonical isomorphism in Dc,k(S
an
C )⊗Q

T (an, ψ) : an∗S ψDK
∼
−→ ψD an∗S K

where we recall (see section 2) that Dc,k(S
an
C ) ⊂ D(SanC ) is the full subcategory consisting of classes of

complexes of presheaves whose cohomology sheaves are constructible with respect to a Zariski stratifica-
tion of S (in particular defined over k). Since K = ((Kn)n∈N)⊗Qp ∈ PZl,k(S

et), an∗S K ∈ Pk(S
an
C ), where

we recall (see section 2) that Pk(S
an
C ) ⊂ Dc,k(S

an
C ) ⊗ Q is the full subcategory consisting of presheaves

sheaves whose cohomology sheaves are constructible with respect to a Zariski stratification of S (defined
over k). Thus by the complex case (see e.g. [23]) ψD an∗S K ∈ Pk(S

an
C ). Hence an∗S ψDK ∈ Pk(S

an
C ) and

thus ψDK,φDK ∈ PZl(S
et).

In the filtered case, we will consider the weight monodromy filtration for open embeddings :

Definition 7. Let k a field of characteristic zero. Let l a prime number.

(i) Let S ∈ Var(k) and j : So →֒ S an open embedding such that D := S\So = V (s) ⊂ S is a Cartier
divisor. Let PZlfil,k(S

o,et)ad,D ⊂ Pfil,k(S
o,et) the full subcategory such that the relative weight

monodromy filtration of W with respect to D ⊂ S exists.

– For (K,W ) ∈ PZlfil,k(S
o,et)ad,D, we consider as in [25]

j∗w(K,W ) := (Rj∗K,W ) ∈ PZlfil,k(S
et), WkRj∗K :=< Rj∗WkK,W (N)kK >⊂ Rj∗K

so that j∗j∗w(K,W ) = (K,W ), where WkRj∗K ⊂ Rj∗K is given by W and the weight mon-
odromy filtration W (N) of the universal cover π : S̃o → So, see [4]. Note that a stratitification
of WkRj∗K is given by the closure of a stratification of WkK and D := S\So.

– For (K,W ) ∈ PZl,fil,k(S
o,et)ad,D, we consider

j!w(K,W ) := DvSj∗wD
v
S(K,W ) ∈ PZl,fil(S

et)

so that j∗j!w(K,W ) = (K,W ).

For (K ′,W ) ∈ PZlfil,k(S
et)ad,D, there is, by construction,

– a canonical map ad(j∗, j∗w)(K
′,W ) = ad(j∗, j∗)(K

′) : (K ′,W )→ j∗wj
∗(K ′,W ) in PZl,fil,k(S

et),

– a canonical map ad(j!w, j
∗)(K ′,W ) = ad(j!, j

∗)(K ′) : j!wj
∗(K ′,W )→ (K ′,W ) in PZl,fil,k(S

et).

(ii) Let S ∈ Var(k). Let j : So := S\Z →֒ S an open embedding with Z = V (I) ⊂ S an arbitrary
closed subset, I ⊂ OS being an ideal subsheaf. Taking generators I = (s1, . . . , sr), we get Z =
V (s1, . . . , sr) = ∩ri=1Zi ⊂ S with Zi = V (si) ⊂ S, si ∈ Γ(S,Li) and Li a line bundle. Note that
Z is an arbitrary closed subset, dZ ≥ dX − r needing not be a complete intersection. Denote by

jI : So,I := ∩i∈I(S\Zi) = S\(∪i∈IZi)
joI−→ So

j
−→ S the open complementary embeddings, where

I ⊂ {1, · · · , r}. Denote

D(Z/S) :=
{
(Zi)i∈[1,...r], Zi ⊂ S,∩Zi = Z

}
, Z ′i ⊂ Zi

the flag category. Let PZlfil,k(S
o,et)ad,(Zi) ⊂ PZlfil,k(S

o,et) the full subcategory such that the
relative weight monodromy filtration of W with respect to the Zi ⊂ S exists. For (K,W ) ∈
C(PZl,fil,k(S

o,et)ad,(Zi)), we define by (i)
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– the (bi)-filtered complex of DS-modules

j∗w(K,W ) := lim
−→
D(Z/S)

TotcardI=•(jI∗wj
o∗
I (K,W )) ∈ C(PZl,fil(S

et))

where the horizontal differential are given by, if I ⊂ J , dIJ := ad(j∗IJ , jIJ∗w)(j
o∗
I (K,W )),

jIJ : SoJ →֒ SoI being the open embedding, and dIJ = 0 if I /∈ J ,

– the (bi)-filtered complex of DS-modules

j!w(K,W ) := lim
←−
D(Z/S)

TotcardI=−•(jI!wj
o∗
I (K,W )) = DvSj∗wD

v
S(K,W ) ∈ C(PZl,fil(S

et)),

where the horizontal differential are given by, if I ⊂ J , dIJ := ad(jIJ!w, j
∗
IJ)(j

o∗
I (K,W )),

jIJ : SoJ →֒ SoI being the open embedding, and dIJ = 0 if I /∈ J .

By definition, we have for (K,W ) ∈ C(PZl,fil,k(S
o,et)ad,(Zi)), j∗j∗w(K,W ) = (K,W ) and j∗j!w(K,W ) =

(K,W ). For (K ′,W ) ∈ C(PZl,fil(S
et)ad,(Zi)), there is, by (i),

– a canonical map ad(j∗, j∗w)(K
′,W ) : (K ′,W )→ j∗wj

∗(K ′,W ) in C(PZl,fil,k(S
et)),

– a canonical map ad(j!w, j
∗)(K ′,W ) : j!wj

∗(K ′,W )→ (K ′,W ) in C(PZl,fil,k(S
et)).

(iii) Let S ∈ Var(k). Let j : So := S\Z →֒ S an open embedding with Z = V (I) ⊂ S an arbitrary
closed subset (over k), I ⊂ OS being an ideal subsheaf. Let k/k′ a field extension. For (K,W ) ∈
C(PZl,fil,k(S

o,et
k′ )ad,(Zi)), (ii) gives

– the (bi)-filtered complex of DS-modules

j∗w(K,W ) := lim
−→
D(Z/S)

TotcardI=•(jI∗wj
o∗
I (K,W )) ∈ C(PZl,fil,k(S

et
k′ ))

– the (bi)-filtered complex of DS-modules

j!w(K,W ) := lim←−
D(Z/S)

TotcardI=−•(jI!wj
o∗
I (K,W )) = DvSj∗wD

v
S(K,W ) ∈ C(PZl,fil(S

et
k′ )),

By definition, we have for (K,W ) ∈ C(PZl,fil,k(S
o,et
k′ )ad,(Zi)), j∗j∗w(K,W ) = (K,W ) and j∗j!w(K,W ) =

(K,W ). For (K ′,W ) ∈ C(PZl,fil,k(S
et
k′ )

ad,(Zi)), we have, see (ii),

– the canonical map ad(j∗, j∗w)(K
′,W ) : (K ′,W )→ j∗wj

∗(K ′,W ) in C(PZl,fil,k(S
et
k′ )),

– the canonical map ad(j!w, j
∗)(K ′,W ) : j!wj

∗(K ′,W )→ (K ′,W ) in C(PZl,fil,k(S
et
k′ )).

Definition 8. Let S ∈ Var(k). Let Z ⊂ S a closed subset. Denote by j : S\Z →֒ S the complementary
open embedding. Let l a prime number.

(i) We define using definition 7, the filtered Hodge support section functor

ΓwZ : C(PZlfil,k(S
et)ad,(Zi))→ C(PZlfil,k(S

et)),

(K,W ) 7→ ΓwZ(K,W ) := Cone(ad(j∗, j∗w)(K,W ) : (K,W )→ j∗wj
∗(K,W ))[−1],

together we the canonical map γwZ (K,W ) : ΓwZ(K,W )→ (K,W ). Since j∗w : C(PZlfil,k(S
o,et)ad,(Zi))→

C(PZlfil,k(S
et)) is an exact functor, ΓwZ induces the functor

ΓwZ : DZlfil,c,k(S
et)ad,(Zi) → DZlfil,c,k(S

et), (K,W ) 7→ ΓwZ(K,W )
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(ii) We define using definition 2, the dual filtered Hodge support section functor

Γ∨,wZ : C(PZl,fil(S
et)ad,(Zi))→ C(PZl,fil,k(S

et)),

(K,W ) 7→ Γ∨,wZ (K,W ) := Cone(ad(j!w, j
∗)(K,W ) : j!w, j

∗(K,W )→ (K,W )),

together we the canonical map γ∨,HdgZ (K,W ) : (K,W )→ Γ∨,wZ (K,W ). Since j!w : C(PZl,fil,k(S
o,et)ad,(Zi))→

C(PZl,fil,k(S
et)) is an exact functor, Γ∨,wZ induces the functor

Γ∨,wZ : DZlfil,c,k(S
et)ad,(Zi) → DZlfil,c,k(S

et), (K,W ) 7→ Γ∨,wZ (K,W )

Let k/k′ a field extension. Let S ∈ Var(k). Let Z ⊂ S a closed subset (over k). Denote by j : S\Z →֒ S
the complementary open embedding. Let l a prime number.

(i)’ Then (i) gives the filtered Hodge support section functor

ΓwZ : C(PZl,fil,k(S
et
k′ )

ad,(Zi))→ C(PZl,fil,k(S
et
k′ )),

(K,W ) 7→ ΓwZ(K,W ) := Cone(ad(j∗, j∗w)(K,W ) : (K,W )→ j∗wj
∗(K,W ))[−1],

together we the canonical map γwZ (K,W ) : ΓwZ(K,W )→ (K,W ), which induces

ΓwZ : DZlfil,c,k(S
et
k′ )

ad,(Zi) → DZlfil,c,k(S
et
k′ ), (K,W ) 7→ ΓwZ(K,W )

(ii)’ Then, (ii) gives the dual filtered Hodge support section functor

Γ∨,wZ : C(PZl,fil,k(S
et
k′ )

ad,(Zi))→ C(PZl,fil,k(S
et
k′ )),

(K,W ) 7→ Γ∨,wZ (K,W ) := Cone(ad(j!w, j
∗)(K,W ) : j!w, j

∗(K,W )→ (K,W )),

together we the canonical map γ∨,HdgZ (K,W ) : (K,W )→ Γ∨,wZ (K,W ), which induces

Γ∨,wZ : DZlfil,c,k(S
et
k′ )

ad,(Zi) → DZlfil,c,k(S
et
k′ ), (K,W ) 7→ Γ∨,wZ (K,W )

Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor. Denote i : D →֒ S the closed embedding and
j : So := S\D →֒ S the open embedding. Let π : S̃o,anC → So,anC the universal covering. Let l a prime
number. We then consider, for (K,W ) ∈ DZlfil,c,k(S

o,et)ad,D = Ho(C(PZlfil,k(S
o,et)ad,D),

• the filtered nearby cycle functor

ψD(K,W ) := (ψDK,W ) ∈ DZlfil,c,k(D
et), Wk(ψD(K,W )) :=< WkψDK,W (N)kψDK >⊂ ψDK,

• the maximal extension

xSo/S(K) := Cone(ad(i∗, i∗)(−) ◦ ad(π
∗, π∗)(−) ◦ ev(K) : j∗w(K,W )→ ψD(K,W )[1]) ∈ DZlfil,c,k(S

et),

• the vanishing cycle functor

φD(K,W ) := Cone(ad(j ◦ π∗, j ◦ π∗)(K) : i∗(K,W )→ ψD(K,W )) ∈ DZlfil,c(D
et),

• the canonical morphisms in DZlfil,c,k(D
et)

can(K,W ) := c(φD(K,W )) : ψD(K,W )→ φD(K,W ),

var(K,W ) := Dvc(φDD
vD(K,W )) : φD(K,W )→ ψD(K,W ).

Let k/k′ a field extension. For (K,W ) ∈ DZlfil,c,k(S
o,et
k′ )ad,D = Ho(C(PZlfil,k(S

o,et
k′ )ad,D), we get
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• the filtered nearby cycle functor

ψD(K,W ) := (ψDK,W ) ∈ DZlfil,c,k(D
et
k′), Wk(ψD(K,W )) :=< WkψDK,W (N)kψDK >⊂ ψDK,

• the maximal extension

xSo/S(K) := Cone(ad(i∗, i∗)(−) ◦ ad(π
∗, π∗)(−) ◦ ev(K) : j∗w(K,W )→ ψD(K,W )[1]) ∈ DZlfil,c,k(S

et
k′ ),

• the vanishing cycle functor

φD(K,W ) := Cone(ad(j ◦ π∗, j ◦ π∗)(−) ◦ ev(K) : i∗(K,W )→ ψD(K,W )) ∈ DZlfil,c,k(D
et
k′),

• the canonical morphisms in DZlfil,c,k(D
et
k′)

can(K,W ) := c(φD(K,W )) : ψD(K,W )→ φD(K,W ),

var(K,W ) := Dvc(φDD
vD(K,W )) : φD(K,W )→ ψD(K,W ).

Definition 9. Let k a field of characteristic zero. Let l a prime number.

(i) Let f : X → S a morphism with S,X ∈ Var(k). Consider the graph factorization f : X
l
−→ X×S

p
−→

S of f where l the the graph closed embedding and p is the projection. We have, using definition 8,

– the inverse image functor

f∗w : DZlfil,c,k(S
et)ad,(Γf,i) → DZlfil,c,k(X

et), (K,W ) 7→ f∗w(K,W ) := l∗Γ∨,wX p∗(K,W )

– the exceptional inverse image functor

f∗w : DZlfil,c,k(S
et)ad,(Γf,i) → DZlfil,c,k(X

et), (K,W ) 7→ f !w(K,W ) := l∗ΓwXp
∗(K,W ).

(i)’ Let f : X → S a morphism with S,X ∈ Var(k). Consider the graph factorization f : X
l
−→ X×S

p
−→

S of f where l the the graph closed embedding and p is the projection. Let k/k′ a field extension.
We have, by (i),

– the inverse image functor

f∗w : DZlfil,c,k(S
et
k′ )

ad,(Γf,i) → DZlfil,c,k(X
et
k′ ), (K,W ) 7→ f∗w(K,W ) := l∗Γ∨,wX p∗(K,W )

– the exceptional inverse image functor

f∗w : DZlfil,c,k(S
et
k′ )

ad,(Γf,i) → DZlfil,c,k(X
et
k′ ), (K,W ) 7→ f !w(K,W ) := l∗ΓwXp

∗(K,W ).

(ii) Let f : X → S a morphism with S,X ∈ Var(k). Consider a compactification f : X →֒ jX̄
f̄
−→ S of

f with X̄ ∈ Var(k), j an open embedding and f̄ a proper morphism. Denote Z := X̄\X. We have,
using definition 2,

– the direct image functor

Rf∗w : DZlfil,c,k(X
et)ad,(Zi) → DZlfil,c,k(S

et), (K,W ) 7→ Rf∗w(K,W ) := Rf̄∗j∗w(K,W )

– the proper direct image functor

Rf!w : DZlfil,c,k(X
et)ad,(Zi) → DZlfil,c,k(S

et), (K,W ) 7→ Rf!w(K,W ) := Rf̄∗j!w(K,W ).
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(ii)’ Let f : X → S a morphism with S,X ∈ Var(k). Consider a compactification f : X →֒ jX̄
f̄
−→ S of

f with X̄ ∈ Var(k), j an open embedding and f̄ a proper morphism. Let k/k′ a field extension. We
have, by (ii),

– the direct image functor

Rf∗w : DZlfil,c,k(X
et
k′ )

ad,(Zi) → DZlfil,c,k(S
et
k′ ), (K,W ) 7→ Rf∗w(K,W ) := Rf̄∗j∗w(K,W )

– the proper direct image functor

Rf!w : DZlfil,c,k(X
et
k′ )

ad,(Zi) → DZlfil,c,k(S
et
k′ ), (K,W ) 7→ Rf!w(K,W ) := Rf̄∗j!w(K,W ).

We will use the etale version of a result of Beilinson on perverse sheaves.

Definition 10. Let k a field of characteristic zero. Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor.
Denote So := S\D. We denote by PZl(S

o,et)×J PZl(D
et) the category

• whose objects are (K ′,K ′′, u, v) where K ′ ∈ PZl(S
o,et) and K ′′ ∈ PZl(D

et) are perverse sheaves and
u : ψDK

′an → K
′′an and v : K

′′an → ψDK
′an are morphism in Dc(D

an,pet) such that v◦u = T −I,

• whose morphisms are m = (m′,m′′) : (K ′1,K
′′
1 , u1, v1) → (K ′2,K

′′
2 , u2, v2) such that u2 ◦ ψDm′ =

m′′ ◦ u1 and ψDm
′ ◦ v1 = v2 ◦m′′.

We give the version for etale construcible sheaves of the well known theorem 10 for perserse sheaves

Theorem 12. Let k a field of characteristic zero. Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor.
Denote i : D →֒ S the closed embedding and j : So := S\D →֒ S the open embedding. Then the functor

(j∗, φD, can, var) : PZl,k(S
et)→ PZl,k(S

o,et)×J PZl,k(D
et)

is an equivalence of category whose inverse is

PZl,k(S
o,et)×J PZl,k(D

et)→ PZl,k(S
et),

(K ′,K ′′, u, v) 7→ H1(ψDK
′ c(xSo/S(K

′)),u)
−−−−−−−−−−→ xSo/S(K

′)⊕ i∗K
′′ (Dc(xSo/S(DK

′)),v)
−−−−−−−−−−−−−→ ψDK

′).

We denote, for K ∈ PZl(S
et) by

Is(K) := (0, (ad(j∗, j∗)(K), ad((j ◦ π)∗, (j ◦ π)∗)(K)), 0) :

K
∼
−→ (ψDK

(c(xSo/S(K)),can(K))
−−−−−−−−−−−−−−→ xSo/S(K

′)⊕ i∗φDK
(Dvc(x(DvK′)),var(K))
−−−−−−−−−−−−−−−→ ψDK)

the canonical isomorphism in DZl,c,k(S
et).

Proof. Similar to the proof of theorem 10. Follows from the fact that PZl,k(S
et) ⊂ DZl,c,k(S

et) is a full
subcategory which is stable by the functors φD and φD for D ⊂ S a Cartier divisor by proposition 1.

Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor. Denote i : D →֒ S the closed embedding and
j : So := S\D →֒ S the open embedding. In the filtered case, we get, for (K,W ) ∈ PZlfil,k(S

et) the map
in DZlfil,c,k(S

et)

Is(K,W ) := (0, (ad(j∗, j∗)(K), ad(j ◦ π∗, j ◦ π∗)(K)), 0) :

(K,W )→ (ψD(K,W )
(c(xSo/S(K,W )),can(K,W ))
−−−−−−−−−−−−−−−−−−→ xSo/S(K,W )⊕ i∗φD(K,W )

(Dc(xSo/S(D(K,W ))),var(K,W ))
−−−−−−−−−−−−−−−−−−−−−→ ψDK)

which is NOT an isomorphism in general (it leads to different W -filtration on perverse cohomology).
We recall the definition of constructible pro etale sheaves on algebraic varieties over a subfield k ⊂ K

of a p adic field:
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Definition 11. Let k ⊂ K ⊂ Cp a subfield of a p adic field. Let l a prime number. Let S ∈ Var(k).

(i) A sheaf K ∈ ShvZl(S
an,pet
K ) is called constructible if there exists a stratification S = ⊔αSα with lα :

Sα →֒ S locally closed subsets (defined over k) such that l∗αK ∈ Shv(San,petα ) are (finite dimensional)
local systems (for the etale topology) for all α.

(ii) We denote by

CZl,c,k(S
an,pet) ⊂ CZl(S

an,pet) and DZl,c,k(S
an,pet) ⊂ DZl(S

an,pet)

the full subcategories consisting of K ∈ C(San,petK ) such that aetH
nK ∈ Shv(San,petK ) are con-

structible for all n ∈ Z.

(ii)’ We denote by

CZlfil,c,k(S
an,pet) ⊂ CZlfil(S

an,pet) and DZlfil,c,k(S
an,pet) ⊂ DZlfil(S

an,pet)

the full subcategories consisting of (K,W ) ∈ CZlfil(S
an,pet
K ) such that aetH

nGrWk K ∈ ShvZl(S
an,pet
K )

are constructible for all n, k ∈ Z.

(iii) We denote by PZl,k(S
an,pet) ⊂ DZl,c,k(S

an,pet) the full subcategory of perverse sheaves.

(iii)’ We denote by PZl,fil,k(S
an,pet) ⊂ DZlfil,c,k(S

an,pet) the full subcategory of filtered perverse sheaves.

Let K ⊂ Cp a p adic field. Let S ∈ Var(K) and D = V (s) ⊂ S a Cartier divisor. Denote i : D →֒ S

the closed embedding and j : So := S\D →֒ S the open embedding. Let π : S̃o,an → So,an the perfectoid
universal covering (see [27]. We then consider,

• for K ∈ CZl(S
o,an,pet), the nearby cycle functor

ψDK := i∗R(j ◦ π)∗π
∗K[−1] ∈ DZl(D

an,pet),

we write again ψDK := i∗ψDK ∈ DZl(S
an,pet),

• for K ∈ CZl,c(S
o,an,pet), the maximal extension

xSo/S(K) := Cone(ad(i∗, i∗)(−) ◦ ad(π
∗, π∗)(j∗K) :

Rj∗K → i∗R(j ◦ π)∗π
∗K =: ψDK[1]) ∈ DZl(S

an,pet),

• for K ∈ CZl(S
o,an,pet), the vanishing cycle functor

φDK := Cone(ad(j ◦ π∗, j ◦ π∗)(K) : i∗K → ψDK ∈ DZl(D
an,pet)

together with the canonical map c(φDK) : ψDK → φDK in DZl(S
an,pet) we write again φDK :=

i∗φDK ∈ DZl(S
an,pet),

• for K ∈ CZl,c,k(S
o,an,pet), the canonical morphisms in DZl,c,k(D

an,pet)

can(K) := c(φDK) : ψDK → φDK , var(K) := DvSc(φDD
v
SK) : φDK → ψDK

Let k ⊂ K ⊂ Cp a subfield of a p adic field. Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier divisor.
Denote by So := S\D. By definition, we have for K ∈ CZl(S

o,et)

an∗S(ψDK) = ψD(an
∗
S K) ∈ DZl(S

an,pet
K ) and an∗S(φDK) = φD(an

∗
S K) ∈ DZl(S

an,pet
K ).

where anS : San,petK

anS−−→ SetK
⊗kK−−−→ Set is the morphism of site induced by the analytical functor.

We then deduce from the algebraic case the following :
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Corollary 1. Let k ⊂ K ⊂ Cp a subfield of a p adic field. Let S ∈ Var(k) and D = V (s) ⊂ S a Cartier
divisor. Denote i : D →֒ S the closed embedding and j : So := S\D →֒ S the open embedding.

(i) For K ∈ PZl,k(S
et), we have ψD an∗S K,φD an∗S K ∈ PZl,k(S

an,pet
K )

(ii) We have, for K ∈ PZl,k(S
et), denoting again K = an∗S K ∈ PZl,k(S

an,pet
K ),

Is(K) := (0, (ad(j∗, j∗)(K), ad((j ◦ π)∗, (j ◦ π)∗)(K)), 0) :

K
∼
−→ (ψDK

(c(xSo/S(K)),can(K))
−−−−−−−−−−−−−−→ xSo/S(K

′)⊕ i∗φDK
(DvSc(xSo/S(D

v
SK
′)),var(K))

−−−−−−−−−−−−−−−−−−→ ψDK)

the canonical isomorphism in DZl,c,k(S
an,pet
K ).

Proof. (i):Follows from proposition 1.
(ii):Follows immediately from theorem 12.

2.6 Presheaves on the big Zariski site or on the big etale site

Let k a field of caracteristic 0. For S ∈ Var(k), we denote by ρS : Var(k)sm/S →֒ Var(k)/S be the full
subcategory consisting of the objects U/S = (U, h) ∈ Var(k)/S such that the morphism h : U → S is
smooth. That is, Var(k)sm/S is the category

• whose objects are smooth morphisms U/S = (U, h), h : U → S with U ∈ Var(k),

• whose morphisms g : U/S = (U, h1) → V/S = (V, h2) is a morphism g : U → V of complex
algebraic varieties such that h2 ◦ g = h1.

We denote again ρS : Var(k)/S → Var(k)sm/S the associated morphism of site. We will consider

rs(S) : Var(k)
r(S)
−−−→ Var(k)/S

ρS
−−→ Var(k)sm/S

the composite morphism of site. For S ∈ Var(k), we denote by ZS := Z(S/S) ∈ PSh(Var(k)sm/S) the
constant presheaf By Yoneda lemma, we have for F ∈ C(Var(k)sm/S), Hom(ZS , F ) = F . For f : T → S
a morphism, with T, S ∈ Var(k), we have the following commutative diagram of sites

Var(k)/T

P (f)

��

ρT // Var(k)sm/T

P (f)

��
Var(k)/S

ρS // Var(k)sm/S

(1)

We denote, for S ∈ Var(k), the obvious morphism of sites

ẽ(S) : Var(k)/S
ρS
−−→ Var(k)sm/S

e(S)
−−−→ Ouv(S)

where Ouv(S) is the set of the Zariski open subsets of S, given by the inclusion functors ẽ(S) : Ouv(S) →֒
Var(k)sm/S →֒ Var(k)/S. By definition, for f : T → S a morphism with S, T ∈ Var(k), the commutative
diagram of sites (1) extend a commutative diagram of sites :

ẽ(T ) : Var(k)/T

P (f)

��

ρT // Var(k)sm/T

P (f)

��

e(T ) // Ouv(T )

P (f)

��
ẽ(S) : Var(k)/S

ρS // Var(k)sm/S
e(S) // Ouv(S)

(2)
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• As usual, we denote by

(f∗, f∗) := (P (f)∗, P (f)∗) : C(Var(k)
sm/S)→ C(Var(k)sm/T )

the adjonction induced by P (f) : Var(k)sm/T → Var(k)sm/S. Since the colimits involved in the
definition of f∗ = P (f)∗ are filtered, f∗ also preserve monomorphism. Hence, we get an adjonction

(f∗, f∗) : Cfil(Var(k)
sm/S) ⇆ Cfil(Var(k)

sm/T ), f∗(G,F ) := (f∗G, f∗F )

• As usual, we denote by

(f∗, f∗) := (P (f)∗, P (f)∗) : C(Var(k)/S)→ C(Var(k)/T )

the adjonction induced by P (f) : Var(k)/T → Var(k)/S. Since the colimits involved in the definition
of f∗ = P (f)∗ are filtered, f∗ also preserve monomorphism. Hence, we get an adjonction

(f∗, f∗) : Cfil(Var(k)/S) ⇆ Cfil(Var(k)/T ), f
∗(G,F ) := (f∗G, f∗F )

For h : U → S a smooth morphism with U, S ∈ Var(k), the pullback functor P (h) : Var(k)sm/S →
Var(k)sm/U admits a left adjoint C(h)(X → U) = (X → U → S). Hence, h∗ : C(Var(k)sm/S) →
C(Var(k)sm/U) admits a left adjoint

h♯ : C(Var(k)
sm/U)→ C(Var(k)sm/S), F 7→ ((V, h0) 7→ lim

(V ′,h◦h′)→(V,h0)
F (V ′, h′))

Note that we have for V/U = (V, h′) with h′ : V → U a smooth morphism we have h♯(Z(V/U)) = Z(V ′/S)
with V ′/S = (V ′, h◦h′). Hence, since projective presheaves are the direct summands of the representable
presheaves, h♯ sends projective presheaves to projective presheaves.

We have the support section functors of a closed embedding i : Z →֒ S for presheaves on the big
Zariski site.

Definition 12. Let i : Z →֒ S be a closed embedding with S,Z ∈ Var(k) and j : S\Z →֒ S be the open
complementary subset.

(i) We define the functor

ΓZ : C(Var(k)sm/S)→ C(Var(k)sm/S), G• 7→ ΓZG
• := Cone(ad(j∗, j∗)(G

•) : G• → j∗j
∗G•)[−1],

so that there is then a canonical map γZ(G
•) : ΓZG

• → G•.

(ii) We have the dual functor of (i) :

Γ∨Z : C(Var(k)sm/S)→ C(Var(k)sm/S), F 7→ Γ∨Z(F
•) := Cone(ad(j♯, j

∗)(G•) : j♯j
∗G• → G•),

together with the canonical map γ∨Z(G) : F → Γ∨Z(G).

(iii) For F,G ∈ C(Var(k)sm/S), we denote by

I(γ, hom)(F,G) := (I, I(j♯, j
∗)(F,G)−1) : ΓZHom(F,G)

∼
−→ Hom(Γ∨ZF,G)

the canonical isomorphism given by adjonction.

Let S• ∈ Fun(I,Var(k)) with I ∈ Cat, a diagram of algebraic varieties. It gives the diagram of sites
Var(k)2/S• ∈ Fun(I,Cat).

• Then Cfil(Var(k)/S•) is the category
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– whose objects (G,F ) = ((GI , F )I∈I , uIJ), with (GI , F ) ∈ Cfil(Var(k)/SI), and uIJ : (GI , F )→
rIJ∗(GJ , F ) for rIJ : I → J , denoting again rIJ : SI → SJ , are morphisms satisfying for
I → J → K, rIJ∗uJK ◦ uIJ = uIK in Cfil(Var(k)/SI),

– the morphisms m : ((G,F ), uIJ)→ ((H,F ), vIJ ) being (see section 2.1) a family of morphisms
of complexes,

m = (mI : (GI , F )→ (HI , F ))I∈I

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in Cfil(Var(k)/SI).

• Then Cfil(Var(k)
sm/S•) is the category

– whose objects (G,F ) = ((GI , F )I∈I , uIJ), with (GI , F ) ∈ Cfil(Var(k)
sm/SI), and uIJ :

(GI , F ) → rIJ∗(GJ , F ) for rIJ : I → J , denoting again rIJ : SI → SJ , are morphisms
satisfying for I → J → K, rIJ∗uJK ◦ uIJ = uIK in Cfil(Var(k)

sm/SI),

– the morphisms m : ((G,F ), uIJ)→ ((H,F ), vIJ ) being (see section 2.1) a family of morphisms
of complexes,

m = (mI : (GI , F )→ (HI , F ))I∈I

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in Cfil(Var(k)
sm/SI).

As usual, we denote by

(f∗• , f•∗) := (P (f•)
∗, P (f•)∗) : C(Var(k)

(sm)/S•)→ C(Var(k)(sm)/T•)

the adjonction induced by P (f•) : Var(k)(sm)/T• → Var(k)(sm)/S•. Since the colimits involved in the
definition of f∗• = P (f•)

∗ are filtered, f∗• also preserve monomorphism. Hence, we get an adjonction

(f∗• , f•∗) : Cfil(Var(k)
(sm)/S•) ⇆ Cfil(Var(k)

(sm)/T•),

f∗• ((GI , F ), uIJ) := ((f∗IGI , f
∗
I F ), T (fI , rIJ )(−) ◦ f

∗
I uIJ).

Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k). For I ⊂ [1, · · · l], denote by S̃I = Πi∈I S̃i. We then have closed
embeddings iI : SI →֒ S̃I and for J ⊂ I the following commutative diagram

DIJ = SI
iI // S̃I

SJ

jIJ

OO

iJ // S̃J

pIJ

OO

where pIJ : S̃J → S̃I is the projection and jIJ : SJ →֒ SI is the open embedding so that jI ◦ jIJ = jJ .
This gives the diagram of algebraic varieties (S̃I) ∈ Fun(P(N),Var(k)) which the diagram of sites
Var(k)sm/(S̃I) ∈ Fun(P(N),Cat). Denote by m : S̃I\(SI\SJ) →֒ S̃I the open embedding. Then
Cfil(Var(k)

sm/(S̃I)) is the category

• whose objects (G,F ) = ((GI , F ), uIJ) with (GI , F ) ∈ Cfil(Var(k)
sm/S̃I), and uIJ : (GI , F ) →

pIJ∗(GJ , F ) are morphisms satisfying for I ⊂ J ⊂ K, pIJ∗uJK ◦ uIJ = uIK in Cfil(Var(k)
sm/S̃I),

• the morphisms m : ((G,F ), uIJ )→ ((H,F ), vIJ ) being a family of morphisms of complexes,

m = (mI : (GI , F )→ (HI , F ))I∈I

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in Cfil(Var(k)
sm/S̃I).

Similarly, Cfil(Var(k)
sm/(S̃I)

op) is the category
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• whose objects (G,F ) = ((GI , F )I⊂[1,···l], uIJ), with (GI , F ) ∈ Cfil(Var(k)
(sm)/S̃I), and uIJ :

(GJ , F )→ p∗IJ(GI , F ) for I ⊂ J , are morphisms satisfying for I ⊂ J ⊂ K, p∗JKuIJ ◦ uJK = uIK in
Cfil(Var(k)

(sm)/S̃K),

• the morphisms m : ((G,F ), uIJ) → ((H,F ), vIJ ) being (see section 2.1) a family of morphisms of
complexes,

m = (mI : (GI , F )→ (HI , F ))I⊂[1,···l]

such that vIJ ◦mJ = p∗IJmI ◦ uIJ in Cfil(Var(k)
(sm)/S̃J).

Definition 13. Let S ∈ Var(k). Let S = ∪li=1Si an open cover and denote by SI = ∩i∈ISi. Let
ii : Si →֒ S̃i closed embeddings, with S̃i ∈ Var(k). We will denote by Cfil(Var(k)

sm/(S/(S̃I))) ⊂

Cfil(Var(k)
sm/(S̃I)) the full subcategory whose objects (G,F ) = ((GI , F )I⊂[1,···l], uIJ), with (GI , F ) ∈

Cfil,SI (Var(k)
sm/S̃I), and uIJ : m∗(GI , F ) → m∗pIJ∗(GJ , F ) for I ⊂ J , are ∞-filtered Zariski local

equivalence,

We now give the definition of the A1 local property :
Denote by

pa : Var(k)(sm)/S → Var(k)(sm)/S, X/S = (X,h) 7→ (X × A1)/S = (X × A1, h ◦ pX),

(g : X/S → X ′/S) 7→ ((g × IA1) : X × A1/S → X ′ × A1/S)

the projection functor and again by pa : Var(k)(sm)/S → Var(k)(sm)/S the corresponding morphism of
site.

Definition 14. Let S ∈ Var(k). Denote for short Var(k)(sm)/S either the category Var(k)/S or the
category Var(k)sm/S.

(i0) A complex F ∈ C(Var(k)(sm)/S) is said to be A1 homotopic if ad(p∗a, pa∗)(F ) : F → pa∗p
∗
aF is an

homotopy equivalence.

(i) A complex F ∈ C(Var(k)(sm)/S) is said to be A1 invariant if for all U/S ∈ Var(k)(sm)/S,

F (pU ) : F (U/S)→ F (U × A1/S)

is a quasi-isomorphism, where pU : U × A1 → U is the projection. Obviously, if a complex F ∈
C(Var(k)(sm)/S) is A1 homotopic then it is A1 invariant.

(ii) Let τ a topology on Var(k). A complex F ∈ C(Var(k)(sm)/S) is said to be A1 local for the topology
τ , if for a (hence every) τ local equivalence k : F → G with k injective and G ∈ C(Var(k)(sm)/S)
τ fibrant, e.g. k : F → Eτ (F ), G is A1 invariant for all n ∈ Z.

(iii) A morphism m : F → G with F,G ∈ C(Var(k)(sm)/S) is said to an (A1, et) local equivalence if for
all H ∈ C(Var(k)(sm)/S) which is A1 local for the etale topology

Hom(L(m), Eet(H)) : Hom(L(G), Eet(H))→ Hom(L(F ), Eet(H))

is a quasi-isomorphism.

Denote �
∗ := P∗\ {1}

• Let S ∈ Var(k). For U/S = (U, h) ∈ Var(k)sm/S, we consider

�
∗ × U/S = (�∗ × U, h ◦ p) ∈ Fun(∆,Var(k)sm/S).

For F ∈ C−(Var(k)sm/S), it gives the complex

C∗F ∈ C
−(Var(k)sm/S), U/S = (U, h) 7→ C∗F (U/S) := TotF (�∗ × U/S)
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together with the canonical map cF := (0, IF ) : F → C∗F . For F ∈ C(Var(k)sm/S), we get

C∗F := holimn C∗F
≤n ∈ C(Var(k)sm/S),

together with the canonical map cF := (0, IF ) : F → C∗F . For m : F → G a morphism, with
F,G ∈ C(Var(k)sm/S), we get by functoriality the morphism C∗m : C∗F → C∗G.

• Let S ∈ Var(k). For U/S = (U, h) ∈ Var(k)/S, we consider

�
∗ × U/S = (A∗ × U, h ◦ p) ∈ Fun(∆,Var(k)/S).

For F ∈ C−(Var(k)/S), it gives the complex

C∗F ∈ C
−(Var(k)/S), U/S = (U, h) 7→ C∗F (U/S) := TotF (�∗ × U/S)

together with the canonical map c = c(F ) := (0, IF ) : F → C∗F . For F ∈ C(Var(k)/S), we get

C∗F := holimn C∗F
≤n ∈ C(Var(k)/S),

together with the canonical map cF := (0, IF ) : F → C∗F . For m : F → G a morphism, with
F,G ∈ C(Var(k)/S), we get by functoriality the morphism C∗m : C∗F → C∗G.

Proposition 2. (i) Let S ∈ Var(k). Then for F ∈ C(Var(k)sm/S), C∗F is A1 local for the etale
topology and c(F ) : F → C∗F is an equivalence (A1, et) local.

(ii) A morphism m : F → G with F,G ∈ C(Var(k)(sm)/S) is an (A1, et) local equivalence if and only if
there exists

{X1,α/S, α ∈ Λ1} , . . . , {Xr,α/S, α ∈ Λr} ⊂ Var(k)(sm)/S

such that we have in Hoet(C(Var(k)
(sm)/S))

Cone(m)
∼
−→ Cone(⊕α∈Λ1 Cone(Z(X1,α × A1/S)→ Z(X1,α/S))

→ · · · → ⊕α∈Λr Cone(Z(Xr,α × A1/S)→ Z(Xr,α/S)))

Proof. Standard : see Ayoub’s thesis for example.

Definition-Proposition 1. Let S ∈ Var(k).

(i) With the weak equivalence the (A1, et) local equivalence and the fibration the epimorphism with
A1
S local and etale fibrant kernels gives a model structure on C(Var(k)sm/S) : the left bousfield

localization of the projective model structure of C(Var(k)sm/S). We call it the projective (A1, et)
model structure.

(ii) With the weak equivalence the (A1, et) local equivalence and the fibration the epimorphism with A1
S

local and etale fibrant kernels gives a model structure on C(Var(k)/S) : the left bousfield localization
of the projective model structure of C(Var(k)/S). We call it the projective (A1, et) model structure.

Proof. See [12].

Proposition 3. Let g : T → S a morphism with T, S ∈ Var(k).

(i) The adjonction (g∗, g∗) : C(Var(k)
sm/S) ⇆ C(Var(k)sm/T ) is a Quillen adjonction for the (A1, et)

projective model structure (see definition-proposition 1).

(i)’ Let h : U → S a smooth morphism with U, S ∈ Var(k). The adjonction (h♯, h
∗) : C(Var(k)sm/U) ⇆

C(Var(k)sm/S) is a Quillen adjonction for the (A1, et) projective model structure.

36



(i)” The functor g∗ : C(Var(k)sm/S)→ C(Var(k)sm/T ) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.

(ii) The adjonction (g∗, g∗) : C(Var(k)/S) ⇆ C(Var(k)/T ) is a Quillen adjonction for the (A1, et)
projective model structure (see definition-proposition 1).

(ii)’ The adjonction (g♯, g
∗) : C(Var(k)/T ) ⇆ C(Var(k)/S) is a Quillen adjonction for the (A1, et)

projective model structure.

(ii)” The functor g∗ : C(Var(k)/S) → C(Var(k)/T ) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.

Proof. Standard : see [12] for example.

Proposition 4. Let S ∈ Var(k).

(i) The adjonction (ρ∗S , ρS∗) : C(Var(k)
sm/S) ⇆ C(Var(k)/S) is a Quillen adjonction for the (A1, et)

projective model structure.

(ii) The functor ρS∗ : C(Var(k)/S)→ C(Var(k)sm/S) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.

Proof. Standard : see [12] for example.

Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k).

• For (GI ,KIJ) ∈ C(Var(k)(sm)/(S̃I)
op) and (HI , TIJ) ∈ C(Var(k)(sm)/(S̃I)), we denote

Hom((GI ,KIJ), (HI , TIJ)) := (Hom(GI , HI), uIJ((GI ,KIJ), (HI , TIJ))) ∈ C(Var(k)
(sm)/(S̃I))

with

uIJ((GI ,KIJ)(HI , TIJ)) : Hom(GI , HI)

ad(p∗IJ ,pIJ∗)(−)−−−−−−−−−−→ pIJ∗p
∗
IJHom(GI , HI)

T (pIJ ,hom)(−,−)
−−−−−−−−−−−→ pIJ∗Hom(p∗IJGI , p

∗
IJHI)

Hom(p∗IJGI ,TIJ )−−−−−−−−−−−→ pIJ∗Hom(p∗IJGI , HJ)
Hom(KIJ ,HJ )
−−−−−−−−−→ pIJ∗Hom(GJ , HJ).

This gives in particular the functor

D0
(S̃I)

: C(Var(k)(sm)/(S̃I)
op)→ C(Var(k)(sm)/(S̃I)),

(HI , TIJ) 7→ (D0
S̃I
LHI , T

d
IJ) := Hom((LHI , TIJ), (Eet(ZS̃I ), IIJ )).

• For (GI ,KIJ) ∈ C(Var(k)(sm)/(S̃I)) and (HI , TIJ) ∈ C(Var(k)(sm)/(S̃I)
op), we denote

Hom((GI ,KIJ), (HI , TIJ)) := (Hom(GI , HI), uIJ((GI ,KIJ), (HI , TIJ))) ∈ C(Var(k)
(sm)/(S̃I)

op)

with

uIJ((GI ,KIJ)(HI , TIJ)) : Hom(GJ , HJ)

Hom(ad(p∗IJ ,pIJ∗)(GJ ),HJ )−−−−−−−−−−−−−−−−−−→ Hom(p∗IJpIJ∗GJ , HJ)
Hom(p∗IJKIJ ,HJ )−−−−−−−−−−−−→ Hom(p∗IJGI , HJ)

Hom(p∗IJGI ,TIJ )−−−−−−−−−−−→ Hom(p∗IJGI , p
∗
IJHI)

T (pIJ ,hom)(−,−)−1

−−−−−−−−−−−−−→ p∗IJHom(GI , HI).
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This gives in particular the functor

D0
(S̃I)

: C(Var(k)(sm)/(S̃I))→ C(Var(k)(sm)/(S̃I)
op),

(HI , TIJ) 7→ (D0
S̃I
LHI , T

d
IJ) := (Hom((LHI , TIJ), (Eet(ZS̃I ), IIJ ))).

Definition 15. Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let
ii : Si →֒ S̃i closed embeddings, with S̃i ∈ Var(k).

(i0) A complex (FI , uIJ) ∈ C(Var(k)(sm)/(S̃I)) is said to be A1 homotopic if ad(p∗a, pa∗)((FI , uIJ)) :
(FI , uIJ)→ pa∗p

∗
a(FI , uIJ) is an homotopy equivalence.

(i) A complex (FI , uIJ) ∈ C(Var(k)(sm)/(S̃I)) is said to be A1 invariant if for all (XI/S̃I , sIJ) ∈
Var(k)(sm)/(S̃I)

(FI(pXI )) : (FI(XI/S̃I), FJ (sIJ) ◦ uIJ(−))→ (FI(XI × A1/S̃I), FJ (sIJ × I) ◦ uIJ(−))

is a quasi-isomorphism, where pXI : XI × A1 → XI are the projection, and sIJ : XI × S̃J\I/S̃J →

XJ/S̃J . Obviously a complex (FI , uIJ) ∈ C(Var(k)(sm)/(S̃I)) is A1 invariant if and only if all the
FI are A1 invariant.

(ii) Let τ a topology on Var(k). A complex F = (FI , uIJ) ∈ C(Var(k)(sm)/(S̃I)) is said to be A1 local for
the τ topology induced on Var(k)/(S̃I), if for an (hence every) τ local equivalence k : F → G with k
injective and G = (GI , vIJ ) ∈ C(Var(k)

(sm)/(S̃I)) τ fibrant, e.g. k : (FI , uIJ)→ (Eτ (FI), E(uIJ)),
G is A1 invariant.

(iii) A morphism m = (mI) : (FI , uIJ) → (GI , vIJ) with (FI , uIJ), (GI , vIJ) ∈ C(Var(k)(sm)/(S̃I)) is
said to be an (A1, et) local equivalence if for all (HI , wIJ ) ∈ C(Var(k)(sm)/(S̃I)) which is A1 local
for the etale topology

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (mI) :
(FI , uIJ) → (GI , vIJ ) with (FI , uIJ), (GI , uIJ) ∈ C(Var(k)(sm)/(S̃I)) is an (A1, et) local equiva-
lence, then all the mI : FI → GI are (A1, et) local equivalence.

(iv) A morphism m = (mI) : (FI , uIJ) → (GI , vIJ) with (FI , uIJ), (GI , vIJ ) ∈ C(Var(k)(sm)/(S̃I)
op) is

said to be an (A1, et) local equivalence if for all (HI , wIJ ) ∈ C(Var(k)(sm)/(S̃I)
op) which is A1 local

for the etale topology

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (mI) :
(FI , uIJ) → (GI , vIJ) with (FI , uIJ), (GI , uIJ) ∈ C(Var(k)

(sm)/(S̃I)
op) is an (A1, et) local equiva-

lence, then all themI : FI → GI are (A1, et) local equivalence and for all (HI , wIJ) ∈ C(Var(k)(sm)/(S̃I)),

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of diagrams of complexes of abelian groups).

Proposition 5. Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let
ii : Si →֒ S̃i closed embeddings, with S̃i ∈ Var(k).

(i) A morphism m : F → G with F,G ∈ C(Var(k)(sm)/(S̃I)) is an (A1, et) local equivalence if and only
if there exists

{
(X1,α,I/S̃I , u

1
IJ), α ∈ Λ1

}
, . . . ,

{
(Xr,α,I/S̃I , u

r
IJ), α ∈ Λr

}
⊂ Var(k)(sm)/(S̃I)

38



with ulIJ : Xl,α,I × S̃J\I/S̃J → Xl,α,J/S̃J , such that we have in Hoet(C(Var(k)
(sm)/(S̃I)))

Cone(m)
∼
−→ Cone(⊕α∈Λ1 Cone((Z(X1,α,I × A1/S̃I),Z(u

1
IJ × I))→ (Z(X1,α,I/S̃I),Z(u

1
IJ )))

→ · · · → ⊕α∈Λr Cone((Z(Xr,α,I × A1/S̃I),Z(u
r
IJ × I))→ (Z(Xr,α,I/S̃I),Z(u

r
IJ))))

(ii) A morphism m : F → G with F,G ∈ C(Var(k)(sm)/(S̃I)
op) is an (A1, et) local equivalence if and

only if there exists

{
(X1,α,I/S̃I , u

1
IJ), α ∈ Λ1

}
, . . . ,

{
(Xr,α,I/S̃I , u

r
IJ), α ∈ Λr

}
⊂ Var(k)(sm)/(S̃I)

op

with ulIJ : Xl,α,J/S̃J → Xl,α,I × S̃J\I/S̃J , such that we have in Hoet(C(Var(k)
(sm)/(S̃I)

op))

Cone(m)
∼
−→ Cone(⊕α∈Λ1 Cone((Z(X1,α,I × A1/S̃I),Z(u

1
IJ × I))→ (Z(X1,α,I/S̃I),Z(u

1
IJ )))

→ · · · → ⊕α∈Λr Cone((Z(Xr,α,I × A1/S̃I),Z(u
r
IJ × I))→ (Z(Xr,α,I/S̃I),Z(u

r
IJ))))

Proof. Standard. See Ayoub’s thesis for example.

• For f : X → S a morphism with X,S ∈ Var(k), we denote as usual (see [12] for example),
Ztr(X/S) ∈ PSh(Var(k)/S) the presheaf given by

– forX ′/S ∈ Var(k)/S, withX ′ irreducible, Ztr(X/S)(X ′/S) := Zfs/X(X ′×SX) ⊂ ZdX′ (X
′×S

X) which consist of algebraic cycles α =
∑
i niαi ∈ ZdX′ (X

′ ×S X) such that, denoting
supp(α) = ∪iαi ⊂ X ′ ×S X its support and f ′ : X ′ ×S X → X ′ the projection, f ′| supp(α) :

supp(α)→ X ′ is finite surjective,

– for g : X2/S → X1/S a morphism, with X1/S,X2/S ∈ Var(k)/S,

Ztr(X/S)(g) : Ztr(X/S)(X1/S)→ Ztr(X/S)(X2/S), α 7→ (g × I)−1(α)

with g× I : X2 ×S X → X1×S X , noting that, by base change, f2| supp((g×I)−1(α)) : supp((g ×
I)−1(α))→ X2 is finite surjective, f2 : X2 ×S X → X2 being the projection.

• For f : X → S a morphism with X,S ∈ Var(k) and r ∈ N, we denote as usual (see [12] for example),
Zequir(X/S) ∈ PSh(Var(k)/S) the presheaf given by

– for X ′/S ∈ Var(k)/S, with X ′ irreducible, Zequir(X/S)(X ′/S) := Zequir/X(X ′ ×S X) ⊂
ZdX′ (X

′ ×S X) which consist of algebraic cycles α =
∑
i niαi ∈ ZdX′ (X

′ ×S X) such that,
denoting supp(α) = ∪iαi ⊂ X ′ ×S X its support and f ′ : X ′ ×S X → X ′ the projection,
f ′| supp(α) : supp(α)→ X ′ is dominant, with fibers either empty or of dimension r,

– for g : X2/S → X1/S a morphism, with X1/S,X2/S ∈ Var(k)/S,

Zequir(X/S)(g) : Zequir(X/S)(X1/S)→ Zequir(X/S)(X2/S), α 7→ (g × I)−1(α)

with g× I : X2 ×S X → X1×S X , noting that, by base change, f2| supp((g×I)−1(α)) : supp((g ×
I)−1(α))→ X2 is obviously dominant, with fibers either empty or of dimension r, f2 : X2 ×S
X → X2 being the projection.

• Let S ∈ Var(k). We denote by ZS(d) := Zequi0(S × Ad/S)[−2d] the Tate twist. For F ∈
C(Var(k)/S), we denote by F (d) := F ⊗ ZS(d).

For S ∈ Var(k), let Cor(Var(k)sm/S) be the category

• whose objects are smooth morphisms U/S = (U, h), h : U → S with U ∈ Var(k),
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• whose morphisms α : U/S = (U, h1) → V/S = (V, h2) is finite correspondence that is α ∈
⊕iZ

fs(Ui ×S V ), where U = ⊔iUi, with Ui connected (hence irreducible by smoothness), and
Zfs(Ui ×S V ) is the abelian group of cycle finite and surjective over Ui.

We denote by Tr(S) : Cor(Var(k)sm/S) → Var(k)sm/S the morphism of site given by the inclusion
functor Tr(S) : Var(k)sm/S →֒ Cor(Var(k)sm/S) It induces an adjonction

(Tr(S)∗ Tr(S)∗) : C(Var(k)
sm/S) ⇆ C(Cor(Var(k)sm/S))

A complex of preheaves G ∈ C(Var(k)sm/S) is said to admit transferts if it is in the image of the
embedding

Tr(S)∗ : C(Cor(Var(k)
sm/S) →֒ C(Var(k)sm/S),

that is G = Tr(S)∗ Tr(S)
∗G.

We will use to compute the algebraic Gauss-Manin realization functor the following

Theorem 13. Let φ : F • → G• an etale local equivalence with F •, G• ∈ C(Var(k)sm/S). If F • and
G• are A1 local and admit tranferts then φ : F • → G• is a Zariski local equivalence. Hence if F ∈
C(Var(k)sm/S) is A1 local and admits transfert

k : Ezar(F )→ Eet(Ezar(F )) = Eet(F )

is a Zariski local equivalence.

Proof. See [12].

2.7 Presheaves on the big Zariski site or the big etale site of pairs

We recall the definition given in subsection 5.1 : For S ∈ Var(k), Var(k)2/S := Var(k)2/(S, S) is by
definition (see subsection 2.1) the category whose set of objects is

(Var(k)2/S)0 := {((X,Z), h), h : X → S, Z ⊂ X closed } ⊂ Var(k)/S × Top

and whose set of morphisms between (X1, Z1)/S = ((X1, Z1), h1), (X1, Z1)/S = ((X2, Z2), h2) ∈ Var(k)2/S
is the subset

HomVar(k)2/S((X1, Z1)/S, (X2, Z2)/S) :={
(f : X2 → X2), s.t. h1 ◦ f = h2 and Z1 ⊂ f

−1(Z2)
}
⊂ HomVar(k)(X1, X2)

The category Var(k)2 admits fiber products : (X1, Z1) ×(S,Z) (X2, Z2) = (X1 ×S X2, Z1 ×Z Z2). In
particular, for f : T → S a morphism with S, T ∈ Var(k), we have the pullback functor

P (f) : Var(k)2/S → Var(k)2/T, P (f)((X,Z)/S) := (XT , ZT )/T, P (f)(g) := (g ×S f)

and we note again P (f) : Var(k)2/T → Var(k)2/S the corresponding morphism of sites.
We will consider in the construction of the filtered De Rham realization functor the full subcategory

Var(k)2,sm/S ⊂ Var(k)2/S such that the first factor is a smooth morphism : We will also consider, in
order to obtain a complex of D modules in the construction of the filtered De Rham realization functor,
the restriction to the full subcategory Var(k)2,pr/S ⊂ Var(k)2/S such that the first factor is a projection
:

Definition 16. (i) Let S ∈ Var(k). We denote by

ρS : Var(k)2,sm/S →֒ Var(k)2/S

the full subcategory consisting of the objects (U,Z)/S = ((U,Z), h) ∈ Var(k)2/S such that the
morphism h : U → S is smooth. That is, Var(k)2,sm/S is the category
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– whose objects are (U,Z)/S = ((U,Z), h), with U ∈ Var(k), Z ⊂ U a closed subset, and
h : U → S a smooth morphism,

– whose morphisms g : (U,Z)/S = ((U,Z), h1) → (U ′, Z ′)/S = ((U ′, Z ′), h2) is a morphism
g : U → U ′ of complex algebraic varieties such that Z ⊂ g−1(Z ′) and h2 ◦ g = h1.

We denote again ρS : Var(k)2/S → Var(k)2,sm/S the associated morphism of site.We have

rs(S) : Var(k)2
r(S):=r(S,S)
−−−−−−−−→ Var(k)2/S

ρS
−−→ Var(k)2,sm/S

the composite morphism of site.

(ii) Let S ∈ Var(k). We will consider the full subcategory

µS : Var(k)2,pr/S →֒ Var(k)2/S

whose subset of object consist of those whose morphism is a projection to S :

(Var(k)2,pr/S)0 := {((Y × S,X), p), Y ∈ Var(k), p : Y × S → S the projection} ⊂ (Var(k)2/S)0.

(iii) We will consider the full subcategory

µS : (Var(k)2,smpr/S) →֒ Var(k)2,sm/S

whose subset of object consist of those whose morphism is a smooth projection to S :

(Var(k)2,smpr/S)0 := {((Y × S,X), p), Y ∈ SmVar(k), p : Y × S → S the projection} ⊂ (Var(k)2/S)0

For f : T → S a morphism with T, S ∈ Var(k), we have by definition, the following commutative
diagram of sites

Var(k)2/T
µT //

P (f)

��

ρT

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

Var(k)2,pr/T

P (f)

��

ρT

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

Var(k)2,sm/T
µT //

P (f)

��

Var(k)2,smpr/T

P (f)

��

Var(k)2/S
µS //

ρS

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

Var(k)2,pr/S

ρS

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

Var(k)2,sm/S
µS // Var(k)2,smpr/S

. (3)

Recall we have (see subsection 2.1), for S ∈ Var(k), the graph functor

Gr12S : Var(k)/S → Var(k)2,pr/S, X/S 7→ Gr12S (X/S) := (X × S,X)/S,

(g : X/S → X ′/S) 7→ Gr12S (g) := (g × IS : (X × S,X)→ (X ′ × S,X ′))

Note that Gr12S is fully faithfull. For f : T → S a morphism with T, S ∈ Var(k), we have by definition,

41



the following commutative diagram of sites

Var(k)2,pr/T
Gr12T //

P (f)

��

ρT

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

Var(k)/T

P (f)

��

ρT

''◆◆
◆◆

◆◆
◆◆

◆◆
◆

Var(k)2,smpr/T
Gr12T //

P (f)

��

Var(k)sm/T

P (f)

��

Var(k)2,pr/S
Gr12S //

ρS

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

Var(k)/S

ρS

''◆◆
◆◆

◆◆
◆◆

◆◆
◆

Var(k)2,sm/S
Gr12S // Var(k)sm/S

. (4)

where we recall that P (f)((X,Z)/S) := ((XT , ZT )/T ), since smooth morphisms are preserved by base
change.

• As usual, we denote by

(f∗, f∗) := (P (f)∗, P (f)∗) : C(Var(k)
2,(sm)/S)→ C(Var(k)2,(sm)/T )

the adjonction induced by P (f) : Var(k)2,(sm)/T → Var(k)2,(sm)/S. Since the colimits involved
in the definition of f∗ = P (f)∗ are filtered, f∗ also preserve monomorphism. Hence, we get an
adjonction

(f∗, f∗) : Cfil(Var(k)
2,(sm)/S) ⇆ Cfil(Var(k)

2,(sm)/T ), f∗(G,F ) := (f∗G, f∗F )

For S ∈ Var(k), we denote by ZS := Z((S, S)/(S, S)) ∈ PSh(Var(k)2,(sm)/S) the constant presheaf.
By Yoneda lemma, we have for F ∈ C(Var(k)2,(sm)/S), Hom(ZS , F ) = F .

• As usual, we denote by

(f∗, f∗) := (P (f)∗, P (f)∗) : C(Var(k)
2,(sm)pr/S)→ C(Var(k)2,(sm)pr/T )

the adjonction induced by P (f) : Var(k)2,(sm)pr/T → Var(k)2,(sm)pr/S. Since the colimits involved
in the definition of f∗ = P (f)∗ are filtered, f∗ also preserve monomorphism. Hence, we get an
adjonction

(f∗, f∗) : Cfil(Var(k)
2,(sm)pr/S) ⇆ Cfil(Var(k)

2,(sm)pr/T ), f∗(G,F ) := (f∗G, f∗F )

For S ∈ Var(k), we denote by ZS := Z((S, S)/(S, S)) ∈ PSh(Var(k)2,sm/S) the constant presheaf.
By Yoneda lemma, we have for F ∈ C(Var(k)2,sm/S), Hom(ZS , F ) = F .

• For h : U → S a smooth morphism with U, S ∈ Var(k), P (h) : Var(k)2,sm/S → Var(k)2,sm/U
admits a left adjoint

C(h) : Var(k)2,sm/U → Var(k)2,sm/S, C(h)((U ′, Z ′), h′) = ((U ′, Z ′), h ◦ h′).

Hence h∗ : C(Var(k)2,sm/S)→ C(Var(k)2,sm/U) admits a left adjoint

h♯ : C(Var(k)
2,sm/U)→ C(Var(k)2,sm/S),

F 7→ (h♯F : ((U,Z), h0) 7→ lim
((U ′,Z′),h◦h′)→((U,Z),h0)

F ((U ′, Z ′)/U))
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• For h : X → S a morphism with X,S ∈ Var(k), P (h) : Var(k)2/S → Var(k)2/X admits a left
adjoint

C(h) : Var(k)2/X → Var(k)2/S, C(h)((X ′, Z ′), h′) = ((X ′, Z ′), h ◦ h′).

Hence h∗ : C(Var(k)2/S)→ C(Var(k)2/X) admits a left adjoint

h♯ : C(Var(k)
2/X)→ C(Var(k)2,sm/S),

F 7→ (h♯F : ((X,Z), h0) 7→ lim
((X′,Z′),h◦h′)→((X,Z),h0)

F ((X ′, Z ′)/X))

• For p : Y × S → S a projection with Y, S ∈ Var(k) with Y smooth, P (p) : Var(k)2,smpr/S →
Var(k)2,smpr/Y × S admits a left adjoint

C(p) : Var(k)2,smpr/Y × S → Var(k)2,smpr/S,

C(p)((Y ′ × S,Z ′), p′) = ((Y ′ × S,Z ′), p ◦ p′).

Hence p∗ : C(Var(k)2,smpr/S)→ C(Var(k)2,smpr/Y × S) admits a left adjoint

p♯ : C(Var(k)
2,smpr/Y × S)→ C(Var(k)2,smpr/S),

F 7→ (p♯F : ((Y0 × S,Z), p0) 7→ lim
((Y ′×Y×S,Z′),p◦p′)→((Y0×S,Z),p0)

F ((Y ′ × Y × S,Z ′)/Y × S))

• For p : Y ×S → S a projection with Y, S ∈ Var(k), P (p) : Var(k)2,pr/S → Var(k)2,pr/Y ×S admits
a left adjoint

C(p) : Var(k)2,pr/Y × S → Var(k)2,pr/S, C(p)((Y ′ × S,Z ′), p′) = ((Y ′ × S,Z ′), p ◦ p′).

Hence p∗ : C(Var(k)2,pr/S)→ C(Var(k)2,pr/Y × S) admits a left adjoint

p♯ : C(Var(k)
2,pr/Y × S)→ C(Var(k)2,pr/S),

F 7→ (p♯F : ((Y0 × S,Z), p0) 7→ lim
((Y ′×Y×S,Z′),p◦p′)→((Y0×S,Z),p0)

F ((Y ′ × Y × S,Z ′)/Y × S))

Let S• ∈ Fun(I,Var(k)) with I ∈ Cat, a diagram of algebraic varieties. It gives the diagram of sites
Var(k)2/S• ∈ Fun(I,Cat).

• Then Cfil(Var(k)
2,(sm)/S•) is the category

– whose objects (G,F ) = ((GI , F )I∈I , uIJ), with (GI , F ) ∈ Cfil(Var(k)
2,(sm)/SI), and uIJ :

(GI , F ) → rIJ∗(GJ , F ) for rIJ : I → J , denoting again rIJ : SI → SJ , are morphisms
satisfying for I → J → K, rIJ∗uJK ◦ uIJ = uIK in Cfil(Var(k)

2,(sm)/SI),

– the morphisms m : ((G,F ), uIJ)→ ((H,F ), vIJ ) being (see section 2.1) a family of morphisms
of complexes,

m = (mI : (GI , F )→ (HI , F ))I∈I

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in Cfil(Var(k)
2,(sm)/SI).

• Then Cfil(Var(k)
2,(sm)pr/S•) is the category

– whose objects (G,F ) = ((GI , F )I∈I , uIJ), with (GI , F ) ∈ Cfil(Var(k)2,(sm)pr/SI), and uIJ :
(GI , F ) → rIJ∗(GJ , F ) for rIJ : I → J , denoting again rIJ : SI → SJ , are morphisms
satisfying for I → J → K, rIJ∗uJK ◦ uIJ = uIK in Cfil(Var(k)

2,(sm)/SI),

– the morphisms m : ((G,F ), uIJ)→ ((H,F ), vIJ ) being (see section 2.1) a family of morphisms
of complexes,

m = (mI : (GI , F )→ (HI , F ))I∈I

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in Cfil(Var(k)
2,(sm)pr/SI).
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For s : I → J a functor, with I,J ∈ Cat, and f• : T• → Ss(•) a morphism with T• ∈ Fun(J ,Var(k))
and S• ∈ Fun(I,Var(k)), we have by definition, the following commutative diagrams of sites

Var(k)2/T•
µT• //

P (f•)

��

ρT•

''PP
PP

PP
PP

PP
PP

Var(k)2,pr/T•

P (f•)

��

ρT•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗

Var(k)2,sm/T•
µT• //

P (f•)

��

Var(k)2,smpr/T•

P (f•)

��

Var(k)2/S•
µS• //

ρS•

''PP
PP

PP
PP

PP
PP

Var(k)2,pr/S•
ρS•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗

Var(k)2,sm/S•
µS• // Var(k)2,smpr/S•

. (5)

and

Var(k)2,pr/T•
Gr12T• //

P (f•)

��

ρT•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗
Var(k)/T

P (f•)

��

ρT•

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

Var(k)2,smpr/T•
Gr12T //

P (f•)

��

Var(k)sm/T•

P (f•)

��

Var(k)2,pr/S•
Gr12S• //

ρS•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗
Var(k)/S•

ρS•

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

Var(k)2,sm/S•
Gr12S• // Var(k)sm/S•

. (6)

Let s : I → J a functor, with I,J ∈ Cat, and f• : T• → Ss(•) a morphism with T• ∈ Fun(J ,Var(k))
and S• ∈ Fun(I,Var(k)).

• As usual, we denote by

(f∗• , f•∗) := (P (f•)
∗, P (f•)∗) : C(Var(k)

2,(sm)/S•)→ C(Var(k)2,(sm)/T•)

the adjonction induced by P (f•) : Var(k)
2,(sm)/T• → Var(k)2,(sm)/S•. Since the colimits involved

in the definition of f∗• = P (f•)
∗ are filtered, f∗• also preserve monomorphism. Hence, we get an

adjonction

(f∗• , f•∗) : Cfil(Var(k)
2,(sm)/S•) ⇆ Cfil(Var(k)

2,(sm)/T•),

f∗• ((GI , F ), uIJ) := ((f∗IGI , f
∗
I F ), T (fI , rIJ)(−) ◦ f

∗
I uIJ)

• As usual, we denote by

(f∗• , f•∗) := (P (f•)
∗, P (f•)∗) : C(Var(k)

2,(sm)pr/S•)→ C(Var(k)2,(sm)pr/T•)

the adjonction induced by P (f•) : Var(k)2,(sm)pr/T• → Var(k)2,(sm)pr/S•. Since the colimits in-
volved in the definition of f∗• = P (f•)

∗ are filtered, f∗• also preserve monomorphism. Hence, we get
an adjonction

(f∗• , f•∗) : Cfil(Var(k)
2,(sm)pr/S•) ⇆ Cfil(Var(k)

2,(sm)pr/T•),

f∗• ((GI , F ), uIJ) := ((f∗IGI , f
∗
I F ), T (fI , rIJ)(−) ◦ f

∗
I uIJ)
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Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k). For I ⊂ [1, · · · l], denote by S̃I = Πi∈I S̃i. We then have closed
embeddings iI : SI →֒ S̃I and for J ⊂ I the following commutative diagram

DIJ = SI
iI // S̃I

SJ

jIJ

OO

iJ // S̃J

pIJ

OO

where pIJ : S̃J → S̃I is the projection and jIJ : SJ →֒ SI is the open embedding so that jI ◦ jIJ =
jJ . This gives the diagram of algebraic varieties (S̃I) ∈ Fun(P(N),Var(k)) which gives the diagram
of sites Var(k)2/(S̃I) ∈ Fun(P(N),Cat). This gives also the diagram of algebraic varieties (S̃I)

op ∈
Fun(P(N)op,Var(k)) which gives the diagram of sites Var(k)2/(S̃I)

op ∈ Fun(P(N)op,Cat).

• Then Cfil(Var(k)
2,(sm)/(S̃I)) is the category

– whose objects (G,F ) = ((GI , F )I⊂[1,···l], uIJ), with (GI , F ) ∈ Cfil(Var(k)2,(sm)/S̃I), and uIJ :
(GI , F ) → pIJ∗(GJ , F ) for I ⊂ J , are morphisms satisfying for I ⊂ J ⊂ K, pIJ∗uJK ◦ uIJ =
uIK in Cfil(Var(k)

2,(sm)/S̃I),

– the morphisms m : ((G,F ), uIJ)→ ((H,F ), vIJ ) being (see section 2.1) a family of morphisms
of complexes,

m = (mI : (GI , F )→ (HI , F ))I⊂[1,···l]

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in Cfil(Var(k)
2,(sm)/S̃I).

• Then Cfil(Var(k)
2,(sm)pr/(S̃I)) is the category

– whose objects (G,F ) = ((GI , F )I⊂[1,···l], uIJ), with (GI , F ) ∈ Cfil(Var(k)
2,(sm)pr/S̃I), and

uIJ : (GI , F ) → pIJ∗(GJ , F ) for I ⊂ J , are morphisms satisfying for I ⊂ J ⊂ K, pIJ∗uJK ◦
uIJ = uIK in Cfil(Var(k)

2,(sm)pr/S̃I),

– the morphisms m : ((G,F ), uIJ)→ ((H,F ), vIJ ) being (see section 2.1) a family of morphisms
of complexes,

m = (mI : (GI , F )→ (HI , F ))I⊂[1,···l]

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in Cfil(Var(k)
2,(sm)pr/S̃I).

• Then Cfil(Var(k)
2,(sm)/(S̃I)

op) is the category

– whose objects (G,F ) = ((GI , F )I⊂[1,···l], uIJ), with (GI , F ) ∈ Cfil(Var(k)2,(sm)/S̃I), and uIJ :
(GJ , F )→ p∗IJ(GI , F ) for I ⊂ J , are morphisms satisfying for I ⊂ J ⊂ K, p∗JKuIJ◦uJK = uIK
in Cfil(Var(k)

2,(sm)/S̃K),

– the morphisms m : ((G,F ), uIJ)→ ((H,F ), vIJ ) being (see section 2.1) a family of morphisms
of complexes,

m = (mI : (GI , F )→ (HI , F ))I⊂[1,···l]

such that vIJ ◦mJ = p∗IJmI ◦ uIJ in Cfil(Var(k)
2,(sm)/S̃J).

• Then Cfil(Var(k)
2,(sm)pr/(S̃I)

op) is the category

– whose objects (G,F ) = ((GI , F )I⊂[1,···l], uIJ), with (GI , F ) ∈ Cfil(Var(k)
2,(sm)pr/S̃I), and

uIJ : (GJ , F ) → p∗IJ(GI , F ) for I ⊂ J , are morphisms satisfying for I ⊂ J ⊂ K, p∗JKuIJ ◦
uJK = uIK in Cfil(Var(k)

2,(sm)pr/S̃K),
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– the morphisms m : ((G,F ), uIJ)→ ((H,F ), vIJ ) being (see section 2.1) a family of morphisms
of complexes,

m = (mI : (GI , F )→ (HI , F ))I⊂[1,···l]

such that vIJ ◦mJ = p∗IJmI ◦ uIJ in Cfil(Var(k)
2,(sm)pr/S̃J).

We now define the Zariski and the etale topology on Var(k)2/S.

Definition 17. Let S ∈ Var(k).

(i) Denote by τ a topology on Var(k), e.g. the Zariski or the etale topology. The τ covers in Var(k)2/S
of (X,Z)/S are the families of morphisms

{(ci : (Ui, Z ×X Ui)/S → (X,Z)/S)i∈I , with (ci : Ui → X)i∈I τ cover ofX in Var(k)}

(ii) Denote by τ the Zariski or the etale topology on Var(k). The τ covers in Var(k)2,sm/S of (U,Z)/S
are the families of morphisms

{(ci : (Ui, Z ×U Ui)/S → (U,Z)/S)i∈I , with (ci : Ui → U)i∈I τ cover ofU in Var(k)}

(iii) Denote by τ the Zariski or the etale topology on Var(k). The τ covers in Var(k)2,(sm)pr/S of
(Y × S,Z)/S are the families of morphisms

{(ci × IS : (Ui × S,Z ×Y×S Ui × S)/S → (Y × S,Z)/S)i∈I , with (ci : Ui → Y )i∈I τ cover of Y in Var(k)}

Will now define the A1 local property on Var(k)2/S.
Denote �

∗ := P∗C\ {1}

• Let S ∈ Var(k). For (X,Z)/S = ((X,Z), h) ∈ Var(k)2,(sm)/S, we consider

(�∗ ×X,�∗ × Z)/S = ((�∗ ×X,�∗ × Z, h ◦ p) ∈ Fun(∆,Var(k)2,(sm)/S).

For F ∈ C−(Var(k)2,(sm)/S), it gives the complex

C∗F ∈ C
−(Var(k)2,(sm)/S), (X,Z)/S = ((X,Z), h) 7→ C∗F ((X,Z)/S) := TotF ((�∗×X,�∗×Z/S)

together with the canonical map cF := (0, IF ) : F → C∗F . For F ∈ C(Var(k)2,(sm)/S), we get

C∗F := holimn C∗F
≤n ∈ C(Var(k)2,(sm)/S),

together with the canonical map cF := (0, IF ) : F → C∗F . For m : F → G a morphism, with
F,G ∈ C(Var(k)2,(sm)/S), we get by functoriality the morphism C∗m : C∗F → C∗G.

• Let S ∈ Var(k). For (Y × S,Z)/S = ((Y × S,Z), h) ∈ Var(k)2,(sm)pr/S, we consider

(�∗ × Y × S,�∗ × Z)/S = (�∗ × Y × S,�∗ × Z, h ◦ p) ∈ Fun(∆,Var(k)/S).

For F ∈ C−(Var(k)2,(sm)pr/S), it gives the complex

C∗F ∈ C
−(Var(k)2,(sm)pr/S),

(Y × S,Z)/S = ((Y × S,Z), h) 7→ C∗F ((Y × S,Z)/S) := TotF (�∗ × Y × S,�∗ × Z)/S)

together with the canonical map c = c(F ) := (0, IF ) : F → C∗F . For F ∈ C(Var(k)2,(sm)pr/S), we
get

C∗F := holimn C∗F
≤n ∈ C(Var(k)2,(sm)pr/S),

together with the canonical map c = c(F ) := (0, IF ) : F → C∗F . For m : F → G a morphism, with
F,G ∈ C(Var(k)2,(sm)pr/S), we get by functoriality the morphism C∗m : C∗F → C∗G.
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• Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k). For F = (FI , uIJ) ∈ C(Var(k)2,(sm)/(S̃I)), it gives the
complex

C∗F = (C∗FI , C∗uIJ) ∈ C(Var(k)
2,(sm)/(S̃I)),

together with the canonical map cF := (0, IF ) : F → C∗F .

• Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k). For F = (FI , uIJ) ∈ C(Var(k)2,(sm)/(S̃I)), it gives the
complex

C∗F = (C∗FI , C∗uIJ) ∈ C(Var(k)
2,(sm)/(S̃I)

op),

together with the canonical map cF := (0, IF ) : F → C∗F .

• Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k). For F = (FI , uIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)), it gives the
complex

C∗F = (C∗FI , C∗uIJ) ∈ C(Var(k)
2,(sm)pr/(S̃I)),

together with the canonical map cF := (0, IF ) : F → C∗F .

• Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k). For F = (FI , uIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)), it gives the
complex

C∗F = (C∗FI , C∗uIJ) ∈ C(Var(k)
2,(sm)pr/(S̃I)

op),

together with the canonical map cF := (0, IF ) : F → C∗F .

Let S ∈ Var(k). Denote for short Var(k)2,(sm)/S either the category Var(k)2/S or the category
Var(k)2,sm/S. Denote by

pa : Var(k)2,(sm)/S → Var(k)2,(sm)/S,

(X,Z)/S = ((X,Z), h) 7→ (X × A1, Z × A1)/S = ((X × A1, Z × A1, h ◦ pX),

(g : (X,Z)/S → (X ′, Z ′)/S) 7→ ((g × IA1) : (X × A1, Z × A1)/S → (X ′ × A1, Z ′ × A1)/S)

the projection functor and again by pa : Var(k)2,(sm)/S → Var(k)2,(sm)/S the corresponding morphism
of site. Let S ∈ Var(k).Denote for short Var(k)2,(sm)/S either the category Var(k)2/S or the cate-
gory Var(k)2,sm/S. Denote for short Var(k)2,(sm)pr/S either the category Var(k)2,pr/S or the category
Var(k)2,smpr/S. Denote by

pa : Var(k)2,(sm)pr/S → Var(k)2,(sm)pr/S,

(Y × S,Z)/S = ((Y × S,Z), pS) 7→ (Y × S × A1, Z × A1)/S = ((Y × S × A1, Z × A1, pS ◦ pY×S),

(g : (Y × S,Z)/S → (Y ′ × S,Z ′)/S) 7→ ((g × IA1) : (Y × S × A1, Z × A1)/S → (Y ′ × S × A1, Z ′ × A1)/S)

the projection functor and again by pa : Var(k)2,(sm)pr/S → Var(k)2,(sm)pr/S the corresponding mor-
phism of site.

Definition 18. (i0) A complex F ∈ C(Var(k)2,(sm)/S) is said to be A1 homotopic if ad(p∗a, pa∗)(F ) :
F → pa∗p

∗
aF is an homotopy equivalence.

(i0)’ A complex F ∈ C(Var(k)2,(sm)pr/S) is said to be A1 homotopic if ad(p∗a, pa∗)(F ) : F → pa∗p
∗
aF is

an homotopy equivalence.

(i) A complex F ∈ C(Var(k)2,(sm)/S), is said to be A1 invariant if for all (X,Z)/S ∈ Var(k)2,(sm)/S

F (pX) : F ((X,Z)/S)→ F ((X × A1, (Z × A1))/S)

is a quasi-isomorphism, where pX : (X × A1, (Z × A1))→ (X,Z) is the projection. Obviously, if a
complex F ∈ C(Var(k)2,(sm)/S) is A1 homotopic, then it is A1 invariant.

47



(i)’ A complex G ∈ C(Var(k)2,(sm)pr/S), is said to be A1 invariant if for all (Y×S,Z)/S ∈ Var(k)2,(sm)pr/S

G(pY×S) : G((Y × S,Z)/S)→ G((Y × A1 × S, (Z × A1))/S)

is a quasi-isomorphism of abelian group. Obviously, if a complex F ∈ C(Var(k)2,(sm)pr/S) is A1

homotopic, then it is A1 invariant.

(ii) Let τ a topology on Var(k). A complex F ∈ C(Var(k)2,(sm)/S) is said to be A1 local for the τ
topology induced on Var(k)2/S, if for an (hence every) τ local equivalence k : F → G with k
injective and G ∈ C(Var(k)2,(sm)/S) τ fibrant, e.g. k : F → Eτ (F ), G is A1 invariant.

(ii)’ Let τ a topology on Var(k). A complex F ∈ C(Var(k)2,(sm)pr/S) is said to be A1 local for the τ
topology induced on Var(k)2,pr/S, if for an (hence every) τ local equivalence k : F → G with k
injective and G ∈ C(Var(k)2,(sm)pr/S) τ fibrant, e.g. k : F → Eτ (F ), G is A1 invariant.

(iii) A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)/S) is said to an (A1, et) local equivalence if
for all H ∈ C(Var(k)2,(sm)/S) which is A1 local for the etale topology

Hom(L(m), Eet(H)) : Hom(L(G), Eet(H))→ Hom(L(F ), Eet(H))

is a quasi-isomorphism.

(iii)’ A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)pr/S) is said to an (A1, et) local equivalence if
for all H ∈ C(Var(k)2,(sm)pr/S) which is A1 local for the etale topology

Hom(L(m), Eet(H)) : Hom(L(G), Eet(H))→ Hom(L(F ), Eet(H))

is a quasi-isomorphism.

Proposition 6. (i) Let S ∈ Var(k). Then for F ∈ C(Var(k)2,(sm)/S), C∗F is A1 local for the etale
topology and c(F ) : F → C∗F is an equivalence (A1, et) local.

(i)’ Let S ∈ Var(k). Then for F ∈ C(Var(k)2,(sm)pr/S), C∗F is A1 local for the etale topology and
c(F ) : F → C∗F is an equivalence (A1, et) local.

(ii) A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)/S) is an (A1, et) local equivalence if and only
if aetH

nC∗ Cone(m) = 0 for all n ∈ Z.

(ii)’ A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)pr/S) is an (A1, et) local equivalence if and
only if aetH

nC∗ Cone(m) = 0 for all n ∈ Z.

(iii) A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)/S) is an (A1, et) local equivalence if and only
if there exists

{(X1,α, Z1,α)/S, α ∈ Λ1} , . . . , {(Xr,α, Zr,α)/S, α ∈ Λr} ⊂ Var(k)2,(sm)/S

such that we have in Hoet(C(Var(k)
2,(sm)/S))

Cone(m)
∼
−→ Cone(⊕α∈Λ1 Cone(Z((X1,α × A1, Z1,α × A1)/S)→ Z((X1,α, Z1,α)/S))

→ · · · → ⊕α∈Λr Cone(Z((Xr,α × A1, Zr,α × A1)/S)→ Z((Xr,α, Zr,α)/S)))

(iii)’ A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)pr/S) is an (A1, et) local equivalence if and
only if there exists

{(Y1,α × S,Z1,α)/S, α ∈ Λ1} , . . . , {(Yr,α × S,Zr,α)/S, α ∈ Λr} ⊂ Var(k)2,(sm)pr/S

such that we have in Hoet(C(Var(k)
2,(sm)/S))

Cone(m)
∼
−→ Cone(⊕α∈Λ1 Cone(Z((Y1,α × A1 × S,Z1,α × A1)/S)→ Z((Y1,α × S,Z1,α)/S))

→ · · · → ⊕α∈Λr Cone(Z((Yr,α × A1 × S,Zr,α × A1)/S)→ Z((Yr,α × S,Zr,α)/S)))
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Proof. Standard : see Ayoub’s thesis section 4 for example. Indeed, for (iii), by definition, if Cone(m) is
of the given form, then it is an equivalence (A1, et) local, on the other hand if m is an equivalence (A1, et)
local, we consider the commutative diagram

F
c(F ) //

m

��

C∗F

c∗m

��
G

c(G) // C∗G

to deduce that Cone(m) is of the given form.

Definition-Proposition 2. Let S ∈ Var(k).

(i) With the weak equivalence the (A1, et) local equivalence and the fibration the epimorphism with
A1
S local and etale fibrant kernels gives a model structure on C(Var(k)2,(sm)/S) : the left bousfield

localization of the projective model structure of C(Var(k)2,(sm)/S). We call it the projective (A1, et)
model structure.

(ii) With the weak equivalence the (A1, et) local equivalence and the fibration the epimorphism with A1
S

local and etale fibrant kernels gives a model structure on C(Var(k)2,(sm)pr/S) : the left bousfield lo-
calization of the projective model structure of C(Var(k)2,(sm)pr/S). We call it the projective (A1, et)
model structure.

Proof. Similar to the proof of proposition 1.

We have, similarly to the case of single varieties the following :

Proposition 7. Let g : T → S a morphism with T, S ∈ Var(k).

(i) The adjonction (g∗, g∗) : C(Var(k)
2,(sm)/S) ⇆ C(Var(k)2,(sm)/T ) is a Quillen adjonction for the

projective (A1, et) model structure (see definition-proposition 2)

(i)’ The functor g∗ : C(Var(k)2,(sm)/S)→ C(Var(k)2,(sm)/T ) sends quasi-isomorphism to quasi-isomorphism,
sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.

(ii) The adjonction (g∗, g∗) : C(Var(k)2,(sm)pr/S) ⇆ C(Var(k)2,(sm)pr/T ) is a Quillen adjonction for
the projective (A1, et) model structure (see definition-proposition 2)

(ii)’ The functor g∗ : C(Var(k)2,(sm)pr/S) → C(Var(k)2,(sm)pr/T ) sends quasi-isomorphism to quasi-
isomorphism, sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local
to equivalence etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.

Proof. (i):Follows immediately from definition. (i)’: Since the functor g∗ preserve epimorphism and also
monomorphism (the colimits involved being filetered), g∗ sends quasi-isomorphism to quasi-isomorphism.
Hence it preserve Zariski and etale local equivalence. The fact that it preserve (A1, et) local equivalence
then follows similarly to the single case by the fact that g∗ preserve by definition A1 equivariant presheaves.
(ii) and (ii)’: Similar to (i) and (i)’.

Proposition 8. Let S ∈ Var(k).

(i) The adjonction (ρ∗S , ρS∗) : C(Var(k)
2,sm/S) ⇆ C(Var(k)2/S) is a Quillen adjonction for the (A1, et)

projective model structure.

(i)’ The functor ρS∗ : C(Var(k)
2/S)→ C(Var(k)2,sm/S) sends quasi-isomorphism to quasi-isomorphism,

sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.
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(ii) The adjonction (ρ∗S , ρS∗) : C(Var(k)2,smpr/S) ⇆ C(Var(k)2,pr/S) is a Quillen adjonction for the
(A1, et) projective model structure.

(ii)’ The functor ρS∗ : C(Var(k)
2,pr/S)→ C(Var(k)2,smpr/S) sends quasi-isomorphism to quasi-isomorphism,

sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.

Proof. Similar to the proof of proposition 4.

Proposition 9. Let S ∈ Var(k).

(i) The adjonction (µ∗S , µS∗) : C(Var(k)
2,pr/S) ⇆ C(Var(k)2/S) is a Quillen adjonction for the (A1, et)

projective model structure.

(i)’ The functor µS∗ : C(Var(k)
2/S)→ C(Var(k)2,pr/S) sends quasi-isomorphism to quasi-isomorphism,

sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.

(ii) The adjonction (µ∗S , µS∗) : C(Var(k)
2,smpr/S) ⇆ C(Var(k)2,pr/S) is a Quillen adjonction for the

(A1, et) projective model structure.

(ii)’ The functor µS∗ : C(Var(k)
2,sm/S)→ C(Var(k)2,smpr/S) sends quasi-isomorphism to quasi-isomorphism,

sends equivalence Zariski local to equivalence Zariski local, and equivalence etale local to equivalence
etale local, sends (A1, et) local equivalence to (A1, et) local equivalence.

Proof. Similar to the proof of proposition 4. Indeed, for (i)’ or (ii)’, if m : F → G with F,G ∈
C(Var(k)2,(sm)) is an equivalence (A1, et) local then (see proposition 6), there exists

{(X1,α, Z1,α)/S, α ∈ Λ1} , . . . , {(Xr,α, Zr,α)/S, α ∈ Λr} ⊂ Var(k)2,(sm)/S

such that we have in Hoet(C(Var(k)
2,(sm)/S))

Cone(m)
∼
−→ Cone(⊕α∈Λ1 Cone(Z((X1,α × A1, Z1,α × A1)/S)→ Z((X1,α, Z1,α)/S))

→ · · · → ⊕α∈Λr Cone(Z((Xr,α × A1, Zr,α × A1)/S)→ Z((Xr,α, Zr,α)/S)))
∼
−→ Cone(Cone(⊕α∈Λ1Z((X1,α, Z1,α)/S)⊗ Z(A1,A1)/S → ⊕α∈Λ1Z((X1,α, Z1,α)/S))

→ · · · → Cone(⊕α∈ΛrZ((Xr,α, Zr,α)/S)⊗ Z((A1,A1)/S)→ ⊕α∈ΛrZ((Xr,α, Zr,α)/S)),

this gives in Hoet(C(Var(k)
2,(sm)pr/S))

Cone(µS∗m)
∼
−→ Cone(

Cone((LµS∗ ⊕α∈Λ1 Z((X1,α, Z1,α)/S))⊗ Z((A1,A1)/S)→ (LµS∗ ⊕α∈Λ1 Z((X1,α, Z1,α)/S))

→ · · · → Cone((LµS∗ ⊕α∈Λr Z((Xr,α, Zr,α)/S))⊗ Z((A1,A1)/S)→ (LµS∗ ⊕α∈Λr Z((X1,α, Z1,α)/S))))

hence µS∗m : µS∗F → µS∗G is an equivalence (A1, et) local.

We also have

Proposition 10. Let S ∈ Var(k).

(i) The adjonction (Gr12∗S ,Gr12S∗) : C(Var(k)/S) ⇆ C(Var(k)2,pr/S) is a Quillen adjonction for the
(A1, et) projective model structure.

(ii) The adjonction (Gr12∗S Gr12S∗ : C(Var(k)
sm/S) ⇆ C(Var(k)2,smpr/S) is a Quillen adjonction for the

(A1, et) projective model structure.

Proof. Immediate from definition.

50



• For f : X → S a morphism with X,S ∈ Var(k) and Z ⊂ X a closed subset, we denote
Ztr((X,Z)/S) ∈ PSh(Var(k)2/S) the presheaf given by

– for (X ′, Z ′)/S ∈ Var(k)2/S, with X ′ irreducible,

Ztr((X,Z)/S)((X ′, Z ′)/S) :=
{
α ∈ Zfs/X(X ′ ×S X), s.t.pX(p−1X′ (Z

′)) ⊂ Z
}
⊂ ZdX′ (X

′×SX)

– for g : (X2, Z2)/S → (X1, Z1)/S a morphism, with (X1, Z1)/S, (X2, Z2)/S ∈ Var(k)2/S,

Ztr((X,Z)/S)(g) : Ztr((X,Z)/S)((X1, Z1)/S)→ Ztr((X,Z)/S)((X2, Z2)/S), α 7→ (g×I)−1(α)

with g × I : X2 ×S X → X1 ×S X .

• For f : X → S a morphism with X,S ∈ Var(k), Z ⊂ X a closed subset and r ∈ N, we denote
Zequir((X,Z)/S) ∈ PSh(Var(k)2/S) the presheaf given by

– for (X ′, Z ′)/S ∈ Var(k)2/S, with X ′ irreducible,

Zequir((X,Z)/S)((X ′, Z ′)/S) :=
{
α ∈ Zequir/X (X ′ ×S X), s.t.pX(p

−1
X′ (Z

′))
}
⊂ ZdX′ (X

′×SX)

– for g : (X2, Z2)/S → (X1, Z1)/S a morphism, with (X1, Z1)/S, (X2, Z2)/S ∈ Var(k)2/S,

Zequir((X,Z)/S)(g) : Zequir((X,Z)/S)((X1, Z1)/S)→ Zequir((X,Z)/S)((X2, Z2)/S), α 7→ (g×I)−1(α)

with g × I : X2 ×S X → X1 ×S X .

• Let S ∈ Var(k). We denote by ZS(d) := Zequi0((S × Ad, S × Ad)/S)[−2d] the Tate twist. For
F ∈ C(Var(k)2/S), we denote by F (d) := F ⊗ ZS(d).

For S ∈ Var(k), let Cor(Var(k)2,(sm)/S) be the category

• whose objects are those of Var(k)2,(sm)/S, i.e. (X,Z)/S = ((X,Z), h), h : X → S with X ∈ Var(k),
Z ⊂ X a closed subset,

• whose morphisms α : (X ′, Z)/S = ((X ′, Z), h1)→ (X,Z)/S = ((X,Z), h2) is finite correspondence
that is α ∈ ⊕iZtr((Xi, Z)/S)((X

′, Z ′)/S), where X ′ = ⊔iX ′i, with X
′
i connected, the composition

being defined in the same way as the morphism Cor(Var(k)(sm)/S).

We denote by Tr(S) : Cor(Var(k)2,(sm)/S)→ Var(k)2,(sm)/S the morphism of site given by the inclusion
functor Tr(S) : Var(k)2,(sm)/S →֒ Cor(Var(k)2,(sm)/S) It induces an adjonction

(Tr(S)∗ Tr(S)∗) : C(Var(k)
2,(sm)/S) ⇆ C(Cor(Var(k)2,(sm)/S))

A complex of preheaves G ∈ C(Var(k)2,(sm)/S) is said to admit transferts if it is in the image of the
embedding

Tr(S)∗ : C(Cor(Var(k)
2,(sm)/S) →֒ C(Var(k)2,(sm)/S),

that isG = Tr(S)∗ Tr(S)
∗G. We then have the full subcategory Cor(Var(k)2,(sm)pr/S) ⊂ Cor(Var(k)2,(sm)/S)

consisting of the objects of Var(k)2,(sm)pr/S). We have the adjonction

(Tr(S)∗ Tr(S)∗) : C(Var(k)
2,(sm)pr/S) ⇆ C(Cor(Var(k)2,(sm)pr/S))

A complex of preheaves G ∈ C(Var(k)2,(sm)pr/S) is said to admit transferts if it is in the image of the
embedding

Tr(S)∗ : C(Cor(Var(k)
2,(sm)pr/S) →֒ C(Var(k)2,(sm)pr/S),

that is G = Tr(S)∗ Tr(S)
∗G.

Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k).
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• For (GI ,KIJ) ∈ C(Var(k)2,(sm)/(S̃I)
op) and (HI , TIJ) ∈ C(Var(k)2,(sm)/(S̃I)), we denote

Hom((GI ,KIJ), (HI , TIJ)) := (Hom(GI , HI), uIJ((GI ,KIJ), (HI , TIJ))) ∈ C(Var(k)
2,(sm)/(S̃I))

with

uIJ((GI ,KIJ)(HI , TIJ)) : Hom(GI , HI)

ad(p∗IJ ,pIJ∗)(−)−−−−−−−−−−→ pIJ∗p
∗
IJHom(GI , HI)

T (pIJ ,hom)(−,−)
−−−−−−−−−−−→ pIJ∗Hom(p∗IJGI , p

∗
IJHI)

Hom(p∗IJGI ,TIJ )−−−−−−−−−−−→ pIJ∗Hom(p∗IJGI , HJ)
Hom(KIJ ,HJ )
−−−−−−−−−→ pIJ∗Hom(GJ , HJ).

This gives in particular the functor

D12
(S̃I)

: C(Var(k)2,(sm)/(S̃I)
op)→ C(Var(k)2,(sm)/(S̃I)),

(HI , TIJ) 7→ D12
(S̃I)

L(HI , TIJ) := Hom((LHI , T
q
IJ), (EetZS̃I , IIJ)) = (D12

S̃I
LHI , T

d
IJ)

• For (GI ,KIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)
op) and (HI , TIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)), we denote

Hom((GI ,KIJ), (HI , TIJ)) := (Hom(GI , HI), uIJ((GI ,KIJ), (HI , TIJ))) ∈ C(Var(k)
2,(sm)pr/(S̃I))

with

uIJ((GI ,KIJ)(HI , TIJ)) : Hom(GI , HI)

ad(p∗IJ ,pIJ∗)(−)−−−−−−−−−−→ pIJ∗p
∗
IJHom(GI , HI)

T (pIJ ,hom)(−,−)
−−−−−−−−−−−→ pIJ∗Hom(p∗IJGI , p

∗
IJHI)

Hom(p∗IJGI ,TIJ )−−−−−−−−−−−→ pIJ∗Hom(p∗IJGI , HJ)
Hom(KIJ ,HJ )
−−−−−−−−−→ pIJ∗Hom(GJ , HJ).

This gives in particular the functor

D12
(S̃I)

: C(Var(k)2,(sm)pr/(S̃I)
op)→ C(Var(k)2,(sm)pr/(S̃I)), (HI , TIJ) 7→ D12

(S̃I)
L(HI , TIJ)

The functors pa naturally extend to functors

pa : Var(k)2,(sm)/(S̃I)→ Var(k)2,(sm)/(S̃I),

((X,Z)/S̃I , uIJ) 7→ ((X × A1, Z × A1)/S̃I , uIJ × I),

(g : ((X,Z)/S̃I , uIJ)→ ((X ′, Z ′)/S̃I , uIJ)) 7→

((g × IA1) : ((X × A1, Z × A1)/S̃I , uIJ × I)→ ((X ′ × A1, Z ′ × A1)/S̃I , uIJ × I))

the projection functor and again by pa : Var(k)2,(sm)/(S̃I) → Var(k)2,(sm)/(S̃I) the corresponding mor-
phism of site, and

pa : Var(k)2,(sm)pr/(S̃I)→ Var(k)2,(sm)pr/(S̃I),

((Y × S̃I , Z)/S̃I , uIJ) 7→ ((Y × S̃I × A1, Z × A1)/S̃I , uIJ × I),

(g : ((Y × S̃I , Z)/S̃I , uIJ)→ ((Y ′ × S̃I , Z
′)/S̃I , uIJ)) 7→

((g × IA1) : ((Y × S̃I × A1, Z × A1)/S̃I , uIJ × I), ((Y
′ × S̃I × A1, Z ′ × A1)/S̃I , uIJ × I)),

the projection functor and again by pa : Var(k)2,(sm)pr/(S̃I) → Var(k)2,(sm)pr/(S̃I) the correspond-
ing morphism of site. These functors also gives the morphisms of sites pa : Var(k)2,(sm)/(S̃I)

op →
Var(k)2,(sm)/(S̃I)

op and pa : Var(k)2,(sm)pr/(S̃I)
op → Var(k)2,(sm)pr/(S̃I)

op.

Definition 19. Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let
ii : Si →֒ S̃i closed embeddings, with S̃i ∈ Var(k).
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(i0) A complex (FI , uIJ) ∈ C(Var(k)2,(sm)/(S̃I)) is said to be A1 homotopic if ad(p∗a, pa∗)((FI , uIJ)) :
(FI , uIJ)→ pa∗p

∗
a(FI , uIJ) is an homotopy equivalence.

(i0)’ A complex (FI , uIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)) is said to be A1 homotopic if ad(p∗a, pa∗)((FI , uIJ)) :
(FI , uIJ)→ pa∗p

∗
a(FI , uIJ) is an homotopy equivalence.

(i) A complex (FI , uIJ) ∈ C(Var(k)2,(sm)/(S̃I)) is said to be A1 invariant if for all ((XI , ZI)/S̃I , sIJ) ∈
Var(k)2,(sm)/(S̃I)

(FI(pXI )) : (FI((XI , ZI)/S̃I), FJ (sIJ)◦uIJ(−)→ (FI((XI×A
1, (ZI×A

1))/S̃I), FJ (sIJ×I)◦uIJ(−))

is a quasi-isomorphism, where pXI : (XI × A1, (ZI × A1)) → (XI , ZI) are the projection, and
sIJ : (XI × S̃J\I , ZI)/S̃J → (XJ , ZJ)/S̃J . Obviously a complex (FI , uIJ) ∈ C(Var(k)2,(sm)/(S̃I)) is
A1 invariant if and only if all the FI are A1 invariant.

(i)’ A complex (GI , uIJ) ∈ C(Var(k)
2,(sm)pr/(S̃I)) is said to be A1 invariant if for all ((Y×S̃I , ZI)/S̃I , sIJ ) ∈

Var(k)2,(sm)pr/(S̃I)

(GI(pY×S̃I )) : (GI((Y × S̃I , ZI)/S̃I), GJ (sIJ ) ◦ uIJ(−))→

(GI((Y × S̃I × A1, (ZI × A1))/S̃I), GJ (sIJ × I) ◦ uIJ(−))

is a quasi-isomorphism. Obviously a complex (GI , uIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)) is A1 invariant if
and only if all the GI are A1 invariant.

(ii) Let τ a topology on Var(k). A complex F = (FI , uIJ) ∈ C(Var(k)2,(sm)/(S̃I)) is said to be A1

local for the τ topology induced on Var(k)2/(S̃I), if for an (hence every) τ local equivalence k :
F → G with k injective and G = (GI , vIJ ) ∈ C(Var(k)

2,(sm)/(S̃I)) τ fibrant, e.g. k : (FI , uIJ) →
(Eτ (FI), E(uIJ )), G is A1 invariant.

(ii)’ Let τ a topology on Var(k). A complex F = (FI , uIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)) is said to be A1 local
for the τ topology induced on Var(k)2/(S̃I), if for an (hence every) τ local equivalence k : F → G
with k injective and G = (GI , uIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)) τ fibrant, e.g. k : (FI , uIJ) →
(Eτ (FI), E(uIJ )), G is A1 invariant.

(iii) A morphism m = (mI) : (FI , uIJ) → (GI , vIJ) with (FI , uIJ), (GI , vIJ ) ∈ C(Var(k)2,(sm)/(S̃I)) is
said to be an (A1, et) local equivalence if for all H = (HI , wIJ ) ∈ C(Var(k)2,(sm)/(S̃I)) which is A1

local for the etale topology

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (mI) :
(FI , uIJ) → (GI , vIJ) with (FI , uIJ), (GI , uIJ) ∈ C(Var(k)2,(sm)/(S̃I)) is an (A1, et) local equiva-
lence, then all the mI : FI → GI are (A1, et) local equivalence.

(iii)’ A morphism m = (mI) : (FI , uIJ) → (GI , vIJ) with (FI , uIJ), (GI , vIJ) ∈ C(Var(k)2,(sm)pr/(S̃I))
is said to be an (A1, et) local equivalence if for all (HI , wIJ ) ∈ C(Var(k)2,(sm)pr/(S̃I)) which is A1

local for the etale topology

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (mI) :
(FI , uIJ)→ (GI , vIJ ) with (FI , uIJ), (GI , uIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)) is an (A1, et) local equiva-
lence, then all the mI : FI → GI are (A1, et) local equivalence.
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(iv) A morphism m = (mI) : (FI , uIJ) → (GI , vIJ) with (FI , uIJ), (GI , vIJ) ∈ C(Var(k)2,(sm)/(S̃I)
op)

is said to be an (A1, et) local equivalence if for all H = (HI , wIJ) ∈ C(Var(k)
2,(sm)/(S̃I)

op) which
is A1 local for the etale topology

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (mI) :
(FI , uIJ) → (GI , vIJ ) with (FI , uIJ), (GI , uIJ) ∈ C(Var(k)2,(sm)/(S̃I)

op) is an (A1, et) local equiv-
alence, then all the mI : FI → GI are (A1, et) local equivalence and for all H = (HI , wIJ) ∈
C(Var(k)2,(sm)/(S̃I)) which is A1 local for the etale topology

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of diagrams of complexes of abelian groups)

(iv)’ A morphism m = (mI) : (FI , uIJ)→ (GI , vIJ) with (FI , uIJ), (GI , vIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)
op)

is said to be an (A1, et) local equivalence if for all (HI , wIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)
op) which is

A1 local for the etale topology

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of complexes of abelian groups). Obviously, if a morphism m = (mI) :
(FI , uIJ) → (GI , vIJ ) with (FI , uIJ), (GI , uIJ) ∈ C(Var(k)2,(sm)pr/(S̃I)

op) is an (A1, et) local
equivalence, then all the mI : FI → GI are (A1, et) local equivalence and for all (HI , wIJ ) ∈
C(Var(k)2,(sm)pr/(S̃I)) which is A1 local for the etale topology

(Hom(L(mI), Eet(HI))) : Hom(L(GI , vIJ), Eet(HI , wIJ ))→ Hom(L(FI , uIJ), Eet(HI , wIJ ))

is a quasi-isomorphism (of diagrams of complexes of abelian groups).

Proposition 11. Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let
ii : Si →֒ S̃i closed embeddings, with S̃i ∈ Var(k).

(i) Then for F ∈ C(Var(k)2,(sm)/(S̃I)
op), C∗F is A1 local for the etale topology and c(F ) : F → C∗F

is an equivalence (A1, et) local.

(i)’ Then for F ∈ C(Var(k)2,(sm)pr/(S̃I)
op), C∗F is A1 local for the etale topology and c(F ) : F → C∗F

is an equivalence (A1, et) local.

(ii) A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)/(S̃I)
op) is an (A1, et) local equivalence if and

only if aetH
nC∗ Cone(m) = 0 for all n ∈ Z.

(ii)’ A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)pr/(S̃I)
op) is an (A1, et) local equivalence if

and only if aetH
nC∗ Cone(m) = 0 for all n ∈ Z.

(iii) A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)/(S̃I)
op) is an (A1, et) local equivalence if and

only if there exists
{
((X1,α,I , Z1,α,I)/S̃I , u

1
IJ), α ∈ Λ1

}
, . . . ,

{
((Xr,α,I , Zr,α,I)/S̃I , u

r
IJ), α ∈ Λr

}
⊂ Var(k)2,(sm)/(S̃I)

op

with
ulIJ : (Xl,α,J , Zl,α,J)/S̃J → (Xl,α,I × S̃J\I , Zl,α,I × S̃J\I)/S̃J

such that we have in Hoet(C(Var(k)
2,(sm)/(S̃I)

op))

Cone(m)
∼
−→ Cone(

⊕α∈Λ1 Cone((Z((X1,α,I × A1, Z1,α,I × A1)/S̃I),Z(u
1
IJ × I))→ (Z((X1,α,I , Z1,α,I)/S̃I),Z(u

1
IJ)))

→ · · · →

⊕α∈Λr Cone((Z((Xr,α,I × A1, Zr,α,I × A1)/S̃I),Z(u
r
IJ × I))→ (Z((Xr,α,I , Zr,α,I)/S̃I),Z(u

r
IJ))))
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(iii)’ A morphism m : F → G with F,G ∈ C(Var(k)2,(sm)pr/(S̃I)
op) is an (A1, et) local equivalence if

and only if there exists
{
((Y1,α,I × S̃I , Z1,α,I)/S̃I , u

1
IJ), α ∈ Λ1

}
, . . . ,

{
((Yr,α,I × S̃I , Zr,α,I)/S̃I , u

r
IJ), α ∈ Λr

}

⊂ Var(k)2,(sm)pr/(S̃I)

with
ulIJ : (Yl,α,J × S̃J , Zl,α,J)/S̃J → (Yl,α,I × S̃J , Zl,α,I × S̃J\I)/S̃J

such that we have in Hoet(C(Var(k)
2,(sm)/(S̃I)

op))

Cone(m)
∼
−→ Cone(⊕α∈Λ1

Cone((Z((Y1,α,I × A1 × S̃I , Z1,α,I × A1)/S̃I),Z(u
1
IJ × I))→ (Z((Y1,α,I × S,Z1,α,I)/S̃I),Z(uIJ )))

→ · · · → ⊕α∈Λr
Cone((Z((Yr,α,I × A1 × S̃I , Zr,α,I × A1)/S̃I),Z(u

r
IJ × I))→ (Z((Yr,α,I × S̃I , Zr,α)/S̃I),Z(u

r
IJ )))

(iv) A similar statement then (iii) holds for equivalence (A1, et) localm : F → G with F,G ∈ C(Var(k)2,(sm)/(S̃I))

(iv)’ A similar statement then (iii) holds for equivalence (A1, et) localm : F → G with F,G ∈ C(Var(k)2,(sm)pr/(S̃I))

Proof. Similar to the proof of proposition 6. See Ayoub’s thesis for example.

In the filtered case we also consider :

Definition 20. Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let
ii : Si →֒ S̃i closed embeddings, with S̃i ∈ SmVar(k).

(i) A filtered complex (G,F ) ∈ Cfil(Var(k)
2,(sm)/S) is said to be r-filtered A1 homotopic if ad(p∗a, pa∗)(G,F ) :

(G,F )→ pa∗p
∗
a(G,F ) is an r-filtered homotopy equivalence.

(i)’ A filtered complex (G,F ) ∈ Cfil(Var(k)2,(sm)/(S̃I)) is said to be r-filtered A1 homotopic if ad(p∗a, pa∗)(G,F ) :
(G,F )→ pa∗p

∗
a(G,F ) is an r-filtered homotopy equivalence.

(ii) A filtered complex (G,F ) ∈ Cfil(Var(k)2,(sm)pr/S) is said to be r-filtered A1 homotopic if ad(p∗a, pa∗)(G,F ) :
(G,F )→ pa∗p

∗
a(G,F ) is an r-filtered homotopy equivalence.

(ii)’ A filtered complex (G,F ) ∈ Cfil(Var(k)2,(sm)pr/(S̃I)) is said to be r-filtered A1 homotopic if ad(p∗a, pa∗)(G,F ) :
(G,F )→ pa∗p

∗
a(G,F ) is an r-filtered homotopy equivalence.

We will use to compute the algebraic De Rahm realization functor the followings

Theorem 14. Let S ∈ Var(k).

(i) Let φ : F • → G• an etale local equivalence with F •, G• ∈ C(Var(k)2,sm/S). If F • and G• are
A1 local and admit tranferts then φ : F • → G• is a Zariski local equivalence. Hence if F ∈
C(Var(k)2,sm/S) is A1 local and admits transfert

k : Ezar(F )→ Eet(Ezar(F )) = Eet(F )

is a Zariski local equivalence.

(ii) Let φ : F • → G• an etale local equivalence with F •, G• ∈ C(Var(k)2,smpr/S). If F • and G•

are A1 local and admit tranferts then φ : F • → G• is a Zariski local equivalence. Hence if F ∈
C(Var(k)2,smpr/S) is A1 local and admits transfert

k : Ezar(F )→ Eet(Ezar(F )) = Eet(F )

is a Zariski local equivalence.
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Proof. Similar to the proof of theorem 13.

Theorem 15. Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let
ii : Si →֒ S̃i closed embeddings, with S̃i ∈ Var(k).

(i) Let φ : (F •, F )→ (G•, F ) a filtered etale local equivalence with (F •, F ), (G•, F ) ∈ Cfil(Var(k)2,sm/S).
If (F •, F ) and (G•, F ) are r-filtered A1 homotopic and admit tranferts then φ : (F •, F )→ (G•, F ) is
an r-filtered Zariski local equivalence. Hence if (G,F ) ∈ C(Var(k)2,sm/S) is r-filtered A1 homotopic
and admits transfert

k : Ezar(G,F )→ Eet(Ezar(G,F )) = Eet(G,F )

is an r-filtered Zariski local equivalence.

(i)’ Let φ : (F •, F ) → (G•, F ) a filtered etale local equivalence with ((F •I , F ), uIJ), ((G
•
I , F ), vIJ ) ∈

Cfil(Var(k)
2,sm/(S̃I)). If ((F •, F ), uIJ) and ((G•, F ), vIJ ) are r-filtered A1 homotopic and admit

tranferts then φ : ((F •, F ), uIJ)→ ((G•, F ), vIJ ) is an r-filtered Zariski local equivalence. Hence if
((GI , F ), uIJ) ∈ C(Var(k)2,sm/S) is r-filtered A1 homotopic and admits transfert

k : (Ezar(GI , F ), uIJ)→ (Eet(Ezar(GI , F )), uIJ) = (Eet(G,F ), uIJ )

is an r-filtered Zariski local equivalence.

(ii) Let φ : (F •, F )→ (G•, F ) a filtered etale local equivalence with (F •, F ), (G•, F ) ∈ Cfil(Var(k)2,smpr/S).
If F • and G• are r-filtered A1 homotopic and admit tranferts then φ : (F •, F ) → (G•, F ) is an
r-filtered Zariski local equivalence. Hence if (G,F ) ∈ C(Var(k)2,smpr/S) is r-filtered A1 homotopic
and admits transfert

k : Ezar(F )→ Eet(Ezar(F )) = Eet(F )

is an r-filtered Zariski local equivalence.

(ii)’ Let φ : (F •, F ) → (G•, F ) a filtered etale local equivalence with ((F •I , F ), uIJ), ((G
•
I , F ), vIJ ) ∈

Cfil(Var(k)
2,smpr/(S̃I)). If ((F •, F ), uIJ) and ((G•, F ), vIJ ) are r-filtered A1 homotopic and admit

tranferts then φ : ((F •, F ), uIJ)→ ((G•, F ), vIJ ) is an r-filtered Zariski local equivalence. Hence if
((GI , F ), uIJ) ∈ C(Var(k)2,smpr/S) is r-filtered A1 homotopic and admits transfert

k : (Ezar(GI , F ), uIJ)→ (Eet(Ezar(GI , F )), uIJ) = (Eet(G,F ), uIJ )

is an r-filtered Zariski local equivalence.

Proof. Similar to the proof of theorem 14.

2.8 The Borel-Moore Corti-Hanamura resolution functors RCH, R̂CH, R0CH,
and R̂0CH

Let k a field of caracteristic zero.

Definition 21. (i) Let X0 ∈ Var(k) and Z ⊂ X0 a closed subset. A desingularization of (X0, Z)
is a pair of complex varieties (X,D) ∈ Var2(k)), together with a morphism of pair of varieties
ǫ : (X,D)→ (X0,∆) with Z ⊂ ∆ such that

– X ∈ SmVar(k) and D := ǫ−1(∆) = ǫ−1(Z) ∪ (∪iEi) ⊂ X is a normal crossing divisor

– ǫ : X → X0 is a proper modification with discriminant ∆, that is ǫ : X → X0 is proper and
ǫ : X\D

∼
−→ X\∆ is an isomorphism.

(ii) Let X0 ∈ Var(k) and Z ⊂ X0 a closed subset such that X0\Z is smooth. A strict desingularization
of (X0, Z) is a pair of complex varieties (X,D) ∈ Var2(C)), together with a morphism of pair of
varieties ǫ : (X,D)→ (X0, Z) such that
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– X ∈ SmVar(k) and D := ǫ−1(Z) ⊂ X is a normal crossing divisor

– ǫ : X → X0 is a proper modification with discriminant Z, that is ǫ : X → X0 is proper and
ǫ : X\D

∼
−→ X\Z is an isomorphism.

We have the following well known resolution of singularities of complex algebraic varieties and their
functorialities :

Theorem 16. (i) Let X0 ∈ Var(k) and Z ⊂ X0 a closed subset. There exists a desingularization of
(X0, Z), that is a pair of complex varieties (X,D) ∈ Var2(k)), together with a morphism of pair of
varieties ǫ : (X,D)→ (X0,∆) with Z ⊂ ∆ such that

– X ∈ SmVar(k) and D := ǫ−1(∆) = ǫ−1(Z) ∪ (∪iEi) ⊂ X is a normal crossing divisor

– ǫ : X → X0 is a proper modification with discriminant ∆, that is ǫ : X → X0 is proper and
ǫ : X\D

∼
−→ X\∆ is an isomorphism.

(ii) Let X0 ∈ PVar(k) and Z ⊂ X0 a closed subset such that X0\Z is smooth. There exists a strict
desingularization of (X0, Z), that is a pair of complex varieties (X,D) ∈ PVar2(k)), together with
a morphism of pair of varieties ǫ : (X,D)→ (X0, Z) such that

– X ∈ PSmVar(k) and D := ǫ−1(Z) ⊂ X is a normal crossing divisor

– ǫ : X → X0 is a proper modification with discriminant Z, that is ǫ : X → X0 is proper and
ǫ : X\D

∼
−→ X\Z is an isomorphism.

Proof. (i):Standard. See [23] for example.
(ii):Follows immediately from (i).

We use this theorem to construct a resolution of a morphism by Corti-Hanamura morphisms, we will
need these resolution in the definition of the filtered De Rham realization functor :

Definition-Proposition 3. (i) Let h : V → S a morphism, with V, S ∈ Var(k). Let S̄ ∈ PVar(k) be
a compactification of S.

– There exist a compactification X̄0 ∈ PVar(C) of V such that h : V → S extend to a morphism
f̄0 = h̄0 : X̄0 → S̄. Denote by Z̄ = X̄0\V . We denote by j : V →֒ X̄0 the open embedding and
by i0 : Z̄ →֒ X̄0 the complementary closed embedding. We then consider X0 := f̄−10 (S) ⊂ X̄0

the open subset, f0 := f̄0|X0
: X0 → S, Z = Z̄ ∩X0, and we denote again j : V →֒ X0 the open

embedding and by i0 : Z →֒ X0 the complementary closed embedding.

– In the case V is smooth, we take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄)→
(X̄0, Z̄) of the pair (X̄0, Z̄), with X̄ ∈ PSmVar(C) and D̄ = ∪si=1D̄i ⊂ X̄ a normal crossing
divisor. We denote by i• : D̄• →֒ X̄ = X̄c(•) the morphism of simplicial varieties given by the
closed embeddings iI : D̄I = ∩i∈ID̄i →֒ X̄. Then the morphisms f̄ := f̄0 ◦ ǭ : X̄ → S̄ and
f̄D• := f̄ ◦i• : D̄• → S̄ are projective since X̄ and D̄I are projective varieties. We then consider
(X,D) := ǭ−1(X0, Z), ǫ := ǭ|X : (X,D)→ (X0, Z) We denote again by i• : D• →֒ X = Xc(•)

the morphism of simplicial varieties given by the closed embeddings iI : DI = ∩i∈IDi →֒ X.
Then the morphisms f := f0 ◦ ǫ : X → S and fD• := f ◦ i• : D• → S are projective since
f̄ : X̄0 → S̄ is projective.

(ii) Let g : V ′/S → V/S a morphism, with V ′/S = (V ′, h′), V/S = (V, h) ∈ Var(k)/S

– Take (see (i)) a compactification X̄0 ∈ PVar(C) of V such that h : V → S extend to a morphism
f̄0 = h̄0 : X̄0 → S̄. Denote by Z̄ = X̄0\V . Then, there exist a compactification X̄ ′0 ∈ PVar(C)
of V ′ such that h′ : V ′ → S extend to a morphism f̄ ′0 = h̄′0 : X̄ ′0 → S̄, g : V ′ → V extend to a
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morphism ḡ0 : X̄ ′0 → X̄0 and f̄0 ◦ ḡ0 = f̄ ′0 that is ḡ0 is gives a morphism ḡ0 : X̄ ′0/S̄ → X̄0/S̄.
Denote by Z̄ ′ = X̄ ′0\V

′. We then have the following commutative diagram

V
j // X̄0 Z̄

ioo

V ′
j′ //

ḡ

OO

X̄ ′0

ḡ0

OO

Z̄ ′
i′oo ḡ0

−1(Z̄) : i′g,0
i′′g,0oo

ḡ′

OO

It gives the following commutative diagram

V
j// X0 := f̄−10 (S) Z

ioo

V ′
j′//

g

OO

X ′0 := f̄
′−1
0 (S)

ḡ0

OO

Z ′
i′oo ḡ0

−1(Z) : i′g,0
i′′g,0oo

ḡ′0

OO

– In the case V and V ′ are smooth, we take using theorem 16 a strict desingularization ǭ :
(X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄). Then there exist a strict desingularization ǭ′• : (X̄ ′, D̄′) →
(X̄ ′0, Z̄

′) of (X̄ ′0, Z̄
′) and a morphism ḡ : X̄ ′ → X̄ such that the following diagram commutes

X̄ ′0
ḡ0 // X̄0

X̄ ′

ǭ′

OO

ḡ // X̄

ǭ

OO .

We then have the following commutative diagram in Fun(∆,Var(k))

V = Vc(•)
j // X̄ = X̄c(•) D̄sg(•)

i•oo

V ′ = V ′c(•)
j′ //

g

OO

X̄ ′ = X̄ ′c(•)

ḡ

OO

D̄′•
i′•oo ḡ−1(D̄sg(•)) : i

′
g•

i′′g•oo

ḡ′•

OO

where i• : D̄• →֒ X̄• the morphism of simplicial varieties given by the closed embeddings
in : D̄n →֒ X̄n, and i′• : D̄′• →֒ X̄ ′• the morphism of simplicial varieties given by the closed
embeddings i′n : D̄′n →֒ X̄ ′n. It gives the commutative diagram in Fun(∆,Var(k))

V = Vc(•)
j// X := ǭ−1(X0) = Xc(•) Dsg(•)

i•oo

V ′ = V ′c(•)
j′//

g

OO

X ′ := ǭ
′,−1(X ′0) = X ′c(•)

ḡ

OO

D′•
i′• oo ḡ−1(Dsg(•)) : i

′
g•

i′′g•oo

ḡ′•

OO

Proof. (i): Let X̄00 ∈ PVar(C) be a compactification of V . Let l0 : X̄0 = Γ̄h →֒ X̄00 × S̄ be the closure
of the graph of h and f̄0 := pS̄ ◦ l0 : X̄0 →֒ X̄00 × S̄ → S̄, ǫX̄0

:= pX̄00
◦ l0 : X̄0 →֒ X̄00 × S̄ → X̄00 be

the restriction to X̄0 of the projections. Then, X̄ ∈ PVar(C), ǫX̄0
: X̄0 → X̄00 is a proper modification

which does not affect the open subset V ⊂ X̄0, and f̄0 = h̄0 : X̄0 → S̄ is a compactification of h.
(ii): There is two things to prove:

• Let f̄0 : X̄0 → S̄ a compactification of h : V → S and f̄ ′00 : X̄ ′00 → S̄ a compactification of
h′ : V ′ → S (see (i)). Let l0 : X̄ ′0 →֒ Γ̄g ⊂ X̄ ′00 ×S̄ X̄0 be the closure of the graph of g, f̄ ′0 :=
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(f̄ ′00, f̄0) ◦ l0 : X̄ ′0 →֒ X̄ ′00 ×S X̄0 → S̄ and ḡ0 := pX̄0
◦ l0 : X̄ ′0 →֒ X̄ ′00 ×S̄ X̄0 → X̄0, ǫX̄′00 := pX̄′0 ◦ i :

X̄ ′0 →֒ X̄ ′00 ×S̄ X̄0 → X̄ ′00 be the restriction to X of the projections. Then ǫX̄′00 : X̄ ′0 → X̄ ′00 is

a proper modification which does not affect the open subset V ′ ⊂ X̄ ′0, f̄
′
0 : X̄ ′0 → S̄ is an other

compactification of h′ : V ′ → S and ḡ0 : X̄ ′0 → X̄0 is a compactification of g.

• In the case V and V ′ are smooth, we take, using theorem 16, a strict desingularization ǭ : (X̄, D̄)→
(X̄0, Z̄) of the pair (X̄0, Z̄). Take then, using theorem 16, a strict desingularization ǭ′1 : (X̄ ′, D̄′)→
(X̄ ×X̄0

X̄ ′0, X̄ ×X̄0
Z̄ ′) of the pair (X̄ ×X̄0

X̄ ′0, X̄ ×X̄0
Z̄ ′). We consider then following commutative

diagram whose square is cartesian :

X̄ ′0
ḡ0 // X0

X̄ ×X̄0
X̄ ′0

ǭ′0

OO

ḡ′0 // X̄

ǫ

OO

X̄ ′

ǫ′

CC
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟
✟

ḡ

44❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥

ǭ′1
::✉✉✉✉✉✉✉✉✉

and ǭ′ := ǭ′0 ◦ ǭ
′
1 : (X̄

′, D̄′)→ (X̄ ′0, Z̄
′) is a strict desingularization of the pair (X̄×X̄0

X̄ ′0, X̄×X̄0
Z̄ ′).

Let S ∈ Var(k). Recall we have the dual functor

D0
S : C(Var(k)/S)→ C(Var(k)/S), F 7→ D0

S(F ) := Hom(F,Eet(Z(S/S)))

which induces the functor

LDS : Dτ (Var(k)/S)→ Dτ (Var(k)/S), F 7→ LDS(F ) := D0
S(LF ) := Hom(LF,Eet(Z(S/S)))

with τ a topology on Var(k).
We will use the following resolutions of representable presheaves by Corti-Hanamura presheaves and

their the functorialities.

Definition 22. (i) Let h : U → S a morphism, with U, S ∈ Var(k) and U smooth. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U .
Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of the pair (X̄0, Z̄),
with X̄ ∈ PSmVar(k) and D̄ := ǫ−1(Z̄) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. We denote
by i• : D̄• →֒ X̄ = X̄c(•) the morphism of simplicial varieties given by the closed embeddings
iI : D̄I = ∩i∈ID̄i →֒ X̄ We denote by j : U →֒ X̄ the open embedding and by pS : X̄ × S → S

and pS : U × S → S the projections. Considering the graph factorization f̄ : X̄
l̄
−→ X̄ × S̄

pS̄−→ S̄
of f̄ : X̄ → S̄, where l̄ is the graph embedding and pS̄ the projection, we get closed embeddings
l := l̄×S̄ S : X →֒ X̄ × S and lDI := D̄I ×X̄ l : DI →֒ D̄I × S. We then consider the following map
in C(Var(k)2/S)

r(X̄,D̄)/S(Z(U/S)) : R(X̄,D̄)/S(Z(U/S))
:=
−→ pS∗Eet(Cone(Z(i• × I) : (Z((D̄• × S,D•)/X̄ × S), uIJ)→ Z((X̄ × S,X)/X̄ × S)))

pS∗Eet(0,k◦ad((j×I)
∗,(j×I)∗)(Z((X̄×S,X)/X̄×S)))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ pS∗Eet(Z((U × S,U)/U × S)) =: D12
S (Z(U/S)).

Note that Z((D̄I ×S,DI)/X̄×S) and Z((X̄ ×S,X)/X̄×S)) are obviously A1 invariant. Note that
r(X,D)/S is NOT an equivalence (A1, et) local by proposition 8 since ρX̄×S∗Z((D̄•×S,D•)/X̄×S) = 0
and ρX̄×S∗ ad((j × I)

∗, (j × I)∗)(Z((X̄ × S,X)/X̄ × S))) is not an equivalence (A1, et) local.
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(ii) Let g : U ′/S → U/S a morphism, with U ′/S = (U ′, h′), U/S = (U, h) ∈ Var(k)/S, with U and U ′

smooth. Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S and
a compactification f̄ ′0 = h̄′ : X̄ ′0 → S̄ of h′ : U ′ → S such that g : U ′/S → U/S extend to a morphism
ḡ0 : X̄ ′0/S̄ → X̄0/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄ ′0\U

′. Take, see definition-proposition 3(ii), a
strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄), a strict desingularization ǭ′• : (X̄

′, D̄′) →
(X̄ ′0, Z̄

′) of (X̄ ′0, Z̄
′) and a morphism ḡ : X̄ ′ → X̄ such that the following diagram commutes

X̄ ′0
ḡ0 // X̄0

X̄ ′

ǭ′

OO

ḡ // X̄

ǭ

OO .

We then have, see definition-proposition 3(ii), the following commutative diagram in Fun(∆,Var(k))

U = Uc(•)
j // X̄ = X̄c(•) D̄sg(•)

i•oo

U ′ = U ′c(•)
j′ //

g

OO

X̄ ′ = X̄ ′c(•)

ḡ

OO

D̄′•
i′•oo ḡ−1(D̄sg(•)) : i

′
g•

i′′g•oo

ḡ′•

OO
(7)

Denote by pS : X̄ × S → S and p′S : X̄ ′ × S → S the projections We then consider the following
map in C(Var(k)2/S)

RCHS (g) : R(X̄,D̄)/S(Z(U/S))
:=
−→

pS∗Eet(Cone(Z(i• × I) : (Z((D̄sg(•) × S,Dsg(•))/X̄ × S), uIJ)→ Z((X̄ × S,X)/X̄ × S)))

T ((ḡ×I),E)(−)◦pS∗ ad((ḡ×I)
∗,(ḡ×I)∗)(−)

−−−−−−−−−−−−−−−−−−−−−−−−−−−→

p′S∗Eet(Cone(Z(i
′
g• × I) :

(Z((ḡ−1(D̄sg(•))× S, ḡ
−1(Dsg(•))/X̄

′ × S), uIJ)→ Z((X̄ ′ × S,X ′)/X̄ ′ × S))))

p′S∗Eet(Z(i
′′
g•×I),I)

−−−−−−−−−−−−→

p′S∗Eet(Cone(Z(i
′
• × I) : ((Z((D̄

′
• × S,D

′
•))/X̄

′ × S), uIJ)→ Z((X̄ ′ × S,X ′)/X̄ ′ × S)))
=:
−→ R(X̄′,D̄′)/S(Z(U

′/S))

Then by the diagram (7) and adjonction, the following diagram in C(Var(k)2/S) obviously commutes

R(X̄,D̄)/S(Z(U/S))
r(X̄,D̄)/S(Z(U/S))//

RCHS (g)

��

pS∗Eet(Z((U × S,U)/U × S)) =: D12
S (Z(U/S))

D12
S (g):=T (g×I,E)(−)◦ad((g×I)∗,(g×I)∗)(Eet(Z((U×S,U)/U×S)))

��
R(X̄′,D̄′)/S(Z(U

′/S))
r(X̄′,D̄′)/S(Z(U

′/S))
// p′S∗Eet(Z((U

′ × S,U ′)/U ′ × S)) =: D12
S (Z(U ′/S))

.

(iii) For g1 : U ′′/S → U ′/S, g2 : U ′/S → U/S two morphisms with U ′′/S = (U ′, h′′), U ′/S =
(U ′, h′), U/S = (U, h) ∈ Var(k)/S, with U , U ′ and U ′′ smooth. We get from (i) and (ii) a compact-
ification f̄ = h̄ : X̄ → S̄ of h : U → S, a compactification f̄ ′ = h̄′ : X̄ ′ → S̄ of h′ : U ′ → S, and a
compactification f̄ ′′ = h̄′′ : X̄ ′′ → S̄ of h′′ : U ′′ → S, with X̄, X̄ ′, X̄ ′′ ∈ PSmVar(k), D̄ := X̄\U ⊂ X̄
D̄′ := X̄ ′\U ′ ⊂ X̄ ′, and D̄′′ := X̄ ′′\U ′′ ⊂ X̄ ′′ normal crossing divisors, such that g1 : U ′′/S → U ′/S
extend to ḡ1 : X̄

′′/S̄ → X̄ ′/S̄, g2 : U ′/S → U/S extend to ḡ2 : X̄ ′/S̄ → X̄/S̄, and

RCHS (g2 ◦ g1) = RCHS (g1) ◦R
CH
S (g2) : R(X̄,D̄)/S → R(X̄′′,D̄′′)/S
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(iv) For

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we get from
(i), (ii) and (iii) the map in C(Var(k)2/S)

rCHS (Q∗) : RCH(Q∗) := (· · · → ⊕β∈Λn−1 lim
−→

(X̄n−1
β ,D̄n−1

β )/S

R(X̄n−1
β ,D̄n−1

β )/S(Z(U
n−1
β /S))

(RCHS (gnα,β))
−−−−−−−−→ ⊕α∈Λn lim−→

(X̄nα ,D̄
n
α)/S

R(X̄nα ,D̄
n
α)/S

(Z(Unα/S))→ · · · )→ D12
S (Q∗),

where for (Unα , h
n
α) ∈ Var(k)/S, the inductive limit run over all the compactifications f̄α : X̄α → S̄

of hα : Uα → S with X̄α ∈ PSmVar(k) and D̄α := X̄α\Uα a normal crossing divisor. For m =
(m∗) : Q∗1 → Q∗2 a morphism with

Q∗1 := (· · · → ⊕α∈ΛnZ(U
n
1,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−11,β /S)→ · · · ),

Q∗2 := (· · · → ⊕α∈ΛnZ(U
n
2,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−12,β /S)→ · · · ) ∈ C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U∗1,α and U∗2,α smooth, we
get again from (i), (ii) and (iii) a commutative diagram in C(Var(k)2/S)

RCH(Q∗2)
rCHS (Q∗2) //

RCHS (m):=(RCHS (m∗))

��

D12
S (Q∗2)

D12
S (m):=(D12

S (m∗))

��
RCH(Q∗1)

rCHS (Q∗1) // D12
S (Q∗1)

.

• Let S ∈ Var(k) For (h,m,m′) = (h∗,m∗,m
′∗) : Q∗1[1] → Q∗2 an homotopy with Q∗1, Q

∗
2 ∈

C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with U∗1,α and
U∗2,α smooth,

(RCHS (h), RCHS (m), RCHS (m′)) = (RCHS (h∗), RCHS (m∗), RCHS (m
′∗)) : RCH(Q∗2)[1]→ RCH(Q∗1)

is an homotopy in C(Var(k)2/S) using definition 22 (iii). In particular if m : Q∗1 → Q∗2 with
Q∗1, Q

∗
2 ∈ C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with

U∗1,α and U∗2,α smooth is an homotopy equivalence, then RCHS (m) : RCH(Q∗2) → RCH(Q∗1) is an
homotopy equivalence.

• Let S ∈ SmVar(k). Let F ∈ PSh(Var(k)sm/S). Consider

q : LF := (· · · → ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)
(Z(gnα,β))
−−−−−−→ ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)→ · · · )→ F

the canonical projective resolution given in subsection 2.3.3. Note that the Uα are smooth since S
is smooth and hα are smooth morphism. Definition 22(iv) gives in this particular case the map in
C(Var(k)2/S)

rCHS (ρ∗SLF ) : R
CH(ρ∗SLF ) := (· · · → ⊕(Uα,hα)∈Var(k)sm/S lim

−→
(X̄α,D̄α)/S

R(X̄α,D̄α)/S(Z(Uα/S))

(RCHS (gnα,β))
−−−−−−−−→ ⊕(Uα,hα)∈Var(k)sm/S lim

−→
(X̄α,D̄α)/S

R(X̄α,D̄α)/S(Z(Uα/S))→ · · · )→ D12
S (ρ∗SLF ),
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where for (Uα, hα) ∈ Var(k)sm/S, the inductive limit run over all the compactifications f̄α : X̄α → S̄
of hα : Uα → S with X̄α ∈ PSmVar(k) and D̄α := X̄α\Uα a normal crossing divisor. Defini-
tion 22(iv) gives then by functoriality in particular, for F = F • ∈ C(Var(k)sm/S), the map in
C(Var(k)2/S)

rCHS (ρ∗SLF ) = (rCHS (ρ∗SLF
∗)) : RCH(ρ∗SLF )→ D12

S (ρ∗SLF ).

• Let g : T → S a morphism with T, S ∈ SmVar(k). Let h : U → S a smooth morphism with
U ∈ Var(k). Consider the cartesian square

UT
h′ //

g′

��

T

g

��
U

h // S

Note that U is smooth since S and h are smooth, and UT is smooth since T and h′ are smooth.
Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S and a
compactification f̄ ′0 = ¯g ◦ h′ : X̄ ′0 → S̄ of g ◦ h′ : U ′ → S such that g′ : UT /S → U/S extend
to a morphism ḡ′0 : X̄ ′0/S̄ → X̄0/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄ ′0\UT . Take, see definition-
proposition 3(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄), a desingularization
ǭ′• : (X̄

′, D̄′)→ (X̄ ′0, Z̄
′) of (X̄ ′0, Z̄

′) and a morphism ḡ′ : X̄ ′ → X̄ such that the following diagram
commutes

X̄ ′0
ḡ′0 // X̄0

X̄ ′

ǭ′

OO

ḡ′ // X̄

ǭ

OO .

We then have, see definition-proposition 3(ii), the following commutative diagram in Fun(∆,Var(k))

U = Uc(•)
j // X̄ = X̄c(•) D̄sg′ (•)

i•oo

UT = UT,c(•)
j′ //

g′

OO

X̄ ′ = X ′c(•)

ḡ′

OO

D̄′•
i′•oo ḡ

′−1(D̄sg′ (•)
) : i′g•

i′′
g′•oo

(ḡ′)′•

OO

We then consider the following map in C(Var(k)2/T ), see definition 22(ii)

T (g,RCH)(Z(U/S)) : g∗R(X̄,D̄)/S(Z(U/S))

g∗RCHS (g′)
−−−−−−−→ g∗R(X̄′,D̄′)/S(Z(UT /S)) = g∗g∗R(X̄′,D̄′)/T (Z(UT /T ))

ad(g∗,g∗)(R(X̄′,D̄′)/T (Z(UT /T )))
−−−−−−−−−−−−−−−−−−−−−→ R(X̄′,D̄′)/T (Z(UT /T ))

For

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with hnα : Unα → S smooth, we
get the map in C(Var(k)2/T )

T (g,RCH)(Q∗) : g∗RCH(Q∗) = (· · · → ⊕α∈Λn lim
−→

(X̄nα ,D̄
n
α)/S

g∗R(X̄nα ,D̄
n
α)/S

(Z(Unα/S))→ · · · )

(T (g,RCH )(Z(Unα/S)))−−−−−−−−−−−−−−→ (· · · → ⊕α∈Λn lim
−→

(X̄n′α ,D̄n′α )/T

R(X̄n′α ,D̄n′α )/T (Z(U
n
α,T /S))→ · · · ) =: RCH(g∗Q∗).
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Let F ∈ PSh(Var(k)sm/S). Consider

q : LF := (· · · → ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)→ · · · )→ F

the canonical projective resolution given in subsection 2.3.3. We then get in particular the map in
C(Var(k)2/T )

T (g,RCH)(ρ∗SLF ) : g
∗RCH(ρ∗SLF ) =

(· · · → ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄α,D̄α)/S

g∗R(X̄α,D̄α)/S(Z(Uα/S))→ · · · )
(T (g,RCH )(Z(Uα/S)))
−−−−−−−−−−−−−−→

(· · · → ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄′α,D̄
′
α)/T

R(X̄′α,D̄
′
α)/T

(Z(Uα,T /S))→ · · · ) =: RCH(ρ∗T g
∗LF ).

By functoriality, we get in particular for F = F • ∈ C(Var(k)sm/S), the map in C(Var(k)2/T )

T (g,RCH)(ρ∗SLF ) : g
∗RCH(ρ∗SLF )→ RCH(ρ∗T g

∗LF ).

• Let S1, S2 ∈ SmVar(k) and p : S1 × S2 → S1 the projection. Let h : U → S1 a smooth morphism
with U ∈ Var(k). Consider the cartesian square

U × S2
h×I //

p′

��

S1 × S2

p

��
U

h // S1

Take, see definition-proposition 3(i),a compactification f̄0 = h̄ : X̄0 → S̄1 of h : U → S1. Then
f̄0×I : X̄0×S2 → S̄1×S2 is a compactification of h×I : U×S2 → S1×S2 and p

′ : U×S2 → U extend
to p̄′0 := pX0 : X̄0×S2 → X̄0. Denote Z = X0\U . Take see theorem 16(i), a strict desingularization
ǭ : (X̄, D̄) → (X̄0, Z̄) of the pair (X̄0, Z̄). We then have the following commutative diagram in
Fun(∆,Var(k)) whose squares are cartesian

U = Uc(•)
j // X̄ D̄•

i•oo

U × S2 = (U × S2)c(•)
j×I //

g

OO

X̄ × S2

p̄′:=pX̄

OO

D̄• × S2

i′•oo

p̄′′•

OO (8)

Then the map in C(Var(k)2/S1 × S2)

T (p,RCH)(Z(U/S1)) : p
∗R(X̄,D̄)/S1

(Z(U/S1))
∼
−→ R(X̄×S2,D̄•×S2)/S1×S2

(Z(U × S2/S1 × S2))

is an isomorphism. Hence, for Q∗ ∈ C(Var(k)/S1) a complex of (maybe infinite) direct sum of
representable presheaves of smooth morphism, the map in C(Var(k)2/S1 × S2)

T (p,RCH)(Q∗) : p∗RCH(Q∗)
∼
−→ RCH(p∗Q∗)

is an isomorphism. In particular, for F ∈ C(Var(k)sm/S1) the map in C(Var(k)2/S1 × S2)

T (p,RCH)(ρ∗S1
LF ) : p∗RCH(ρ∗S1

LF )
∼
−→ RCH(ρ∗S1×S2

p∗LF )

is an isomorphism.

• Let h1 : U1 → S, h2 : U2 → S two morphisms with U1, U2, S ∈ Var(k), U1, U2 smooth. Denote by
p1 : U1 ×S U2 → U1 and p2 : U1 ×S U2 → U2 the projections. Take, see definition-proposition 3(i)),
a compactification f̄10 = h̄1 : X̄10 → S̄ of h1 : U1 → S and a compactification f̄20 = h̄2 : X̄20 → S̄
of h2 : U2 → S. Then,
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– f̄10 × f̄20 : X̄10 ×S̄ X̄20 → S is a compactification of h1 × h2 : U1 ×S U2 → S.

– p̄10 := pX10 : X̄10 ×S̄ X̄20 → X̄10 is a compactification of p1 : U1 ×S U2 → U1.

– p̄20 := pX20 : X̄10 ×S̄ X̄20 → X̄20 is a compactification of p2 : U1 ×S U2 → U2.

Denote Z̄1 = X̄10\U1 and Z̄2 = X̄20\U2. Take, see theorem 16(i), a strict desingularization ǭ1 :
(X̄1, D̄)→ (X̄10, Z1) of the pair (X̄10, Z̄1) and a strictdesingularization ǭ2 : (X̄2, Ē)→ (X̄20, Z2) of
the pair (X̄20, Z̄2). Take then a strict desingularization

ǭ12 : ((X̄1 ×S̄ X̄2)
N , F̄ )→ (X̄1 ×S̄ X̄2, (D ×S̄ X̄2) ∪ (X̄1 ×S̄ Ē))

of the pair (X̄1×S̄ X̄2, (D̄×S̄ X̄2)∪ (X̄1 ×S̄ Ē)). We have then the following commutative diagram

X̄1
f̄1 // S̄

X̄1 ×S̄ X̄2
p̄1 //

p̄2

OO

X̄2

f̄2

OO

(X̄1 ×S̄ X̄2)
N

ǭ12

77♦♦♦♦♦♦♦♦♦♦♦

(p̄1)
N

44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

(p̄2)
N

??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

and

– f̄1 × f̄2 : X̄1 ×S̄ X̄2 → S̄ is a compactification of h1 × h2 : U1 ×S U2 → S.

– (p̄1)
N := p̄1 ◦ ǫ12 : (X̄1 ×S̄ X̄2)

N → X̄1 is a compactification of p1 : U1 ×S U2 → U1.

– (p̄2)
N := p̄2 ◦ ǫ12 : (X̄1 ×S̄ X̄2)

N → X̄2 is a compactification of p2 : U1 ×S U2 → U2.

We have then the morphism in C(Var(k)2/S)

T (⊗, RCHS )(Z(U1/S),Z(U2/S)) := RCHS (p1)⊗R
CH
S (p2) :

R(X̄1,D̄)/S(Z(U1/S))⊗R(X2,E))/S(Z(U2/S))
∼
−→ R(X̄1×S̄X̄2)N ,F̄ )/S(Z(U1 ×S U2/S))

For

Q∗1 := (· · · → ⊕α∈ΛnZ(U
n
1,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−11,β /S)→ · · · ),

Q∗2 := (· · · → ⊕α∈ΛnZ(U
n
2,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−12,β /S)→ · · · ) ∈ C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we get the
morphism in C(Var(k)2/S)

T (⊗, RCHS )(Q∗1, Q
∗
2) : R

CH(Q∗1)⊗R
CH(Q∗2)

(T (⊗,RCHS )(Z(Um1,α),Z(U
n
2,β))

−−−−−−−−−−−−−−−−−−−→ RCH(Q∗1 ⊗Q
∗
2)).

For F1, F2 ∈ C(Var(k)sm/S), we get in particular the morphism in C(Var(k)2/S)

T (⊗, RCHS )(ρ∗SLF1, ρ
∗
SLF2) : R

CH(ρ∗SLF1)⊗R
CH(ρ∗SLF2)→ RCH(ρ∗S(LF1 ⊗ LF2)).

Definition 23. Let h : U → S a morphism, with U, S ∈ Var(k), U irreducible. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U . Take, using
theorem 16, a desingularization ǭ : (X̄, D̄)→ (X̄0,∆) of the pair (X̄0,∆), Z̄ ⊂ ∆, with X̄ ∈ PSmVar(k)
and D̄ := ǭ−1(∆) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. Denote dX := dim(X̄) = dim(U).
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(i) The cycle (∆D̄• × S) ⊂ D̄• × D̄• × S induces by the diagonal ∆D̄• ⊂ D̄• × D̄• gives the morphism
in C(Var(k)2/S)

[∆D̄• ] ∈ Hom(Ztr((D̄• × S,D•)/S), pS∗Eet(Z((D̄• × S,D•)/X̄ × S)(dX)[2dX ]))
∼
−→

Hom(Z((D̄• × S × X̄,D•)/X̄ × S),

Ztr((D̄• × S × PdX , D• × PdX )/X̄ × S)/Ztr((−)× PdX−1, (−)× PdX−1))

⊂ H0(ZdD•+dS(�
∗ × D̄• × D̄• × S), s.t.α∗(×D•) = D•)

(ii) The cycle (∆X̄ × S) ⊂ X̄ × X̄ × S induces by the diagonal ∆X̄ ⊂ X̄ × X̄ gives the morphism in
C(Var(k)2/S)

[∆X̄ ] ∈ Hom(Ztr((X̄ × S,X)/S), pS∗Eet(Z((X̄ × S,X)/X̄ × S)(dX)[2dX ]))
∼
−→

Hom(Z((X̄ × S × X̄,X)/X̄ × S),

Ztr((X̄ × S × PdX , X × PdX )/X̄ × S)/Ztr((−)× PdX−1, (−)× PdX−1))

⊂ H0(ZdX+dS (�
∗ × X̄ × X̄ × S), s.t.α∗(×X) = X)

Let h : U → S a morphism, with U, S ∈ Var(k), U smooth connected (hence irreducible by smoothness).
Take, see definition-proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by
Z̄ = X̄0\U . Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of the pair
(X̄0, Z̄) with X̄ ∈ PSmVar(k) and D̄ := ǭ−1(Z̄) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. Denote
dX := dim(X̄) = dim(U).

(iii) We get from (i) and (ii) the morphism in C(Var(k)2/S)

T (pS♯, pS∗)(Z((D̄• × S,D•)/X̄ × S),Z((X̄ × S,X)/X̄ × S)) := ([∆D̄• ], [∆X̄ ]) :

Cone(Z(i• × I) : (Z
tr((D̄• × S,D•)/S), uIJ)→ Ztr((X̄ × S,X)/S))→

pS∗Eet(Cone(Z(i• × I) : (Z((D̄• × S,D•)/X̄ × S), uIJ)→

Z((X̄ × S,X)/X̄ × S)))(dX )[2dX ] =: R(X̄,D̄)/S(Z(U/S))(dX )[2dX ]

(iii)’ which gives the map in C(Var(k)2,smpr/S)

T µ,q(pS♯, pS∗)(Z((D̄• × S,D•)/X̄ × S),Z((X̄ × S,X)/X̄ × S)) :

Cone(Z(i• × I) : (Z
tr((D̄• × S,D•)/S), uIJ)→ Ztr((X̄ × S,X)/S)) =

LρS∗µS∗ Cone(Z(i• × I) : (Z
tr((D̄• × S,D•)/S), uIJ)→ Ztr((X̄ × S,X)/S))

LρS∗µS∗T (pS♯,pS∗)(Z((D̄•×S,D•)/X̄×S),Z((X̄×S,X)/X̄×S))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ LρS∗µS∗R(X̄,D̄)/S(Z(U/S))(dX)[2dX ]

Proposition 12. Let h : U → S a morphism, with U, S ∈ Var(k), U irreducible. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U . Take, using
theorem 16(ii), a desingularization ǭ : (X̄, D̄)→ (X̄0,∆) of the pair (X̄0,∆), Z̄ ⊂ ∆ with X̄ ∈ PSmVar(k)
and D̄ := ǭ−1(∆) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. Denote dX := dim(X̄) = dim(U).

(i) The morphism

[∆D̄• ] : Z
tr((D̄• × S,D•)/S),→ pS∗Eet(Z((D̄• × S,D•)/X̄ × S)(dX)[2dX ])

given in definition 23(i) is an equivalence (A1, et) local.

(ii) The morphism

[∆X̄ ] : Ztr((X̄ × S,X)/S),→ pS∗Eet(Z((X̄ × S,X)/X̄ × S)(dX)[2dX ])

given in definition 23(ii) is an equivalence (A1, et) local.
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Let h : U → S a morphism, with U, S ∈ Var(k), U smooth connected (hence irreducible by smoothness).
Take, see definition-proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by
Z̄ = X̄0\U . Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of the pair
(X̄0, Z̄), with X̄ ∈ PSmVar(k) and D̄ := ǭ−1(Z) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor.

(iii) The morphism

T (pS♯, pS∗)(Z((D̄• × S,D•)/X̄ × S),Z((X̄ × S,X)/X̄ × S)) := ([∆D̄• ], [∆X̄ ]) :

Cone(Z(i• × I) : (Z
tr((D̄• × S,D•)/S), uIJ)→ Ztr((X̄ × S,X)/S))→

pS∗Eet(Cone(Z(i• × I) : (Z((D̄• × S,D•)/X̄ × S), uIJ)→

Z((X̄ × S,X)/X̄ × S)))(dX )[2dX ] =: R(X̄,D̄)/S(Z(U/S))(dX )[2dX ]

given in definition 23(iii)’ is an equivalence (A1, et) local.

(iii)’ The morphism

T µ,q(pS♯, pS∗)(Z((D̄• × S,D•)/X̄ × S),Z((X̄ × S,X)/X̄ × S)) :

Cone(Z(i• × I) : (Z
tr((D̄• × S,D•)/S), uIJ)→ Ztr((X̄ × S,X)/S))

→ LρS∗µS∗R(X̄,D̄)/S(Z(U/S))(dX)[2dX ]

given in definition 23(iii)’ is an equivalence (A1, et) local.

Proof. (i): By Yoneda lemma, it is equivalent to show that for every morphism g : T → S with T ∈ Var(k)
and every closed subset E ⊂ T , the composition morphism

[∆D̄• ] : Hom
•(Z((T,E)/S), C∗Z

tr((D̄• × S,D•)/S))
Hom•(Z((T,E)/S),C∗∆D̄•)−−−−−−−−−−−−−−−−−→

Hom•(Z((T,E)/S), pS∗Eet(Z((D̄• × S,D•)/X̄ × S)(dX)[2dX ]))

is a quasi-isomorphism of abelian groups. But this map is the composite

Hom•(Z((T,E)/S),Ztr((D̄• × S,D•)/S))
[∆D̄• ]−−−−→

Hom•(Z((T,E)/S), pS∗Eet(Z((D̄• × S,D•)/X̄ × S)(dX)[2dX ]))
∼
−→

Hom•(Z((T × X̄, E)/S × X̄),

C∗Z
tr((D̄• × S × PdX , D• × PdX )/X̄ × S)/Ztr((−)× PdX−1, (−)× PdX−1))

which is clearly a quasi-isomorphism.
(ii): Similar to (i).
(iii):Follows from (i) and (ii).
(iii)’:Follows from (iii) and the fact that µS∗ preserve (A1, et) local equivalence (see proposition 9) and
the fact that ρS∗ preserve (A1, et) local equivalence (see proposition 8).

Definition 24. (i) Let h : U → S a morphism, with U, S ∈ Var(k), U smooth. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U .
Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄)→ (X̄0, Z̄) of the pair (X̄0, Z̄), with
X̄ ∈ PSmVar(k) and D̄ := ǭ−1(Z̄) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. We will consider the
following canonical map in C(Var(k)sm/S)

T(X̄,D̄)/S(U/S) : Gr12S∗ LρS∗µS∗R(X̄,D̄)/S(Z(U/S))
q
−→ Gr12S∗ ρS∗µS∗R(X̄,D̄)/S(Z(U/S))

r(X̄,D̄)/S(Z(U/S))
−−−−−−−−−−−→ Gr12S∗ ρS∗µS∗pS∗Eet(Z((U × S,U)/U × S))

l(U/S)
−−−−→ h∗Eet(Z(U/U)) =: D0

S(Z(U/S))

where, for h′ : V → S a smooth morphism with V ∈ Var(k),

l00(U/S)(V/S) : Z((U × S,U)/U × S)(V × U × S, V ×S U/U × S)→ Z(U/U)(V ×S U), α 7→ α|V×SU
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which gives

l0(U/S)(V/S) : E0
et(Z((U × S,U)/U × S))(V × U × S, V ×S U/U × S)→ E0

et(Z(U/U))(V ×S U),

and by induction

τ≤il(U/S) : Gr12S∗ ρS∗µS∗pS∗E
≤i
et (Z((U × S,U)/U × S))→ h∗E

≤i
et (Z(U/U))

where τ≤i is the cohomological truncation.

(ii) Let g : U ′/S → U/S a morphism, with U ′/S = (U ′, h′), U/S = (U, h) ∈ Var(k)/S, U ,U ′ smooth.
Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S and a
compactification f̄ ′0 = h̄′ : X̄ ′0 → S of h′ : U ′ → S such that g : U ′/S → U/S extend to a morphism
ḡ0 : X̄ ′0/S̄ → X̄0/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄ ′0\U

′. Take, see definition-proposition 3(ii), a
strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄), a strict desingularization ǭ′• : (X̄

′, D̄′) →
(X̄ ′0, Z̄

′) of (X̄ ′0, Z̄
′) and a morphism ḡ : X̄ ′ → X̄ such that the following diagram commutes

X̄ ′0
ḡ0 // X̄0

X̄ ′

ǭ′

OO

ḡ // X̄

ǭ

OO .

Then by the diagram given in definition 22(ii), the following diagram in C(Var(k)sm/S) obviously
commutes

Gr12S∗ LρS∗µS∗R(X̄,D̄)/S(Z(U/S))
T(X̄,D̄)/S(U/S) //

RCHS (g)

��

h∗Eet(Z(U/U)) := D0
S(Z(U/S))

T (g,E)(−)◦ad(g∗,g∗)(Eet(Z(U/U))):=D
0
S(g)

��
Gr12S∗ LρS∗µS∗R(X̄′,D̄′)/S(Z(U

′/S))
T(X̄′ ,D̄′)/S(U

′/S)
// h′∗Eet(Z(U

′/U ′)) := D0
S(Z(U

′/S))

where l(U/S) are l(U ′/S) are the maps given in (i).

(iii) Let S ∈ SmVar(k). Let F ∈ C(Var(k)sm/S). We get from (i) and (ii) morphisms in C(Var(k)sm/S)

TCHS (LF ) : Gr12S∗ LρS∗µS∗R(X̄∗,D̄∗)/S(ρ
∗
SLF )

rCHS (LF )
−−−−−−→ Gr12S∗ LρS∗µS∗D

12
S (ρ∗SLF )

l(L(F )
−−−−→ D0

S(L(F ))

Lemma 1. (i) Let h : U → S a morphism, with U, S ∈ Var(k), U smooth. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U .
Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄)→ (X̄0, Z̄) of the pair (X̄0, Z̄), with
X̄ ∈ PSmVar(k) and D̄ := ǭ−1(Z̄) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. Then the map in
C(Var(k)2,smpr/S)

ad(Gr12∗S ,Gr12S∗)(LρS∗µS∗R(X̄,D̄)/S(Z(U/S))) ◦ q :

Gr12∗S LGr12S∗ LρS∗µS∗R(X̄,D̄)/S(Z(U/S))→ LρS∗µS∗R(X̄,D̄)/S(Z(U/S))

is an equivalence (A1, et) local.

(ii) Let S ∈ SmVar(k). Let F ∈ C(Var(k)sm/S). Then the map in C(Var(k)2,smpr/S)

ad(Gr12∗S ,Gr12S∗)(LρS∗µS∗R(X̄∗,D̄∗)/S(ρ
∗
SLF )) ◦ q :

Gr12∗S LGr12S∗ LρS∗µS∗R(X̄∗,D̄∗)/S(ρ
∗
SLF )→ LρS∗µS∗R(X̄∗,D̄∗)/S(ρ

∗
SLF )

is an equivalence (A1, et) local.
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Proof. (i): Follows from proposition 12.
(ii): Follows from (i).

Definition 25. (i) Let h : U → S a morphism, with U, S ∈ Var(k) and U smooth. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U .
Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of the pair (X̄0, Z̄),
with X̄ ∈ PSmVar(k) and D̄ := ǫ−1(Z̄) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. We denote
by i• : D̄• →֒ X̄ = X̄c(•) the morphism of simplicial varieties given by the closed embeddings
iI : D̄I = ∩i∈ID̄i →֒ X̄ We denote by j : U →֒ X̄ the open embedding and by pS : X̄ × S → S

and pS : U × S → S the projections. Considering the graph factorization f̄ : X̄
l̄
−→ X̄ × S̄

pS̄−→ S̄
of f̄ : X̄ → S̄, where l̄ is the graph embedding and pS̄ the projection, we get closed embeddings
l := l̄ ×S̄ S : X →֒ X̄ × S and lDI := D̄I ×X̄ l : DI →֒ D̄I × S. We then consider the map in
C(Var(k)2,smpr/S)

T (R̂CH, RCH)(Z(U/S)) : R̂(X̄,D̄)/S(Z(U/S))
:=
−→ Cone(Z(i• × I) : (Z

tr((D̄• × S,D•)/S), uIJ)→ Ztr((X̄ × S,X)/S))(−dX)[−2dX ]

Tµ,q(pS♯,pS∗)(Z((D̄•×S,D•)/X̄×S),Z((X̄×S,X)/X̄×S))(−dX)[−2dX ]
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

LρS∗µS∗R(X̄,D̄)/S(Z(U/S)).

given in definition 23(iii).

(ii) Let g : U ′/S → U/S a morphism, with U ′/S = (U ′, h′), U/S = (U, h) ∈ Var(k)/S, with U and U ′

smooth. Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S and
a compactification f̄ ′0 = h̄′ : X̄ ′0 → S̄ of h′ : U ′ → S such that g : U ′/S → U/S extend to a morphism
ḡ0 : X̄ ′0/S̄ → X̄0/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄ ′0\U

′. Take, see definition-proposition 3(ii), a
strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄), a strict desingularization ǭ′• : (X̄

′, D̄′) →
(X̄ ′0, Z̄

′) of (X̄ ′0, Z̄
′) and a morphism ḡ : X̄ ′ → X̄ such that the following diagram commutes

X̄ ′0
ḡ0 // X̄0

X̄ ′

ǭ′

OO

ḡ // X̄

ǭ

OO .

We then have, see definition-proposition 3(ii), the diagram (7) in Fun(∆,Var(k))

U = Uc(•)
j // X̄ = X̄c(•) D̄sg(•)

i•oo

U ′ = U ′c(•)
j′ //

g

OO

X̄ ′ = X̄ ′c(•)

ḡ

OO

D̄′•
i′•oo ḡ−1(D̄sg(•)) : i

′
g•

i′′g•oo

ḡ′•

OO

Consider

[Γḡ]
t ∈ Hom(Ztr((X̄ × S,X)/S)(−dX)[−2dX ],Z

tr((X̄ ′ × S,X ′)/S)(−dX′)[−2dX′ ])
∼
−→ Hom(Ztr((X̄ × AdX′ × S,X × AdX′ )/S),

Ztr((X̄
′ × PdX × S,X ′ × PdX )/S)/Ztr((−)× PdX−1, (−)× PdX−1))

the morphism given by the transpose of the graph Γg ⊂ X ′ ×S X of ḡ : X̄ ′ → X̄. Then, since
i• ◦ ḡ′• = ḡ ◦ i′′g• = ḡ ◦ i′ ◦ ◦i′g•, we have the factorization

[Γg]
t ◦ Z(i• × I) : (Z

tr((D̄sg(•) × S,Dsg(•))/S), uIJ)(−dX)[−2dX ]

[Γḡ′•
]t

−−−−→ (Ztr((ḡ−1(D̄sg(•))× S, ḡ
−1(Dsg(•)))/S), uIJ)(−dX′)[−2dX′ ])

Z(i′g•×I)
−−−−−−→ Ztr((X̄ ′ × S,X ′)/S)(−dX′)[−2dX′ ].
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with

[Γḡ′• ]
t ∈ Hom((Ztr((D̄sg(•) × AdX′ × S,Dsg(•) × AdX′ )/S), uIJ),

(Ztr((ḡ
−1(D̄sg(•))× PdX × S, ḡ−1(Dsg(•))× PdX )/S), uIJ)/Z

tr((−)× PdX−1, (−)× PdX−1)).

We then consider the following map in C(Var(k)2,pr/S)

R̂CHS (g) : R̂(X̄,D̄)/S(Z(U/S))
:=
−→

Cone(Z(i• × I) : (Z
tr((D̄sg(•) × S,Dsg(•))/S), uIJ)→ Ztr((X̄ × S,X)/S))(−dX)[−2dX ]

([Γḡ′•
]t,[Γḡ]

t)
−−−−−−−−→

Cone(Z(i′g• × I) :

(Ztr((ḡ−1(D̄sg(•))× S, ḡ
−1(Dsg(•))/S), uIJ)→ Ztr((X̄ ′ × S,X ′)/S)))(−dX′)[−2dX′ ]

(Z(i′′g•×I),I)(−dX′)[−2dX′ ]
−−−−−−−−−−−−−−−−−−→

Cone(Z(i′• × I) : ((Z
tr((D̄′• × S,D

′
•))/S), uIJ)→ Ztr((X̄ ′ × S,X ′)/S)))(−dX′)[−2dX′ ]

=:
−→ R̂(X̄′,D̄′)/S(Z(U

′/S))

Then the following diagram in C(Var(k)2,smpr/S) commutes by definition

R̂(X̄,D̄)/S(Z(U/S))
T (R̂CH ,RCH)(Z(U/S))//

R̂CHS (g)

��

LρS∗µS∗R(X̄,D̄)/S(Z(U/S))

LρS∗µS∗R
CH
S (g)

��
R̂(X̄′,D̄′)/S(Z(U

′/S))
T (R̂CH ,RCH)(Z(U ′/S))// LρS∗µS∗R(X̄′,D̄′)/S(Z(U

′/S))

.

(iii) For g1 : U ′′/S → U ′/S, g2 : U ′/S → U/S two morphisms with U ′′/S = (U ′, h′′), U ′/S =
(U ′, h′), U/S = (U, h) ∈ Var(k)/S, with U , U ′ and U ′′ smooth. We get from (i) and (ii) a compact-
ification f̄ = h̄ : X̄ → S̄ of h : U → S, a compactification f̄ ′ = h̄′ : X̄ ′ → S̄ of h′ : U ′ → S, and a
compactification f̄ ′′ = h̄′′ : X̄ ′′ → S̄ of h′′ : U ′′ → S, with X̄, X̄ ′, X̄ ′′ ∈ PSmVar(k), D̄ := X̄\U ⊂ X̄
D̄′ := X̄ ′\U ′ ⊂ X̄ ′, and D̄′′ := X̄ ′′\U ′′ ⊂ X̄ ′′ normal crossing divisors, such that g1 : U ′′/S → U ′/S
extend to ḡ1 : X̄

′′/S̄ → X̄ ′/S̄, g2 : U ′/S → U/S extend to ḡ2 : X̄ ′/S̄ → X̄/S̄, and

R̂CHS (g2 ◦ g1) = R̂CHS (g1) ◦ R̂
CH
S (g2) : R̂(X̄,D̄)/S → R̂(X̄′′,D̄′′)/S

(iv) For

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we get from
(i),(ii) and (iii) the map in C(Var(k)2,smpr/S)

T (R̂CH, RCH)(Q∗) : R̂CH(Q∗) := (· · · → ⊕β∈Λn−1 lim
−→

(X̄n−1
β ,D̄n−1

β )/S

R̂(X̄n−1
β ,D̄n−1

β )/S(Z(U
n−1
β /S))

(R̂CHS (gnα,β))
−−−−−−−−→ ⊕α∈Λn lim

−→
(X̄nα ,D̄

n
α)/S

R̂(X̄nα ,D̄
n
α)/S

(Z(Unα/S))→ · · · )→ LρS∗µS∗R
CH(Q∗),

where for (Unα , h
n
α) ∈ Var(k)/S, the inductive limit run over all the compactifications f̄α : X̄α → S̄

of hα : Uα → S with X̄α ∈ PSmVar(k) and D̄α := X̄α\Uα a normal crossing divisor. For m =
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(m∗) : Q∗1 → Q∗2 a morphism with

Q∗1 := (· · · → ⊕α∈ΛnZ(U
n
1,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−11,β /S)→ · · · ),

Q∗2 := (· · · → ⊕α∈ΛnZ(U
n
2,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−12,β /S)→ · · · ) ∈ C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U∗1,α and U∗2,α smooth, we
get again from (i),(ii) and (iii) a commutative diagram in C(Var(k)2,smpr/S)

R̂CH(Q∗2)
T (R̂CHS ,RCHS )(Q∗2)//

R̂CHS (m):=(R̂CHS (m∗))
��

LρS∗µS∗R
CH(Q∗2)

LρS∗µS∗R
CH
S (m):=LρS∗µS∗(R

CH
S (m∗))

��
R̂CH(Q∗1)

T (R̂CHS ,RCHS )(Q∗1)// LρS∗µS∗RCH(Q∗1)

.

• Let S ∈ Var(k) For (h,m,m′) = (h∗,m∗,m
′∗) : Q∗1[1] → Q∗2 an homotopy with Q∗1, Q

∗
2 ∈

C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with U∗1,α and
U∗2,α smooth,

(R̂CHS (h), R̂CHS (m), R̂CHS (m′)) = (R̂CHS (h∗), R̂CHS (m∗), R̂CHS (m
′∗)) : RCH(Q∗2)[1]→ RCH(Q∗1)

is an homotopy in C(Var(k)2,smpr/S) using definition 25 (iii). In particular if m : Q∗1 → Q∗2 with
Q∗1, Q

∗
2 ∈ C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with

U∗1,α and U∗2,α smooth is an homotopy equivalence, then R̂CHS (m) : R̂CH(Q∗2) → R̂CH(Q∗1) is an
homotopy equivalence.

• Let S ∈ SmVar(k). Let F ∈ PSh(Var(k)sm/S). Consider

q : LF := (· · · → ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)
(Z(gnα,β))
−−−−−−→ ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)→ · · · )→ F

the canonical projective resolution given in subsection 2.3.3. Note that the Uα are smooth since S
is smooth and hα are smooth morphism. Definition 25(iv) gives in this particular case the map in
C(Var(k)2/S)

T (R̂CHS , RCHS )(ρ∗SLF ) : R̂
CH(ρ∗SLF ) := (· · · → ⊕(Uα,hα)∈Var(k)sm/S lim−→

(X̄α,D̄α)/S

R̂(X̄α,D̄α)/S(Z(Uα/S))

(R̂CHS (gnα,β))
−−−−−−−−→ ⊕(Uα,hα)∈Var(k)sm/S lim

−→
(X̄α,D̄α)/S

R̂(X̄α,D̄α)/S(Z(Uα/S))→ · · · )→ LρS∗µS∗R
CH(ρ∗SLF ),

where for (Uα, hα) ∈ Var(k)sm/S, the inductive limit run over all the compactifications f̄α : X̄α → S̄
of hα : Uα → S with X̄α ∈ PSmVar(k) and D̄α := X̄α\Uα a normal crossing divisor. Defini-
tion 25(iv) gives then by functoriality in particular, for F = F • ∈ C(Var(k)sm/S), the map in
C(Var(k)2,smpr/S)

T (R̂CHS , RCHS )(ρ∗SLF ) : R̂
CH(ρ∗SLF )→ LρS∗µS∗R

CH(ρ∗SLF ).

• Let g : T → S a morphism with T, S ∈ SmVar(k). Let h : U → S a smooth morphism with
U ∈ Var(k). Consider the cartesian square

UT
h′ //

g′

��

T

g

��
U

h // S
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Note that U is smooth since S and h are smooth, and UT is smooth since T and h′ are smooth.
Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S and a
compactification f̄ ′0 = ¯g ◦ h′ : X̄ ′0 → S̄ of g ◦ h′ : U ′ → S such that g′ : UT /S → U/S extend
to a morphism ḡ′0 : X̄ ′0/S̄ → X̄0/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄ ′0\UT . Take, see definition-
proposition 3(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄), a desingularization
ǭ′• : (X̄

′, D̄′)→ (X̄ ′0, Z̄
′) of (X̄ ′0, Z̄

′) and a morphism ḡ′ : X̄ ′ → X̄ such that the following diagram
commutes

X̄ ′0
ḡ′0 // X̄0

X̄ ′

ǭ′

OO

ḡ′ // X̄

ǭ

OO .

We then have, see definition-proposition 3(ii), the following commutative diagram in Fun(∆,Var(k))

U = Uc(•)
j // X̄ = X̄c(•) D̄sg′ (•)

i•oo

UT = UT,c(•)
j′ //

g′

OO

X̄ ′ = X ′c(•)

ḡ′

OO

D̄′•
i′•oo ḡ

′−1(D̄sg′ (•)
) : i′g•

i′′
g′•oo

(ḡ′)′•

OO

We then consider the following map in C(Var(k)2,pr/T ),

T (g, R̂CH)(Z(U/S)) : g∗R̂(X̄,D̄)/S(Z(U/S))
:=
−→ g∗Cone(Z(i• × I) : (Z

tr((D̄• × S,D•)/S), uIJ)→ Ztr((X̄ × S,X)/S))(−dX)[−2dX ]
T (g,L)(−)◦T (g,c)(−)
−−−−−−−−−−−−−→

Cone(Z(i′g• × I) : (Z
tr((D̄• × T, ḡ

−1(Dsg(•))/T ), uIJ)→ Ztr((X̄ × T,X ′)/T )))(−dX)[−2dX ]

([Γḡ′•
]t,[Γḡ]

t)
−−−−−−−−→

Cone(Z(i′g• × I) :

(Ztr((ḡ−1(D̄sg(•))× T, ḡ
−1(Dsg(•))/T ), uIJ)→ Ztr((X̄ ′ × T,X ′)/T )))(−dX′)[−2dX′ ]

(Z(i′′g•×I),I)(−dX′)[−2dX′ ]
−−−−−−−−−−−−−−−−−−→

Cone(Z(i′• × I) : ((Z
tr((D̄′• × T,D

′
•))/T ), uIJ)→ Ztr((X̄ ′ × S,X ′)/T )))(−dX′)[−2dX′ ]

=:
−→ R̂(X̄′,D̄′)/T (Z(UT /T ))

For

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with hnα : Unα → S smooth, we
get the map in C(Var(k)2,smpr/T )

T (g, R̂CH)(Q∗) : g∗R̂CH(Q∗) = (· · · → ⊕α∈Λn lim
−→

(X̄nα ,D̄
n
α)/S

g∗R̂(X̄nα ,D̄
n
α)/S

(Z(Unα/S))→ · · · )

(T (g,R̂CH )(Z(Unα/S)))−−−−−−−−−−−−−−→ (· · · → ⊕α∈Λn lim
−→

(X̄n′α ,D̄n′α )/T

R̂(X̄n′α ,D̄n′α )/T (Z(U
n
α,T /S))→ · · · ) =: R̂CH(g∗Q∗)
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together with the commutative diagram in C(Var(k)2,smpr/T )

g∗R̂CH(Q∗)
T (g,R̂CH )(Q∗) //

g∗T (R̂CHS ,RCHS )(Q∗)

��

R̂CH(g∗Q∗)

T (R̂CHT ,RCHT )(g∗Q)

��
g∗LρS∗µS∗R

CH(Q∗)
T (g,RCH )(Q∗)◦T (g,µ)(−)◦T (g,ρ)(−)◦T (g,L)(−)// LρT∗µT∗RCH(g∗Q∗)

.

Let F ∈ PSh(Var(k)sm/S). Consider

q : LF := (· · · → ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)→ · · · )→ F

the canonical projective resolution given in subsection 2.3.3. We then get in particular the map in
C(Var(k)2,smpr/T )

T (g, R̂CH)(ρ∗SLF ) : g
∗R̂CH(ρ∗SLF ) =

(· · · → ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄α,D̄α)/S

g∗R̂(X̄α,D̄α)/S(Z(Uα/S))→ · · · )
(T (g,R̂CH )(Z(Uα/S)))
−−−−−−−−−−−−−−→

(· · · → ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄′α,D̄
′
α)/T

R̂(X̄′α,D̄
′
α)/T

(Z(Uα,T /S))→ · · · ) =: R̂CH(ρ∗T g
∗LF ),

and by functoriality, we get in particular for F = F • ∈ C(Var(k)sm/S), the map in C(Var(k)2,smpr/T )

T (g, R̂CH)(ρ∗SLF ) : g
∗R̂CH(ρ∗SLF )→ R̂CH(ρ∗T g

∗LF )

together with the commutative diagram in C(Var(k)2,smpr/T )

g∗R̂CH(ρ∗SLF )
T (g,R̂CH )(ρ∗SLF ) //

g∗T (R̂CHS ,RCHS )(ρ∗SLF )

��

R̂CH(ρ∗T g
∗LF )

T (R̂CHT ,RCHT )(ρ∗T g
∗LF )

��
g∗LρS∗µS∗R

CH(ρ∗SLF )
LρT∗µT∗T (g,RCH )(ρ∗SLF )◦T (g,µ)(−)◦T (g,ρ)(−)◦T (g,L)(−)// LρT∗µT∗RCH(ρ∗T g

∗LF )

.

• Let S1, S2 ∈ SmVar(k) and p : S1 × S2 → S1 the projection. Let h : U → S1 a smooth morphism
with U ∈ Var(k). Consider the cartesian square

U × S2
h×I //

p′

��

S1 × S2

p

��
U

h // S1

Take, see definition-proposition 3(i),a compactification f̄0 = h̄ : X̄0 → S̄1 of h : U → S1. Then
f̄0 × I : X̄0 × S2 → S̄1 × S2 is a compactification of h× I : U × S2 → S1 × S2 and p′ : U × S2 → U
extend to p̄′0 := pX0 : X̄0 × S2 → X̄0. Denote Z = X0\U . Take see theorem 16(i), a strict
desingularization ǭ : (X̄, D̄)→ (X̄0, Z̄) of the pair (X̄0, Z̄). We then have the commutative diagram
(8) in Fun(∆,Var(k)) whose squares are cartesian

U = Uc(•)
j // X̄ D̄•

i•oo

U × S2 = (U × S2)c(•)
j×I //

g

OO

X̄ × S2

p̄′:=pX̄

OO

D̄• × S2

i′•oo

p̄′′•

OO
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Then the map in C(Var(k)2,smpr/S1 × S2)

T (p, R̂CH)(Z(U/S1)) : p
∗R̂(X̄,D̄)/S1

(Z(U/S1))
∼
−→ R̂(X̄×S2,D̄•×S2)/S1×S2

(Z(U × S2/S1 × S2))

is an isomorphism. Hence, for Q∗ ∈ C(Var(k)/S1) a complex of (maybe infinite) direct sum of
representable presheaves of smooth morphism, the map in C(Var(k)2,smpr/S1 × S2)

T (p, R̂CH)(Q∗) : p∗R̂CH(Q∗)
∼
−→ R̂CH(p∗Q∗)

is an isomorphism. In particular, for F ∈ C(Var(k)sm/S1) the map in C(Var(k)2,smpr/S1 × S2)

T (p, R̂CH)(ρ∗S1
LF ) : p∗R̂CH(ρ∗S1

LF )
∼
−→ R̂CH(ρ∗S1×S2

p∗LF )

is an isomorphism.

• Let h1 : U1 → S, h2 : U2 → S two morphisms with U1, U2, S ∈ Var(k), U1, U2 smooth. Denote by
p1 : U1 ×S U2 → U1 and p2 : U1 ×S U2 → U2 the projections. Take, see definition-proposition 3(i)),
a compactification f̄10 = h̄1 : X̄10 → S̄ of h1 : U1 → S and a compactification f̄20 = h̄2 : X̄20 → S̄
of h2 : U2 → S. Then,

– f̄10 × f̄20 : X̄10 ×S̄ X̄20 → S is a compactification of h1 × h2 : U1 ×S U2 → S.

– p̄10 := pX10 : X̄10 ×S̄ X̄20 → X̄10 is a compactification of p1 : U1 ×S U2 → U1.

– p̄20 := pX20 : X̄10 ×S̄ X̄20 → X̄20 is a compactification of p2 : U1 ×S U2 → U2.

Denote Z̄1 = X̄10\U1 and Z̄2 = X̄20\U2. Take, see theorem 16(i), a strict desingularization ǭ1 :
(X̄1, D̄)→ (X̄10, Z1) of the pair (X̄10, Z̄1) and a strictdesingularization ǭ2 : (X̄2, Ē)→ (X̄20, Z2) of
the pair (X̄20, Z̄2). Take then a strict desingularization

ǭ12 : ((X̄1 ×S̄ X̄2)
N , F̄ )→ (X̄1 ×S̄ X̄2, (D ×S̄ X̄2) ∪ (X̄1 ×S̄ Ē))

of the pair (X̄1×S̄ X̄2, (D̄×S̄ X̄2)∪ (X̄1 ×S̄ Ē)). We have then the following commutative diagram

X̄1
f̄1 // S̄

X̄1 ×S̄ X̄2
p̄1 //

p̄2

OO

X̄2

f̄2

OO

(X̄1 ×S̄ X̄2)
N

ǭ12

77♦♦♦♦♦♦♦♦♦♦♦

(p̄1)
N

44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

(p̄2)
N

??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

and

– f̄1 × f̄2 : X̄1 ×S̄ X̄2 → S̄ is a compactification of h1 × h2 : U1 ×S U2 → S.

– (p̄1)
N := p̄1 ◦ ǫ12 : (X̄1 ×S̄ X̄2)

N → X̄1 is a compactification of p1 : U1 ×S U2 → U1.

– (p̄2)
N := p̄2 ◦ ǫ12 : (X̄1 ×S̄ X̄2)

N → X̄2 is a compactification of p2 : U1 ×S U2 → U2.

We have then the morphism in C(Var(k)2,smpr/S)

T (⊗, R̂CHS )(Z(U1/S),Z(U2/S)) := R̂CHS (p1)⊗ R̂
CH
S (p2) :

R̂(X̄1,D̄)/S(Z(U1/S))⊗ R̂(X2,E))/S(Z(U2/S))
∼
−→ R̂(X̄1×S̄X̄2)N ,F̄ )/S(Z(U1 ×S U2/S))

For

Q∗1 := (· · · → ⊕α∈ΛnZ(U
n
1,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−11,β /S)→ · · · ),

Q∗2 := (· · · → ⊕α∈ΛnZ(U
n
2,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−12,β /S)→ · · · ) ∈ C(Var(k)/S)
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complexes of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we get the
morphism in C(Var(k)2,smpr/S)

T (⊗, R̂CHS )(Q∗1, Q
∗
2) : R̂

CH(Q∗1)⊗R
CH(Q∗2)

(T (⊗,R̂CHS )(Z(Um1,α),Z(U
n
2,β))

−−−−−−−−−−−−−−−−−−−→ R̂CH(Q∗1 ⊗Q
∗
2))

, together with the commutative diagram in C(Var(k)2,smpr/S)

R̂CH(Q∗1)⊗ R
CH(Q∗2)

T (⊗,R̂CHS )(Q∗1 ,Q2) //

T (R̂CHS ,RCHS )(Q∗1)⊗T (R̂CHS ,RCHS )(Q∗2)

��

R̂CH(Q∗1 ×Q
∗
2)

T (R̂CHS ,RCHS )(Q∗1⊗Q
∗
2)

��
LρS∗µS∗(R

CH(Q∗1)⊗R
CH(Q∗2))

LρS∗µS∗T (⊗,RCHS )(Q∗1 ,Q2) // LρS∗µS∗RCH(Q∗1 ⊗Q2)

.

For F1, F2 ∈ C(Var(k)sm/S), we get in particular the morphism in C(Var(k)2/S)

T (⊗, RCHS )(ρ∗SLF1, ρ
∗
SLF2) : R

CH(ρ∗SLF1)⊗R
CH(ρ∗SLF2)→ RCH(ρ∗S(LF1 ⊗ LF2))

together with the commutative diagram in C(Var(k)2,smpr/S)

R̂CH(ρ∗SLF1)⊗RCH(ρ∗SLF2)
T (⊗,R̂CHS )(ρ∗SLF1,ρ

∗
SLF2) //

T (R̂CHS ,RCHS )(ρ∗SLF1)⊗T (R̂CHS ,RCHS )(ρ∗SLF2)

��

R̂CH(ρ∗SLF1 × ρ∗SLF2)

T (R̂CHS ,RCHS )(ρ∗SLF1⊗ρ
∗
SLF

��
LρS∗µS∗(R

CH(ρ∗SLF1)⊗RCH(ρ∗SLF2))
LρS∗µS∗T (⊗,RCHS )(ρ∗SLF1,ρ

∗
SLF2)// LρS∗µS∗RCH(ρ∗SLF1 × ρ∗SLF2)

For S ∈ Var(k), we will use rather the functors R0CH
S and R̂0CH

S since we are working in the image
of the graph functor Gr12S : Var(k)/S → Var(k)2/S. We have the full subcategory SmVar(k)/S ⊂
Var(k)/S whose objects are morphisms f : X → S with X ∈ SmVar(k). Then Gr12S (SmVar(k)/S) ⊂
Var(k)2,smpr/S. If S ∈ SmVar(k), we have the factorization of morphism of site

Gr12S : Var(k)2,smpr/S
Gr12S−−−→ SmVar(k)/S

ρS
−−→ Var(k)sm/S.

Definition 26. (i) Let h : U → S a morphism, with U, S ∈ Var(k) and U smooth. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U .
Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of the pair (X̄0, Z̄),
with X̄ ∈ PSmVar(k) and D̄ := ǫ−1(Z̄) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. We denote
by i• : D̄• →֒ X̄ = X̄c(•) the morphism of simplicial varieties given by the closed embeddings
iI : D̄I = ∩i∈ID̄i →֒ X̄ We denote by j : U →֒ X̄ the open embedding. We then consider the
following map in C(Var(k)/S)

r0(X̄,D̄)/S(Z(U/S)) : R
0
(X̄,D̄)/S(Z(U/S))

:=
−→ f̄∗Eet(Cone(Z(i•) : (Z((D̄•)/X̄), uIJ)→ Z((X̄/X̄))))

f̄∗Eet(0,k◦ad(j
∗,j∗)(Z(X̄/X̄)))

−−−−−−−−−−−−−−−−−−−−→ h∗Eet(Z(U/U)) =: D0
S(Z(U/S)).

Note that Z(D̄I/X̄) and Z(X̄/X̄) are obviously A1 invariant. Note that r(X,D)/S is NOT an equiv-
alence (A1, et) local by proposition 4 since ρX̄∗Z(D̄•/X̄) = 0, and ρX̄∗ ad(j

∗, j∗)(Z(X̄/X̄)) is not
an equivalence (A1, et) local.

(ii) Let g : U ′/S → U/S a morphism, with U ′/S = (U ′, h′), U/S = (U, h) ∈ Var(k)/S, with U and U ′

smooth. Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S and
a compactification f̄ ′0 = h̄′ : X̄ ′0 → S̄ of h′ : U ′ → S such that g : U ′/S → U/S extend to a morphism
ḡ0 : X̄ ′0/S̄ → X̄0/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄ ′0\U

′. Take, see definition-proposition 3(ii), a
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strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄), a strict desingularization ǭ′• : (X̄
′, D̄′) →

(X̄ ′0, Z̄
′) of (X̄ ′0, Z̄

′) and a morphism ḡ : X̄ ′ → X̄ such that the following diagram commutes

X̄ ′0
ḡ0 // X̄0

X̄ ′

ǭ′

OO

ḡ // X̄

ǭ

OO .

We then have, see definition-proposition 3(ii), the commutative diagram (7) in Fun(∆,Var(k))

U = Uc(•)
j // X̄ = X̄c(•) D̄sg(•)

i•oo

U ′ = U ′c(•)
j′ //

g

OO

X̄ ′ = X̄ ′c(•)

ḡ

OO

D̄′•
i′•oo ḡ−1(D̄sg(•)) : i

′
g•

i′′g•oo

ḡ′•

OO

We then consider the following map in C(Var(k)/S)

R0CH
S (g) : R0

(X̄,D̄)/S(Z(U/S))
:=
−→

f̄∗Eet(Cone(Z(i•) : (Z((D̄sg(•))/X̄), uIJ)→ Z(X̄/X̄)))

T (ḡ,E)(−)◦pS∗ ad(ḡ
∗,ḡ∗)(−)

−−−−−−−−−−−−−−−−−−→

f̄ ′∗Eet(Cone(Z(i
′
g•) : (Z((ḡ

−1(D̄sg(•))/X̄
′), uIJ)→ Z((X̄ ′/X̄ ′)))

f̄ ′∗Eet(Z(i
′′
g•),I)

−−−−−−−−−−→

f̄ ′∗Eet(Cone(Z(i
′
•) : (Z(D̄

′
•/X̄

′), uIJ)→ Z(X̄ ′/X̄ ′)))
=:
−→ R0

(X̄′,D̄′)/S(Z(U
′/S))

Then by the diagram (7) and adjonction, the following diagram in C(Var(k)/S) obviously commutes

R0
(X̄,D̄)/S

(Z(U/S))
r(X̄,D̄)/S(Z(U/S))//

R0CH
S (g)

��

h∗Eet(Z(U/U) =: D0
S(Z(U/S))

DS(g):=T (g,E)(−)◦ad(g∗,g∗)(Eet(Z(U/U)))

��
R0

(X̄′,D̄′)/S
(Z(U ′/S))

r0
(X̄′,D̄′)/S

(Z(U ′/S))
// h′∗Eet(Z(U

′/U ′)) =: D0
S(Z(U

′/S))

.

(iii) For g1 : U ′′/S → U ′/S, g2 : U ′/S → U/S two morphisms with U ′′/S = (U ′, h′′), U ′/S =
(U ′, h′), U/S = (U, h) ∈ Var(k)/S, with U , U ′ and U ′′ smooth. We get from (i) and (ii) a compact-
ification f̄ = h̄ : X̄ → S̄ of h : U → S, a compactification f̄ ′ = h̄′ : X̄ ′ → S̄ of h′ : U ′ → S, and a
compactification f̄ ′′ = h̄′′ : X̄ ′′ → S̄ of h′′ : U ′′ → S, with X̄, X̄ ′, X̄ ′′ ∈ PSmVar(k), D̄ := X̄\U ⊂ X̄
D̄′ := X̄ ′\U ′ ⊂ X̄ ′, and D̄′′ := X̄ ′′\U ′′ ⊂ X̄ ′′ normal crossing divisors, such that g1 : U ′′/S → U ′/S
extend to ḡ1 : X̄

′′/S̄ → X̄ ′/S̄, g2 : U ′/S → U/S extend to ḡ2 : X̄ ′/S̄ → X̄/S̄, and

R0CH
S (g2 ◦ g1) = R0CH

S (g1) ◦R
0CH
S (g2) : R

0
(X̄,D̄)/S → R0

(X̄′′,D̄′′)/S

(iv) For

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)
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a complex of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we get from
(i), (ii) and (iii) the map in C(Var(k)/S)

r0CHS (Q∗) : R0CH(Q∗) := (· · · → ⊕β∈Λn−1 lim
−→

(X̄n−1
β ,D̄n−1

β )/S

R0
(X̄n−1

β ,D̄n−1
β )/S

(Z(Un−1β /S))

(RCHS (gnα,β))
−−−−−−−−→ ⊕α∈Λn lim

−→
(X̄nα ,D̄

n
α)/S

R0
(X̄nα ,D̄

n
α)/S

(Z(Unα/S))→ · · · )→ DS(Q
∗),

where for (Unα , h
n
α) ∈ Var(k)/S, the inductive limit run over all the compactifications f̄α : X̄α → S̄

of hα : Uα → S with X̄α ∈ PSmVar(k) and D̄α := X̄α\Uα a normal crossing divisor. For m =
(m∗) : Q∗1 → Q∗2 a morphism with

Q∗1 := (· · · → ⊕α∈ΛnZ(U
n
1,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−11,β /S)→ · · · ),

Q∗2 := (· · · → ⊕α∈ΛnZ(U
n
2,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−12,β /S)→ · · · ) ∈ C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U∗1,α and U∗2,α smooth, we
get again from (i), (ii) and (iii) a commutative diagram in C(Var(k)/S)

R0CH(Q∗2)
r0CHS (Q∗2) //

R0CH
S (m):=(R0CH

S (m∗))

��

D0
S(Q

∗
2)

DS(m):=(D0
S(m

∗))

��
R0CH(Q∗1)

r0CHS (Q∗1) // D0
S(Q

∗
1)

.

(v) Let

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we have by
definition

Gr12∗S R0CH(Q∗) = RCH(Q∗) ∈ C(Var(k)2/S).

• Let S ∈ Var(k) For (h,m,m′) = (h∗,m∗,m
′∗) : Q∗1[1] → Q∗2 an homotopy with Q∗1, Q

∗
2 ∈

C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with U∗1,α and
U∗2,α smooth,

(R0CH
S (h), R0CH

S (m), R0CH
S (m′)) = (R0CH

S (h∗), R0CH
S (m∗), R0CH

S (m
′∗)) : R0CH(Q∗2)[1]→ R0CH(Q∗1)

is an homotopy in C(Var(k)/S) using definition 26 (iii). In particular if m : Q∗1 → Q∗2 with
Q∗1, Q

∗
2 ∈ C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with

U∗1,α and U∗2,α smooth is an homotopy equivalence, then R0CH
S (m) : R0CH(Q∗2)→ R0CH(Q∗1) is an

homotopy equivalence.

• Let S ∈ SmVar(k). Let F ∈ PSh(Var(k)sm/S). Consider

q : LF := (· · · → ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)
(Z(gnα,β))
−−−−−−→ ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)→ · · · )→ F

the canonical projective resolution given in subsection 2.3.3. Note that the Uα are smooth since S
is smooth and hα are smooth morphism. Definition 26(iv) gives in this particular case the map in
C(Var(k)/S)

r0CHS (ρ∗SLF ) : R
0CH(ρ∗SLF ) := (· · · → ⊕(Uα,hα)∈Var(k)sm/S lim

−→
(X̄α,D̄α)/S

R0
(X̄α,D̄α)/S

(Z(Uα/S))

(R0CH
S (gnα,β))

−−−−−−−−−→ ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄α,D̄α)/S

R0
(X̄α,D̄α)/S

(Z(Uα/S))→ · · · )→ D0
S(ρ
∗
SLF ),
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where for (Uα, hα) ∈ Var(k)sm/S, the inductive limit run over all the compactifications f̄α : X̄α → S̄
of hα : Uα → S with X̄α ∈ PSmVar(C) and D̄α := X̄α\Uα a normal crossing divisor. Defini-
tion 26(iv) gives then by functoriality in particular, for F = F • ∈ C(Var(k)sm/S), the map in
C(Var(k)/S)

r0CHS (ρ∗SLF ) = (r0CHS (ρ∗SLF
∗)) : R0CH(ρ∗SLF )→ D0

S(ρ
∗
SLF ).

• Let g : T → S a morphism with T, S ∈ SmVar(k). Let h : U → S a smooth morphism with
U ∈ Var(k). Consider the cartesian square

UT
h′ //

g′

��

T

g

��
U

h // S

Note that U is smooth since S and h are smooth, and UT is smooth since T and h′ are smooth.
Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S. Take,
see definition-proposition 3(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄). Then
f̄ ′0 = ¯g ◦ h′ : X̄T → T̄ is a compactification of g ◦ h′ : UT → S such that g′ : UT /S → U/S
extend to a morphism ḡ′0 : X̄T /S̄ → X̄/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄T \UT . Take, see
definition-proposition 3(ii), a strict desingularization ǫ′• : (X̄

′, D̄′)→ (X̄T , Z̄
′) of (X̄T , Z̄

′). Denote
ḡ′ = ḡ′0 ◦ ǫ

′
• : X̄

′ → X̄ . We then have, see definition-proposition 3(ii), the following commutative
diagram in Fun(∆,Var(k))

U = Uc(•)
j // X̄ = X̄c(•) D̄sg′ (•)

i•oo

UT = UT,c(•)
j′ //

g′

OO

X̄T = XT,c(•)

ḡ′0

OO

ḡ
′−1(D̄sg′ (•)

)
ig•oo

(ḡ′)′•

OO

UT = UT,c(•)
j′ //

g′

OO

X̄ ′ = X ′c(•)

ḡ′

OO

D̄′•
i′•oo ḡ

′−1(D̄sg′ (•)
) : i′g•

i′′
g′•oo

ǫ′•

OO

We then consider the following map in C(Var(k)/T ), see definition 26(ii)

T (g,R0CH)(Z(U/S)) : g∗R0
(X̄,D̄)/S(Z(U/S))

g∗R0CH
S (g′)

−−−−−−−−→ g∗R0
(X̄′,D̄′)/S(Z(UT /S)) = g∗g∗R

0
(X̄′,D̄′)/T (Z(UT /T ))

ad(g∗,g∗)(R
0
(X̄′,D̄′)/T

(Z(UT /T )))
−−−−−−−−−−−−−−−−−−−−−→ R0

(X̄′,D̄′)/T (Z(UT /T ))

For

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with hnα : Unα → S smooth, we
get the map in C(Var(k)/T )

T (g,R0CH)(Q∗) : g∗R0CH(Q∗) = (· · · → ⊕α∈Λn lim
−→

(X̄nα ,D̄
n
α)/S

g∗R0
(X̄nα ,D̄

n
α)/S

(Z(Unα/S))→ · · · )

(T (g,R0CH )(Z(Unα/S)))−−−−−−−−−−−−−−−→ (· · · → ⊕α∈Λn lim
−→

(X̄n′α ,D̄n′α )/T

R0
(X̄n′α ,D̄n′α )/T

(Z(Unα,T /S))→ · · · ) =: RCH(g∗Q∗).
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Let F ∈ PSh(Var(k)sm/S). Consider

q : LF := (· · · → ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)→ · · · )→ F

the canonical projective resolution given in subsection 2.3.3. We then get in particular the map in
C(Var(k)/T )

T (g,R0CH)(ρ∗SLF ) : g
∗R0CH(ρ∗SLF ) =

(· · · → ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄α,D̄α)/S

g∗R0
(X̄α,D̄α)/S

(Z(Uα/S))→ · · · )
(T (g,R0CH )(Z(Uα/S)))
−−−−−−−−−−−−−−−→

(· · · → ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄′α,D̄
′
α)/T

R0
(X̄′α,D̄

′
α)/T

(Z(Uα,T /S))→ · · · ) =: RCH(ρ∗T g
∗LF ).

By functoriality, we get in particular for F = F • ∈ C(Var(k)sm/S), the map in C(Var(k)/T )

T (g,R0CH)(ρ∗SLF ) : g
∗R0CH(ρ∗SLF )→ R0CH(ρ∗T g

∗LF ).

• Let S1, S2 ∈ SmVar(k) and p : S1 × S2 → S1 the projection. Let h : U → S1 a smooth morphism
with U ∈ Var(k). Consider the cartesian square

U × S2
h×I //

p′

��

S1 × S2

p

��
U

h // S1

Take, see definition-proposition 3(i),a compactification f̄0 = h̄ : X̄0 → S̄1 of h : U → S1. Then
f̄0 × I : X̄0 × S2 → S̄1 × S2 is a compactification of h× I : U × S2 → S1 × S2 and p′ : U × S2 → U
extend to p̄′0 := pX0 : X̄0 × S2 → X̄0. Denote Z = X0\U . Take see theorem 16(i), a strict
desingularization ǭ : (X̄, D̄)→ (X̄0, Z̄) of the pair (X̄0, Z̄). We then have the commutative diagram
(8) in Fun(∆,Var(k)) whose squares are cartesian

U = Uc(•)
j // X̄ D̄•

i•oo

U × S2 = (U × S2)c(•)
j×I //

g

OO

X̄ × S2

p̄′:=pX̄

OO

D̄• × S2

i′•oo

p̄′′•

OO

Then the map in C(Var(k)/S1 × S2)

T (p,R0CH)(Z(U/S1)) : p
∗R0

(X̄,D̄)/S1
(Z(U/S1))

∼
−→ R0

(X̄×S2,D̄•×S2)/S1×S2
(Z(U × S2/S1 × S2))

is an isomorphism. Hence, for Q∗ ∈ C(Var(k)/S1) a complex of (maybe infinite) direct sum of
representable presheaves of smooth morphism, the map in C(Var(k)/S1 × S2)

T (p,R0CH)(Q∗) : p∗R0CH(Q∗)
∼
−→ R0CH(p∗Q∗)

is an isomorphism. In particular, for F ∈ C(Var(k)sm/S1) the map in C(Var(k)/S1 × S2)

T (p,R0CH)(ρ∗S1
LF ) : p∗R0CH(ρ∗S1

LF )
∼
−→ R0CH(ρ∗S1×S2

p∗LF )

is an isomorphism.

• Let h1 : U1 → S, h2 : U2 → S two morphisms with U1, U2, S ∈ Var(k), U1, U2 smooth. Denote by
p1 : U1 ×S U2 → U1 and p2 : U1 ×S U2 → U2 the projections. Take, see definition-proposition 3(i)),
a compactification f̄10 = h̄1 : X̄10 → S̄ of h1 : U1 → S and a compactification f̄20 = h̄2 : X̄20 → S̄
of h2 : U2 → S. Then,
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– f̄10 × f̄20 : X̄10 ×S̄ X̄20 → S is a compactification of h1 × h2 : U1 ×S U2 → S.

– p̄10 := pX10 : X̄10 ×S̄ X̄20 → X̄10 is a compactification of p1 : U1 ×S U2 → U1.

– p̄20 := pX20 : X̄10 ×S̄ X̄20 → X̄20 is a compactification of p2 : U1 ×S U2 → U2.

Denote Z̄1 = X̄10\U1 and Z̄2 = X̄20\U2. Take, see theorem 16(i), a strict desingularization ǭ1 :
(X̄1, D̄)→ (X̄10, Z1) of the pair (X̄10, Z̄1) and a strictdesingularization ǭ2 : (X̄2, Ē)→ (X̄20, Z2) of
the pair (X̄20, Z̄2). Take then a strict desingularization

ǭ12 : ((X̄1 ×S̄ X̄2)
N , F̄ )→ (X̄1 ×S̄ X̄2, (D ×S̄ X̄2) ∪ (X̄1 ×S̄ Ē))

of the pair (X̄1×S̄ X̄2, (D̄×S̄ X̄2)∪ (X̄1 ×S̄ Ē)). We have then the following commutative diagram

X̄1
f̄1 // S̄

X̄1 ×S̄ X̄2
p̄1 //

p̄2

OO

X̄2

f̄2

OO

(X̄1 ×S̄ X̄2)
N

ǭ12

77♦♦♦♦♦♦♦♦♦♦♦

(p̄1)
N

44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

(p̄2)
N

??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

and

– f̄1 × f̄2 : X̄1 ×S̄ X̄2 → S̄ is a compactification of h1 × h2 : U1 ×S U2 → S.

– (p̄1)
N := p̄1 ◦ ǫ12 : (X̄1 ×S̄ X̄2)

N → X̄1 is a compactification of p1 : U1 ×S U2 → U1.

– (p̄2)
N := p̄2 ◦ ǫ12 : (X̄1 ×S̄ X̄2)

N → X̄2 is a compactification of p2 : U1 ×S U2 → U2.

We have then the morphism in C(Var(k)/S)

T (⊗, R0CH
S )(Z(U1/S),Z(U2/S)) := R0CH

S (p1)⊗R
CH
S (p2) :

R0
(X̄1,D̄)/S(Z(U1/S))⊗R

0
(X2,E))/S(Z(U2/S))

∼
−→ R0

(X̄1×S̄X̄2)N ,F̄ )/S(Z(U1 ×S U2/S))

For

Q∗1 := (· · · → ⊕α∈ΛnZ(U
n
1,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−11,β /S)→ · · · ),

Q∗2 := (· · · → ⊕α∈ΛnZ(U
n
2,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−12,β /S)→ · · · ) ∈ C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we get the
morphism in C(Var(k)/S)

T (⊗, R0CH
S )(Q∗1, Q

∗
2) : R

0CH(Q∗1)⊗R
0CH(Q∗2)

(T (⊗,R0CH
S )(Z(Um1,α),Z(U

n
2,β))

−−−−−−−−−−−−−−−−−−−→ R0CH(Q∗1 ⊗Q
∗
2)).

For F1, F2 ∈ C(Var(k)sm/S), we get in particular the morphism in C(Var(k)/S)

T (⊗, R0CH
S )(ρ∗SLF1, ρ

∗
SLF2) : R

0CH(ρ∗SLF1)⊗R
0CH(ρ∗SLF2)→ R0CH(ρ∗S(LF1 ⊗ LF2)).

Definition 27. Let h : U → S a morphism, with U, S ∈ Var(k), U irreducible. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U . Take, using
theorem 16, a desingularization ǭ : (X̄, D̄)→ (X̄0,∆) of the pair (X̄0,∆), Z̄ ⊂ ∆, with X̄ ∈ PSmVar(k)
and D̄ := ǭ−1(∆) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. Denote dX := dim(X̄) = dim(U).
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(i) The diagonal ∆D̄• ⊂ D̄• × D̄• induces the morphism in C(Var(k)/S)

[∆D̄• ] ∈ Hom(Ztr(D̄•/S), f̄∗Eet(Z(D̄•/X̄)(dX)[2dX ]))
∼
−→

Hom(Z(D̄• ×S X̄/X̄),Ztr(D̄• × PdX/X̄)/Ztr(D̄• × PdX−1/X̄))

⊂ H0(ZdD• (�
∗ × D̄• ×S D̄•))

(ii) The cycle ∆X̄ ⊂ X̄ ×S X̄ induces by the morphism in C(Var(k)/S)

[∆X̄ ] ∈ Hom(Ztr(X̄/S), f̄∗Eet(Z(X̄/X̄)(dX)[2dX ]))
∼
−→

Hom(Z(X̄ ×S X̄/X̄),Ztr(X̄ × PdX/X̄)/Ztr(X̄ × PdX−1/X̄))

⊂ H0(ZdX (�
∗ × X̄ ×S X̄))

Let h : U → S a morphism, with U, S ∈ Var(k), U smooth connected (hence irreducible by smoothness).
Take, see definition-proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by
Z̄ = X̄0\U . Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of the pair
(X̄0, Z̄) with X̄ ∈ PSmVar(k) and D̄ := ǭ−1(Z̄) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. Denote
dX := dim(X̄) = dim(U). We get from (i) and (ii) the morphism in C(Var(k)/S)

T (f̄♯, f̄∗)(Z(D•/X̄),Z(X̄/X̄)) := ([∆D̄• ], [∆X̄ ]) :

Cone(Z(i•) : (Z
tr(D̄•/S), uIJ)→ Ztr(X̄/S))→

f̄∗Eet(Cone(Z(i•) : (Z(D̄•/X̄), uIJ )→ Z(X̄/X̄)))(dX)[2dX ]

=: R0
(X̄,D̄)/S(Z(U/S))(dX)[2dX ].

Definition 28. (i) Let h : U → S a morphism, with U, S ∈ Var(k) and U smooth. Take, see definition-
proposition 3, f̄0 = h̄0 : X̄0 → S̄ a compactification of h : U → S and denote by Z̄ = X̄0\U .
Take, using theorem 16(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of the pair (X̄0, Z̄),
with X̄ ∈ PSmVar(k) and D̄ := ǫ−1(Z̄) = ∪si=1D̄i ⊂ X̄ a normal crossing divisor. We denote
by i• : D̄• →֒ X̄ = X̄c(•) the morphism of simplicial varieties given by the closed embeddings
iI : D̄I = ∩i∈ID̄i →֒ X̄ We denote by j : U →֒ X̄ the open embedding. We then consider the map
in C(Var(k)/S)

T (R̂0CH, R0CH)(Z(U/S)) : R̂0
(X̄,D̄)/S(Z(U/S))

:=
−→ Cone(Z(i•) : (Z

tr(D•/S), uIJ)→ Ztr(X/S))(−dX)[−2dX ]

T (f̄♯,f̄∗)(Z(D̄•/X̄),Z(X̄/X̄))(−dX)[−2dX ]
−−−−−−−−−−−−−−−−−−−−−−−−−−−→

R0
(X̄,D̄)/S(Z(U/S)).

given in definition 23(iii).

(ii) Let g : U ′/S → U/S a morphism, with U ′/S = (U ′, h′), U/S = (U, h) ∈ Var(k)/S, with U and U ′

smooth. Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S and
a compactification f̄ ′0 = h̄′ : X̄ ′0 → S̄ of h′ : U ′ → S such that g : U ′/S → U/S extend to a morphism
ḡ0 : X̄ ′0/S̄ → X̄0/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄ ′0\U

′. Take, see definition-proposition 3(ii), a
strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄), a strict desingularization ǭ′• : (X̄

′, D̄′) →
(X̄ ′0, Z̄

′) of (X̄ ′0, Z̄
′) and a morphism ḡ : X̄ ′ → X̄ such that the following diagram commutes

X̄ ′0
ḡ0 // X̄0

X̄ ′

ǭ′

OO

ḡ // X̄

ǭ

OO .
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We then have, see definition-proposition 3(ii), the diagram (7) in Fun(∆,Var(k))

U = Uc(•)
j // X̄ = X̄c(•) D̄sg(•)

i•oo

U ′ = U ′c(•)
j′ //

g

OO

X̄ ′ = X̄ ′c(•)

ḡ

OO

D̄′•
i′•oo ḡ−1(D̄sg(•)) : i

′
g•

i′′g•oo

ḡ′•

OO

Consider

[Γḡ]
t ∈ Hom(Ztr(X̄/S)(−dX)[−2dX ],Ztr(X̄ ′/S)(−dX′)[−2dX′ ])

∼
−→ Hom(Ztr(X̄ × PdX/S)/Ztr(X̄ × PdX−1/S),

Ztr(X̄
′ × PdX′/S)/Ztr(X̄

′ × PdX′−1/S)

the morphism given by the transpose of the graph Γg ⊂ X ′ ×S X of ḡ : X̄ ′ → X̄. Then, since
i• ◦ ḡ′• = ḡ ◦ i′′g• = ḡ ◦ i′ ◦ ◦i′g•, we have the factorization

[Γg]
t ◦ Z(i•) : (Z

tr(D̄sg(•)/S), uIJ)(−dX)[−2dX ]

[Γḡ′•
]t

−−−−→ (Ztr(ḡ−1(D̄sg(•))/S), uIJ)(−dX′)[−2dX′ ]

Z(i′g•)
−−−−→ Ztr(X̄ ′/S)(−dX′)[−2dX′ ].

with

[Γḡ′• ]
t ∈ Hom((Ztr(D̄sg(•) × PdX/S), uIJ)/(Z

tr(D̄sg(•) × PdX−1/S), uIJ),

(Ztr(ḡ
−1(D̄sg(•))× PdX′ /S), uIJ)/(Ztr(ḡ

−1(D̄sg(•))× PdX′−1/S), uIJ)).

We then consider the following map in C(Var(k)/S)

R̂0CH
S (g) : R̂0

(X̄,D̄)/S(Z(U/S))
:=
−→

Cone(Z(i•) : (Z
tr(D̄sg(•)/S), uIJ)→ Ztr(X̄/S)(−dX)[−2dX ]

([Γḡ′•
]t,[Γḡ]

t)
−−−−−−−−→

Cone(Z(i′g•) : (Z
tr(ḡ−1(D̄sg(•))/S), uIJ)→ Ztr(X̄ ′/S))(−dX′)[−2dX′ ]

(Z(i′′g•),I)(−dX′)[−2dX′ ]
−−−−−−−−−−−−−−−−→

Cone(Z(i′•) : ((Z
tr(D̄′•/S), uIJ)→ Ztr(X̄ ′/S))(−dX′)[−2dX′ ]

=:
−→ R̂0

(X̄′,D̄′)/S(Z(U
′/S))

Then the following diagram in C(Var(k)/S) commutes by definition

R̂0
(X̄,D̄)/S

(Z(U/S))
T (R̂0CH ,R0CH )(Z(U/S))//

R̂0CH
S (g)

��

R0
(X̄,D̄)/S

(Z(U/S))

R0CH
S (g)

��
R̂0

(X̄′,D̄′)/S
(Z(U ′/S))

T (R̂0CH ,R0CH )(Z(U ′/S))// R0
(X̄′,D̄′)/S

(Z(U ′/S))

.

(iii) For g1 : U ′′/S → U ′/S, g2 : U ′/S → U/S two morphisms with U ′′/S = (U ′, h′′), U ′/S =
(U ′, h′), U/S = (U, h) ∈ Var(k)/S, with U , U ′ and U ′′ smooth. We get from (i) and (ii) a compact-
ification f̄ = h̄ : X̄ → S̄ of h : U → S, a compactification f̄ ′ = h̄′ : X̄ ′ → S̄ of h′ : U ′ → S, and a
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compactification f̄ ′′ = h̄′′ : X̄ ′′ → S̄ of h′′ : U ′′ → S, with X̄, X̄ ′, X̄ ′′ ∈ PSmVar(k), D̄ := X̄\U ⊂ X̄
D̄′ := X̄ ′\U ′ ⊂ X̄ ′, and D̄′′ := X̄ ′′\U ′′ ⊂ X̄ ′′ normal crossing divisors, such that g1 : U ′′/S → U ′/S
extend to ḡ1 : X̄

′′/S̄ → X̄ ′/S̄, g2 : U ′/S → U/S extend to ḡ2 : X̄ ′/S̄ → X̄/S̄, and

R̂0CH
S (g2 ◦ g1) = R̂0CH

S (g1) ◦ R̂
0CH
S (g2) : R̂

0
(X̄,D̄)/S → R̂0

(X̄′′,D̄′′)/S

(iv) For

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we get from
(i),(ii) and (iii) the map in C(Var(k)/S)

T (R̂0CH, R0CH)(Q∗) : R̂0CH(Q∗) := (· · · → ⊕β∈Λn−1 lim
−→

(X̄n−1
β ,D̄n−1

β )/S

R̂0
(X̄n−1

β ,D̄n−1
β )/S

(Z(Un−1β /S))

(R̂0CH
S (gnα,β))

−−−−−−−−−→ ⊕α∈Λn lim
−→

(X̄nα ,D̄
n
α)/S

R̂0
(X̄nα ,D̄

n
α)/S

(Z(Unα/S))→ · · · )→ R0CH(Q∗),

where for (Unα , h
n
α) ∈ Var(k)/S, the inductive limit run over all the compactifications f̄α : X̄α → S̄

of hα : Uα → S with X̄α ∈ PSmVar(k) and D̄α := X̄α\Uα a normal crossing divisor. For m =
(m∗) : Q∗1 → Q∗2 a morphism with

Q∗1 := (· · · → ⊕α∈ΛnZ(U
n
1,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−11,β /S)→ · · · ),

Q∗2 := (· · · → ⊕α∈ΛnZ(U
n
2,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−12,β /S)→ · · · ) ∈ C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U∗1,α and U∗2,α smooth, we
get again from (i),(ii) and (iii) a commutative diagram in C(Var(k)/S)

R̂0CH(Q∗2)
T (R̂0CH

S ,R0CH
S )(Q∗2)//

R̂0CH
S (m):=(R̂0CH

S (m∗))
��

R0CH(Q∗2)

(R0CH
S (m∗))

��
R̂0CH(Q∗1)

T (R̂0CH
S ,R0CH

S )(Q∗1)// R0CH(Q∗1)

.

(v) Let

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we have by
definition

Gr12∗S R̂0CH(Q∗) = R̂CH(Q∗) ∈ C(Var(k)2,smpr/S).

• Let S ∈ Var(k) For (h,m,m′) = (h∗,m∗,m
′∗) : Q∗1[1] → Q∗2 an homotopy with Q∗1, Q

∗
2 ∈

C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with U∗1,α and
U∗2,α smooth,

(R̂0CH
S (h), R̂0CH

S (m), R̂0CH
S (m′)) = (R̂0CH

S (h∗), R̂0CH
S (m∗), R̂0CH

S (m
′∗)) : R0CH(Q∗2)[1]→ R0CH(Q∗1)

is an homotopy in C(Var(k)/S) using definition 28 (iii). In particular if m : Q∗1 → Q∗2 with
Q∗1, Q

∗
2 ∈ C(Var(k)/S) complexes of (maybe infinite) direct sum of representable presheaves with

U∗1,α and U∗2,α smooth is an homotopy equivalence, then R̂0CH
S (m) : R̂0CH(Q∗2)→ R̂0CH(Q∗1) is an

homotopy equivalence.
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• Let S ∈ SmVar(k). Let F ∈ PSh(Var(k)sm/S). Consider

q : LF := (· · · → ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)
(Z(gnα,β))
−−−−−−→ ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)→ · · · )→ F

the canonical projective resolution given in subsection 2.3.3. Note that the Uα are smooth since S
is smooth and hα are smooth morphism. Definition 28(iv) gives in this particular case the map in
C(Var(k)/S)

T (R̂0CH
S , R0CH

S )(ρ∗SLF ) : R̂
0CH(ρ∗SLF ) := (· · · → ⊕(Uα,hα)∈Var(k)sm/S lim

−→
(X̄α,D̄α)/S

R̂0
(X̄α,D̄α)/S

(Z(Uα/S))

(R̂0CH
S (gnα,β))

−−−−−−−−−→ ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄α,D̄α)/S

R̂0
(X̄α,D̄α)/S

(Z(Uα/S))→ · · · )→ R0CH(ρ∗SLF ),

where for (Uα, hα) ∈ Var(k)sm/S, the inductive limit run over all the compactifications f̄α : X̄α → S̄
of hα : Uα → S with X̄α ∈ PSmVar(k) and D̄α := X̄α\Uα a normal crossing divisor. Defini-
tion 28(iv) gives then by functoriality in particular, for F = F • ∈ C(Var(k)sm/S), the map in
C(Var(k)/S)

T (R̂0CH
S , R0CH

S )(ρ∗SLF ) : R̂
0CH(ρ∗SLF )→ R0CH(ρ∗SLF ).

• Let g : T → S a morphism with T, S ∈ SmVar(k). Let h : U → S a smooth morphism with
U ∈ Var(k). Consider the cartesian square

UT
h′ //

g′

��

T

g

��
U

h // S

Note that U is smooth since S and h are smooth, and UT is smooth since T and h′ are smooth.
Take, see definition-proposition 3(ii),a compactification f̄0 = h̄ : X̄0 → S̄ of h : U → S. Take,
see definition-proposition 3(ii), a strict desingularization ǭ : (X̄, D̄) → (X̄0, Z̄) of (X̄0, Z̄). Then
f̄ ′0 = ¯g ◦ h′ : X̄T → T̄ is a compactification of g ◦ h′ : UT → S such that g′ : UT /S → U/S
extend to a morphism ḡ′0 : X̄T /S̄ → X̄/S̄. Denote Z̄ = X̄0\U and Z̄ ′ = X̄T \UT . Take, see
definition-proposition 3(ii), a strict desingularization ǫ′• : (X̄

′, D̄′)→ (X̄T , Z̄
′) of (X̄T , Z̄

′). Denote
ḡ′ = ḡ′0 ◦ ǫ

′
• : X̄

′ → X̄ . We then have, see definition-proposition 3(ii), the following commutative
diagram in Fun(∆,Var(k))

U = Uc(•)
j // X̄ = X̄c(•) D̄sg′ (•)

i•oo

UT = UT,c(•)
j′ //

g′

OO

X̄T = XT,c(•)

ḡ′0

OO

ḡ
′−1(D̄sg′ (•)

)
ig•oo

(ḡ′)′•

OO

UT = UT,c(•)
j′ //

g′

OO

X̄ ′ = X ′c(•)

ḡ′

OO

D̄′•
i′•oo ḡ

′−1(D̄sg′ (•)
) : i′g•

i′′
g′•oo

ǫ′•

OO
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We then consider the following map in C(Var(k)/T ),

T (g, R̂0CH)(Z(U/S)) : g∗R̂0
(X̄,D̄)/S(Z(U/S))

:=
−→ g∗Cone(Z(i•) : (Z

tr(D̄•/S), uIJ)→ Ztr(X̄/S))(−dX)[−2dX ]
=
−→

Cone(Z(ig•) : (Z
tr(ḡ−1(Dsg(•))/T ), uIJ)→ Ztr(X̄T /T ))(−dX)[−2dX ]

(Z(i′′g•),[Γǫ′ ]
t)

−−−−−−−−−→

Cone(Z(i′•) : ((Z
tr(D̄′•/T ), uIJ)→ Ztr((X̄ ′/T )))(−dX′)[−2dX′ ]

=:
−→ R̂0

(X̄′,D̄′)/T (Z(UT /T ))

For

Q∗ := (· · · → ⊕α∈ΛnZ(U
n
α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−1β /S)→ · · · ) ∈ C(Var(k)/S)

a complex of (maybe infinite) direct sum of representable presheaves with hnα : Unα → S smooth, we
get the map in C(Var(k)/T )

T (g, R̂0CH)(Q∗) : g∗R̂0CH(Q∗) = (· · · → ⊕α∈Λn lim
−→

(X̄nα ,D̄
n
α)/S

g∗R̂0
(X̄nα ,D̄

n
α)/S

(Z(Unα/S))→ · · · )

(T (g,R̂0CH )(Z(Unα/S)))−−−−−−−−−−−−−−−→ (· · · → ⊕α∈Λn lim
−→

(X̄n′α ,D̄n′α )/T

R̂(X̄n′α ,D̄n′α )/T (Z(U
n
α,T /S))→ · · · ) =: R̂CH(g∗Q∗)

together with the commutative diagram in C(Var(k)/T )

g∗R̂0CH(Q∗)
T (g,R̂0CH )(Q∗) //

g∗T (R̂0CH
S ,R0CH

S )(Q∗)

��

R̂0CH(g∗Q∗)

T (R̂0CH
T ,R0CH

T )(g∗Q)

��
g∗R0CH(Q∗)

T (g,R0CH )(Q∗) // R0CH(g∗Q∗)

.

Let F ∈ PSh(Var(k)sm/S). Consider

q : LF := (· · · → ⊕(Uα,hα)∈Var(k)sm/SZ(Uα/S)→ · · · )→ F

the canonical projective resolution given in subsection 2.3.3. We then get in particular the map in
C(Var(k)/T )

T (g, R̂0CH)(ρ∗SLF ) : g
∗R̂0CH(ρ∗SLF ) =

(· · · → ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄α,D̄α)/S

g∗R̂(X̄α,D̄α)/S(Z(Uα/S))→ · · · )
(T (g,R̂0CH )(Z(Uα/S)))
−−−−−−−−−−−−−−−→

(· · · → ⊕(Uα,hα)∈Var(k)sm/S lim
−→

(X̄′α,D̄
′
α)/T

R̂(X̄′α,D̄
′
α)/T

(Z(Uα,T /S))→ · · · ) =: R̂0CH(ρ∗T g
∗LF ),

and by functoriality, we get in particular for F = F • ∈ C(Var(k)sm/S), the map in C(Var(k)/T )

T (g, R̂0CH)(ρ∗SLF ) : g
∗R̂0CH(ρ∗SLF )→ R̂0CH(ρ∗T g

∗LF )

together with the commutative diagram in C(Var(k)/T )

g∗R̂0CH(ρ∗SLF )
T (g,R̂0CH )(ρ∗SLF ) //

g∗T (R̂0CH
S ,R0CH

S )(ρ∗SLF )

��

R̂0CH(ρ∗T g
∗LF )

T (R̂0CH
T ,R0CH

T )(ρ∗T g
∗LF )

��
g∗LρS∗µS∗R

CH(ρ∗SLF )
T (g,R0CH )(ρ∗SLF ) // RCH(ρ∗T g

∗LF )

.
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• Let S1, S2 ∈ SmVar(k) and p : S1 × S2 → S1 the projection. Let h : U → S1 a smooth morphism
with U ∈ Var(k). Consider the cartesian square

U × S2
h×I //

p′

��

S1 × S2

p

��
U

h // S1

Take, see definition-proposition 3(i),a compactification f̄0 = h̄ : X̄0 → S̄1 of h : U → S1. Then
f̄0 × I : X̄0 × S2 → S̄1 × S2 is a compactification of h× I : U × S2 → S1 × S2 and p′ : U × S2 → U
extend to p̄′0 := pX0 : X̄0 × S2 → X̄0. Denote Z = X0\U . Take see theorem 16(i), a strict
desingularization ǭ : (X̄, D̄)→ (X̄0, Z̄) of the pair (X̄0, Z̄). We then have the commutative diagram
(8) in Fun(∆,Var(k)) whose squares are cartesian

U = Uc(•)
j // X̄ D̄•

i•oo

U × S2 = (U × S2)c(•)
j×I //

g

OO

X̄ × S2

p̄′:=pX̄

OO

D̄• × S2

i′•oo

p̄′′•

OO

Then the map in C(Var(k)/S1 × S2)

T (p, R̂0CH)(Z(U/S1)) : p
∗R̂0

(X̄,D̄)/S1
(Z(U/S1))

∼
−→ R̂0

(X̄×S2,D̄•×S2)/S1×S2
(Z(U × S2/S1 × S2))

is an isomorphism. Hence, for Q∗ ∈ C(Var(k)/S1) a complex of (maybe infinite) direct sum of
representable presheaves of smooth morphism, the map in C(Var(k)/S1 × S2)

T (p, R̂0CH)(Q∗) : p∗R̂0CH(Q∗)
∼
−→ R̂0CH(p∗Q∗)

is an isomorphism. In particular, for F ∈ C(Var(k)sm/S1) the map in C(Var(k)/S1 × S2)

T (p, R̂0CH)(ρ∗S1
LF ) : p∗R̂0CH(ρ∗S1

LF )
∼
−→ R̂0CH(ρ∗S1×S2

p∗LF )

is an isomorphism.

• Let h1 : U1 → S, h2 : U2 → S two morphisms with U1, U2, S ∈ Var(k), U1, U2 smooth. Denote by
p1 : U1 ×S U2 → U1 and p2 : U1 ×S U2 → U2 the projections. Take, see definition-proposition 3(i)),
a compactification f̄10 = h̄1 : X̄10 → S̄ of h1 : U1 → S and a compactification f̄20 = h̄2 : X̄20 → S̄
of h2 : U2 → S. Then,

– f̄10 × f̄20 : X̄10 ×S̄ X̄20 → S is a compactification of h1 × h2 : U1 ×S U2 → S.

– p̄10 := pX10 : X̄10 ×S̄ X̄20 → X̄10 is a compactification of p1 : U1 ×S U2 → U1.

– p̄20 := pX20 : X̄10 ×S̄ X̄20 → X̄20 is a compactification of p2 : U1 ×S U2 → U2.

Denote Z̄1 = X̄10\U1 and Z̄2 = X̄20\U2. Take, see theorem 16(i), a strict desingularization ǭ1 :
(X̄1, D̄)→ (X̄10, Z1) of the pair (X̄10, Z̄1) and a strictdesingularization ǭ2 : (X̄2, Ē)→ (X̄20, Z2) of
the pair (X̄20, Z̄2). Take then a strict desingularization

ǭ12 : ((X̄1 ×S̄ X̄2)
N , F̄ )→ (X̄1 ×S̄ X̄2, (D ×S̄ X̄2) ∪ (X̄1 ×S̄ Ē))
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of the pair (X̄1×S̄ X̄2, (D̄×S̄ X̄2)∪ (X̄1 ×S̄ Ē)). We have then the following commutative diagram

X̄1
f̄1 // S̄

X̄1 ×S̄ X̄2
p̄1 //

p̄2

OO

X̄2

f̄2

OO

(X̄1 ×S̄ X̄2)
N

ǭ12

77♦♦♦♦♦♦♦♦♦♦♦

(p̄1)
N

44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

(p̄2)
N

??⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧

and

– f̄1 × f̄2 : X̄1 ×S̄ X̄2 → S̄ is a compactification of h1 × h2 : U1 ×S U2 → S.

– (p̄1)
N := p̄1 ◦ ǫ12 : (X̄1 ×S̄ X̄2)

N → X̄1 is a compactification of p1 : U1 ×S U2 → U1.

– (p̄2)
N := p̄2 ◦ ǫ12 : (X̄1 ×S̄ X̄2)

N → X̄2 is a compactification of p2 : U1 ×S U2 → U2.

We have then the morphism in C(Var(k)/S)

T (⊗, R̂0CH
S )(Z(U1/S),Z(U2/S)) := R̂0CH

S (p1)⊗ R̂
0CH
S (p2) :

R̂0
(X̄1,D̄)/S(Z(U1/S))⊗ R̂

0
(X2,E))/S(Z(U2/S))

∼
−→ R̂0

(X̄1×S̄X̄2)N ,F̄ )/S(Z(U1 ×S U2/S))

For

Q∗1 := (· · · → ⊕α∈ΛnZ(U
n
1,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−11,β /S)→ · · · ),

Q∗2 := (· · · → ⊕α∈ΛnZ(U
n
2,α/S)

(Z(gnα,β))
−−−−−−→ ⊕β∈Λn−1Z(Un−12,β /S)→ · · · ) ∈ C(Var(k)/S)

complexes of (maybe infinite) direct sum of representable presheaves with U∗α smooth, we get the
morphism in C(Var(k)/S)

T (⊗, R̂0CH
S )(Q∗1, Q

∗
2) : R̂

0CH(Q∗1)⊗R
0CH(Q∗2)

(T (⊗,R̂CHS )(Z(Um1,α),Z(U
n
2,β))

−−−−−−−−−−−−−−−−−−−→ R̂0CH(Q∗1 ⊗Q
∗
2))

, together with the commutative diagram in C(Var(k)/S)

R̂0CH(Q∗1)⊗R
0CH(Q∗2)

T (⊗,R̂0CH
S )(Q∗1 ,Q2) //

T (R̂0CH
S ,RCHS )(Q∗1)⊗T (R̂0CH

S ,R0CH
S )(Q∗2)

��

R̂0CH(Q∗1 ×Q
∗
2)

T (R̂0CH
S ,R0CH

S )(Q∗1⊗Q
∗
2)

��
R0CH(Q∗1)⊗R

0CH(Q∗2)
T (⊗,R0CH

S )(Q∗1 ,Q2) // R0CH(Q∗1 ⊗Q2)

.

For F1, F2 ∈ C(Var(k)sm/S), we get in particular the morphism in C(Var(k)/S)

T (⊗, R0CH
S )(ρ∗SLF1, ρ

∗
SLF2) : R

0CH(ρ∗SLF1)⊗R
0CH(ρ∗SLF2)→ R0CH(ρ∗S(LF1 ⊗ LF2))

together with the commutative diagram in C(Var(k)/S)

R̂0CH(ρ∗SLF1)⊗R0CH(ρ∗SLF2)
T (⊗,R̂0CH

S )(ρ∗SLF1,ρ
∗
SLF2) //

T (R̂0CH
S ,R0CH

S )(ρ∗SLF1)⊗T (R̂0CH
S ,R0CH

S )(ρ∗SLF2)

��

R̂0CH(ρ∗SLF1 × ρ∗SLF2)

T (R̂0CH
S ,R0CH

S )(ρ∗SLF1⊗ρ
∗
SLF2)

��
R0CH(ρ∗SLF1)⊗R0CH(ρ∗SLF2)

T (⊗,R0CH
S )(ρ∗SLF1,ρ

∗
SLF2) // R0CH(ρ∗SLF1 × ρ∗SLF2)
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3 Triangulated category of motives

3.1 Definition and the six functor formalism

The category of motives is obtained by inverting the (A1
S , et) equivalence. Hence the A1

S local complexes
of presheaves plays a key role.

Definition 29. The derived category of motives of complex algebraic varieties over S is the category

DA(S) := HoA1
S ,et

(C(Var(k)sm/S)),

which is the localization of the category of complexes of presheaves on Var(k)sm/S with respect to (A1
S , et)

local equivalence and we denote by

D(A1
S , et) := D(A1

S) ◦D(et) : C(Var(k)sm/S)→ DA(S)

the localization functor. We have DA−(S) := D(A1
S , et)(PSh(Var(k)

sm/S,C−(Z))) ⊂ DA(S) the full
subcategory consisting of bounded above complexes.

Definition 30. The stable derived category of motives of complex algebraic varieties over S is the category

DAst(S) := HoA1
S ,et

(CΣ(Var(k)
sm/S)),

which is the localization of the category of GmS-spectra (ΣF • = F • ⊗ GmS) of complexes of presheaves
on Var(k)sm/S with respect to (A1

S , et) local equivalence. The functor

Σ∞ : C(Var(k)sm/S) →֒ CΣ(Var(k)
sm/S)

induces the functor Σ∞ : DA(S)→ DAst(S).

We have all the six functor formalism by [12]. We give a list of the operation we will use :

• For f : T → S a morphism with S, T ∈ Var(k), the adjonction

(f∗, f∗) : C(Var(k)
sm/S) ⇆ C(Var(k)sm/T )

is a Quillen adjonction which induces in the derived categories (f∗ derives trivially), (f∗, Rf∗) :
DA(S) ⇆ DA(T ).

• For h : V → S a smooth morphism with V, S ∈ Var(k), the adjonction

(h♯, h
∗) : C(Var(k)sm/V ) ⇆ C(Var(k)sm/S)

is a Quillen adjonction which induces in the derived categories (h∗ derive trivially) (Lh♯, h
∗) =:

DA(V ) ⇆ DA(S).

• For i : Z →֒ S a closed embedding, with Z, S ∈ Var(k),

(i∗, i
!) := (i∗, i

⊥) : C(Var(k)sm/Z) ⇆ C(Var(k)sm/S)

is a Quillen adjonction, which induces in the derived categories (i∗ derive trivially) (i∗, Ri
!) :

DA(Z) ⇆ DA(S). The fact that i∗ derive trivially (i.e. send (A1, et) local equivalence to (A1, et)
local equivalence is proved in [4].

• For S ∈ Var(k), the adjonction given by the tensor product of complexes of abelian groups and the
internal hom of presheaves

((· ⊗ ·),Hom•(·, ·)) : C(Var(k)sm/S)2 → C(Var(k)sm/S),

is a Quillen adjonction, which induces in the derived category

, ((· ⊗L ·), RHom•(·, ·)) : DA(S)2 → DA(S),
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• Let M,N ∈ DA(S), Q• projectively cofibrant such that M = D(A1, et)(Q•), and G• be A1 local
for the etale topology such that N = D(A1, et)(G•). Then,

RHom•(M,N) = Hom•(Q•, E(G•)) ∈ DA(S). (9)

This is well defined since if s : Q1 → Q2 is a etale local equivalence,

Hom(s, E(G)) : Hom(Q1, E(G))→ Hom(Q2, E(G))

is a etale local equivalence for 1 ≤ i ≤ l.

We get from the first point 2 functors :

• The 2-functor C(Var(k)sm/·) : Var(k)→ AbCat, given by

S 7→ C(Var(k)sm/S) , (f : T → S) 7→ (f∗ : C(Var(k)sm/S)→ C(Var(k)sm/T )).

• The 2-functor DA(·) : Var(k)→ TriCat, given by

S 7→ DA(S) , (f : T → S) 7→ (f∗ : DA(S)→ DA(T )).

The main theorem is the following :

Theorem 17. [4][12] The 2-functor DA(·) : Var(k)→ TriCat, given by

S 7→ DA(S) , (f : T → S) 7→ (f∗ : DA(S)→ DA(T ))

is a 2-homotopic functor ([4])

From theorem 17, we get in particular

• For f : T → S a morphism with T, S ∈ Var(k), there by theorem 17 is also a pair of adjoint functor

(f!, f
!) : DA(S) ⇆ DA(T )

– with f! = Rf∗ if f is proper,

– with f ! = f∗[d] if f is smooth of relative dimension d.

For h : U → S a smooth morphism with U, S ∈ Var(k) irreducible, have, for M ∈ DA(U), an
isomorphism

Lh♯M → h!M [d], (10)

in DA(S).

• The 2-functor S ∈ Var(k) 7→ DA(S) satisfy the localization property, that is for i : Z →֒ X a closed
embedding with Z,X ∈ Var(k), denote by j : S\Z →֒ S the open complementary subset, we have
for M ∈ DA(S) a distinguish triangle in DA(S)

j♯j
∗M

ad(j♯,j
∗)(M)

−−−−−−−−→M
ad(i∗,i∗)(M)
−−−−−−−−→ i∗i

∗M → j♯j
∗M [1]

equivalently,

– the functor
(i∗, j∗) : DA(S)

∼
−→ DA(Z)×DA(S\Z)

is conservative,
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– and for F ∈ C(Var(k)sm/Z), the adjonction map ad(i∗, i∗)(F ) : i
∗i∗F → F is an equivalence

Zariski local, hence for M ∈ DA(S), the induced map in the derived category

ad(i∗, i∗)(M) : i∗i∗M
∼
−→M

is an isomorphism.

• For f : X → S a proper map, g : T → S a morphism, with T,X, S ∈ Var(k), and M ∈ DA(X),

T (f, g)(M) : g∗Rf∗M → Rf ′∗g̃
′∗M

is an isomorphism in DA(T ) if f is proper.

Definition 31. The derived category of extended motives of complex algebraic varieties over S is the
category

DA(S) := HoA1
S ,et

(C(Var(k)/S)),

which is the localization of the category of complexes of presheaves on Var(k)/S with respect to (A1
S , et)

local equivalence and we denote by

D(A1
S , et) := D(A1

S) ◦D(et) : C(Var(k)/S)→ DA(S)

the localization functor. We have DA−(S) := D(A1
S , et)(PSh(Var(k)/S,C

−(Z))) ⊂ DA(S) the full sub-
category consisting of bounded above complexes.

3.2 Constructible motives and resolution of a motive by Corti-Hanamura
motives

We now give the definition of the motives of morphisms f : X → S which are constructible motives and
the definition of the category of Corti-Hanamura motives.

Definition 32. Let S ∈ Var(k),

• the homological motive functor is M(/S) : Var(k)/S → DA(S) , (f : X → S) 7→ M(X/S) :=
f!f

!M(S/S),

• the cohomological motive functor is M∨(/S) : Var(k)/S → DA(S) , (f : X → S) 7→ M(X/S)∨ :=
Rf∗M(X/X) := f∗Eet(ZX),

• the Borel-Moore motive functor isMBM (/S) : Var(k)/S → DA(S) , (f : X → S) 7→MBM (X/S) :=
f!M(X/X),

• the (homological) motive with compact support functor is Mc(/S) : Var(k)/S → DA(S) , (f : X →
S) 7→Mc(X/S) := Rf∗f

!M(S/S).

Let f : X → S a morphism with X,S ∈ Var(k). Assume that there exist a factorization f : X
i
−→ Y ×S

p
−→

S, with Y ∈ SmVar(k), i : X →֒ Y is a closed embedding and p the projection. Then,

Q(X/S) := p♯Γ
∨
XZY×S ∈ C(Var(k)

sm/S)

is projective, admits transfert, and satisfy D(A1
S , et)(Q(X/S)) =M(X/S).

Definition 33. (i) Let S ∈ Var(k). We define the full subcategory

DAc(S) : = < Rf∗ZX , (f : X → S) ∈ Var(k) >

= < Rf∗ZX , (f : X → S) ∈ Var(k), proper, X smooth ⊂ DA(S)

where <,> denoted the full triangulated category generated by.
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(ii) Let X,S ∈ Var(k). If f : X → S is proper (but not necessary smooth) and X is smooth, M(X/S) is
said to be a Corti-Hanamura motive and we have by above in this case M(X/S) =MBM (X/S)[c] =
M(X/S)∨[c], with c = codim(X,X × S) where f : X →֒ X × S → S. We denote by

CH(S) = {M(X/S)}pa{X/S=(X,f),fpr,Xsm} ⊂ DM(S)

the full subcategory which is the pseudo-abelian completion of the full subcategory whose objects are
Corti-Hanamura motives.

(iii) We denote by
CH0(S) ⊂ CH(S)

the full subcategory which is the pseudo-abelian completion of the full subcategory whose objects are
Corti-Hanamura motives M(X/S) such that the morphism f : X → S is projective.

For bounded above motives, we have

Theorem 18. Let S ∈ Var(k).

(i) There exists a unique weight structure ω on DA−(S) such that DA−(S)ω=0 = CH(S)

(ii) There exist a well defined functor

W (S) : DA−(S)→ K−(CH(S)) , W (S)(M) = [M (•)]

where M (•) ∈ C−(CH(S)) is a bounded above weight complex, such that if m ∈ Z is the highest
weight, we have a generalized distinguish triangle for all i ≤ m

Ti :M
(i)[i]→M (i+1)[(i+ 1)]→ · · · →M (m)[m]→Mw≥i (11)

Moreover the maps w(M)(≥i) : M≥i → M induce an isomorphism w(M) : holimiM
≥i ∼−→ M in

DA−(S).

(iii) Denote by Chow(S) the category of Chow motives, which is the pseudo-abelian completion of the
category

– whose set of objects consist of the X/S = (X, f) ∈ Var(k)/S such that f is proper and X is
smooth,

– whose set of morphisms between X1/S and X2/S is CHd1(X1 ×S X2), and the composition
law is given in [13].

We have then a canonical functor CHS : Chow(S) →֒ DA(S), with CHS(X/S) := M(X/S) :=
Rf∗Z(X/X), which is a full embedding whose image is the category CH(S).

Proof. (i): The category DA(S) is clearly weakly generated by CH(S). Moreover CH(S) ⊂ DA(S) is
negative. Hence, the result follows from [8] theorem 4.3.2 III.
(ii): Follows from (i) by standard fact of weight structure on triangulated categories. See [8] theorem
3.2.2 and theorem 4.3.2 V for example.
(iii): See [16].

Theorem 19. Let S ∈ Var(k).

(i) There exists a unique weight structure ω on DA−(S) such that DA−(S)ω=0 = CH0(S)
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(ii) There exist a well defined functor

W (S) : DA−(S)→ K−(CH0(S)) , W (S)(M) = [M (•)]

where M (•) ∈ C−(CH0(S)) is a bounded above weight complex, such that if m ∈ Z is the highest
weight, we have a generalized distinguish triangle for all i ≤ m

Ti :M
(i)[i]→M (i+1)[(i+ 1)]→ · · · →M (m)[m]→Mw≥i (12)

Moreover the maps w(M)(≥i) : M≥i → M induce an isomorphism w(M) : holimiM
≥i ∼−→ M in

DA−(S).

Proof. Similar to the proof of theorem 18.

Corollary 2. Let S ∈ Var(k). Let M ∈ DA(S). Then there exist (F,W ) ∈ Cfil(Var(k)sm/S) such that

D(A1, et)(F ) =M and D(A1, et)(GrWp F ) ∈ CH0(S).

Proof. By theorem 19, there exist, by induction, for i ∈ Z, a distinguish triangle in DA(S)

Ti :M
(i)[i]

mi−−→M (i+1) mi+1
−−−→ · · ·

mm−1
−−−−→M (m)[m]→Mw≥i (13)

with M (j)[j] ∈ CH0(S) and w(M) : holimiM
≥i ∼−→ M in DA−(S). For i ∈ Z, take (Fj)j≥i, Fw≥i ∈

C(Var(k)sm/S) such that D(A1, et)(Fj) = M (j)[j], D(A1, et)(Fw≥i) = Mw≥i and such that we have in
C(Var(k)sm/S),

Fw≥i = Cone(Fi
mi−−→ Fi+1

mi+1
−−−→ · · ·

mm−1
−−−−→ Fm) (14)

where mj : Fj → Fj+1 are morphisms in C(Var(k)sm/S) such that D(A1, et)(mj) = mj . Now set
F = holimi Fw≥i ∈ C(Var(k)

sm/S) and WiF := Fw≥i →֒ F , so that (F,W ) ∈ Cfil(Var(k)
sm/S) satisfy

D(A1, et)(GrWp F ) =M (p)[p] ∈ CH0(S).

4 The (filtered) D modules and the (filtered) De Rham functor
on algebraic varieties over a field k of characteristic zero

4.1 The D-modules on smooth algebraic varieties over a field k of character-
istic zero and their functorialities

Let k a field of characteristic zero.
For S = (S,OS) ∈ SmVar(k), we denote by

• DS := D(OS) ⊂ HomCS (OS , OS) the subsheaf consisting of differential operators. By a DS module,
we mean a left DS module.

• we denote by

– PShD(S) the abelian category of Zariski presheaves on S with a structure of left DS module,
and by PShD,c(S) ⊂ PShD(S) the full subcategory whose objects are coherent sheaves of left
DS modules,

– PShDop(S) the abelian category of Zariski presheaves on S with a structure of rightDS module,
and by PShDop,c(S) ⊂ PShDop(S) the full subcategories whose objects are coherent sheaves of
right DS modules,

• we denote by

– CD(S) = C(PShD(S)) the category of complexes of Zariski presheaves on S with a structure
of DS module,
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– CDop(S) = C(PShDop(S)) the category of complexes of Zariski presheaves on S with a structure
of right DS module,

• in the filtered case we have

– CD(2)fil(S) ⊂ C(PShD(S), F,W ) := C(PShD(OS)(S), F,W ) the category of (bi)filtered com-
plexes of algebraicDS modules such that the filtration is biregular,DD(2)fil(S) := Hozar(CD(2)fil(S))
its localization with respect to filtered Zariski local equivalence, and more generallyDD(2)fil,r(S) :=
Hozar(CD(2)fil(S)) its localization with respect to r-filtered Zariski local equivalence for r =
1, · · · ,∞,

– CD0fil(S) ⊂ CDfil(S) the full subcategory such that the filtration is a filtration byDS submod-
ule (which is stronger then Griffitz transversality), CD(1,0)fil(S) ⊂ CD2fil(S) the full subcate-
gory such thatW is a filtration byDS submodules, DD(1,0)fil(S) := Hozar(CD(1,0)fil(S)) its lo-
calization with respect to filtered Zariski local equivalence, and more generallyDD(1,0)fil,r(S) :=
Hozar(CD(1,0)fil(S)) its localization with respect to r-filtered Zariski local equivalence for
r = 1, · · · ,∞,

– CDop(2)fil(S) ⊂ C(PShDop(S), F,W ) := C(PShD(OS)op(S), F,W ) the category of (bi)filtered
complexes of algebraic (resp. analytic) right DS modules such that the filtration is biregular,
as in the left case we consider the subcategories as above.

Definition 34. An X ∈ SmVar(k) is said to be D-affine if the following two condition hold:

(i) The global section functor Γ(X, ·) : QCohD(X)→Mod(Γ(X,DX)) is exact.

(ii) If Γ(X,M) = 0 for M ∈ QCohD(X), then M = 0.

Proposition 13. If X ∈ SmVar(k) is D-affine, then :

(i) Any M ∈ QCohD(X) is generated by its global sections.

(ii) The functor Γ(X, ·) : QCohD(X)→Mod(Γ(X,DX)) is an equivalence of category whose inverse is
L ∈Mod(Γ(X,DX)) 7→ DX ⊗Γ(X,DX ) L ∈ QCohD(X).

(iii) We have Γ(X, ·)(CohD(X)) =Mod(Γ(X,DX))f , that is the global sections of a coherent DX module
is a finite module over the differential operators on X.

Proof. Similar to the complex case : see [18].

Let f : X → S be a morphism with X,S ∈ SmVar(k), Then, we recall from [10] section 4.1, the
transfers modules

• (DX→S , F
ord) := f∗mod(DS , F

ord) := f∗(DS , F
ord)⊗f∗OS (OX , Fb) which is a left DX module and

a left and right f∗DS module

• (DX←S , F
ord) := (KX , Fb)⊗OX (DX→S , F

ord)⊗f∗OS f
∗(KS , Fb). which is a right DX module and

a left and right f∗DS module.

Proposition 14. Let i : Z →֒ S be a closed embedding with Z, S ∈ SmVar(k). Then, DZ→S =
i∗DS/DSIZ and it is a locally free (left) DZ module. Similarly, DZ←S = i∗DS/IZDS and it is a
locally free right DZ module.

Proof. Similar to the complex case : see [18].

• Let S ∈ SmVar(k).

– For M ∈ CD(S), we have the canonical projective resolution q : LD(M)→M of complexes of
DS modules.
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– Let τ a topology on S. For M ∈ CD(S), there exist a unique strucure of DS module on the
flasque presheaves Eiτ (M) such that Eτ (M) ∈ CD(S) (i.e. is a complex of DS modules) and
that the map k : M → E(M) is a morphism of complexes of DS modules.

• Let S ∈ SmVar(k). ForM ∈ CD(op)(S), N ∈ C(S), we will consider the induced D module structure
(rightDS module in the case one is a left DS module and the other one is a right one) on the presheaf
M ⊗N :=M ⊗ZS N (see section 2). We get the bifunctor

C(S)× CD(S)→ CD(S), (M,N) 7→M ⊗N

• Let S ∈ SmVar(k). For M,N ∈ CD(op)(S), M ⊗OS N has a canonical structure of DS modules
(right DS module in the case one is a left DS module and the other one is a right one) given by (in
the left case) for So ⊂ S an open subset,

m⊗ n ∈ Γ(So,M ⊗OS N), γ ∈ Γ(So, DS), γ.(m⊗ n) := (γ.m)⊗ n−m⊗ γ.n

This gives the bifunctor

CD(op)(S)2 → CD(op)(S), (M,N) 7→M ⊗OS N

More generally, let f : X → S a morphism with X,S ∈ Var(k). Assume S smooth. For M,N ∈
Cf∗D(op)(X), M ⊗f∗OS N (see section 2), has a canonical structure of f∗DS modules (right f∗DS

module in the case one is a left f∗DS module and the other one is a right one) given by (in the left
case) for Xo ⊂ X an open subset,

m⊗ n ∈ Γ(Xo,M ⊗f∗OS N), γ ∈ Γ(Xo, f∗DS), γ.(m⊗ n) := (γ.m)⊗ n−m⊗ γ.n

This gives the bifunctor

Cf∗D(op)(X)2 → Cf∗D(op)(X), (M,N) 7→M ⊗f∗OS N

• Let S ∈ SmVar(k). The internal hom bifunctor

Hom(·, ·) := HomZS(·, ·) : C(S)
2 → C(S)

induces a bifunctor
Hom(·, ·) := HomZS (·, ·) : C(S)× CD(S)→ CD(S)

such that, for F ∈ C(S) and G ∈ CD(S), the DS structure on Hom•(F,G) is given by

γ ∈ Γ(So, DS) 7−→ (φ ∈ Homp(F •|So , G|So) 7→ (γ · φ : α ∈ F •(So) 7→ γ · φp(So)(α))

where φp(So)(α) ∈ Γ(So, G).

• Let S ∈ SmVar(k). For M,N ∈ CD(S), HomOS (M,N), has a canonical structure of DS modules
given by for So ⊂ S an open subset and φ ∈ Γ(So,Hom(M,OS)), γ ∈ Γ(So, DS), (γ.φ)(m) :=
γ.(φ(m))− φ(γ.m) This gives the bifunctor

Hom•OS (−,−) : CD(S)
2 → CD(S)

op, (M,N) 7→ Hom•OS (M,N)

• Let S ∈ SmVar(k). We have the bifunctors

– Hom•DS (−,−) : CD(S)
2 → C(S), (M,N) 7→ Hom•DS (M,N), and if N is a bimodule (i.e. has

a right DS module structure whose opposite coincide with the left one), HomDS (M,N) ∈
CDop(S) given by for So ⊂ S an open subset and φ ∈ Γ(So,Hom(M,N)), γ ∈ Γ(So, DS),
(φ.γ)(m) := (φ(m)).γ

93



– HomDS (−,−) : CDop(S)
2 → C(S), (M,N) 7→ HomDS (M,N) and if N is a bimodule,

HomDS (M,N) ∈ CD(S)

For M ∈ CD(S), we get in particular the dual with respect DS ,

DSM := HomDS (M,DS) ∈ CD(S) ; D
K
SM := HomDS (M,DS)⊗OS DOSw(KS)[dS ] ∈ CD(S)

and we have canonical map d : M → D2
SM . This functor induces in the derived category, for

M ∈ DD(S),

LDSM := RHomDS (LDM,DS)⊗OS DOSw(KS)[dS ] = DKS LDM ∈ DD(S).

where DOSw(S) : D
O
Sw(KS) → DOSKS = K−1S is the dual of the Koczul resolution of the canonical

bundle (proposition 32), and the canonical map d :M → LD2
SM .

• Let f : X → S a morphism with X,S ∈ SmVar(k). For N ∈ CD,f∗D(X) and M ∈ CD(X),
N ⊗DX M has the canonical f∗DS module structure given by, for Xo ⊂ X an open subset,

γ ∈ Γ(Xo, f∗DS),m ∈ Γ(Xo,M), n ∈ Γ(Xo, N), γ.(n⊗m) = (γ.n)⊗m.

This gives the functor

CD,f∗D(X)× CD(X)→ Cf∗D(X), (M,N) 7→M ⊗DX N

• Let f : X → S be a morphism with X,S ∈ SmVar(k), Then, for M ∈ CD(S), OX ⊗f∗OS f
∗M has

a canonical DX module structure given by given by, for Xo ⊂ X an open subset,

m⊗ n ∈ Γ(Xo, OX ⊗f∗OS f
∗M), γ ∈ Γ(Xo, DX), γ.(m⊗ n) := (γ.m)⊗ n−m⊗ df(γ).n.

This gives the inverse image functor

f∗mod : PShD(S)→ PShD(X), M 7→ f∗modM := OX ⊗f∗OS f
∗M = DX→S ⊗f∗DS f

∗M

which induces in the derived category the functor

Lf∗mod : DD(S)→ DD(X), M 7→ Lf∗modM := OX ⊗
L
f∗OS f

∗M = OX ⊗f∗OS f
∗LDM,

We will also consider the shifted inverse image functor

Lf∗mod[−] := Lf∗mod[dS − dX ] : DD(S)→ DD(X).

• Let f : X → S be a morphism with X,S ∈ SmVar(k). For M ∈ CD(X), DX←S ⊗DX M has the
canonical f∗DS module structure given above. Then, the direct image functor

f0
∗mod : PShD(X)→ PShD(S), M 7→ f∗modM := f∗(DX←S ⊗DX M)

induces in the derived category the functor
∫

f

= Rf∗mod : DD(X)→ DD(S), M 7→

∫

f

M = Rf∗(DX←S ⊗
L
DX M).

The functorialities given above induce :

• Let S ∈ SmVar(k). For (M,F ) ∈ Cfil(S) and (N,F ) ∈ Cfil(S), recall that

F p((M,F )⊗ (N,F )) := Im(⊕qF
qM ⊗ F p−qN →M ⊗N)

This gives the functor

(·, ·) : Cfil(S)× CDfil(S)→ CDfil(S) , ((M,F ), (N,F )) 7→ (M,F )⊗ (N,F ).

It induces in the derived categories by taking r-projective resolutions the bifunctors, for r =
1, . . . ,∞,

(·, ·) : DDfil,r(S)×Dfil,r(S)→ DDfil,r(S) , ((M,F ), (N,F )) 7→ (M,F )⊗L(N,F ) = LD(M,F )⊗(N,F ).
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• Let S ∈ SmVar(k). For (M,F ) ∈ COSfil(S) and (N,F ) ∈ COSfil(S), recall that

F p((M,F )⊗O′S (N,F )) := Im(⊕qF
qM ⊗O′S F

p−qN →M ⊗O′S N)

It induces in the derived categories by taking r-projective resolutions the bifunctors, for r =
1, . . . ,∞,

(·, ·) : DDfil,r(S)
2 → DDfil,r(S) , ((M,F ), (N,F )) 7→ (M,F )⊗LOS (N,F ).

More generally, let f : X → S a morphism with X,S ∈ Var(k). Assume S smooth. We have the
bifunctors

(·, ·) : Df∗Dfil,r(X)2 → Df∗Dfil,r(X),

((M,F ), (N,F )) 7→ (M,F )⊗Lf∗OS (N,F ) = (M,F )⊗f∗OS Lf∗D(N,F ).

• Let S ∈ SmVar(k). The hom functor induces the bifunctor

Hom(−,−) : CDfil(S)× Cfil(S)→ CD(1,0)fil(S), ((M,W ), (N,F )) 7→ Hom((M,W ), (N,F )).

• Let S ∈ SmVar(k). The hom functor induces the bifunctor

HomOS (−,−) : CDfil(S)
2 → CD2fil(S), ((M,W ), (N,F )) 7→ HomOS ((M,W ), (N,F )).

• Let S ∈ SmVar(k). The hom functor induces the bifunctors

– HomDS (−,−) : CDfil(S)
2 → C2fil(S), ((M,W ), (N,F )) 7→ HomDS ((M,W ), (N,F )),

– HomDS (−,−) : CDopfil(S)
2 → C2fil(S), ((M,W ), (N,F )) 7→ HomDS ((M,W ), (N,F )).

We get the filtered dual

DKS (·) : CD(2)fil(S)→ CD(2)fil(S)
op, (M,F ) 7→ DKS (M,F ) := HomDS ((M,F ), DS)⊗OS DOSw(KS)[dS ]

together with the canonical map d(M,F ) : (M,F )→ D2,K
S (M,F ). Of course DKS (·)(CD(1,0)fil(S)) ⊂

CD(1,0)fil(S). It induces in the derived categories DDfil,r(S), for r = 1, . . . ,∞, the functors

LDS(·) : DD(2)fil,r(S)→ DD(2)fil,r(S)
op, (M,F ) 7→ LDS(M,F ) := DKS LD(M,F ).

together with the canonical map d(M,F ) : LD(M,F )→ D2,K
S LD(M,F ).

• Let f : X → S be a morphism with X,S ∈ SmVar(k). Then, the inverse image functor

f∗mod : CD(2)fil(S)→ CD(2)fil(X),

(M,F ) 7→ f∗mod(M,F ) := (OX , Fb)⊗f∗OS f
∗(M,F ) = (DX→S , F

ord)⊗f∗DS f
∗(M,F ),

induces in the derived categories the functors, for r = 1, . . . ,∞ (resp. r ∈ (1, . . .∞)2),

Lf∗mod : DD(2)fil,r(S)→ DD(2)fil,r(X),

(M,F ) 7→ Lf∗modM := (OX , Fb)⊗
L
f∗OS f

∗(M,F ) = (OX , Fb)⊗f∗OS f
∗LD(M,F ).

Of course f∗mod(CD(1,0)fil(S)) ⊂ CD(1,0)fil(X). Note that

– If the M is a complex of locally free OS modules, then Lf∗mod(M,F ) = f∗mod(M,F ) in
DD(2)fil,∞(S).
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– If the GrpF M are complexes of locally free OS modules, then Lf∗mod(M,F ) = f∗mod(M,F )
in DD(2)fil(S).

We will consider also the shifted inverse image functors

Lf∗mod[−] := Lf∗mod[dS − dX ] : DD(2)fil,r(S)→ DD(2)fil,r(X).

• Let f : X → S be a morphism with X,S ∈ SmVar(k). Then,the direct image functor

f00
∗mod : (PShD(X), F )→ (PShD(S), F ), (M,F ) 7→ f∗mod(M,F ) := f∗((DS←X , F

ord)⊗DX (M,F ))

induces in the derived categories by taking r-injective resolutions the functors, for r = 1, . . . ,∞,
∫

f

= Rf∗mod : DD(2)fil,r(X)→ DD(2)fil,r(S), (M,F ) 7→

∫

f

(M,F ) = Rf∗((DS←X , F
ord)⊗LDX (M,F )).

Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ SmVar(C) or with X,Y, S ∈
AnSm(C). We have, for (M,F ) ∈ CDfil(X), the canonical transformation map in DD(2)fil,r(S)

T (

∫

f2

◦

∫

f1

,

∫

f2◦f1

)(M,F ) :

∫

f2

∫

f1

(M,F ) := Rf2∗((DY←S , F
ord)⊗LDY Rf1∗((DX←Y , F

ord)⊗LDX (M,F )))

T (f1,⊗)(−,−)
−−−−−−−−−→ Rf2∗Rf1∗(f

∗
1 (DY←S , F

ord)⊗LDY ((DX←Y , F
ord)⊗LDX (M,F )))

∼
−→ Rf2∗Rf1∗((f

∗
1 (DY←S , F

ord)⊗LDY (DX←Y , F
ord))⊗LDX (M,F ))

∼
−→ Rf2∗Rf1∗((DX←S , F

ord)⊗LDX (M,F )) :=

∫

f2◦f1

(M,F )

• Let f : X → S be a morphism with X,S ∈ SmVar(k). Then the functor

f ∗̂mod : CD2fil(S)→ CD2fil(X), (M,F ) 7→ f ∗̂mod(M,F ) := DKXLDf
∗modLDD

K
S (M,F )

induces in the derived categories the exceptional inverse image functors, for r = 1, . . . ,∞ (resp.
r ∈ (1, . . .∞)2),

Lf ∗̂mod : DD(2)fil,r(S)→ DD(2)fil,r(X),

(M,F ) 7→ Lf ∗̂mod(M,F ) := LDXLf
∗modLDS(M,F ) := f ∗̂modLD(M,F ).

Of course f ∗̂mod(CD(1,0)fil(S)) ⊂ CD(1,0)fil(X). We will also consider the shifted exceptional inverse
image functors

Lf ∗̂mod[−] := Lf ∗̂mod[dS − dX ] : DD(2)fil,r(S)→ DD(2)fil,r(X).

• Let S1, S2 ∈ SmVar(k). Consider p : S1 × S2 → S1 the projection. Since p is a projection, we have
a canonical embedding p∗DS1 →֒ DS1×S2 . For (M,F ) ∈ CD(2)fil(S1 × S2), (M,F ) has a canonical
p∗DS1 module structure. Moreover, with this structure, for (M1, F ) ∈ CD(2)fil(S1)

ad(p∗mod, p)(M1, F ) : (M1, F )→ p∗p
∗mod(M1, F )

is a map of complexes of DS1 modules, and for (M12, F ) ∈ CD(2)fil(S1 × S2))

ad(p∗mod, p)(M12, F ) : p
∗modp∗(M12, F )→ (M12, F )

is a map of complexes of DS1×S2 modules.
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Proposition 15. (i) Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ SmVar(k).

– Let (M,F ) ∈ CD(2)fil,r(S). Then (f2 ◦ f1)∗mod(M,F ) = f∗mod1 f∗mod2 (M,F ).

– Let (M,F ) ∈ DD(2)fil,r(S). Then L(f2 ◦ f1)∗mod(M,F ) = Lf∗mod1 (Lf∗mod2 (M,F )).

(ii) Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ SmVar(k). Let M ∈ DD(X). Then,

T (

∫

f2

◦

∫

f1

,

∫

f2◦f1

)(M) :

∫

f2

∫

f1

(M)
∼
−→

∫

f2◦f1

(M)

is an isomorphism in DD(S) (i.e. if we forget filtration).

(iii) Let i0 : Z2 →֒ Z1 and i1 : Z1 →֒ S two closed embedding, with Z2, Z1, S ∈ SmVar(C). Let
(M,F ) ∈ CD(2)fil(Z2). Then, (i1 ◦ i0)∗mod(M,F ) = i1∗mod(i0∗mod(M,F )) in CD(2)fil(S).

Proof. Similar to the complex case : see [10].

Proposition 16. For X ∈ SmVar(k), we have for (M,F ), (N,F ) ∈ COXfil(X) or (M,F ), (N,F ) ∈
CDfil(X), Denote by ∆X : X →֒ X × X the diagonal closed embedding and p1 : X × X → X, p2 :
X ×X → X the projections. We have

(M,F )⊗OX (N,F ) = ∆∗modX (p∗mod1 (M,F )⊗OX×X p
∗mod
2 (N,F ))

Proof. Similar to the complex case : see [18].

Let i : Z →֒ S a closed embedding, with Z, S ∈ SmVar(k). We have the functor

i♯ : CDfil(S)→ CDfil(Z), (M,F ) 7→ i♯(M,F ) := Homi∗DS ((DS←Z , F
ord), i∗(M,F ))

where the (left) DZ module structure on i♯M comes from the right module structure on DS←Z , resp.
OZ . We denote by

• for (M,F ) ∈ CDfil(S), the canonical map in CDfil(S)

ad(i∗mod, i
♯)(M,F ) : i∗modi

♯(M,F ) := i∗(Homi∗DS ((DS←Z , F
ord), i∗(M,F ))⊗DZ (DS←Z , F

ord))

→ (M,F ), φ⊗ P 7→ φ(P )

• for (N,F ) ∈ CDfil(Z), the canonical map in CDfil(Z)

ad(i∗mod, i
♯)(N,F ) : (N,F )→ i♯i∗mod(N,F ) := Homi∗DS (DS←Z , i

∗i∗((N,F )⊗DZ (DS←Z , F
ord)))

n 7→ (P 7→ n⊗ P )

The functor i♯ induces in the derived category the functor :

Ri♯ : DD(2)fil,r(S)→ DD(2)fil,r(Z), (M,F ) 7→

Ri♯(M,F ) := RHomi∗DS ((DZ←S , F
ord), i∗(M,F )) = Homi∗DS ((DZ←S , F

ord), E(i∗(M,F ))).

Proposition 17. Let i : Z →֒ S a closed embedding, with Z, S ∈ SmVar(k). The functor i∗mod :
CD(Z)→ CD(S) admit a right adjoint which is the functor i♯ : CD(S)→ CD(Z) and

ad(i∗mod, i
♯)(N) : N → i♯i∗modN and ad(i∗mod, i

♯)(M) : i∗modi
♯M →M

are the adjonction maps.

Proof. Similar to the complex case : see [18].

One of the main results in D modules is Kashiwara equivalence :
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Theorem 20. Let i : Z →֒ S a closed embedding with Z, S ∈ SmVar(k).

(i) The functor i∗mod : QCohD(Z) → QCohD(S) is an equivalence of category whose inverse is i♯ :=
aτ i

♯ : QCohD(S)→ QCohD(Z). That is, for M ∈ QCohD(S) and N ∈ QCohD(Z), the adjonction
maps

ad(i∗mod, i
♯)(M) : i∗modi

♯M
∼
−→M , ad(i∗mod, i

♯)(N) : i♯i∗modN
∼
−→ N

are isomorphisms.

(ii) The functor
∫
i
= i∗mod : DD(Z) → DD(S) is an equivalence of category whose inverse is Ri♯ :

DD(S)→ DD(Z). That is, for M ∈ DD(S) and N ∈ DD(Z), the adjonction maps

ad(

∫

i

, Ri♯)(M) :

∫

i

Ri♯M
∼
−→M , ad(

∫

i

, Ri♯)(N) : Ri♯
∫

i

N
∼
−→ N

are isomorphisms.

Proof. Similar to the complex case : see [18] :(ii) follows from (i).

Lemma 2. Let i : Z →֒ S a closed embedding with Z, S ∈ Var(k). Denote by j : U := S\Z →֒ Z the
open complementary embedding. Then, if i is a locally complete intersection embedding (e.g. if Z, S are
smooth), we have for M ∈ COU (U) quasi-coherent, Li∗modRj∗M = 0.

Proof. Similar to the complex case : see [10].

We deduce from theorem 20(i) and lemma 2 the localization for D-modules for a closed embedding
of smooth algebraic varieties:

Theorem 21. Let i : Z →֒ S a closed embedding with Z, S ∈ SmVar(k). Denote by c = codim(Z, S).
Then, for M ∈ CD(S), we have by Kashiwara equivalence the following map in CD(S) :

KZ/S(M) : ΓZE(M)
ad(i∗mod,i

♯)(−)−1

−−−−−−−−−−−−→ i∗modi
♯ΓZE(M)

γZ(−)
−−−−→ i∗modi

♯(E(M))
Hom(qK ,E(i∗M))◦Hom(OZ ,T (i,E)(M)
−−−−−−−−−−−−−−−−−−−−−−−−−→ i∗modK

∨
i∗OS (OZ)⊗i∗OS M

which is an equivalence Zariski local. It gives the isomorphism in DD(S)

KZ/S(M) : RΓZM → i∗modK
∨
i∗OS (OZ) = i∗modLi

∗modM [c]

Proof. Follows from theorem 20 and lemma 2.

Let k a field of caracteristic zero. Let S ∈ SmVar(k). Let M ∈ PShD,c(S) a coherent DS module so
that it admits a good filtration (M,F ) for the filtered ring (DS , F

ord). We then have the characteristic
variety

Ch(M) := supp(cc(GrF M)) ⊂ TS

which is the support of the characteristic cycle cc(GrF M) ∈ Z(TS) of the coherent sheaf GrF M ∈
Shvc(TS). Since for two good filtration (M,F ) and (M,F ′) there exist r, s ∈ Z satisfying F

′iM ⊂
F i−rM ⊂ F

′i−sM for all i, cc(GrF M) ∈ Z(TS) and Ch(M) ∈ TS does NOT depend on the choice of a
good filtration F .

For k ⊂ k′ a subfield of characteristic zero and S ∈ SmVar(k), we have by definition

cc(GrF (πk/k′ (S)
∗modM)) = cc(GrF M)⊗k k

′ ∈ Z(TSk′ )

and thus
Ch(πk/k′ (S)

∗modM) = Ch(M)k′ ⊂ TSk′

with Sk′ := S ⊗k k
′, since if (M,F ) is a good filtration then (πk/k′ (S)

∗modM,πk/k′ (S)
∗modF ) is a good

filtration, πk/k′ (S) : Sk′ := S ⊗k k′ → S being the projection (see section 2).
We have the following proposition :
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Proposition 18. Let k a field of characteristic zero.

(i) Let i : Z →֒ S a closed embedding with S,Z ∈ SmVar(k). Let M ∈ PShD,c(Z) a coherent DZ

module so that it admits a good filtration (M,F ) for the filtered ring (DS , F
ord). Then i∗mod(M,F )

is a good filtration for the filtered ring (DZ , F
ord) and Ch(i∗modM) = di(Ch(M)) ⊂ TS where

di : TZ →֒ TS|Z := p−1S (Z) →֒ TS is the closed embedding where the first embedding is given by the
differential of i : i∗OS → OZ .

(ii) Let S ∈ SmVar(k). Let M ∈ PShD,c(S) a coherent DS module so that it admits a good filtration
(M,F ) for the filtered ring (DS , F

ord). Let Ch(M) = ∪lClM with ClM the irreducible components
of Ch(M). Then dim(ClM ) ≤ dim(S) for all l.

Proof. (i): Similar to the proof of [18].
(ii) Let S = ∪iSi an open affine cover. Since by definition Ch(j∗iM) = Ch(M) ∩ p−1S (Si), it is enought
to prove the result for a smooth affine variety. So, let S′ ∈ SmVar(k) affine and i : S′ →֒ Ank a closed
embedding. By (i) Ch(i∗modM) = di(Ch(M)) so the result follows from [14].

Definition 35. Let k a field of characteristic zero.

(i) Let S ∈ SmVar(k) connected (hence irreducible since S is smooth). A coherent DS module M ∈
PShD,c(S) is called holonomic if all the irreducible components ClM of supp(Ch(M)) = ∪lClM ∈ TS
are of dimension dim(ClM ) = dim(S).

(ii) Let S ∈ SmVar(k). Then S = ⊔iSi with Si ∈ SmVar(k) connected. A coherent DS module
M ∈ PShD,c(S) is called holonomic if j∗iM ∈ PShD,c(Si) is holonomic for all i.

Let k ⊂ k′ a subfield. Consider the projection π := πk/k′ (S) : Sk′ → S. By definition M ∈ PShD,c(S)

is holonomic if and only if π∗modM ∈ PShD,c(Sk′ ) is holonomic since Ch(M)k′ = Ch(π∗modM) ⊂
TSk′ . In particular considering an embedding σ : k ⊂ C, M ∈ PShD,c(S) is holonomic if and only if
πk/C(S)

∗modM ∈ PShD,c(SC) is holonomic.

Proposition 19. Let S ∈ SmVar(k).

(i) Consider an exact sequence in PShD,c(S)

0→M1 →M2 →M3 → 0.

Then M2 ∈ PShD,h(S) if and only if M1,M3 ∈ PShD,h(S).

(ii) An holonomic module M ∈ PShD,h(S) has finite length.

Proof. Similar to the complex case : See [14] or [18].

Let S ∈ SmVar(k). A locally free OS module with a structure of DS module is called an integrable
connexion. We denote by VectD(S) ⊂ PShD,c(S) the full subcategory whose set of objects consists
of integrable connexions. By definition, an integrable connexion M ∈ VectD(S) is holonomic since
Ch(M) = i0(S) ⊂ TS where i0 : S →֒ TS, i0(s) = (s, 0) is the zero section embedding. Hence VectD(S) ⊂
PShD,h(S).

Proposition 20. Let k a field of characteristic zero. Let S ∈ SmVar(k).

(i) A coherent DS module M ∈ PShD,c(S) which is a coherent OS module is a locally free OS module.

(ii) An holonomic DS module M ∈ PShD,h(S) is generically an integrable connexion, that is there exists
an open subset j : So ⊂ S such that M|So := j∗M ∈ VectD(S

o).

Proof. (i): Similar to the complex case : see [18].
(ii): Similar to the complex case : follows from (i) since there exist an open subset So ⊂ S such that
ch(M) ∩ p−1(So) = TSoS

o where TSS ⊂ TS is the zero section.
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Let k a field of characteristic zero. Let S ∈ SmVar(k)

• we consider

– the full subcategories

CD,h(S) ⊂ CD,c(S) ⊂ CD(S) and DD,h(S) ⊂ DD,c(S) ⊂ DD(S)

consisting of complexes of presheaves M such that aτH
n(M) are coherent, resp. holonomic,

sheaves of DS modules, aτ being the sheaftification functor for the Zariski topology,

– the full subcategories

CDop,h(S) ⊂ CDop,c(S) ⊂ CDop(S) and DDop,h(S) ⊂ DDop,c(S) ⊂ DDop(S)

the full subcategories consisting of complexes of presheaves M such that aτH
n(M) are coher-

ent, resp. holonomic, sheaves of right DS modules,

• in the filtered case we have

– the full subcategories

CD(2)fil,h(S) ⊂ CD(2)fil,c(S) ⊂ CD(2)fil(S), and DD(2)fil,h(S) ⊂ DD(2)fil,c(S) ⊂ DD(2)fil(S),

consisting of filtered complexes of presheaves (M,F ) such that aτH
n(M,F ) are filtered co-

herent, resp. filtered holonomic, sheaves of DS modules, that is aτH
n(M) are coherent, resp.

holonomic sheaves of DS modules and F induces a good filtration on aτH
n(M) (in particular

F paτH
n(M) ⊂ aτHn(M) are coherent sub OS modules), the full subcategories

CD(1,0)fil,h(S) = CD2fil,h(S) ∩CD(1,0)fil(S) ⊂ CD2fil,h(S), and

DD(1,0)fil,h(S) = DD2fil,h(S) ∩DD(1,0)fil(S) ⊂ DD2fil,h(S),

consisting of filtered complexes of presheaves (M,F,W ) such that aτH
n(M,F ) are filtered

holonomic sheaves of DS modules and such that W pM ⊂ M are DS submodules (recall
that the OS submodules F pM ⊂ M are NOT DS submodules but satisfy by definition md :
F rDS ⊗ F pM ⊂ F p+rM),

– and similarly the full subcategories

CDop(2)fil,h(S) ⊂ CDop(2)fil,c(S) ⊂ CDop(2)fil(S),

the full subcategories consisting of filtered complexes of presheaves (M,F ) such that aτH
n(M,F )

are filtered coherent, resp. filtered holonomic, sheaves of right DS modules.

Let S ∈ Var(k). Let Z ⊂ S a closed subset. Denote by j : S\Z →֒ S the open embedding. We
denote by CDfil,h,Z(S) ⊂ CDfil,h(S) the full subcategory consisting of (M,F ) ∈ CDfil,h(S) such that
j∗GrpF M ∈ COS (S) is acyclic for all p ∈ Z.

Proposition 21. Let f : X → S a morphism with X,S ∈ SmVar(k). Then,

(i) For (M,F ) ∈ CD(2)fil,h(S), we have LDS(M,F ) ∈ DD(2)fil,h(S).

(ii) For (M,F ) ∈ CD(2)fil,h(S), we have Lf
∗mod(M,F ) ∈ DD(2)fil,h(X) and Lf ∗̂mod(M,F ) ∈ DD(2)fil,h(X).

(iii) For M ∈ CD,h(X), we have
∫
f M ∈ DD,h(S) and

∫
f !M := LDS

∫
f LDX ∈ DD,h(S).

(iv) If f is proper, for (M,F ) ∈ CD(2)fil,h(X), we have
∫
f
(M,F ) ∈ DD(2)fil,h(S).

(v) For (M,F ), (N,F ) ∈ CD(2)fil,h(S), (M,F )⊗LOS (N,F ) ∈ DD(2)fil,h(S)
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Proof. Similar to the proof of the complex case in [18] or simply follows from the complex case since
M ∈ PShD,c(S) is holonomic if and only if πk/C(S)

∗modM ∈ PShD,c(SC) is holonomic. Note that (v)
follows from (ii) by proposition 16.

Proposition 22. Let S ∈ SmVar(k). For M ∈ CD,c(S), the canonical map d(M) : M → D2
SLDM is an

equivalence Zariski local

Proof. Standard.

Proposition 23. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ SmVar(k). Let
M ∈ CD,h(S). Then, we have L(f2 ◦ f1)

∗̂modM = Lf ∗̂mod1 (Lf ∗̂mod2 M) in DD,h(X).

Proof. Follows from proposition 15 (i), proposition 21 and proposition 22, or directly from the complex
case.

Theorem 22. Let k a field of characteristic zero. Let S ∈ SmVar(k).

(i) Let M ∈ DD,c(S). Then M ∈ DD,h(S) if and only if there exist a finite sequence

S = S0 ⊃ S1 ⊃ · · · ⊃ Sr ⊃ Sr+1 = ∅

such that for all l, Sl\Sl+1 is smooth and Hk(i∗modl M) ∈ VectD(Sl\Sl+1) are integrable connexion
for all k ∈ Z, il : Sl\Sl+1 →֒ S being the locally closed embedding.

(ii) Let M ∈ PShD,c(S). Then M ∈ PShD,h(S) if and only if there exist a finite sequence

S = S0 ⊃ S1 ⊃ · · · ⊃ Sr ⊃ Sr+1 = ∅

such that for all l, Sl\Sl+1 is smooth and i∗modl M ∈ VectD(Sl\Sl+1) is an integrable connexion,
il : Sl\Sl+1 →֒ S being the locally closed embedding.

Proof. (i): Similar to the complex case : follows from proposition 20, theorem 21 and proposition 21.
(ii):It is a particular case of (i).

Let k a field of characteristic zero.

• Let C ∈ SmVar(k) connected (hence irreducible). An algebraic meromorphism connexion M =
(M,∇) ∈ Mod(KC , D(OC,s)) at s ∈ C is a KC module M endowed with a k linear map ∇ : M →
Ω1
C,s ⊗OC,s M such that ∇(fm) = df ⊗m + f∇(m) for f ∈ KC where KC := Frac(OC,s) is the

field of fraction of C,

• Let S ∈ SmVar(k). An algebraic meromorphism connexion M = (M,∇) ∈ PShOS(∗D),DS (S) along
a (Cartier divisor) D ⊂ S is a coherent OS(∗D) module which has a structure of DS module. In
particular, M|S\D ∈ VectD(S\D) is an integrable connexion since it is a DS\D module which is a
coherent OS\D module.

Lemma 3. Let S ∈ SmVar(k). Let D ⊂ S a (Cartier) divisor. Denote by j : So := S\D →֒ S the open
embedding. Then, the restriction

j∗ : PShOS(∗D),DS (S)→ VectD(S
o)

is an equivalence of category whose inverse is

j∗ : VectD(S
o)→ PShOS(∗D),DS (S).

By proposition 21, we get a full subcategory PShOS(∗D),DS (S) ⊂ PShD,h(S).

Proof. Standard fact on coherent OS(∗D) = j∗OSo module.
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We now give the definition of the regularity of integrable connexions and holonomic DS-modules on
S ∈ SmVar(k): We first define it for integrable connexion and holonomic DC -module for C ∈ SmVar(k)
a smooth algebraic curve over k.

Definition 36. Let k a field of characteristic zero.

(i) Let C ∈ SmVar(k) connected (hence irreducible). An algebraic meromorphism connexion M =
(M,∇) ∈ Mod(KC , D(OC,s)) at s ∈ C is called regular if there exists a finitely generated OC,s
module L ⊂M such that M = KC,sL and x∇(L) ⊂ Ω1

C,s⊗OC,sL for some local parameter x ∈ OC,s.
We call such an L ⊂M an integral lattice.

(ii) Let C ∈ SmVar(k). An integrable connexion M = (M,∇) ∈ VectD(C) is called regular if for any
smooth compactification C̄ ∈ PSmVar(k) of C with j : C →֒ C̄ denoting the open embedding the
algebraic meromorphic connexion

j∗M := (j∗M, j∗∇) ∈ PShOC̄(∗C̄\C),DC̄
(C̄)

is regular at all s ∈ C̄, that is for all s ∈ C̄ the algebraic meromorphic connexion (j∗M)s =
((j∗M)s, (j∗∇)s) ∈Mod(KC , D(OC̄,s)) at s ∈ C̄ is regular (see (i)).

(iii) Let C ∈ SmVar(k). Let M ∈ PShD,h(C) an holonomic DC module. Then by proposition 20, there
exist an open subset l : Co ⊂ C such that M|Co := l∗M ∈ VectD(C

o) is an integrable connexion.
We say that M is regular if l∗M ∈ VectD(C

o) is regular (see (ii)).

We have the following :

Proposition 24. Let C ∈ SmVar(k) connected (hence irreducible). Consider an algebraic meromorphism
connexion M = (M,∇) ∈Mod(KC , D(OC,s)) at s ∈ C. The following are equivalent :

(i) M is regular

(ii) For any m ∈M , there exists a finitly generated OC,s submodule L ⊂M such that x∇(L) ⊂ L.

(iii) For any m ∈ M there exist a polynomial F (t) = tm + a1t
m−1 + · · · + am ∈ OC,s[t] such that

F (x∇)(m) = 0.

Proof. Similar to the complex case.

We have then the following lemma

Lemma 4. (i) Let k : C → C′ a morphism with C,C′ ∈ SmVar(k) smooth algebraic curves.

– Let M ∈ PShD,h(C). Then M is regular if and only if Hk
∫
k
M ∈ PShD,h(C

′) are regular for
all k.

– Let N ∈ PShD,h(C
′). Then M is regular if and only if HkLk∗modN ∈ PShD,h(C) are regular

for all k.

(ii) Let σ : k →֒ C an embedding. Let C ∈ SmVar(k) and M ∈ PShD,h(C). Then M is regular if and
only if πk/C(C)

∗modM ∈ PShD,h(CC) is regular

Proof. (i):Similar to the complex case : see [18].
(ii): Follows from the fact that for l : Co →֒ C an open subset such that l∗M ∈ VectD(C

o) is an integral
connexion and s ∈ C̄ with C̄ ∈ SmVar(k) a compactification of C, j : Co →֒ C →֒ C̄, if L ⊂ (j∗l

∗M)s
is an integral lattice then πk/C(C̄)∗modL ⊂ (πk/C(C̄)

∗modj∗l
∗M)s is an integral lattice, and conversely if

L′ ⊂ (πk/C(C̄)
∗modj∗l

∗M)s is an integral lattice then L′ ∩ (j∗l
∗M)s ⊂ (j∗l

∗M)s is an integral lattice the
canonical map

(j∗nOCo/OCo
C

(l∗M))s : (j∗l
∗M)s →֒ πk/C(C̄)

∗mod(j∗l
∗M)s,m 7→ m⊗ 1

being injective since l∗M is a locally free OCo module.
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For integral connexions and holonomic DS modules on S ∈ SmVar(k) an algebraic variety of arbitrary
dimesion over k, we define it by the case of curves

Definition 37. Let k a field of characteristic zero.

(i) Let S ∈ SmVar(k). An algebraic meromorphism connexion M = (M,∇) ∈ PShOS(∗D),DS (S) along
a (Cartier divisor) D ⊂ S is called regular, if for all morphism iC : C → X with C ∈ SmVar(k) a
smooth curve and all s = D∩iC(C), the meromorphic connexion (i∗modC M,∇) ∈Mod(KC , D(OC,s))
is regular (see definition 36).

(ii) Let S ∈ SmVar(k). An integrable connexion M = (M,∇) ∈ VectD(S) is called regular if for any
smooth compactification S̄ ∈ PSmVar(k) of S with D := S̄\S ⊂ S̄ a (Cartier) divisor, the algebraic
meromorphic connexion (j∗M) = ((j∗M), (j∗∇)) ∈ PShOS̄(∗D),DS̄ (S̄) along D ⊂ S is regular, where
j : S →֒ S̄ is the open embedding (see (i)).

(iii) Let S ∈ SmVar(k). An holonomic DS module M ∈ PShD,h(S) is called regular if for all morphism
iC : C → S with C ∈ SmVar(k), i∗modC M ∈ PShD,h(C) is regular (see definition 36).

(iv) Let σ : k →֒ C an embedding. Let S ∈ SmVar(k) and M ∈ PShD,h(S). Consider the projection
πk/C(S) : S → SC. Then by lemma 4(ii), if πk/C(S)

∗modM ∈ PShD,h(SC) is regular then M ∈
PShD,h(S) is regular. So, let k a field of characteristic zero. Let S ∈ SmVar(k) andM ∈ PShD,h(S).
We say that M is regular in the strong sense if

πk/C(S0)
∗modM0 ∈ PShD,h(S0C)

is regular, where k0 ⊂ k is a subfield of finite transcandence degree over Q such that S and M
are defined that is S = S0k := S0 ⊗k0 k with S0 ∈ SmVar(k0) and M = πk0/k(S0)

∗modM0 with
M0 ∈ PShD,h(S0), and we take an embedding σ : k0 →֒ C. This definition does NOT depend on the
choice of the subfield k0 and the embedding σ : k0 →֒ C.

For S ∈ SmVar(k), we denote PShD,rh(S) ⊂ PShD,h(S) the full subcategory consisting of holonomic DS

modules M ∈ PShD,h(S) regular in the strong sense (see (iv)).

We have then the following easy proposition :

Proposition 25. Let S ∈ SmVar(k). Consider an exact sequence in PShD,h(S)

0→M1 →M2 →M3 → 0.

(i) Then, M2 is regular if and only if M1 and M3 are regular

(ii) Then, M2 ∈ PShD,rh(S) if and only if M1,M3 ∈ PShD,rh(S).

Proof. (i):Similar to the complex case : by definition we are reduced to the case of integrable connexions

on curves. But for 0 → M1 → M2
q
−→ M3 → 0 an exact sequence of integrable connexions on a curve

C ∈ SmVar(k) with compactification C̄ ∈ PSmVar(k), M1 and M3 are regular at s ∈ C̄ if and only if M2

is regular at s by proposition 24 (use (iii)).
(ii):Follows by definition from the complex case which is a particular case of (i).

Let k a field of characteristic zero. Let S ∈ SmVar(k)

• we consider

– the full subcategories

CD,rh(S) ⊂ CD,h(S) and DD,rh(S) ⊂ DD,h(S)

consisting of complexes of presheavesM such that aτH
n(M) ∈ PShD,rh(S) (see definition 37),

aτ being the sheaftification functor for the Zariski topology,
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– the full subcategories

CDop,rh(S) ⊂ CDop,h(S) and DDop,rh(S) ⊂ DDop,h(S)

the full subcategories consisting of complexes of presheaves M such that aτH
n(M)op ∈

PShD,rh(S),

• in the filtered case we have

– the full subcategories

CD(2)fil,rh(S) ⊂ CD(2)fil,h(S), and DD(2)fil,rh(S) ⊂ DD(2)fil,h(S),

consisting of filtered complexes of presheaves (M,F ) such that aτH
n(M) ∈ PShD,rh(S) (see

definition 37), the full subcategories

CD(1,0)fil,rh(S) = CD2fil,rh(S) ∩ CD(1,0)fil(S) ⊂ CD2fil,rh(S), and

DD(1,0)fil,rh(S) = DD2fil,rh(S) ∩DD(1,0)fil(S) ⊂ DD2fil,rh(S),

consisting of filtered complexes of presheaves (M,F,W ) ∈ CD(1,0)fil,h(S) such that aτH
n(M) ∈

PShD,rh(S) (see definition 37)

– and similarly the full subcategories

CDop(2)fil,rh(S) ⊂ CDop(2)fil,h(S), and DDop(2)fil,rh(S) ⊂ DDop(2)fil,h(S)

the full subcategories consisting of filtered complexes of presheaves (M,F ) ∈ CDop(2)fil,h(S)
such that aτH

n(M)op ∈ PShD,rh(S).

Let S ∈ SmVar(k). Let Z ⊂ S a closed subset. Denote by j : S\Z →֒ S the open embedding. We
denote by CDfil,Z,rh(S) ⊂ CDfil,rh(S) the full subcategory consisting of (M,F ) ∈ CDfil,rh(S) such that
j∗GrpF M ∈ COS (S) is acyclic for all p ∈ Z.

We now give an equivalent definition of regular holonomic DS modules together with a result on
stability by direct, inverse image and duality.

Let S ∈ SmVar(k). For each M ∈ PShD,h(S) there exists by proposition 19(ii) a finite sequence of
holonomic submodules

0 =Mr+1 ⊂Mr ⊂ · · · ⊂M1 ⊂M0 =M

such that Mi/Mi+1 ∈ PShD,h(S) is simple.

Definition 38. Let k : Zo →֒ S a locally closed embedding with S,Zo ∈ SmVar(k), and assume k is
affine. We define for M ∈ PShD,h(Z

o) the minimal extension

LZo/S(M) := T (k!, k∗)(

∫

k!

M) ⊂

∫

k

M

where T (k!, k∗)(M) :
∫
k!M →

∫
kM is given by, using a factorization of k by open embeddings and proper

morphisms

• the adjonction map T (j!, j∗)(N) := ad(j∗, j∗)(j!N) : j!N → j∗N for open embeddings j : Xo →֒ X
with X ∈ SmVar(k),

• the trace map on proper morphisms.

By proposition 19(i), LZo/S(M) ∈ PShD,h(S) is holonomic.

Theorem 23. (i) Let k : Zo →֒ S a locally closed embedding with S,Zo ∈ SmVar(k), and assume k
is affine. Let M ∈ PShD,h(Z

o). If M is simple, then LZo/S(M) is also simple, and is the unique
simple submodule of

∫
kM and the unique quotient module of

∫
k!M .
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(ii) Let S ∈ SmVar(k). Let M ∈ PShD,h(S). If M is a simple DS module then there exist k : Zo →֒ S
a locally closed embedding with Z ∈ SmVar(k), k affine, such that M ≃ LZo/S(N) with N ∈
VectD(Z

o) a simple integral connexion.

(iii) Let k : Zo →֒ S, k′ : Z
′o locally closed embeddings with S,Zo, Z

′o ∈ SmVar(k), k, k′ affine. Let
N ∈ VectD(Z

o) and N ∈ VectD(Z
′o) simple integral connexions. Then LZo/S(N) ≃ LZ′o/S(N

′) in

PShD(S) if and only if Z̄o = Z̄
′o and N|U ≃ N

′
|U for an open dense subset U ⊂ Zo ∩ Z

′o.

Proof. Similar to the complex case : see [18].

Theorem 24. Let S ∈ SmVar(k). Let M ∈ PShD,h(S). Take by proposition 19(ii) a finite sequence of
holonomic submodules

0 =Mr+1 ⊂Mr ⊂ · · · ⊂M1 ⊂M0 =M

such that Mi/Mi+1 ∈ PShD,h(S) is simple. By theorem 23 there exist locally closed embeddings ki : Z
o
i →֒

S with Zoi ∈ SmVar(k) and Ni ∈ VectD(Z
o
i ) simple integrable connexion such that Mi ≃ LSoi /S(Ni) in

PShD(S). Then M is regular if and only if the simple integral connexions Ni ∈ VectD(Z
o
i ) are regular

(see definition 37).

Proof. Similar to the proof of the complex case in [18].

Theorem 25. Let f : X → S a morphism with X,S ∈ SmVar(k). Then,

(i) For (M,F ) ∈ CD(2)fil,rh(S), we have LDS(M,F ) ∈ DD(2)fil,rh(S).

(ii) For (M,F ) ∈ CD(2)fil,rh(S), we have Lf
∗mod(M,F ) ∈ DD(2)fil,rh(X) and Lf ∗̂mod(M,F ) ∈ DD(2)fil,rh(X).

(iii) For M ∈ CD,rh(X), we have
∫
f
M ∈ DD,rh(S). and

∫
f !
M := LDS

∫
f
LDX ∈ DD,rh(S).

(iv) If f is proper, for (M,F ) ∈ CD(2)fil,rh(X), we have
∫
f
(M,F ) ∈ DD(2)fil,rh(S).

(v) For (M,F ), (N,F ) ∈ CD(2)fil,rh(S), (M,F )⊗LOS (N,F ) ∈ DD(2)fil,rh(S)

Proof. Follows by definition from the complex case : (i),(ii) and (iii): See [18].
(iv): Follows from (iii) and stability of coherent OX -modules by direct image of proper morphism f :
X → S.
(v):Follows from (ii) by proposition 16.

4.2 The D modules on singular algebraic varieties over a field k of character-
istic zero

In this subsection by defining the category of complexes of filtered D-modules in the singular case and
there functorialities.

4.2.1 Definition

In all this subsection, we fix the notations: Let k a field of characteristic zero. For S ∈ Var(k), we denote
by S = ∪li=1Si an open cover such that there exits closed embeddings iiSi →֒ S̃i with S̃i ∈ SmVar(k).
We have then closed embeddings iI : SI := ∩i∈ISi →֒ S̃I := Πi∈I S̃I . Then for I ⊂ J , we denote by
jIJ : SJ →֒ SI the open embedding and pIJ : S̃J → S̃I the projection, so that pIJ ◦ iJ = iI ◦ jIJ . This
gives the diagram of algebraic varieties (S̃I) ∈ Fun(P(N),Var(k)) which gives the diagram of sites (S̃I) :=
Ouv(S̃I) ∈ Fun(P(N),Cat). It also gives the diagram of sites (S̃I)

op := Ouv(S̃I)
op ∈ Fun(P(N),Cat).

For I ⊂ J , we denote by m : S̃I\(SI\SJ) →֒ S̃I the open embedding.

Definition 39. Let S ∈ Var(k) and let S = ∪iSi an open cover such that there exist closed embeddings
iiSi →֒ S̃i with S̃i ∈ SmVar(k). Then, PShD(2)fil(S/(S̃I)) ⊂ PShD(2)fil((S̃I)) is the full subcategory
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• whose objects are (M,F ) = ((MI , F )I⊂[1,···l], sIJ), with

– (MI , F ) ∈ PShD(2)fil(S̃I) such that ISIMI = 0, in particular (MI , F ) ∈ PShD(2)fil,SI (S̃I)

– sIJ : m∗(MI , F )
∼
−→ m∗pIJ∗(MJ , F )[dS̃I − dS̃J ] for I ⊂ J , are isomorphisms, pIJ : S̃J → S̃I

being the projection, satisfying for I ⊂ J ⊂ K, pIJ∗sJK ◦ sIJ = sIK ;

• the morphisms m : (M,F ) → (N,F ) between (M,F ) = ((MI , F )I⊂[1,···l], sIJ) and (N,F ) =
((NI , F )I⊂[1,···l], rIJ ) are by definition a family of morphisms of complexes,

m = (mI : (MI , F )→ (NI , F ))I⊂[1,···l]

such that rIJ ◦mJ = pIJ∗mJ ◦ sIJ in CD,SJ (S̃J ).

We denote by

PShD(2)fil,rh(S/(S̃I)) ⊂ PShD(2)fil,h(S/(S̃I)) ⊂ PShD(2)fil,c(S/(S̃I)) ⊂ PShD(2)fil(S/(S̃I))

the full subcategory consisting of ((MI , F ), sIJ) ∈ PShD(2)fil(S/(S̃I)) such that for all I ⊂ [1, . . . , l],

(MI , F ) ∈ PShD(2)fil,c(S̃I) resp. (MI , F ) ∈ PShD(2)fil,h(S̃I), resp. (MI , F ) ∈ PShD(2)fil,h(S̃I) and

MI ∈ PShD,rh(S̃I) (see definition 37) We have the full subcategories

PShD(1,0)fil,rh(S/(S̃I)) ⊂ PShD2fil,rh(S/(S̃I)), PShD(1,0)fil,h(S/(S̃I)) ⊂ PShD2fil,h(S/(S̃I)),

PShD(1,0)fil,h(S/(S̃I)) ⊂ PShD2fil,h(S/(S̃I)),

consisting of ((MI , F,W ), sIJ ) such that W pMI are DS̃I
submodules.

We recall from [10] the following

• A morphism m = (mI) : ((MI), sIJ ) → ((NI), rIJ ) in C(PShD(S/(S̃I))) is a Zariski, resp. usu,
local equivalence if and only if all the mI are Zariski local equivalences.

• A morphism m = (mI) : ((MI , F ), sIJ → ((NI , F ), rIJ )) in C(PShD(2)fil(S/(S̃I))) is a filtered
Zariski local equivalence if and only if all the mI are filtered Zariski local equivalence.

• By definition, a morphism m = (mI) : ((MI , F ), sIJ)→ ((NI , F ), rIJ ) in C(PShD(2)fil(S/(S̃I))) is
an r-filtered Zariski local equivalence if there exist mi : ((CiI , F ), siIJ ) → ((C(i+1)I , F ), s(i+1)IJ),

0 ≤ i ≤ s, with ((CiI , F ), siIJ) ∈ C(PShD(2)fil(S/(S̃I))), ((C0I , F ), siIJ ) = ((MI , F ), sIJ), ((CsI , F ), ssIJ ) =
((NI , F ), rIJ ) such that

m = ms ◦ · · · ◦mi ◦ · · · ◦m0 : ((MI , F ), sIJ → ((NI , F ), rIJ ))

with mi : ((CiI , F ), siIJ ) → ((C(i+1)I , F ), s(i+1)IJ ) either filtered Zariski local equivalence or r-
filtered homotopy equivalence.

Definition-Proposition 4. Let S ∈ Var(k) and let S = ∪iSi an open cover such that there exist closed
embeddings iiSi →֒ S̃i with S̃i ∈ SmVar(k). Then PShD(2)fil(S/(S̃I)) does not depend on the open
covering of S and the closed embeddings and we set

PShD(2)fil(S) := PShD(2)fil(S/(S̃I))

We denote by C0
D(2)fil(S) := C(PShD(2)fil(S/(S̃I))) and by D0

D(2)fil,r(S) := K0
D(2)fil,r(S)([E1]

−1) the
localization of the r-filtered homotopy category with respect to the classes of filtered Zariski local equiva-
lences.

Proof. Similar to the complex case : see [10].
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We now give the definition of our category :

Definition 40. Let S ∈ Var(k) and let S = ∪iSi an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Then, CD(2)fil(S/(S̃I)) ⊂ CD(2)fil((S̃I)) is the full subcategory

• whose objects are (M,F ) = ((MI , F )I⊂[1,···l], uIJ), with

– (MI , F ) ∈ CD(2)fil,SI (S̃I) that is (MI , F ) ∈ CD(2)fil(S̃I) satisfy n
∗
I GrpF MI ∈ CO(S̃I) is acyclic

for all p ∈ Z, where nI : S̃I\SI →֒ S̃I is the open embedding,

– uIJ : m∗(MI , F )→ m∗pIJ∗(MJ , F )[dS̃I − dS̃J ] for J ⊂ I, are morphisms, pIJ : S̃J → S̃I being

the projection, satisfying for I ⊂ J ⊂ K, pIJ ∗ uJK ◦ uIJ = uIK in CDfil(S̃I) ;

• the morphisms m : ((MI , F ), uIJ) → ((NI , F ), vIJ ) between (M,F ) = ((MI , F )I⊂[1,···l], uIJ) and
(N,F ) = ((NI , F )I⊂[1,···l], vIJ ) being a family of morphisms of complexes,

m = (mI : (MI , F )→ (NI , F ))I⊂[1,···l]

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in CDfil(S̃I).

We denote by C∼D(2)fil(S/(S̃I)) ⊂ CD(2)fil(S/(S̃I)) the full subcategory consisting of objects ((MI , F ), uIJ)
such that the uIJ are ∞-filtered Zariski local equivalences.

Let S ∈ Var(k) and let S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Then, We denote by

CD(2)fil,rh(S/(S̃I)) ⊂ CD(2)fil,h(S/(S̃I)) ⊂ CD(2)fil,c(S/(S̃I)) ⊂ CD(2)fil(S/(S̃I))

the full subcategories consisting of those ((MI , F ), uIJ) ∈ CD(2)fil(S/(S̃I)) such that for all I ⊂ [1, . . . , l],

(MI , F ) ∈ CD(2)fil,SI ,c(S̃I), that is such that aτH
n(MI , F ) ∈ PShDfil,c(S̃I) are coherent endowed with

a good filtration for all n ∈ Z, resp. (MI , F ) ∈ CD(2)fil,SI ,h(S̃I), that is such that aτH
n(MI , F ) ∈

PShDfil,h(S̃I) are filtered holonomic for all n ∈ Z, resp. such that (MI , F ) ∈ CD(2)fil,SI ,rh(S̃I),

that is such that aτH
n(MI , F ) ∈ PShDfil,h(S̃I) are filtered holonomic for all n ∈ Z and aτH

nMI ∈

PShD,rh(S̃I)(see definition 37).
We denote by

CD(1,0)fil,h(S/(S̃I)) ⊂ CD2fil,h(S/(S̃I)), CD(1,0)fil,rh(S/(S̃I)) ⊂ CD2fil,rh(S/(S̃I)),

CD(1,0)fil(S/(S̃I)) ⊂ CD2fil(S/(S̃I)),

the full subcategories consisting of those ((MI , F,W ), uIJ) ∈ CD2fil(S/(S̃I)) such that W pMI are DS̃I
submodules.

We recall from [10] the following

• A morphism m = (mI) : (MI , uIJ)→ (NI , vIJ) in CD(S/(S̃I)) is a Zariski local equivalence if and
only if all the mI are Zariski local equivalences.

• A morphism m = (mI) : ((MI , F ), uIJ → ((NI , F ), vIJ )) in CD(2)fil(S/(S̃I)) is a filtered Zariski
local equivalence if and only if all the mI are filtered Zariski local equivalence.

• Let r = 1, · · · ,∞. By definition, a morphism m = (mI) : ((MI , F ), uIJ) → ((NI , F ), vIJ) in
CD(2)fil(S/(S̃I)) is an r-filtered Zariski local equivalence if there exist mi : (CiI , F ), uiIJ) →

(C(i+1)I , F ), u(i+1)IJ), 0 ≤ i ≤ s, with (CiI , F ), uiIJ ) ∈ CD(2)fil(S/(S̃I)), (C0I , F ), uiIJ) = (MI , F ), uIJ),
(CsI , F ), usIJ) = (NI , F ), vIJ) such that

m = ms ◦ · · · ◦mi ◦ · · · ◦m0 : ((MI , F ), uIJ → ((NI , F ), vIJ ))

with mi : (CiI , F ), uiIJ) → (C(i+1)I , F ), u(i+1)IJ) either filtered Zariski local equivalence or r-
filtered homotopy equivalence (i.e. r-filtered for the first filtration and filtered for the second
filtration).
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Definition 41. Let S ∈ Var(k) and let S = ∪iSi an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k).

(i) We have the derived category

DD(2)fil(S/(S̃I)) := CD(2)fil(S/(S̃I)))([E1]
−1)

the localization with respect to the classes of filtered Zariski local equivalences, together with the
localization functor

D(zar) : CD(2)fil(S/(S̃I))→ KD(2)fil(S/(S̃I))→ DD(2)fil(S/(S̃I)).

(ii) We have the full subcategories

DD(1,0)fil,rh(S/(S̃I)) ⊂ DD(1,0)fil,h(S/(S̃I)) ⊂ DD2fil(S/(S̃I))

which are the image of CD(1,0)fil,h(S/(S̃I)), resp. of CD(1,0)fil,rh(S/(S̃I)), by the localization functor

D(zar) : CD(2)fil(S/(S̃I))→ DD(2)fil(S/(S̃I)).

(iii) We have, for r = 1, . . . ,∞, the r-filtered homotopy category

KD(2)fil,r(S/(S̃I)) := Hor(CD(2)fil(S/(S̃I)))

whose objects are those of CD(2)fil(S/(S̃I)) and whose morphism are r-filtered homotopy classes of
morphisms (r-filtered for the first filtration and filtered for the second), and

DD(2)fil,r(S/(S̃I)) := KD(2)fil,r(S/(S̃I)))([E1]
−1)

the localization with respect to the classes of filtered Zariski local equivalences, together with the
localization functor

D(zar) : CD(2)fil(S/(S̃I))→ KD(2)fil,r(S/(S̃I))→ DD(2)fil,r(S/(S̃I)).

(iv) We have
DD(1,0)fil,∞,h(S/(S̃I)) ⊂ DD2fil,∞,h(S/(S̃I)) ⊂ DD2fil,∞(S/(S̃I))

the full subcategories which are the image of CD2fil,h(S/(S̃I)), resp. of CD(1,0)fil,rh(S/(S̃I)), by the

localization functor D(zar) : CD(2)fil(S/(S̃I))→ DD(2)fil,∞(S/(S̃I)).

Let S ∈ Var(k) and let S = ∪iSi an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(k).

• We denote by

CD(2)fil(S/(S̃I))
0 ⊂ CD(2)fil(S/(S̃I)) and DD(2)fil(S/(S̃I))

0 ⊂ DD(2)fil(S/(S̃I))

the full subcategories consisting of ((MI , F ), uIJ) ∈ CD(2)fil(S/(S̃I)) such that

Hn((MI , F ), uIJ) = (Hn(MI , F ), H
nuIJ) ∈ PSh0D(2)fil(S/(S̃I))

that is such that the HnuIJ are isomorphism.

• We have the full embedding functor

ι0
S/(S̃I)

: C0
D(2)fil(S) := C0

D(2)fil(S/(S̃I)) →֒ CD(2)fil(S/(S̃I))
0 →֒ CD(2)fil(S/(S̃I)),

((MI , F ), sIJ) 7→ ((MI , F ), sIJ )

This full embedding induces in the derived category the functors

ι0
S/(S̃I)

: D0
D(2)fil,r(S) := Hozar(C

0
D(2)fil,∞(S/(S̃I)))→ DD(2)fil(S/(S̃I))

0 →֒ DD(2)fil,r(S/(S̃I)),

((MI , F ), sIJ) 7→ ((MI , F ), sIJ).

We can show that this functor is a full embedding.
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4.2.2 Duality in the singular case

The definition of Saito’s category comes with a dual functor :

Definition 42. Let S ∈ Var(k) and let S = ∪Si an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k). We have the dual functor :

DKS : C0
Dfil(S/(S̃I))→ C0

Dfil(S/(S̃I)), ((MI , F ), sIJ) 7→ (DK
S̃I
(MI , F ), s

d
IJ),

with, denoting for short dIJ := dS̃J − dS̃I ,

uqIJ : DK
S̃I
(MI , F )

DK(s−1
IJ )

−−−−−→ DK
S̃I
pIJ∗(MJ , F )[dIJ ]

T∗(pIJ ,D)(−)
−−−−−−−−−→ pIJ∗D

K
S̃J

(MJ , F )[dIJ ]

It induces in the derived category the functor

LDKS : D0
Dfil(S/(S̃I))→ D0

Dfil(S/(S̃I)), ((MI , F ), sIJ) 7→ DKS Q((MI , F ), sIJ),

with q : Q((MI , F ), sIJ )→ ((MI , F ), sIJ) a projective resolution.

For our definition, we have

Definition 43. Let S ∈ Var(C) and let S = ∪Si an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(C). We have the dual functors :

DS : CDfil(S/(S̃I))→ CDfil(S/(S̃I)
op), ((MI , F ), sIJ) 7→ (DS̃I (MI , F ), s

d
IJ ),

with, denoting for short dIJ := dS̃J − dS̃I ,

uqIJ : pIJ∗DS̃J (MJ , F )[dIJ ]

and
DS : CDfil(S/(S̃I)

op)→ CDfil(S/(S̃I)), ((MI , F ), sIJ) 7→ (DS̃I (MI , F ), s
d
IJ ),

with, denoting for short dIJ := dS̃J − dS̃I ,

uqIJ : DS̃I (MI , F )

It induces in the derived category the functors

LDS : DDfil,r(S/(S̃I))→ DDfil,r(S/(S̃I)
op), ((MI , F ), sIJ ) 7→ DSQ((MI , F ), sIJ),

with q : Q((MI , F ), sIJ )→ ((MI , F ), sIJ) a projective resolution, and

LDS : DDfil,r(S/(S̃I)
op)→ DDfil,r(S/(S̃I)), ((MI , F ), sIJ ) 7→ DSQ((MI , F ), sIJ),

with q : Q((MI , F ), sIJ )→ ((MI , F ), sIJ) a projective resolution.

4.2.3 Inverse image in the singular case

We give in this subsection the inverse image functors between our categories.
Let n : So →֒ S be an open embedding with S ∈ Var(k) and let S = ∪iSi an open cover such that

there exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Denote SoI := n−1(SI) = SI ∩ So

and nI := n|SoI : SoI →֒ So the open embeddings. Consider open embeddings ñI : S̃oI →֒ S̃I such that

S̃oI ∩ SI = SoI , that is which are lift of nI . We have the functor

n∗ : CDfil(S/(S̃I))→ CDfil(S
o/(S̃oI )),

(M,F ) = ((MI , F ), uIJ) 7→ n∗(M,F ) := (ñI)
∗(M,F ) := (ñ∗I(MI , F ), n

∗uIJ)
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which derive trivially.

Let f : X → S be a morphism, with X,S ∈ Var(k), such that there exist a factorization f ;X
l
−→

Y × S
pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection, and consider S = ∪li=1Si

an open cover such that there exist closed embeddings ii : Si →֒ S̃i, with S̃i ∈ SmVar(k) ; The (graph)
inverse image functors is

f∗mod[−],Γ : CDfil(S/(S̃I))→ CDfil(X/(Y × S̃I)),

(M,F ) = ((MI , F ), uIJ) 7→ f∗mod[−],Γ(M,F ) := (ΓXIE(p
∗mod[−]

S̃I
(MI , F )), f̃

∗mod[−]
J uIJ)

with f̃
∗mod[−]
J uIJ as in [10], It induces in the derived categories the functor

Rf∗mod[−],Γ : DD(2)fil,r(S/(S̃I))→ DD(2)fil,r(X/(Y × S̃I)),

(M,F ) = ((MI , F ), uIJ) 7→ f∗mod[−],Γ(M,F ) := (ΓXIE(p
∗mod[−]

S̃I
(MI , F )), f̃

∗mod[−]
J uIJ).

It gives by duality the functor

Lf ∗̂mod[−],Γ : DD(2)fil,r(S/(S̃I))→ DD(2)fil,r(X/(Y × S̃I)),

(M,F ) = ((MI , F ), uIJ) 7→ Lf ∗̂mod[−],Γ(M,F ) := LDSRf
∗mod[−],ΓLDS(M,F ).

The following proposition is easy :

Proposition 26. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ Var(k). Assume there

exist factorizations f1 : X
l1−→ Y ′ × Y

pY
−−→ Y and f2 : Y

l2−→ Y ′′ × S
pS
−→ S with Y ′, Y ′′ ∈ SmVar(k), l1, l2

closed embeddings and pS , pY the projections. We have then the factorization

f2 ◦ f1 : X
(l2◦IY ′ )◦l1−−−−−−−→ Y ′ × Y ′′ × S

pS
−→ S.

We have, for (M,F ) ∈ C∼D(2)fil(S/(S̃I)), R(f2 ◦ f1)
∗mod[−],Γ(M,F ) = Rf

∗mod[−],Γ
2 ◦Rf

∗mod[−],Γ
1 (M,F ).

Proof. Similar to the complex case : see [10].

4.2.4 Direct image functor in the singular case

We define the direct image functors between our category.

Let f : X → S be a morphism with X,S ∈ Var(k), and assume there exist a factorization f : X
l
−→

Y × S
pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS a the projection ; Let S = ∪li=1Si an

open cover such that there exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Then X = ∪li=1Xi

with Xi := f−1(Si). Denote, for I ⊂ [1, · · · l], SI = ∩i∈ISi and XI = ∩i∈IXi. For I ⊂ [1, · · · l], denote by
S̃I = Πi∈I S̃i, We define the direct image functor on our category by

fFDR∗mod : CD(2)fil(X/(Y × S̃I))→ CD(2)fil(S/(S̃I)),

((MI , F ), uIJ) 7→ (f̃FDRI∗mod(MI , F ), f
k(uIJ)) := (pS̃I∗E((Ω•

Y×S̃I/S̃I
, Fb)⊗OY×S̃I

(MI , F )[dY ]), f
k(uIJ ))

with fk(uIJ) as in [10]. It induces in the derived categories the functor

∫ FDR

f

: DD(2)fil,r(X/(Y × S̃I))→ DD(2)fil,r(S/(S̃I)), ((MI , F ), uIJ) 7→ (f̃FDRI∗mod(MI , F ), f
k(uIJ)).

In the algebraic case, we have the followings:
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Proposition 27. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ QPVar(C) quasi-

projective. Then there exist factorizations f1 : X
l1−→ Y ′ × Y

pY
−−→ Y and f2 : Y

l2−→ Y ′′ × S
pS
−→ S with

Y ′ = PN,o ⊂ PN ,Y ′′ = PN
′,o ⊂ PN

′

open subsets, l1, l2 closed embeddings and pS , pY the projections. We

have then the factorization f2 ◦ f1 : X
(l2◦IY ′)◦l1−−−−−−−→ Y ′ × Y ′′ × S

pS
−→ S. Let i : S →֒ S̃ a closed embedding

with S̃ = Pn,o ⊂ Pn an open subset.

(i) Let M ∈ CD(X/(Y ′ × Y ′′ × S̃)). Then, we have
∫ FDR
f2◦f1

(M) =
∫ FDR
f2

(
∫ FDR
f1

(M)) in DD(S/(S̃I)).

(ii) Let M ∈ CD(2)fil,h(X/(Y
′ × Y ′′ × S̃)). Then, we have

∫ FDR
(f2◦f1)!

(M) =
∫ FDR
f2!

(
∫ FDR
f1!

(M)) in

DD,h(S/(S̃I)).

Proof. Similar to the complex case : see [10].

4.2.5 Tensor product in the singular case

Let S ∈ Var(k). Let S = ∪Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i with
S̃i ∈ SmVar(k). We have, as in the complex case, the tensor product functors

(−)⊗
[−]
OS

(−) : C2
Dfil(S/(S̃I))→ CDfil(S/(S̃I)), (((MI , F ), uIJ), ((NI , F ), vIJ )) 7→

((MI , F ), uIJ)⊗
[−]
OS

((NI , F ), vIJ) := ((MI , F )⊗OS̃I
(NI , F )[dS̃I ], uIJ ⊗ vIJ),

with, denoting for short dIJ := dS̃J − dS̃I and dI := dS̃I ,

uIJ ⊗ vIJ : (MI , F )⊗OS̃I
(NI , F )[dI ]

T (p∗modIJ ,pIJ )(−)[dI ]
−−−−−−−−−−−−−→ pIJ∗p

∗mod
IJ ((MI , F )⊗OS̃I

(NI , F ))[dI ]

=
−→ pIJ∗(p

∗mod
IJ (MI , F )⊗OS̃J

p∗modIJ (NI , F ))[dI ]

I(p∗modIJ ,pIJ )(−,−)(uIJ )⊗I(p
∗mod
IJ ,pIJ )(−,−)(vIJ)[dI ]

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ pIJ∗((MJ , F )⊗OS̃J
(NJ , F ))[dJ + dIJ ].

It induces in the derived category, for 1 ≤ r ≤ ∞, the functors

(−)⊗LOS (−) : D2
Dfil,r(S/(S̃I))→ DDfil,r(S/(S̃I)), (((MI , F ), uIJ), ((NI , F ), vIJ)) 7→

((MI , F ), uIJ)⊗
L
OS ((NI , F ), vIJ) := (LD(MI , F )⊗OS̃I

LD(NI , F )[dS̃I ], u
q
IJ ⊗ v

q
IJ ).

We have the following easy proposition :

Proposition 28. Let S ∈ Var(k). Denote ∆S : S →֒ S×S the diagonal embedding. Denote p1 : S×S → S
and p2 : S × S → S the projections. Let S = ∪Si an open cover such that there exist closed embeddings
ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). We have, for (MI , uIJ), (NI , vIJ ) ∈ CD(S/(S̃I)),

(MI , uIJ)⊗
[−]
OS

(NI , vIJ) = ∆∗mod,ΓS ((p∗mod1I MI , p
∗mod
1I uIJ)⊗OS×S (p∗mod2I NI , p

∗mod
2I vIJ))

and

((MI , F ), uIJ)⊗
L
OS ((NI , F ), vIJ ) = R∆∗mod,ΓS ((p∗mod1I MI , p

∗mod
1I uIJ)⊗OS×S (p∗mod2I NI , p

∗mod
2I vIJ ))

Proof. Follows from proposition 16 and theorem 21.

4.2.6 The 2 functors of D modules on the category of algebraic varieties over a field k of
characteristic zero and the transformation maps

Definition 44. Consider a commutative diagram in Var(k) which is cartesian :

D = XT
f ′ //

g′

��

T

g

��
X

f // S

.
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Assume there exist factorizations f : X
l1−→ Y1×S

pS
−→ S, g : T

l2−→ Y2×S
pS
−→ S, with Y1, Y2 ∈ SmVar(k),

l1, l2 closed embeddings and pS, pS the projections. Let S = ∪Si an open cover such that there exist
closed embeddings ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). We then have as in the complex
case, for (M,F ) = ((MI , F ), uIJ) ∈ CD(2)fil(X/(Y1 × S̃I)), the following canonical transformation map

in DD(2)fil,r(T/(Y2 × S̃I)),

TDmod(f, g)(M,F ) :

Rg∗mod,Γ
∫ FDR

f

(M,F ) := (ΓTIE(g̃∗modI pS̃I∗E((Ω•
Y1×S̃I/S̃I

, Fb)⊗OY1×S̃I
(MI , F ))), g̃

∗mod
J fk(uIJ))

(TOω (pS̃I
,g̃I )(MI ,F ))

−−−−−−−−−−−−−→

(ΓTIE(pY2×S̃I∗
E((Ω•

Y1×Y2×S̃I/Y2×S̃I
, Fb)⊗OY1×Y2×S̃I

p∗mod
Y1×S̃I

(MI , F ))), f
′k(p∗mod

Y1×S̃J
(uIJ)))

(TOω (γ,⊗)(p∗mod
Y1×S̃I

(MI ,F )))−1

−−−−−−−−−−−−−−−−−−−→

(pY2×S̃I∗
E((Ω•

Y1×Y2×S̃I/Y2×S̃I
, Fb)⊗OY1×Y2×S̃I

ΓY1×TIE(p∗mod
Y1×S̃I

((MI , F )))), f
′k(g̃

′′∗mod
J (uqIJ)))

=:

∫ FDR

f ′
Rg
′∗mod,Γ(M,F ).

Proposition 29. Consider a commutative diagram in Var(k)

D = (f, g) = XT
f ′ //

g′

��

T

g

��
X

f // S

.

which is cartesian. Assume there exist factorizations f : X
l1−→ Y1 × S

pS
−→ S, g : T

l2−→ Y2 × S
pS
−→ S,

with Y1, Y2 ∈ SmVar(k), l1, l2 closed embeddings and pS, pS the projections. Let S = ∪Si an open
cover such that there exist closed embeddings ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). For
(M,F ) = ((MI , F ), uIJ) ∈ CD(2)fil,c(X/(Y × S̃I)),

TDmod(f, g) : Rg∗mod,Γ
∫ FDR

f

(M,F )→

∫ FDR

f ′
Rg
′∗mod,Γ(M,F )

is an isomorphism in DD(2)fil,r(T/(Y2 × S̃I)).

Proof. Similar to the complex case.

Theorem 26. Let f : X → S a morphism with X,S ∈ Var(k). Assume there exists a factorization

f : X
l
−→ Y ×S

p
−→ S with Y ∈ SmVar(k), l a closed embedding and p the projection. Let S = ∪Si an open

cover such that there exist closed embeddings ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). Then,

(i) For (M,F ) ∈ CD(2)fil,rh(S/(S̃I)
op), we have LDS(M,F ) ∈ DD(2)fil,rh(S/(S̃I)).

(ii) For M ∈ CD,rh(S/(S̃I)), Rf∗mod,Γ(M) ∈ DD,rh(X/(Y × S̃I)) and Lf ∗̂mod,ΓM ∈ DD,rh(X/(Y ×

S̃I)).

(iii) For M ∈ CD,rh(X/(Y × S̃I)),
∫
f
M ∈ DD,rh(S/(S̃I)) and

∫
f !
M := LDS

∫
f
LDX ∈ DD,rh(S/(S̃I)).

(iv) If f is proper, for (M,F ) ∈ CD(2)fil,rh(X/(Y × S̃I))), we have
∫
f
(M,F ) ∈ DD(2)fil,rh(S/(S̃I)).

(v) For (M,F ), (N,F ) ∈ CD(2)fil,rh(S/(S̃I)), (M,F )⊗LOS (N,F ) ∈ DD(2)fil,rh(S/(S̃I))

Proof. Follows from theorem 25.
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4.3 The category of complexes of quasi-coherent sheaves on an algebraic
variety whose cohomology sheaves has a structure of D-modules

4.3.1 Definition on a smooth algebraic variety and the functorialities

Definition 45. Let S ∈ SmVar(k). Let Z ⊂ S a closed subset. Denote by j : S\Z →֒ S the open
complementary embedding.

(i) We denote by COS ,D,Z(S) ⊂ COS ,D(S) the full subcategory consisting of M ∈ COS ,D(S) such that
such that j∗HnM = 0 for all n ∈ Z.

(ii) We denote by COSfil,D,Z(S) ⊂ COSfil,D(S) the full subcategory consisting of (M,F ) ∈ COSfil,D(S)
such that there exist r ∈ N and an r-filtered homotopy equivalence m : (M,F ) → (M ′, F ) with
(M ′, F ) ∈ COSfil,D(S) such that j∗HnGrpF (M

′, F ) = 0 for all n, p ∈ Z.

Definition 46. Let S ∈ SmVar(k). We have then (see section 2), for r = 1, · · · ,∞, the homotopy cate-
gory KOSfil,D,r(S) = Hor(COSfil,D(S)) whose objects are those of COSfil,D(S) and whose morphisms are
r-filtered homotopy classes of morphism, and its localization DOSfil,D,r(S) = KOSfil,D,r(S)([E1]

−1) with
respect to filtered zariski, resp. usu local equivalence. Note that the classes of filtered τ local equivalence
constitute a right multiplicative system.

• Let S ∈ SmVar(k). Let (M,F ) ∈ COSfil,D(S). Then, the canonical morphism q : LO(M,F ) →
(M,F ) in COSfil(S) being a quasi-isomorphism of OS modules, we get in a unique way LO(M,F ) ∈
COSfil,D(S) such that q : LO(M,F )→ (M,F ) is a morphism in COSfil,D(S)

• Let f : X → S be a morphism with X,S ∈ SmVar(k). Let (M,F ) ∈ COSfil,D(S). Then,
f∗modHn(M,F ) := (OX , Fb)⊗f∗OS f

∗Hn(M,F ) is canonical a filtered DX module (see section 4.1
or 4.2). Consider the canonical surjective map q(f) : Hnf∗mod(M,F ) → f∗modHn(M,F ). Then,
q(f) is an isomorphism if f is smooth. Let h : U → S be a smooth morphism with U, S ∈ SmVar(k).
We get the functor

h∗mod : COSfil,D(S)→ COUfil,D(U), (M,F ) 7→ h∗mod(M,F ),

• Let S ∈ SmVar(k), and let i : Z →֒ S a closed embedding and denote by j : S\Z →֒ S the open
complementary. For M ∈ COS ,D(S), the cohomology presheaves of

ΓZM := Cone(ad(j∗, j∗)(M) :M → j∗j
∗M)[−1]

has a canonical DS-module structure (as j∗HnM is a j∗DS module, Hnj∗j
∗M = j∗j

∗HnM has an
induced structure of DS module), and γZ(M) : ΓZM → M is a map in COS ,D(S). For Z2 ⊂ Z a
closed subset and M ∈ COS ,D(S), T (Z2/Z, γ)(M) : ΓZ2M → ΓZM is a map in COS ,D(S). We get
the functor

ΓZ : COSfil,D(S)→ COSfil,D(S),

(M,F ) 7→ ΓZ(M,F ) := Cone(ad(j∗, j∗)((M,F )) : (M,F )→ j∗j
∗(M,F ))[−1],

together we the canonical map γZ(M,F ) : ΓZ(M,F )→ (M,F )

More generally, let h : Y → S a morphism with Y, S ∈ Var(k), S smooth, and let i : X →֒ Y a
closed embedding and denote by j : Y \X →֒ Y the open complementary. For M ∈ Ch∗OS ,h∗D(Y ),

ΓXM := Cone(ad(j∗, j∗)(M) :M → j∗j
∗M)[−1]

has a canonical h∗DS-module structure, (as j∗HnM is a j∗h∗DS module, Hnj∗j
∗M = j∗j

∗HnM
has an induced structure of j∗h∗DS module), and γX(M) : ΓXM →M is a map in Ch∗OS ,h∗D(Y ).
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For X2 ⊂ X a closed subset and M ∈ Ch∗OS ,h∗D(Y ), T (Z2/Z, γ)(M) : ΓX2M → ΓXM is a map in
Ch∗OS ,h∗D(Y ). We get the functor

ΓX : Ch∗OSfil,h∗D(Y )→ Ch∗OSfil,h∗D(Y ),

(M,F ) 7→ ΓX(M,F ) := Cone(ad(j∗, j∗)((M,F )) : (M,F )→ j∗j
∗(M,F ))[−1],

together we the canonical map γX(M,F ) : ΓX(M,F )→ (M,F )

• Let f : X → S be a morphism with X,S ∈ SmVar(k). Consider the factorization f : X
l
−→ X×S

p
−→

S, where l is the graph embedding and p the projection. We get from the two preceding points the
functor

f∗mod,Γ : COSfil,D(S)→ COXfil,D(X × S), (M,F ) 7→ f∗mod,Γ(M,F ) := ΓXp
∗mod(M,F ),

and

f∗mod[−],Γ : COSfil,D(S)→ COXfil,D(X × S),

(M,F ) 7→ f∗mod[−],Γ(M,F ) := ΓXE(p∗mod(M,F ))[−dX ],

which induces in the derived categories the functor

Rf∗mod[−],Γ : DOSfil,D(S)→ DOXfil,D(X × S),

(M,F ) 7→ Rf∗mod[−],Γ(M,F ) := ΓXE(p∗mod[−](M,F )).

4.3.2 Definition on a singular algebraic variety and the functorialities

Definition 47. Let S ∈ Var(k) and let S = ∪iSi an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Then, COfil,D(S/(S̃I)) is the category

• whose objects are (M,F ) = ((MI , F )I⊂[1,···l], uIJ), with

– (MI , F ) ∈ COS̃I filD,SI
(S̃I),

– uIJ : m∗(MI , F )→ m∗pIJ∗(MJ , F )[dS̃J − dS̃I ] for J ⊂ I, are morphisms, pIJ : S̃J → S̃I being

the projection, satisfying for I ⊂ J ⊂ K, pIJ∗uJK ◦ uIJ = uIK in COS̃I fil,D
(S̃I) ;

• whose morphisms m : ((MI , F ), uIJ)→ ((NI , F ), vIJ) between (M,F ) = ((MI , F )I⊂[1,···l], uIJ) and
(N,F ) = ((NI , F )I⊂[1,···l], vIJ ) are a family of morphisms of complexes,

m = (mI : (MI , F )→ (NI , F ))I⊂[1,···l]

such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in COS̃I fil,D
(S̃I).

We denote by C∼Ofil,D(S/(S̃I)) ⊂ COfil,D(S/(S̃I)) the full subcategory consisting of objects ((MI , F ), uIJ)
such that the uIJ are ∞-filtered Zariski local equivalences.

Definition 48. Let S ∈ Var(k) and let S = ∪iSi an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k). We have then (see [10]), for r = 1, · · · ,∞, the homotopy category

KOfil,D,r(S/(S̃I)) := Hor(COfil,D(S/(S̃I)))

whose objects are those of COfil,D(S/(S̃I)) and whose morphisms are r-filtered homotopy classes of mor-
phism, and its localization

Dfil,D,r(S/(S̃I)) := KOfil,D,r(S/(S̃I))([E1]
−1)

with respect to the classes of filtered zariski local equivalence. Note that the classes of filtered τ local
equivalence constitute a right multiplicative system.
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Let f : X → S be a morphism, with X,S ∈ Var(k), such that there exist a factorization f ;X
l
−→

Y ×S
pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection, and consider S = ∪li=1Si an

open cover such that there exist closed embeddings ii : Si →֒ S̃i, with S̃i ∈ SmVar(k). Then, X = ∪li=1Xi

with Xi := f−1(Si). We then have the filtered De Rham the inverse image functor :

f∗mod[−],Γ : COfil,D(S/(S̃I))→ COfil,D(X/(Y × S̃I)), (M,F ) = ((MI , F ), uIJ) 7→

f∗mod[−],Γ(M,F ) := (ΓXIE(p
∗mod[−]

S̃I
(MI , F ))), f̃

∗mod[−]
J uIJ)

with f̃
∗mod[−]
J uIJ as in the complex case It induces in the derived categories, the functor

Rf∗mod[−],Γ : DOfil,D,r(S/(S̃I)→ DOfil,D,r(X/(Y × S̃I)),

(M,F ) = ((MI , F ), uIJ) 7→

Rf∗mod[−],Γ := f∗mod[−],Γ(M,F ) := (ΓXIE(p
∗mod[−]

S̃I
(MI , F )), f̃

∗mod[−]
J uIJ).

4.4 The (filtered) De Rahm functor over a field k of characteristic zero and
Riemann Hilbert for holonomic D-modules on smooth algebraic varieties
over a subfield k ⊂ C

Let j : So →֒ S an open embedding with S = (S,OS) ∈ RTop. Denote by Z := S\So the closed
complementary subset. Recall that we have, see [10], for (M,F ) ∈ CDfil(S

o) the canonical maps in
Cfil(S)

Tw(j,⊗)(M,F ) : DR(S)(j∗(M,F )) := Ω•S ⊗OS j∗(M,F )
ad(j∗,j∗)(Ω

•
S)⊗I−−−−−−−−−−−→

j∗j
∗Ω•S ⊗OS j∗(M,F )

=
−→ j∗(Ω

•
So ⊗OSo (M,F )) =: j∗DR(S

o)(M,F )

and

Tw(γZ ,⊗)(M,F ) : DR(S)(ΓZ(M,F )) := Ω•S ⊗OS ΓZ(M,F )

(I,Tw(j,⊗)(M,F ))
−−−−−−−−−−−−→ ΓZ(Ω

•
So ⊗OSo (M,F )) =: ΓZDR(S

o)(M,F ).

Let k a field of characteristic zero.

Proposition 30. Let Y, S ∈ SmVar(k). Let p : Y × S → S the projection. For (M,F ) ∈ CDfil(Y × S),

DR(Y × S/S)(M,F ) := (Ω•Y×S/S, Fb)⊗OY×S (M,F ) ∈ Cp∗OSfil(Y × S)

is a naturally a complex of filtered p∗DS modules, that is

DR(Y × S/S)(M,F ) := (Ω•Y×S/S, Fb)⊗OY×S (M,F ) ∈ Cp∗Dfil(Y × S),

where the p∗DS module structure on ΩpY×S/S⊗OY×SM
n is given by for (Y ×S)o ⊂ Y ×S an open subset,

(γ ∈ Γ((Y × S)o, TY×S), ω̂ ⊗m ∈ Γ((Y × S)o,ΩpY×S/S ⊗OY×S M
n)) 7→ γ.(ω̂ ⊗m) := (ω̂ ⊗ (γ.m).

Moreover, if φ : (M1, F )→ (M2, F ) a morphism with (M1, F ), (M2, F ) ∈ CDfil(Y × S),

DR(Y × S/S)(φ) := (I ⊗ φ) : (Ω•Y×S/S, Fb)⊗OY×S (M1, F )→ (Ω•Y×S/S, Fb)⊗OY×S (M2, F )

is a morphism in Cp∗Dfil(Y × S).

Proof. Follows imediately by definition : see [10].
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Proposition 31. Consider a commutative diagram in SmVar(k) :

D = Y × S
p // S

Y ′ × T

g′′=(g′′0×g)

OO

p′ // T

g

OO

with p and p′ the projections. For (M,F ) ∈ CDfil(Y × S) the map in Cg′′∗p∗OSfil(Y
′ × T )

Ω(Y ′×T/Y×S)/(T/S)(M,F ) : g′′∗((Ω•Y×S/S, Fb)⊗OY×S (M,F ))→ (Ω•Y ′×T/T , Fb)⊗OY ′×T g
′′∗mod(M,F )

given in [10] section 4.1 is a map in Cg′′∗p∗Dfil(Y
′ × T ). Hence, for (M,F ) ∈ CDfil(Y × S), the map in

COT fil(T ) (with LD instead of LO)

TOω (D)(M) : g∗modLD(p∗E((Ω•Y×S/S , Fb)⊗OY×S (M,F )))→ p′∗E((Ω•Y ′×T/T , Fb)⊗OY ′×T g
′′∗mod(M,F )),

is a map in CDfil(T ).

Proof. Follows imediately by definition.

Proposition 32. Let S ∈ SmVar(k).

• We have the filtered resolutions of KS by the following complex of locally free right DS modules:
ω(S) : ω(KS) := (Ω•S , Fb)[dS ]⊗OS (DS , Fb)→ (KS, Fb) and ω(S) : ω(KS, F

ord) := (Ω•S , Fb)[dS ]⊗OS
(DS , F

ord)→ (KS , F
ord)

• Dually, we have the filtered resolution of OS by the following complex of locally free (left) DS

modules: ω∨(S) : ω(OS) := (∧•TS , Fb)[dS ] ⊗OS (DS , Fb) → (OS , Fb) and ω∨(S) : ω(OS , F
ord) :=

(∧•TS , Fb)[dS ]⊗OS (DS , F
ord)→ (OS , F

ord).

Let S1, S2 ∈ SmVar(k). Consider the projection p = p1 : S1 × S2 → S1.

• We have the filtered resolution of DS1×S2→S1 by the following complexes of (left) (p∗DS1 and right
DS1×S2) modules :

ω(S1 × S2/S1) : (Ω
•
S1×S2/S1

[dS2 ], Fb)⊗OS1×S2
(DS1×S2 , F

ord)→ (DS1×S2←S1 , F
ord).

• Dually, we have the filtered resolution of DS1×S2→S1 by the following complexes of (left) (p∗DS1 , DS1×S2)
modules :

ω∨(S1 × S2/S1) : (∧
•TS1×S2/S1

[dS2 ], Fb)⊗OS1×S2
(DS1×S2 , F

ord)→ (DS1×S2→S1 , F
ord),

Proof. Similar to the complex case: see [18].

Definition 49. (i) Let i : Z →֒ S be a closed embedding, with Z, S ∈ SmVar(k). Then, for (M,F ) ∈
CDfil(Z), we set

i∗mod(M,F ) := i0∗mod(M,F ) := i∗((M,F ) ⊗DZ (DZ←S , F
ord)) ∈ CDfil(S)

(ii) Let S1, S2 ∈ SmVar(k) and p : S1× S2 → S1 be the projection. Then, for (M,F ) ∈ CDfil(S1 × S2),
we set

– p0∗mod(M,F ) := p∗(DR(S1 × S2/S1)(M,F )) := p∗((Ω
•
S1×S2/S1

, Fb) ⊗OS1×S2
(M,F ))[dS2 ] ∈

CDfil(S1),
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– p∗mod(M,F ) := p∗E(DR(S1 × S2/S1)(M,F )) := p∗E((Ω•S1×S2/S1
, Fb)⊗OS1×S2

(M,F ))[dS2 ] ∈

CDfil(S1).

(iii) Let f : X → S be a morphism, with X,S ∈ SmVar(k). Consider the factorization f : X
i
−→

X × S
pS
−→ S, where i is the graph embedding and pS : X × S → S is the projection. Then, for

(M,F ) ∈ CDfil(X) we set

– fFDR∗mod(M,F ) := pS∗modi∗mod(M,F ) ∈ CDfil(S),

–
∫ FDR
f (M,F ) := fFDR∗mod(M,F ) := pS∗modi∗mod(M,F ) ∈ DDfil(S).

By proposition 33 below, we have
∫ FDR
f M =

∫
f M ∈ DD(X).

(iii) Let f : X → S be a morphism, with X,S ∈ SmVar(k). Consider the factorization f : X
i
−→

X × S
pS
−→ S, where i is the graph embedding and pS : X × S → S is the projection. Then, for

(M,F ) ∈ CDfil(X) we set

– fFDR!mod (M,F ) := DKS LDf
FDR
∗modD

K
S LD(M,F ) := DKS LDpS∗modi∗modD

K
X×SLD(M,F ) ∈ CDfil(S),

–
∫ FDR
f !

(M,F ) := fFDR!mod (M,F ) := DKS LDpS∗modi∗modD
K
X×SLD(M,F ) ∈ DDfil(S).

Proposition 33. (i) Let i : Z →֒ S a closed embedding with S,Z ∈ SmVar(k). Then for (M,F ) ∈
CDfil(Z), we have

∫

i

(M,F ) := Ri∗((M,F )⊗LDZ (DZ←S , F
ord) = i∗((M,F )⊗DZ (DZ←S , F

ord)) = i∗mod(M,F ).

(ii) Let S1, S2 ∈ SmVar(k) and p : S12 := S1 × S2 → S1 be the projection. Then, for (M,F ) ∈
CDfil(S1 × S2) we have

∫

p

(M,F ) : = Rp∗((M,F ) ⊗LDS1×S2
(DS1×S2←S1 , F

ord))

= p∗E((Ω•S1×S2/S1
, Fb)⊗OS1×S2

(DS1×S2 , F
ord)⊗DS1×S2

(M,F ))[dS2 ]

= p∗E((Ω•S1×S2/S1
, Fb)⊗OS1×S2

(M,F ))[dS2 ] =: p∗mod(M,F ).

where the second equality follows from Griffitz transversality (the canonical isomorphism map respect
by definition the filtration).

(iii) Let f : X → S be a morphism with X,S ∈ SmVar(k). Then for M ∈ CD(X), we have
∫ FDR
f M =∫

f M .

Proof. (i):Follows from the fact that DZ←S is a locally free DZ module and that i∗ is an exact functor.
(ii): Since Ω•S12/S1

[dS2 ], Fb)⊗OS12
DS12 is a complex of locally free DS1×S2 modules, we have in Dfil(S1×

S2), using proposition 32,

(DS1×S2←S1 , F
ord)⊗LDS1×S2

(M,F ) = (Ω•S12/S1
[dS2 ], Fb)⊗OS12

(DS12 , F
ord)⊗DS12

(M,F ).

(iii): Follows from (i) and (ii) by proposition 15(ii).

Let k a field of characteristic zero. Let S ∈ SmVar(k) connected. We use to shift the De Rham
functor in order to have compatibility with perverse sheaves in the complex or p-adic ananlytic case by
setting for (M,F ) ∈ CDfil(S), DR(S)[−](M,F ) := DR(S)(M,F )[−dS ] ∈ Cfil(S).

Let k a field of characteristic zero. Let S ∈ SmVar(k). Recall we denote for M,N ∈ CD(S),

m(M,N) : HomDS (M,DS)⊗DS N → HomDS (M,N), (φ⊗ n) 7→ (m 7→ φ(m)n)
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the multiplication map in C(S). It induces in the derived category for M,N ∈ CD(S) the map in D(S)

m(LDM,N) : RHomDS (M,DS)⊗
L
DS N = HomDS (LDM,DS)⊗DS N

→ HomDS (LDM,N) = RHomDS (M,N).

We use for the proof of theorem 28 in the next subsection the following :

Proposition 34. Let k a field of characteristic zero. Let S ∈ SmVar(k).

(i) Let M,N ∈ CD(S). If N ∈ CD,c(S),

m(LDM,N) : RHomDS (M,DS)⊗
L
DS N = HomDS (LDM,DS)⊗DS N

→ HomDS (LDM,N) = RHomDS (M,N).

is an isomorphism in D(S).

(ii) Let M,N ∈ CD(S). If N ∈ CD,c(S), we have using (i) a canonical isomorphism in D(S)

D(M,N) : RHomDS (M,N)
m(LDM,N)−1

−−−−−−−−−→ RHomDS (M,DS)⊗
L
DS N

=:
−→ KS ⊗

L
OS LDSM [−dS ]⊗

L
DS N

=
−→ KS ⊗

L
DS DSM ⊗

L
OS N [−dS ] =: DR(S)[−](LDSM ⊗

L
OS N)

Proof. (i):Standard.
(ii):Follows from (i).

4.4.1 Some complements on the (filtered)De Rahm functor for D modules on smooth
algebraic varieties over a subfield k ⊂ C

In this section, for S ∈ AnSm(C), we write for short DR(S) := DR(S)[−], where we recall for S connected
DR(S)[−] := DR(S)[−dS ].

For S ∈ AnSp(C), we denote by

α(S) : CS →֒ DR(S)(OS)

the inclusion map in C(S). In particular, we get for S ∈ Var(C), the inclusion map

α(S) : Bdr,S →֒ DR(S)(OSan)

in C(San).
For S ∈ AnSp(C), we denote by

ι(S) :: DR(S)(OS)→ KS, h⊗ w 7→ hw

the canonical map in C(S). In particular, we get for S ∈ Var(C), the canonical map

ι(S) : DR(S)(OSan)→ KS

in C(San).

• Let f : X → S a morphism with S,X ∈ AnSm(C). Recall that we have for (M,F ) ∈ CDfil(X) the
canonical map in Dfil(S)

T∗(f,DR)(M,F ) : DR(S)(

∫

f

(M,F )) := Ω•S ⊗OS Rf∗(DX←S ⊗
L
DX (M,F ))

ι(S)
−−→ Rf∗(DX←S ⊗

L
DX (M,F ))⊗DS (DS ⊗OS KS)

T (f,⊗)(DX←S⊗
L
DX

(M,F ),DS⊗OSKS)
−−−−−−−−−−−−−−−−−−−−−−−−−→ Rf∗(f

∗(DS ⊗OS KS)⊗
L
f∗DS DX←S ⊗

L
DX (M,F ))

=
−→ Rf∗(KX ⊗OX DX ⊗

L
DX (M,F ))

ι(X)
−−−→ Rf∗(Ω

•
X ⊗OX (M,F )) =: Rf∗DR(X)(M,F )
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which is an isomorphism. Hence, for S ∈ AnSm(C) and (M,F ) ∈ CDfil,c(So),

Tw(j,⊗)(M,F ) : DR(S)(j∗(M,F )) := Ω•S ⊗OS j∗(M,F )→ j∗(Ω
•
So ⊗OSo (M,F )) =: j∗DR(S

o)(M,F )

is a filtered quasi-isomorphism.

• Let f : X → S a morphism with S,X ∈ AnSp(C). Assume there exist a factorization f : X
l
−→

Y × S
p
−→ S with Y ∈ AnSm(C), l a closed embedding and p the projection. Let S = ∪iSi an

open cover such that there exists closed embedding ii : Si →֒ S̃i with S̃i ∈ AnSm(C). We have for
((MI , F ), uIJ) ∈ CDfil(X/(Y × S̃I)) the canonical map in Dfil(S/(S̃I))

T∗(f,DR)((MI , F ), uIJ) :

DR(S)(

∫

f

((MI , F ), uIJ)) := (Ω•
S̃I
⊗OS̃I

pS̃I∗E(Ω•
Y×S̃I/S̃I

⊗OY×S̃I
(MI , F )), DR(fuIJ))

=
−→ (Ω•

S̃I
⊗OS̃I

DS̃I
⊗DS̃I

pS̃I∗E(Ω•
Y×S̃I/S̃I

⊗OY×S̃I
DY×S̃I

⊗DY×S̃I
(MI , F )), DR(fuIJ))

w(Y×S̃I)◦T (pS̃I
,⊗)(−,−)

−−−−−−−−−−−−−−−−−→

pS̃I∗E(Ω•
Y×S̃I

⊗OY×S̃I
DY×S̃I

⊗DY×S̃I
(MI , F )), DR(fuIJ))

=
−→ pS̃I∗E(Ω•

Y×S̃I
⊗OY×S̃I

(MI , F )), DR(fuIJ)) =: Rf∗DR(X)((MI , F ), uIJ))

where w(Y × S̃I) is the wedge product.

• Let S ∈ AnSm(C). Recall that we have for (M,F ) ∈ CDfil(S) the canonical map in Dfil(S)

T (D,DR)(M,F ) : DR(S)(LDS(M,F ))→ DvS(DR(S)(M,F ))

• Let S ∈ AnSp(C). Let S = ∪iSi an open cover such that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ AnSm(C). Recall that we have for ((MI , F ), uIJ) ∈ CDfil(S/(S̃I)) the canonical map in

Dfil(S/(S̃I))

T (D,DR)(((MI , F ), uIJ)) : DR(S)(LDS((MI , F ), uIJ))→ DvS(DR(S)((MI , F ), uIJ))

• Let f : X → S a morphism with S,X ∈ AnSm(C). Recall that we have for (N,F ) ∈ CDfil(S) the
canonical map in Dfil(X)

T ∗(f,DR)(M,F ) : f∗DR(S)(N,F )
ιS−→ f∗HomDS (OS , LD(N,F ))

T (f,hom)(−,−)
−−−−−−−−−−→ Homf∗DS (f

∗OS , f
∗LD(N,F ))

Tr(−,−)
−−−−−→ HomDX (f

∗modOS , f
∗modLD(N,F )) = HomDX (OX , f

∗modLD(N,F ))

(ι(X)⊗I)−1

−−−−−−−→ Ω•X ⊗OX f
∗modLD(N,F ) =: DR(X)(Lf∗mod(N,F ))

Let k ⊂ C a subfield.

• Let f : X → S a morphism with S,X ∈ Var(k). Assume there exist a factorization f : X
l
−→

Y ×S
p
−→ S with Y ∈ SmVar(k), l a closed embedding and p the projection. Let S = ∪iSi an affine

open cover so that there exists closed embedding ii : Si →֒ S̃i with S̃i ∈ SmVar(k). We have for
((MI , F ), uIJ) ∈ CDfil(S/(S̃I)) the canonical map in Dfil(X

an
C /(Y × S̃I)anC )

f !DR(S)((MI , F ), uIJ) = ΓXDvp!DDR(S)(((MI , F ), uIJ)
an)

DT∗(p,DR)(−)
−−−−−−−−−→ ΓXDR(Y × S)((p

∗mod
S̃I

((MI , F ), uIJ)
an)

Tw(j,⊗)(−)−1

−−−−−−−−−→ DR(Y × S)(ΓX(p∗mod
S̃I

(MI , F ), uIJ)
an)

DR(Y×S)(T (γ,an)(−):=(I,T (j,an)(−)))
−−−−−−−−−−−−−−−−−−−−−−−−−−→

DR(Y × S)((ΓXp
∗mod
S̃I

((MI , F ), uIJ))
an) =: DR(X)(f∗mod,Γ((MI , F ), uIJ)).
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• Let S ∈ Var(k). Denote by ∆S : S →֒ S × S the graph embedding and p1 : S × S → S and p2 :
S×S → S the projections. Let S = ∪iSi an affine open cover so that there exists closed embedding
ii : Si →֒ S̃i with S̃i ∈ SmVar(k). We have for ((MI , F ), uIJ), ((NI , F ), uIJ) ∈ CDfil(S/(S̃I)) the

canonical map in Dfil(S
an
C /(S̃anI,C))

T (⊗, DR)((M,F )(MI , F ), uIJ), ((NI , F ), uIJ)) : DR(S)((M,F )an)⊗CS DR(S)(((NI , F ), uIJ)
an)

=
−→ R∆!

S((p
∗
1DR(S)((MI , F ), uIJ)

an)⊗CS p
∗
2DR(S)(((NI , F ), uIJ)

an))
=
−→ R∆!

S((p
!
1DR(S)((MI , F ), uIJ)

an)⊗CS p
!
2DR(S)(((NI , F ), uIJ)

an))[2dS ]

T !(p1,DR)(−)⊗T !(p2,DR)(−)
−−−−−−−−−−−−−−−−−−−→ ∆!

SDR(S × S)(((p
∗mod
1 (MI , F ), uIJ)⊗OS×S p

∗mod
2 ((NI , F ), uIJ))

an)

T !(∆S,DR)(−)
−−−−−−−−−−→ DR(S)((L∆∗modS ((p∗mod1 (MI , F ), uIJ)⊗OS×S p

∗mod
2 ((NI , F ), uIJ)))

an)
=
−→ DR(S)((((MI , F ), uIJ)⊗

L
OS ((NI , F ), uIJ))

an).

Theorem 27. Let k ⊂ C a subfield.

(i) Let j : So →֒ S an open embedding with S ∈ SmVar(k). Then, for M ∈ CD,rh(So), the map in
C(SanC )

DR(S)(T (j, an)(M)) : DR(S)((j∗M)an)→ DR(S)(j∗(M
an))

is a quasi-isomorphism.

(ii) Let S ∈ Var(k). Let S = ∪iSi an affine open cover so that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). For ((MI , F ), uIJ) ∈ CDfil(S/(S̃I)) the canonical map in Dfil(S

an
C /(S̃anIC ))

T (D,DR)(((MI , F ), uIJ)) : DR(S)(LDS((MI , F ), uIJ))→ DvS(DR(S)((MI , F ), uIJ))

is an isomorphism.

(iii) Let f : X → S a morphism with S,X ∈ SmVar(k). Then, for (M,F ) ∈ CDfil,rh(X), the map in
Dfil(S

an
C )

T∗(f,DR)(M,F ) : DR(S)((

∫

f

(M,F ))an)
DR(S)(T (f,an)(−))
−−−−−−−−−−−−−→ DR(S)(

∫

f

(M,F )an)

T∗(f,DR)((M,F )an)
−−−−−−−−−−−−−→ Rf∗DR(X)((M,F )an)

is an isomorphism if f is proper and ofilT (f,DR)(M,F ) =: T (f,DR)(M) is an isomorphism in
D(SanC ).

(iii)’ Let f : X → S a morphism with S,X ∈ Var(k). Assume there exist a factorization f : X
l
−→

Y × S
p
−→ S with Y ∈ SmVar(k), l a closed embedding and p the projection. Let S = ∪iSi an

affine open cover so that there exists closed embedding ii : Si →֒ S̃i with S̃i ∈ SmVar(k). For
((MI , F ), uIJ) ∈ CDfil(X/(Y × S̃I)) the canonical map in Dfil(S

an
C /(S̃anI,C))

T∗(f,DR)((MI , F ), uIJ) : DR(S)(

∫

f

((MI , F ), uIJ)
an)

(T (pS̃I
,an))

−−−−−−−−→

DR(S)(

∫

f

(((MI , F ), uIJ)
an))

T∗(f,DR)(((MI ,F ),uIJ )
an)

−−−−−−−−−−−−−−−−−→ Rf∗DR(X)(((MI , F ), uIJ)
an)

is an isomorphism if f is proper, and ofilT (f,DR)((MI , F ), uIJ) =: T (f,DR)((MI , uIJ)) is an

isomorphism in D(SanC /(S̃anI,C)).
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(iv) Let S ∈ SmVar(k). Then, for M,N ∈ CD,rh(S), the map in D(SanC )

T (⊗, DR)(M,N) : DR(S)(Man)⊗CSan
C

DR(S)(Nan)

T (⊗,DR)(Man,Nan)
−−−−−−−−−−−−−→ DR(S)(Man ⊗OS N

an) = DR(S)((M ⊗OS N)an)

is an isomorphism.

Proof. (i): Follows from the complex case : see [18].
(ii): Follows from the complex case which is standard.
(iii): Follows from (i) and GAGA.
(iv): Follows from (i).

Theorem 28. Let k ⊂ C a subfield. Let S ∈ SmVar(k).

(i) For M,N ∈ DD,rh(S), we have using proposition 34 and theorem 27(iv) and (ii) the following
canonical isomorphism in D(C)

DR(M,N) : RHomDS (M,N)⊗k C = RaS∗RHomDS (M,N)⊗k C

RaS∗D(M,N)
−−−−−−−−−→

∫

aS

(LDSM ⊗
L
OS N)⊗k C = DR(pt)

∫

aS

(LDSM ⊗
L
OS N)⊗k C

(T (⊗,DR)(−,−)◦T∗(aS ,DR)(−)−1

−−−−−−−−−−−−−−−−−−−−−−→ RaS∗(D
v
SDR(S)(M

an)⊗DR(S)(Nan))

RaS∗m(DR(S)(Man),DR(S)(Nan))
−−−−−−−−−−−−−−−−−−−−−−−→ RHomCSan

C

(DR(S)(Man), DR(S)(Nan))

is an isomorphism.

(i)’ For M,N ∈ DD,rh(S), the canonical map in D(C)

DR(S)LDM,N : RHomDS (M,N)⊗k C
∼
−→ RHomCSan

C

(DR(S)(Man), DR(S)(Nan))

is equal to DR(M,N), hence is an isomorphism.

(ii1) We have DR(S)(DD,rh(S)) ⊂ DCS ,c(S
an
C ), that is the image of the class of a complex of DS module

with regular holonomic cohomology sheaves is a complex of presheaves on SanC whose cohomology
sheaves are constructible for a Zariski stratification of S defined over k.

(ii2) For M ∈ PShD,rh(S), DR(S)(M) ∈ P (SanC ) that is is a perverse sheaf for a Zariski stratification
of S defined over k.

Proof. (i): Follows from proposition 34 and theorem 27(iv) and (ii).
(i)’: Follows from the following commutative diagram in D(C)

RHomDS (M,N)⊗k C = RaS∗RHomDS (M,N)⊗k C
DR(S)LDM,N //

RaS∗D(M,N)

��

RHomCSan
C

(DR(S)(Man), DR(S)(Nan))

∫
aS
(LDSM ⊗LOS N)⊗k C = DR(pt)

∫
aS
(LDSM ⊗LOS N)⊗k C

(T (⊗,DR)(−,−)◦T (aS,DR)(−)−1

// RaS∗(DvSDR(S)(M
an)⊗DR(S)(Nan))

m(−,−)

OO

(ii):Similar to the proof of the complex case in [18]: follows by definition from the locally free case by
theorem 22.
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4.4.2 On the De Rahm functor for D modules on smooth algebraic varieties over a p-adic
field K ⊂ Cp

For S ∈ AnSp(K), we denote by

α(S) : Bdr,S →֒ DR(S)(OBdr,S)

the inclusion map in CBdr,S(S
pet). In particular, we get for S ∈ Var(K), the inclusion map

α(S) : Bdr,S →֒ DR(S)(OBdr,S)

in CBdr,S(S
an,pet).

For S ∈ AnSp(K), we denote by

ι(S) :: DR(S)(OBdr,S)→ Bdr,S ⊗KS, h⊗ k ⊗ w 7→ k ⊗ (hw)

the canonical map in CBdr,S(S
pet). In particular, we get for S ∈ Var(K), the canonical map

ι(S) : DR(S)(OBdr,S)→ Bdr,S ⊗KS

in CBdr,S(S
an,pet).

We have the following theorem

Theorem 29. Let K ⊂ Cp a p adic field.

(i) Let S ∈ AnSm(K). The inclusion map in CBdr,S(S
an,pet)

α(S) : Bdr,S →֒ DR(S)(OBdr,S).

is a quasi-isomorphism.

(i)’ Let S ∈ AnSm(K).the canonical map in CBdr,S (S
an,pet)

ι(S) : DR(S)(OBdr,S)→ Bdr,S ⊗KS

is a quasi-isomorphism.

(ii) Let S ∈ Var(K). Let D = ∪Di ⊂ S a normal crossing divisor and denote j : So := S\D →֒ S the
open embedding. The inclusion map in CBdr,S(S

an,pet)

α(S) : Bdr,S(logD) →֒ Ω•S(logD)⊗OS OBdr,S(logD) = F 0DR(S)(j∗Hdg(OSo , Fb)⊗OS (OBdr,S , F )).

where j∗Hdg(OS , Fb) = (j∗OSo , VD) with VD the V -filtration (see section 5) that is the filtration by
order of the pole in this case, is a quasi-isomorphism.

(iii) Let S ∈ AnSm(K). The functor

VectD(S)→ DBdr,S(S
an,pet), (M,F ) 7→ F 0DR(S)((M,F )an ⊗OS (OBdr,S , F ))

is fully faithful whose inverse on the image is given by

N ∈ ShvBdr,S(S
an,pet) 7→ Re∗((N,F )⊗Bdr,S (OBdr,S , F )).

where e : Spet → Set is the morphism of site given by the inclusion functor.

Proof. (i):See [27].
(i)’: Follows from (i) by duality.
(i):See [21].
(ii):See [21].
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Definition 50. Let K ⊂ Cp a p adic field.

(i) Let f : X → S a morphism with S,X ∈ AnSm(K). We have for (M,F ) ∈ CDfil(X) the canonical
map in DBdrfil(S)

TBdr(f,DR)(M,F ) : DR(S)(

∫

f

(M,F )⊗OS (OBdr,S , F ))

:=
−→ (Ω•S , Fb)⊗OS (OBdr,S , F )⊗OS Rf∗((DX←S , F

ord)⊗LDX (M,F ))

ι(S)
−−→ Rf∗((DX←S , F

ord)⊗LDX (M,F ))⊗OS Bdr,S ⊗DS KS

Tmod(f,⊗)(DX←S⊗
L
DX

(M,F ),Bdr,S)⊗I
−−−−−−−−−−−−−−−−−−−−−−−−−→ Rf∗((DX←S , F

ord)⊗LDX (M,F )⊗OX f
∗modBdr,S)⊗DS KS

=
−→ Rf∗((DX←S , F

ord)⊗LDX (M,F )⊗OX Bdr,X)⊗DS KS

T (f,⊗)((DX←S ,F
ord)⊗LDX

(M,F )⊗OX Bdr,X,KS)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ Rf∗(f

∗KS ⊗
L
f∗DS (DX←S , F

ord)⊗LDX (M,F )⊗OX Bdr,X)

=
−→ Rf∗(KX ⊗OX Bdr,X ⊗

L
DX (M,F ))

ι(X)
−−−→ Rf∗((Ω

•
X , Fb)⊗OX (M,F )⊗OX (OBdr,X , F ))

=: Rf∗DR(X)((M,F )⊗OX (OBdr,X , F ))

which is an isomorphism.

(i)’ Let f : X → S a morphism with S,X ∈ AnSp(K). Assume there exist a factorization f : X
l
−→

Y × S
p
−→ S with Y ∈ AnSm(K), l a closed embedding and p the projection. Let S = ∪iSi an affine

open cover so that there exists closed embedding ii : Si →֒ S̃i with S̃i ∈ AnSm(K). We have for
((MI , F ), uIJ) ∈ CDfil(X/(Y × S̃I)) the canonical map in DBdrfil(S/(S̃I))

TBdr(f,DR)((MI , F ), uIJ) : DR(S)(

∫

f

((MI , F ), uIJ)⊗OS (OBdr,(S̃I ), F )) :=

(Ω•
S̃I
⊗OS̃I

(OBdr,(S̃I), F )⊗OS̃I
pS̃I∗E(Ω•

Y×S̃I/S̃I
⊗OY×S̃I

(MI , F )), DR(fuIJ))
=
−→

(Ω•
S̃I
⊗OS̃I

(OBdr,(S̃I ), F )⊗OS̃I
DS̃I
⊗DS̃I

pS̃I∗E(Ω•
Y×S̃I/S̃I

⊗OY×S̃I
DY×S̃I

⊗DY×S̃I
(MI , F )), DR(fuIJ))

w(Y×S̃I)◦T
mod(pS̃I

,⊗)(−,−)

−−−−−−−−−−−−−−−−−−−→

pS̃I∗E(Ω•
Y×S̃I

⊗OY×S̃I
(OBdr,(Y×S̃I), F )⊗OY×S̃I

DY×S̃I
⊗DY×S̃I

(MI , F )), DR(uIJ))

=
−→ pS̃I∗E(Ω•

Y×S̃I
⊗OY×S̃I

(OBdr,(Y×S̃I), F )⊗OY×S̃I
(MI , F )), DR(uIJ))

=: Rf∗DR(X)(((MI , F ), uIJ)⊗OX (OBdr,(Y×S̃I), F ))

where w(Y × S̃I) is the wedge product.

(ii) Let S ∈ AnSm(K). We have for (M,F ) ∈ CDfil(S) the canonical map in Dfil(S)

T (D,DR)(M,F ) : DR(S)(DS(M,F ))→ DvS(DR(S)(M,F ))

(ii)’ Let S ∈ AnSp(K). Let S = ∪iSi an affine open cover so that there exists closed embedding
ii : Si →֒ S̃i with S̃i ∈ AnSm(K). We have for ((MI , F ), uIJ) ∈ CDfil(S/(S̃I)) the canonical map

in Dfil(S/(S̃I))

T (D,DR)((MI , F ), uIJ) : DR(S)(LDS((MI , F ), uIJ))→ DvS(DR(S)((MI , F ), uIJ))

• Let f : X → S a morphism with S,X ∈ Var(K). Assume there exist a factorization f : X
l
−→

Y ×S
p
−→ S with Y ∈ SmVar(K), l a closed embedding and p the projection. Let S = ∪iSi an affine
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open cover so that there exists closed embedding ii : Si →֒ S̃i with S̃i ∈ SmVar(K). We have for
((MI , F ), uIJ) ∈ CDfil(S/(S̃I)) the canonical map in Dfil(X

an/(Y × S̃I)
an)

f !DR(S)((MI , F ), uIJ) = ΓXDvp!DDR(S)(((MI , F ), uIJ)
an)

DT∗(p,DR)(−)
−−−−−−−−−→ ΓXDR(Y × S)((p

∗mod
S̃I

((MI , F ), uIJ)
an)

Tw(j,⊗)(−)−1

−−−−−−−−−→ DR(Y × S)(ΓX(p∗mod
S̃I

(MI , F ), uIJ)
an)

DR(Y×S)(T (γ,an)(−):=(I,T (j,an)(−)))
−−−−−−−−−−−−−−−−−−−−−−−−−−→

DR(Y × S)((ΓXp
∗mod
S̃I

((MI , F ), uIJ))
an) =: DR(X)(f∗mod,Γ((MI , F ), uIJ)).

• Let S ∈ Var(K). Denote by ∆S : S →֒ S × S the graph embedding and p1 : S × S → S and p2 :
S×S → S the projections. Let S = ∪iSi an affine open cover so that there exists closed embedding
ii : Si →֒ S̃i with S̃i ∈ SmVar(K). We have for ((MI , F ), uIJ), ((NI , F ), uIJ) ∈ CDfil(S/(S̃I)) the

canonical map in Dfil(S
an/(S̃anI ))

T (⊗, DR)((MI , F ), uIJ), ((NI , F ), uIJ)) : DR(S)(((MI , F ), uIJ)
an)⊗CS DR(S)(((NI , F ), uIJ)

an)
=
−→ R∆!

S((p
∗
1DR(S)((MI , F ), uIJ)

an)⊗CS p
∗
2DR(S)(((NI , F ), uIJ)

an))
=
−→ R∆!

S((p
!
1DR(S)((MI , F ), uIJ)

an)⊗CS p
!
2DR(S)(((NI , F ), uIJ)

an))[2dS ]

T !(p1,DR)(−)⊗T !(p2,DR)(−)
−−−−−−−−−−−−−−−−−−−→ ∆!

SDR(S × S)(((p
∗mod
1 (MI , F ), uIJ)⊗OS×S p

∗mod
2 ((NI , F ), uIJ))

an)

T !(∆S ,DR)(−)
−−−−−−−−−−→ DR(S)((L∆∗modS ((p∗mod1 (MI , F ), uIJ)⊗OS×S p

∗mod
2 ((NI , F ), uIJ)))

an)
=
−→ DR(S)((((MI , F ), uIJ)⊗

L
OS ((NI , F ), uIJ))

an).

Theorem 30. (i) Let j : So →֒ S an open embedding with S ∈ SmVar(K). Then, for M ∈ CD,rh(So),
the map in C(San)

DR(S)(T (j, an)(M)) : DR(S)((j∗M)an)→ DR(S)(j∗(M
an))

is a quasi-isomorphism.

(ii) Let S ∈ Var(K). Then, for ((MI , F ), uIJ) ∈ CDfil,rh(S), the map in DBdrfil(S
an)

T (D,DR)(M,F ) : DR(S)(LDS((MI , F ), uIJ)
an)→ DvS(DR(S)(((MI , F ), uIJ)

an))

is an isomorphism.

(iii) Let f : X → S a morphism with S,X ∈ SmVar(K). Then, for (M,F ) ∈ CDfil,rh(X), the map in
DBdrfil(S

an)

TBdr(f,DR)(M,F ) : DR(S)((

∫

f

(M,F ))an ⊗OS (OBdr,S , F ))
DR(S)(T (

∫
f
,an)(M,F ))

−−−−−−−−−−−−−−−→

DR(S)(

∫

f

((M,F )an)⊗OS (OBdr,S , F ))
TBdr (f,DR)((M,F )an)
−−−−−−−−−−−−−−−→ Rf∗DR(X)((M,F )an ⊗OX (OBdr,X , F ))

is an isomorphism if f is proper.

(iii)’ Let f : X → S a morphism with S,X ∈ Var(K). Then, for ((MI , F ), uIJ) ∈ CDfil(X/(Y × S̃I)) the

map in DBdrfil(S
an/(S̃anI ))

TBdr(f,DR)((MI , F ), uIJ) : DR(S)(

∫

f

((MI , F ), uIJ)
an ⊗OS (OBdr,(S̃I ), F ))

DR(S)((T (pS̃I
,an)(−)))

−−−−−−−−−−−−−−−→

DR(S)(

∫

f

(((MI , F ), uIJ)
an)⊗OS (OBdr,(S̃I), F ))

TBdr (f,DR)(((MI ,F ),uIJ )
an)

−−−−−−−−−−−−−−−−−−−→

Rf∗DR(X)(((MI , F ), uIJ)
an ⊗OS (OBdr,(Y×S̃I), F ))

is an isomorphism if f is proper.
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Proof. Similar to the proof of theorem 27. For (iii) and (iii)’, we use GAGA for proper morphism of
algebraic varieties over a p-adic field.

5 The De Rham modules over a field k of characteristic 0 : the
Kashiwara Malgrange V -filtration and the Hodge filtration in

the geometric case

5.1 The Kashiwara Malgrange V filtration for geometric D modules on smooth
algebraic varieties over a field of characteristic zero and the nearby and
vanishing cycle functors.

Let k ⊂ C a subfield. For S ∈ Var(k), consider π := πk/C(S) : SC := S ⊗k C → S the projection so that
we have the injective map in PShOS (SC)

nk/C(OS) : π
∗OS →֒ OSC

:= π∗modOS := π∗OS ⊗k C, h 7→ nk/C(OS)(h) := h⊗ 1.

For M ∈ PShOS (S), we have (see section 2) the canonical morphism in PShOS (SC)

nOS/OSC
(M) : π∗M → π∗modM := π∗M ⊗π∗OS OSC

, m 7→ nOS/OSC
(M)(m) := m⊗ 1

For S ∈ SmVar(k) and M ∈ PShD(S)

nOS/OSC
(M) : π∗M → π∗modM = π∗M ⊗π∗OS OSC

, m 7→ nOS/OSC
(M)(m) := m⊗ 1

is a morphism in PShDS (SC), that is is a morphism of π∗DS modules.

Definition 51. Let k a field of characteristic zero. Let S ∈ SmVar(k).

(i) Let D = V (s) ⊂ S be a smooth (Cartier) divisor, where s ∈ Γ(S,L) is a section of the line bundle
L = LD associated to D. Let M ∈ PShD(S). A VD-filtration (M,VD) for M (see [10]) is called a
Kashiwara-Malgrange VD-filtration for M if

– VD,kM are coherent VD,0DS modules for all k ∈ Z, that is (M,VD) is a good filtration, in
particular M ∈ PShD,c(S) is coherent

– sVD,kM = VD,k−1M for k << 0,

– all eigenvalues of s∂s : GrVD ,k := VD,kM/VD,k−1M → GrVD ,kM := VD,kM/VD,k−1M have
real part between k − 1 and k.

Almost by definition, a Kashiwara-Malgrange VD-filtration for M if it exists is unique, so that
we denote it by (M,VD) ∈ PShOSfil(S) and (M,VD) is strict. In particular if m : (M1, F ) →
(M2, F ) a morphism with (M1, F ), (M2, F ) ∈ PShD(2)fil(S) such that M1 and M2 admit the
Kashiwara-Malgrange filtration for D ⊂ S, we have m(VD,qF

pM1) ⊂ VD,qF
pM2, that is we get

m : (M1, F, VD) → (M2, F, VD) a filtered morphism, and if 0 → M ′ → M → M ′′ → 0 is an exact
sequence, 0→ (M ′, VD)→ (M,VD)→ (M ′′, VD)→ 0 is an exact sequence (strictness).

(ii) More generally, let Z = V (s1, . . . , sr) = D1 ∩ · · · ∩Dr ⊂ S be a smooth Zariski closed subset, where
si ∈ Γ(S,Li) is a section of the line bundle L = LDi associated to Di. Let M ∈ PShD(S). A
VZ-filtration (M,VZ) for M (see [10]) is called a Kashiwara-Malgrange VZ-filtration for M if

– VZ,kM are coherent VZ,0OS modules for all k ∈ Z,

–
∑r

i=1 siVZ,kM = VZ,k−1M for k << 0,

– all eigenvalues of
∑r

i=1 si∂si : GrVZ ,kM := VZ,kM/VZ,k−1M → GrVZ,kM := VZ,kM/VZ,k−1M
have real part between k − 1 and k.
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Almost by definition, a Kashiwara-Malgrange VZ-filtration for M if it exists is unique (see [26]), so
that we denote it by (M,VZ) ∈ PShOSfil(S) and (M,VZ) is strict. In particular if m : (M1, F ) →
(M2, F ) a morphism with (M1, F ), (M2, F ) ∈ PShD(2)fil(S) such that M1 and M2 admit the
Kashiwara-Malgrange filtration for D ⊂ S, we have m(VZ,qF

pM1) ⊂ VZ,qF
pM2, that is we get

m : (M1, F, VZ ) → (M2, F, VZ) a filtered morphism, and if 0 → M ′ → M → M ′′ → 0 is an exact
sequence, 0→ (M ′, VZ)→ (M,VZ)→ (M ′′, VZ)→ 0 is an exact sequence (strictness).

Definition 52. Let k a field of characteristic zero. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier)
divisor, where s ∈ Γ(S,L) is a section of the line bundle L = LD associated to D. We then have the
graph embedding i : S →֒ L, i(x) := (x, s(x)). Let M ∈ PShD,c(S). If the Kashiwara-Malgrange VS-
filtration exist on i∗modM and the eigeinvalues of s∂s are rational numbers, we refine the VS-filtration to
all rational numbers as follows : for α = k − 1 + r/q ∈ Q, k, q, r ∈ Z, q ≤ 0, 0 ≤ r ≤ q − 1, we set

VS,αM := q−1V,k(⊕k−1<β≤αGrVSk,βM ⊂ VS,kM

with GrVSk,βM := ker(∂ss−βI) ⊂ GrVSk M and qV,k : VS,kM → GrVSk M is the projection. We set similarly

VS,<αM := q−1V,k(⊕k−1<β<αGrVSk,βM ⊂ VS,kM

The Hodge filtration induced on GrVα M is

F pGrVSα M := (F pM ∩ VS,αM)/(F pM ∩ VS,<αM)

We call it the rational Kashiwara-Malgrange VS-filtration of i∗modM . We set for α ∈ Q, VD,αM :=
i∗VS,αi∗modM and we call it for short the rational Kashiwara-Malgrange VD-filtration of M .

Definition 53. Let k a field of characteristic zero. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor
with s ∈ Γ(S,L) and L a line bundle (S being smooth, D is Cartier). For M ∈ PShD,c(S) such that the
rational Kashiwara-Malgrange VS-filtration on i∗modM exists, we define, denoting for k ∈ Q, VD,kM :=
i∗VS,ki∗modM

• the nearby cycle functor

ψDM := ⊕−1≤α<0 GrVS ,α i∗modM = ⊕−1≤α<0GrVD ,αM ∈ PShD,D(S),

• the vanishing cycle functor

φDM := ⊕−1<α≤0 GrVS ,α i∗modM = ⊕−1<α≤0GrVD ,αM ∈ PShD,D(S),

• the canonical maps in PShD,D(S)

can(M) := (∂s, I) : ψDM → φDM , var(M) := (I, s) : φDM → ψDM.

By the complex case (see [20]), after considering a subfield k0 ⊂ k and an embedding σ : k0 →֒ C we have

• for M ∈ PShD,h(S), ψDM,φDM ∈ PShD,h(S).

• for M ∈ PShD,rh(S), ψDM,φDM ∈ PShD,rh(S).

Theorem 31. Let k ⊂ C a subfield. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and
p : L→ S a line bundle (S being smooth, D is Cartier), so that we have the closed embedding i : S →֒ L,
i(x) = (x, s(x)) and D = i−1(s0), s0 being the zero section. For M ∈ PShD,c(S), such that the rational
Kashiwara-Malgrange VD-filtration on M exists, we have the canonical isomorphism in Dc,k(S

an
C )

T (ψD, DR)(M) := B(M) ◦A(M)−1 : DR(S)(ψDM
an)

∼
−→ ψDDR(S)(M

an)

with, for S = ∪si=1Si an open affine cover such that D ∩ Si = V (fi) ⊂ Si is given by fi ∈ Γ(Si, OSi),
denoting q : Li := p−1(Si)→ A1

k the projection and ji : Si →֒ S the open embeddings,
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• the isomorphism in Dc,k(S
an
C )

A(M) : (⊕si=1 ⊕−1≤α<0 Cone(∂s : DR(Li/A
1
k)((VDαM)an)⊗OS s

α+1OSan
C
[log s]

→ DR(Li/A
1
k)((VDαM)an)⊗OS s

αOSan
C
[log s])

(j∗I )−−→ · · · )

→ (⊕si=1DR(Si)(ψDM
an)

j∗I−→ · · · )
((j∗i ),0)

−1

−−−−−−→ (DR(S)(ψDM
an)), (

∑

j

mj ⊗ (log s)j ,m′) 7→ [m0],

• and the isomorphism in Dc,k(S
an
C )

B(M) : (⊕si=1 ⊕−1≤α<0 Cone(∂s : VDαDR(Li/A
1
k)(M

an)⊗OS s
α+1OSan

C
[log s]

→ VDαDR(Li/A
1
k)(M

an)⊗OS s
αOSan

C
[log s])

(j∗I )−−→ · · · )

→ (⊕si=1DR(p
∗OAk1

)(i∗π∗π
∗DR(Li/A

1
k)(M

an))
(j∗I )−−→ · · · )

=:
−→ (⊕si=1DR(p

∗OAk1
)(ψD(DR(Li/A

1
k)(M

an)))
(j∗I )−−→ · · · )

((j∗i ),0)
−1

−−−−−−→ ψDDR(S)(M
an),

(
∑

j

mj ⊗ (log s)j ,m′) 7→
∑

j

(log s)jmj ,

so that T (ψD, DR)(M)◦DR(S)(s∂s) = N◦T (ψD, DR)(M) where N := log T ∈ Hom(ψDDR(S)(M
an), ψDDR(S)(M

an))
is induced by the monodromy automorphism T : S̃o

∼
−→ S̃o of the universal covering π : S̃o → So := S\D.

As is the rest of this paper, we denote for short Man := an∗modS M = (πk/C(S)
∗modM)an ∈ PShD,c(S

an
C )

with anS : SanC
anS−−→ SC

πk/C(S)
−−−−−→ S.

Proof. See [26].

Definition-Proposition 5. Let k a field of characteristic zero. Let S ∈ SmVar(k). Let D = V (s) ⊂ S
a divisor with s ∈ Γ(S,L) and L a line bundle (S being smooth, D is Cartier), so that we have the closed
embedding i : S →֒ L, i(x) = (x, s(x)) and D = i−1(s0), s0 being the zero section. For M ∈ PShD,c(S),
such that the rational Kashiwara-Malgrange VD-filtration on M exists, we have the canonical morphism
in D(S)

Talg(ψD, DR)(M) := Balg(M) ◦Aalg(M)−1 : DR(S)(ψDM)
∼
−→ ψDDR(S)(M)

with, for S = ∪si=1Si an open affine cover such that D ∩ Si = V (fi) ⊂ Si is given by fi ∈ Γ(Si, OSi),
denoting q : Li := p−1(Si)→ A1

k the projection and ji : Si →֒ S the open embeddings,

• the isomorphism in Dc(S)

Aalg(M) : (⊕si=1 ⊕−1≤α<0 Cone(∂s : DR(Li/A
1
k)(VDαM)⊗OS s

α+1OS [log s]

→ DR(Li/A
1
k)(VDαM)⊗OS s

αOS [log s])
j∗I−→ · · · )

→ (⊕si=1DR(Si)(ψDM)
j∗I−→ · · · )

((j∗i ),0)
−1

−−−−−−→ (DR(S)(ψDM)), (
∑

j

mj ⊗ (log s)j ,m′) 7→ [m0]

• and morphism in Dc(S)

Balg(M) : (⊕si=1 ⊕−1≤α<0 Cone(∂s : VDαDR(Li/A
1
k)(M)⊗OS s

α+1OS [log s]

→ VDαDR(Li/A
1
k)(M)⊗OS s

αOS [log s])
(j∗I )−−→ · · · )

→ (⊕si=1DR(p
∗OA1

k
)(i∗π∗π

∗modHom(ASo , DR(Li/A
1
k)(M)))

(j∗I )−−→ · · · )

=:
−→ (⊕si=1DR(p

∗OA1
k
)(ψD(DR(Li/A

1
k)(M)))

(j∗I )−−→ · · · )
((j∗i ),0)

−1

−−−−−−→ ψDDR(S)(M),

(
∑

j

mj ⊗ (log s)j ,m′) 7→
∑

j

(log s)jmj ,
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with log s ∈ Hom(ASo , p∗OA1
k
), so that Talg(ψD, DR)(M) ◦DR(S)(s∂s) = N ◦ Talg(ψD, DR)(M) where

N := logT ∈ Hom(ψDDR(S)(M), ψDDR(S)(M)) is induced by the monodromy automorphism T :
S̃o

∼
−→ S̃o of the universal covering π : S̃o := lim

−→n∈N
Spec(L[t]/(tn − s)) → So := S\D and ASo :=

(So ×So×So So) ∈ Fun(∆•,Var(k)sm/So) the diagram of lattices (see [4]). By definition we have for
k ⊂ C a subfield, the following commutaive diagram in D(SanC )

(DR(S)(ψDM))an
Tw(anS ,⊗)(M) //

Talg(ψD ,DR)(M)

��

DR(S)((ψDM)an)

T (ψD ,DR)(M)

��
(ψDDR(S)(M))an

T (ψD,an)(M) // ψD(DR(S)(M)an)

where T (ψD, an)(M) is the isomorphism given in [1].

Proof. The proof that Aalg(M) is an isomorphism is similar to the proof that A(M) is an isomorphism
in theorem 31.

Definition 54. Let k a field of caracteristic 0. Let S ∈ SmVar(k) and D = V (s) ⊂ S a (Cartier)
divisor. Denote by j : So := S\D →֒ S the open embedding. Let M ∈ PShD,rh(S) which admits the
rational Kashiwara-Malgrange filtration. There exist a subfield k0 ⊂ k of finite transcendence degree over
Q, S0 ∈ SmVar(k0) and M0 ∈ PShD,rh(S0) such that S = S0 ⊗k0 k and M = πk0/k(S0)

∗modM0. Denote
again by j : So := S\D →֒ S the open embedding. Consider then an embedding σ : k0 →֒ C. Denote by

π : S̃
an(σ)
0 → S

o,an(σ)
0 := S

an(σ)
0 \Dan(σ) the universal covering and by j : S0 →֒ S0 the open embedding.

Denote

Aπ := ad(i∗, i∗)(−) ◦ ad(π
∗, π∗)(DR(S

o
0)(M

an
0 )) ∈ HomD(San0C )(j∗DR(S

o
0)(M

an
0 ), ψDDR(S

o
0)(M

an
0 ))

= HomD(San0C )(DR(S0)(j∗M
an
0 ), DR(S0)(ψDM

an
0 ))

where the equality follows from the isomorphisms

• T (j,DR)(M0) := Tw(j,⊗)(M0) ◦DR(S)(T (j, an)(M0)) : DR(S0)(j∗M
an
0 )

∼
−→ j∗DR(S

o
0)(M

an
0 ),

• T (ψD, DR)(M0) : ψDDR(S0)(M
an
0 )

∼
−→ ψDDR(S0)(M

an
0 ) of theorem 31.

We have by definition the following commutative diagram

HomDD,rh(S0)(j∗M0, ψDM0)⊗k C
θ3:=DR(S)j∗M0,ψDM0

//

DR(S)j∗M0,ψDM0

��

HomD(San0C )(DR(S0)(j∗M
an
0 ), DR(S0)(ψDM

an
0 ))

HomD(S0)(DR(S0)(j∗M0), DR(S0)(ψDM0))⊗k C
Hom(Tw(j,⊗)(M0),Talg(ψD,DR)(M0))// HomD(S0)(j∗DR(S

o
0)(M0), ψDDR(S

o
0)(M0)) ⊗k C

θ2:=Hom(Tw(an,⊗)(−),Tw(an,⊗)(−))◦an∗S
−,−

OO

(15)
where Talg(ψD, DR)(M0) is given in definition-proposition 5. By theorem 28, θ3 is an isomorphism,
hence for m = θ2(mk ⊗ 1), θ−13 (m) = mk ⊗ 1 by the diagram (15). In particular for Aπ = θ2(Aπ,k ⊗ 1)
with

Aπ,k := ad(i∗, i∗)(−) ◦ nlog s(−) ◦ ad(π
∗, π∗)(DR(S

o
0)(M0)) ∈ HomD(S0)(j∗DR(S

o
0)(M0), ψDDR(S

o
0)(M0))

and nlog s(K) = K → Hom(ASo ,K), we get in PShD,rh(S0)

ρDR,D(M0) := (DR(S)j∗M0,ψDM0)−1(Aπ) = Aπ,k : j∗M0 → ψD(M0).

If σ′ : k0 →֒ C is an other embedding, there exists θ : C → C an algebraic automorphism of C such that
θ ◦σ = σ′ and σ′(ρDR,D(M0)) = θ(σ(ρDR,D(M0))) by the diagram (15). This map gives in particular the
map in PShD,rh(S)

ρDR,D(M) := ρDR,D(M0)⊗OS0
OS : j∗(M)→ ψD(M).
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We now show, using the complex case, the existence of the rational Kashiwara-Malgrange filtration
in the regular holonomic case.

Lemma 5. Let S ∈ SmVar(k) a smooth affine variety with a closed embedding l : S →֒ ANk . Let D =

V (f) ⊂ S a (Cartier) Divisor which is given by a f ∈ Γ(S,OS). Then D = D̃ ∩ S with D̃ = V (f̃) ⊂ ANk ,

where the polynomial f̃ ∈ Γ(ANk , OANk
) is a lift of f ; denote by j : S\D →֒ S and j̃ : ANk \D̃ →֒ ANk

the open embeddings. We then have the graph embedding i : S →֒ S × A1
k, i(x) = (x, f(x)) and the zero

section embedding i0 : S →֒ S × A1
k, i0(x) = (x, 0). Denote (x, t) ∈ S × A1

k the coordinates and s = t∂t.

(i) Let M ∈ PShD(S) such that the multiplication map mf : M → M , mf (m) = fm, is an isomor-
phism. Denote by δ = 1/(f − t) ∈ OS(∗D). Consider for i ∈ N the polynomials Qi = πi−1j=0(x+ j) ∈

Z[x] for i > 0 and Q0 = 1. We have then an isomorphism of DS < t, t−1, s > modules

Af (M) :M [s]f s := i∗(M ⊗OS OS [s])
∼
−→ i∗modM = i∗M ⊗k k[∂t] = i∗M ⊗OS i∗modOS(∗D),

msjf s 7→ m⊗ (t∂t)
jδ

whose inverse is

Bf (M) : i∗modM
∼
−→M [s]f s, m⊗ ∂jt δ 7→ m/f jQj(−s)f

s

where the structure of DS < t, t−1, s > module on M [s]f s is given by

– s.(msjf s) = msj+1f s, t.(msjf s) = m(s+ 1)jf s,

– P.(msjf s) = P (f)/fmsj+1f s + P (m)(s+ 1)jf s, for P ∈ Γ(S,DS).

(ii) Consider by (i) the DS < t, t−1, s > submodule

Nf := DS[s]f
s ⊂ OS(∗D)[s]f s

Af (OS(∗D))∼
−−−−−−−−−→ i∗modOS(∗D).

Then Nf/tNf an holonomic DS module.

(iii) The endomorphism
s : Nf/tNf → Nf/tNf

has a minimal polynomial which is equal to the Berstein-Sato Polynomial bf ∈ Q[x] of f .

Proof. (i): See [24].
(ii): By proposition 21, OS(∗D) = j∗OS\D is an holonomic DS module. Hence, since Nf/tNf ⊂ OS(∗D)
is a DS submodule, Nf/tNf is an holonomic DS module by proposition 19.
(iii): Follows from (ii) by [14] theorem 3.3.

For an arbitrary field of caracteristic zero, we have the following key proposition :

Proposition 35. Let k a field of characteristic zero.

(i1) Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier) divisor, where s ∈ Γ(S,L) is a section of
the line bundle L = LD associated to D. We then have the graph embedding i : S →֒ L, i(x) =
(x, s(x)) and the zero section embedding i0 : S →֒ L, i0(x) = (x, 0) and L0 = i0(S). Denote
j : So := S\D →֒ S and j : Lo := L\L0 →֒ L the open complementary subsets. Then j∗OSo =
OS(∗D) ∈ PShD,rh(S) admits the rational Kashiwara-Malgrange VD-filtration, that is j∗i∗modOSo =
i∗modOS(∗D) ∈ PShD,rh(L) admits the rational Kashiwara-Malgrange VS-filtration.

(i2) Let S ∈ SmVar(k). Let D ⊂ S a (Cartier) divisor. Denote j : So := S\D →֒ S the open
complementary subset. Then for E ∈ VectD(S

o) regular in the strong sense (see definition 37),
j∗E ∈ PShD,rh(S) admits the rational Kashiwara-Malgrange VE-filtration for all (Cartier) divisor
E = V (s′) ⊂ S.
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(ii) Let f : X → S a proper morphism with X,S ∈ SmVar(k). Let D ⊂ S a (Cartier) divisor.
If M ∈ PShD,rh(X) admits the (rational) Kashiwara-Malgrange Vf−1(D) filtration, then Hn

∫
f M

admits the (rational) Kashiwara-Malgrange VD filtration for all n ∈ Z.

Proof. (i1): Let S = ∪ri=1Si an open affine covering such that for each i D ∩ Si = V (fi) ⊂ Si is given
by one equation fi ∈ Γ(Si, OSi). For each i, lemma 5 (iii) applied to Si and D ∩ Si, gives the rational
Kashiwara-Malgrange VSi -filtration for i∗modOSi(∗D). By unicity of the rational Kashiwara-Malgrange
V -filtration, we get the rational Kashiwara-Malgrange VS-filtration on i∗modOS(∗D) since for all k ∈ Q

VSi,ki∗modOS(∗D)|Si∩Sj = VSj ,ki∗modOS(∗D)|Si∩Sj .

(i2): Let E ⊂ S a (Cartier) divisor. Consider a subfield k0 ⊂ k of finite transcendence degree over Q such
that S = S0k := S ⊗k0 k with S0 ∈ SmVar(k0), D = D0k := D ⊗k0 k with D0 ⊂ S0, E = E0k := E ⊗k0 k
with E0 ⊂ S0, E = πk0/k(S

o
0)
∗modE0 with E ∈ VectD(S

o
0), S

o
0 := S0\D0, and an embedding σ : k0 →֒ C.

For simplicity, we denote again S = S0, E = E0, D = D0, j : S
o := S\D →֒ S the open complementary

subset and E = E0 ∈ VectD(S
o), and denote for short

π := πk0/C(S) : SC := S ⊗k0 C→ S

the projection. Since E ∈ VectD(S
o) is a locally free OSo module

nOS/OSC
(E) : E = π∗E → π∗modE, m 7→ nOS/OSC

(E)(m) := m⊗ 1

is injective. Hence we get a canonical embedding

j∗nOS/OSC
(E) : j∗π

∗E = π∗j∗E →֒ j∗(π
∗modE), m 7→ m⊗ 1

By the complex case, see [20], j∗(π
∗modE) ∈ PShD,rh(SC) admits the rational Kashiwara-Malgrange

VE′ -filtration for all divisor E′ ⊂ SC. We then set for k ∈ Q

VE,kj∗E := π∗(VEC,kj∗(π
∗modE) ∩ π∗j∗E)

so that we get a strict monomorphism

j∗nOS/OSC
(E) : (j∗E, VE) →֒ π∗(j∗(π

∗modE), VEC
)

and so that this filtration satisfies the property of the Kashiwara-Malgrange VE-filtration. Taking back
the initial notations, this means that we get the VE0 filtration on j∗E0 ⊂ PShD,h(S0). Then,

VE,kj∗E := πk0/k(S)
∗modVE0,kj∗E0 ⊂ πk0/k(S)

∗modj∗E0 = j∗E

gives the VE filtration on j∗E.
(ii): By definitionHn

∫
f
M = Hnf∗E(DX←S⊗DXM). We then see immediately thatHnf∗E(DX←S⊗DX

(M,Vf−1(D))) satisfy the hypothesis of the VD filtration : since f is proper, the VD,0OS modules

VkH
nf∗E(DX←S ⊗DX (M,Vf−1(D))) :=

Im(Hnf∗(I ⊗ ιVf−1(D)
(M)) : Hnf∗E(DX←S ⊗DX Vf−1(D),kM)→ Hnf∗E(DX←S ⊗DX M))

are coherent.

Theorem 32. Let k a field of characteristic zero. Let S ∈ SmVar(k). Every M ∈ PShD,rh(S) holonomic,
regular in the strong sense (see definition 37), admits the rationnal Kashiwara-Malgrange VE filtration
for each (Cartier) divisor E ⊂ S.
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Proof. We may assume without loss of generality that S is connected. We argue by induction on
dim supp(M). If dim supp(M) = 0, there is noting to prove. Denote i : Z := suppM →֒ S the closed
embedding. There exist by proposition 20 an open subset j : So →֒ S with D := S\So ⊂ S a (Cartier)
divisor such that Zo := Z ∩ So is smooth and i∗modj∗M ∈ VectD(Z

o) is an integral connexion. Then
dim(D ∩ Zi) = dim(Zi) − 1 where Zi ⊂ Z are the irreducible component of Z since an holonomic DS

module is generically an integral connexion on its support by proposition 20. Take a desingularization
ǫ : Z̃ → Z of the pair (Z,D ∩ Z) and denote by l : Zo →֒ Z̃ the open embedding. By proposition 35
(i0) and (i2), l∗i

∗modj∗M ∈ PShD,rh(Z̃) admits the rational Kashiwara Malgrange Vǫ−1i−1(E) filtration,
hence by proposition 35 (ii)

j∗j
∗M = i∗modǫ∗modl∗i

∗modj∗M ∈ PShD,rh,Z(S)

admits the rational Kashiwara Malgrange VE filtration for all divisor E ⊂ S. We then consider

• the nearby cycle functor for M

ψD(M) := ψD(j∗j
∗M) := ⊕−1≤α<0VD,kj∗j

∗M ∈ PShD,rh,D∩Z(S),

and we have then, by theorem 31, the canonical isomorphism

T (ψD, DR)(j∗j
∗M) : DR(S)(ψDM)

∼
−→ ψDDR(S)(M)

(note that ψDK = ψD(j∗j
∗K) for K ∈ P (SanC )),

• the vanishing cycle functor for M

φρD(M) := H0 Cone(θDR,D(M) : Γ∨,hD M → ψD(M)) ∈ PShD,rh,D∩Z(S)

which is regular holonomic by proposition 25, where θDR,D is the factorization in DD,rh(S)

ρDR,D(j∗j
∗M) ◦ ad(j∗, j∗)(M)) :M

γ∨,h(M)
−−−−−→ Γ∨,hD M := LDSRΓDLDSM

θDR,D(M)
−−−−−−−→ ψD(M)

of the map in PShD,rh(S) of definition 54

ρDR,D(j∗j
∗M) ◦ ad(j∗, j∗)(M)) :=M

ad(j∗,j∗)(M)
−−−−−−−−→ j∗j

∗M

ρDR,D(j∗j
∗M)

−−−−−−−−−→ ψD(j∗j
∗M) =: ψD(M),

we have then by theorem 28 the canonical isomorphism

(T (γ∨D, DR)(M), T (ψD, DR)(j∗j
∗M)) : DR(S)(φρDM)

∼
−→ φDDR(S)(M)

• the canonical map canρ(M) := H0c(φρD(M)) : ψD(M)→ φρDM in PShD,rh,D∩Z(S),

• the variation map varρ(M) := H0DSc(φ
ρ
D(DSM)) : φρDM → ψDM in PShD,rh,D∩Z(S), using the

isomorphisms

– DR(S)−,−
−1

(T1(D,ψ, φ)(DR(S)(M)) : DSψDM
∼
−→ φρDDSM ,

– DR(S)−,−
−1

(T2(D,ψ, φ)(DR(S)(M)) : DSφ
ρ
DM

∼
−→ ψDDSM ,

Consider then the following canonical map in CD,rh(S)

Is(M) := (0, (ad(j∗, j∗)(M), ρDR,D(j∗j
∗M) ◦ ad(j∗, j∗)(M)), 0) :

M → (ψDM
(c(xSo/S(M)),canρ(M))
−−−−−−−−−−−−−−−→ xSo/S(M)⊕ φρDM

(Dc(xSo/S(DM)),varρ(M))
−−−−−−−−−−−−−−−−−→ ψDM).
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with
xSo/S(M) := Cone(ρDR,D(j∗j

∗M) : j∗j
∗M → ψDK) ∈ CD,rh(S)

which is a quasi-isomorphism by theorem 10 and theorem 28. By induction hypothesis, φρDM ∈ PShD,rh,D∩Z(S)
admits the Kashiwara-Malgrange rational VE -filtration for all divisor E ⊂ S. Let E ⊂ S a Cartier divisor.
We then set for k ∈ Q

VE,kM := Is(M)−1(VE,kH
1((ψDM,VE)

(c(xSo/S(M)),canρ(M))
−−−−−−−−−−−−−−−→

Cone(ρDR,D(j∗j
∗M) : (j∗j

∗M,VE)→ (ψDK,VE)⊕ (φρDM,VE)
(Dc(xSo/S(DM)),varρ(M))
−−−−−−−−−−−−−−−−−→ (ψDM,VE)))).

Theorem 33. Let k ⊂ C a subfield. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and
L a line bundle (S being smooth, D is Cartier). For M ∈ PShD,rh(S), so that the rational Kashiwara-
Malgrange VD-filtration on M exists by theorem 32,

• we have the canonical isomorphism in Dc,k(S
an
C ) given in theorem 31

T (ψD, DR)(M) : DR(S)(ψDM
an)

∼
−→ ψDDR(S)(M

an)

so that T (ψD, DR)(M)◦DR(S)(s∂s) = N◦T (ψD, DR)(M) where N := logT ∈ Hom(ψDDR(S)(M
an), ψDDR(S)(M

an))
is induced by the monodromy automorphism T : S̃o

∼
−→ S̃o of the universal covering π : S̃o → So :=

S\D.

• we have the following canonical isomorphism in Dc,k(S
an
C )

T (φD, DR)(M) : DR(S)(φDM
an)

DR(S)((0,var(M)))
−−−−−−−−−−−−−→ DR(S)(φρDM

an)
(I,T (ψD,DR)(M))
−−−−−−−−−−−−→ φDDR(S)(M

an).

where
φρDM := H0 Cone(θDR,D(M) : Γ∨,hD M → ψDM) ∈ PShD,rh,D(S)

with θDR,D the factorization in DD,rh(S)

ρDR,D(M) ◦ ad(j∗, j∗)(M)) :M
γ∨,hD (M)
−−−−−→ Γ∨,hD M := LDSRΓDLDSM

θDR,D(M)
−−−−−−−→ ψD(M).

of the map in PShD,rh(S) given in definition 54.

Proof. Follows from theorem 31.

Theorem 34. Let S ∈ SmVar(k).

(i) Let M ∈ PShD,rh(S). Let So ⊂ S an open subset such that D := S\So = V (s) ⊂ S is a (Cartier)
divisor. Denote i : D →֒ S the closed embedding and j : So →֒ S the open embedding. Take
an embedding σ : k →֒ C. We have, using definition 54 and theorem 32, the canonical quasi-
isomorphism in CD,rh(S) :

Is(M) := (0, (ad(j∗, j∗)(M), ρDR,D(M) ◦ ad(j∗, j∗)(M)), 0) :

M → (ψDM
(c(xSo/S(M)),can(M))
−−−−−−−−−−−−−−−→ xSo/S(M)⊕ φDM

(Dc(xSo/S(DM)),var(M))
−−−−−−−−−−−−−−−−→ ψDM).

with
xSo/S(M) := Cone(ρDR,D(M) : j∗j

∗M → ψDK) ∈ CD,rh(S)
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(ii) Let D = V (s) ⊂ S a Cartier divisor. Denote i : D →֒ S the closed embedding and j : So := S\D →֒
S the open embedding. Then the functor

(j∗, φD, can, var) : PShD,rh(S)→ PShD,rh(S
o)×J PShD,rh,D(S)

is an equivalence of category whose inverse is

PShD,rh(S
o)×J PShD,rh(S)→ PShD,rh,D(S),

(M ′,M ′′, u, v) 7→ H1((ψDM
′)

(c(xSo/S(M
′)),u)

−−−−−−−−−−−→ xSo/S(M
′)⊕M ′′

(Dc(xSo/S(DM
′)),v)

−−−−−−−−−−−−−→ (ψDM
′)).

Proof. (i):By theorem 28, theorem 33 and definition 58 we have Is(M) = DR(S)−,−
−1

(Is(DR(S)(M))).
The result then follows from theorem 10.
(ii):Follows from (i).

We now give the p-adic version of theorem 33 :

Theorem 35. Let k ⊂ K ⊂ Cp a subfield with p a prime number and K a p adic field. Let S ∈ SmVar(k).
Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line bundle (S being smooth, D is Cartier). so that
we have the closed embedding i : S →֒ L, i(x) = (x, s(x)) and D = i−1(s0), s0 being the zero section. For
M ∈ PShD,rh(S), so that the rational Kashiwara-Malgrange VD-filtration on M exists by theorem 32,

• we have the canonical isomorphism in DBdr(S
an,pet
K )

T (ψD, DR)
Bdr (M) := BBdr(M) ◦ABdr (M)−1 :

DR(S)(ψDM
an ⊗OSK OBdr,SK )

∼
−→ ψDDR(S)(M

an ⊗OSK OBdr,SK )

with, for S = ∪si=1Si an open affine cover such that D∩Si = V (fi) ⊂ Si is given by fi ∈ Γ(Si, OSi),
denoting q : Li := p−1(Si)→ A1

k the projection and ji : Si →֒ S the open embeddings,

– the isomorphism in DBdr(S
an,pet
K )

ABdr (M) : (⊕si=1 ⊕−1≤α<0 Cone(∂s : DR(Li/A
1
k)((VDαM)an)⊗OS s

α+1OBdr,SK

→ DR(Li/A
1
k)((VDαM)an)⊗OS s

αOBdr,SK )
(j∗I )−−→ · · · )

→ (⊕si=1DR(Si)(ψDM
an ⊗OSK OBdr,SK )

j∗I−→ · · · )

((j∗i ),0)
−1

−−−−−−→ (DR(S)(ψDM
an)⊗OSK OBdr,SK ), (

∑

j

mj ⊗ (log s)j ,m′) 7→ [m0],

– and the isomorphism in DBdr(S
an,pet
K )

BBdr(M) : (⊕si=1 ⊕−1≤α<0 Cone(∂s : VDαDR(Li/A
1
k)(M

an)⊗OS s
α+1 ⊗OSK OBdr,SK

→ VDαDR(Li/A
1
k)(M

an)⊗OS s
α ⊗OSK OBdr,SK )

(j∗I )−−→ · · · )

→ (⊕si=1DR(p
∗OAk1

)(i∗π∗π
∗modDR(Li/A

1
k)(M

an)⊗OSK OBdr,SK )
(j∗I )−−→ · · · )

=:
−→ (⊕si=1DR(p

∗OAk1
)(ψD(DR(Li/A

1
k)(M

an)⊗OSK OBdr,SK ))
(j∗I )−−→ · · · )

((j∗i ),0)
−1

−−−−−−→ ψDDR(S)(M
an ⊗OSK OBdr,SK ), (

∑

j

mj ⊗ (log s)j ,m′) 7→
∑

j

(log s)jmj ,

so that TBdr(ψD, DR)(M) ◦DR(S)(s∂s) = N ◦ TBdr(ψD, DR)(M) where

N := logT ∈ Hom(ψDDR(S)(M
an ⊗OSK OBdr,SK ), ψDDR(S)(M

an ⊗OSK OBdr,SK ))

is induced by the monodromy automorphism T : S̃o
∼
−→ S̃o of the perfectoid universal covering

π : S̃o → So := S\D (see [27]).

133



• there is a canonical isomorphism in DBdr(S
an,pet
K )

TBdr(φD, DR)(M) : DR(S)(φDM
an ⊗OSK OBdr,SK )

DR(S)((0,var(M)⊗I))
−−−−−−−−−−−−−−→

DR(S)(φρDM
an ⊗OSK OBdr,SK )

(I,TBdr (ψD ,DR)(M))
−−−−−−−−−−−−−−→ φDDR(S)(M

an ⊗OSK OBdr,SK ).

where
φρDM := H0 Cone(θDR,D(M) : Γ∨,hD M → ψDM) ∈ PShD,rh,D(S)

with θDR,D the factorization in DD,rh(S)

ρDR,D(M) ◦ ad(j∗, j∗)(M)) :M
γ∨,hD (M)
−−−−−→ Γ∨,hD M := LDSRΓDLDSM

θDR,D(M)
−−−−−−−→ ψD(M).

of the map given in definition 54. In particular

– TBdr(ψD, DR)(M) ◦DR(S)(s⊗ I) = can(DR(S)(Man ⊗OSK OBdr,SK )) ◦ T
Bdr(φD, DR)(M)

– TBdr(φD, DR)(M) ◦DR(S)(∂s⊗ I) = var(DR(S)(Man⊗OSK OBdr,SK )) ◦T
Bdr(ψD, DR)(M).

Proof. Similar to the proof of theorem 33.

We now look at the particular case of algebraic integral connexions. The following follows from the
work of Bhatwaderkar and Rao ([7]).

Theorem 36. Let R a local finite type algebra over a field of characteristic zero k. Let f ∈ R a non zero
divisor and non invertible element. If M ∈ Mod(Rf ) is a projective Rf := R[1/f ] module, then there
exist a projective (hence free) module M ′ ∈ Mod(R) such that M ′f :=M ′ ⊗R Rf =M

Proof. See [7].

Corollary 3. Let S ∈ SmVar(k). Let So ⊂ S an open subset such that D := S\So = V (s) ⊂ S is a
Cartier divisor. Denote j : So →֒ S the open embedding. Let E = (E,∇) ∈ VectD(S

o) an integrable
connexion regular along D (see definition 37).

(i) For all s ∈ D, there exist an open affine neighborhood Ws ⊂ S of s in S and a free OWs -submodule
E′ ⊂ (j∗E)|Ws

such that E′|Ws∩So
= E|Ws∩So , DSE

′ = (j∗E)|Ws
, s∇sE′ ⊂ E′ and such that all the

eigeinvalue of the residue matrix ∇s : E′/sE′ → E′/sE′ are rational numbers k ∈ Q, 0 ≤ k < 1.

(i)’ For s ∈ D, such an E′ ⊂ (j∗E)|Ws
is unique.

(ii) There exist a unique locally free OS-submodule E′ ⊂ j∗E such that E′|So = E, DSE
′ = j∗E and

s∇sE′ ⊂ E′ and such that all the eigeinvalue of the residue matrix ∇s : E′/sE′ → E′/sE′ are
rational numbers k ∈ Q, 0 ≤ k < 1.

Proof. (i):Consider an affine neighborhood W ′s ⊂ S of s. Then, E|W ′s∩So ∈ Vect(W ′s ∩ S
o) is projective

since it is locally free and W ′s ∩ S
o is affine. By the complex case and regularity, there exist an integral

lattice L′ ⊂ j∗(E ⊗k C) such that DSL = E, s∂sL ⊂ L and such that all the eigeinvalue of the residue
matrix ∇s : L′/sL′ → L′/sL′ are rational numbers k ∈ Q, 0 ≤ k < 1. Then set L := L′∩ ⊂ j∗E. we
have then DSL = E, s∂sL ⊂ L and all the eigeinvalue of the residue matrix ∇s : L/sL → L/sL are
rational numbers k ∈ Q, 0 ≤ k < 1. In particular L|So = E and L is a coherent j∗OS module. Denote
R = OW ′s,s. Then by theorem 36 the projective Rf module Ls|So ∈ Mod(Rf ) extend to a free module

L̃ ∈ Mod(R), that is L̃ ⊂ j∗j
∗L with L̃ ⊗R Rf = Ls|So . Then take a neighborhood Ws ⊂ W ′s of s in

W ′s and E′ ∈ Vect(Ws), E
′ ⊂ (j∗E)|Ws

, such that E′s = L̃. Then, E′|Ws∩So
= E|Ws

, DSE
′ = (j∗E)|Ws

,

s∇sE′ ⊂ E′ and all the eigeinvalue of the residue matrix ∇s : E′/sE′ → E′/sE′ are rational numbers
k ∈ Q, 0 ≤ k < 1.
(i)’:Follows the unicity of the VD filtration on j∗E.
(ii):Follows from (i) and (i)’.
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5.2 The De Rham modules on algebraic varieties over a field of caracteristic
zero

We recall the theorem of [25]

Theorem 37. Let f : X → S a projective morphism with X,S ∈ Var(C), where projective means that

there exist a factorization f : X
l
−→ PN × S

pS
−→ S with l a closed embedding and pS the projection. Let

S = ∪si=1Si an open cover such that there exits closed embeddings iI : Si →֒ S̃i with S̃i ∈ SmVar(C).
For I ⊂ [1, . . . , s], recall that we denote SI := ∩i∈ISi and XI := f−1(SI). We have then the following
commutative diagram

XI
iI◦lI// PN × S̃I

pS̃I // S̃I

XJ

j′IJ

OO

iJ◦lJ// PN × S̃J
pS̃J //

p′IJ

OO

S̃J

pIJ

OO

whose right square is cartesian (see section 5).

(i) For
(((MI , F ), uIJ),K, α) ∈ HM(X),

where ((MI , F ), uIJ) ∈ PShDfil(XI/(PN × S̃I)), K ∈ P (Xan), we have

Hn(

∫ FDR

f

((MI , F ), uIJ), Rf∗W, f∗(α)) ∈ HM(S)

for all n ∈ Z, and for all p ∈ Z, the differentials of GrpF
∫ FDR
f

((MI , F,W ), uIJ) are strict for the
the Hodge filtration F .

(ii) Then, for
(((MI , F,W ), uIJ ), (K,W ), α) ∈ D(MHM(X)),

where ((MI , F,W ), uIJ ) ∈ CD(1,0)fil(XI/(PN × S̃I)), (K,W ) ∈ Cfil(Xan), we have

Hn(

∫ FDR

f

((MI , F,W ), uIJ), Rf∗(K,W ), f∗(α)) ∈MHM(S)

for all n ∈ Z, and for all p ∈ Z, the differentials of GrpF
∫ FDR
f

((MI , F,W ), uIJ) are strict for the
the Hodge filtration F .

Proof. (i):See [26].

(ii):Follows from (i) using the spectral sequence of the filtered complex (
∫ FDR
f

((MI , F,W ), uIJ ), Rf∗(K,W ), f∗(α))

associated to the filtration W : see [25].

Definition 55. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line bundle
(S being smooth, D is Cartier). For (M,F,W ) ∈ PShD(1,0)fil,rh(S), consider using theorem 32 the
Kashiwara-Malgrange VS-filtration on i∗modM and denote VD,kM := i∗VS,ki∗modM . We then define,
using definition 53,

• the nearby cycle functor

ψD(M,F,W ) := ⊕−1≤α<0(GrVD ,αM,F,W ) ∈ PShD(1,0)fil,D(S)

where GrVD ,αM is endowed with the induced filtration F pGrVD,αM := F pVD,αM/F pVD,<αM ,
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• the vanishing cycle functor

φD(M,F,W ) := ⊕−1<α≤0(GrVD ,αM,F,W ) ∈ PShD(1,0)fil,D(S)

where GrVD ,αM is endowed with the induced filtration F pGrVD,αM := F pVD,αM/F pVD,<αM ,

• the canonical maps

can(M,F,W ) := (∂s, I) : ψD(M,F,W )→ φD(M,F,W )(−1),

var(M,F,W ) := (I, s) : φD(M,F,W )→ ψD(M,F,W ).

Proposition 36. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier divisor). Consider a composition of

proper morphisms (f : X = Xr
fr
−→ Xr−1

f1
−→ X0 = S) ∈ SmVar(k) and

(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

(OX , Fb) ∈ PShDfil,rh(S).

which admits a VD-filtration (see theorem 32). Then,

ψD(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

ψf−1(D)(OX , Fb) ∈ PShDfil,rh(S)

and

φD(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

φf−1(D)(OX , Fb) ∈ PShDfil,rh(S).

Proof. Immediate from definition.

Definition 56. (i) Let S ∈ SmVar(k). We define, see theorem 25(iv), the full subcategories

PDRM1(S) ⊂ PDRM2(S) ⊂ PDRM(S) = ∪i∈NPDRM
i(S) ⊂ PShDfil,rh(S)

consisting of pure De Rham modules inductively. For each S ∈ SmVar(k), we define

PDRM1(S) :=< Hn

∫

f

(OX , Fb), (f : X → S) ∈ SmVar(k) proper, n ∈ Z >⊂ PShDfil,rh(S),

the full abelian subcategory, where <,> means generated by. Assume we have defined PDRMk−1(S) ⊂
PShDfil,rh(S) for all S ∈ SmVar(k). For each S ∈ SmVar(k), we define

PDRMk(S) :=< Hn

∫

f

(M,F ), (f : X → S) ∈ SmVar(k) proper,

(M,F ) ∈ PDRMk−1(X), n ∈ Z >⊂ PShDfil,rh(S),

the full abelian subcategory, where <,> means generated by. By proposition 36, for D = V (s) ⊂ S
a (Cartier) divisor and (M,F ) ∈ PDRM(S), we have, using theorem 32 or proposition 35(ii), for
all k ∈ Z

GrWk ψD(M,F ),GrWk ψD(M,F ) ∈ PDRM(S).

(i)’ Let S ∈ Var(k) non smooth. Take an open cover S = ∪iSi such that there are closed embedding
SI →֒ S̃I with SI ∈ SmVar(k). We define as in (i), see theorem 26(iv), the full subcategories

PDRM1(S) ⊂ PDRM2(S) ⊂ PDRM(S) = ∪i∈NPDRM
i(S) ⊂ PSh0Dfil,rh(S/(S̃I))
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inductively. For each S ∈ Var(k), we define

PDRM1(S) :=< Hn

∫

pS

(Γ∨,HdgX (OY×S̃I , Fb), xIJ ),

(f : X → S) ∈ Var(k) proper, X smooth, f = pS ◦ i, n ∈ Z >⊂ PSh0Dfil,rh(S/(S̃I))

the full abelian subcategory, where <,> means generated by, i : X →֒ Y × S is a closed embedding
with Y ∈ PSmVar(k),

– for j : Xo →֒ X an open embedding we set using proposition 35(i1) j!Hdg(OXo , Fb) :=
(j∗OXo , F ) with F

pj∗OXo := ⊕k∂ksF
p+kVX\Xo,kj∗OXo , X\X

o = V (s) ⊂ X,

– we set

(Γ∨,HdgX (OY×S̃I , Fb), xIJ ) ∈ CDfil,rh(X/(Y × S̃I))

where

Γ∨,HdgX (OY×S̃I , Fb) := Cone(ad(jI!Hdg, j
∗
I )(−) : jI!Hdgj

∗
I (OY×S̃I\X , Fb)→ (OY×S̃I , Fb)),

together with the maps

xIJ : Γ∨,HdgX (OY×S̃I , Fb)
ad(p∗modIJ ,pIJ∗)(−)
−−−−−−−−−−−−→

pIJ∗Γ
∨,Hdg

X×S̃J\I
(OY×S̃J , Fb)

ad(jIJ!Hdg ,j
IJ∗)(−)

−−−−−−−−−−−−−→ pIJ∗Γ
∨,Hdg
X (OY×S̃J , Fb).

Assume we have defined PDRMk−1(S) ⊂ PSh0Dfil,rh(S/(S̃I)) for all S ∈ Var(k). For each S ∈
Var(k), we define

PDRMk(S) :=< Hn

∫

pS

(ΓHdgX ((MI , F ), uIJ), (f : X → S) ∈ Var(k) proper, X smooth, f = pS ◦ i,

((MI , F ), uIJ) ∈ PDRM
k−1(X), n ∈ Z >⊂ PSh0Dfil(S/(S̃I))

the full abelian subcategory, where <,> means generated by, i : X →֒ Y × S is a closed embedding
with Y ∈ PSmVar(k), ((MI , F ), uIJ) ∈ DRMk−1(X) and

– for j : Xo →֒ X ′ an open embedding with X ′ ∈ SmVar(k) and (M,F ) ∈ PShDfil,rh(X
o)

we set j!Hdg(M,F ) := (j∗M,F ) using theorem 32 or proposition 35(ii) with F pj∗M :=
⊕k∂ksF

p+kVX′\Xo,kj∗(M,F ), X ′\Xo = V (s) ⊂ X ′,

– we set

Γ∨,HdgX ((MI , F ), uIJ) := (Γ∨,HdgX (MI , F ), u
q
IJ) ∈ CDfil(X/(Y × S̃I))

with Γ∨,HdgX (MI , F ) := ad(jI!Hdgj
∗
I )(−) : Cone(jI!Hdgj

∗
I (MI , F )→ (MI , F )), together with the

maps

uqIJ : Γ∨,HdgX (MI , F )
I(p∗modIJ ,pIJ∗)(uIJ )◦ad(p

∗mod
IJ ,pIJ∗)(−)

−−−−−−−−−−−−−−−−−−−−−−−−−→

pIJ∗Γ
∨,Hdg

X×S̃J\I
(MJ , F )

ad(jIJ!Hdg ,j
IJ∗)(−)

−−−−−−−−−−−−−→ pIJ∗Γ
∨,Hdg
X (MI , F ).

Note that if S is smooth then this definition of PDRM(S) agree with the one given in (i).

For k ⊂ C and S ∈ Var(k), we have by theorem 37 PDRM(SC) ⊂ πS(HM(SC)) which are by
definition the De Rham factor of geometric pure Hodge modules.
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(ii) Let S ∈ Var(k). Take an open cover S = ∪iSi such that there are closed embedding SI →֒ S̃I with
SI ∈ SmVar(k). We define using the pure case (i) and (i)’ the full subcategory of weak mixed De
Rham modules

D̃RM(S) :=
{
((MI , F,W ), uIJ), GrWk ((MI , F,W ), uIJ) ∈ PDRM(S)

}
⊂ PShD(1,0)fil,rh(S/(S̃I))

whose object consists of ((MI , F,W ), uIJ ) ∈ PShD(1,0)fil,rh(S/(S̃I)) such that

GrWk ((MI , F,W ), uIJ ) := ((GrWk MI , F ),GrkW uIJ) ∈ PDRM(S).

For S ∈ SmVar(k) and D = V (s) ⊂ S a (Cartier) divisor, we have for (M,F,W ) ∈ D̃RM(S),
using theorem 32,

ψD(M,F,W ), φD(M,F,W ) ∈ D̃RM(S),

by the pure case (c.f. (i) and proposition 36) and the strictness of the V -filtration.

(ii)’ Let S ∈ Var(k). Take an open cover S = ∪iSi such that there are closed embedding SI →֒ S̃I with
SI ∈ SmVar(k). The category of (mixed) de Rham modules over S is the full subcategory

DRM(S) ⊂ D̃RM(S) ⊂ PShD(1,0)fil,rh(S/(S̃I))

whose object consists of ((MI , F,W ), uIJ ) ∈ D̃RM(S) such that for each I ⊂ [1, . . . s] and every
Cartier divisor D ⊂ S̃I , the three filtrations F ,W and VD on MI are compatible, the filtration
W is admissible for D (that is the relative monodromy filtration < W,W (N) > exists on MI

where N is the monodromy of S̃I\D on MI), and so on inductively on the graded ψDMI until
supp(ψD1 · · ·ψDrMI) has dimension zero.

For k ⊂ C and S ∈ Var(k), we have by theorem 37 DRM(SC) ⊂ πS(MHM(SC)) which are by
definition the De Rham factor of geometric mixed Hodge modules. In particular, for S ∈ Var(k), a
morphism

m : ((MI , F,W ), uIJ)→ ((NI , F,W ), uIJ ), ((MI , F,W ), uIJ ), ((NI , F,W ), uIJ ) ∈ DRM(S)

is strict for the Hodge filtration F . For S ∈ Var(k) we get D(DRM(S)) := Hozar(C(DRM(S))) after
localization with Zariski local equivalence.

Remark 3. (i) Let S ∈ SmVar(k). By definition,

PDRM(S) :=< Hn0

∫

f1

· · ·Hnr

∫

fr

(OX , Fb), (f : X = Xr
fr
−→ Xr−1

f1
−→ X0 = S) ∈ SmVar(k),

fi proper, 1 ≤ i ≤ r, (n1, . . . nr) ∈ Zr >⊂ PShDfil,rh(S).

(ii) Let S ∈ Var(k) non smooth. Take an open cover S = ∪iSi such that there are closed embedding
SI →֒ S̃I with SI ∈ SmVar(k). By definition,

PDRM(S) :=< Hn0

∫

pS

(Γ∨,HdgX1
(· · ·Hnr

∫

pXr−1

Γ∨,HdgX (OYr×X̃r−1
, Fb)),

(f : X = Xr
fr
−→ Xr−1

f1
−→ X0 = S) ∈ Var(k) proper, fi = pSi−1 ◦ ii, 1 ≤ i ≤ r, (n1, . . . nr) ∈ Zr >

⊂ PShDfil,rh(S),

where ii : Xi →֒ Yi ×Xi−1 is a closed embedding with Yi ∈ PSmVar(k). Note that if S is smooth
then this definition of PDRM(S) agree with the one given in (i).
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• Let S ∈ SmVar(k). We consider the canonical embedding

ιS : C(DRM(S)) →֒ CD(1,0)fil(S)

which induces in the derived category the functor

ιS : D(DRM(S))→ DD(1,0)fil(S)→ DD(1,0)fil,∞(S)

after localization with respect to filtered Zariski local equivalences and ∞-filtered Zariski local
equivalences respectively. Note that if m : (M,F,W ) → (N,F,W ) with (M,F,W ), (N,F,W ) ∈
C(DRM(S)) is a Zariski local equivalence, then it is a filltered Zariski local equivalence by strictness.

• Let S ∈ Var(k) non smooth. Take an open cover S = ∪iSi such that there are closed embedding
SI →֒ S̃I with SI ∈ SmVar(k). We consider the canonical embedding

ιS : C(DRM(S)) →֒ CD(1,0)fil(S/(S̃I)),

which induces in the derived category the functor

ιS : D(DRM(S))→ DD(1,0)fil(S/(S̃I))→ DD(1,0)fil,∞(S/(S̃I))

after localization with respect to filtered Zariski local equivalences and ∞-filtered Zariski local
equivalences respectively. Note that if m : (M,F,W ) → (N,F,W ) with (M,F,W ), (N,F,W ) ∈
C(DRM(S)) is a Zariski local equivalence, then it is a filltered Zariski local equivalence by strictness.

Definition 57. (i) Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line
bundle (S being smooth, D is Cartier). Denote by j : So := S\D →֒ S the open complementary
embedding. Let (M,F,W ) ∈ DRM(So)). By theorem 32, M admits the Kashiwara-Malgrange
rational VD-filtration, that is i∗modM admits the Kashiwara-Malgrange rational VS-filtration and
VD,kM := i∗VS,ki∗modM . We then define,

– the canonical extension

j∗Hdg(M,F,W ) := (j∗M,F,W ) ∈ DRM(S), F pj∗M =
∑

k∈N

∂ksF
p+kVD,<0j∗M ⊂ j∗M,

Wkj∗M :=Wkj∗w(M,W ) :=< j∗WkM,W (N)kM >⊂ j∗M

and (j∗M,W ) := j∗w(M,W ) is given by monodromy weight filtration similarly as in the com-
plex case in [25], so that j∗j∗Hdg(M,F,W ) = (M,F,W ) and DR(S)(j∗Hdg(M,F,W )) =
j∗DR(S

o)(M,W ),

– the canonical extension

j!Hdg(M,F,W ) := DHdgS j∗HdgD
Hdg
S (M,F,W ) ∈ DRM(S)

so that j∗j!Hdg(M,F,W ) = (M,F,W ) and DR(S)(j!Hdg(M,F,W )) = j!DR(S
o)(M,W ).

Moreover for (M ′, F,W ) ∈ DRM(S),

– there is a canonical map ad(j∗, j∗Hdg)(M
′, F,W ) : (M ′, F,W )→ j∗Hdgj

∗(M ′, F,W ) in DRM(S),

– there is a canonical map ad(j!Hdg, j
∗)(M ′, F,W ) : j!Hdgj

∗(M ′, F,W )→ (M ′, F,W ) in DRM(S).

(ii) Let S ∈ SmVar(k). Let Z = V (I) ⊂ S an arbitrary closed subset, I ⊂ OS being an ideal subsheaf.
Taking generators I = (s1, . . . , sr), we get Z = V (s1, . . . , sr) = ∩

r
i=1Zi ⊂ S with Zi = V (si) ⊂ S,

si ∈ Γ(S,Li) and Li a line bundle. Note that Z is an arbitrary closed subset, dZ ≥ dX − r
needing not be a complete intersection. Denote by j : So := S\Z →֒ S, jI : So,I := ∩i∈I(S\Zi) =

S\(∪i∈IZi)
joI−→ So

j
−→ S the open complementary embeddings, where I ⊂ {1, · · · , r}. Denote

D(Z/S) :=
{
(Zi)i∈[1,...r], Zi ⊂ S,∩Zi = Z

}
, Z ′i ⊂ Zi

the flag category. For (M,F,W ) ∈ DRM(So), we define by (i)
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– the (bi)-filtered complex of DS-modules

j∗Hdg(M,F,W ) := lim
−→
D(Z/S)

TotcardI=•(j
Hdg
I∗ jo∗I (M,F,W )) ∈ C(DRM(S)),

where the horizontal differential are given by, if I ⊂ J , dIJ := ad(j∗IJ , j
Hdg
IJ∗ )(j

o∗
I (M,F,W )),

jIJ : SoJ →֒ SoI being the open embedding, and dIJ = 0 if I /∈ J ,

– the (bi)-filtered complex of DS-modules

j!Hdg(M,F,W ) := lim
←−
D(Z/S)

TotcardI=−•(j
Hdg
I! jo∗I (M,F,W )) = DHdgS j∗HdgD

Hdg
S (M,F,W ) ∈ C(DRM(S)),

where the horizontal differential are given by, if I ⊂ J , dIJ := ad(jHdgIJ! , j
∗
IJ)(j

o∗
I (M,F,W )),

jIJ : SoJ →֒ SoI being the open embedding, and dIJ = 0 if I /∈ J .

By definition, we have for (M,F,W ) ∈ C(DRM(So)), j∗j∗Hdg(M,F,W ) = (M,F,W ) and j∗j!Hdg(M,F,W ) =
(M,F,W ). For (M ′, F,W ) ∈ C(DRM(S)), there is, by construction,

– a canonical map ad(j∗, j∗Hdg)(M
′, F,W ) : (M ′, F,W )→ j∗Hdgj

∗(M ′, F,W ) in C(DRM(S)),

– a canonical map ad(j!Hdg , j
∗)(M ′, F,W ) : j!Hdgj

∗(M ′, F,W )→ (M ′, F,W ) in C(DRM(S)).

Let j : So →֒ S an open embedding with S ∈ SmVar(k). For (M,F,W ) ∈ C(DRM(So)),

• we have the canonical map in CD(1,0)fil(S)

T (j∗Hdg, j∗)(M,F,W ) := k ◦ ad(j∗, j∗)(j∗Hdg(M,F,W )) : j∗Hdg(M,F,W )→ j∗E(M,F,W ),

• we have the canonical map in CD(1,0)fil(S)

T (j!, j!Hdg)(M,F,W ) := DKS LD(k ◦ ad(j
∗, j∗)(−)) :

j!(M,F,W ) := DKS LDj∗E(DKS (M,F,W ))→ DKS LDj∗HdgD
K
S (M,F,W ) = j!Hdg(M,F,W ).

Remark 4. Let j : So →֒ S an open embedding, with S ∈ SmVar(k). Then, for (M,F,W ) ∈ DRM(So),

• the map T (j!, j!Hdg)(M,W ) : j!w(M,W )→ j!Hdg(M,W ) in CD0fil(S) is a filtered quasi-isomorphism
(by the acyclicity of the functor j∗ in the divisor case).

• the map T (j∗Hdg, j∗)(M,W ) : j∗Hdg(M,W )→ j∗w(M,W ) in CD0fil(S) is a filtered quasi-isomorphism
(by the acyclicity of the functor j∗ in the divisor case).

Hence, for (M,F,W ) ∈ DRM(So),

• we get, for all p, n ∈ N, monomorphisms

F pHnT (j!, j!Hdg)(M,F,W ) : F pHnj!w(M,F,W ) →֒ F pHnj!Hdg(M,F,W )

in PShOS (S), but F
pHnj!w(M,F,W ) 6= F pHnj!Hdg(M,F,W ) (it leads to different F-filtrations),

since F pHnj!(M,F ) ⊂ Hnj!M are sub DS module while the F-filtration on Hnj!Hdg(M,F ) is given
by Kashiwara-Malgrange V -filtrations, hence satisfy a non trivial Griffith transversality property,
thus Hnj!(M,F ) and Hnj!Hdg(M,F ) are isomorphic as DS-modules but NOT isomorphic as filtered
DS-modules.

• we get, for all p, n ∈ N, monomorphisms

T (j∗Hdg, j∗)(M,F,W ) : F pHnj∗Hdg(M,F,W ) →֒ F pHnj∗w(M,F,W )

in PShOS (S), but F
pHnj∗Hdg(M,F,W ) 6= F pHnj∗w(M,F,W ) (it leads to different F-filtrations),

since F pHnj∗E(M,F ) ⊂ Hnj∗E(M) are sub DS module while the F-filtration on Hnj∗Hdg(M,F ) is
given by Kashiwara-Malgrange V -filtrations, hence satisfy a non trivial Griffith transversality prop-
erty, thus Hnj∗E(M,F ) and Hnj∗Hdg(M,F ) are isomorphic as DS-modules but NOT isomorphic
as filtered DS-modules.
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Proposition 37. (i) Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line
bundle (S being smooth, D is Cartier). Denote by j : So := S\D →֒ S the open complementary
embedding. Then,

– (j∗, j∗Hdg) : DRM(S) ⇆ DRM(So) is a pair of adjoint functors

– (j!Hdg, j
∗) : DRM(So) ⇆ DRM(S) is a pair of adjoint functors.

(ii) Let S ∈ SmVar(k). Let Z = V (I) ⊂ S an arbitrary closed subset, I ⊂ OS being an ideal subsheaf.
Denote by j : So := S\Z →֒ S. Then,

– (j∗, j∗Hdg) : D(DRM(S)) ⇆ D(DRM(So)) is a pair of adjoint functors

– (j!Hdg, j
∗) : D(DRM(So)) ⇆ D(DRM(S)) is a pair of adjoint functors.

Proof. (i): Follows from the fact that for (M,F ) ∈ DRM(S), we have F pVD,<0M = j∗F
pj∗M ∩VD,<0M ,

where VD,pM := i∗VS,pi∗modM .
(ii):Follows from (i).

The map given in definition 54 induces the following:

Definition 58. Let k a field of caracteristic 0. Let S ∈ SmVar(k) and D ⊂ S a (Cartier) divisor. Let
(M,F,W ) ∈ DRM(S). The map of definition 54 given by theorem 28 and theorem 31 in PShD,rh(S)

ρDR,D(M) := DR(S)−,−
−1

(ad(i∗, i∗)(−) ◦ ad(π
∗, π∗)(DR(S)(M))) : j∗M → ψD(M).

induces, similarly to the complex case ([25]) by theorem 28, the unicity of the V -filtration, and the
definition of the monomdromy filtration, the following map in PShD(1,0)fil,rh(S)

ρDR,D(M,F,W ) := ρDR,D(M) : j∗Hdg(M,F,W )→ ψD(M,F,W ).

Proposition 38. (i) Let (M,F,W ) ∈ DRM(S). Let So ⊂ S an open subset such that M|So ∈
VectD(S

o). Denote i : D := S\D →֒ S the closed embedding and j : So →֒ S the open embed-
ding. We have the canonical quasi-isomorphism in CD,rh(S) given in theorem 34:

Is(M) := (0, (ad(j∗, j∗)(M), ρDR,D(M) ◦ ad(j∗, j∗)(M)), 0) :

M → (ψDM
(c(xSo/S(M)),can(M))
−−−−−−−−−−−−−−−→ xSo/S(M)⊕ φDM

(Dc(xSo/S(DM)),var(M))
−−−−−−−−−−−−−−−−→ ψDM).

gives a filtered quasi-isomorphism in CD(1,0)fil,rh(S)

Is(M,F,W ) := (0, (ad(j∗, j∗Hdg)(M,F,W ), ρDR,D(M,F,W ) ◦ ad(j∗, j∗Hdg)(M,F,W )), 0) :

(M,F,W )→ (ψD(M,F,W )
(c(xSo/S(M,F,W )),can(M,F,W ))
−−−−−−−−−−−−−−−−−−−−−→ xSo/S(M,F,W ) ⊕ φD(M,F,W )

(DHdgc(xSo/S(D
Hdg(M,F,W ))),var(M,F,W ))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ ψD(M,F,W )).

with, see definition 58,

xSo/S(M,F,W ) := Cone(ρDR,D(M,F,W ) : j∗Hdg(M,F,W )→ ψD(M,F,W )) ∈ CD(1,0)fil,rh(S)

(ii) Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier) divisor, where s ∈ Γ(S,L) is a section of
the line bundle L = LD associated to D. We then have the zero section embedding i : S →֒ L.
We denote L0 = i(S) and j : Lo := L\L0 →֒ L the open complementary subset. We denote by
DRM(S\D)×J DRM(D) the category whose set of objects consists of

{(M,N , a, b),M∈ DRM(S\D),N ∈ DRM(D), a : ψD1M→ N, b : N → ψD1M}
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The functor (see definition 55)

(j∗, φD1, can, var) : DRM(S)→ DRM(S\D)×J DRM(D),

(M,F,W ) 7→ (j∗(M,F,W ), φD1(M,F,W ), can(M,F,W ), var(M,F,W ))

is an equivalence of category.

Proof. (i):Similar to the complex case ([25]) by theorem 28, the unicity of the V -filtration and the
definition of the monodromy weight filtration.
(ii): follows from (i).

We make the following key definition

Definition 59. Let S ∈ SmVar(k). Let Z ⊂ S a closed subset. Denote by j : S\Z →֒ S the complemen-
tary open embedding.

(i) We define using definition 57, the filtered Hodge support section functor

ΓHdgZ : C(DRM(S))→ C(DRM(S)),

(M,F,W ) 7→ ΓHdgZ (M,F,W ) := Cone(ad(j∗, j∗Hdg)(M,F,W ) : (M,F,W )→ j∗Hdgj
∗(M,F,W ))[−1],

together we the canonical map γHdgZ (M,F,W ) : ΓHdgZ (M,F,W )→ (M,F,W ).

(i)’ Since j∗Hdg : C(DRM(So))→ C(DRM(S)) is an exact functor, ΓHdgZ induces the functor

ΓHdgZ : D(DRM(S))→ D(DRM(S)), (M,F,W ) 7→ ΓHdgZ (M,F,W )

(ii) We define using definition 57, the dual filtered Hodge support section functor

Γ∨,HdgZ : C(DRM(S))→ C(DRM(S)),

(M,F,W ) 7→ Γ∨,HdgZ (M,F,W ) := Cone(ad(j!Hdg, j
∗)(M,F,W ) : j!Hdg, j

∗(M,F,W )→ (M,F,W )),

together we the canonical map γ∨,HdgZ (M,F,W ) : (M,F,W )→ Γ∨,HdgZ (M,F,W ).

(ii)’ Since j!Hdg : C(DRM(So))→ C(DRM(S)) is an exact functor, Γ∨,HdgZ induces the functor

Γ∨,HdgZ : D(DRM(S))→ D(DRM(S)), (M,F,W ) 7→ Γ∨,HdgZ (M,F,W )

We now give the definition of the filtered Hodge inverse image functor :

Definition 60. (i) Let i : Z →֒ S be a closed embedding, with Z, S ∈ SmVar(k). Then, for (M,F,W ) ∈
C(DRM(S)), we set

i∗modHdg (M,F,W ) := i∗GrVZ ,0 Γ
Hdg
Z (M,F,W ) ∈ D(DRM(Z))

and
i∗̂modHdg (M,F,W ) := i∗GrVZ ,0 Γ

∨,Hdg
Z (M,F,W ) ∈ D(DRM(Z)),

noting that i∗mod : D(DRM(Z)) → D(DRMZ(S)) is an equivalence of category whose inverse is
i∗GrVZ ,0 : D(DRMZ(S))→ D(DRM(Z)).

(ii) Let f : X → S be a morphism, with X,S ∈ SmVar(k). Consider the factorization f : X
i
−→

X × S
pS
−→ S, where i is the graph embedding and pS : X × S → S is the projection.
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– For (M,F,W ) ∈ C(DRM(S)) we set

f∗modHdg (M,F,W ) := i∗modHdg p
∗mod[−]
S (M,F,W )(dX )[2dX ] ∈ D(DRM(X)),

– For (M,F,W ) ∈ C(DRM(S)) we set

f ∗̂modHdg (M,F,W ) := i∗̂modHdg p
∗mod[−]
S (M,F,W ) ∈ D(DRM(X)),

If j : So →֒ S is a closed embedding, we have, for (M,F,W ) ∈ C(DRM(S)),

j∗modHdg (M,F,W ) = j∗̂modHdg (M,F,W ) = j∗(M,F,W ) ∈ D(DRM(So)))

(iii) Let f : X → S be a morphism, with X,S ∈ SmVar(k). Consider the factorization f : X
i
−→

X × S
pS
−→ S, where i is the graph embedding and pS : X × S → S is the projection.

– For (M,F,W ) ∈ C(DRM(S)) we set

f∗modHdg (M,F,W ) := ΓHdgX p
∗mod[−]
S (M,F,W )(dX )[2dX ] ∈ C(DRM(X × S)),

– For (M,F,W ) ∈ C(DRM(S))) we set

f ∗̂modHdg (M,F,W ) := Γ∨,HdgX p
∗mod[−]
S (M,F,W ) ∈ C(DRM(X × S)),

Definition-Proposition 6. (i) Let g : S′ → S a morphism with S′, S ∈ SmVar(k) and i : Z →֒ S a
closed subset. Then, for (M,F,W ) ∈ C(DRM(S))), there is a canonical map in C(DRMS′(S

′×S))

THdg(g, γ)(M,F,W ) : g∗mod,ΓHdg ΓHdgZ (M,F,W )→ ΓHdgZ×SS′
g∗mod,ΓHdg (M,F,W )

unique up to homotopy such that

γHdgZ×SS′
(g∗mod,ΓHdg (M,F,W )) ◦ THdg(g, γ)(M,F,W ) = g∗mod,ΓHdg γHdgZ (M,F,W ).

(i)’ Let g : S′ → S a morphism with S′, S ∈ SmVar(k) and i : Z →֒ S a closed subset. Then, for
(M,F,W ) ∈ C(DRM(S))), there is a canonical isomorphism in C(DRMS′(S

′ × S))

THdg(g, γ∨)(M,F,W ) : ΓHdgZ×SS′
g∗̂mod,ΓHdg (M,F,W )

∼
−→ g∗̂mod,ΓHdg ΓHdgZ (M,F,W )

unique up to homotopy such that

γ∨,HdgZ×SS′
(g∗̂mod,ΓHdg (M,F,W )) ◦ g∗̂mod,ΓHdg γ∨,HdgZ (M,F,W ) = THdg(g, γ)(M,F,W ).

(ii) Let S ∈ SmVar(k) and i1 : Z1 →֒ S, i2 : Z2 →֒ Z1 be closed embeddings. Then, for (M,F,W ) ∈
C(DRM(S))),

– there is a canonical map T (Z2/Z1, γ
Hdg)(M,F,W ) : ΓHdgZ2

(M,F,W ) → ΓHdgZ1
(M,F,W ) in

C(DRM(S))) unique up to homotopy such that

γHdgZ1
(M,F,W ) ◦ T (Z2/Z1, γ

Hdg)(M,F,W ) = γHdgZ2
(M,F,W )

together with a distinguish triangle in K(DRM(S))

ΓHdgZ2
(M,F,W )

T (Z2/Z1,γ
Hdg)(M,F,W )

−−−−−−−−−−−−−−−−→ ΓHdgZ1
(M,F,W )

ad(j∗2 ,j
Hdg
2∗ )(ΓHdgZ1

(M,F,W ))
−−−−−−−−−−−−−−−−−−→ ΓHdgZ1/\Z2

(G,F )→ ΓHdgZ2
(M,F,W )[1]
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– there is a canonical map T (Z2/Z1, γ
∨,Hdg)(M,F,W ) : Γ∨,HdgZ1

(M,F,W ) → Γ∨,HdgZ2
(M,F,W )

in C(DRM(S))) unique up to homotopy such that

γ∨,HdgZ2
(M,F,W ) = T (Z2/Z1, γ

∨,Hdg)(M,F,W ) ◦ γ∨,HdgZ1
(M,F,W ).

together with a distinguish triangle in K(DRM(S))

Γ∨,HdgZ1\Z2
(M,F,W )

ad(jHdg2! ,j∗2 )(M,F,W )
−−−−−−−−−−−−−→ Γ∨,HdgZ1

(M,F,W )

T (Z2/Z1,γ
∨,Hdg)(M,F,W ))

−−−−−−−−−−−−−−−−−−→ Γ∨,HdgZ2
(M,F,W )→ Γ∨,HdgZ2\Z1

(M,F,W )[1]

Proof. Follows from the projection case and the closed embedding case using the adjonction maps.

The definitions 59 and 60 immediately extends to the non smooth case :

Definition 61. Let S ∈ Var(k). Let Z ⊂ S a closed subset. Let S = ∪iSi an open cover such that there
exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Denote ZI := Z ∩ SI . Denote by j : S\Z →֒ S
and j̃I : S̃I\ZI →֒ S̃I the complementary open embeddings.

(i) We define using definition 57, the filtered Hodge support section functor

ΓHdgZ : C(DRM(S)))→ C(DRM(S))), ((MI , F,W ), uIJ ) 7→ ΓHdgZ ((MI , F,W ), uIJ ) :=

Cone(ad(j∗, j∗Hdg)(MI , F,W ), uIJ ) := (ad(j̃∗I , j̃I∗Hdg)(MI , F,W )) :

((MI , F,W ), uIJ)→ (j̃I∗Hdg j̃
∗
I (MI , F,W ), j̃J∗HdguIJ))[−1],

together with the canonical map γHdgZ ((MI , F,W ), uIJ) : Γ
Hdg
Z ((MI , F,W ), uIJ)→ ((MI , F,W ), uIJ).

(i)’ Since j̃I∗Hdg : C(DRM(S̃I\SI))→ C(DRM(S̃I)) are exact functors, ΓHdgZ induces the functor

ΓHdgZ : D(DRM(S))→ D(DRM(S)), ((MI , F,W ), uIJ) 7→ ΓHdgZ ((MI , F,W ), uIJ)

(ii) We define using definition 57, the dual filtered Hodge support section functor

Γ∨,HdgZ : C(DRM(S))→ C(DRM(S)),

((MI , F,W ), uIJ) 7→ Γ∨,HdgZ ((MI , F,W ), uIJ ) := DHdgS ΓHdgZ DHdgS ((MI , F,W ), uIJ) =

Cone(ad(j!Hdg, j
∗)((MI , F,W ), uIJ ) := (ad(j̃I!Hdg, j̃

∗
I )(MI , F,W )) :

(j̃I!Hdg j̃
∗
I (MI , F,W ), (j̃J∗Hdgu

d
IJ)

d)→ ((MI , F,W ), uIJ )),

together we the canonical map γ∨,HdgZ ((MI , F,W ), uIJ) : ((MI , F,W ), uIJ)→ Γ∨,HdgZ ((MI , F,W ), uIJ ).

(ii)’ Since j̃I!Hdg : C(DRM(S̃I\SI))→ C(DRM(S̃I)) are exact functors, ΓHdg,∨Z induces the functor

Γ∨,HdgZ : D(DRM(S))→ D(DRM(S)), ((MI , F,W ), uIJ) 7→ Γ∨,HdgZ ((MI , F,W ), uIJ)

Definition 62. Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization f :

X
l
−→ Y ×S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let S = ∪i∈I an open

cover such that there exist closed embeddings i : Si →֒ S̃i with S̃i ∈ SmVar(k). Denote XI := f−1(SI).
We have then X = ∪i∈IXi and the commutative diagrams

f : XI
lI //

$$■
■■

■■
■■

■■
Y × SI

pSI //

i′I :=(I×iI )
��

SI

iI
��

Y × S̃I
pS̃I

=:f̃I
// S̃I
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(i) For ((MI , F,W ), uIJ) ∈ C(DRM(S)) we set (see definition 61 for l)

f∗modHdg ((MI , F,W ), uIJ ) := ΓHdgX (p
∗mod[−]

S̃I
(MI , F,W ), uIJ )(dY )[2dY ] ∈ C(DRM(X)),

(ii) For ((MI , F,W ), uIJ) ∈ C(DRM(S))) we set (see definition 61 for l)

f ∗̂modHdg (M,F,W ) := Γ∨,HdgX (p
∗mod[−]

S̃I
(MI , F,W ), p

∗mod[−]

S̃I
uIJ) ∈ C(DRM(X)),

Let j : So →֒ S an open embedding with S ∈ Var(k). Let S = ∪i∈I an open cover such that there exist
closed embeddings i : Si →֒ S̃i with S̃i ∈ SmVar(k). We have then, for ((MI , F,W ), uIJ ) ∈ C(DRM(S)),
quasi-isomorphisms in C(DRM(S))

I(j∗, j∗modHdg )(−) : j∗((MI , F,W ), uIJ) := (j̃∗I (MI , F,W ), j̃∗I uIJ)→ j∗modHdg ((MI , F,W ), uIJ )

and

I(j∗, j∗̂modHdg )(−) : j∗̂modHdg ((MI , F,W ), uIJ)→ j∗((MI , F,W ), uIJ) := (j̃∗I (MI , F,W ), j̃∗IuIJ).

Definition 63. Let S ∈ Var(k). Let S = ∪i∈I an open cover such that there exist closed embeddings
i : Si →֒ S̃i with S̃i ∈ SmVar(k). We have the following functor

(−)⊗Hdg (−) : D(DRM(S))2 → D(DRM(S)),

(((M,F,W ), uIJ ), ((N,F,W ), vIJ )) 7→ ((M,F,W ), uIJ )⊗
Hdg
OS

((N,F,W ), vIJ ) :=

∆∗modS,Hdg(p
∗mod
1I (MI , F,W )⊗OS̃I×S̃I

p∗mod2I (NI , F,W ), p∗mod1I uIJ ⊗ p
∗mod
2I vIJ ) :=

∆∗S GrV∆S,0
Γ∨,Hdg∆S

(p∗mod1I (MI , F,W ) ⊗OS̃I×S̃I
p∗mod2I (NI , F,W ), p∗mod1I uIJ ⊗ p

∗mod
2I vIJ)

using the definition 62 for the diagonal closed embedding ∆S : S →֒ S × S.

Proposition 39. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ QPVar(k).

(i) Let (M,F,W ) ∈ C(DRM(S))). Then,

(f2 ◦ f1)
∗mod
Hdg (M,F,W ) = f∗mod1Hdg f

∗mod
2Hdg (M,F,W ) ∈ D(DRM(X)).

(ii) Let (M,F,W ) ∈ C(DRM(S))). Then,

(f2 ◦ f1)
∗̂mod
Hdg (M,F,W ) = f ∗̂mod1Hdg f

∗̂mod
2Hdg (M,F,W ) ∈ D(DRM(X))

Proof. Immediate from definition.

Theorem 38. (i) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embed-
ding ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Then the full embedding

ιS : DRM(S) →֒ PSh0D(1,0)fil,rh(S/(S̃I)) →֒ CD(1,0)fil,rh(S/(S̃I))

induces a full embedding

ιS : D(DRM(S) →֒ DD(1,0)fil,rh(S/(S̃I))

whose image consists of ((MI , F,W ), uIJ) ∈ DD(1,0)fil,rh(S/(S̃I)) such that (Hn(MI , F,W ), Hn(uIJ)) ∈
DRM(S) for all n ∈ Z and such that for all p ∈ Z, the differentials of GrpW (MI , F ) are strict for
the filtrations F .
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(i)’ Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). We have then

D(DRM(S) =<

∫

pS

(n× I)!Hdg(Γ
∨,Hdg
X (OPN,o×S̃I

, Fb), xIJ ), (f : X
l
−→ PN,o × S

pS
−→ S) ∈ QPVar(k) >

=<

∫

pS

(Γ∨,HdgX (OPN,o×S̃I
, Fb), xIJ )(f : X

l
−→ PN × S

pS
−→ S) ∈ QPVar(k), proper, Xsmooth >

⊂ DD(1,0)fil,rh(S/(S̃I))

where n : PN,o →֒ PN are open embeddings, l are closed embedding and <,> means the full trian-
gulated category generated by.

(ii) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Then the full embedding

ιS : DRM(S) →֒ PSh0D(1,0)fil,rh(S/(S̃I)) →֒ CD(1,0)fil,rh(S/(S̃I))

induces a full embedding

ιS : D(DRM(S)) →֒ DD(1,0)fil,∞,rh(S/(S̃I))

whose image consists of ((MI , F,W ), uIJ) ∈ DD(1,0)fil,∞,rh(S/(S̃I)) such that (Hn(MI , F,W ), Hn(uIJ)) ∈
DRM(S) for all n ∈ Z and such that there exist r ∈ Z and an r-filtered homotopy equivalence
((MI , F,W ), uIJ) → ((M ′I , F,W ), uIJ) such that for all p ∈ Z the differentials of GrpW (M ′I , F ) are
strict for the filtrations F .

Proof. (i):We first show that ιS is fully faithfull, that is for allM = ((MI , F,W ), uIJ),M
′ = ((M ′I , F,W ), uIJ ) ∈

DRM(S) and all n ∈ Z,

ιS : ExtnD(DRM(S))(M,M′) := HomD(DRM(S))(M,M′[n])

→ ExtnD(S)0(M,M′) := HomD(S)0:=DD(1,0)fil,rh(S/(S̃I))
(M,M′[n])

For this it is enough to assume S smooth. We then proceed by induction onmax(dim supp(M), dim supp(M ′)).

• For supp(M) = supp(M ′) = {s}, it is obvious. If supp(M) = {s} and supp(M ′) = {s′} wit s′ 6= s,
then by the localization exact sequence

ExtnD(MHM(S))(M,M′) = 0 = ExtnD(S)(M,M′)

• Denote supp(M) = Z ⊂ S and supp(M ′) = Z ′ ⊂ S. There exist an open subset So ⊂ S such that
Zo := Z ∩ So and Z

′o := Z ′ ∩ So are smooth, and M|Zo := (i∗GrVZo ,0M|So , F,W ) ∈ DRM(Zo)

andM′
|Z′o

:= (i
′∗GrV

Z
′o ,0M

′
|So , F,W ) ∈ DRM(Z

′o) are filtered vector bundles, where j : So →֒ S

is the open embedding, and i : Zo →֒ So, i : Z
′o →֒ So the closed embeddings. Considering the

connected components of Zo and Z
′o, we way assume that Zo and Z

′o are connected. Shrinking So

if necessary, we may assume that either Zo = Z
′o or Zo∩Z

′o = ∅, We denote D = S\So. Shrinking
So if necessary, we may assume that D is a divisor and denote by l : S →֒ LD the zero section
embedding.

– If Zo = Z
′o, denote i : Zo →֒ So the closed embedding. We have then the following commu-

tative diagram

ExtnD(DRM(So))(M|So ,M
′
|So)

ιSo //

i∗ GrVZo ,0

��

ExtnD(So)0(M|So ,M
′
|So)

i∗ GrVZo ,0

��
ExtnD(DRM(Zo))(M|Zo ,M

′
|Zo)

ιZo //

i∗mod

OO

ExtnD(Zo)0(M|Zo ,M
′
|Zo)

i∗mod

OO
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Now we prove that ιZo is an isomorphism similarly to the proof the the generic case of [6]. On
the other hand the left and right colummn are isomorphisms. Hence ιSo is an isomorphism by
the diagram.

– If Zo ∩ Z
′o = ∅, we consider the following commutative diagram

ExtnD(DRM(So))(M|So ,M
′
|So)

ιSo //

i∗ GrVZo ,0

��

ExtnD(So)0(M|So ,M
′
|So)

i∗ GrVZo ,0

��
ExtnD(DRM(Zo))(M|Zo , 0) = 0

ιZo //

i∗mod

OO

ExtnD(Zo)0(M|Zo , 0) = 0

i∗mod

OO

where the left and right column are isomorphism by strictness of the VZo filtration (use a
bi-filtered injective resolution with respect to F and VZo for the right column).

• We consider now the following commutative diagram in C(Z) where we denote for short H0 :=
D(DRM(S))

0 // Hom•H0
(Γ∨,HdgD M,ΓHdgD M′)

Hom(−,γHdgD (M′))
//

ιS

��

Hom•H0
(Γ∨,HdgD M,M′)

Hom(−,ad(j∗,j∗Hdg)(M
′))//

ιS

��

Hom•H0
(Γ∨,HdgD M, j∗Hdgj

∗M′) //

ιS

��
0 // Hom•D(S)0(Γ

∨,Hdg
D M,ΓHdgD M′)

Hom(−,γHdgD (M′))
// Hom•D(S)0(Γ

∨,Hdg
D M,M′)

Hom(−,ad(j∗,j∗Hdg)(M
′))// Hom•D(S)0(Γ

∨,Hdg
D M, j∗Hdgj

∗M′) //

whose lines are exact sequence. We have on the one hand,

Hom•D(DRM(S))(Γ
∨,Hdg
D M, j∗Hdgj

∗M′) = 0 = Hom•D(S)(Γ
∨,Hdg
D M, j∗Hdgj

∗M′)

On the other hand by induction hypothesis

ιS : Hom•D(DRM(S))(Γ
∨,Hdg
D M,ΓHdgD M′)→ Hom•D(S)0(Γ

∨,Hdg
D M,ΓHdgD M′)

is a quasi-isomorphism. Hence, by the diagram

ιS : Hom•D(DRM(S))(Γ
∨,Hdg
D M,M′)→ Hom•D(S)0(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism.

• We consider now the following commutative diagram in C(Z) where we denote for short H0 :=
D(DRM(S))

0 // Hom•H0
(Γ∨,HdgD M,M′)

Hom(γ∨,HdgD (M),−)
//

ιS

��

Hom•H0
(M,M′)

Hom(ad(j!Hdg,j
∗)(M′),−)//

ιS

��

Hom•H0
(j!Hdgj

∗M,M′) //

ιS

��

0

0 // Hom•D(S)0(Γ
∨,Hdg
D M,M′)

Hom(γ∨,HdgD (M),−)
// Hom•D(S)0(M,M′)

Hom(ad(j!Hdg ,j
∗)(M),−)// Hom•D(S)0(j!Hdgj

∗M,M′) // 0

whose lines are exact sequence. On the one hand, the commutative diagram

Hom•D(DRM(S))(j!Hdgj
∗M,M′)

j∗ //

ιS

��

Hom•D(DRM(So))(j
∗M, j∗M′)

ιSo

��
Hom•D(S)0(j!Hdgj

∗M,M′)
j∗ // Hom•D(So)0(j

∗M, j∗M′)

147



together with the fact that the horizontal arrows j∗ are quasi-isomorphism by the functoriality
given the uniqueness of the VS filtration for the embedding l : S →֒ LD, (use a bi-filtered injective
resolution with respect to F and VS for the lower arrow) and the fact that ιSo is a quasi-isomorphism
by the first two point, show that

ιS : Hom•D(DRM(S))(j!Hdgj
∗M,M′)→ Hom•D(S)0(j!Hdgj

∗M,M′)

is a quasi-isomorphism. On the other hand, by the third point

ιS : Hom•D(DRM(S))(Γ
∨,Hdg
D M,M′)→ Hom•D(S)0(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism. Hence, by the diagram

ιS : Hom•D(DRM(S))(Γ
∨,Hdg
D M,M′)→ Hom•D(S)0(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism.

This shows the fully faithfulness. We now prove the essential surjectivity : let

((MI , F,W ), uIJ ) ∈ CD(1,0)fil,rh(S/(S̃I))

such that the cohomology are mixed hodge modules and such that the differential are strict. We proceed
by induction on card {n ∈ Z} , s.t.Hn(MI , F,W ) 6= 0 by taking the cohomological troncation and using
the fact that the differential are strict for the filtration F and the fully faithfullness.
(i)’:Follows from (i).
(ii):Follows from (i). Indeed, in the composition of functor

ιS : D(DRM(S))
ιS−→ DD(1,0)fil,rh(S/(S̃I))→ DD(1,0)fil,∞,rh(S/(S̃I))

the second functor which is the localization functor is an isomorphism on the full subcategoryDD(1,0)fil,rh(S/(S̃I))
st ⊂

DD(1,0)fil,rh(S/(S̃I)) constisting of complex such that the differentials are strict for F , and the first func-

tor ιS is a full embedding by (i) and ιS(D(DRM(S))) ⊂ DD(1,0)fil,rh(S/(S̃I))
st.

Definition 64. Let f : X → S a morphism with X,S ∈ SmVar(k). Consider a compactification

f : X
j
−→ X̄

f̄
−→ S of f , in particular j is an open embedding and f̄ is proper.

(i) For (M,F,W ) ∈ C(DRM(X)), we define, using definition 57,

∫ Hdg

f

(M,F,W ) :=

∫ FDR

f̄

j∗Hdg(M,F,W ) ∈ DD(1,0)fil(S)

It does not depends on the choice of the compactification as in the complex case: for two compactifi-
cation f̄ : X̄ → S, f̄ ′ : X ′ → S, there exist a compactification f̄ ′′ : X̄ ′′ → S together with morphisms
e : X̄ ′′ → X̄ and e′ : X̄ ′′ → X̄ ′ such that f̄ ◦ e = f̄ ◦ e′ = f̄ ′′. Let (M,F,W ) ∈ C(DRM(X))), then

– by definition Hi
∫ FDR
f̄ GrkW j∗Hdg(M,F,W ) ∈ PDRM(S) for all i, k ∈ Z, hence by the spectral

sequence for the filtered complex
∫ FDR
f̄ j∗Hdg(M,W )

GrkW (Hi

∫ Hdg

f

(M,F,W )) = GrkW (Hi

∫ FDR

f̄

j∗Hdg(M,F,W )) ∈ PDRM(S)

since it is a sub-quotient of Hi
∫ FDR
f̄ GrkW j∗Hdg(M,F,W ), this gives by definition Hi

∫Hdg
f (M,F,W )) ∈

DRM(S) for all i ∈ Z.
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–
∫ Hdg
f (M,F,W ) is the class of a complex such that the differential are strict for F by theorem
37 in the complex case

We then set using theorem 38

RfHdg∗ (M,F,W ) := ι−1S

∫ Hdg

f

(M,F,W ) ∈ D(DRM(S))

(ii) For (M,F,W ) ∈∈ C(DRM(X)), we define, using definition 57,

∫ Hdg

f !

(M,F,W ) :=

∫ FDR

f̄

j!Hdg(M,F,W ) ∈ DD(1,0)fil(S)

It does not depends on the choice of the compactification as in the complex case: for two compactifi-
cation f̄ : X̄ → S, f̄ ′ : X ′ → S, there exist a compactification f̄ ′′ : X̄ ′′ → S together with morphisms
e : X̄ ′′ → X̄ and e′ : X̄ ′′ → X̄ ′ such that f̄ ◦ e = f̄ ◦ e′ = f̄ ′′. Let (M,F,W ) ∈ C(DRM(X))), then

– by definition Hi
∫ FDR
f̄

GrkW j!Hdg(M,F,W ) ∈ PDRM(S) for all i, k ∈ Z, hence by the spectral

sequence for the filtered complex
∫ FDR
f̄

j!Hdg(M,W )

GrkW (Hi

∫ Hdg

f !

(M,F,W )) == GrkW (Hi

∫ FDR

f̄

j!Hdg(M,F,W )) ∈ PDRM(S)

since it is a sub-quotient of Hi
∫ FDR
f̄ GrkW j!Hdg(M,F,W ), this gives by definition Hi

∫Hdg
f ! (M,F,W )) ∈

DRM(S) for all i ∈ Z.

–
∫ Hdg
f ! (M,F,W ) is the class of a complex such that the differential are strict for F by theorem
37 in the complex case.

We then set using theorem 38

RfHdg! (M,F,W ) := ι−1S

∫ Hdg

f !

(M,F,W ) ∈ D(DRM(S))

In the singular case, we set the following

Definition 65. Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization

f : X
l
−→ Y ×S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let Ȳ ∈ PSmVar(k)

a compactification of Y and denote by n : Y →֒ Ȳ the open embedding. Denote again pS : Ȳ × S → S
the projection. Let S = ∪i∈ISi an open cover such that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). We have then the open cover X = ∪iXi with Xi := f−1(Si) together with closed
embeddings i′I : XI :→֒ Y × S̃I .

(i) For ((MI , F,W ), uIJ) ∈ C(DRM(X)), we define, using definition 57 for n× I : Y × S →֒ Ȳ × S,

∫ Hdg

pS

((MI , F,W ), uIJ) :=

∫ FDR

pS

(n× I)∗Hdg((MI , F,W ), uIJ ) ∈ DD(1,0)fil(S/S̃I)

with

(n× I)∗Hdg((MI , F,W ), uIJ) := ((n× I)∗Hdg(MI , F,W ), (n× I)∗HdguIJ) ∈ C(X̄/(Ȳ × S̃I))

We then set using theorem 38 and theorem 37

RfHdg∗ ((MI , F,W ), uIJ ) := ι−1S

∫ Hdg

pS

((MI , F,W ), uIJ) ∈ D(DRM(S)).
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(ii) For ((MI , F,W ), uIJ) ∈ C(DRM(X)), we define, using definition 57 for n× I : Y × S →֒ Ȳ × S,

∫ Hdg

pS !

((MI , F,W ), uIJ ) :=

∫ FDR

pS

(n× I)!Hdg((MI , F,W ), uIJ ) ∈ DD(1,0)fil(S/(S̃I))

with

(n× I)!Hdg((MI , F,W ), uIJ ) := ((n× I)!Hdg(MI , F,W ), ((n× I)∗Hdgu
d
IJ)

d) ∈ C(X̄/(Ȳ × S̃I))

We then set using theorem 38 and theorem 37

RfHdg! ((MI , F,W ), uIJ ) := ι−1S

∫ Hdg

pS !

((MI , F,W ), uIJ) ∈ D(DRM(S)).

Proposition 40. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ QPVar(k) or with
X,Y, S ∈ SmVar(k).

(i) Let (M,F,W ) ∈ C(DRM(X)). Then,

R(f2 ◦ f1)
Hdg
∗ (M,F,W ) = RfHdg2∗ RfHdg1∗ (M,F,W ) ∈ D(DRM(S)).

(ii) Let (M,F,W ) ∈ C(DRM(X)). Then,

R(f2 ◦ f1)
Hdg
! (M,F,W ) = RfHdg2! RfHdg1! (M,F,W ) ∈ D(DRM(S))

Proof. Immediate from definition.

Proposition 41. Let f : X → S with S,X ∈ SmVar(k) or with S,X ∈ QPVar(k). Then

(i) (f ∗̂modHdg , RfHdg∗ ) : D(DRM(S)) → D(DRM(X)) is a pair of adjoint functors. For (M,F,W ) ∈
C(DRM(S)) we denote by

ad(f ∗̂modHdg , RfHdg∗ )(M,F,W ) : (M,F,W )→ RfHdg∗ f ∗̂modHdg (M,F,W )

the adjonction map in D(DRM(S)). For (N,F,W ) ∈ C(DRM(X)), we denote by

ad(f ∗̂modHdg , RfHdg∗ )(N,F,W ) : f ∗̂modHdg RfHdg∗ (N,F,W )→ (N,F,W )

the adjonction map in D(DRM(X)).

(ii) (RfHdg! , f∗modHdg ) : D(DRM(X)) → D(DRM(S)) is a pair of adjoint functors. For (M,F,W ) ∈
C(DRM(S)) we denote by

ad(RfHdg! , f∗modHdg )(M,F,W ) : RfHdg! f∗modHdg (M,F,W )→ (M,F,W )

the adjonction map in D(DRM(S)). For (N,F,W ) ∈ C(DRM(X)), we denote by

ad(RfHdg! , f∗modHdg )(N,F,W ) : (N,F,W )→ f∗modHdg RfHdg! (N,F,W )

the adjonction map in D(DRM(X)).

Proof. Follows from proposition 37 after considering the graph factorization f : X →֒ X̄ × S
pS
−→ S with

X̄ ∈ PSmVar(k) a compactification of X .

We have by proposition 39 and proposition 40 the 2 functors on QPVar(k) :

• D(DRM(−)) : QPVar(k)→ D(DRM(−)), S 7→ D(DRM(S)), (f : T → S) 7→ RfHdg∗ ,
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• D(DRM(−)) : QPVar(k)→ D(DRM(−)), S 7→ D(DRM(S)), (f : T → S) 7→ RfHdg! ,

• D(DRM(−)) : QPVar(k)→ D(DRM(−)), S 7→ D(DRM(S)), (f : T → S) 7→ f∗modHdg ,

• D(DRM(−)) : QPVar(k)→ D(DRM(−)), S 7→ D(DRM(S)), (f : T → S) 7→ f ∗̂modHdg .

Proposition 42. Let f : X → S with S,X ∈ SmVar(k) or with S,X ∈ QPVar(k). Then

(i) (f ∗̂modHdg , RfHdg∗ ) : D(DRM(S))→ D(DRM(X)) is a pair of adjoint functors. For ((MI , F,W ), uIJ) ∈
C(DRM(S)) we denote by

ad(f ∗̂modHdg , RfHdg∗ )((MI , F,W ), uIJ ) : ((MI , F,W ), )→ RfHdg∗ f ∗̂modHdg ((MI , F,W ), uIJ)

the adjonction map in D(DRM(S)). For ((NI , F,W ), uIJ ) ∈ C(DRM(X)), we denote by

ad(f ∗̂modHdg , RfHdg∗ )((NI , F,W ), uIJ ) : f
∗̂mod
Hdg RfHdg∗ ((NI , F,W ), uIJ)→ ((NI , F,W ), uIJ)

the adjonction map in D(DRM(X))

(ii) (RfHdg! , f∗modHdg ) : D(DRM(X))→ D(DRM(S)) is a pair of adjoint functors. For ((MI , F,W ), uIJ) ∈
C(DRM(S)) we denote by

ad(RfHdg! , f∗modHdg )((MI , F,W ), uIJ ) : Rf
Hdg
! f∗modHdg ((MI , F,W ), uIJ)→ ((MI , F,W ), uIJ)

the adjonction map in D(DRM(S)). For ((NI , F,W ), uIJ ) ∈ C(DRM(X)), we denote by

ad(RfHdg! , f∗modHdg )((NI , F,W ), uIJ ) : ((NI , F,W ), uIJ )→ f∗modHdg RfHdg! ((NI , F,W ), uIJ)

the adjonction map in D(DRM(X)).

Proof. Follows from proposition 37 after considering a factorization f : X →֒ Ȳ × S
pS
−→ S with Ȳ ∈

PSmVar(k).

Theorem 39. Let k a field of characteristic zero.

(i) We have the six functor formalism on D(DRM(−)) : SmVar(k)→ TriCat.

(ii) We have the six functor formalism on D(DRM(−)) : QPVar(k)→ TriCat.

Proof. Follows from proposition 42.

Theorem 40. Let k ⊂ K ⊂ Cp a subfield with p a prime number and K a p adic field. Let S ∈ SmVar(k).
Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line bundle (S being smooth, D is Cartier). so
that we have the closed embedding i : S →֒ L, i(x) = (x, s(x)) and D = i−1(s0), s0 being the zero section.
For (M,F,W ) ∈ DRM(S),

• we have the canonical isomorphism in DBdr(S
an,pet
K )

TBdr(ψD, DR)(M,F,W ) := BBdr (M,F,W ) ◦ABdr (M,F,W )−1 :

DR(S)(ψD(M,F,W )an ⊗OSK (OBdr,SK , F ))
∼
−→ ψDDR(S)((M,F,W )an ⊗OSK (OBdr,SK , F ))

with, for S = ∪si=1Si an open affine cover such that D∩Si = V (fi) ⊂ Si is given by fi ∈ Γ(Si, OSi),
denoting q : Li := p−1(Si)→ A1

k the projection and ji : Si →֒ S the open embeddings,
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– the isomorphism in DBdr2fil(S
an,pet
K )

ABdr (M,F,W ) : (⊕si=1 ⊕−1≤α<0 Cone(∂s : DR(Li/A
1
k)((VDα(M,F ∗,W ))an)⊗OS s

α+1OBdr,SK

→ DR(Li/A
1
k)((VDα(M,F ∗−1,W )an)⊗OS s

αOBdr,SK )
(j∗I )−−→ · · · )

→ (⊕si=1DR(Si)(ψD(M,F,W )an ⊗OSK (OBdr,SK , F ))
j∗I−→ · · · )

((j∗i ),0)
−1

−−−−−−→ (DR(S)(ψD(M,F,W )an)⊗OSK (OBdr,SK , F )), (
∑

j

mj ⊗ (log s)j ,m′) 7→ [m0],

– and the isomorphism in DBdr2fil(S
an,pet
K )

BBdr (M,F,W ) : (⊕si=1 ⊕−1≤α<0 Cone(∂s : VDαDR(Li/A
1
k)((M,F ∗,W )an)⊗OSK sα+1OBdr,SK

→ VDαDR(Li/A
1
k)((M,F ∗−1,W )an)⊗OSK sαOBdr,SK )

(j∗I )−−→ · · · )

→ (⊕si=1DR(p
∗OAk1

)(i∗π∗π
∗modDR(Li/A

1
k)((M,F,W )an)⊗OSK (OBdr,SK , F ))

(j∗I )−−→ · · · )

=:
−→ (⊕si=1DR(p

∗OAk1
)(ψD(DR(Li/A

1
k)((M,F,W )an)⊗OSK (OBdr,SK , F )))

(j∗I )−−→ · · · )

((j∗i ),0)
−1

−−−−−−→ ψDDR(S)((M,F,W )an ⊗OSK (OBdr,SK , F )), (
∑

j

mj ⊗ (log s)j ,m′) 7→
∑

j

(log s)jmj,

so that TBdr(ψD, DR)(M) ◦DR(S)(s∂s) = N ◦ TBdr(ψD, DR)(M) where

N := logT ∈ Hom(ψDDR(S)(M
an ⊗OSK OBdr,SK ), ψDDR(S)(M

an ⊗OSK OBdr,SK ))

is induced by the monodromy automorphism T : S̃o
∼
−→ S̃o of the perfectoid universal covering

π : S̃o → So := S\D (see [27]).

• there is a canonical isomorphism in DBdr2fil(S
an,pet
K )

TBdr(φD, DR)(M,F,W ) : DR(S)(φD(M,F,W )an ⊗OSK (OBdr,SK , F ))

DR(S)(0,(var(M,F,W )⊗I))
−−−−−−−−−−−−−−−−−−→ DR(S)(φρD(M,F,W )an ⊗OSK (OBdr,SK , F ))

(I,TBdr (M,F,W ))
−−−−−−−−−−−−→ φDDR(S)((M,F,W )an ⊗OSK (OBdr,SK , F )).

where
φρD(M,F,W ) := Cone(θDR,D(M,F,W ) : Γ∨,HdgD (M,F,W )→ ψD(M,F,W ))

with θDR,D(M,F,W ) the factorization in CD(1,0)fil,rh(S)

ρDR,D(M,F,W ) ◦ ad(j∗, j∗Hdg)(M,F,W )) :

(M,F,W )
γ∨,HdgD (M,F,W )
−−−−−−−−−−→ Γ∨,HdgD (M,F,W )

θDR,D(M)
−−−−−−−→ ψD(M,F,W ).

of the map given in definition 58.

Proof. Follows from the proof of theorem 35: j∗i A
Bdr(M,F,W ) are filtered quasi-isomorphism, hence

Cone(∂s : VDαDR(Li/A
1
k)((M,F ∗,W )an)⊗OSK sα+1OBdr,SK

→ VDαDR(Li/A
1
k)((M,F ∗−1,W )an)⊗OSK sαOBdr,SK )

is strict for the F -filtration (i.e. the spectral sequence for the F -filtration is E1-degenerate, hence the
fact that j∗i B

Bdr (M,F,W ) is a quasi-isomorphism implies that j∗i B
Bdr (M,F,W ) is a filtered quasi-

isomorphism.
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6 The geometric Mixed Hodge Modules over a field k of char-
acteristic 0

6.1 The complex case where k ⊂ C

Let k ⊂ C a subfield. For S ∈ Var(k), we denote by anS : San := SanC
anS−−→ SC

πk/C(S)
−−−−−→ S the morphism

of ringed spaces given by the analytical functor.

• For (M,F ) ∈ COSfil(S), we denote by (M,F )an := an∗modS (M,F ) ∈ COSfil(S
an
C ).

• For (M,F ) ∈ CDfil(S), we denote by (M,F )an := an∗modS (M,F ) ∈ CDfil(S
an
C ).

We denote for short

DR(S) := DR(SanC ) ◦ an∗modS : CDfil(S)→ Cfil(S
an
C ), M 7→ DR(S)(Man)

the De Rham functor.

• Let S ∈ SmVar(k). The category CD(1,0)fil,rh(S)×I Dfil,c,k(S
an
C ) is the category

– whose set of objects is the set of triples {((M,F,W ), (K,W ), α)} with

(M,F,W ) ∈ CD(1,0)fil,rh(S), (K,W ) ∈ Dfil,c,k(S
an
C ), α : (K,W )⊗ CSan

C
→ DR(S)[−]((M,W )an)

where DR(S)[−] := DR(S)[−](SanC ) : CD(1,0)fil,rh(S
an
C ) → Cfil(S

an
C ) is the De Rahm functor

(recall for S′ ⊂ S a connected component of S of dimension d, DR(S)
[−]
|S′ := DR(S)|S′ [d]) and

α is an morphism in Dfil(S
an
C ),

– and whose set of morphisms are

φ = (φD, φC , [θ]) : ((M1, F,W ), (K1,W ), α1)→ ((M2, F,W ), (K2,W ), α2)

where φD : (M1, F,W )→ (M2, F,W ) and φC : (K1,W )→ (K2,W ) are morphisms, and

θ = (θ•, I(DR(S)(φanD )) ◦ I(α1), I(α2) ◦ I(φC ⊗ I)) : I(K1,W )⊗ CSan [1]→ I(DR(S)(Man
2 ,W ))

is an homotopy, i.e. for all i ∈ Z,

θi ◦ ∂i − ∂i+1 ◦ θi = (I(DR(S)(φD)) ◦ I(α1))
i − (I(α2) ◦ I(φC))

i,

I : Cfil(S
an
C ) → Kfil(S

an
C ) being the injective resolution functor : for (K,W ) ∈ Cfil(S

an
C ),

we take an injective resolution k : (K,W ) → I(K,W ) with I(K,W ) ∈ Cfil(S
an
C ) which is

unique modulo homotopy, and the class [θ] of θ does NOT depend of the injective resolution ;
in particular, we have

DR(S)[−](φanD ) ◦ α1 = α2 ◦ (φC ⊗ I)

in Dfil(S
an
C ) ; and for

∗ φ = (φD, φC , [θ]) : ((M1, F,W ), (K1,W ), α1)→ ((M2, F,W ), (K2,W ), α2)

∗ φ′ = (φ′D, φ
′
C , [θ

′]) : ((M2, F,W ), (K2,W ), α2)→ ((M3, F,W ), (K3,W ), α3)

the composition law is given by

φ′ ◦ φ := (φ′D ◦ φD, φ
′
C ◦ φC , I(DR(S)(φ

′an
D )) ◦ [θ] + [θ′] ◦ I(φC ⊗ I)[1]) :

((M1, F,W ), (K1,W ), α1)→ ((M3, F,W ), (K3,W ), α3),

in particular for ((M,F,W ), (K,W ), α) ∈ CD(1,0)fil,rh(S)×I Dfil,c,k(S
an
C ),

I((M,F,W ),(K,W ),α) = (IM , IK , 0).
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We have then the full embedding

PShD(1,0)fil,rh(S)×I Pfil,k(S
an
C ) →֒ CD(1,0)fil,rh(S)×I Dfil,c,k(S

an
C )

where PShD(1,0)fil,rh(S)×I Pfil,k(S
an
C ) is the category

– whose set of objects is the set of triples {((M,F,W ), (K,W ), α)} with

(M,F,W ) ∈ PShD(1,0)fil,rh(S), (K,W ) ∈ Pfil,k(S
an
C ), α : (K,W )⊗ CSan

C
→ DR(S)[−]((M,W )an)

where DR(S)[−] is the De Rahm functor and α is an isomorphism in Dfil(S
an
C ),

– and whose set of morphisms are

φ = (φD, φC) = (φD, φC , 0) : ((M1, F,W ), (K1,W ), α1)→ ((M2, F,W ), (K2,W ), α2)

where φD : (M1, F,W )→ (M2, F,W ) and φC : (K1,W )→ (K2,W ) are morphisms (of filtered
sheaves) and DR(S)[−](φanD ) ◦ α1 = α2 ◦ (φC ⊗ I) in Pfil,k(SanC ).

• Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). The category CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S

an
C ) is the category

– whose set of objects is the set of triples {(((MI , F,W ), uIJ ), (K,W ), α)} with

((MI , F,W ), uIJ) ∈ CD(1,0)fil,rh(S/(S̃I)), (K,W ) ∈ Dfil,c,k(S
an
C ),

α : T (S/(S̃I))(K,W )⊗ CSan
C
→ DR(S)[−](((MI ,W ), uIJ)

an)

where
DR(S)[−] := DR(SanC )[−] : CD(1,0)fil,rh(S

an/(S̃anI,C))→ Cfil(S
an
C /(S̃anI,C))

is the De Rahm functor and α is a morphism in Dfil(S
an
C /(S̃anI,C)),

– and whose set of morphisms consists of

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ ), (K2,W ), α2)

where φD : ((M1, F,W ), uIJ ) → ((M2, F,W ), uIJ) and φC : (K1,W ) → (K2,W ) are mor-
phisms, and

θ = (θ•, I(DR(S)(φanD )) ◦ I(α1), I(α2) ◦ I(φC ⊗ I)) :

I(T (S/(S̃I))(K1,W ))⊗ CSan
C
[1]→ I(DR(S)(((M2I ,W ), uIJ)

an))

is an homotopy, I : Cfil(S
an
C /(S̃anI,C))→ Kfil(S

an
C /(S̃anI,C)) being the injective resolution functor

: for ((KI ,W ), tIJ ) ∈ Cfil(SanC /(S̃anI,C)), we take an injective resolution

k : ((KI ,W ), tIJ)→ I((KI ,W ), tIJ)

with I((K,W ), tIJ ) ∈ Cfil(SanC /(S̃anI,C)) which is unique modulo homotopy, and the class [θ] of
θ does NOT depend of the injective resolution ; in particular we have

DR(S)[−](φanD ) ◦ α1 = α2 ◦ (φC ⊗ I)

in Dfil(S
an
C /(S̃anI,C)) ; and for

∗ φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ ), (K1,W ), α1)→ (((M2I , F,W ), uIJ ), (K2,W ), α2)

∗ φ′ = (φ′D, φ
′
C , [θ

′]) : (((M2I , F,W ), uIJ), (K2,W ), α2)→ (((M3I , F,W ), uIJ), (K3,W ), α3)
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the composition law is given by

φ′ ◦ φ := (φ′D ◦ φD, φ
′
C ◦ φC , I(DR(S)(φ

′an
D )) ◦ [θ] + [θ′] ◦ I(φC ⊗ I)[1]) :

(((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M3I , F,W ), uIJ), (K3,W ), α3)

in particular for (((MI , F,W ), uIJ), (K,W ), α) ∈ CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ),

I(((MI ,F,W ),uIJ ),(K,W ),α) = ((IMI ), IK , 0).

We have then full embeddings

PSh0D(1,0)fil,rh(S/(S̃I))×I Pfil,k(S
an
C ) →֒ C0

D(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C )

ι0
S/S̃I−−−→ CD(1,0)fil,rh(S/(S̃I))

0 ×I Dfil,c,k(S
an
C ) →֒ CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S

an
C )

where PSh0D(1,0)fil,rh(S/(S̃I))×I Pfil,k(S
an
C ) is the category

– whose set of objects is the set of triples {(((MI , F,W ), uIJ ), (K,W ), α)} with

((MI , F,W ), uIJ) ∈ PSh0D(1,0)fil,rh(S/(S̃I)), (K,W ) ∈ Pfil,k(S
an
C ),

α : T (S/(S̃I))(K,W )⊗ CSan
C
→ DR(S)[−](((MI ,W ), uIJ)

an)

where DR(S)[−] is the De Rahm functor and α is an isomorphism in Dfil(S
an
C /(S̃anI,C)),

– and whose set of morphisms are

φ = (φD, φC) = (φD, φC , 0) : (((M1I , F,W ), uIJ ), (K1,W ), α1)→ (((M2I , F,W ), uIJ ), (K2,W ), α2)

where φD : ((M1, F,W ), uIJ ) → ((M2, F,W ), uIJ) and φC : (K1,W ) → (K2,W ) are mor-
phisms (of filtered sheaves) such that φanD ◦ α1 = α2 ◦ φC in Pfil,k(S

an
C ).

Moreover,

• For (((MI , F,W ), uIJ), (K,W ), α) ∈ CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ), we set

(((MI , F,W ), uIJ ), (K,W ), α)[1] := (((MI , F,W ), uIJ)[1], (K,W )[1], α[1]).

• For

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

a morphism in CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ), we set (see [11] definition 3.12)

Cone(φ) := (Cone(φD),Cone(φC), ((α1, θ), (α2, 0))) ∈ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ),

((α1, θ), (α2, 0)) being the matrix given by the composition law, together with the canonical maps

– c1(−) = (c1(φD), c1(φC), 0) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ Cone(φ)

– c2(−) = (c2(φD), c2(φC), 0) : Cone(φ)→ (((M1I , F,W ), uIJ), (K1,W ), α1)[1].

Remark 5. By [11] theorem 3.25, if φ = (φD, φC , [θ]) : (((M1, F,W ), uIJ ), (K1,W ), α1)→ (((M2, F,W ), uIJ ), (K2,W ), α2)
is a morphism in CD(1,0)fil,rh(S/(S̃I)) ×I Dfil,c,k(S

an
C ) such that φD is a Zariski local equivalence and

φC is an isomorphism then φ is an isomorphism.

We get from [10] the following definition :
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Definition 66. (i) Let f : X → S a morphism with S,X ∈ SmVar(k). Let f : X
j
−→ X̄

f̄
−→ S a

compactification of f with X̄ ∈ SmVar(k) and j the open embedding. Denote Z := X̄\X = ∩iZi
with Zi ⊂ X̄ (Cartier) divisor. Let

α : (K,W )⊗ CXan
C
→ DR(X)((M,W )an)

a morphism in Dfil(X
an
C ), with (M,F,W ) ∈ C(DRM(X)) and (K,W ) ∈ Dfil,c,k(X

an
C )ad,(Zi). We

then consider the maps in Dfil(S
an
C )

f∗α : Rf∗w(K,W )⊗ CSan
C

:= Rf̄∗Rj∗w(K,W )⊗ CSan
C

Rf̄∗j∗α
−−−−−→ Rf̄∗Rj∗wDR(X)((M,W )an)

Tw(j,⊗)(−)−1

−−−−−−−−−→ Rf̄∗DR(X̄)(j∗Hdg(M,W )an)

T (f̄ ,DR)(−)−1

−−−−−−−−−−→ DR(S)((

∫

f̄

(j∗Hdg(M,W ))an) = DR(S)((

∫ Hdg

f

(M,W ))an)

and

f!α : Rf!w(K,W )⊗ CSan
C

:= Rf̄∗Rj!w(K,W )⊗ CSan
C

Rf̄∗j!α−−−−→ Rf̄∗Rj!wDR(X)((M,W )an)
DTw(j,⊗)(−)
−−−−−−−−→ Rf̄∗DR(X̄)(j!Hdg(M,W )an)

T (f̄ ,DR)(−)−1

−−−−−−−−−−→ DR(S)((

∫

f̄

(j!Hdg(M,W ))an) = DR(S)((

∫ Hdg

f !

(M,W ))an),

see definition 4 and definition 64 .

(ii) Let f : X → S a morphism with S,X ∈ QPVar(k). Consider a factorization f : X
l
−→ Y × S

p
−→ S

with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let Ȳ ∈ PSmVar(k) a smooth

compactification of Y with j : Y →֒ Ȳ the open embedding. Then f̄ : X̄
l̄
−→ Ȳ×S

p̄
−→ S is a

compactification of f , with X̄ ⊂ Ȳ × S the closure of X and l̄ the closed embedding. Denote
Z := X̄\X = ∩iZi with Zi ⊂ X̄ Cartier divisors. Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i
closed embedding with S̃i ∈ SmVar(k). Let

α : T (X/(Y × S̃I))((K,W ) ⊗ CXan
C
)→ DR(X)((MI ,W )an, uanIJ )

a morphism in Dfil(X
an
C /(Y × S̃I

an

C )), with ((MI ,W ), uIJ) ∈ C(DRM(X)) ⊂ CD0fil,rh(X/(Y ×

S̃I)) and (K,W ) ∈ Dfil,c,k(X
an
C )ad,(Zi). We then consider the maps in Dfil(S

an
C /(S̃anI,C))

f∗α = f∗(α) : T (S/S̃I)(Rf∗w(K,W ))⊗ CSan
C

:=
−→ T (S/S̃I)(Rp̄∗(I × j)∗w(K,W ))⊗ CSan

C

=
−→ Rp̄∗(I × j)∗wT (X/(Y × S̃I))((K,W )⊗ CXan

C
)

Rp∗α
−−−→ Rp̄∗(I × j)∗wDR(X)(((MI ,W ), uIJ)

an)

(Tw(I×j,⊗)(−))
−−−−−−−−−−→ Rp̄∗DR(X)((I × j)∗Hdg((MI ,W ), uIJ)

an)

T (f̄ ,DR)(−)
−−−−−−−−→ DR(S)((

∫

f̄

(I × j)∗Hdg((MI ,W ), uIJ))
an) = DR(S)((

∫ Hdg

f

((MI ,W ), uIJ))
an)

and

f!α = f!(α) : T (S/S̃I)(Rf!w(K,W ))⊗ CSan
C

:=
−→ T (S/S̃I)(Rp̄∗(I × j)∗w(K,W ))⊗ CSan

C

=
−→ Rp̄∗(I × j)!wT (X/(Y × S̃I))((K,W ) ⊗ CXan

C
)

Rp̄∗D
vR(I×j)∗D

vα
−−−−−−−−−−−−→ Rp̄∗(I × j)!wDR(X)(((MI ,W ), uIJ)

an)

T (D,DR)(−)◦(DTw(I×j,⊗)(−))◦T (D,DR)(−)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ Rp̄∗DR(X)((I × j)!Hdg((MI ,W ), uIJ)

an)

T (f̄ ,DR)(−)
−−−−−−−−→ DR(S)((

∫

f̄

(I × j)!Hdg((MI ,W ), uIJ))
an) = DR(S)((

∫ Hdg

f !

((MI ,W ), uIJ))
an),
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see definition 4 and definition 65 .

(iii) Let l : So →֒ S an open embedding with S ∈ Var(k) and denote Z = S\So = ∩iZi. with Zi ⊂ S
Cartier divisors. Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with
S̃i ∈ SmVar(k). Let lI : S̃

o
I →֒ S̃I open embeddings such that S̃oI ∩ S = So ∩ SI . Let

α : T (S/(S̃I))((K,W )⊗ CSan
C
)→ DR(S)(((MI ,W ), uIJ)

an)

a morphism in Dfil(S
an
C /(S̃anI,C)), with ((MI ,W ), uIJ) ∈ C(DRM(S)) ⊂ CD0fil,rh(S/(S̃I)) and

(K,W ) ∈ Dfil,c,k(S
an
C ). We then consider the maps in Dfil(S

an
C /(S̃anI,C))

ΓZ(α) : T (S/(S̃I))(Γ
w
Z (K,W )⊗ CSan

C
)

=
−→ ΓwZT (S/(S̃I))((K,W ) ⊗ CSan

C
)

RΓZα−−−−→ ΓwZDR(S)(((MI ,W ), uIJ)
an)

(T (γZ ,DR)((MI ,W ),uIJ )
−1:=((I,Tw(lI ,⊗)(MI ,W ))◦(Tw(an,⊗)(MI ,W )))−1

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ DR(S)((ΓHdgZ ((MI ,W ), uIJ))
an)

and

Γ∨Z(α) : T (S/(S̃I))(Γ
∨,w
Z (K,W )⊗ CSan

C
)

=
−→ Γ∨ZT (S/(S̃I))((K,W ) ⊗ CSan

C
)

Γ∨Zα−−−→ Γ∨,wZ DR(S)(((MI ,W ), uIJ)
an)

T (γ∨Z ,DR)((MI ,W ),uIJ ):=(D(I,Tw(lI ,⊗)(D(MI ,W )))◦(DTw(an,⊗)(D(MI ,W ))))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ DR(S)((Γ∨,wZ ((MI ,W ), uIJ))

an),

see definition 3 and definition 59.

(iv) Let f : X → S a morphism with S,X ∈ QPVar(k). Consider a factorization f : X →֒ Y × S
p
−→ S

with Y ∈ SmVar(k). Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with
S̃i ∈ SmVar(k). Let

α : T (S/(S̃I))((K,W )⊗ CSan
C
)→ DR(S)(((MI ,W ), uIJ)

an)

a morphism in Dfil(S
an
C /(S̃anI,C)), with ((MI ,W ), uIJ) ∈ C(DRM(S)) ⊂ CD0fil,rh(S/(S̃I)) and

(K,W ) ∈ Dfil,c,k(S
an
C )ad,(Γf,i). We then consider, see (iii), the maps in Dfil(X

an
C /(Y × S̃I,C)an)

f !α = f !(α) : T (X/(Y × S̃I))(f
!w(K,W )⊗ CXan

C
)

:=
−→ T (X/(Y × S̃I))(Γ

w
Xp
∗(K,W ))⊗ CXan

C
)

=
−→ (ΓwXp

∗
S̃I
T (S/S̃I)((K,W )I ⊗ CSan

C
),ΓwXp

∗T (DIJ)(−))

RΓXp
∗α

−−−−−→ (ΓwXp
∗
S̃I
DR(S)((MI ,W ), uIJ)I ,Γ

w
Xp
∗DR(uIJ))

T !(f,DR)(−):=T (γX ,DR)(−)−1◦T !(p,DR)(−)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ DR(X)(f∗modHdg ((MI ,W ), uIJ)

an)

and

f∗α = f∗(α) : T (X/(Y × S̃I))(f
∗w(K,W )⊗ CXan

C
)

:=
−→ T (X/(Y × S̃I))(Γ

∨,w
X p∗(K,W )⊗ CXan

C
)

=
−→ (Γ∨,wX p∗

S̃I
T (S/(S̃I))((K,W ) ⊗ CSan

C
)I ,Γ

∨,w
X p∗T (DIJ)(−))

Γ∨Xp
∗α

−−−−→ (Γ∨,wX p∗
S̃I
DR(S)((MI ,W ), uIJ)I ,Γ

∨,w
X p∗DR(uIJ))

T∗(f,DR)(−):=T (γ∨X ,DR)(−)◦T∗(p,DR)(−)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ DR(X)(f ∗̂modHdg ((MI ,W ), uIJ)

an)

(v) Let S ∈ Var(k).Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈
SmVar(k). Let

α : T (S/(S̃I))((K,W ) ⊗ CSan
C
)→ DR(S)(((MI ,W ), uIJ)

an),

α′ : T (S/(S̃I))((K
′,W )⊗ CSan

C
)→ DR(S)(((M ′I ,W ), vIJ)

an)
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two morphism in Dfil(S
an
C /(S̃anI,C)), with ((MI ,W ), uIJ), ((M

′
I ,W ), uIJ) ∈ C(DRM(S)) ⊂ CD0fil,rh(S/(S̃I))

and (K,W ), (K ′,W ) ∈ Dfil(S
an
C ). We then consider the map

α⊗ α′ : T (S/(S̃I))((K,W ) ⊗ (K ′,W )⊗ CSan
C
)

=
−→ T (S/(S̃I))((K,W ) ⊗ CSan

C
)⊗ T (S/(S̃I))((K

′,W )⊗ CSan
C
)

α⊗α′
−−−→ DR(S)(((MI ,W ), uIJ)

an)⊗DR(S)(((M ′I ,W ), vIJ )
an)

T (⊗,DR)(−,−)
−−−−−−−−−−→ DR(S)((((MI ,W ), uIJ)⊗

L
OS ((M ′I ,W ), vIJ))

an)
=
−→ DR(S)((((MI ,W ), uIJ)⊗

Hdg
OS

((M ′I ,W ), vIJ))
an)

in Dfil(S
an
C /(S̃anI,C)).

Definition 67. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line bundle
(S being smooth, D is Cartier). ForM = ((M,F,W ), (K,W ), α) ∈ PShD(1,0)fil,rh(S)×I Pfil,k(S

an
C ), we

then define, using definition 55 and theorem 33,

• the nearby cycle functor

ψD((M,F,W ), (K,W ), α) := (ψD(M,F,W ), ψD(K,W ), ψDα) ∈ PShD(1,0)fil,rh(S)×I Pfil,k(S
an
C ),

with ψDα := T (ψD, DR)(M) ◦ ψD(α).

• the vanishing cycle functor

φD((M,F,W ), (K,W ), α) := (φD(M,F,W ), φD(K,W ), φDα) ∈ PShD(1,0)fil,rh(S)×I Pfil,k(S
an
C ),

with φDα := T (φD, DR)(M) ◦ φD(α).

• the canonical maps in PShD(1,0)fil,rh(S)×I Pfil,k(S
an
C )

can(M) := (can(M,F,W ), can(K,W )) : ψD((M,F,W ), (K,W ), α)→ φD((M,F,W ), (K,W ), α)(−),

var(M) := (var(M,F,W ), var(K,W ) : φD((M,F,W ), (K,W ), α)→ ψD((M,F,W ), (K,W ), α).

Proposition 43. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier divisor). Consider a composition of

proper morphisms (f : X = Xr
fr
−→ Xr−1

f1
−→ X0 = S) ∈ SmVar(k) and

(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

((OX , Fb), H
n0Rf1∗ · · ·H

nrRfr∗ZX ,

Hn0f1∗ ◦ · · · ◦H
nrfr∗α(X)) ∈ PShDfil,rh(S)×I Pk(S

an
C ).

Then,

ψD(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

(ψf−1(D)(OX , Fb)), H
n0Rf1∗ · · ·H

nrRfr∗ψf−1(D)ZX ,

Hn0f1∗ ◦ · · · ◦H
nrfr∗ψf−1(D)α(X)) ∈ PShDfil,rh(S)×I Pk(S

an
C )

and

φD(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

(ψf−1(D)(OX , Fb)), H
n0Rf1∗ · · ·H

nrRfr∗φf−1(D)ZX ,

Hn0f1∗ ◦ · · · ◦H
nrfr∗φf−1(D)α(X)) ∈ PShDfil,rh(S)×I Pk(S

an
C ).

Proof. Immediate from definition.
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We now come to the main definition of this section :

Definition 68. Let k ⊂ C a subfield.

(i0) Let S ∈ Var(k). Take an open cover S = ∪iSi such that there are closed embedding SI →֒ S̃I with
SI ∈ SmVar(k). The category of mixed hodge modules over k is the full subcategory

MHMk,C(S) ⊂ DRM(S)×I Pfil,k(S
an
C ) ⊂ PShD(1,0)fil,rh(S/(S̃I))×I Pfil,k(S

an
C )

whose object consists of (((MI , F,W ), uIJ), (K,W ), α) ∈ DRM(S)×I Pfil,k(SanC ) such that

((π∗modk/C (MI , F,W ), uIJ), (K,W ), α) ∈MHM(SC)

where

– πk/C := πk/C(S) : SC → S is the projection (see section 2),

– DRM(S) is the category of de Rham modules introduced in section 5 definition 56,

– MHM(SC) is the category of mixed hodge modules on SC introduced by Saito ([25]).

(i) Let S ∈ SmVar(k). We denote by

HMgm,k,C(S) :=< (Rn
∫

f1

· · ·Rn
∫

fr

(OX , Fb), R
nf1∗ · · ·R

nfr∗ZXan
C
, Rnf1∗ · · ·R

nfr∗α(X)),

(f : X = Xr
fr
−→ Xr−1 → · · ·

f1
−→ X0 = S) ∈ SmVar(k), proper >

⊂ PDRM(S)×I Pfil,k(S
an
C ) ⊂ PShDfil,rh(S)×I Pk(S

an
C )

the full abelian subcategory, where <,> means generated by,

α(X) : ZXan
C
→֒ DR(X)(OanX )

is the inclusion quasi-isomorphism in C(Xan
C ), and we use definition 66. We have by proposition

43 for ((M,F ),K, α) ∈ HMgm,k,C(S),

GrWk ψD((M,F ),K, α) := GrWk ψD(M,F ),GrWk ψDK,GrWk ψDα) ∈ HMgm,k,C(S).

and

GrWk ψD((M,F ),K, α) := GrWk ψD(M,F ),GrWk ψDK,GrWk ψDα) ∈ HMgm,k,C(S).

for all k ∈ Z. We have by theorem 37, for S ∈ SmVar(k), HMgm,k,C(S) ⊂ HM(SC) which consists
of geometric Hodge module defined over k.

(i)’ Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). We denote by

HMgm,k,C(S) :=< (Rn1

∫

p1

· · ·Rnr
∫

pr

(Γ∨,HdgXI
(OY×X̃r−1,I

, Fb), xIJ ),

Rn1p1∗ · · ·R
nrpr∗T (X/(Yr × X̃r−1,I))(ZXan

C
), Rn1p1∗ · · ·R

nrpr∗α(X)),

(f : X = Xr
fr
−→ Xr−1 → · · ·

f1
−→ X0 = S) ∈ Var(k) >

⊂ PDRM(S)×I Pk(S
an
C ) ⊂ PShDfil,rh(S/(S̃I))×I Pk(S

an
C )

the full abelian subcategory, where <,> means generated by, fi : Xi →֒ Yi ×Xi−1
pi
−→ Xi−1 proper,

Yi ∈ PSmVar(k), Xi smooth, with

α(X) := (Γ∨XIα(Yr × X̃r−1,I)) : T (X/(Yr × X̃r−1,I))(ZXan)⊗ CXan := (Γ∨,wXI Z(Y×X̃r−1,I )anC
, tIJ)

∼
−→ DR(X)(oF (Γ

∨,Hdg
XI

(OY×X̃r−1,I
, Fb), xIJ )

an).
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is an isomorphism in D(Xan
C /(Yr × X̃r−1,I)

an
C ), and we use definition 66. Note that if S is smooth

then this definition of HMgm,k,C(S) agree with the one given in (i). We have by theorem 37, for
S ∈ Var(k), HMgm,k,C(S) ⊂ HM(SC) which consists of geometric Hodge module defined over k.

(ii) Let S ∈ Var(k). Take an open cover S = ∪iSi such that there are closed embedding SI →֒ S̃I with
SI ∈ SmVar(k). We define using the pure case (i) and (i)’ the full subcategory of mixed Hodge
modules defined over k

MHMgm,k,C(S) :={
(((MI , F,W ), uIJ), (K,W ), α), s.t. GrWk (((MI , F,W ), uIJ), (K,W ), α) ∈ HMgm,k,C(S)

}

⊂ DRM(S)×I Pfil,k(S
an
C ) ⊂ PShD(1,0)fil,rh(S/(S̃I))×I Pfil,k(S

an
C )

whose object consists of (((MI , F,W ), uIJ), (K,W ), α) ∈ DRM(S)×I Pfil,k(SanC ) such that

GrWk (((MI , F,W ), uIJ ), (K,W ), α) := (GrWk ((MI , F ), uIJ),GrWk K,GrWk α) ∈ HMgm,k,C(S).

We set

ZHdgS := ((Γ∨,HdgSI
(OS̃I , Fb), xIJ ),Z

w
San , α(S)) ∈MHMgm,k,C(S)

with j∗IZ
w
San = i∗IΓ

∨,w
SI

ZS̃anI and

α(S) := (Γ∨SIα(S̃I)) : T (S/(S̃I))(Z
w
San) = (Γ∨,wSI (CS̃anI

), tIJ)
∼
−→ DR(S)(oF (Γ

∨,Hdg
SI

(OS̃I , Fb), xIJ )).

For S ∈ SmVar(k) and D = V (s) ⊂ S a (Cartier) divisor, we have for ((M,F,W ), (K,W ), α) ∈
MHMgm,k,C(S), using theorem 32,

ψD((M,F,W ), (K,W ), α), φD((M,F,W ), (K,W ), α) ∈MHMgm,k,C(S),

by the pure case (c.f. (i) and proposition 43) and the strictness of the V -filtration.

For k ⊂ C and S ∈ Var(k), we have by theorem 37

MHMgm,k,C(S) ⊂MHMk,C(S) ⊂MHM(SC).

For S ∈ Var(k) we get D(MHMgm,k,C(S)) := Ho(zar,usu)(C(MHMgm,k,C(S))) after localization with
Zariski local equivalence and usu local equivalence.

We now look at functorialities :

Definition 69. Let k ⊂ C a subfield. Let S ∈ SmVar(k). Let j : So →֒ S an open embedding. Let
Z := S\So = V (I) ⊂ S an the closed complementary subset, I ⊂ OS being an ideal subsheaf. Taking
generators I = (s1, . . . , sr), we get Z = V (s1, . . . , sr) = ∩ri=1Zi ⊂ S with Zi = V (si) ⊂ S, si ∈ Γ(S,Li)
and Li a line bundle. Note that Z is an arbitrary closed subset, dZ ≥ dX − r needing not be a complete

intersection. Denote by jI : So,I := ∩i∈I(S\Zi) = S\(∪i∈IZi)
joI−→ So

j
−→ S the open embeddings. Let

(M,F,W ) ∈MHMgm,k,C(S
o)). We then define, using definition 57 and definition 2

• the canonical extension

j∗Hdg((M,F,W ), (K,W ), α) := (j∗Hdg(M,F,W ), j∗w(K,W ), j∗α)

:= Tot((jI∗Hdgj
∗
I (M,F,W ), jI∗wj

∗
I (K,W ), jI∗α)) ∈MHMgm,k,C(S),

so that j∗(j∗Hdg((M,F,W ), (K,W ), α)) = ((M,F,W ), (K,W ), α),
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• the canonical extension

j!Hdg((M,F,W ), (K,W ), α) := (j!Hdg(M,F,W ), j!w(K,W ), j!α)

:= Tot((jI!Hdgj
∗
I (M,F,W ), jI!wj

∗
I (K,W ), jI!α)) ∈MHMgm,k,C(S),

so that j∗(j!Hdg((M,F,W ), (K,W ), α)) = ((M,F,W ), (K,W ), α).

Moreover for ((M ′, F,W ), (K ′,W ), α′) ∈MHMgm,k,C(S),

• there is a canonical map in MHMgm,k,C(S)

ad(j∗, j∗Hdg)((M
′, F,W ), (K ′,W ), α′) : ((M ′, F,W ), (K ′,W ), α′)→ j∗Hdgj

∗((M ′, F,W ), (K ′,W ), α′),

• there is a canonical map in MHMgm,k,C(S)

ad(j!Hdg, j
∗)((M ′, F,W ), (K ′,W ), α′) : j!Hdgj

∗((M ′, F,W ), (K ′,W ), α′)→ ((M ′, F,W ), (K ′,W ), α′).

Let j : So →֒ S an open embedding with S ∈ SmVar(k). For (M,F,W ) ∈ C(MHMgm,k,C(S
o)),

• we have the canonical map in CD(1,0)fil(S)×I Cfil(S
an
C )

T (j∗Hdg, j∗)((M,F,W ), (K,W ), α) := (k ◦ ad(j∗, j∗)(−), k ◦ ad(j
∗, j∗), 0) :

j∗Hdg((M,F,W ), (K,W ), α)→ (j∗E(M,F,W ), j∗E(K,W ), α)

• we have the canonical map in CD(1,0)fil(S)×I Cfil(S
an
C )

T (j!, j!Hdg)((M,F,W ), (K,W ), α) := (k ◦ ad(j!, j
∗)(−), k ◦ ad(j!, j

∗)(−), 0) :

(j!(M,F,W ), j!(K,W ), j!α)→ j!Hdg((M,F,W ), (K,W ), α)

the canonical maps.

Proposition 44. (i) Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line
bundle (S being smooth, D is Cartier). Denote by j : So := S\D →֒ S the open complementary
embedding. Then,

– (j∗, j∗Hdg) :MHMgm,k,C(S) ⇆MHMgm,k,C(S
o) is a pair of adjoint functors

– (j!Hdg, j
∗) :MHMgm,k,C(S

o) ⇆MHMgm,k,C(S) is a pair of adjoint functors.

(ii) Let S ∈ SmVar(k). Let Z = V (I) ⊂ S an arbitrary closed subset, I ⊂ OS being an ideal subsheaf.
Denote by j : So := S\Z →֒ S. Then,

– (j∗, j∗Hdg) : D(MHMgm,k,C(S)) ⇆ D(MHMgm,k,C(S
o)) is a pair of adjoint functors

– (j!Hdg, j
∗) : D(MHMgm,k,C(S

o)) ⇆ D(MHMgm,k,C(S)) is a pair of adjoint functors.

Proof. (i): Follows from proposition 37.
(ii):Follows from (i) and the exactness of j∗, j∗Hdg and j!Hdg.

Definition 70. Let S ∈ SmVar(k). Let Z ⊂ S a closed subset. Denote by j : S\Z →֒ S the complemen-
tary open embedding.

(i) We define using definition 59, definition 3 and definition 66(iii), the filtered Hodge support section
functor

ΓHdgZ : C(MHMgm,k,C(S))→ C(MHMgm,k,C(S)), ((M,F,W ), (K,W ), α) 7→

ΓHdgZ ((M,F,W ), (K,W ), α) := (ΓHdgZ (M,F,W ),ΓwZ(K,W ),ΓZ(α))

= Cone(ad(j∗, j∗Hdg)(−) : j∗Hdg , j
∗((M,F,W ), (K,W ), α)→ ((M,F,W ), (K,W ), α)[−1]

see definition 69 for the last equality, together we the canonical map

γHdgZ ((M,F,W ), (K,W ), α) : ΓHdgZ ((M,F,W ), (K,W ), α)→ ((M,F,W ), (K,W ), α).
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(i)’ Since j∗Hdg : C(MHMgm,k,C(S
o)) → C(MHMgm,k,C(S)) is an exact functor, ΓHdgZ induces the

functor

ΓHdgZ : D(MHMgm,k,C(S))→ D(MHMgm,k,C(S)),

((M,F,W ), (K,W ), α) 7→ ΓHdgZ ((M,F,W ), (K,W ), α)

(ii) We define using definition 59, definition 3 and definition 66(iii) the dual filtered Hodge support
section functor

Γ∨,HdgZ : C(MHMgm,k,C(S))→ C(MHMgm,k,C(S)), ((M,F,W ), (K,W ), α) 7→

Γ∨,HdgZ ((M,F,W ), (K,W ), α) := (Γ∨,HdgZ (M,F,W ),Γ∨,wZ (K,W ),Γ∨Z(α))

= Cone(ad(j!Hdg , j
∗)(−) : j!Hdg, j

∗((M,F,W ), (K,W ), α)→ ((M,F,W ), (K,W ), α))

see definition 69 for the last equality, together we the canonical map

γ∨,HdgZ ((M,F,W ), (K,W ), α) : ((M,F,W ), (K,W ), α)→ Γ∨,HdgZ ((M,F,W ), (K,W ), α).

(ii)’ Since j!Hdg : C(MHMgm,k,C(S
o)) → C(MHMgm,k,C(S)) is an exact functor, ΓHdg,∨Z induces the

functor

Γ∨,HdgZ : D(MHMgm,k,C(S))→ D(MHMgm,k,C(S)),

((M,F,W ), (K,W ), α) 7→ Γ∨,HdgZ ((M,F,W ), (K,W ), α)

In the singular case it gives :

Definition 71. Let S ∈ Var(k). Let Z ⊂ S a closed subset. Let S = ∪si=1Si an open cover such that there
exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Denote ZI := Z ∩ SI . Denote by n : S\Z →֒ S
and ñI : S̃I\ZI →֒ S̃I the complementary open embeddings.

(i) We define using definition 61, definition 3 and definition 66(iii) the filtered Hodge support section
functor

ΓHdgZ : C(MHMgm,k,C(S))→ C(MHMgm,k,C(S)),

(((MI , F,W ), uIJ), (K,W ), α) 7→ ΓHdgZ (((MI , F,W ), uIJ), (K,W ), α) :=

:= (ΓHdgZ ((MI , F,W ), uIJ),Γ
w
Z(K,W ),ΓZ(α))

together with the canonical map

γHdgZ (((MI , F,W ), uIJ), (K,W ), α) :

ΓHdgZ (((MI , F,W ), uIJ), (K,W ), α)→ (((MI , F,W ), uIJ), (K,W ), α).

(i)’ By exactness of ΓHdgZ and ΓwZ it induces the functor

ΓHdgZ : D(MHMgm,k,C(S))→ D(MHMgm,k,C(S)),

(((MI , F,W ), uIJ), (K,W ), α) 7→ ΓHdgZ (((MI , F,W ), uIJ), (K,W ), α)

(ii) We define using definition 61, definition 3 and definition 66(iii) the dual filtered Hodge support
section functor

Γ∨,HdgZ : C(MHMgm,k,C(S))→ C(MHMgm,k,C(S)), (((MI , F,W ), uIJ ), (K,W ), α) 7→

Γ∨,HdgZ (((MI , F,W ), uIJ ), (K,W ), α) := (Γ∨,HdgZ ((MI , F,W ), uIJ),Γ
∨,w
Z (K,W ),Γ∨Z(α)),

together we the canonical map

γ∨,HdgZ (((MI , F,W ), uIJ ), (K,W ), α) :

(((MI , F,W ), uIJ), (K,W ), α)→ Γ∨,HdgZ (((MI , F,W ), uIJ ), (K,W ), α).
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(ii)’ By exactness of Γ∨,HdgZ and Γ∨,wZ , it induces the functor

Γ∨,HdgZ : D(MHMgm,k,C(S))→ D(MHMgm,k,C(S)),

(((MI , F,W ), uIJ ), (K,W ), α) 7→ Γ∨,HdgZ (((MI , F,W ), uIJ), (K,W ), α)

:= (Γ∨,HdgZ ((MI , F,W ), uIJ),Γ
∨,w
Z (K,W ),Γ∨Z(α))

This gives the inverse image functor :

Definition 72. Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization f :

X
l
−→ Y ×S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let S = ∪i∈I an open

cover such that there exist closed embeddings i : Si →֒ S̃i with S̃i ∈ SmVar(k). Denote XI := f−1(SI).
We have then X = ∪i∈IXi and the commutative diagrams

f : XI
lI //

$$■
■■

■■
■■

■■
Y × SI

pSI //

i′I :=(I×iI )
��

SI

iI
��

Y × S̃I
pS̃I

=:f̃I
// S̃I

(i) For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,C(S)) we set (see definition 71 for l)

f∗Hdg(((MI , F,W ), uIJ), (K,W ), α) :=

ΓHdgX ((p
∗mod[−]

S̃I
(MI , F,W ), p

∗mod[−]

S̃I
uIJ), p

∗
S(K,W ), p∗Sα)(dY )[2dY ] ∈ C(MHMgm,k,C(X)),

(ii) For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,C(S)) we set (see definition 71 for l)

f !Hdg(((MI , F,W ), uIJ ), (K,W ), α) :=

Γ∨,HdgX ((p
∗mod[−]

S̃I
(MI , F,W ), p

∗mod[−]

S̃I
uIJ), p

∗
S(K,W ), p∗Sα) ∈ C(MHMgm,k,C(X)),

Let j : So →֒ S an open embedding with S ∈ Var(k). Let S = ∪i∈I an open cover such that there exist
closed embeddings i : Si →֒ S̃i with S̃i ∈ SmVar(k). We have then, for (((MI , F,W ), uIJ), (K,W ), α) ∈
C(MHMgm,k,C(S)), quasi-isomorphisms in C(MHMgm,k,C(S))

(I(j∗, j∗modHdg )(−), I) : j∗Hdg(((MI , F,W ), uIJ), (K,W ), α)→

j∗(((MI , F,W ), uIJ), (K,W ), α) := (j∗((MI , F,W ), uIJ), j
∗(K,W ), α)

and

(I(j∗, j∗̂modHdg )(−), I) : j!Hdg(((MI , F,W ), uIJ), (K,W ), α)→

j∗(((MI , F,W ), uIJ), (K,W ), α) := (j∗((MI , F,W ), uIJ), j
∗(K,W ), α)

Definition 73. Let S ∈ Var(k). Let S = ∪i∈I an open cover such that there exist closed embeddings
i : Si →֒ S̃i with S̃i ∈ SmVar(k). We have, using definition 63 the following bi-functor

(−)⊗HdgOS
(−) : D(MHMgm,k,C(S))

2 → D(MHMgm,k,C(S)),

(((MI , F,W ), uIJ), (K,W ), α), (((M ′I , F,W ), vIJ ), (K
′,W ), α′) 7→

(((MI , F,W ), uIJ), (K,W ), α) ⊗HdgOS
(((M ′I , F,W ), vIJ ), (K

′,W ), α′) :=

((MI , F,W ), uIJ)⊗
Hdg
OS

((M ′I , F,W ), vIJ ), (K,W )⊗ (K ′,W ), α⊗ α′)

where the map α⊗ α′ is given in definition 66(v).
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Proposition 45. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ QPVar(k).

(i) LetM ∈ C(MHMgm,k,C(S)). Then,

(f2 ◦ f1)
∗Hdg(M) = f∗Hdg1 f∗Hdg2 (M) ∈ D(MHMgm,k,C(X)).

(ii) Let (M,F,W ) ∈ C(MHMgm,k,C(S)). Then,

(f2 ◦ f1)
!Hdg(M) = f !Hdg

1 f !Hdg
2 (M) ∈ D(MHMgm,k,C(X))

Proof. Immediate from definition.

Proposition 46. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier) divisor, where s ∈ Γ(S,L). Denote
i : D := S\D →֒ S the closed embedding and j : So →֒ S the open embedding.

(i) Let ((M,F,W ), (K,W ), α) ∈MHMgm,k,C(S). We have, using proposition 38, the canonical quasi-
isomorphism in C(MHMgm,k,C(S)) :

Is(M) := (Is(M), Is(K), 0) :

((M,F,W ), (K,W ), α)→ (ψD((M,F,W ), (K,W ), α)
((c(xSo/S(M)),can(M)),(c(xSo/S(K)),can(K)),0)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

xSo/S((M,F,W ), (K,W ), α) ⊕ φD((M,F,W ), (K,W ), α)
:=
−→

(xSo/S(M,F,W ), xSo/S(K,W ), xSo/S(α)) ⊕ (φD(M,F,W ), φD(K,W ), φDα)

((Dc(xSo/S(DKM)),var(M)),(Dc(xSo/S(DK)),var(K)),0)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ ψD((M,F,W ), (K,W ), α)).

(ii) We denote by MHMgm,k,C(S\D)×J MHMgm,k,C(D) the category whose set of objects consists of

{(M,N , a, b),M ∈MHMgm,k,C(S\D),N ∈MHMgm,k,C(D), a : ψD1M→ N, b : N → ψD1M}

The functor (see definition 67)

(j∗, φD1, c, v) :MHMgm,k,C(S)→MHMgm,k,C(S\D)×J MHMgm,k,C(D),

((M,F,W ), (K,W ), α) 7→ ((j∗(M,F,W ), j∗(K,W ), j∗α), φD((M,F,W ), (K,W ), α), can(−), var(−))

is an equivalence of category.

Proof. (i):Follows from proposition 38.
(ii):Follows from (i).

Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). We have the category DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S

an
C )

• whose set of objects is the set of triples {(((MI , F,W ), uIJ), (K,W ), α)} with

((MI , F,W ), uIJ) ∈ DD(1,0)fil,rh(S/(S̃I)), (K,W ) ∈ Dfil,c,k(S
an
C ),

α : T (S/(S̃I))(K,W )⊗ CSan
C
→ DR(S)[−](((MI ,W ), uIJ)

an)

where α is an morphism in Dfil(S
an
C /(S̃anI,C)),

• and whose set of morphisms consists of

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)
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where φD : ((M1, F,W ), uIJ ) → ((M2, F,W ), uIJ) and φC : (K1,W ) → (K2,W ) are morphisms
and

θ = (θ•, I(DR(S)(φanD )) ◦ I(α1), I(α2) ◦ I(φC ⊗ I)) :

I(T (S/(S̃I))(K1,W ))⊗ CSan [1]→ I(DR(S)(((M2I ,W ), uIJ)
an))

is an homotopy, I : Dfil(S
an
C /(S̃anI,C)) → Kfil(S

an
C /(S̃anI,C)) being the injective resolution functor,

and for

– φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

– φ′ = (φ′D, φ
′
C , [θ

′]) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ (((M3I , F,W ), uIJ), (K3,W ), α3)

the composition law is given by

φ′ ◦ φ := (φ′D ◦ φD, φ
′
C ◦ φC , I(DR(S)(φ

′an
D )) ◦ [θ] + [θ′] ◦ I(φC ⊗ I)[1]) :

(((M1I , F,W ), uIJ ), (K1,W ), α1)→ (((M3I , F,W ), uIJ ), (K3,W ), α3),

in particular for (((MI , F,W ), uIJ ), (K,W ), α) ∈ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ),

I(((MI ,F,W ),uIJ ),(K,W ),α) = ((IMI ), IK , 0),

and also the category DD(1,0)fil,rh,∞(S/(S̃I))×I Dfil,c,k(S
an
C ) defined in the same way, together with the

localization functor

(D(zar), I) : CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C )→ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S

an
C )

→ DD(1,0)fil,rh,∞(S/(S̃I))×I Dfil,c,k(S
an
C ).

Note that if φ = (φD, φC , [θ]) : (((M1, F,W ), uIJ), (K1,W ), α1) → (((M2, F,W ), uIJ ), (K2,W ), α2) is a
morphism in DD(1,0)fil,rh(S/(S̃I)) ×I Dfil,c,k(S

an
C ) such that φD and φC are isomorphism then φ is an

isomorphism (see remark 5). Moreover,

• For (((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ), we set

(((MI , F,W ), uIJ ), (K,W ), α)[1] := (((MI , F,W ), uIJ)[1], (K,W )[1], α[1]).

• For

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

a morphism in DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ), we set (see [11] definition 3.12)

Cone(φ) := (Cone(φD),Cone(φC), ((α1, θ), (α2, 0))) ∈ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ),

((α1, θ), (α2, 0)) being the matrix given by the composition law, together with the canonical maps

– c1(−) = (c1(φD), c1(φC), 0) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ Cone(φ)

– c2(−) = (c2(φD), c2(φC), 0) : Cone(φ)→ (((M1I , F,W ), uIJ), (K1,W ), α1)[1].

We have then the following :

Theorem 41. (i) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embed-
ding ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Then the full embedding

ιS :MHMgm,k,C(S) →֒ PSh0D(1,0)fil,rh(S/(S̃I))×I Pfil,k(S
an
C ) →֒ CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S

an
C )
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induces a full embedding

ιS : D(MHMgm,k,C(S)) →֒ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C )

whose image consists of (((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil,rh(S/(S̃I))×IDfil,c,k(S
an
C ) such

that
((Hn(MI , F,W ), Hn(uIJ)), H

n(K,W ), Hnα) ∈MHMgm,k,C(S)

for all n ∈ Z and such that for all p ∈ Z, the differentials of GrpW (MI , F ) are strict for the filtrations
F .

(i)’ Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Then,

D(MHMgm,k,C(S)) =< (

∫ FDR

f

(n× I)!Hdg(Γ
∨,Hdg
X (OPN,o×S̃I

, Fb), xIJ ), Rf∗ZX , f∗α(X)),

(f : X
l
−→ PN,o × S

p
−→ S) ∈ QPVar(k) >

=< (

∫ FDR

f

((Γ∨,HdgX (OPN,o×S̃I
, Fb), xIJ ), Rf∗ZX , f∗α(X)),

(f : X
l
−→ PN,o × S

p
−→ S) ∈ QPVar(k), proper, Xsmooth >

⊂ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C )

where n : PN,o →֒ PN are open embeddings, l are closed embedding and <,> means the full trian-
gulated category generated by.

(ii) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Then the full embedding

ιS :MHMgm,k,C(S) →֒ PSh0D(1,0)fil,rh(S/(S̃I))×I Pfil,k(S
an
C ) →֒ CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S

an
C )

induces a full embedding

ιS : D(MHMgm,k,C(S)) →֒ DD(1,0)fil,∞,rh(S/(S̃I))×I Dfil,c,k(S
an
C )

whose image consists of (((MI , F,W ), uIJ ), (K,W ), α) ∈ DD(1,0)fil,∞,rh(S/(S̃I))×I Dfil(S
an
C ) such

that
((Hn(MI , F,W ), Hn(uIJ)), H

n(K,W ), Hnα) ∈MHMgm,k,C(S)

for all n ∈ Z and such that there exist r ∈ Z and an r-filtered homotopy equivalence ((MI , F,W ), uIJ )→
((M ′I , F,W ), uIJ) such that for all p ∈ Z the differentials of GrpW (M ′I , F ) are strict for the filtrations
F .

Proof. (i): We first show that ιS is fully faithfull, that is for allM = (((MI , F,W ), uIJ), (K,W ), α),M′ =
(((M ′I , F,W ), uIJ ), (K

′,W ), α′) ∈MHMgm,k,C(S) and all n ∈ Z,

ιS : ExtnD(MHMgm,k,C(S))
(M,M′) := HomD(MHMgm,k,C(S))(M,M′[n])

→ ExtnD(S)(M,M′) := HomD(S):=DD(1,0)fil,rh(S/(S̃I))×IDfil(S
an
C

)(M,M′[n])

For this it is enough to assume S smooth. We then proceed by induction onmax(dim supp(M), dim supp(M ′)).

• For supp(M) = supp(M ′) = {s}, it is the theorem for mixed hodge complexes or absolute Hodge
complexes, see [11]. If supp(M) = {s} and supp(M ′) = {s′} and s′ 6= s, then by the localization
exact sequence

ExtnD(MHMgm,k,C(S))(M,M′) = 0 = ExtnD(S)(M,M′)
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• Denote supp(M) = Z ⊂ S and supp(M ′) = Z ′ ⊂ S. There exist an open subset So ⊂ S such that
Zo := Z∩So and Z

′o := Z ′∩So are smooth, andM|Zo := ((i∗GrVZo ,0M|So , F,W ), i∗j∗(K,W ), α∗(i)) ∈

MHMgm,k(Z
o) andM′

|Z′o
:= ((i

′∗GrV
Z
′o ,0M

′
|So , F,W ), i

′∗j∗K,α∗(i′)) ∈MHMgm,k(Z
′o) are vari-

ation of geometric mixed Hodge structure over k ⊂ C, where j : So →֒ S is the open embedding,
and i : Zo →֒ So, i′ : Z

′o →֒ So the closed embeddings. Considering the connected components
of Zo and Z

′o, we way assume that Zo and Z
′o are connected. Shrinking So if necessary, we may

assume that either Zo = Z
′o or Zo ∩ Z

′o = ∅, We denote D = S\So. Shrinking So if necessary, we
may assume that D is a divisor and denote by l : S →֒ LD the zero section embedding.

– If Zo = Z
′o, denote i : Zo →֒ So the closed embedding. We have then the following commu-

tative diagram

ExtnD(MHMgm,k,C(So))
(M|So ,M

′
|So)

ιSo //

(i∗ GrVZo ,0,i
∗,α∗(i))

��

ExtnD(So)(M|So ,M
′
|So)

(i∗ GrVZo ,0,i
∗,α∗(i))

��
ExtnD(MHMgm,k,C(Zo))(M|Zo ,M

′
|Zo)

ιZo //

(i∗mod,i∗,α∗(i))

OO

ExtnD(Zo)(M|Zo ,M
′
|Zo)

(i∗mod,i∗,α∗(i))

OO

Now we prove that ιZo is an isomorphism similarly to the proof the the generic case of [6]. On
the other hand the left and right colummn are isomorphisms. Hence ιSo is an isomorphism by
the diagram.

– If Zo ∩ Z
′o = ∅, we consider the following commutative diagram

ExtnD(MHMgm,k,C(So))
(M|So ,M

′
|So)

ιSo //

(i∗ GrVZo ,0,i
∗,α∗(i))

��

ExtnD(So)(M|So ,M
′
|So)

(i∗ GrVZo ,0,i
∗,α∗(i))

��
ExtnD(MHMgm,k,C(Zo))(M|Zo , 0) = 0

ιZo //

(i∗mod,i∗,α∗(i))

OO

ExtnD(Zo)(M|Zo , 0) = 0

(i∗mod,i∗,α∗(i))

OO

where the left and right column are isomorphism by strictness of the VZo filtration (use a
bi-filtered injective resolution with respect to F and VZo for the right column).

• We consider now the following commutative diagram in C(Z) where we denote for short H :=
D(MHMgm,k,C(S))

0 // Hom•H(Γ∨,HdgD M,ΓHdgD M′)
Hom(−,γHdgD (M′))

//

ιS

��

Hom•H(Γ∨,HdgD M,M′)
Hom(−,ad(j∗,j∗Hdg)(M

′))//

ιS

��

Hom•H(Γ∨,HdgD M, j∗Hdgj
∗M′) //

ιS

��

0

0 // Hom•D(S)(Γ
∨,Hdg
D M,ΓHdgD M′)

Hom(−,γHdgD (M′))
// Hom•D(S)(Γ

∨,Hdg
D M,M′)

Hom(−,ad(j∗,j∗Hdg)(M
′))// Hom•D(S)(Γ

∨,Hdg
D M, j∗Hdgj

∗M′) // 0

whose lines are exact sequence. We have on the one hand,

Hom•D(MHMgm,k,C(S))
(Γ∨,HdgD M, j∗Hdgj

∗M′) = 0 = Hom•D(S)(Γ
∨,Hdg
D M, j∗Hdgj

∗M′)

On the other hand by induction hypothesis

ιS : Hom•D(MHMgm,k,C(S))
(Γ∨,HdgD M,ΓHdgD M′)→ Hom•D(S)(Γ

∨,Hdg
D M,ΓHdgD M′)

is a quasi-isomorphism. Hence, by the diagram

ιS : Hom•D(MHMgm,k,C(S))(Γ
∨,Hdg
D M,M′)→ Hom•D(S)(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism.
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• We consider now the following commutative diagram in C(Z) where we denote for short H :=
D(MHMgm,k,C(S))

0 // Hom•H(Γ∨,HdgD M,M′)
Hom(γ∨,HdgD (M),−)

//

ιS

��

Hom•H(M,M′)
Hom(ad(j!Hdg ,j

∗)(M′),−)//

ιS

��

Hom•H(j!Hdgj
∗M,M′) //

ιS

��

0

0 // Hom•D(S)(Γ
∨,Hdg
D M,M′)

Hom(γ∨,HdgD (M),−)
// Hom•D(S)(M,M′)

Hom(ad(j!Hdg ,j
∗)(M),−)// Hom•D(S)(j!Hdgj

∗M,M′) // 0

whose lines are exact sequence. On the one hand, the commutative diagram

Hom•D(MHMgm,k,C(S))
(j!Hdgj

∗M,M′)
j∗ //

ιS

��

Hom•D(MHMgm,k,C(So))
(j∗M, j∗M′)

ιSo

��
Hom•D(S)(j!Hdgj

∗M,M′)
j∗ // Hom•D(So)(j

∗M, j∗M′)

together with the fact that the horizontal arrows j∗ are quasi-isomorphism by the functoriality
given the uniqueness of the VS filtration for the embedding l : S →֒ LD, (use a bi-filtered injective
resolution with respect to F and VS for the lower arrow) and the fact that ιSo is a quasi-isomorphism
by the first two point, show that

ιS : Hom•D(MHMgm,k,C(S))(j!Hdgj
∗M,M′)→ Hom•D(S)(j!Hdgj

∗M,M′)

is a quasi-isomorphism. On the other hand, by the third point

ιS : Hom•D(MHMgm,k,C(S))
(Γ∨,HdgD M,M′)→ Hom•D(S)(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism. Hence, by the diagram

ιS : Hom•D(MHMgm,k,C(S))
(Γ∨,HdgD M,M′)→ Hom•D(S)(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism.

This shows the fully faithfulness. We now prove the essential surjectivity : let

(((MI , F,W ), uIJ), (K,W ), α) ∈ CD(1,0)fil,rh(S/(S̃I))×I Cfil(S
an
C )

such that the cohomology are mixed hodge modules and such that the differential are strict. We proceed
by induction on card {n ∈ Z} , s.t.Hn(MI , F,W ) 6= 0 by taking for the cohomological troncation

τ≤n(((MI , F,W ), uIJ ), (K,W ), α) := ((τ≤n(MI , F,W ), τ≤nuIJ), τ
≤n(K,W ), τ≤nα)

and using the fact that the differential are strict for the filtration F and the fully faithfullness.
(i)’:Follows from (i).
(ii):Follows from (i).Indeed, in the composition of functor

ιS : D(MHMgm,k,C(S))
ιS−→ DD(1,0)fil,rh(S/(S̃I))×I Dfil(S

an
C )

→ DD(1,0)fil,∞,rh(S/(S̃I))×I Dfil(S
an
C )

the second functor which is the localization functor is an isomorphism on the full subcategory

DD(1,0)fil,rh(S/(S̃I))
st ×I Dfil(S

an
C ) ⊂ DD(1,0)fil,rh(S/(S̃I))×I Dfil(S

an
C )

constisting of complex such that the differentials are strict for F , and the first functor ιS is a full
embedding by (i) and ιS(D(MHMgm,k,C(S))) ⊂ DD(1,0)fil,rh(S/(S̃I))

st ×I Dfil(S
an
C ).
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Definition 74. Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization

f : X
l
−→ Y ×S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let Ȳ ∈ PSmVar(k)

a smooth compactification of Y with n : Y →֒ Ȳ the open embedding. Then f̄ : X̄
l̄
−→ Ȳ×S

p̄S
−→ S is a

compactification of f , with X̄ ⊂ Ȳ × S the closure of X and l̄ the closed embedding, and we denote by
n′ : X →֒ X̄ the open embedding so that f = f̄ ◦ n′.

(i) For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,C(X)), we define, using definition 65 and theo-
rem 41

Rf∗Hdg(((MI , F,W ), uIJ ), (K,W ), α) := ι−1S (

∫ FDR

f̄

(n× I)∗Hdg((MI , F,W ), uIJ ), Rf∗w(K,W ), f∗(α))

∈ D(MHMgm,k,C(S))

where f∗(α) is given in definition 66, and since

– by definition

Hi(

∫ FDR

f̄

GrkW (I×n)Hdg∗((MI , F,W ), uIJ), Rf̄∗GrkW n′∗w(K,W ), f̄∗GrkW n′∗α) ∈ HMgm,k,C(S)

for all i, k ∈ Z, hence by the spectral sequence for the filtered complexes
∫ FDR
f̄

(I×n)Hdg∗((MI , F,W ), uIJ)

and Rf̄∗((I × n)∗w(K,W ))

GrkW Hi(

∫ Hdg

f

((MI , F,W ), uIJ), Rf∗w(K,W ), f∗α)) :=

(GrkW Hi

∫ FDR

f̄

(I × n)Hdg∗((MI , F,W ), uIJ ),GrkW HiRf̄∗n
′
∗w(K,W ),GrkW Hif∗α) ∈ HMgm,k,C(S)

this gives by definition Hi(
∫ Hdg
f

((MI , F,W ), uIJ ), Rf∗w(K,W ), f∗(α)) ∈ MHMgm,k,C(S) for
all i ∈ Z.

–
∫ Hdg
f ((MI , F,W ), uIJ) is the class of a complex such that the differential are strict for F by
theorem 37 in the complex case.

(ii) For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,C(X)), we define, using definition 65 and theo-
rem 41,

Rf!Hdg(((MI , F,W ), uIJ ), (K,W ), α) := ι−1S (

∫ FDR

f̄

(n× I)!Hdg((MI , F,W ), uIJ), Rf!w(K,W ), f!(α))

∈ D(MHMgm,k,C(S))

where f!(α) is given in definition 66, and since

– by definition

Hi(

∫ FDR

f̄

GrkW (n× I)!Hdg((MI , F,W ), uIJ ), Rf̄∗GrkW n′!w(K,W ),GrkW f!α) ∈ HMgm,k,C(S)

for all i, k ∈ Z, hence by the spectral sequence for the filtered complexes
∫ FDR
f̄

(n×I)!Hdg((MI , F,W ), uIJ)

and Rf̄∗(n× I)!w(K,W )

GrkW Hi(

∫ Hdg

f !

((MI , F,W ), uIJ), Rf!w(K,W ), f!α) :=

(GrkW Hi

∫ FDR

f̄

(n× I)!Hdg((MI , F,W ), uIJ ),GrkW HiRf̄∗n
′
!w(K,W ),GrkW Hif!α) ∈ HMgm,k,C(S)
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this gives by definition Hi(
∫ Hdg
f ! ((MI , F,W ), uIJ ), Rf!w(K,W ), f!(α)) ∈ MHMgm,k,C(S) for

all i ∈ Z.

–
∫ Hdg
f !

((MI , F,W ), uIJ) is the class of a complex such that the differential are strict for F by
theorem 37 in the complex case.

Proposition 47. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ QPVar(k).

(i) LetM ∈ C(MHMgm,k,C(X)). Then,

R(f2 ◦ f1)
Hdg
∗ M = RfHdg2∗ RfHdg1∗ M ∈ D(MHMgm,k,C(S)).

(ii) Let (M,F,W ) ∈ C(MHMgm,k,C(X)). Then,

R(f2 ◦ f1)
Hdg
! M = RfHdg2! RfHdg1! M ∈ D(MHMgm,k,C(S))

Proof. Immediate from definition.

Let k ⊂ C a subfield. Definition 72, definition 74 and gives by proposition 45 and proposition 47
respectively, the following 2 functors :

• We have the following 2 functor on the category of algebraic varieties over k ⊂ C

D(MHMgm,k,C(·)) : QPVar(k)→ TriCat, S 7→ D(MHMgm,k,C(S)),

(f : T → S) 7−→ (f∗Hdg : (((MI , F,W ), uIJ ), (K,W ), α) 7→

f !Hdg(((MI , F,W ), uIJ ), (K,W ), α) := (f∗modHdg (((MI , F,W ), uIJ )), f
!w(K,W ), f !α)).

see definition 62 and definition 66 for the equality.

• We have the following 2 functor on the category of quasi-projective algebraic varieties over k ⊂ C

D(MHMgm,k,C(·)) : QPVar(k)→ TriCat, S 7→ D(MHMgm,k,C(S)),

(f : T → S) 7−→ (f∗Hdg : (((MI , F,W ), uIJ ), (K,W ), α) 7→ Rf∗Hdg(((MI , F,W ), uIJ), (K,W ), α)).

• We have the following 2 functor on the category of quasi-projective algebraic varieties over k ⊂ C

D(MHMgm,k,C(·)) : QPVar(k)→ TriCat, S 7→ D(MHMgm,k,C(S)),

(f : T → S) 7−→ (f!Hdg : (((MI , F,W )), (K,W ), α) 7→ f!Hdg(((MI , F,W ), uIJ), (K,W ), α)).

• We have the following 2 functor on the category of algebraic varieties over k ⊂ C

D(MHMgm,k,C(·)) : QPVar(k)→ TriCat, S 7→ D(MHMgm,k,C(S)),

(f : T → S) 7−→ (f !Hdg : (((MI , F,W ), uIJ ), (K,W ), α) 7→

f∗Hdg(((MI , F,W ), uIJ ), (K,W ), α) := (f ∗̂modHdg (((MI , F,W ), uIJ )), f
∗w(K,W ), f∗α)).

see definition 62 and definition 66 for the equality.

Proposition 48. Let f : X → S with S,X ∈ QPVar(k). Then

(i) (f∗Hdg, RfHdg∗ ) : D(MHMgm,k,C(S))→ D(MHMgm,k,C(X)) is a pair of adjoint functors.

– For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,C(S)),

ad(f∗Hdg, RfHdg∗ )(((MI , F,W ), uIJ), (K,W ), α) :=

(ad(f ∗̂modHdg , RfHdg∗ )((MI , F,W ), uIJ), ad(f
∗w, Rf∗w)(K,W )) :

(((MI , F,W ), uIJ ), (K,W ), α)→ RfHdg∗ f∗Hdg(((MI , F,W ), uIJ ), (K,W ), α)

is the adjonction map in D(MHMgm,k,C(S)).

170



– For (((NI , F,W ), uIJ), (P,W ), β) ∈ C(MHMgm,k,C(X)),

ad(f∗Hdg, RfHdg∗ )(((NI , F,W ), uIJ), (P,W ), β) :=

(ad(f ∗̂modHdg , RfHdg∗ )((NI , F,W ), uIJ), ad(f
∗w, Rf∗w)(P,W )) :

f∗HdgRfHdg∗ (((NI , F,W ), uIJ), (P,W ), β)→ (((NI , F,W ), uIJ), (P,W ), β)

is the adjonction map in D(MHMgm,k,C(X))

(ii) (RfHdg! , f !Hdg) : D(MHMgm,k,C(X))→ D(MHMgm,k,C(S)) is a pair of adjoint functors.

– For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,C(S)),

ad(RfHdg! , f !Hdg)(((MI , F,W ), uIJ), (K,W ), α) :=

(ad(f∗modHdg , RfHdg! )((MI , F,W ), uIJ), ad(f
!w, Rf!w)(K,W )) :

RfHdg! f !Hdg(((MI , F,W ), uIJ), (K,W ), α)→ (((MI , F,W ), uIJ), (K,W ), α)

is the adjonction map in D(MHMgm,k,C(S)).

– For (((NI , F,W ), uIJ), (P,W ), β) ∈ C(MHMgm,k,C(X)),

ad(RfHdg! , f !Hdg)(((NI , F,W ), uIJ ), (P,W ), β) :=

(ad(f∗modHdg , RfHdg! )((NI , F,W ), uIJ), ad(f
!w, Rf!w)(P,W )) :

(((NI , F,W ), uIJ ), (P,W ), β)→ f !HdgRfHdg! (((NI , F,W ), uIJ), (P,W ), β)

is the adjonction map in D(MHMgm,k,C(X)).

Proof. Follows from proposition 44 after considering a factorization f : X →֒ Ȳ × S
pS
−→ S with Ȳ ∈

PSmVar(k).

Theorem 42. Let k ⊂ C a subfield.

(i) We have the six functor formalism on D(MHMgm,k,C(−)) : SmVar(k)→ TriCat.

(ii) We have the six functor formalism on D(MHMgm,k,C(−)) : QPVar(k)→ TriCat.

Proof. Follows from proposition 48.

We recall the definition of the Deligne complex of a complex manifold and the Deligne cohomology
class of an algebraic cycle of a complex algebraic variety.

Definition 75. (i) Let X ∈ AnSm(C). We have for d ∈ Z the Deligne complex

ZD,X(d) := (ZX(d) →֒ τ≤dDR(X)) = (ZX(d) →֒ (OX → · · · → Ωd−1X ) ∈ C(X)

Let D ⊂ X a normal crossing divisor. We have for d ∈ Z the Deligne complexes

ZD,(X,D)(d) := (ZX(d) →֒ (OX → · · · → Ωd−1X (logD))) ∈ C(X)

and
ZD,(X,D)(d)

∨ := (ZX(d) →֒ (OX → · · · → Ωd−1X (D))) ∈ C(X).

Moreover we have (see [15]) canonical products

– (−) · (−) : ZD,(X,D)(d) ⊗ ZD,(X,D)(d
′)→ ZD,(X,D)(d+ d′)

– (−) · (−) : ZD,(X,D)(d)
∨ ⊗ ZD,(X,D)(d

′)∨ → ZD,(X,D)(d+ d′)∨
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(ii) Let X ∈ AnSm(C). We have for d ∈ Z the Deligne (homology) complex

C•D(X,Z(d)) := Cone(ZHomDiff(R)(∆
•, X)⊕ Γ(X,F dD•X) →֒ Γ(X,D•X)) ∈ C(Z)

Let D ⊂ X a normal crossing divisor. Denote U := X\D. We have for d ∈ Z the Deligne
(homology) complexes

C•D((X,D),Z(d)) := Cone(ZHomDiff(R)(∆
•, U)⊕ Γ(X,F dD•X(logD)) →֒ Γ(X,D•X(logD))) ∈ C(Z)

and

C•D(X,D,Z(d)) := Cone(ZHomDiff(R)(∆
•, (X,D))⊕ Γ(X,F dD•X(D)) →֒ Γ(X,D•X(D))) ∈ C(Z).

(iii) Let k ⊂ Cp a subfield. Let X ∈ PSmVar(k). We have, for k ∈ Z and d ∈ Z, the Deligne cohomology

Hk
D(X

an
C ,Z(d)) := Hk(Xan

C ,ZX,D(d)) = HkC•D(X
an
C , D,Z(d))∨

Let U ∈ SmVar(k). Let X ∈ PSmVar(k) a compactification of U with D := X\U a normal crossing
divisor. We have, for k ∈ Z and d ∈ Z, the Deligne cohomology

Hk
D(U

an
C ,Z(d)) := Hk(X,Z(Xan

C
,Dan

C
),D(d)) = HkC•D((X

an
C , Dan

C ),Z(d))∨

and

Hk
D(X,D,Z(d)) := Hk(Xan

C ,Z(Xan
C
,Dan

C
),D(d)

∨) = HkC•D(X
an
C , Dan

C ,Z(d))∨.

(iv) Let k ⊂ Cp a subfield. Let U ∈ SmVar(k). Let X ∈ PSmVar(k) a compactification of U with
D := X\U a normal crossing divisor. We define the Deligne cohomology of a (higher) cycle
Z ∈ Zd(U, n)∂=0 by

[Z]D := Im(H2d−n(γsupp(Z))([Z])),

Hk(γsupp(Z)) : H
2d−n
D,supp(Z)(X

an
C ,ZXan

C
,Dan

C
(d))→ H2d−n

D (Xan
C ,ZXan

C
,Dan

C
(d))

with supp(Z) := pX(supp(Z)) ⊂ X, where supp(Z) ⊂ X ×�
n is the support of Z.

(v) Let k ⊂ Cp a subfield. Let U ∈ SmVar(k). Let X ∈ PSmVar(k) a compactification of U with
D := X\U a normal crossing divisor. We have for d ∈ Z the morphism of complexes

RdU : Zd(U, •)→ C•D(X
an
C , Dan

C ,Z(d)), Z 7→ RdU (Z) := (TZ̄ ,ΩZ̄ , RZ̄)

which gives for Z ∈ Zd(U, n)∂=0,

[RdU (Z)] = [Z]D ∈ H
2d−n
D (UanC ,Z(d))

Let f : X → S a morphism with S,X ∈ AnSm(C). We have for d ∈ Z the canonical morphism of
Deligne complexes

(ad(f∗, f∗)(ZS),Ω
≤d
X/S) : ZD,S(d)→ f∗ZD,X(d)

which induces after taking the resolution of the Deligne complexes by differential forms the morphism in
C(Z)

f∗ := (f∗, f∗, θ(f)t) : Cone(ZHomDiff(R)(∆
•, S)∨ ⊕ Γ(S, F dA•S) →֒ Γ(S,A•S))

→ Cone(ZHomDiff(R)(∆
•, X)∨ ⊕ Γ(X,F dA•X) →֒ Γ(X,A•X))

where θ(f)t is the homotopy in the morphism in Dfil(k)⊗I D(Z)

(f∗, f∗, θ(f)t) : (Γ(S, (Ω•S , Fb)),ZHomDiff(R)(∆
•, S)∨, aS∗α(S))

→ (Γ(X, (Ω•X , Fb)),ZHomDiff(R)(∆
•, X)∨, aX∗α(X)),
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which induces in cohomology for n ∈ Z, the morphisms of abelian groups

f∗ : Hn
D(S,Z(d))→ Hn

D(X,Z(d));

we get dually, after taking the resolution of the Deligne complexes by currents the morphism in C(Z)

f∗ := (f∗, f∗, θ(f)) : C
•
D(X,Z(d)) := Cone(ZHomDiff(R)(∆

•, X)⊕ Γ(X,F dD•X) →֒ Γ(X,D•X))

→ C•D(S,Z(d)) := Cone(ZHomDiff(R)(∆
•, S)⊕ Γ(S, F dD•S) →֒ Γ(S,D•S))

where θ(f) is the homotopy in the morphism in Dfil(k)⊗I D(Z)

(f∗, f∗, θ(f)) : (Γ(X, (Ω
•
X , Fb)),ZHomDiff(R)(∆

•, X), aX!α(X))

→ (Γ(S, (Ω•S , Fb)),ZHomDiff(R)(∆
•, S), aS!α(S)),

which induces in homology for n ∈ Z, the morphisms of abelian groups

f∗ : Hn,D(X,Z(d))→ Hn,D(S,Z(d)).

Theorem 43. Let k ⊂ C a subfield.

(i) Let U ∈ SmVar(k). Denote by aU : U → pt the terminal map. Let X ∈ PSmVar(k) a compactifica-
tion of U with D := X\U a normal crossing divisor. The embedding (see theorem 41)

ι : D(MHMgm,k,C({pt}))→ Dfil(k)×I D(Z)

induces for k ∈ Z and d ∈ Z, canonical isomorphisms

ι(aU !HdgZ
Hdg
U ) : Hk(aU !HdgZ

Hdg
U )

∼
−→ Hk

D(X
an
C , Dan

C ,Z(d)), and

ι(aU∗HdgZ
Hdg
U ) : Hk(aU∗HdgZ

Hdg
U )

∼
−→ Hk

D(U
an
C ,Z(d)).

(ii) Let h : U → S and h′ : U ′ → S two morphism with S,U, U ′ ∈ SmVar(k). Let X ∈ PSmVar(k)
a compactification of U with D := X\U a normal crossing divisor such that h : U → S extend to
f : X → S̄. Let X ′ ∈ PSmVar(k) a compactification of U ′ with D′ := X ′\U ′ a normal crossing
divisor such that h′ : U ′ → S extend to f ′ : X ′ → S̄. The embedding ι : D(MHMgm,k,C(pt)) →
Dfil(k)×I D(Z) (see theorem 41) induces for k ∈ Z and d ∈ Z a canonical isomorphism

ι(aU ′×SU !HdgZ
Hdg
U ′×SU

) : HomD(MHMgm,k,C(S))(hU ′!HdgZ
Hdg
U ′ , hU !HdgZ

Hdg
U (d)[k])

RI(−,−)
−−−−−→ HomD(MHMgm,k,C(pt))(Z

Hdg
pt , aU ′×SU !HdgZ

Hdg
U ′×SU

(d)[k]) = Hk(aU ′×SU !HdgZ
Hdg
U ′×SU

(d))
∼
−→ Hk

D((X
′ ×S X)anC , ((X ′ ×S U) ∪ (U ′ ×S X))anC ,Z(d)).

(iii) Let U ∈ SmVar(k). Let X ∈ PSmVar(k) a compactification of U with D := X\U a normal crossing

divisor. For [Z] ∈ CHd(U, n) and [Z ′] ∈ CHd
′

(U, n′), we have

([Z] · [Z ′])D = [Z]D · [Z
′]D ∈ H

2d+2d′−n−n′(UanC ,Z(d+ d′))

where the product on the left is the intersection of higher Chow cycle which is well defined modulo
boundary (they intersect properly modulo boundary) while the right product of Deligne cohomology
classes is induced by the product of Deligne complexes (−) · (−) : ZD,(X,D)(d) ⊗ ZD,(X,D)(d

′) →
ZD,(X,D)(d+ d′).

(iv) Let h : U → S,h′ : U ′ → S, h′′ : U ′′ → S three morphism with S,U, U ′, U ′′ ∈ SmVar(k). Let
X ∈ PSmVar(k) a compactification of U with D := X\U a normal crossing divisor such that
h : U → S extend to f : X → S̄. Let X ′ ∈ PSmVar(k) a compactification of U ′ with D′ := X ′\U ′
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a normal crossing divisor such that h′ : U ′ → S extend to f ′ : X ′ → S̄. Let X ′ ∈ PSmVar(k) a
compactification of U ′ with D′ := X ′\U ′ a normal crossing divisor such that h′ : U ′ → S extend to

f ′ : X ′ → S̄. For [Z] ∈ CHd(U ×S U ′, n) and [Z ′] ∈ CHd
′

(U ′ ×S U ′′, n′), we have

([Z] ◦ [Z ′])D = [Z]D ◦ [Z
′]D ∈ H

d′′−n′′((U ×S U
′′)anC ,Z(d′′ − n′′))

where the composition on the left is the composition of higher correspondence modulo boundary while
the composition on the right is given by (ii).

Proof. (i):Standard.
(ii):Follows on the one hand from (i) and on the other hand the six functor formalism on the 2-functor
D(MHMgm,k,C(−)) : SmVar(k)→ TriCat (theorem 42) gives the isomorphism RI(−,−).
(iii):Standard.
(iv):Follows from (iii).

6.2 The p-adic case where k ⊂ K ⊂ Cp

Let p a prime integer. Let k ⊂ K ⊂ Cp a subfield of a p adic field K. Denote by k̄ ⊂ Cp its algebraic
closure. We denote by G := Gal(K̄/K) ⊂ Gal(k̄/k) the Galois group of K. Recall (see section 2) that
for a prime number l, a Zl module K = (Kn)n∈N is a projective system with Kn a ln torsion group such
that Kn → Kn+1/l

nKn+1 is an isomorphism. For S ∈ Var(k) and l a prime integer, we have (see section
2) PZl,fil(S

et) ⊂ DZlfil,c(S
et) and PZl,fil,k(S

an,pet
K ) ⊂ DZlfil,c,k(S

an,pet
K ) the full subcategories of filtered

perverse sheaves whose cohomology sheaves are constructible with respect to a Zariski stratification of
S. For S ∈ Var(k), we denote by anS : San := SanCp → SCp → S the morphism of ringed spaces given by

the analytical functor. For S ∈ Var(k), we denote Bdr,SK := Bdr,RK(SanK ) and OBdr,SK := OBdr,RK(SanK )

where RK : AnSp(K)→ AdSp /(K,OK) the canonical functor (see section 2).

• For (M,F ) ∈ COSfil(S), we denote by (M,F )an := an∗modS (M,F ) ∈ COSfil(S
an
Cp

).

• For (M,F ) ∈ CDfil(S), we denote by (M,F )an := an∗modS (M,F ) ∈ CDfil(SanCp ).

We denote for short

DR(S) := DR(SanCp ) ◦ an
∗mod
S : CDfil(S)→ Cfil(S

an,pet
Cp

), M 7→ DR(S)(Man)

the De Rham functor. For M,N ∈ DBdr,SK
(San,petK ), we denote for short M ⊗Bdr,S N :=M ⊗LBdr,SK

N ∈

DBdr,SK
(San,petK ) the derived tensor product.

6.2.1 The Bdr functor

Motivated by theorem 29 and theorem 12, we make the following definition:

Definition 76. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier) divisor, where s ∈ Γ(S,L) is a section
of the line bundle L = LD associated to D. We denote by j : So := S\D →֒ S the open complementary
subset. Let π : S̃o,anK → So,anK the perfectoid universal covering.

(i) We define, using definition 57,

Bdr,So/S,K := F 0DR(S)((j∗Hdg(OSo , Fb))
an ⊗OSan

K
(OBdr,SK , F )) ∈ CBdr,SK

(San,petK )

together with the canonical map in CBdr,SK
(San,petK )

aS(Bdr,So/S,K) := F 0DR(S)(ad(j∗, j∗Hdg)(OS , Fb)
an ⊗ I) : Bdr,SK → Bdr,So/S,K
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(ii) We define, using definition 55, the nearby cycle module

Bdr,ψD,K := F 0DR(S)((ψD(OSo , Fb))
an ⊗OSan

K
(OBdr,SK , F )) ∈ CBdr,S(S

an,pet
K )

together with the canonical maps in CBdr,SK
(San,petK )

ρBdr,D(OS) := F 0DR(S)(ρDR,D(OSo , Fb)
an ⊗ I) : Bdr,So/S,K → Bdr,ψD ,K

and

aS(Bdr,ψD ) := F 0DR(S)((ρDR,D(OSo , Fb) ◦ ad(j
∗, j∗Hdg)(OS , Fb))

an ⊗ I) :

Bdr,SK
aS(Bdr,So/S,K)
−−−−−−−−−−→ Bdr,So/S,K

ρBdr,D(OS)
−−−−−−−→ Bdr,ψD,K

where ρDR,D(OSo , Fb) : j∗Hdg(OSo , Fb)→ ψD(OSo , Fb) is given in definition 58.

(iii) We define, using definition 55 and (ii), the vanishing cycle module

Bdr,φD,K := F 0DR(S)((φD(OSo , Fb))
an ⊗OSan

K
(OBdr,SK , F )) ∈ CBdr,SK

(San,petK ).

together with the canonical maps in CBdr,SK
(San,petK ) We have using definition 55 the following maps

canBdr,D(OS) := F 0DR(S)(can(OSo , Fb)
an ⊗ I) : Bdr,ψD,K → Bdr,φD ,K ,

and
varBdr ,D(OS) := F 0DR(S)(var(OSo , Fb)

an ⊗ I) : Bdr,φD,K → Bdr,ψD,K

and

aS(Bdr,φD,K) := F 0DR(S)((can(OSo , Fb) ◦ ρDR,D(OSo , Fb) ◦ ad(j
∗, j∗Hdg)(OS , Fb))

an ⊗ I) :

Bdr,SK
aS(Bdr,ψD,K)
−−−−−−−−−→ Bdr,ψD,K

canBdr,D
(OS)

−−−−−−−−−→ Bdr,φD,K

(iv) Using (ii), we set

Bdr,xSo/S,K := Cone(ρBdr,D(OS) : Bdr,So/S,K → Bdr,ψD,K) ∈ CBdr,SK
(San,petK )

together with the canonical map in CBdr,SK
(San,petK )

aS(Bdr,xSo/S,K) := (aS(Bdr,So/S,K), aS(Bdr,ψD,K)) : Bdr,SK → Bdr,xSo/S,K .

We then give using definition 76 and the local system case an inverse functor to the De Rham functor
for De Rham modules

Definition 77. (i0) Let S ∈ SmVar(k) irreducible. We then have the morphism of site anS : San,petK →
Set given by the analytical functor. Let K ∈ PZp,k(S

et) a perverse sheaf, in particular there exist
an open subset So ⊂ S with D := S\So a (Cartier) divisor such that K|So := j∗K ∈ C(So,et) is a
local system for the etale topology, where we denote j : S0 →֒ S the open embedding and i : D →֒ S
the closed embedding of the Cartier divisor. Assume first that K|D := i∗K is a local system.

Then, ψDK,φDK ∈ CZp(D
et) are local systems. We denote again K := an∗S K ∈ C(S

an,pet
K ) and

K := j∗K ∈ C(So,an,petK ). Denote by π : S̃o,anK → So,anK the perfectoid universal covering. We then

have by theorem 12 a canonical isomorphism in DZp,c(S
an,pet
K )

Is(K) : K
∼
−→ (ψDK

(c(xSo/S(K)),can(K))
−−−−−−−−−−−−−−→ xSo/S(K)⊕ φDK

(Dc(DK),var(K))
−−−−−−−−−−−→ ψDK)
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We then set using definition 76

Bdr,S(xSo/S(K)) := xSo/S(K)⊗Qp Bdr,xSo/S ,K =

Cone((ad(i∗, i∗)(−) ◦ ad(j ◦ π
∗, j ◦ π∗)(K))⊗ ρBdr,D(OS) :

Rj∗K ⊗Qp Bdr,So/S,K → ψDK ⊗Qp Bdr,ψD,K) ∈ DBdr(S
an,pet
K )

and

Bdr,S(K) := (Bdr,S(ψDK) := ψDK ⊗Qp Bdr,ψD,K
(c(Bdr,S(xSo/S(K))),can(K)⊗canBdr,D

(OS))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Bdr,S(xSo/S(K))⊕ Bdr,S(φDK) := (x(K)⊗Qp Bdr,xSo/S ,K)⊕ φDK ⊗Qp Bdr,φD,K)

(Dc(Bdr,S(xSo/S(DK))),var(K)⊗varBdr,D(OS))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ Bdr,S(ψDK) := ψDK ⊗Qp Bdr,ψD,K) ∈ DBdr(S

an,pet
K ).

(i) Let S ∈ SmVar(k) irreducible. We then have the morphism of site anS : San,pet → Set given by the
analytical functor. We define the functor

Bdr,S : DZpfil,c,k(S
et)→ DBdr,Sfil(S

an,pet
K )

using the nearby and vanishing cycle functors. For (K,W ) ∈ Ppfil(S
et) a filtered perverse sheaf

and (D1, . . . , Dd) ∈ S(K) a stratification by (Cartier) divisor Di ⊂ S, 1 ≤ i ≤ d such that
K|D(r)\D(r+1) := l∗rK ∈ DZp,c(D(r)\D(r + 1)et) are local systems for all 1 ≤ r ≤ d, where D(r) :=
∩1≤i≤rDi and lr : D(r)\D(r + 1) →֒ S is the locally closed embedding, we have by theorem 12 a
canonical isomorphism in DZp,c(S

an,pet
K )

Is(K) : K
∼
−→ (· · · →

⊕

1<i1···<id≤d

xS\Di1/S · · ·xS\Dir/SφDir+1
· · ·φDisψDis+1

· · ·ψDid (K)→ · · · ),

we then define by (i0)

Bdr,S(K,W ) := lim
(D1,...,Dd)∈S(K)

(· · · →

⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir /SφDir+1
· · ·φDisψDis+1

· · ·ψDid (K,W )⊗Qp

Bdr,xS\Di1/S ,K
⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,xS\Dir/S,K ⊗Bdr,SK

Bdr,φDir+1
,K ⊗Bdr,SK

· · ·

⊗Bdr,SK
Bdr,φDis ,K ⊗Bdr,SK

Bdr,ψDis+1
,K ⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,ψDid ,K

→ · · · ).

For m : (K1,W ) → (K2,W ) a morphism with (K1,W ), (K2,W ) ∈ Ppfil(S
et), considering a

stratification (D1, . . . , Dd) ∈ S(K1) ∩ S(K2) by (Cartier) divisor Di ⊂ S, 1 ≤ i ≤ d such that
K1|D(r)\D(r+1),K2|D(r)\D(r+1) ∈ DZp,c(D(r)\D(r +1)et) are local systems for all 1 ≤ r ≤ d, we get

Bdr,S(m) :

Bdr,S(K1,W ) := (· · · →
⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir/SφDir+1
· · ·φDisψDis+1

· · ·ψDid (K1,W )⊗Qp

Bdr,xS\Di1/S,K
⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,xS\Dir/S,K ⊗Bdr,SK

Bdr,φDir+1
,K ⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,φDis ,K

⊗Bdr,SK
Bdr,ψDis+1

,K ⊗Bdr,SK
· · · ⊗Bdr,SK

Bdr,ψDid ,K
→ · · · )

(xS\Di1/S
···xS\Dir/S

φDir+1
···φDisψDis+1

···ψDid
(m)⊗I)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Bdr,S(K2,W ) := (· · · →
⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir/SφDir+1
· · ·φDisψDis+1

· · ·ψDid (K2,W )⊗Qp

Bdr,xS\Di1/S,K
⊗Bdr,SK

· · · ⊗ Bdr,xS\Dir/S,K ⊗Bdr,SK

Bdr,φDir+1
,K ⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,φDis ,K

⊗Bdr,SK
Bdr,ψDis+1

,K ⊗Bdr,SK
· · · ⊗Bdr,SK

Bdr,ψDid ,K
→ · · · ).
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Note that if L is a local system on S then Bdr,S(L) = L ⊗ Bdr,S,K, that is it does NOT depend on
the choice of a stratification (see remark 6). This gives the functor

Bdr,S : DZpfil,c,k(S
et) = D(Ppfil(S

et))→ DBdr,Sfil(S
an,pet
K ).

(ii) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). We define as in (i) the functor

Bdr,(S̃I) : DZpfil,c,k(S
et)

T (S/(S̃I))
−−−−−−→ DZpfil,c,k(S

et/(S̃etI ))→ DBdrfil(S
an,pet
K /(S̃an,petI,K )),

(K,W ) 7→ Bdr,(S̃I)(K,W ) := Bdr,(S̃I)(iI∗j
∗
I (K,W ), tIJ )

with for (K,W ) ∈ Ppfil(Set),

Bdr,(S̃I)(K,W ) := lim
(D1,...,Dd)∈S(K)

((
⊕

1≤i1<···<id≤d

xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃ir,I/S̃IφD̃ir+1 ,I

· · ·φD̃is,IψD̃is+1,I
· · ·ψD̃id,I

(iI∗j
∗
I (K,W ))⊗Qp

Bdr,xS̃I\D̃i1,I /S
,K ⊗Bdr,S̃I,K

· · · ⊗Bdr,S̃I,K
Bdr,xS̃I\Dir,I/S̃I ,K

⊗Bdr,S̃I,K

Bdr,φD̃ir+1,I
,K ⊗Bdr,S̃I,K

· · · ⊗Bdr,S̃I,K
Bdr,φD̃is,I ,K

⊗Bdr,S̃I,K

Bdr,ψD̃is+1,I
,K ⊗Bdr,S̃I,K

· · · ⊗Bdr,S̃I,K
Bdr,ψD̃id,I

,K → · · · ),Bdr(tIJ))

with (D1, . . . , Dd) ∈ S(K) stratifications by Cartier divisor Di ⊂ S, 1 ≤ i ≤ d such that K|D(r)\D(r+1) :=

l∗rK ∈ DZp,c(D(r)\D(r + 1)et) are local systems for all 1 ≤ r ≤ d, and D̃s,I ⊂ S̃I are (Cartier)

divisor such that Ds∩SI ⊂ D̃s,I ∩S (that is Ds∩SI is a union of irreducible components of D̃S,I∩S
which are (Cartier) divisors), having by theorem 12 the canonical isomorphism in DZp,c,k(S

an,pet
K )

Is(K) : K
∼
−→ (· · · →

⊕

1<i1···<id≤d

xS\Di1/S · · ·xS\Dir/SφDir+1
· · ·φDisψDis+1

· · ·ψDid (K)→ · · · ).

Remark 6. Let S ∈ SmVar(k). Let K ∈ PZp,k(S
et). (D1, . . . , Dd) ∈ S(K) stratifications by Cartier

divisor Di ⊂ S, 1 ≤ i ≤ d such that K|D(r)\D(r+1) := l∗rK ∈ DZp,c(D(r)\D(r+1)et) are local systems for

all 1 ≤ r ≤ d. We then have the canonical map in DBdr(S
an,pet
K )

aS(K,Bdr) := I(K)⊗ (aS(Bdr,xS\Di/S , aS(Bdr,φDi , aS(Bdr,ψDi ) : K ⊗ Bdr,SK →

Bdr,S(K) :=
⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir/SφDir+1
· · ·φDisψDis+1

· · ·ψDid (K)⊗Qp

Bdr,xS\Di1/S ,K
⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,xS\Dir/S,K ⊗Bdr,SK

Bdr,φDir+1
⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,φDis ,K ⊗Bdr,SK

Bdr,ψDis+1
,K ⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,ψDid ,K

→ · · · ).

On the other hand we have by theorem 29,

α(S) : K ⊗ Bdr,SK
∼
−→ F 0DR(S)((K ⊗OSanK , Fb)⊗OSan

K
(OBdr,SK , F ))

in DBdr(S
an,pet
K ).

(i) If K ∈ Pp(S) is a local system then the map aS(K,Bdr) is an isomorphism since by proposition 46

(OS , Fb)
∼
−→

⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir /SφDir+1
· · ·φDisψDis+1

· · ·ψDid (OS , Fb)

in D(DRM(S).
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(ii) If K ∈ Pp(S) is NOT a local system then the map aS(K,Bdr) is NOT an isomorphism is general.
For example, for j : So →֒ S an open embedding with D := S\So a Cartier divisor, we have in
DBdr(S

an,pet
K ), by proposition 46,

T (j,Bdr)(Zp,So) := (0, c(Bdr,xS\D/S,K), 0) : Bdr,S(j∗Zp,So)
:=
−→

(φD(Zp,SK )⊗ Bdr,ψD,K → (xS\D/S(Zp,SK )⊗ Bdr,xS\D/S,K)⊕ (φD(Zp,SK )⊗ Bdr,φD,K)→

ψD(Zp,SK )⊗ Bdr,ψD,K)
∼
−→ Bdr,So/S,K := F 0DR(S)(j∗Hdg(OSo , Fb)

an ⊗OSan
K

(OBdr,SK , F ))

which is, by theorem 29 (in the case of D a normal crossing divisor, Bdr,So/S,K = Bdr,SK (logDK)),

NOT isomorphic in DBdr(S
an,pet
K ) to

j∗α(S
o) : j∗Bdr,So = (j∗Zp,SoK )⊗ Bdr,SK

∼
−→ F 0DR(S)(j∗(OS , Fb)

an ⊗OSan
K

(OBdr,SK , F ))

Recall that the filtered De Rham functor does NOT commutes with filtered tensor product in general
(it may leads to different F-filtration)

Let k ⊂ K ⊂ Cp a subfield of a p-adic field. Let S ∈ SmVar(k) and D ⊂ S a Cartier divisor.
Denote So := S\D. We write for simplicity, Bdr,S := Bdr,SK , OBdr,S := OBdr,SK , Bdr,So/S := Bdr,So/S,K ,
Bdr,xSo/S := Bdr,xSo/S,K Bdr,ψD := Bdr,ψD,K and Bdr,φD := Bdr,φD,K

We now look at the functorialities with respect to the proper morphisms and with respect to the open
embeddings :

Let f : X → S a morphism with X,S ∈ SmVar(k). Let D ⊂ S a (Cartier) divisor and denote
So := S\D and Xo := X\f−1(D). Denote j : So →֒ S, j′ : Xo →֒ X the open embeddings.

• We have the following quasi-isomorphism in CBdr,S(X
an,pet
K )

mf (Bdr,So/S) : f
∗Bdr,So/S ⊗f∗Bdr,S Bdr,X

I⊗α(XK)
−−−−−−→

f∗F 0DR(S)(j∗Hdg(OSo , Fb)
an ⊗OS (OBdr,S , F ))⊗f∗Bdr,S F

0DR(X)((OX , Fb)
an ⊗OX (OBdr,X), F )

=
−→

F 0DR(f∗OS)(f
∗j∗Hdg(OSo , Fb)

an ⊗OS (OBdr,S , F ))⊗f∗Bdr,S F
0DR(X)((OX , Fb)

an ⊗OX (OBdr,X), F )

wX◦Ωf∗OS/OX (−)
−−−−−−−−−−−−→ F 0DR(X)(f∗modj∗Hdg(OSo , Fb)

an ⊗OX (OBdr,X , F ))
=
−→ F 0DR(X)(j′∗Hdg(OXo , Fb)

an ⊗OX (OBdr,X), F ) =: Bdr,Xo/X .

• We have the following quasi-isomorphism in CBdr,S(X
an,pet
K )

mf (Bdr,ψD) : f
∗Bdr,ψD ⊗f∗Bdr,S Bdr,X

I⊗α(XK)
−−−−−−→

f∗F 0DR(S)(ψD(OSo , Fb)
an ⊗OS (OBdr,S , F ))⊗f∗Bdr,S F

0DR(X)((OX , Fb)
an ⊗OX (OBdr,X), F )

=
−→

F 0DR(f∗OS)(f
∗ψD(OSo , Fb)

an ⊗OS (OBdr,S , F ))⊗f∗Bdr,S F
0DR(X)((OX , Fb)

an ⊗OX (OBdr,X), F )

wX◦Ωf∗OS/OX (−)
−−−−−−−−−−−−→ F 0DR(X)(f∗modψD(OSo , Fb)

an ⊗OX (OBdr,X , F ))
=
−→ F 0DR(X)(ψf−1(D)(OXo , Fb)

an ⊗OX (OBdr,X , F )) =: Bdr,ψf−1(D)
.
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• We have the following quasi-isomorphism in CBdr,S(X
an,pet
K )

mf (Bdr,ψD ) : f
∗Bdr,ψD ⊗f∗Bdr,S Bdr,X

I⊗α(XK)
−−−−−−→

f∗F 0DR(S)(φD(OSo , Fb)
an ⊗OS (OBdr,S , F ))⊗f∗Bdr,S F

0DR(X)((OX , Fb)
an ⊗OX (OBdr,X), F )

=
−→

F 0DR(f∗OS)(f
∗φD(OSo , Fb)

an ⊗OS (OBdr,S , F ))⊗f∗Bdr,S F
0DR(X)((OX , Fb)

an ⊗OX (OBdr,X), F )

wX◦Ωf∗OS/OX (−)
−−−−−−−−−−−−→ F 0DR(X)(f∗modφD(OSo , Fb)

an ⊗OX (OBdr,X , F ))
=
−→ F 0DR(X)(φf−1(D)(OXo , Fb)

an ⊗OX (OBdr,X , F )) =: Bdr,φf−1(D)
.

• We have the following map in CBdr,S(S
an,pet
K )

mf (Bdr,xSo/S ) := (mf (Bdr,So/S),mf (Bdr,ψD )) : f
∗Bdr,xSo/S ⊗f∗Bdr,S Bdr,X → Bdr,xXo/X

Definition 78. (i) Let f : X → S be a proper morphism with X,S ∈ SmVar(k). Let (K,W ) ∈
PZpfil,k(X

et) be a filtered perverse sheaf. We have a canonical isomorphism in DZpfil,c,k(S
et)

l(K,W ) : (K,W )
⊕
−→k∈Z

pRkf∗(K,W ).

Consider a stratification (E1, . . . , Ed) ∈ S(K) by (Cartier) divisor Ei ⊂ X, 1 ≤ i ≤ d, such that

K|E(r)\E(r+1) := l∗rK ∈ DZp,c((E(r)\E(r + 1))et)

are local systems for all 1 ≤ r ≤ d, lr : E(r) →֒ X being the locally closed embeddings. Let k ∈ Z.
Take a stratification (D1, . . . , De) ∈ S(K) by (Cartier) divisor Di ⊂ S, 1 ≤ i ≤ e, such that

( pRkf∗xi1 · · ·xirφEir+1
· · ·φEisψEis+1

· · ·ψEidK)|D(r′)\D(r′+1) :=

m∗r′
pRkf∗xi1 · · ·xirφEir+1

· · ·φEisψEis+1
∈ DZp,c((D(r′)\D(r′ + 1))et)

are local systems for all 1 ≤ i1 < · · · < ir+1 < · · · < is+1 < · · · < id ≤ d and all 1 ≤ r′ ≤ e,
mr′ : D(r′) →֒ S being the locally closed embeddings. This implies that

pRkf∗K|D(r′)\D(r′+1) := m∗r′
pRkf∗K ∈ DZp,c((D(r′)\D(r′ + 1))et)
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are local systems for all 1 ≤ r′ ≤ e. We then define the canonical maps in DBdr,Sfil(S
an,pet
K )

T k(f,Bdr)(K,W ) : Bdr,S(
pRkf∗(K,W ))

Bdr,S(
pRkf∗Is(K,W ))

−−−−−−−−−−−−−−−→

(· · · →
⊕

1≤i1···<id≤d

Bdr,S(
pRkf∗xX\Ei1/S · · ·xX\Eir/SφEir+1

· · ·φEisψEis+1
· · ·ψEid (K,W ))→ · · · )

:=
−→ (· · · →

⊕

1≤i1<···<id≤d,1≤j1<···<je≤e

xS\Dj1/S · · ·xS\Dir′ /S
φDj

r′+1
· · ·φDj

s′

ψDj
s′+1
· · ·ψDje (

pRkf∗(xX\Ei1/X · · ·xX\Eir/XφEir+1
· · ·φEisψEis+1

· · ·ψEid (K,W ))) ⊗Qp

Bdr,xS\Dj1/S
⊗ · · · ⊗ Bdr,xS\Dj

r′
/S
⊗Bdr,S Bdr,φDj

r′+1

⊗ · · · ⊗ Bdr,φDj
s′
⊗Bdr,S Bdr,ψDj

s′+1

⊗ · · · ⊗ Bdr,ψDje → · · · )

lk(−)◦((T (f,ψ)(−)◦···◦T (f,ψ)(−)◦T (f,φ)(−)◦···◦T (f,φ)(−)◦T (f,x)(−)◦···◦T (f,x)(−))⊗I)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(· · · →
⊕

1≤i1<···<id≤d,1≤j1<···<je≤e

Rf∗(xX\f−1(Dj1 )/S
xX\Ei1/S · · ·xX\f−1(Dj

r′
)/XxX\Eir/X

φf−1(Dj
r′+1

)φEir+1
· · ·φf−1(Dj

s′
)φEisψf−1(Dj

s′+1
)ψEis+1

· · ·ψf−1(Djd )
ψEid (K,W ))⊗Qp

Bdr,xS\Dj1/S
⊗ · · · ⊗ Bdr,xS\Dj

r′
/S
⊗Bdr,S Bdr,φDj

r′+1

⊗ · · · ⊗ Bdr,φDj
s′

⊗Bdr,SBdr,ψDj
s′+1

⊗ · · · ⊗ Bdr,ψDje → · · · )

T (f,⊗)(−,−)
−−−−−−−−→ (· · · →

⊕

1≤i1<···<id≤d,1≤j1<···<je≤e

Rf∗(xX\f−1(Dj1 )/S
xX\Ei1/S · · ·xX\f−1(Dj

r′
)/XxX\Eir/X

φf−1(Dj
r′+1

)φEir+1
· · ·φf−1(Dj

s′
)φEisψf−1(Dj

s′+1
)ψEis+1

· · ·ψf−1(Djd )
ψEid (K,W )⊗Qp

f∗Bdr,xS\Dj1/S
⊗ · · · ⊗ f∗Bdr,xS\Dj

r′
/S
⊗f∗Bdr,S Bdr,φDj

r′+1

⊗ · · · ⊗ f∗Bdr,φDj
s′

⊗f∗Bdr,Sf
∗Bdr,ψDj

s′+1

⊗ · · · ⊗ Bdr,ψDje )→ · · · )

Rf∗(I⊗aX(Bdr,xX\Ei/X
)⊗aX(Bdr,φEi

)⊗aX(Bdr,ψEi
))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(· · · →
⊕

1≤i1<···<id≤d,1≤j1<···<je≤e

Rf∗(xX\f−1(Dj1 )/S
xX\Ei1/S · · ·xX\f−1(Dj

r′
)/XxX\Eir/X

φf−1(Dj
r′+1

)φEir+1
· · ·φf−1(Dj

s′
)φEisψf−1(Dj

s′+1
)ψEis+1

· · ·ψf−1(Djd )
ψEid (K,W )⊗Qp

f∗Bdr,xS\Dj1/S
⊗ · · · ⊗ f∗Bdr,xS\Dj

r′
/S
⊗f∗Bdr,S Bdr,φDj

r′+1

⊗ · · · ⊗ f∗Bdr,φDj
s′

⊗f∗Bdr,Sf
∗Bdr,ψDj

s′+1

⊗ · · · ⊗ Bdr,ψDje ⊗f
∗Bdr,S

Bdr,xX\Ei1/X
⊗Bdr,X ⊗ · · · ⊗ Bdr,xX\Eir /X

⊗Bdr,XBdr,φEir+1
⊗ · · · ⊗ Bdr,φEis ⊗Bdr,X Bdr,ψEis+1

⊗ · · · ⊗ Bdr,φEid
)→ · · · )

Rf∗(I⊗mf (Bdr,xS\Dj/S
)⊗mf (BdrφDj

)⊗mf (Bdr,ψDj
))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(· · · →
⊕

1≤i1<···<id≤d,1≤j1<···<je≤e

Rf∗(xX\f−1(Dj1 )/X
xX\Ei1/X · · ·xX\f−1(Dj

r′
)/XxX\Eir/X

φf−1(Dj
r′+1

)φEir+1
· · ·φf−1(Dj

s′
)φEisψf−1(Dj

s′+1
)ψEis+1

· · ·ψf−1(Djd )
ψEid (K,W )⊗Qp

Bdr,xX\Ei1/X
⊗Bdr,X ⊗ · · · ⊗ Bdr,xX\Eir /X

⊗Bdr,XBdr,φEir+1
⊗ · · · ⊗ Bdr,φEis ⊗Bdr,X Bdr,ψEis+1

⊗ · · · ⊗ Bdr,φEid
⊗Bdr,XBdr,xX\f−1(Dj1

)/X
⊗ · · · ⊗ Bdr,xX\f−1(Dj

r′
)/X

⊗Bdr,XBdr,φf−1(Dj
r′+1

)
⊗ · · · ⊗ Bdr,φf−1(Dj

s′
)
⊗Bdr,X Bdr,ψf−1(Dj

s′+1
)
⊗ · · · ⊗ Bdr,ψf−1(Dje

)
)→ · · · )

=
−→ Rf∗Bdr,X(K,W ),
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with lk(K,W ) : pRkf∗(K,W ) →֒ Rf∗(K,W ), which gives the canonical map in DBdr,S(S
an,pet
K )

T (f,Bdr)(K,W ) : Bdr,S(Rf∗(K,W ))
Bdr,S(l(K,W ))
−−−−−−−−−→ ⊕k∈ZBdr,S(

pRkf∗(K,W ))

(Tk(f,Bdr)(K,W ))
−−−−−−−−−−−−→ Rf∗Bdr,X(K,W ).

It gives, by functoriality, for (K,W ) ∈ DZpfil,c,k(S
et), the canonical map in DBdr,Sfil(S

an,pet
K )

T (f,Bdr)(K,W ) : Bdr,S(Rf∗(K,W ))→ Rf∗Bdr,X(K,W ).

(ii) Let f : X → S a morphism with S,X ∈ QPVar(k). Consider a factorization f : X →֒ Y × S
p
−→ S

with Y ∈ SmVar(k). Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with
S̃i ∈ SmVar(k). Denote by i′I : XI →֒ Y × S̃I the closed embeddings. For (K,W ) ∈ PZpfil,k(X

et),

we have as in (i) the following map in DBdrfil(S
an,pet
K /(S̃I,K)an,pet)

T k(f,Bdr)(K,W ) : Bdr,(S̃I)(
pRf∗(K,W ))

=
−→ (Hk(· · · →

⊕

1≤i1<···<id≤d,1≤j1<···<je≤e

xS̃I\Dj1,I/S̃I
· · ·xS̃I\D̃i

r′
,I/S̃I

φD̃j
r′+1

,I
· · ·φD̃j

s′
,I
ψD̃j

s′+1
,I
· · ·ψD̃je,I (pS̃I∗E(x(Y×S̃I)\Ẽi1,I/Y×S̃I

· · ·

x(Y×S̃I)\Ẽir,I/Y×S̃IφẼir+1
· · ·φẼisψẼis+1

· · ·ψẼid
(K,W )))⊗Qp

Bdr,xS̃I\D̃j1/S̃
⊗ · · · ⊗ Bdr,xS̃I\D̃j

r′
/S̃I
⊗Bdr,S̃I

Bdr,φD̃j
r′+1

,I
⊗ · · · ⊗

Bdr,φD̃j
s′
,I
⊗Bdr,S̃I

Bdr,ψD̃j
s′+1

,I
⊗ · · · ⊗ Bdr,ψD̃je,I

→ · · · ),Bdr(tIJ))

(I⊗mf (−)◦(I⊗a−(−))◦T (p,⊗)(−,−)◦lk(−)◦T (p,−)(−)◦···◦T (p,−)(−))
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

((· · · →
⊕

1≤i1<···<id≤d,1≤j1<···<je≤e

pS̃I∗E(x(Y×S̃I)\p−1(D̃j1,I)/Y×S̃I
x(Y×S̃I)\Ẽi1,I/Y×S̃I

· · ·x(Y×S̃I)\p−1(D̃j
r′
,I)/Y×S̃I

x(Y×S̃I)\Ẽir/Y×S̃I

φp−1(D̃j
r′+1

,I)
φẼir+1

· · ·φp−1(D̃j
s′
,I)
φẼisψp−1(D̃j

s′+1
)ψẼis+1

· · ·ψp−1(D̃jd,I)
ψẼid,I

(K,W )⊗Qp

Bdr,x(Y×S̃I )\Ẽi1
/Y×S̃I

⊗Bdr,Y×S̃I
⊗ · · · ⊗ Bdr,x(Y×S̃I )\Ẽir,I

/Y×S̃I
⊗Bdr,Y×S̃I

Bdr,φẼir+1,I
⊗ · · · ⊗ Bdr,φẼis,I

⊗Bdr,Y×S̃I
Bdr,ψẼis+1,I

⊗ · · · ⊗ Bdr,φẼid,I

⊗Bdr,Y×S̃I
Bdr,x(Y×S̃I )\p

−1(D̃j1,I
)/X
⊗ · · · ⊗ Bdr,x(Y×S̃I )\p

−1(D̃j
r′

)/X

⊗Bdr,Y×S̃I
Bdr,φp−1(D̃j

r′+1
,I )
⊗ · · · ⊗ Bdr,φp−1(D̃j

s′
,I )

⊗Bdr,Y×S̃I
Bdr,ψp−1(D̃j

s′+1
,I )
⊗ · · · ⊗ Bdr,ψp−1(D̃je,I

)
)→ · · · ),Bdr(tIJ))

=:
−→ Rp∗Bdr,(Y×S̃I)(K,W )

where (E1, . . . , Ed) ∈ S(K) is a stratification by Cartier divisor Ei ⊂ X, 1 ≤ i ≤ d, such that

K|E(r)\E(r+1) := l∗rK ∈ DZp,c((E(r)\E(r + 1))et)

are local systems for all 1 ≤ r ≤ d, lr : E(r) →֒ X being the locally closed embeddings, and
(D1, . . . , De) ∈ S(K) is a stratification by Cartier divisor Di ⊂ S, 1 ≤ i ≤ e, such that

( pRkf∗xi1 · · ·xirφEir+1
· · ·φEisψEis+1

· · ·ψEidK)|D(r′)\D(r′+1) :=

m∗r′
pRkf∗xi1 · · ·xirφEir+1

· · ·φEisψEis+1
∈ DZp,c((D(r′)\D(r′ + 1))et)

are local systems for all 1 ≤ i1 < · · · < ir+1 < · · · < is+1 < · · · < id ≤ d, all 1 ≤ r′ ≤ e,
k ∈ Z, mr′ : D(r′) →֒ S being the locally closed embeddings, D̃s,I ⊂ S̃I (Cartier) divisor such that

Ds ∩ SI ⊂ D̃s,I ∩ S, and Ẽs,I ⊂ Y × S̃I (Cartier) divisor such that Es ∩XI ⊂ Ẽs,I ∩X. It gives,

by functoriality, for (K,W ) ∈ DZpfil,c,k(S
et), the canonical map in DBdrfil(S

an,pet
K /(S̃an,petI,K ))

T (f,Bdr)(K,W ) : Bdr,(S̃I)(Rf∗(K,W ))→ Rf∗Bdr,(Y×S̃I)(K,W ).
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Lemma 6. Let f : X → S a proper morphism with X,S ∈ SmVar(k). Let E ⊂ X a (Cartier) divisor.
Denote j : U := X\E →֒ X the open embedding. Let K ∈ PZp,k(X

et) such that K|U and K|E are local

systems and such that pRkf∗K = Rkf∗K are local systems for all k ∈ Z. Then,

(i) The map

Rf∗(I ⊗ aX(Bdr,U/X,Cp)) : Rf∗Rj∗π
∗
k/Cp

K ⊗ Bdr,SCp
→ Rf∗(Rj∗π

∗
k/Cp

K ⊗ Bdr,U/X,Cp)

is an isomorphism.

(ii) The map

Rf∗(I ⊗ aX(Bdr,ψE )) : Rf∗ψEK ⊗ Bdr,S → Rf∗(ψEK ⊗ Bdr,ψE )

is an isomorphism.

(iii) The map

Rf∗(I ⊗ aX(Bdr,φE )) : Rf∗φEK ⊗ Bdr,S → Rf∗(φEK ⊗ Bdr,φE)

is an isomorphism.

(iv) The map

Rf∗(I ⊗ aX(Bdr,xU/X )) : Rf∗xU/X(π∗k/CpK)⊗ Bdr,SCp
→ Rf∗(xU/X(K)⊗ Bdr,xU/X,Cp )

is an isomorphism.

Proof. (i): Take a resolution ǫ : (X̃, Ẽ) → (X,E) with X̃ ∈ SmVar(k̄) and Ẽ = ∪iẼi ⊂ X̃ a normal
crossing divisor. We then apply theorem 29.
(ii):Follows from theorem 40 and on the other hand theorem 6 and theorem 8.
(iii):Follows from theorem 40 and on the other hand theorem 6 and theorem 8.
(iv):Follows from (i),(ii).

Theorem 44. (i) Let X ∈ PSmVar(k). Let Z ⊂ X a closed subset. Denote by j : U := X\Z →֒ X
the open complementary embedding. Take (Cartier) divisor D1, . . . , Dr ⊂ X such that Z = ∩ri=1Di.
The map in D(Bdr,Cp , G)

RΓ(Xk̄, I ⊗ aX(Bdr,Di/X)) : RΓ(Xk̄, Rj∗ZUet,p)⊗ Bdr,Cp = RΓ(Uk̄,Zp,Uet)⊗ Bdr,Cp
→ RΓ(Xk̄, Rj∗Zp,Uet ⊗ Bdr,X\D1/X ⊗Bdr,S · · ·Bdr,X\Dr/X)

:=
−→ RΓ(Xk̄, F

0DR(X)(j∗Hdg(OU , Fb)
an ⊗OX (OBdr,X , F )))

is an isomorphism.

(ii) Let f : X → S be a proper morphism with X,S ∈ SmVar(k). For K ∈ DZp,c,k(X
et), the map in

DBdr,G(S
an,pet
Cp

) (where the a G module structure is a continuous action of the Galois group)

T (f,Bdr)(K) : Bdr,S(Rf∗K)→ Rf∗Bdr,X(K)

given in definition 78 is an isomorphism.

(ii)’ Let f : X → S a morphism with S,X ∈ QPVar(k). Consider a factorization f : X →֒ Y × S
p
−→ S

with Y ∈ SmVar(k). Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with
S̃i ∈ SmVar(k). Denote by i′I : XI →֒ Y × S̃I the closed embeddings. For K ∈ DZp,c,k(X

et), the

map in DBdr,G(S
an,pet
Cp

/(S̃I,Cp)
an,pet)

T (f,Bdr)(K) : Bdr,(S̃I)(Rf∗K)→ Rp∗Bdr,(Y×S̃I)(K)

given in definition 78 is an isomorphism.
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Proof. (i):We take (Cartier) divisor D1, . . . , Dr ⊂ X such that Z = ∩ri=1Di. Point (i) follows then from
lemma 6(i) applied to each Di by definition of j∗Hdg(OU , Fb). One can also apply theorem 29 directly
using a desingularization ǫ : (X ′, E) → (X,Z) with X ′ ∈ SmVar(k) and E = ∪iEi ⊂ X ′ a normal
crossing divisor.
(ii):Follows from lemma 6 and on the other hand theorem 5 together with theorem 8.
(ii)’:Follows from lemma 6 and on the other hand theorem 5 together with theorem 8 as for (ii).

Remark 7. Let f : X → S a proper morphism with S,X ∈ Var(k). Then for K ∈ CZp(X
et), the map in

DZp(S
an,pet)

Rf∗K ⊗ Bdr,S
ad(Lf∗mod,Rf∗)(Bdr,S)
−−−−−−−−−−−−−−−→ Rf∗K ⊗Rf∗Bdr,X

T (f,f,⊗)(K,Bdr,X)
−−−−−−−−−−−−→ Rf∗(K ⊗ Bdr,X)

is an isomorphism by theorem 6 and theorem 8. In the analytic case ([27]), for f : X → S a smooth proper
morphism with X,S ∈ AnSm(K) and L ∈ LocZp(X

et) an analytic local system, the map in DZp(S
pet)

Rf∗L⊗ Bdr,S
ad(Lf∗mod,Rf∗)(Bdr,S)
−−−−−−−−−−−−−−−→ Rf∗L⊗Rf∗Bdr,X

T (f,f,⊗)(L,Bdr,X)
−−−−−−−−−−−−→ Rf∗(L ⊗ Bdr,X)

is an isomorphism.

Definition 79. (i) Let j : So →֒ S an open embedding with S ∈ SmVar(k) and D := S\So a
(Cartier) divisor. We will consider, for (K,W ) ∈ PZpfil,k(S

o,et), the canonical isomorphism in

DBdr,Sfil(S
an,pet
K )

T (j,Bdr)(K,W ) := ((0, (c(xSo/S(−), 0))⊗ c(Bdr,So/S)⊗ I, 0)) : Bdr,S(j∗w(K,W ))
:=
−→

((· · · →
⊕

1≤i1···<id≤d

ψDxS\Ēi1/S · · ·xS\Ēir/SφĒir+1
· · ·φĒisψĒis+1

· · ·ψĒid
j∗w(K,W )

⊗Bdr,ψD ⊗Bdr,S Bdr,xS\Ēi1/S
⊗Bdr,S · · · ⊗ Bdr,xS\Ēir/S

⊗Bdr,SBdr,φĒir+1

⊗ · · · ⊗ Bdr,φĒis
⊗Bdr,S Bdr,ψĒis+1

⊗ · · · ⊗ Bdr,ψĒid
→ · · · )→

(· · · →
⊕

1≤i1···<id≤d

xSo/SxS\Ēi1/S · · ·xS\Ēir/SφĒir+1
· · ·φĒisψĒis+1

· · ·ψĒid
j∗w(K,W )⊕

φDxS\Ēi1/S · · ·xS\Ēir/SφĒir+1
· · ·φĒisψĒis+1

· · ·ψĒid
j∗w(K,W )

⊗(Bdr,xSo/S ⊕ Bdr,φD )⊗Bdr,S Bdr,xS\Ēi1/S
⊗Bdr,S · · · ⊗ Bdr,xS\Ēir/S

⊗Bdr,SBdr,φĒir+1

⊗ · · · ⊗ Bdr,φĒis
⊗Bdr,S Bdr,ψĒis+1

⊗ · · · ⊗ Bdr,ψĒid
→ · · · )→

(· · · →
⊕

1≤i1···<id≤d

ψDxS\Ēi1/S · · ·xS\Ēir/SφĒir+1
· · ·φĒisψĒis+1

· · ·ψĒid
j∗w(K,W )

⊗Bdr,ψD ⊗Bdr,S Bdr,xS\Ēi1/S
⊗Bdr,S · · · ⊗ Bdr,xS\Ēir/S

⊗Bdr,SBdr,φĒir+1

⊗ · · · ⊗ Bdr,φĒis
⊗Bdr,S Bdr,ψĒis+1

⊗ · · · ⊗ Bdr,ψĒid
→ · · · ))

∼
−→

(· · · →
⊕

1≤i1···<id≤d

j∗wxSo\Ei1/S · · ·xSo\Eir/SφEir+1
· · ·φEisψEis+1

· · ·ψEid (K,W )

⊗Bdr,So/S ⊗Bdr,S VD0j∗(Bdr,xSo\Ei1/S
⊗Bdr,S · · ·Bdr,xSo\Eir /S

⊗Bdr,SBdr,φEir+1
⊗ · · · ⊗ Bdr,φEis ⊗Bdr,S Bdr,ψEis+1

⊗ · · · ⊗ Bdr,ψEid
)→ · · · )

=:
−→ VD0j∗wBdr,So(K,W )⊗Bdr,S Bdr,So/S .

where (E1, . . . , Ed) ∈ S(K) is a stratification by (Cartier) divisor Ei ⊂ So, 1 ≤ i ≤ d, such that

K|E(r)\E(r+1) := l∗rK ∈ DZp,c((E(r)\E(r + 1))et)

are local systems for all 1 ≤ r ≤ d, lr : E(r) →֒ So being the locally closed embeddings.
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(ii) Let l : So →֒ S an open embedding with S ∈ Var(k) such that D = S\So ⊂ S is a Cartier divisor.
Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). Let
lI : S̃

o
I →֒ S̃I open embeddings such that S̃oI ∩ S = So ∩ SI and D̃I ⊂ S̃I a Cartier divisor such that

D ∩ SI ⊂ D̃I ∩ S. We will consider, for (K,W ) ∈ PZpfil,k(S
o,et), the canonical isomorphism in

DBdrfil(S
an,pet
K /(S̃I,K)an,pet)

T (l,Bdr)(K,W ) := ((0, (c(xSo/S(−), 0))⊗ c(Bdr,So/S)⊗ I, 0)) : Bdr,(S̃I)(l∗w(K,W ))
:=
−→

(((· · · →
⊕

1≤i1···<id≤d

ψD̃IxS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃I,ir/SφẼir+1,I

· · ·φẼis,IψẼis+1,I
· · ·ψẼid,I

iI∗j
∗
I l∗w(K,W )

⊗Bdr,ψD̃I ⊗Bdr,S̃I
Bdr,xS̃I\Ẽi1,I/S

⊗Bdr,S̃I
· · · ⊗ Bdr,xS̃I\Ẽir,I/S

⊗Bdr,S̃I
Bdr,φẼir+1,I

⊗ · · · ⊗ Bdr,φẼis,I
⊗Bdr,S̃I

Bdr,ψẼis+1,I
⊗ · · · ⊗ Bdr,ψẼid,I

→ · · · )→

(· · · →
⊕

1≤i1···<id≤d

xS̃oI /S̃I
xS\Ẽi1,I/S

· · ·xS̃I\Ẽir,I/SφẼir+1,I
· · ·φẼis,IψẼis+1,I

· · ·ψẼid,I
iI∗j

∗
I l∗w(K,W )⊕

φD̃IxS\Ẽi1,I/S
· · ·xS̃I\Ẽir,I/SφẼir+1,I

· · ·φẼis,IψẼis+1,I
· · ·ψẼid ,I

iI∗j
∗
I l∗w(K,W )

⊗(Bdr,xS̃o
I
/S̃I
⊕ Bdr,φD )⊗Bdr,S̃I

Bdr,xS̃I\Ẽi1,I/S
⊗Bdr,S̃I

· · · ⊗ Bdr,xS̃I\Ẽir,I/S

⊗Bdr,S̃I
Bdr,φẼir+1,I

⊗ · · · ⊗ Bdr,φẼis,I
⊗Bdr,S̃I

Bdr,ψẼis+1,I
⊗ · · · ⊗ Bdr,ψẼid,I

→ · · · )→

(· · · →
⊕

1≤i1···<id≤d

ψD̃IxS\Ẽi1,I/S
· · ·xS\Ẽir,I/SφẼir+1,I

· · ·φẼis,IψẼis+1,I
· · ·ψẼid,I

iI∗j
∗
I l∗w(K,W )

⊗Bdr,ψD ⊗Bdr,S̃I
Bdr,xS̃I\Ẽi1,I/S

⊗Bdr,S̃
· · · ⊗ Bdr,xS̃I\Ẽir,I/S̃I

⊗Bdr,S̃
Bdr,φẼir+1,I

⊗ · · · ⊗ Bdr,φẼis,I
⊗Bdr,S̃

Bdr,ψẼis+1,I
⊗ · · · ⊗ Bdr,ψẼid,I

→ · · · )),Bdr(tIJ ))

∼
−→

((· · · →
⊕

1≤i1···<id≤d

lI∗wxS̃oI \Ẽi1,I/S̃I
· · ·xS̃oI \Ẽir,I/S

φẼir+1,I
· · ·φẼis,IψẼis+1

· · ·ψẼid,I
iI∗j

∗
I (K,W )

⊗Bdr,S̃oI/S̃I ⊗Bdr,S̃I
VD̃I0lI∗(Bdr,xS̃oI\Ẽi1,I/S

⊗Bdr,S̃I
· · · ⊗ Bdr,xS̃o

I
\Ẽir,I

/S

⊗Bdr,S̃I
Bdr,φẼir+1,I

⊗ · · · ⊗ Bdr,φẼis,I
⊗Bdr,S̃I

Bdr,ψẼis+1,I
⊗ · · · ⊗ Bdr,ψẼid,I

)→ · · · ),Bdr(tIJ ))

=:
−→ VD0l∗wBdr,(S̃oI )

(K,W )⊗Bdr,S (Bdr,S̃oI/S̃I
, tIJ).

where (E1, . . . , Ed) ∈ S(K) is a stratification by Cartier divisor Ei ⊂ So, 1 ≤ i ≤ d, such that

K|E(r)\E(r+1) := l∗rK ∈ DZp,c((E(r)\E(r + 1))et)

are local systems for all 1 ≤ r ≤ d, lr : E(r) →֒ So being the locally closed embeddings, and
Ẽs,I ⊂ S̃I , D̃I ⊂ S̃I are (Cartier) divisor such that Ēs ∩ SI ⊂ Ẽs,I ∩ SI and D ∩ SI ⊂ D̃I ∩ SI . It

gives for (K,W ) ∈ DZpfil,c,k(S
o,et), the canonical isomorphism in DBdrfil(S

an,pet
K /(S̃I,K)an,pet)

T (l,Bdr)(K,W ) : Bdr,(S̃I)(l∗w(K,W ))
∼
−→ VD0l∗wBdr,(S̃oI )

(K,W )⊗Bdr,S (Bdr,S̃oI /S̃I
, tIJ).

Let S ∈ SmVar(k). Let j : So →֒ S an open embedding such that D = S\So ⊂ S is a Cartier divisor.
Denote by ∆S : S →֒ S × S the diagonal closed embedding and p1 : S × S → S and p2 : S × S → S the
projections.
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• We have the isomorphism in CBdr (S
an,pet
K )

m(Bdr,So/S,K) : Bdr,So/S,K ⊗Bdr,SK
Bdr,So/S,K

:=
−→

F 0DR(S)(j∗Hdg(OSo , Fb)⊗OS (OBdr,SK , F ))⊗Bdr,SK
F 0DR(S)(j∗Hdg(OSo , Fb)⊗OS (OBdr,SK , F ))

F 0wS−−−−→ ∆∗modS F 0DR(S × S)((p∗mod1 j∗Hdg(OSo , Fb)⊗OS×S

p∗mod2 j∗Hdg(OSo , Fb)⊗OS×S (OBdr,(S×S)K , F )))

DR(S×S)(ad(∆∗modS,Hdg,∆S∗mod)(−))
−−−−−−−−−−−−−−−−−−−−−−−→

∆∗modS F 0DR(S × S)(∆S∗mod∆
∗mod
S,Hdg(p

∗mod
1 j∗Hdg(OSo , Fb)⊗OS×S p

∗mod
2 j∗Hdg(OSo , Fb))

⊗OS×S (OBdr,(S×S)K , F ))
TBdr (∆S,DR)(−)
−−−−−−−−−−−−→

∆∗modS ∆S∗F
0DR(S)(∆∗modS,Hdg(p

∗mod
1 j∗Hdg(OSo , Fb)⊗OS×S p

∗mod
2 j∗Hdg(OSo , Fb))⊗OS (OBdr,SK , F ))

=
−→ F 0DR(S)(j∗Hdg(OSo , Fb)⊗

Hdg
OS

j∗Hdg(OSo , Fb)⊗OS (OBdr,SK , F ))

F 0DR(S)(m)
−−−−−−−−→ F 0DR(S)(j∗Hdg(OSo , Fb)⊗OS (OBdr,SK , F )) := Bdr,So/S,K

where
m : (j∗OSo , VD)⊗OS (j∗OSo , VD)

∼
−→ (j∗OSo , VD), m(b1 ⊗ b2) = b1b2

is the multiplication map whose inverse is

n : (j∗OSo , VD)
∼
−→ (j∗OSo , VD)⊗OS (j∗OSo , VD), n(b) = b⊗ 1.

• We have the isomorphism

m(Bdr,ψD ,K) : Bdr,ψD,K ⊗Bdr,SK
Bdr,ψD,K

:=
−→

F 0DR(S)(ψD(OSo , Fb)⊗OS (OBdr,SK , F ))⊗Bdr,SK
F 0DR(S)(ψD(OSo , Fb)⊗OS (OBdr,SK , F ))

F 0wS−−−−→ ∆∗modS F 0DR(S × S)(p∗mod1 ψD(OSo , Fb)⊗OS×S p
∗mod
2 ψD(OSo , Fb)⊗OS×S (OBdr,(S×S)K , F ))

DR(S×S)(ad(∆∗modS,Hdg,∆S∗mod)(−))
−−−−−−−−−−−−−−−−−−−−−−−→

∆∗modS F 0DR(S × S)(∆S∗mod∆
∗mod
S,Hdg(p

∗mod
1 ψD(OSo , Fb)⊗OS×S p

∗mod
2 ψD(OSo , Fb))

⊗OS×S(OBdr,(S×S)K , F ))
TBdr (∆S,DR)(−)
−−−−−−−−−−−−→

∆∗modS ∆S∗F
0DR(S)(∆∗modS,Hdg(p

∗mod
1 ψD(OSo , Fb)⊗OS×S p

∗mod
2 ψD(OSo , Fb))⊗OS (OBdr,SK , F ))

=
−→ F 0DR(S)(ψD(OSo , Fb)⊗

Hdg
OS

ψD(OSo , Fb)⊗OS (OBdr,SK , F ))

F 0DR(S)(m)
−−−−−−−−→ F 0DR(S)(ψD(OSo , Fb)⊗OS (OBdr,SK , F )) := Bdr,ψD,K

where
m : ψD(OSo)⊗OS ψD(OSo)

∼
−→ ψDOSo , m(b1 ⊗ b2) = b1b2

is the multiplication map whose inverse is

n : ψD(OSo)
∼
−→ ψD(OSo)⊗OS ψD(OSo), n(b) = b⊗ 1.

• We have similarly to Bdr,ψD,K the isomorphism

m(Bdr,φD,K) : Bdr,φD,K ⊗Bdr,SK
Bdr,φD,K

∼
−→ Bdr,φD,K

with
m : φD(OSo)⊗OS φD(OSo)

∼
−→ φDOSo , m(b1 ⊗ b2) = b1b2

is the multiplication map whose inverse is

n : φD(OSo)
∼
−→ φD(OSo)⊗OS φD(OSo ), n(b) = b ⊗ 1.
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• We have similarly the isomorphism

m(Bdr,xSo/S ,K) : Bdr,xSo/S,K ⊗Bdr,SK
Bdr,xSo/S,K

∼
−→ Bdr,xSo/S ,K

with

m := (m, 0,m) : Cone(j∗OSo → ψD(OSo))⊗OS Cone(j∗OSo → ψD(OSo))
∼
−→ Cone(j∗OSo → ψD(OSo)).

Definition 80. (i) Let S ∈ SmVar(k). For (K1,W ), (K2,W ) ∈ PZpfil,k(S
et) filtered perverse sheaves,

we have the isomorphism in DBdrfil(S
an,pet
K )

T (⊗,Bdr)((K1,W ), (K2,W )) : Bdr,S(K1,W )⊗Bdr,S Bdr,S(K2,W )
:=
−→ (· · · →

⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir /SφDir+1
· · ·φDisψDis+1

· · ·ψDid (K1,W )⊗Qp

Bdr,xS\Di1/S
⊗Bdr,S · · · ⊗Bdr,S Bdr,xS\Dir/S ⊗Bdr,SK

Bdr,φDir+1
⊗Bdr,S · · ·

⊗Bdr,SBdr,φDis ⊗Bdr,S Bdr,ψDis+1
⊗Bdr,S · · · ⊗Bdr,S Bdr,ψDid

→ · · · )⊗Bdr,S

(· · · →
⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir /SφDir+1
· · ·φDisψDis+1

· · ·ψDid (K2,W )⊗Qp

Bdr,xS\Di1/S
⊗Bdr,S · · · ⊗Bdr,SK

Bdr,xS\Dir/S ⊗Bdr,S Bdr,φDir+1
⊗Bdr,S · · ·

⊗Bdr,SBdr,φDis ⊗Bdr,S Bdr,ψDis+1
⊗Bdr,S · · · ⊗Bdr,S Bdr,ψDid

→ · · · )

=
−→ (· · · →

⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir /SφDir+1
· · ·φDisψDis+1

· · ·ψDid ((K1,W )⊗ (K2,W ))⊗Qp

Bdr,xS\Di1/S
⊗Bdr,S · · · ⊗Bdr,S Bdr,xS\Dir/S ⊗Bdr,SK

Bdr,φDir+1
⊗Bdr,SK

· · · ⊗Bdr,SK
Bdr,φDis ,K ⊗Bdr,S Bdr,ψDis+1

⊗Bdr,SK
· · ·

⊗Bdr,SBdr,ψDid ,K
⊗Bdr,S Bdr,xS\Di1/S

⊗Bdr,S · · · ⊗Bdr,S Bdr,xS\Dir/S ⊗Bdr,S

Bdr,φDir+1
⊗Bdr,S · · · ⊗Bdr,S Bdr,φDis ⊗Bdr,S Bdr,ψDis+1

⊗Bdr,S · · · ⊗Bdr,S Bdr,ψDid
→ · · · )

(m(Bdr,xS\Di1/S
),··· ,m(Bdr,φDir+1

),··· ,m(Bdr,ψDid
,K))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(· · · →
⊕

1≤i1<···<id≤d

xS\Di1/S · · ·xS\Dir /SφDir+1
· · ·φDisψDis+1

· · ·ψDid ((K1,W )⊗ (K2,W ))⊗Qp

Bdr,xS\Di1/S
⊗Bdr,S · · · ⊗Bdr,S Bdr,xS\Dir/S ⊗Bdr,S Bdr,φDir+1

,K ⊗Bdr,S · · · ⊗Bdr,S Bdr,φDis )

=:
−→ Bdr,S((K1,W )⊗ (K2,W ))

with (D1, . . . , Dd) ∈ S(K) a stratification by (Cartier) divisor Di ⊂ S, 1 ≤ i ≤ d such that

K1|D(r)\D(r+1),K2|D(r)\D(r+1) ∈ DZp,c(D(r)\D(r + 1)et)

are local systems for all 1 ≤ r ≤ d.

(ii) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). For (K1,W ), (K2,W ) ∈ PZpfil,k(S

et) filtered perverse sheaves, we have the
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isomorphism in DBdrfil(S
an,pet
K /(S̃an,petI,K )) given as in (i)

T (⊗,Bdr)((K1,W ), (K2,W )) : Bdr,(S̃I)(K1,W )⊗Bdr,S Bdr,(S̃I)(K2,W )

:=
−→ ((

⊕

1≤i1<···<id≤d

xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃ir,I/S̃IφD̃ir+1,I

· · ·φD̃is,IψD̃is+1,I
· · ·ψD̃id,I

(iI∗j
∗
I (K1,W ))⊗Qp

Bdr,xS̃I\D̃i1,I/S
⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
Bdr,xS̃I\Dir,I/S̃I

⊗Bdr,S̃I
Bdr,φD̃ir+1,I

⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
Bdr,φD̃is,I

⊗Bdr,S̃I
Bdr,ψD̃is+1,I

⊗Bdr,S̃I
· · · ⊗Bdr,S̃I

Bdr,ψD̃id,I
→ · · · ),Bdr(tIJ))⊗Bdr,S

((
⊕

1≤i1<···<id≤d

xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃ir,I/S̃IφD̃ir+1,I

· · ·φD̃is,IψD̃is+1,I
· · ·ψD̃id,I

(iI∗j
∗
I (K2,W ))⊗Qp

Bdr,xS̃I\D̃i1,I/S
⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
Bdr,xS̃I\Dir,I/S̃I

⊗Bdr,S̃I
Bdr,φD̃ir+1,I

⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
Bdr,φD̃is,I

⊗Bdr,S̃I
Bdr,ψD̃is+1,I

⊗Bdr,S̃I
· · · ⊗Bdr,S̃I

Bdr,ψD̃id,I
→ · · · ),Bdr(tIJ ))

=
−→

((
⊕

1≤i1<···<id≤d

xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃ir,I/S̃IφD̃ir+1 ,I

· · ·φD̃is,IψD̃is+1,I
· · ·ψD̃id,I

(iI∗j
∗
I ((K1,W )⊗ (K2,W )))

⊗QpB
2
dr,xS̃I\D̃i1,I/S

⊗Bdr,S̃I
· · · ⊗Bdr,S̃I

B2
dr,xS̃I\Dir,I/S̃I

⊗Bdr,S̃I
B2
dr,φD̃ir+1,I

⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
B2
dr,φDis,I

⊗Bdr,S̃I
B2
dr,ψD̃is+1,I

⊗Bdr,S̃I
· · · ⊗Bdr,S̃I

B2
dr,ψD̃id,I

→ · · · ),Bdr(tIJ ))

(m(Bdr,x
S̃I\Di1,I

/S
,K),··· ,m(Bdr,φ

D̃ir+1,I
),··· ,m(Bdr,ψ

D̃id,I
))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

((
⊕

1≤i1<···<id≤d

xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃ir,I/S̃IφD̃ir+1 ,I

· · ·φD̃is,IψD̃is+1,I
· · ·ψD̃id,I

(iI∗j
∗
I ((K1,W )⊗ (K2,W )))

⊗QpBdr,xS̃I\D̃i1,I /S
⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
Bdr,xS̃I\Dir,I/S̃I

⊗Bdr,S̃I
Bdr,φD̃ir+1,I

⊗Bdr,S̃I
· · · ⊗Bdr,S̃I

Bdr,φD̃is,I
⊗Bdr,S̃I

Bdr,ψD̃is+1,I
⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
Bdr,ψD̃id,I

→ · · · ),Bdr(tIJ ))

=:
−→ Bdr,(S̃I)((K1,W )⊗ (K2,W ))

with (D1, . . . , Dd) ∈ S(K) stratifications by Cartier divisor Di ⊂ S, 1 ≤ i ≤ d such that

K1|D(r)\D(r+1),K2|D(r)\D(r+1) ∈ DZp,c(D(r)\D(r + 1)et)

are local systems for all 1 ≤ r ≤ d, and D̃s,I ⊂ S̃I (Cartier) divisor such that Ds ∩ SI ⊂ D̃s,I ∩ S.

This gives, for (K1,W ), (K2,W ) ∈ DZpfil,c,k(S
et), isomorphism in DBdrfil(S

an,pet
K /(S̃an,petI,K ),

T (⊗,Bdr)((K1,W ), (K2,W )) : Bdr,(S̃I)(K1,W )⊗Bdr,S Bdr,(S̃I)(K2,W )

∼
−→ Bdr,(S̃I)((K1,W )⊗ (K2,W )).

Definition 81. (i) Let S ∈ SmVar(k). For (K,W ) ∈ DZpfil,c,k(S
et), we have the isomorphism

T (D,Bdr)(K,W ) : Bdr,S(D
v
S(K,W ))

B((K,W ),DvS(K,W ))
−−−−−−−−−−−−−→ DSBdr,S(K,W )

given by the pairing

B((K,W ),DvS(K,W )) : Bdr,S(D
v
SK)⊗Bdr,SK

Bdr,S(K,W )
T (⊗,Bdr)((K,W ),DvS(K,W ))
−−−−−−−−−−−−−−−−−−→

Bdr,S(D
v
S(K,W )⊗ (K,W ))

Bdr,S(evK)
−−−−−−−→ Bdr,S(Zp,Set)

α(SK)−1

−−−−−−→ Bdr,SK

using definition 80.
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(ii) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii :
Si →֒ S̃i with S̃I ∈ SmVar(k). For (K,W ) ∈ DZpfil,c,k(S

et), we have the isomorphism in

DBdrfil(S
an,pet
K /(S̃an,petI,K )

T (D,Bdr)(K,W ) : Bdr,(S̃I)(D
v
S(K,W ))

B((K,W ),DvS(K,W ))
−−−−−−−−−−−−−→ DSBdr,(S̃I)(K,W )

given by the pairing

B((K,W ),DvS(K,W )) : Bdr,(S̃I)(D
v
S(K,W ))⊗Bdr,SK

Bdr,(S̃I)(K,W )

T (⊗,Bdr)((K,W ),DvS(K,W ))
−−−−−−−−−−−−−−−−−−→ Bdr,(S̃I)(D

v
S(K,W )⊗ (K,W ))

Bdr,(S̃I)
(evK)

−−−−−−−−−→ Bdr,(S̃I)(Zp,Set)
(α(S̃I,K))−1

−−−−−−−−→ (Bdr,S̃I,K , tIJ)

using definition 80.

Definition 82. (i) Let j : So →֒ S an open embedding with S ∈ SmVar(k) and D := S\So a
(Cartier) divisor. We will consider, for (K,W ) ∈ DZpfil,c,k(S

o,et), the canonical isomorphism

in DBdrfil(S
an,pet
K )

T!(j,Bdr)(K,W ) : Bdr,S(j!w(K,W )) := Bdr,S(D
v
Sj∗wD

v
S(K,W ))

T (D,Bdr)(j∗wDvS(K,W ))
−−−−−−−−−−−−−−−→ DSBdr,S(j∗wD

v
So(K,W ))

DST (j,Bdr)(D
v
So (K,W ))

−−−−−−−−−−−−−−−→ DS(VD0j∗wBdr,So(D
v
So(K,W ))⊗ Bdr,So/S)

T (D,Bdr)(K,W )
−−−−−−−−−−→ DS(VD0j∗wDSoBdr,So(K,W )⊗ Bdr,So/S)

=
−→ VD0j!wBdr,So(K,W )⊗Bdr,S DSBdr,So/S ,

using definition 79 and definition 81.

(ii) Let l : So →֒ S an open embedding with S ∈ Var(k) such that D = S\So is a Cartier divisor.
Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). Let
lI : S̃

o
I →֒ S̃I open embeddings such that S̃oI ∩ S = So ∩ SI and D̃I ⊂ S̃I a Cartier divisor such that

D ∩ SI ⊂ D̃I ∩ S. We will consider, for (K,W ) ∈ DZpfil,c,k(S
o,et), the canonical isomorphism in

DBdrfil(S
an,pet
K /(S̃I,K)an,pet)

T!(l,Bdr)(K,W ) : Bdr,(S̃I)(l!w(K,W )) := Bdr,(S̃I)(D
v
S l∗wD

v
S(K,W ))

T (D,Bdr)(l∗wDvS(K,W ))
−−−−−−−−−−−−−−−→ DSBdr,(S̃I)(l∗wD

v
So(K,W ))

DST (l,Bdr)(D
v
So (K,W ))

−−−−−−−−−−−−−−−→ DS(VD0l∗wBdr,(S̃oI )
(DvSo(K,W ))⊗Bdr,S (Bdr,S̃oI /S̃I

, tIJ))

T (D,Bdr)(K,W )
−−−−−−−−−−→ DS(VD0l∗wDSoBdr,(S̃oI )

(K,W )⊗Bdr,S (Bdr,S̃oI /S̃I
, tIJ))

=
−→ VD0l!wBdr,(S̃oI

(K,W )⊗Bdr,S DS(Bdr,S̃oI/S̃I
)

using definition 79 and definition 81.

As a consequence of this formalism we have :

Theorem 45. (i) Let S ∈ SmVar(k) irreducible. Let S̄ ∈ PSmVar(k) a compactification of S, with
D := S̄\S ⊂ S a (Cartier) divisor. Denote by j : So →֒ S the open embedding. We have the
canonical isomorphisms, given by, using definition 78, definition 79, definition 80 and definition
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81, for K,K ′ ∈ DZp,c,k(S
et
k̄
),

Bdr,S(K1,K2) : RHom(K1,K2)⊗ Bdr,k̄
=
−→ Bdr,k̄(RaS̄∗Rj∗Hom(K1,K2))

T (aS̄ ,Bdr)(−)−−−−−−−−−→ RaS̄∗Bdr,S̄(Rj∗Hom(K1,K2))

Bdr,S̄(T (j,Bdr)(−))
−−−−−−−−−−−−→ RaS̄∗(VD,0Rj∗Bdr,S(Hom(K1,K2))⊗Bdr,S Bdr,S/S̄)

Bdr,S(m(K1,K2)
−1)

−−−−−−−−−−−−−→ RaS̄∗(VD,0Rj∗Bdr,S(D
v
SK1 ⊗K2)⊗Bdr,S Bdr,S/S̄)

(T (D,Bdr)(K1)⊗I)◦T (⊗,Bdr)(DSK1,K2)
−−−−−−−−−−−−−−−−−−−−−−−−−−→ RaS̄∗(VD,0Rj∗(DSBdr,S(K1)⊗Bdr,S Bdr,S(K2))⊗Bdr,S Bdr,S/S̄)

m(Bdr,S(K1),Bdr,S(K2))
−−−−−−−−−−−−−−−−→ RaS̄∗(VD,0Rj∗Hom(Bdr,S(K1),Bdr,S(K2))⊗Bdr,S Bdr,S/S̄)

=
−→ RHom(Bdr,S(K1),Bdr,S(K2)).

(ii) Let S ∈ Var(k). Let S̄ ∈ PVar(k) a compactification of S, with D := S̄\S ⊂ S a Cartier divisor.
Denote by j : So →֒ S the open embedding. Let S = ∪i∈ISi an open cover such that there exists
closed embeddings ii : Si →֒ S̃i with S̃I ∈ SmVar(k). We have the canonical isomorphisms, given
by, using definition 78, definition 79, definition 80 and definition 81, for K,K ′ ∈ DZp,c,k(S

et
k̄
),

Bdr,(S̃I)(K1,K2) : RHom(K1,K2)⊗ Bdr,k̄
=
−→ Bdr,k̄(RaS̄∗Rj∗Hom(K1,K2))

T (aS̄ ,Bdr)(−)−−−−−−−−−→ RaS̄∗Bdr,(̄̃SI)(Rj∗Hom(K1,K2))

Bdr,(̄̃SI)
(T (j,Bdr)(−))

−−−−−−−−−−−−−−→ RaS̄∗(VD,0Rj∗Bdr,(S̃I)(Hom(K1,K2))⊗Bdr,S (Bdr,S̃I /̄̃SI , tIJ))

Bdr,S(m(K1,K2)
−1)

−−−−−−−−−−−−−→ RaS̄∗(VD,0Rj∗Bdr,(S̃I)(D
v
SK1 ⊗K2)⊗Bdr,S (Bdr,S̃I /̄̃SI , tIJ))

(T (D,Bdr)(K1)⊗I)◦T (⊗,Bdr)(DSK1,K2)
−−−−−−−−−−−−−−−−−−−−−−−−−−→

RaS̄∗(VD,0Rj∗(DSBdr,(S̃I)(K1)⊗Bdr,S Bdr,(S̃I)(K2))⊗Bdr,S (Bdr,S̃I /̄̃SI , tIJ))

m(Bdr,(S̃I)
(K1),Bdr,(S̃I)

(K2))
−−−−−−−−−−−−−−−−−−−→ RaS̄∗(VD,0Rj∗Hom(Bdr,(S̃I)(K1),Bdr,(S̃I)(K2))⊗Bdr,S (Bdr,S̃I /̄̃SI , tIJ))

=
−→ RHom(Bdr,S(K1),Bdr,S(K2)).

Proof. Follows from theorem 44.

Let S ∈ SmVar(k) and D ⊂ S a (Cartier) divisor. We have by theorem 40 the following isomorphisms

F 0TBdr(OS , Fb) : Bdr,ψD := F 0DR(S)(ψD(OS , Fb)
an ⊗OS (OBdr,S , F ))

∼
−→ F 0ψDDR(S)(OBdr,S , F )

=
−→ ψDF

0DR(S)(OBdr,S , F ) =: ψDBdr,S

and

F 0T
′Bdr(OS , Fb) : Bdr,φD := F 0DR(S)(φD(OS , Fb)

an ⊗OS (OBdr,S , F ))
∼
−→ F 0φDDR(S)(OBdr,S , F )

=
−→ φDF

0DR(S)(OBdr,S , F ) =: φDBdr,S .

Definition 83. (i) Let j : So →֒ S an open embedding with S ∈ SmVar(k) and D := S\So a
(Cartier) divisor. We will consider, for (K,W ) ∈ PZpfil,k(S

et), the canonical isomorphism in
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DBdr,Sfil(S
an,pet
K )

T (ψD,Bdr)(K,W ) : Bdr,S(ψD(K,W ))
:=
−→

(· · · →
⊕

1≤i1···<id≤d

xS\Ēi1/S · · ·xS\Ēir/SφĒir+1
· · ·φĒisψĒis+1

· · ·ψĒid
ψD(K,W )

⊗Bdr,ψD ⊗Bdr,S Bdr,xS\Ēi1/S
⊗Bdr,S · · · ⊗ Bdr,xS\Ēir/S

⊗Bdr,SBdr,φĒir+1

⊗ · · · ⊗ Bdr,φĒis
⊗Bdr,S Bdr,ψĒis+1

⊗ · · · ⊗ Bdr,ψĒid
→ · · · )

I⊗F 0TBdr (OS ,Fb)⊗I
−−−−−−−−−−−−−−→ (· · · →

⊕

1≤i1···<id≤d

xS\Ēi1/S · · ·xS\Ēir/SφĒir+1
· · ·φĒisψĒis+1

· · ·ψĒid
ψD(K,W )

⊗ψDBdr,S ⊗Bdr,S Bdr,xS\Ēi1/S
⊗Bdr,S · · · ⊗ Bdr,xS\Ēir/S

⊗Bdr,SBdr,φĒir+1

⊗ · · · ⊗ Bdr,φĒis
⊗Bdr,S Bdr,ψĒis+1

⊗ · · · ⊗ Bdr,ψĒid
→ · · · )

I⊗T (ψD,⊗)(−,−)
−−−−−−−−−−−→ (· · · →

⊕

1≤i1···<id≤d

xS\Ēi1/S · · ·xS\Ēir/SφĒir+1
· · ·φĒisψĒis+1

· · ·ψĒid
ψD(K,W )

⊗ψD(Bdr,xS\Ēi1/S
⊗Bdr,S · · · ⊗ Bdr,xS\Ēir/S

⊗Bdr,SBdr,φĒir+1

⊗ · · · ⊗ Bdr,φĒis
⊗Bdr,S Bdr,ψĒis+1

⊗ · · · ⊗ Bdr,ψĒid
)→ · · · )

=
−→ (· · · →

⊕

1≤i1···<id≤d

ψD(xS\Ēi1/S · · ·xS\Ēir/SφĒir+1
· · ·φĒisψĒis+1

· · ·ψĒid
(K,W )

⊗Bdr,xS\Ēi1/S
⊗Bdr,S · · · ⊗ Bdr,xS\Ēir/S

⊗Bdr,SBdr,φĒir+1

⊗ · · · ⊗ Bdr,φĒis
⊗Bdr,S Bdr,ψĒis+1

⊗ · · · ⊗ Bdr,ψĒid
))→ · · · )

=:
−→ ψDBdr,S((K,W ))

We will also consider, for (K,W ) ∈ DZpfil,c,k(S
o,et), the canonical isomorphism in DBdrfil(S

an,pet
K )

T (φD,Bdr)(K,W ) : Bdr,S(φD(K,W )) = Bdr,S(D
v
SψDD

v
S(K,W ))

T (D,Bdr)(ψDD
v
S(K,W ))

−−−−−−−−−−−−−−−→ DSBdr,S(ψDD
v
So(K,W ))

DST (ψD ,Bdr)(D
v
S(K,W ))

−−−−−−−−−−−−−−−−→

DS(ψDBdr,S(D
v
S(K,W )))

T (D,Bdr)(K,W )
−−−−−−−−−−→ DSψDDSBdr,S(K,W )

=
−→ φDBdr,S(K,W ),

using definition 81.

(ii) Let l : So →֒ S an open embedding with S ∈ Var(k) such that D = S\So ⊂ S is a Cartier divisor.
Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). Let
lI : S̃

o
I →֒ S̃I open embeddings such that S̃oI ∩ S = So ∩ SI and D̃I ⊂ S̃I a Cartier divisor such that

D ∩ SI ⊂ D̃I ∩ S. We will consider, for (K,W ) ∈ PZpfil,k(S
o,et), the canonical isomorphism in
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DBdrfil(S
an,pet
K /(S̃I,K)an,pet)

T (ψD,Bdr)(K,W ) : Bdr,(S̃I)(ψD(K,W ))
:=
−→

((· · · →
⊕

1≤i1···<id≤d

xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃I,ir/SφẼir+1,I

· · ·φẼis,IψẼis+1,I
· · ·ψẼid,I

iI∗j
∗
IψD(K,W )

⊗Bdr,ψD̃I ⊗Bdr,S̃I
Bdr,xS̃I\Ẽi1,I/S

⊗Bdr,S̃I
· · · ⊗ Bdr,xS̃I\Ẽir,I/S

⊗Bdr,S̃I
Bdr,φẼir+1,I

⊗ · · · ⊗ Bdr,φẼis,I
⊗Bdr,S̃I

Bdr,ψẼis+1,I
⊗ · · · ⊗ Bdr,ψẼid,I

→ · · · ),Bdr(tIJ ))

I⊗(F 0BBdr (OS̃I
,Fb))◦(F

0ABdr (OS̃I
,Fb))

−1⊗I
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

((· · · →
⊕

1≤i1···<id≤d

xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃I,ir/SφẼir+1,I

· · ·φẼis,IψẼis+1,I
· · ·ψẼid,I

iI∗j
∗
IψD(K,W )

⊗ψD̃IBdr,S̃I ⊗Bdr,S̃I
Bdr,xS̃I\Ẽi1,I/S

⊗Bdr,S̃I
· · · ⊗ Bdr,xS̃I\Ẽir,I/S

⊗Bdr,S̃I
Bdr,φẼir+1,I

⊗ · · · ⊗ Bdr,φẼis,I
⊗Bdr,S̃I

Bdr,ψẼis+1,I
⊗ · · · ⊗ Bdr,ψẼid,I

→ · · · ),Bdr(tIJ ))

I⊗(T (ψD̃I
,⊗)(−,−))

−−−−−−−−−−−−−→

((· · · →
⊕

1≤i1···<id≤d

xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃I,ir/SφẼir+1,I

· · ·φẼis,IψẼis+1,I
· · ·ψẼid,I

iI∗j
∗
IψD(K,W )

⊗ψD̃I (Bdr,xS̃I\Ẽi1,I/S
⊗Bdr,S̃I

· · · ⊗ Bdr,xS̃I\Ẽir,I/S

⊗Bdr,S̃I
Bdr,φẼir+1,I

⊗ · · · ⊗ Bdr,φẼis,I
⊗Bdr,S̃I

Bdr,ψẼis+1,I
⊗ · · · ⊗ Bdr,ψẼid,I

)→ · · · ),Bdr(tIJ ))

=
−→ ((· · · →

⊕

1≤i1···<id≤d

ψD̃I (xS̃I\D̃i1,I/S̃I
· · ·xS̃I\D̃I,ir/SφẼir+1,I

· · ·φẼis,IψẼis+1,I
· · ·ψẼid,I

iI∗j
∗
I (K,W )

⊗ψD̃I (Bdr,xS̃I\Ẽi1,I/S
⊗Bdr,S̃I

· · · ⊗ Bdr,xS̃I\Ẽir,I/S

⊗Bdr,S̃I
Bdr,φẼir+1,I

⊗ · · · ⊗ Bdr,φẼis,I
⊗Bdr,S̃I

Bdr,ψẼis+1,I
⊗ · · · ⊗ Bdr,ψẼid,I

))→ · · · ),Bdr(tIJ ))

=:
−→ ψDBdr,(S̃I)(K,W )

where (E1, . . . , Ed) ∈ S(K) is a stratification by Cartier divisor Ei ⊂ So, 1 ≤ i ≤ d, such that

K|E(r)\E(r+1) := l∗rK ∈ DZp,c((E(r)\E(r + 1))et)

are local systems for all 1 ≤ r ≤ d, lr : E(r) →֒ So being the locally closed embeddings, and Ẽs,I ⊂

S̃I , D̃I ⊂ S̃I are (Cartier) divisor such that Ēs∩SI ⊂ Ẽs,I ∩SI and D∩SI ⊂ D̃I ∩SI . We will also

consider, for (K,W ) ∈ DZpfil,c,k(S
et), the canonical isomorphism in DBdrfil(S

an,pet
K /(S̃I,K)an,pet)

T (φD,Bdr)(K,W ) : Bdr,(S̃I)(φD(K,W )) = Bdr,(S̃I)(D
v
SψDD

v
S(K,W ))

T (D,Bdr)(ψDDvS(K,W ))
−−−−−−−−−−−−−−−→ DSBdr,(S̃I)(ψDD

v
S(K,W ))

DST (ψD ,Bdr)(D
v
S(K,W ))

−−−−−−−−−−−−−−−−→

DSψDBdr,(S̃I)(D
v
S(K,W ))

T (D,Bdr)(K,W )
−−−−−−−−−−→ DSψDDSBdr,(S̃I)(K,W )

=
−→ φDBdr,(S̃I)(K,W ),

using definition 81. It gives for (K,W ) ∈ DZpfil,c,k(S
o,et), the canonical isomorphisms

T (ψD,Bdr)(K,W ) : Bdr,(S̃I)(ψD(K,W ))
∼
−→ ψDBdr,(S̃I)(K,W ).

and

T (φD,Bdr)(K,W ) : Bdr,(S̃I)(φD(K,W ))
∼
−→ φDBdr,(S̃I)(K,W ).

in DBdrfil(S
an,pet
K /(S̃I,K)an,pet).
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6.2.2 The geometric p-adic Mixed Hodge Modules

Let p a prime integer. Let k ⊂ K ⊂ Cp a subfield of a p-adic field. Denote by k̄ ⊂ Cp its algebraic
closure. Recall G = Gal(K̄,K) ⊂ Gal(k̄, k) denotes the Galois group of K.

For S ∈ Var(k), we denote for short OS := OSan
Cp
, Bdr,S := Bdr,SCp

:= Bdr,RCp (S
an
Cp

) and OBdr,S :=

OBdr,SCp
:= OBdr,RCp (S

an
Cp

). where RCp : AnSp(Cp) → AdSp /(Cp, OCp) is the canonical functor (see

section 2).
Let S ∈ Var(k). Recall that Set ⊂ Var(k)sm/S denote the small etale site. We then have the morphism

of site anS : San,pet := San,petCp
→ Set given by the analytical functor where San,petCp

⊂ (AnSp(Cp)sm/S)pro

is the small pro-etale site. Then, PShBdr,G,fil(S
an,pet
Cp

) is the category whose objects are π∗modK/Cp
(N,F )

with N ∈ PShBdrfil(S
an,pet) together with a continuous action of G compatible with the Bdr,S module

structure.

• Let S ∈ SmVar(k). The category CD(1,0)fil,rh(S)×I DZpfil,c,k(S
et) is the category

– whose set of objects is the set of triples {((M,F,W ), (K,W ), α)} with

(M,F,W ) ∈ CD(1,0)fil,rh(S), (K,W ) ∈ DZpfil,c,k(S
et),

α : Bdr,S(K,W )→ F 0DR(S)[−]((M,F,W )an ⊗OS (OBdr,S , F ))

where

∗ we recall that

DR(S)[−] = DR(SanCp )
[−] : CD(1,0)fil,rh(S

an
Cp

)→ CBdr2fil(S
an,pet
Cp

)

is the De Rahm functor (for S′ ⊂ S a connected component of dimension d, DR(S)
[−]
|S′ =

DR(S)|S′ [d]),

∗ the functor
Bdr,S : DZpfil,c,k(S

et)→ DBdrfil(S
an,pet
Cp

)

is the functor from complexes of presheaves with constructible etale cohomology to com-
plexes of Bdr,S modules given in definition 77 (recall that for L a local system, it is given
by Bdr,S(L) := an∗S L⊗Qp Bdr,SCp

),

∗ α is a morphism in DBdr,G,fil(S
an,pet
Cp

), that is a morphism in DBdr,fil(S
an,pet
Cp

) compatible

with the action of the galois group G = Gal(K̄,K) ⊂ Gal(k̄, k),

– and whose set of morphisms are

φ = (φD, φC , [θ]) : ((M1, F,W ), (K1,W ), α1)→ ((M2, F,W ), (K2,W ), α2)

where φD : (M1, F,W )→ (M2, F,W ) and φC : (K1,W )→ (K2,W ) are morphisms and

θ = (θ•, I(F 0DR(S)(φanD ⊗ I)) ◦ I(α1), I(α2) ◦ I(Bdr,S(φC))) :

I(Bdr,S(K1,W ))[1]→ I(F 0DR(S)((M,F,W )an ⊗OS (OBdr,S , F ))

is an homotopy, I : CBdr,S,G,fil(S
an,pet
Cp

) → KBdr,S,G,fil(S
an,pet
Cp

) being the injective resolu-

tion functor : for (N,W ) ∈ CBdr,S,G,fil(S
an,pet
Cp

), k : (N,W ) → I(N,W ) with I(N,W ) ∈

CBdr,S,G,fil(S
an,pet
Cp

) is an injective resolution, and the class [θ] of θ does NOT depend of the
injective resolution ; in particular

F 0DR(S)[−](φanD ⊗ I) ◦ α1 = α2 ◦ Bdr,S(φC)

in DBdr,S,G,fil(S
an,pet
Cp

), and for
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∗ φ = (φD, φC , [θ]) : ((M1, F,W ), (K1,W ), α1)→ ((M2, F,W ), (K2,W ), α2)

∗ φ′ = (φ′D, φ
′
C , [θ

′]) : ((M2, F,W ), (K2,W ), α2)→ ((M2, F,W ), (K3,W ), α3)

the composition law is given by

φ′ ◦ φ := (φ′D ◦ φD, φ
′
C ◦ φC , I(F

0DR(S)(φ
′an
C ⊗ I)) ◦ [θ] + [θ′] ◦ I(Bdr,S(φC))[1]) :

((M1, F,W ), (K1,W ), α1)→ ((M3, F,W ), (K3,W ), α3),

in particular for ((M,F,W ), (K,W ), α) ∈ CD(1,0)fil,rh(S)×I DZpfil,c,k(S
et),

I((M,F,W ),(K,W ),α) = (IM , IK , 0).

We have then the full embedding

PShD(1,0)fil,rh(S)×I PZpfil,k(S
et) →֒ CD(1,0)fil,rh(S)×I DZpfil,c,k(S

et)

where the category PShD(1,0)fil,rh(S)×I PZp,fil(S
et) is the category

– whose set of objects is the set of triples {((M,F,W ), (K,W ), α)} with

(M,F,W ) ∈ PShD(1,0)fil,rh(S), (K,W ) ∈ PZpfil,k(S
et),

α : Bdr,S(K,W )→ F 0DR(S)[−]((M,F,W )an ⊗OS (OBdr,S , F ))

where α is an isomorphism,

– and whose set of morphisms are

φ = (φD, φC) = (φD, φC , 0) : ((M1, F,W ), (K1,W ), α1)→ ((M2, F,W ), (K2,W ), α2)

where φD : (M1, F,W )→ (M2, F,W ) and φC : (K1,W )→ (K2,W ) are morphisms such that

F 0DR(S)[−](φanD ⊗ I) ◦ α1 = α2 ◦ Bdr,S(φC)

in PBdr,S,G,fil(S
an,pet
Cp

).

• Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). The category CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et) is the category

– whose set of objects is the set of triples {(((MI , F,W ), uIJ ), (K,W ), α)} with

((MI , F,W ), uIJ ) ∈ CD(1,0)fil,rh(S/(S̃I)), (K,W ) ∈ DZpfil,c,k(S
et),

α : Bdr,(S̃I)(K,W )→ F 0DR(S)[−](((MI , F,W ), uIJ )
an ⊗OS ((OBdr,S̃I , F ), tIJ ))

where

∗ the functor

DR(S)[−] = DR(SanCp )
[−] : CD(1,0)fil,rh(S

an
Cp
/(S̃an,petI,Cp

))→ CBdr2fil(S
an,pet
Cp

/(S̃an,petI,Cp
))

is the De Rahm functor,

∗ the functor
Bdr,(S̃I) : DZpfil,c,k(S

et)→ DBdrfil(S
an,pet
Cp

/(S̃an,petI,Cp
))

is the functor from complexes of presheaves with constructible etale cohomology to com-
plexes of Bdr modules given in definition 77,

∗ α is a morphism inDBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
)), that is a morphism inDBdr,fil(S

an,pet
Cp

/(S̃an,petI,Cp
))

compatible with the action of the galois group G = Gal(
¯̂
k, k̂) ⊂ Gal(k̄, k)
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– and whose set of morphisms are

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ ), (K2,W ), α2)

where φD : ((M1, F,W ), uIJ ) → ((M2, F,W ), uIJ) and φC : (K1,W ) → (K2,W ) are mor-
phisms (of filtered complexes) and

θ = (θ•, I(F 0DR(S)(φD)) ◦ I(α1), I(α2) ◦ I(Bdr,S(φC))) :

I(Bdr,(S̃I)(K1,W ))[1]→ I(DR(S)(((M2I , F,W ), uIJ)
an ⊗OS ((OBdr,(S̃I ), F ), tIJ)))

is an homotopy, I : CBdr,G,fil(S
an
Cp
/(S̃anI,Cp)) → KBdr,G,fil(S

an
Cp
/(S̃anI,Cp)) being the injective

resolution functor : for ((NI ,W ), tIJ) ∈ CBdr,G,fil(S
an
Cp
/(S̃anI,Cp)),

k : ((NI ,W ), tIJ)→ I((NI ,W ), tIJ)

with I((NI ,W ), tIJ) ∈ CBdr,G,fil(S
an
Cp
/(S̃anI,Cp)) is an injective resolution, and the class [θ] of θ

does NOT depend of the injective resolution ; in particular we have

F 0DR(S)[−](φanD ⊗ I) ◦ α1 = α2 ◦ Bdr,(S̃I)(φC)

in DBdr,G,fil(SCp/S̃
an,pet
I,Cp

), and for

∗ φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ ), (K1,W ), α1)→ (((M2I , F,W ), uIJ ), (K2,W ), α2)

∗ φ′ = (φ′D, φ
′
C , [θ

′]) : (((M2I , F,W ), uIJ), (K2,W ), α2)→ (((M3I , F,W ), uIJ), (K3,W ), α3)

the composition law is given by

φ′ ◦ φ := (φ′D ◦ φD, φ
′
C ◦ φC , I(F

0DR(S)(φ
′an
D ⊗ I)) ◦ [θ] + [θ′] ◦ I(Bdr,(S̃I)(φC))[1]) :

(((M1I , F,W ), uIJ ), (K1,W ), α1)→ (((M3I , F,W ), uIJ ), (K3,W ), α3).

in particular for (((MI , F,W ), uIJ), (K,W ), α) ∈ CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et),

I(((MI ,F,W ),uIJ ),(K,W ),α) = ((IMI ), IK , 0).

We have then full embeddings

PSh0D(1,0)fil,rh(S/(S̃I))×I PZpfil,k(S
et) →֒ C0

D(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et)

ι0
S/S̃I−−−→ CD(1,0)fil,rh(S/(S̃I))

0 ×I DZpfil,c,k(S
et) →֒ CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et)

where the category PSh0D(1,0)fil,rh(S/(S̃I)) ×I PZpfil,k(S
et) is the category

– whose set of objects is the set of triples {(((MI , F,W ), uIJ ), (K,W ), α)} with

((MI , F,W ), uIJ) ∈ PShD(1,0)fil,rh(S/(S̃I)), (K,W ) ∈ PZpfil,k(S
et),

α : Bdr,(S̃I)(K,W )→ F 0DR(S)[−](((MI , F,W ), uIJ )
an ⊗OS (OBdr,(S̃I ), F ))

where α is an isomorphism,

– and whose set of morphisms are

φ = (φD, φC) = (φD, φC , 0) : (((M1I , F,W ), uIJ ), (K1,W ), α1)→ (((M2I , F,W ), uIJ ), (K2,W ), α2)

where φD : ((M1I , F,W ), uIJ) → ((M2I , F,W ), uIJ ) and φC : (K1,W ) → (K2,W ) are mor-
phisms such that

F 0DR(S)[−](φanD ⊗ I) ◦ α1 = α2 ◦ Bdr,(S̃I)(φC)

in PBdr,S,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
)).
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Moreover,

• For (((MI , F,W ), uIJ), (K,W ), α) ∈ CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et), we set

(((MI , F,W ), uIJ ), (K,W ), α)[1] := (((MI , F,W ), uIJ)[1], (K,W )[1], α[1]).

• For

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

a morphism in CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et), we set (see [11] definition 3.12)

Cone(φ) := (Cone(φD),Cone(φC), ((α1, θ), (α2, 0))) ∈ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et),

((α1, θ), (α2, 0)) being the matrix given by the composition law, together with the canonical maps

– c1(−) = (c1(φD), c1(φC), 0) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ Cone(φ)

– c2(−) = (c2(φD), c2(φC), 0) : Cone(φ)→ (((M1I , F,W ), uIJ), (K1,W ), α1)[1].

Remark 8. By [11] theorem 3.25, if

φ = (φD, φC , [θ]) : (((M1, F,W ), uIJ), (K1,W ), α1)→ (((M2, F,W ), uIJ), (K2,W ), α2)

is a morphism in CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et) such that φD is a Zariski local equivalence and

φC is an isomorphism then φ is an isomorphism.

Definition 84. Let k ⊂ Cp a subfield.

(i1) Let f : X → S a proper morphism with S,X ∈ SmVar(k). Let

α : Bdr,X(K,W )→ F 0DR(X)((M,F,W )an ⊗OX (OBdr,X , F ))

a morphism in DBdr,G,fil(X
an,pet
Cp

), with (M,F,W ) ∈ C(DRM(X)) and (K,W ) ∈ DZpfil,c,k(X
et).

We then consider, using definition 78 and definition 50, the map in DBdr,G,fil(S
an,pet
Cp

)

f∗α = f∗(α) : Bdr,S(Rf∗(K,W ))
T (f,Bdr)(K,W )
−−−−−−−−−−→ Rf∗Bdr,X(K,W )

Rf∗α
−−−→ Rf∗F

0DR(X)((M,F,W )an ⊗OX (OBdr,X , F ))
Rf∗ιF0(−)
−−−−−−−→ F 0Rf∗DR(X)((M,F,W )an ⊗OX (OBdr,X , F ))

F 0TBdr (f,DR)(M,F,W )−1

−−−−−−−−−−−−−−−−−→ F 0DR(S)(

∫

f

((M,F,W )an)⊗OS (OBdr,S , F ))

F 0DR(S)(T (an,
∫
f
)(M,F,W )−1)

−−−−−−−−−−−−−−−−−−−−−→ F 0DR(S)((

∫

f

(M,F,W ))an ⊗OS (OBdr,S , F ))

=
−→ F 0DR(S)((Rf∗Hdg(M,F,W ))an ⊗OS (OBdr,S , F ))

where ιF 0(A) = Dfil(ιF 0 (A)) is the image of the embedding ιF 0(A) : F 0A →֒ A by the localization
functor.

(i2) Let j : So →֒ S an open embedding with S ∈ SmVar(k) and D = S\So a (Cartier) divisor. Let

α : Bdr,So(K,W )→ F 0DR(So)((M,F,W )an ⊗OSo (OBdr,So , F ))
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a morphism in DBdr,G,fil(S
o,an,pet
Cp

), with (M,F,W ) ∈ C(DRM(So)) and (K,W ) ∈ DZpfil,c,k(S
o,et)ad,D.

We then consider, using definition 79 together with theorem 45, theorem 28 and the strictness of
the V -filtration, and definition 50, the maps in DBdr,G,fil(S

an,pet
Cp

)

j∗α = j∗(α) : Bdr,S(j∗w(K,W ))
T (j,Bdr)(K,W )
−−−−−−−−−−→ VD0j∗wBdr,So(K,W )⊗Bdr,S Bdr,So/S

VD0j∗α⊗I
−−−−−−−→ VD0j∗w(F

0DR(So)((M,F,W )an ⊗OSo (OBdr,So , F )))⊗Bdr,S Bdr,So/S
(Tw(j,⊗)(M,F,W )⊗I)−1

−−−−−−−−−−−−−−−−→ (VD0F
0DR(S)(j∗w((M,F,W )an)⊗OS (OBdr,S , F )))⊗Bdr,S Bdr,So/S

F 0DR(S)(VD0T (j,an)(M,F,W )⊗I)−1

−−−−−−−−−−−−−−−−−−−−−−−−→

(VD0F
0DR(S)((j∗w(M,F,W ))an ⊗OS (OBdr,S , F )))⊗Bdr,S Bdr,So/S

:=
−→ (VD0F

0DR(S)((j∗w(M,F,W ))an ⊗OS (OBdr,S , F )))⊗Bdr,S

(F 0DR(S)(j∗Hdg(OSo , Fb)
an ⊗OS (OBdr,S , F )))

wS⊗m(M)an

−−−−−−−−→ F 0DR(S)(j∗Hdg(M,F,W )an ⊗OS (OBdr,S , F ))

where m(M) : OSo ⊗OSo M
∼
−→M, m⊗ f 7→ fm is the multiplication map structure of the module

M and wS is the wedge product, and

j!α = j!(α) : Bdr,S(j!w(K,W ))
T!(j,Bdr)(K,W )
−−−−−−−−−−→ VD0Dj∗DBdr,So(K,W )⊗Bdr,S DSBdr,So/S)

(VD0Dj∗Dα)⊗I
−−−−−−−−−−→ VD0Dj∗wD(F

0DR(So)(D(M,F,W )an ⊗OSo (OBdr,So , F )))⊗Bdr,S DSBdr,So/S
=
−→ F 0VD0Dj∗wD(DR(S

o)((M,F,W )an ⊗OS OBdr,S))⊗Bdr,S

(F 0DR(S)(j!Hdg(OSo , Fb)
an ⊗OS (OBdr,S , F )))

(T (D,DR)(−)◦DTw(j,⊗)(−)◦T (D,DR)(−))⊗I
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(VD0F
0DR(S)((Dj∗wD(M,F,W ))an ⊗OS OBdr,S))⊗Bdr,S

(F 0DR(S)(j!Hdg(OSo , Fb)
an ⊗OS (OBdr,S , F )))

F 0DR(S)(DT (j,an)(−))⊗I
−−−−−−−−−−−−−−−−−→ (VD0F

0DR(S)((Dj∗wD(M,F,W ))an ⊗OS OBdr,S))⊗Bdr,S

(F 0DR(S)(j!Hdg(OSo , Fb)
an ⊗OS (OBdr,S , F )))

wS⊗m(M)an

−−−−−−−−→ F 0DR(S)(j!Hdg(M,F,W )an ⊗OS (OBdr,S , F ))

where m(M) : OSo ⊗OSo M
∼
−→ M, h ⊗m 7→ hm is the multiplication map and wS is the wedge

product.

(i2)’ Let l : So →֒ S an open embedding with S ∈ Var(k) and D = S\So a Cartier divisor. Let S = ∪iSi
an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). Let lI : S̃oI →֒ S̃I
closed embeddings such that S̃oI ∩ S = So ∩ SI . Let

α : Bdr,(S̃oI )
(K,W )→ F 0DR(So)(((MI , F,W ), uIJ )

an ⊗OSo ((OBdr,(S̃oI )
, F ), tIJ))

a morphism in DBdr,G,fil(S
o,an,pet
Cp

/(S̃o,an,petI,Cp
)), with ((MI , F,W ), uIJ) ∈ C(DRM(So)) ⊂ CD(1,0)fil,rh(S

o/(S̃oI ))
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and (K,W ) ∈ DZpfil,c,k(S
o,et)ad,D. We then consider as in (i2) the maps in DBdr,G,fil(S

an,pet
Cp

/(S̃an,petICp
))

l∗α = l∗(α) : Bdr,(S̃I)(l∗w(K,W ))

T (l,Bdr)(K,W )
−−−−−−−−−→ VD0l∗wBdr,(S̃oI )(K,W )⊗Bdr,(S̃I)

(Bdr,S̃oI/S̃I , tIJ)

VD0l∗α⊗I−−−−−−→ VD0l∗wF
0DR(So)(((MI , F,W ), uIJ )

an ⊗OS ((OBdr,S̃oI , F ), tIJ ))⊗Bdr,(S̃I)
(Bdr,S̃oI/S̃I , tIJ)

(Tw(lI ,⊗)(−))⊗I)
−1

−−−−−−−−−−−−−→

VD0F
0DR(S)(l∗w((MI , F,W ), uIJ )

an ⊗OS ((OBdr,S̃I , F ), tIJ ))⊗Bdr,(S̃I)
(Bdr,S̃oI/S̃I

, tIJ)

F 0DR(S)(VD0T (lI ,an)(MI ,F,W ))−1⊗I))−1

−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

VD0F
0DR(S)(VD0l∗w((MI , F,W ), uIJ )

an ⊗OS ((OBdr,S̃I , F ), tIJ ))⊗Bdr,(S̃I)
(Bdr,S̃oI/S̃I

, tIJ)

:=
−→ VD0(F

0DR(S)((l∗w((MI , F,W ), uIJ))
an ⊗OS ((OBdr,S̃I , F ), tIJ))) ⊗Bdr,(S̃I)

(F 0DR((S̃I))((lI∗Hdg(OS̃oI
, Fb), xIJ )

an ⊗OS ((OBdr,S̃I , F ), tIJ)))

wS̃I
⊗m(MI )

an

−−−−−−−−−−→ F 0DR(S)((l∗Hdg((MI , F,W ), uIJ)
an)⊗OS ((OBdr,S̃I , F ), tIJ))

and

l!α = l!(α) : Bdr,(S̃I)(l!w(K,W ))

T!(l,Bdr)(K,W )
−−−−−−−−−−→ VD0Dl∗D(Bdr,(S̃oI )

(K,W ))⊗Bdr,(S̃I
) D(Bdr,S̃oI/S̃I

, tIJ)
VD0Dl∗D(α⊗I)
−−−−−−−−−→

VD0Dl∗wD(F
0DR(So)(((MI , F,W ), uIJ)

an ⊗OSo ((OBdr,S̃oI
, F ), tIJ))) ⊗Bdr,(S̃I

) D(Bdr,S̃oI/S̃I
, tIJ)

(T (D,DR)(−)◦(DTw(lI ,⊗)(−))◦T (D,DR)(−))⊗I
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

VD0(F
0DR(S)((Dl∗wD((MI , F,W ), uIJ)

an)⊗OS ((OBdr,S̃I , F ), tIJ))) ⊗Bdr,(S̃I
) D(Bdr,S̃oI/S̃I

, tIJ)

F 0DR(S)(VD0DT (lI ,an)(−))⊗I
−−−−−−−−−−−−−−−−−−−−→

VD0(F
0DR(S)((Dl∗wD((MI , F,W ), uIJ ))

an ⊗OS ((OBdr,S̃I , F ), tIJ )))⊗Bdr,(S̃I)

(F 0DR((S̃I))((lI!Hdg(OS̃oI
, Fb), xIJ)

an ⊗OS ((OBdr,S̃I , F ), tIJ)))

wS̃I
⊗m(MI)

an

−−−−−−−−−−→ F 0DR(S)(l!Hdg((MI , F,W ), uIJ )
an ⊗OS ((OBdr,S̃I , F ), tIJ ))

(ii0) Let f : X → S a morphism with S,X ∈ SmVar(k). Take a compactification f : X
j
−→ X̄

f̄
−→ S of f

with X̄ ∈ SmVar(k), j an open embedding and D = X̄\X a divisor (see section 2, we can take D
a normal crossing divisor but it is unnecessary). Let

α : Bdr,X(K,W )→ F 0DR(X)((M,F,W )an ⊗OX OBdr,X)

a morphism in DBdr,G,fil(X
an,pet
Cp

), with (M,F,W ) ∈ C(DRM(X)) and (K,W ) ∈ DZpfil,c,k(X
et)ad,D.

We then consider, using (i1) and (i2) the maps in DBdr,G,fil(S
an,pet
Cp

)

f∗α = f∗(α) : Bdr,S(Rf∗w(K,W )) = Bdr,S(Rf̄∗j∗w(K,W ))

T (f̄ ,Bdr)(−)
−−−−−−−−→ Rf̄∗Bdr,X̄(j∗w(K,W ))

j∗(α)
−−−→ Rf̄∗F

0DR(X)(j∗Hdg(M,F,W )an ⊗OX (OBdr,X , F ))

F 0DR(S)(T (an,
∫
f
)(−)−1)◦F 0TBdr (f̄ ,DR)(−)−1◦Rf̄∗ιF0

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

F 0DR(S)(Rf̄∗Hdgj∗Hdg(M,F,W )an ⊗OS (OBdr,S , F ))
=:
−→ F 0DR(S)(Rf∗Hdg(M,F,W )an ⊗OS (OBdr,S , F ))
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and

f!α = f!(α) : Bdr,S(Rf!w(K,W )) = Bdr,S(Rf̄∗j!w(K,W ))

T (f̄ ,Bdr)(−)
−−−−−−−−→ Rf̄∗Bdr,X̄(j!w(K,W ))

j!(α)
−−−→ Rf̄∗F

0DR(X)(j!Hdg(M,F,W )an ⊗OX (OBdr,X , F ))

F 0DR(S)(T (an,
∫
f
)(−)−1)◦F 0TBdr (f̄ ,DR)(−)−1◦Rf̄∗ιF0

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

F 0DR(S)(Rf̄∗Hdgj!Hdg(M,F,W )an ⊗OS (OBdr,S , F ))
=:
−→ F 0DR(S)(Rf!Hdg(M,F,W )an ⊗OS (OBdr,S , F )).

(ii) Let f : X → S a morphism with S,X ∈ Var(k). Consider a factorization f : X →֒ Y ×S
p
−→ S with

Y ∈ SmVar(k), and let f : X
j
−→ X̄ →֒ Ȳ × S

p̄
−→ S be a compactification of f , with Ȳ ∈ PSmVar(k)

and D = Ȳ \Y a (Cartier) divisor (e.g. a normal crossing divisor). Let S = ∪iSi an open affine
cover and ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). Let

α : Bdr,(Y×S̃I)(K,W )→ F 0DR(X)(((MI , F,W ), uIJ)
an ⊗OY×S̃I

(OBdr,Y×S̃I , F ))

a morphism in DBdr,G,fil(X
an,pet
Cp

/(Y × S̃I
an,pet

Cp
)), with ((MI , F,W ), uIJ) ∈ C(DRM(X)) ⊂ CD(1,0)fil,rh(X/(Y×

S̃I)) and (K,W ) ∈ DZpfil,c,k(X
et)ad,D. We then consider, using definitions 78 and (i2)’, the maps

in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
))

f∗α = f∗(α) : Bdr,(S̃I)(Rf∗w(K,W )) = Bdr,(S̃I)((Rf̄∗j∗w(K,W )))

T (f̄ ,Bdr)(−)
−−−−−−−−→ Rp̄∗Bdr,(Ȳ×S̃I)(j∗w(K,W ))

j∗α
−−→ Rp̄∗F

0DR(X)((j∗Hdg((MI , F,W ), uIJ )
an)⊗OX ((OBdr,Ȳ×S̃I , F ), tIJ ))

Rp∗ιF0

−−−−−→ F 0Rp̄∗DR(X)((j∗Hdg((MI , F,W ), uIJ )
an)⊗OX ((OBdr,Ȳ×S̃I , F ), tIJ ))

F 0TBdr (f,DR)(j∗Hdg((MI ,F,W ),uIJ ))
−−−−−−−−−−−−−−−−−−−−−−−−−→ F 0DR(S)(

∫

f̄

(j∗Hdg((MI , F,W ), uIJ ))
an ⊗OS ((OBdr,S̃I , F ), tIJ ))

F 0DR(S)(T (an,
∫
f
)(−)⊗I)

−−−−−−−−−−−−−−−−−→ F 0DR(S)((

∫

f̄

j∗Hdg((MI , F,W ), uIJ ))
an ⊗OS ((OBdr,S̃I , F ), tIJ ))

=
−→ F 0DR(S)((Rf∗Hdg((MI , F,W ), uIJ))

an ⊗OS (OBdr,S̃I , F )),

and

f!α = f!(α) : Bdr,(S̃I)(Rf̄∗j!w(K,W )))
=
−→ Bdr,(S̃I)(Rf̄∗j!w(K,W ))

D(T (f̄ ,Bdr)(−))
−1

−−−−−−−−−−−→ Rp̄∗Bdr,(Ȳ×S̃I)(j!w(K,W ))

j!α−−→ Rp̄∗F
0DR(X)((j!Hdg((MI , F,W ), uIJ )

an)⊗OX ((OBdr,Ȳ×S̃I , F ), tIJ ))

Rp∗ιF0

−−−−−→ F 0Rp̄∗DR(X)((j!Hdg((MI , F,W ), uIJ )
an)⊗OX ((OBdr,Ȳ×S̃I , F ), tIJ ))

F 0TBdr (f,DR)(j!Hdg((MI ,F,W ),uIJ ))
−−−−−−−−−−−−−−−−−−−−−−−−−→ F 0DR(S)(

∫

f̄

(j!Hdg((MI , F,W ), uIJ ))
an ⊗OS ((OBdr,S̃I , F ), tIJ ))

F 0DR(S)(T (an,
∫
f
)(−)⊗I)

−−−−−−−−−−−−−−−−−→ F 0DR(S)((

∫

f̄

j!Hdg((MI , F,W ), uIJ ))
an ⊗OS ((OBdr,S̃I , F ), tIJ ))

=
−→ F 0DR(S)((Rf!Hdg((MI , F,W ), uIJ ))

an ⊗OS ((OBdr,(S̃I), F ), tIJ).

(iii) Let l : So →֒ S an open embedding with S ∈ Var(k) and denote Z = S\So. Let D1, · · · , Dd ⊂ S
Cartier divisor such that Z = ∩ds=1Ds. Denote ls : Ds →֒ S the closed embeddings. Let S = ∪iSi
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an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). Let lI,s : D̃I,s →֒ S̃I
closed embeddings such that D̃I,s ∩ S = S ∩DI,s. Let

α : Bdr,(S̃I)(K,W )→ F 0DR(S)(((MI , F,W ), uIJ )
an ⊗OS ((OBdr,S̃I , F ), tIJ ))

a morphism in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
)), with ((MI , F,W ), uIJ) ∈ C(DRM(S)) ⊂ CD(1,0)fil,rh(S/(S̃I))

and (K,W ) ∈ DZpfil,c,k(S
et)ad,(Di). We then have by (i2), the maps in DBdr,G,fil(S

an,pet
Cp

/(S̃an,petI,Cp
))

ΓZ(α) : Bdr,(S̃I)(Γ
w
Z(K,W ))

:=
−→ Bdr,(S̃I)(Γ

w
D1
· · ·ΓwDs(K,W ))

(I,(l1∗···ls∗(α)))
−−−−−−−−−−→ F 0DR(S)((ΓHdgZ ((MI , F,W ), uIJ))

an ⊗OS ((OBdr,S̃I , F ), tIJ))

and

Γ∨Z(α) : Bdr,(S̃I)(Γ
∨,w
Z (K,W ))

:=
−→ Bdr,(S̃I)(Γ

∨,w
D1
· · ·Γ∨,wDs (K,W ))

(I,(l1!···ls!(α)))
−−−−−−−−−−→ F 0DR(S)((Γ∨,HdgZ ((MI , F,W ), uIJ ))

an ⊗OS ((OBdr,S̃I , F ), tIJ))

(iv) Let f : X → S a morphism with S,X ∈ Var(k). Consider a factorization f : X →֒ Y × S
p
−→ S

with Y ∈ SmVar(k). Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with
S̃i ∈ SmVar(k). Let

α : Bdr,(S̃I)(K,W )→ F 0DR(S)(((MI , F,W ), uIJ)
an ⊗OS̃I

((OBdr,S̃I , F ), tIJ))

a morphism in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petICp
)), with ((MI , F,W ), uIJ) ∈ C(DRM(S)) ⊂ CD(1,0)fil,rh(S/(S̃I))

and (K,W ) ∈ DZpfil,c,k(S
et)ad,(Γf,i). We then have by (iii), the maps in DBdr,G,fil(X

an,pet
Cp

/(Y ×

S̃an,petI,Cp
))

f !α = f !(α) : Bdr,(Y×S̃I)(f
!w(K,W ))

=
−→ Bdr,(Y×S̃I)(Γ

w
Xp
∗(K,W ))

ΓX(p∗α)
−−−−−→ F 0DR(X)((ΓHdgX p∗mod((MI , F,W ), uIJ))

an ⊗OX ((OBdr,Y×S̃I , F ), tIJ ))
=
−→ DR(X)(f∗modHdg ((MI , F,W ), uIJ )

an ⊗OX ((OBdr,Y×S̃I , F ), tIJ ))

and

f∗α = f∗(α) : Bdr,(Y×S̃I)(f
∗w(K,W ))

=
−→ Bdr,(Y×S̃I)(Γ

∨,w
X p∗(K,W ))

Γ∨X (p∗α)
−−−−−→ F 0DR(Y × S)((Γ∨,HdgX p∗̂mod((MI , F,W ), uIJ))

an ⊗OX ((OBdr,Y ×S̃I , F ), tIJ))
=
−→ F 0DR(X)(f ∗̂modHdg ((MI , F,W ), uIJ)

an ⊗OX ((OBdr,Y ×S̃I , F ), tIJ))

with

p∗α : Bdr,(Y×S̃I)(p
∗(K,W ))

=
−→ p∗modBdr,(S̃I)(K,W )

p∗modα
−−−−−→ p∗modF 0DR(S)(((MI , F,W ), uIJ)

an ⊗OS ((OBdr,S̃I , F ), tIJ))
=
−→ F 0DR(Y × S)(p∗mod((MI , F,W ), uIJ)

an ⊗OY×S ((OBdr,Y×S̃I , F ), tIJ )).

(v) Let S ∈ Var(k). Denote by ∆S : S →֒ S × S the diagonal closed embedding and p1 : S × S → S,
p2 : S×S → S the projections. Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding
with S̃i ∈ SmVar(k). Let

α : Bdr,(S̃I)(K,W )→ F 0DR(S)(((MI , F,W ), uIJ )
an ⊗OS ((OBdr,S̃I , F ), tIJ )),

α′ : Bdr,(S̃I)(K
′,W )→ F 0DR(S)(((M ′I , F,W ), vIJ )

an ⊗OS ((OBdr,S̃I , F ), tIJ ))
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two morphisms in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petICp
)), with ((MI , F,W ), uIJ), ((M

′
I , F,W ), vIJ ) ∈ C(DRM(S)) ⊂

CD(1,0)fil,rh(S/(S̃I)) and (K,W ), (K ′,W ) ∈ DZpfil,c,k(S
et). We have then, using definition 80,the

map

α⊗ α′ : Bdr,(S̃I)((K,W )⊗ (K ′,W ))
T (⊗,Bdr)((K,W ),(K′,W ))−1

−−−−−−−−−−−−−−−−−−→ Bdr,(S̃I)((K,W )⊗Bdr,S Bdr,(S̃I)(K
′,W ))

α⊗α′
−−−→ F 0DR(S)(((MI , F,W ), uIJ)

an ⊗OS ((OBdr,S̃I , F ), tIJ))⊗Bdr,S

F 0DR(S)(((M ′I , F,W ), vIJ )
an ⊗OS ((OBdr,S̃I , F ), tIJ))

wS−−→ ∆∗modS F 0DR(S × S)(p∗mod1 ((MI , F,W ), uIJ )
an ⊗OS×S p

∗mod
2 ((M ′I , F,W ), vIJ )

an

⊗OS×S ((OBdr,S̃I×S̃I , F ), tIJ))

DR(S×S)(ad(∆∗modS,Hdg,∆S∗mod)(−))
−−−−−−−−−−−−−−−−−−−−−−−→

∆∗modS F 0DR(S × S)(∆S∗mod∆
∗mod
S,Hdg(p

∗mod
1 ((MI , F,W ), uIJ )

an ⊗OS×S p
∗mod
2 ((M ′I , F,W ), vIJ )

an

⊗OS×S ((OBdr,S̃I×S̃I , F ), tIJ))

TBdr (∆S,DR)(−)
−−−−−−−−−−−−→ ∆∗modS ∆S∗F

0DR(S)(∆∗modS,Hdg(p
∗mod
1 ((MI , F,W ), uIJ)

an

⊗OS×Sp
∗mod
2 ((M ′I , F,W ), vIJ )

an ⊗OS ((OBdr,S̃I , F ), tIJ)))
=:
−→ F 0DR(S)(((MI , F,W ), uIJ )

an ⊗HdgOS
((M ′I , F,W ), vIJ )

an ⊗OS ((OBdr,S̃I , F ), tIJ))

in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petICp
)).

Lemma 7. (i) Let j : So →֒ S an open embedding with S ∈ SmVar(k) such that D = S\So = V (s) ⊂ S
is a (Cartier) divisor. For (M,F,W ) ∈ C(DRM(So)),

m(M) : VD0j∗w(M,F,W )⊗OS j∗Hdg(OSo , Fb)→ j∗Hdg(M,F,W ),m ⊗ h 7→ m(M)(m⊗ h) := hm

is an isomorphism in C(DRM(S)), whose inverse is given by

n(M) : j∗Hdg(M,F,W )→ VD0j∗w(M,F,W ) ⊗OS j∗Hdg(OSo , Fb),m 7→ n(M)(m) := srm⊗ 1/sr.

where r ∈ N is such that srm ∈ Γ(W,VD0j∗M) for m ∈ Γ(W,M) and W ⊂ S an open subset.

(i)’ Let l : So →֒ S an open embedding with S ∈ Var(k) such that D = S\So = V (s) ⊂ S is a
Cartier divisor. Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈
SmVar(k). Let lI : S̃

o
I →֒ S̃I closed embeddings such that S̃oI ∩S = So∩SI . For ((MI , F,W ), uIJ ) ∈

C(DRM(So))

(m(MI)) : VD0l∗w((MI , F,W ), uIJ )⊗OS (lI∗Hdg(OS̃oI
, Fb), xIJ )→ (l∗Hdg((MI , F,W ), uIJ )

is an isomorphism in C(DRM(S)) whose inverse is given by

(n(MI)) : (l∗Hdg((MI , F,W ), uIJ )→ VD0l∗w((MI , F,W ), uIJ )⊗OS (lI∗Hdg(OS̃oI
, Fb), xIJ ).

(ii) Let j : So →֒ S an open embedding with S ∈ SmVar(k) such that D = S\So = V (s) ⊂ S is a
(Cartier) divisor. For (M,F,W ) ∈ C(DRM(So)),

wS ⊗m(M)an(VD0F
0DR(S)((j∗w(M,F,W ))an ⊗OS (OBdr,S , F )))⊗Bdr,S

(F 0DR(S)(j∗Hdg(OSo , Fb)
an ⊗OS (OBdr,S , F )))

→ F 0DR(S)(j∗Hdg(M,F,W )an ⊗OS (OBdr,S , F )), (w1 ⊗m)⊗ (w2 ⊗ h) 7→ (w1 ∧ w2)⊗ (hm)

is an isomorphism in C(DRM(S)) whose inverse is

w−1S ⊗ n(M)an : F 0DR(S)(j∗Hdg(M,F,W )an ⊗OS (OBdr,S , F ))

→ (VD0F
0DR(S)((j∗w(M,F,W ))an ⊗OS (OBdr,S , F )))⊗Bdr,S

(F 0DR(S)(j∗Hdg(OSo , Fb)
an ⊗OS (OBdr,S , F ))).
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(ii)’ Let l : So →֒ S an open embedding with S ∈ Var(k) such that D = S\So = V (s) ⊂ S is a
Cartier divisor. Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈
SmVar(k). Let lI : S̃

o
I →֒ S̃I closed embeddings such that S̃oI ∩S = So∩SI . For ((MI , F,W ), uIJ ) ∈

C(DRM(So))

(wS̃I ⊗m(MI)
an) : VD0(F

0DR(S)((l∗w((MI , F,W ), uIJ ))
an ⊗OS ((OBdr,S̃I , F ), tIJ)))⊗Bdr,(S̃I)

(F 0DR((S̃I))((lI∗Hdg(OS̃oI
, Fb), xIJ )

an ⊗OS ((OBdr,S̃I , F ), tIJ)))

→ F 0DR(S)((l∗Hdg((MI , F,W ), uIJ )
an)⊗OS ((OBdr,S̃I , F ), tIJ ))

is an isomorphism in C(DRM(S)) whose inverse is

(w−1
S̃I
⊗ n(MI)

an) : F 0DR(S)((l∗Hdg((MI , F,W ), uIJ)
an)⊗OS ((OBdr,S̃I , F ), tIJ ))

→ VD0(F
0DR(S)((l∗w((MI , F,W ), uIJ ))

an ⊗OS ((OBdr,S̃I , F ), tIJ )))⊗Bdr,(S̃I)

(F 0DR((S̃I))((lI∗Hdg(OS̃oI
, Fb), xIJ )

an ⊗OS ((OBdr,S̃I , F ), tIJ))).

Proof. (i): Follows from the definition of the V -filtration and the F -filtration.
(i)’:Follows from (i).
(ii): Follows from (i).
(ii)’:Follows from (ii).

Proposition 49. Let k ⊂ Cp a subfield.

(i0) Let j : So →֒ S an open embedding with S ∈ SmVar(k) and D = S\So a (Cartier) divisor. If

α : Bdr,So(K,W )→ F 0DR(So)((M,F,W )an ⊗OSo (OBdr,So , F ))

is an isomorphism in DBdr,G,fil(S
0,an,pet
Cp

), with (M,F,W ) ∈ C(DRM(So)) and (K,W ) ∈ DZpfil,c,k(S
o,et),

then the maps in DBdr,G,fil(S
an,pet
Cp

)

j∗α = j∗(α) : Bdr,S(j∗w(K,W ))→ F 0DR(S)((j∗Hdg(M,F,W ))an ⊗OS (OBdr,S , F ))

and

j!α = j!(α) : Bdr,S(j!w(K,W ))→ F 0DR(S)((j!Hdg(M,F,W ))an ⊗OS (OBdr,S , F ))

given in definition 66 are isomorphism.

(i0)’ Let l : So →֒ S an open embedding with S ∈ Var(k) and D = S\So a Cartier divisor. Let S = ∪iSi
an open affine cover and ii : Si →֒ S̃i closed embedding with S̃i ∈ SmVar(k). Let lI : S̃oI →֒ S̃I
closed embeddings such that S̃oI ∩ S = So ∩ SI . If

α : Bdr,(S̃oI )
(K,W )→ F 0DR(So)(((MI , F,W ), uIJ)

an ⊗OS̃o
I

(OBdr,S̃oI
))

is an isomorphism in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
)), with ((MI , F,W ), uIJ) ∈ C(DRM(So)) and

(K,W ) ∈ DZpfil,c,k(S
et). then the maps in DBdr,G,fil(S

an,pet
Cp

/(S̃an,petI,Cp
))

l∗α = l∗(α) : Bdr,(S̃I)(l∗w(K,W ))→ F 0DR(S)(l!Hdg((MI , F,W ), uIJ)
an ⊗OS (OBdr,(S̃I), F ))

and

l!α = l!(α) : Bdr,(S̃I)(l!w(K,W ))→ F 0DR(S)(l!Hdg((MI , F,W ), uIJ)
an ⊗OS (OBdr,(S̃I ), F ))

are isomorphisms.
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(i) Let f : X → S a morphism with S,X ∈ SmVar(k). If

α : Bdr,X(K,W )→ F 0DR(X)((M,F,W )an ⊗OX (OBdr,X , F ))

an isomorphism in DBdr,G,fil(X
an,pet
Cp

), with (M,F,W ) ∈ C(DRM(X)) and (K,W ) ∈ DZpfil,c,k(X
et),

then the morphisms given in definition 84

f∗α = f∗(α) : Bdr,S(Rf∗w(K,W ))→ F 0DR(S)((Rf∗Hdg(M,F,W ))an ⊗OS (OBdr,S , F ))

and

f!α = f!(α) : Bdr,S(Rf!w(K,W ))→ F 0DR(S)((Rf!Hdg(M,F,W ))an ⊗OS (OBdr,S , F ))

are isomorphisms.

(i)’ Let f : X → S a morphism with S,X ∈ QPVar(k). Consider a factorization f : X →֒ Y × S
p
−→ S

with Y ∈ SmVar(k). Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with
S̃i ∈ SmVar(k). If

α : Bdr,(Y×S̃I)(K,W )→ F 0DR(X)(((MI , F,W ), uIJ)
an ⊗OY×S̃I

(OBdr,Y×S̃I , F ))

is an isomorphism in DBdr,G,fil(X
an,pet
Cp

/(Y × S̃I
an,pet

Cp
)), with ((MI , F,W ), uIJ ) ∈ C(DRM(X))

and (K,W ) ∈ DZpfil,c,k(X
et), then, the maps in DBdr,G,fil(S

an,pet
Cp

/(S̃an,petI,Cp
))

f∗α = f∗(α) : Bdr,(S̃I)(Rf∗w(K,W ))→ F 0DR(S)((Rf∗Hdg((MI , F,W ), uIJ))
an ⊗OS (OBdr,(S̃I), F )),

and

f!α = f!(α) : Bdr,(S̃I)((Rf!w(K,W )))→ F 0DR(S)((Rf!Hdg((MI , F,W ), uIJ ))
an ⊗OS (OBdr,(S̃I ), F )),

are isomorphisms.

(ii) Let f : X → S a morphism with S,X ∈ QPVar(k). Consider a factorization f : X →֒ Y × S
p
−→ S

with Y ∈ SmVar(k). Let S = ∪iSi an open affine cover and ii : Si →֒ S̃i closed embedding with
S̃i ∈ SmVar(k). If

α : Bdr,(S̃I)(K,W )→ F 0DR(S)(((MI , F,W ), uIJ)
an ⊗OS̃I

(OBdr,(S̃I), F ))

is an isomorphism in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
)), with ((MI , F,W ), uIJ) ∈ C(DRM(S)) and

(K,W ) ∈ DZpfil,c,k(S
et), the maps in DBdr,G,fil(X

an,pet
Cp

/(Y × S̃I)
an,pet
Cp

)

f !α = f !(α) : Bdr,(Y×S̃I)(f
!w(K,W ))→ F 0DR(X)(f∗modHdg ((MI , F,W ), uIJ )

an ⊗OX (OBdr,(Y×S̃I), F ))

and

f∗α = f∗(α) : Bdr,(Y×S̃I)(f
!(K,W ))→ F 0DR(X)(f ∗̂modHdg ((MI , F,W ), uIJ )

an ⊗OX (OBdr,(Y×S̃I), F ))

given in definition 84 are isomorphisms.

Proof. (i0): Follows from lemma 7(ii).
(i0)’:Follows from lemma 7(ii)’.
(i): Follows from (i0) and on the other hand theorem 44 and GAGA for proper morphism of algebraic
varieties over a p-adic field.
(i): Follows from (i0)’ and on the other hand theorem 44 and GAGA for proper morphism of algebraic
varieties over a p-adic field.
(ii): Follows from (i0).
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Definition 85. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line bundle
(S being smooth, D is Cartier). For M = ((M,F,W ), (K,W ), α) ∈ PShD(1,0)fil,rh(S) ×I PZpfil,k(S

et),
we then define, using definition 55, theorem 40 and definition TphipsiBdr,

• the nearby cycle functor

ψD((M,F,W ), (K,W ), α) := (ψD(M,F,W ), ψD(K,W ), ψDα) ∈ PShD(1,0)fil,rh(S)×IPZpfil,k(S
et),

with

ψDα : Bdr,S(ψD(K,W ))
T (ψD ,Bdr)(K,W )
−−−−−−−−−−−→ ψDBdr,S(K,W )

ψDα
−−−→

ψDDR(S)((M,F,W )an ⊗OS (OBdr,S , F ))
TBdr (ψD,DR)(M,F,W )
−−−−−−−−−−−−−−−→ DR(S)(ψD(M,F,W )an ⊗OS (OBdr,S , F )),

• the vanishing cycle functor

φD((M,F,W ), (K,W ), α) := (φD(M,F,W ), φD(K,W ), φDα) ∈ PShD(1,0)fil,rh(S)×I PZpfil,k(S
et),

with

φDα : Bdr,S(φD(K,W ))
T (φD ,Bdr)(K,W )
−−−−−−−−−−−→ φDBdr,S(K,W )

φDα
−−−→

φDDR(S)((M,F,W )an ⊗OS (OBdr,S , F ))
TBdr (φD ,DR)(M,F,W )
−−−−−−−−−−−−−−−→ DR(S)(φD(M,F,W )an ⊗OS (OBdr,S , F )),

• the canonical maps in PShD(1,0)fil,rh(S)×I PZpfil,k(S
et)

can(M) := (can(M,F,W ), can(K,W )) : ψD((M,F,W ), (K,W ), α)→ φD((M,F,W ), (K,W ), α)(−1),

var(M) := (var(M,F,W ), var(K,W )) : φD((M,F,W ), (K,W ), α)→ ψD((M,F,W ), (K,W ), α).

Proposition 50. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier divisor). Consider a composition of
proper morphisms

(f : X = Xr
fr
−→ Xr−1

f1
−→ X0 = S) ∈ SmVar(k), proper, 1 ≤ i ≤ r,

and

(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

((OX , Fb), H
n0Rf1∗ · · ·H

nrRfr∗ZXk̄ ,

Hn0f1∗ ◦ · · · ◦H
nrfr∗α(XCp)) ∈ PShDfil,rh(S)×I PZp,k(S

et).

Then,

ψD(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

(ψf−1(D)(OX , Fb)), H
n0Rf1∗ · · ·H

nrRfr∗ψf−1(D)ZXk̄ ,

Hn0f1∗ ◦ · · · ◦H
nrfr∗ψf−1(D)α(XCp)) ∈ PShDfil,rh(S)×I PZp,k(S

et),

and

φD(M,F ) = Hn0

∫

f1

· · ·Hnr

∫

fr

(ψf−1(D)(OX , Fb)), H
n0Rf1∗ · · ·H

nrRfr∗φf−1(D)ZXk̄ ,

Hn0f1∗ ◦ · · · ◦H
nrfr∗φf−1(D)α(XCp)) ∈ PShDfil,rh(S)×I PZp,k(S

et),

Proof. Immediate from definition.
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Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). We consider Zwp,Set ∈ CZpfil(S

et) such that j∗IZ
w
p,Set = i∗IΓ

∨,w
SI

Zet
p,S̃I

and set

α(S) : Bdr,(S̃I)(Z
w
p,Set)

:=
−→

(Γ∨SIZp,(S̃I) ⊗ Bdr,φD̃1,I
⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
Bdr,φD̃d,I

,Bdr(tIJ ))

=
−→ (Γ∨SIZp,S̃I ⊗ Bdr,S̃I ⊗Bdr,S̃I

Bdr,φD̃1,I
⊗Bdr,S̃I

· · · ⊗Bdr,S̃I
Bdr,φD̃d,I

,Bdr(xIJ ))

α((S̃I,Cp )⊗I)
−−−−−−−−→

(VD̃1,I0
· · ·VD̃d,I0Γ

∨
SI (F

0DR(S̃I)((OBdr,S̃I ), F )) ⊗Bdr,S̃I
Bdr,φD̃1,I

⊗Bdr,S̃I
· · · ⊗Bdr,S̃I

Bdr,φD̃d,I
,Bdr(tIJ ))

(DT (γSI ,⊗)(−))⊗(DR(S)(DρDR,D̃1,I
(OS̃I

,Fb))⊗···⊗D(ρDR,D̃d,I
(OS̃I

,Fb)))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

F 0DR(S)(VD̃1,I0
· · ·VD̃d,I0Γ

∨,h
SI

(OS̃I , Fb)⊗Bdr,S̃I
OBdr,S̃I , xIJ)⊗Bdr,(S̃I)

F 0DR(S)((Γ∨,HdgSI
(OS̃I , Fb))

an ⊗OS̃I
(OBdr,S̃I , F ), xIJ )

T (DR,⊗)(−,−)
−−−−−−−−−−→ F 0DR(S)(Γ∨,hSI (OS̃I , Fb)⊗OS̃I

(Γ∨,HdgSI
(OS̃I , Fb))

an ⊗OS̃I
(OBdr,S̃I , F ), xIJ )

F 0DR(S)(m(OS̃I
))

−−−−−−−−−−−−→ F 0DR(S)((Γ∨,HdgSI
(OS̃I , Fb))

an ⊗OS̃I
(OBdr,S̃I , F ), xIJ )

=:
−→ F 0DR(S)((Γ∨,HdgSI

(OS̃I , Fb), xIJ )
an ⊗OS ((OBdr,(S̃I ), F ), tIJ ))

is an isomorphism in DBdr,G(S
an,pet
Cp

/(S̃I)
an,pet
Cp

), where D1, . . . , Dd ⊂ S are Cartier divisors such that

S = ∩ds=1Ds, D̃s,I ⊂ S̃I are Cartier divisor such that Ds ∩ SI ⊂ D̃s,I ∩ SI , iI : SI →֒ S̃I are the closed

embeddings, m(O) : O ×O O
∼
−→ O, h⊗ f 7→ hf is the multiplication map, and we use definition 84 and

proposition 49.
We now give the definition of p adic mixed Hodge modules which is the main definition of this section

:

Definition 86. Let k ⊂ Cp a subfield.

(i) Let S ∈ SmVar(k). We denote by

HMgm,k,Cp(S) :=< (Rn
∫

f1

· · ·Rn
∫

fr

(OX , Fb), R
nf1∗ · · ·R

nfr∗Zp,Xet , R
nf1∗ · · ·R

nfr∗α(X)),

(f : X = Xr
fr
−→ Xr−1 → · · ·

f1
−→ X0 = S) ∈ SmVar(k), proper >

⊂ PDRM(S)×I PZp,k(S
et) ⊂ PShDfil,rh(S)×I PZp,k(S

et)

the full abelian subcategory, where <,> means generated by,

α(X) : Bdr,X(Zp,Xet) := Bdr,XCp
→֒ DR(X)(OBdr,XCp

)

is the inclusion quasi-isomorphism in CBdr,G(X
pet
Cp

), and we use definition 84. We have by propo-

sition 50 for ((M,F ),K, α) ∈ HMgm,k,Cp(S),

GrWk ψD((M,F ),K, α) := GrWk ψD(M,F ),GrWk ψDK,GrWk ψDα) ∈ HMgm,k,Cp(S).

and

GrWk ψD((M,F ),K, α) := GrWk ψD(M,F ),GrWk ψDK,GrWk ψDα) ∈ HMgm,k,Cp(S).

for all k ∈ Z. We set

ZHdgp,S := ((OS , Fb),Zp,Set , α(S)) ∈ HMgm,k,Cp(S)
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(i)’ Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k).

HMgm,k,Cp(S) :=< (Rn1p1∗Hdg · · ·R
nrpr∗Hdg(Γ

Hdg
XI

(OY×X̃r−1,I
, Fb), xIJ ),

Rn1p1∗ · · ·R
nrpr∗T (X/(Yr × X̃r−1,I))(Zp,Xet), R

n1p1∗ · · ·R
nrpr∗α(X)),

(f : X = Xr
fr
−→ Xr−1 → · · ·

f1
−→ X0 = S) ∈ Var(k) >

⊂ PDRM(S)×I PZp,k(S
et) ⊂ PShDfil,rh(S/(S̃I))×I PZp,k(S

et)

the full abelian subcategory, where <,> means generated by, fi : Xi →֒ Yi ×Xi−1
pi
−→ Xi−1 proper,

Yi ∈ PSmVar(k), Xi smooth, and α(X) is given above. Note that if S is smooth then this definition
of HMgm,k,Cp(S) agree with the one given in (i).

(ii) Let S ∈ Var(k). Take an open cover S = ∪iSi such that there are closed embedding SI →֒ S̃I with
SI ∈ SmVar(k). We define using the pure case (i) and (i)’ the full subcategory of mixed Hodge
modules defined over k

MHMgm,k,Cp(S) :={
(((MI , F,W ), uIJ), (K,W ), α), s.t. GrWk (((MI , F,W ), uIJ ), (K,W ), α) ∈ HMgm,k,Cp(S)

}

⊂ DRM(S)×I PZpfil,k(S
et) ⊂ PShD(1,0)fil,rh(S/(S̃I))×I PZpfil,k(S

et)

whose object consists of (((MI , F,W ), uIJ), (K,W ), α) ∈ DRM(S)×I PZpfil,k(S
et) such that

GrWk (((MI , F,W ), uIJ )(K,W ), α) := (GrWk ((MI , F ), uIJ),GrWk K,GrWk α) ∈ HMgm,k,Cp(S).

where DRM(S) is the category of de Rham modules introduced in section 5 definition 56. The fact
that α is an isomorphism implies that the Galois representation of G induced on each k-point of S
is a de Rham representation. We set

ZHdgp,S := ((Γ∨,HdgSI
(OS̃I , Fb), xIJ ),Z

w
p,Set , α(S)) ∈MHMgm,k,Cp(S)

with α(S) given above. For S ∈ SmVar(k) and D = V (s) ⊂ S a (Cartier) divisor, we have for
((M,F,W ), (K,W ), α) ∈MHMgm,k,Cp(S), using theorem 32,

ψD((M,F,W ), (K,W ), α), φD((M,F,W ), (K,W ), α) ∈MHMgm,k,Cp(S),

by the pure case (c.f. (i) and proposition 50) and the strictness of the V -filtration.

For S ∈ Var(k) we get D(MHMgm,k,Cp(S)) := Ho(zar,et)(C(MHMgm,k,Cp(S))) after localization with
Zariski local equivalence and etale local equivalence.

We now look at functorialities :

Definition 87. Let k ⊂ Cp a subfield. Let S ∈ SmVar(k). Let j : So →֒ S an open embedding. Let
Z := S\So = V (I) ⊂ S an the closed complementary subset, I ⊂ OS being an ideal subsheaf. Taking
generators I = (s1, . . . , sr), we get Z = V (s1, . . . , sr) = ∩ri=1Zi ⊂ S with Zi = V (si) ⊂ S, si ∈ Γ(S,Li)
and Li a line bundle. Note that Z is an arbitrary closed subset, dZ ≥ dX − r needing not be a complete

intersection. Denote by jI : So,I := ∩i∈I(S\Zi) = S\(∪i∈IZi)
joI−→ So

j
−→ S the open embeddings. Let

(M,F,W ) ∈MHMgm,k,Cp(S
o)). We then define, using definition 57 and definition 7

• the canonical extension

j∗Hdg((M,F,W ), (K,W ), α) := (j∗Hdg(M,F,W ), j∗w(K,W ), j∗α)

:=∈MHMgm,k,Cp(S),

so that j∗(j∗Hdg((M,F,W ), (K,W ), α)) = ((M,F,W ), (K,W ), α),
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• the canonical extension

j!Hdg((M,F,W ), (K,W ), α) := (j!Hdg(M,F,W ), j!w(K,W ), j!α) :=∈MHMgm,k,Cp(S),

so that j∗(j!Hdg((M,F,W ), (K,W ), α)) = ((M,F,W ), (K,W ), α).

Moreover for ((M ′, F,W ), (K ′,W ), α′) ∈MHMgm,k,Cp(S),

• there is a canonical map in MHMgm,k,Cp(S)

ad(j∗, j∗Hdg)((M
′, F,W ), (K ′,W ), α′) : ((M ′, F,W ), (K ′,W ), α′)→ j∗Hdgj

∗((M ′, F,W ), (K ′,W ), α′),

• there is a canonical map in MHMgm,k,Cp(S)

ad(j!Hdg, j
∗)((M ′, F,W ), (K ′,W ), α′) : j!Hdgj

∗((M ′, F,W ), (K ′,W ), α′)→ ((M ′, F,W ), (K ′,W ), α′).

For (M,F,W ) ∈ C(MHMgm,k,Cp(S
o)),

• we have the canonical map in CD(1,0)fil(S)×I Cfil(S
et)

T (j∗Hdg, j∗)((M,F,W ), (K,W ), α) := (k ◦ ad(j∗, j∗)(−), k ◦ ad(j
∗, j∗), 0) :

j∗Hdg((M,F,W ), (K,W ), α)→ (j∗E(M,F,W ), j∗E(K,W ), α)

• we have the canonical map in CD(1,0)fil(S)×I Cfil(S
et)

T (j!, j!Hdg)((M,F,W ), (K,W ), α) := (k ◦ ad(j!, j
∗)(−), k ◦ ad(j!, j

∗)(−), 0) :

(j!(M,F,W ), j!(K,W ), j!α)→ j!Hdg((M,F,W ), (K,W ), α).

Proposition 51. (i) Let S ∈ SmVar(k). Let D = V (s) ⊂ S a divisor with s ∈ Γ(S,L) and L a line
bundle (S being smooth, D is Cartier). Denote by j : So := S\D →֒ S the open complementary
embedding. Then,

– (j∗, j∗Hdg) :MHMgm,k,Cp(S) ⇆MHMgm,k,Cp(S
o) is a pair of adjoint functors

– (j!Hdg, j
∗) :MHMgm,k,Cp(S

o) ⇆MHMgm,k,Cp(S) is a pair of adjoint functors.

(ii) Let S ∈ SmVar(k). Let Z = V (I) ⊂ S an arbitrary closed subset, I ⊂ OS being an ideal subsheaf.
Denote by j : So := S\Z →֒ S. Then,

– (j∗, j∗Hdg) : D(MHMgm,k,Cp(S)) ⇆ D(MHMgm,k,Cp(S
o)) is a pair of adjoint functors

– (j!Hdg, j
∗) : D(MHMgm,k,Cp(S

o)) ⇆ D(MHMgm,k,Cp(S)) is a pair of adjoint functors.

Proof. (i): Follows from proposition 37.
(ii):Follows from (i) and the exactness of j∗, j∗Hdg and j!Hdg.

Definition 88. Let S ∈ SmVar(k). Let Z ⊂ S a closed subset. Denote by j : S\Z →֒ S the complemen-
tary open embedding.

(i) We define using definition 59, definition 8 and definition 84(iii), the filtered Hodge support section
functor

ΓHdgZ : C(MHMgm,k,Cp(S))→ C(MHMgm,k,Cp(S)), ((M,F,W ), (K,W ), α) 7→

ΓHdgZ ((M,F,W ), (K,W ), α) := (ΓHdgZ (M,F,W ),ΓwZ (K,W ),Γ(α))

= Cone(ad(j∗, j∗Hdg)(−) : j∗Hdg , j
∗((M,F,W ), (K,W ), α)→ ((M,F,W ), (K,W ), α)[−1]

see definition 87 for the last equality, together we the canonical map

γHdgZ ((M,F,W ), (K,W ), α) : ΓHdgZ ((M,F,W ), (K,W ), α)→ ((M,F,W ), (K,W ), α).
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(i)’ Since j∗Hdg : C(MHMgm,k,Cp(S
o)) → C(MHMgm,k,Cp(S)) is an exact functor, ΓHdgZ induces the

functor

ΓHdgZ : D(MHMgm,k,Cp(S))→ D(MHMgm,k,Cp(S)),

((M,F,W ), (K,W ), α) 7→ ΓHdgZ ((M,F,W ), (K,W ), α)

(ii) We define using definition 59, definition 8 and definition 84(iii) the dual filtered Hodge support
section functor

Γ∨,HdgZ : C(MHMgm,k,Cp(S))→ C(MHMgm,k,Cp(S)), ((M,F,W ), (K,W ), α) 7→

Γ∨,HdgZ ((M,F,W ), (K,W ), α) := (Γ∨,HdgZ (M,F,W ),Γ∨,wZ (K,W ),Γ∨(α))

= Cone(ad(j!Hdg , j
∗)(−) : j!Hdg, j

∗((M,F,W ), (K,W ), α)→ ((M,F,W ), (K,W ), α))

see definition 87 for the last equality, together we the canonical map

γ∨,HdgZ ((M,F,W ), (K,W ), α) : ((M,F,W ), (K,W ), α)→ Γ∨,HdgZ ((M,F,W ), (K,W ), α).

(ii)’ Since j!Hdg : C(MHMgm,k,Cp(S
o))→ C(MHMgm,k,Cp(S)) is an exact functor, ΓHdg,∨Z induces the

functor

Γ∨,HdgZ : D(MHMgm,k,Cp(S))→ D(MHMgm,k,Cp(S)),

((M,F,W ), (K,W ), α) 7→ Γ∨,HdgZ ((M,F,W ), (K,W ), α)

In the singular case it gives :

Definition 89. Let S ∈ Var(k). Let Z ⊂ S a closed subset. Let S = ∪si=1Si an open cover such that there
exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Denote ZI := Z ∩ SI . Denote by n : S\Z →֒ S
and ñI : S̃I\ZI →֒ S̃I the complementary open embeddings.

(i) We define using definition 61, definition 8 and definition 84(iii) the filtered Hodge support section
functor

ΓHdgZ : C(MHMgm,k,Cp(S))→ C(MHMgm,k,Cp(S)),

(((MI , F,W ), uIJ), (K,W ), α) 7→ ΓHdgZ (((MI , F,W ), uIJ), (K,W ), α) :=

:= (ΓHdgZ ((MI , F,W ), uIJ ),Γ
w
Z(K,W ),Γ(α))

together with the canonical map

γHdgZ (((MI , F,W ), uIJ), (K,W ), α) :

ΓHdgZ (((MI , F,W ), uIJ), (K,W ), α)→ (((MI , F,W ), uIJ), (K,W ), α).

(i)’ By exactness of ΓHdgZ and ΓwZ it induces the functor

ΓHdgZ : D(MHMgm,k,Cp(S))→ D(MHMgm,k,Cp(S)),

(((MI , F,W ), uIJ), (K,W ), α) 7→ ΓHdgZ (((MI , F,W ), uIJ), (K,W ), α)

(ii) We define using definition 61, definition 8 and definition 84(iii) the dual filtered Hodge support
section functor

Γ∨,HdgZ : C(MHMgm,k,Cp(S))→ C(MHMgm,k,Cp(S)), (((MI , F,W ), uIJ ), (K,W ), α) 7→

Γ∨,HdgZ (((MI , F,W ), uIJ), (K,W ), α) := (Γ∨,HdgZ ((MI , F,W ), uIJ),Γ
∨,w
Z (K,W ),Γ(α)),

together we the canonical map

γ∨,HdgZ (((MI , F,W ), uIJ ), (K,W ), α) :

(((MI , F,W ), uIJ), (K,W ), α)→ Γ∨,HdgZ (((MI , F,W ), uIJ ), (K,W ), α).
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(ii)’ By exactness of Γ∨,HdgZ and Γ∨,wZ , it induces the functor

Γ∨,HdgZ : D(MHMgm,k,Cp(S))→ D(MHMgm,k,Cp(S)),

(((MI , F,W ), uIJ ), (K,W ), α) 7→ Γ∨,HdgZ (((MI , F,W ), uIJ), (K,W ), α)

:= (Γ∨,HdgZ ((MI , F,W ), uIJ ),Γ
∨,w
Z (K,W ),Γ(α))

This gives the inverse image functor :

Definition 90. Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization f :

X
l
−→ Y ×S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let S = ∪i∈I an open

cover such that there exist closed embeddings i : Si →֒ S̃i with S̃i ∈ SmVar(k). Denote XI := f−1(SI).
We have then X = ∪i∈IXi and the commutative diagrams

f : XI
lI //

$$■
■■

■■
■■

■■
Y × SI

pSI //

i′I :=(I×iI )
��

SI

iI
��

Y × S̃I
pS̃I

=:f̃I
// S̃I

(i) For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,Cp(S)) we set (see definition 89 for l)

f∗modHdg (((MI , F,W ), uIJ ), (K,W ), α) :=

ΓHdgX ((p
∗mod[−]

S̃I
(MI , F,W ), p

∗mod[−]

S̃I
uIJ), p

∗
S(K,W ), p∗Sα)(dY )[2dY ] ∈ C(MHMgm,k,Cp(X)),

(ii) For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,Cp(S))) we set (see definition 89 for l)

f ∗̂modHdg (((MI , F,W ), uIJ), (K,W ), α) :=

Γ∨,HdgX ((p
∗mod[−]

S̃I
(MI , F,W ), p

∗mod[−]

S̃I
uIJ), p

∗
S(K,W ), p∗Sα) ∈ C(MHMgm,k,Cp(X)),

Definition 91. Let S ∈ Var(k). Let S = ∪i∈I an open cover such that there exist closed embeddings
i : Si →֒ S̃i with S̃i ∈ SmVar(k). We have the following bi-functor

(−)⊗HdgOS
(−) : D(MHMgm,k,Cp(S))

2 → D(MHMgm,k,Cp(S)),

(((MI , F,W ), uIJ), (K,W ), α), (((M ′I , F,W ), vIJ ), (K
′,W ), α′) 7→

(((MI , F,W ), uIJ), (K,W ), α) ⊗HdgOS
(((M ′I , F,W ), vIJ ), (K

′,W ), α′) :=

((MI , F,W ), uIJ)⊗
Hdg
OS

((M ′I , F,W ), vIJ ), (K,W )⊗ (K ′,W ), α⊗ α′)

where the map α⊗ α′ is given in definition 84.

Proposition 52. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ QPVar(k).

(i) LetM ∈ C(MHMgm,k,Cp(S))). Then,

(f2 ◦ f1)
!Hdg(M) = f !Hdg

1 f !Hdg
2 (M) ∈ D(MHMgm,k,Cp(X)).

(ii) Let (M,F,W ) ∈ C(MHMgm,k,Cp(S))). Then,

(f2 ◦ f1)
∗Hdg(M) = f∗Hdg1 f∗Hdg2 (M) ∈ D(MHMgm,k,Cp(X))

Proof. Immediate from definition.
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Proposition 53. Let S ∈ SmVar(k). Let D = V (s) ⊂ S a (Cartier) divisor, where s ∈ Γ(S,L) is a
section of the line bundle L = LD associated to D.

(i) Let ((M,F,W ), (K,W ), α) ∈MHMgm,k,Cp(S). We have, using proposition 38, the canonical quasi-
isomorphism in C(MHMgm,k,Cp(S)) :

Is(M) := (Is(M), Is(K), 0) :

((M,F,W ), (K,W ), α)→ (ψD((M,F,W ), (K,W ), α)
((c(xSo/S(M)),can(M)),(c(x(K)),can(K)),0)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

xSo/S((M,F,W ), (K,W ), α) ⊕ φD((M,F,W ), (K,W ), α)
:=
−→

(xSo/S(M,F,W ), xSo/S(K,W ), xSo/S(α))⊕ (φD(M,F,W ), φD(K,W ), φDα)

((Dc(xSo/S(DM)),var(M)),(Dc(xSo/S(DK)),var(K)),0)
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ ψD((M,F,W ), (K,W ), α)).

(ii) We denote by MHMgm,k,Cp(S\D) ×J MHMgm,k,Cp(D) the category whose set of objects consists
of

{
(M,N , a, b),M∈MHMgm,k,Cp(S\D),N ∈MHMgm,k,Cp(D), a : ψD1M→ N, b : N → ψD1M

}

The functor (see definition 85)

(j∗, φD, c, v) :MHMgm,k,Cp(S)→MHMgm,k,Cp(S\D)×J MHMgm,k,Cp(D),

((M,F,W ), (K,W ), α) 7→ ((j∗(M,F,W ), j∗(K,W ), j∗α), φD((M,F,W ), (K,W ), α), can(−), var(−))

is an equivalence of category.

Proof. Follows from proposition 38.

Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). We have the category DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et)

• whose set of objects is the set of triples {(((MI , F,W ), uIJ), (K,W ), α)} with

((MI , F,W ), uIJ) ∈ DD(1,0)fil,rh(S/(S̃I)), (K,W ) ∈ DZpfil,c,k(S
et),

α : Bdr,(S̃I)(K,W )→ F 0DR(S)[−](((MI , F,W ), uIJ )
an ⊗OS ((OBdr,S̃I , F ), tIJ))

where α is a morphism in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
)),

• and whose set of morphisms consists of

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

where φD : ((M1, F,W ), uIJ ) → ((M2, F,W ), uIJ) and φC : (K1,W ) → (K2,W ) are morphisms
and

θ = (θ•, I(DR(S)(φanD )× I) ◦ I(α1), I(α2) ◦ I(Bdr,(S̃I)(φC ⊗ I))) :

I(Bdr,(S̃I)(K1,W ))[1]→ I(F 0DR(S)(((M2I , F,W ), uIJ)
an ⊗OS ((OBdr,S̃I , F ), tIJ)))

is an homotopy, I : DBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
))→ KBdr,G,fil(S

an,pet
Cp

/(S̃an,petI,Cp
)) being the injective

resolution functor, and for

– φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

– φ′ = (φ′D, φ
′
C , [θ

′]) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ (((M3I , F,W ), uIJ), (K3,W ), α3)

209



the composition law is given by

φ′ ◦ φ := (φ′D ◦ φD, φ
′
C ◦ φC , I(DR(S)(φ

′an
D ⊗ I)) ◦ [θ] + [θ′] ◦ I(Bdr,(S̃I)(φC))[1]) :

(((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M3I , F,W ), uIJ), (K3,W ), α3),

in particular for (((MI , F,W ), uIJ ), (K,W ), α) ∈ CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et),

I(((MI ,F,W ),uIJ ),(K,W ),α) = ((IMI ), IK , 0),

and also the category DD(1,0)fil,rh,∞(S/(S̃I)) ×I DZpfil,c,k(S
et) defined in the same way, together with

the localization functor

(D(zar), I) : CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
et)→ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S

et)

→ DD(1,0)fil,rh,∞(S/(S̃I))×I Dfil,c,k(S
et).

Note that if φ = (φD, φC , [θ]) : (((M1, F,W ), uIJ), (K1,W ), α1) → (((M2, F,W ), uIJ ), (K2,W ), α2) is a
morphism in DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et) such that φD and φC are isomorphism then φ is an
isomorphism (see remark 8). Moreover,

• For (((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et), we set

(((MI , F,W ), uIJ ), (K,W ), α)[1] := (((MI , F,W ), uIJ)[1], (K,W )[1], α[1]).

• For

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

a morphism in DD(1,0)fil,rh(S/(S̃I))×I DZp,fil,c,k(S
et), we set (see [11] definition 3.12)

Cone(φ) := (Cone(φD),Cone(φC), ((α1, θ), (α2, 0))) ∈ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et),

((α1, θ), (α2, 0)) being the matrix given by the composition law, together with the canonical maps

– c1(−) = (c1(φD), c1(φC), 0) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ Cone(φ)

– c2(−) = (c2(φD), c2(φC), 0) : Cone(φ)→ (((M1I , F,W ), uIJ), (K1,W ), α1)[1].

We have then the following :

Theorem 46. (i) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embed-
ding ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Then the full embedding

ιS :MHMgm,k,Cp(S) →֒ PSh0D(1,0)fil,rh(S/(S̃I)) ×I PZpfil,k(S
et) →֒ CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et)

induces a full embedding

ιS : D(MHMgm,k,Cp(S)) →֒ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et)

whose image consists of (((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil,rh(S/(S̃I)) ×I DZpfil,c,k(S
et)

such that
((Hn(MI , F,W ), Hn(uIJ)), H

n(K,W ), Hnα) ∈MHMgm,k,Cp(S)

for all n ∈ Z and such that for all p ∈ Z, the differentials of GrpW (MI , F ) are strict for the filtrations
F .

210



(i)’ Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Then,

D(MHMgm,k,Cp(S)) =< (

∫ FDR

f

(n× I)!Hdg(Γ
∨,Hdg
X (OPN,o×S̃I

, Fb), xIJ ), Rf∗Zp,Xet , f∗α(X)),

(f : X
l
−→ PN,o × S

p
−→ S) ∈ QPVar(k) >

=< (

∫ FDR

f

((Γ∨,HdgX (OPN,o×S̃I
, Fb), xIJ ), Rf∗Zp,Xet , f∗α(X)),

(f : X
l
−→ PN,o × S

p
−→ S) ∈ QPVar(k), proper, Xsmooth >

⊂ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et)

where n : PN,o →֒ PN are open embeddings, l are closed embedding and <,> means the full trian-
gulated category generated by.

(ii) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embedding ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Then the full embedding

ιS :MHMgm,k,Cp(S) →֒ PSh0D(1,0)fil,rh(S/(S̃I)) ×I PZpfil,k(S
et) →֒ CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et)

induces a full embedding

ιS : D(MHMgm,k,Cp(S)) →֒ DD(1,0)fil,∞,rh(S/(S̃I))×I DZpfil,c,k(S
et)

whose image consists of (((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil,∞,rh(S/(S̃I))×I DZpfil,c,k(S
et)

such that
((Hn(MI , F,W ), Hn(uIJ)), H

n(K,W ), Hnα) ∈MHMgm,k,Cp(S)

for all n ∈ Z and such that there exist r ∈ Z and an r-filtered homotopy equivalence ((MI , F,W ), uIJ )→
((M ′I , F,W ), uIJ) such that for all p ∈ Z the differentials of GrpW (M ′I , F ) are strict for the filtrations
F .

Proof. (i): We first show that ιS is fully faithfull, that is for allM = (((MI , F,W ), uIJ), (K,W ), α),M′ =
(((M ′I , F,W ), uIJ ), (K

′,W ), α′) ∈MHMgm,k,Cp(S) and all n ∈ Z,

ιS : ExtnD(MHMgm,k,Cp (S))
(M,M′) := HomD(MHMgm,k,Cp (S))

(M,M′[n])

→ ExtnD(S)(M,M′) := HomD(S):=DD(1,0)fil,rh(S/(S̃I))×IDfil(Set)
(M,M′[n])

For this it is enough to assume S smooth. We then proceed by induction onmax(dim supp(M), dim supp(M ′)).

• For supp(M) = supp(M ′) = {s}, it is the theorem for mixed hodge complexes or absolute Hodge
complexes, see [11]. If supp(M) = {s} and supp(M ′) = {s′} and s′ 6= s, then by the localization
exact sequence

ExtnD(MHMgm,k,Cp (S))
(M,M′) = 0 = ExtnD(S)(M,M′)

• Denote supp(M) = Z ⊂ S and supp(M ′) = Z ′ ⊂ S. There exist an open subset So ⊂ S such that
Zo := Z∩So and Z

′o := Z ′∩So are smooth, andM|Zo := ((i∗GrVZo ,0M|So , F,W ), i∗j∗(K,W ), α∗(i)) ∈

MHMgm,k(Z
o) andM′

|Z′o
:= ((i

′∗GrV
Z
′o ,0M

′
|So , F,W ), i

′∗j∗K,α∗(i′)) ∈MHMgm,k(Z
′o) are vari-

ation of geometric mixed Hodge structure over k ⊂ C, where j : So →֒ S is the open embedding,
and i : Zo →֒ So, i′ : Z

′o →֒ So the closed embeddings. Considering the connected components
of Zo and Z

′o, we way assume that Zo and Z
′o are connected. Shrinking So if necessary, we may

assume that either Zo = Z
′o or Zo ∩ Z

′o = ∅, We denote D = S\So. Shrinking So if necessary, we
may assume that D is a divisor and denote by l : S →֒ LD the zero section embedding.
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– If Zo = Z
′o, denote i : Zo →֒ So the closed embedding. We have then the following commu-

tative diagram

ExtnD(MHMgm,k,Cp (S
o))(M|So ,M

′
|So)

ιSo //

(i∗ GrVZo ,0,i
∗,α∗(i))

��

ExtnD(So)(M|So ,M
′
|So)

(i∗ GrVZo ,0,i
∗,α∗(i))

��
ExtnD(MHMgm,k,Cp (Z

o))(M|Zo ,M
′
|Zo)

ιZo //

(i∗mod,i∗,α∗(i))

OO

ExtnD(Zo)(M|Zo ,M
′
|Zo)

(i∗mod,i∗,α∗(i))

OO

Now we prove that ιZo is an isomorphism similarly to the proof the the generic case of [6]. On
the other hand the left and right colummn are isomorphisms. Hence ιSo is an isomorphism by
the diagram.

– If Zo ∩ Z
′o = ∅, we consider the following commutative diagram

ExtnD(MHMgm,k,Cp (S
o))(M|So ,M

′
|So)

ιSo //

(i∗ GrVZo ,0,i
∗,α∗(i))

��

ExtnD(So)(M|So ,M
′
|So)

(i∗ GrVZo ,0,i
∗,α∗(i))

��
ExtnD(MHMgm,k,Cp (Z

o))(M|Zo , 0) = 0
ιZo //

(i∗mod,i∗,α∗(i))

OO

ExtnD(Zo)(M|Zo , 0) = 0

(i∗mod,i∗,α∗(i))

OO

where the left and right column are isomorphism by strictness of the VZo filtration (use a
bi-filtered injective resolution with respect to F and VZo for the right column).

• We consider now the following commutative diagram in C(Z) where we denote for short H :=
D(MHMgm,k,Cp(S))

0 // Hom•H(Γ∨,HdgD M,ΓHdgD M′)
Hom(−,γHdgD (M′))

//

ιS

��

Hom•H(Γ∨,HdgD M,M′)
Hom(−,ad(j∗,j∗Hdg)(M

′))//

ιS

��

Hom•H(Γ∨,HdgD M, j∗Hdgj
∗M′) //

ιS

��

0

0 // Hom•D(S)(Γ
∨,Hdg
D M,ΓHdgD M′)

Hom(−,γHdgD (M′))
// Hom•D(S)(Γ

∨,Hdg
D M,M′)

Hom(−,ad(j∗,j∗Hdg)(M
′))// Hom•D(S)(Γ

∨,Hdg
D M, j∗Hdgj

∗M′) // 0

whose lines are exact sequence. We have on the one hand,

Hom•D(MHMgm,k,Cp (S))
(Γ∨,HdgD M, j∗Hdgj

∗M′) = 0 = Hom•D(S)(Γ
∨,Hdg
D M, j∗Hdgj

∗M′)

On the other hand by induction hypothesis

ιS : Hom•D(MHMgm,k,Cp (S))
(Γ∨,HdgD M,ΓHdgD M′)→ Hom•D(S)(Γ

∨,Hdg
D M,ΓHdgD M′)

is a quasi-isomorphism. Hence, by the diagram

ιS : Hom•D(MHMgm,k,Cp (S))
(Γ∨,HdgD M,M′)→ Hom•D(S)(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism.

• We consider now the following commutative diagram in C(Z) where we denote for short H :=
D(MHMgm,k,Cp(S))

0 // Hom•H(Γ∨,HdgD M,M′)
Hom(γ∨,HdgD (M),−)

//

ιS

��

Hom•H(M,M′)
Hom(ad(j!Hdg ,j

∗)(M′),−)//

ιS

��

Hom•H(j!Hdgj
∗M,M′) //

ιS

��

0

0 // Hom•D(S)(Γ
∨,Hdg
D M,M′)

Hom(γ∨,HdgD (M),−)
// Hom•D(S)(M,M′)

Hom(ad(j!Hdg ,j
∗)(M),−)// Hom•D(S)(j!Hdgj

∗M,M′) // 0
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whose lines are exact sequence. On the one hand, the commutative diagram

Hom•D(MHMgm,k,Cp (S))
(j!Hdgj

∗M,M′)
j∗ //

ιS

��

Hom•D(MHMgm,k,Cp (S
o))(j

∗M, j∗M′)

ιSo

��
Hom•D(S)(j!Hdgj

∗M,M′)
j∗ // Hom•D(So)(j

∗M, j∗M′)

together with the fact that the horizontal arrows j∗ are quasi-isomorphism by the functoriality
given the uniqueness of the VS filtration for the embedding l : S →֒ LD, (use a bi-filtered injective
resolution with respect to F and VS for the lower arrow) and the fact that ιSo is a quasi-isomorphism
by the first two point, show that

ιS : Hom•D(MHMgm,k,Cp (S))
(j!Hdgj

∗M,M′)→ Hom•D(S)(j!Hdgj
∗M,M′)

is a quasi-isomorphism. On the other hand, by the third point

ιS : Hom•D(MHMgm,k,Cp (S))
(Γ∨,HdgD M,M′)→ Hom•D(S)(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism. Hence, by the diagram

ιS : Hom•D(MHMgm,k,Cp (S))
(Γ∨,HdgD M,M′)→ Hom•D(S)(Γ

∨,Hdg
D M,M′)

is a quasi-isomorphism.

This shows the fully faithfulness. We now prove the essential surjectivity : let

(((MI , F,W ), uIJ), (K,W ), α) ∈ CD(1,0)fil,rh(S/(S̃I))×I Cfil(S
et)

such that the cohomology are mixed hodge modules and such that the differential are strict. We proceed
by induction on card {n ∈ Z} , s.t.Hn(MI , F,W ) 6= 0 by taking for the cohomological troncation

τ≤n(((MI , F,W ), uIJ ), (K,W ), α) := ((τ≤n(MI , F,W ), τ≤nuIJ), τ
≤n(K,W ), τ≤nα)

and using the fact that the differential are strict for the filtration F and the fully faithfullness.
(i)’:Follows from (i).
(ii):Follows from (i).Indeed, in the composition of functor

ιS : D(MHMgm,k,Cp(S))
ιS−→ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et)

→ DD(1,0)fil,∞,rh(S/(S̃I))×I DZpfil,c,k(S
et)

the second functor which is the localization functor is an isomorphism on the full subcategory

DD(1,0)fil,rh(S/(S̃I))
st ×I DZpfil,c,k(S

et) ⊂ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et)

constisting of complex such that the differentials are strict for F , and the first functor ιS is a full
embedding by (i) and ιS(D(MHMgm,k,Cp(S))) ⊂ DD(1,0)fil,rh(S/(S̃I))

st ×I DZpfil,c,k(S
et).

Definition 92. Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization

f : X
l
−→ Y ×S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let Ȳ ∈ PSmVar(k)

a smooth compactification of Y with n : Y →֒ Ȳ the open embedding. Then f̄ : X̄
l̄
−→ Ȳ×S

p̄S
−→ S is a

compactification of f , with X̄ ⊂ Ȳ × S the closure of X and l̄ the closed embedding, we denote by
n′ : X →֒ X̄ the closed embedding so that f = f̄ ◦ n′.
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(i) For (((MI , F,W ), uIJ ), (K,W ), α) ∈ C(MHMgm,k,Cp(X)), we define, using definition 65 and the-
orem 46,

Rf∗Hdg(((MI , F,W ), uIJ), (K,W ), α) := ι−1S (

∫ Hdg

f

((MI , F,W ), uIJ ), Rf∗w(K,W ), f∗(α))

∈ D(MHMgm,k,Cp(S))

where f∗(α) is given in definition 84, and since

– by definition

Hi(

∫ FDR

f̄

GrkW (n×I)∗Hdg((MI , F,W ), uIJ), Rf̄∗GrkW n′∗w(K,W ),GrkW f∗α) ∈ HMgm,k,Cp(S)

for all i, k ∈ Z, hence by the spectral sequence for the filtered complexes
∫ FDR
f̄

(n×I)∗Hdg((MI ,W ), uIJ)

and Rf̄∗n
′
∗w(K,W )

GrkW Hi(

∫ Hdg

f

((MI , F,W ), uIJ), Rf∗w(K,W ), f∗α) :=

(GrkW Hi

∫ FDR

f̄

((MI , F,W ), uIJ ),GrkW HiRf̄∗n
′
∗w(K,W ),GrkW Hif∗α) ∈ HMgm,k,Cp(S)

this gives by definition Hi(
∫ Hdg
f

((MI , F,W ), uIJ ), Rf∗w(K,W ), f∗(α)) ∈MHMgm,k,Cp(S) for
all i ∈ Z.

–
∫ Hdg
f ((MI , F,W ), uIJ) is the class of a complex such that the differential are strict for F by
theorem 37 in the complex case.

(ii) For (((MI , F,W ), uIJ ), (K,W ), α) ∈ C(MHMgm,k,Cp(X)), we define, using definition 64 and the-
orem 46,

Rf!Hdg(((MI , F,W ), uIJ ), (K,W ), α) := ι−1S (

∫ Hdg

f !

((MI , F,W ), uIJ), Rf!w(K,W ), f!(α))

∈ D(MHMgm,k,Cp(S))

where f!(α) is given in definition 84, and since

– by definition

Hi(

∫ FDR

f̄

GrkW (n× I)!Hdg((MI , F,W ), uIJ), Rf̄∗GrkW n′!w(K,W ),GrkW f!α) ∈ HMgm,k,Cp(S)

for all i, k ∈ Z, hence by the spectral sequence for the filtered complexes
∫ FDR
f̄ (n×I)!Hdg((MI ,W ), uIJ)

and Rf̄∗n
′
!w(K,W )

GrkW Hi(

∫ Hdg

f !

((MI , F,W ), uIJ ), Rf!wK, f!α) :=

(GrkW Hi

∫ FDR

f̄

(n× I)!Hdg((MI , F,W ), uIJ ),GrkW HiRf̄∗n
′
!w(K,W ),GrkW Hif!α) ∈ HMgm,k,Cp(S)

this gives by definition Hi(
∫ Hdg
f ! ((MI , F,W ), uIJ), Rf!w(K,W ), f!(α)) ∈ MHMgm,k,Cp(S) for

all i ∈ Z.
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–
∫ Hdg
f ! ((MI , F,W ), uIJ) is the class of a complex such that the differential are strict for F by
theorem 37 in the complex case.

Proposition 54. Let f1 : X → Y and f2 : Y → S two morphism with X,Y, S ∈ QPVar(k).

(i) LetM ∈ C(MHMgm,k,Cp(X)). Then,

R(f2 ◦ f1)
Hdg
∗ (M) = RfHdg2∗ RfHdg1∗ (M) ∈ D(MHMgm,k,Cp(S)).

(ii) LetM ∈ C(MHMgm,k,Cp(X)). Then,

R(f2 ◦ f1)
Hdg
! (M) = RfHdg2! RfHdg1! (M) ∈ D(MHMgm,k,Cp(S))

Proof. Immediate from definition.

Let k ⊂ K ⊂ Cp a subfield of a p-adic field K. Definition 90, definition 92 and gives by proposition
52 and proposition 54 respectively, the following 2 functors :

• We have the following 2 functor on the category of algebraic varieties over k ⊂ Cp

D(MHMgm,k,Cp(·)) : QPVar(k)→ TriCat, S 7→ D(MHMgm,k,Cp(S)),

(f : T → S) 7−→ (f∗Hdg : (((MI , F,W ), uIJ ), (K,W ), α) 7→

f !Hdg(((MI , F,W ), uIJ ), (K,W ), α) := (f∗modHdg (((MI , F,W ), uIJ )), f
!w(K,W ), f !α)).

see definition 62 and definition 84 for the equality.

• We have the following 2 functor on the category of quasi-projective algebraic varieties over k ⊂ Cp

D(MHMgm,k,Cp(·)) : QPVar(k)→ TriCat, S 7→ D(MHMgm,k,Cp(S)),

(f : T → S) 7−→ (f∗Hdg : (((MI , F,W ), uIJ ), (K,W ), α) 7→ Rf∗Hdg(((MI , F,W ), uIJ), (K,W ), α)).

• We have the following 2 functor on the category of quasi-projective algebraic varieties over k ⊂ Cp

D(MHMgm,k,Cp(·)) : QPVar(k)→ TriCat, S 7→ D(MHMgm,k,Cp(S)),

(f : T → S) 7−→ (f!Hdg : (((MI , F,W )), (K,W ), α) 7→ f!Hdg(((MI , F,W ), uIJ), (K,W ), α)).

• We have the following 2 functor on the category of algebraic varieties over k ⊂ Cp

D(MHMgm,k,Cp(·)) : QPVar(k)→ TriCat, S 7→ D(MHMgm,k,Cp(S)),

(f : T → S) 7−→ (f !Hdg : (((MI , F,W ), uIJ ), (K,W ), α) 7→

f∗Hdg(((MI , F,W ), uIJ ), (K,W ), α) := (f ∗̂modHdg (((MI , F,W ), uIJ )), f
∗w(K,W ), f∗α)).

see definition 62 and definition 84 for the equality.

Proposition 55. Let f : X → S with S,X ∈ QPVar(k). Then

(i) (f∗Hdg, RfHdg∗ ) : D(MHMgm,k,Cp(S))→ D(MHMgm,k,Cp(X)) is a pair of adjoint functors.

– For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,Cp(S)),

ad(f∗Hdg, RfHdg∗ )(((MI , F,W ), uIJ), (K,W ), α) :=

(ad(f ∗̂modHdg , RfHdg∗ )((MI , F,W ), uIJ), ad(f
∗w, Rf∗w)(K,W )) :

(((MI , F,W ), uIJ ), (K,W ), α)→ RfHdg∗ f∗Hdg(((MI , F,W ), uIJ ), (K,W ), α)

is the adjonction map in D(MHMgm,k,Cp(S)).
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– For (((NI , F,W ), uIJ), (P,W ), β) ∈ C(MHMgm,k,Cp(X)),

ad(f∗Hdg, RfHdg∗ )(((NI , F,W ), uIJ), (P,W ), β) :=

(ad(f ∗̂modHdg , RfHdg∗ )((NI , F,W ), uIJ), ad(f
∗w, Rf∗w)(P,W )) :

f∗HdgRfHdg∗ (((NI , F,W ), uIJ), (P,W ), β)→ (((NI , F,W ), uIJ), (P,W ), β)

is the adjonction map in D(MHMgm,k,Cp(X))

(ii) (RfHdg! , f !Hdg) : D(MHMgm,k,Cp(X))→ D(MHMgm,k,Cp(S)) is a pair of adjoint functors.

– For (((MI , F,W ), uIJ), (K,W ), α) ∈ C(MHMgm,k,Cp(S)),

ad(RfHdg! , f !Hdg)(((MI , F,W ), uIJ), (K,W ), α) :=

(ad(f∗modHdg , RfHdg! )((MI , F,W ), uIJ), ad(f
!w, Rf!w)(K,W )) :

RfHdg! f !Hdg(((MI , F,W ), uIJ), (K,W ), α)→ (((MI , F,W ), uIJ), (K,W ), α)

is the adjonction map in D(MHMgm,k,Cp(S)).

– For (((NI , F,W ), uIJ), (P,W ), β) ∈ C(MHMgm,k,Cp(X)),

ad(RfHdg! , f !Hdg)(((NI , F,W ), uIJ ), (P,W ), β) :=

(ad(f∗modHdg , RfHdg! )((NI , F,W ), uIJ), ad(f
!w, Rf!w)(P,W )) :

(((NI , F,W ), uIJ ), (P,W ), β)→ f !HdgRfHdg! (((NI , F,W ), uIJ), (P,W ), β)

is the adjonction map in D(MHMgm,k,Cp(X)).

Proof. Follows from proposition 51 after considering a factorization f : X →֒ Ȳ × S
pS
−→ S with Ȳ ∈

PSmVar(k).

Theorem 47. Let k ⊂ Cp a subfield.

(i) We have the six functor formalism on D(MHMgm,k,Cp(−)) : SmVar(k)→ TriCat.

(ii) We have the six functor formalism on D(MHMgm,k,Cp(−)) : QPVar(k)→ TriCat.

Proof. Follows from proposition 55.

We recall the definition of the syntomic complex of a p adic analytic space and the syntomic coho-
mology class of an algebraic cycle of a p adic algebraic variety.

Definition 93. (i) Let K a p adic field. Let X ∈ AnSm(K). We have for d ∈ Z the syntomic complex

Zsyn,X(d) := (Zp,X(d) →֒ DR(X)(OBdr,X , F )/F
d) ∈ C(Xet)

Let D ⊂ X a normal crossing divisor. We have for d ∈ Z the Deligne complexes

Zsyn,(X,D)(d) := (ZX(d) →֒ DR(X)(OBdr,X(logD), F )/F d) ∈ C(Xet)

and
Zsyn,(X,D)(d)

∨ := (ZX(d) →֒ DR(X)(OBinf,X (D), F )/F d) ∈ C(Xet).

Moreover we have as for Deligne complexes canonical products

– (−) · (−) : Zsyn,(X,D)(d)⊗ Zsyn,(X,D)(d
′)→ ZD,(X,D)(d+ d′)

– (−) · (−) : Zsyn,(X,D)(d)
∨ ⊗ Zsyn,(X,D)(d

′)∨ → Zsyn,(X,D)(d+ d′)∨
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(ii) Let K a p adic field. Let X ∈ AnSm(K). We have for d ∈ Z the syntomic (cohomology) complex

C•syn(X,Z(d)) := Cone(Γ(X,Eet(Zp,X))⊕ Γ(X,F dEet(DR(X)(OBdr,X , F )))

→֒ Γ(X,Eet(DR(X)(OBdr,X , F )))) ∈ C(Zp)

Let D ⊂ X a normal crossing divisor. Denote U := X\D. We have for d ∈ Z the syntomic
(cohomology) complexes

C•syn((X,D),Z(d)) := Cone(Γ(X,Eet(Zp,X))⊕ Γ(X,F dEet(DR(X)(OBdr,X(logD), F )))

→֒ Γ(X,Eet(DR(X)(OBdr,X(logD), F )))) ∈ C(Zp)

and

C•syn(X,D,Z(d)) := Cone(Γ(X,Eet(Zp,X))⊕ Γ(X,F dEet(DR(X)(OBdr,X(D), F )))

→֒ Γ(X,Eet(DR(X)(OBdr,X(D), F )))) ∈ C(Zp).

(iii) Let k ⊂ K an embedding of a field of characteristic zero into a p adic field. Let X ∈ PSmVar(k).
We have, for k ∈ Z and d ∈ Z, the syntomic cohomology

Hk
syn(X

an
K ,Z(d)) := Hk(Xan

K ,ZX,syn(d)) = HkC•syn(X
an
K , D,Z(d))

Let U ∈ SmVar(k). Let X ∈ PSmVar(k) a compactification of U with D := X\U a normal crossing
divisor. We have, for k ∈ Z and d ∈ Z, the syntomic cohomology

Hk
syn(U

an
K ,Z(d)) := Hk(X,Z(XanK ,DanK ),syn(d)) = HkC•syn((X

an
K , Dan

K ),Z(d))

and

Hk
syn(X,D,Z(d)) := Hk(Xan

K ,Z(XanK ,DanK ),syn(d)
∨) = HkC•syn(X

an
K , Dan

K ,Z(d)).

(iv) Let k ⊂ K ⊂ Cp an embedding of a field of characteristic zero into a p adic field. Let U ∈ SmVar(k).
Let X ∈ PSmVar(k) a compactification of U with D := X\U a normal crossing divisor. We define
the Deligne cohomology of a (higher) cycle Z ∈ Zd(U, n)∂=0 by

[Z]syn := Im(H2d−n(γsupp(Z))([Z])),

Hk(γsupp(Z)) : H
2d−n
syn,supp(Z)(X

an
Cp
,ZXan

Cp
,Dan

Cp
(d))→ H2d−n

syn (Xan
Cp
,ZXan

Cp
,Dan

Cp
(d))

with supp(Z) := pX(supp(Z)) ⊂ X, where supp(Z) ⊂ X ×�
n is the support of Z.

(v) Let k ⊂ K an embedding of a field of characteristic zero into a p adic field. Let U ∈ SmVar(k). Let
X ∈ PSmVar(k) a compactification of U with D := X\U a normal crossing divisor. We have for
d ∈ Z the morphism of complexes

RdU : Zd(U, •)→ C•syn(X
an
Cp
, Dan

Cp
,Z(d)), Z 7→ RdU (Z) := (TZ̄ ,ΩZ̄ , RZ̄)

which gives for Z ∈ Zd(U, n)∂=0,

[RdU (Z)] = [Z]syn ∈ H
2d−n
syn (UanCp ,Z(d))

Let K a p adic field. Let f : X → S a morphism with S,X ∈ AnSm(K). We have for d ∈ Z the
canonical morphism of Deligne complexes

(ad(f∗, f∗)(Zp,S),Ω
≤d
X/S) : Zsyn,S(d)→ f∗Zsyn,X(d)

217



which induces after taking the canonical flasque resolution of the syntomic complexes the morphism in
C(Zp)

f∗ := (f∗, f∗, θ(f)t) : C•syn(S,Z(d)) :=

Cone(Γ(S,Eet(Zp,S)) ⊕ Γ(S, F dEet(DR(S)(OBinf,S , F ))) →֒ Γ(S,Eet(DR(S)(OBdr,S , F ))))

→ C•syn(X,Z(d)) :=

Cone(Γ(X,Eet(Zp,X))⊕ Γ(X,F dEet(DR(X)(OBinf,X , F ))) →֒ Γ(X,Eet(DR(X)(OBdr,X , F ))))

where θ(f)t is the homotopy in the morphism inDfil(k)⊗ID(Zp) (where here the comparaison morphisms
α are in DBdr,G,fil(K) instead of DBdr,G,fil(Cp))

(f∗, f∗, θ(f)t) : (Γ(S,Eet(DR(S)(OBdr,S , F ))),Γ(S,Eet(Zp,S)), α(S))

→ (Γ(X,Eet(DR(X)(OBdr,X , F ))),Γ(X,Eet(Zp,X)), α(X)),

which induces in cohomology for n ∈ Z, the morphisms of abelian groups

f∗ : Hn
syn(S,Z(d))→ Hn

syn(X,Z(d)) ;

we get dually,

f∗ := (f∗, f∗, θ(f)) :

Cone(Γ(X,Eet(Zp,X))∨ ⊕ F dΓ(X,Eet(DR(X)(OBdr,X , F )))
∨ →֒ Γ(X,Eet(DR(X)(OBdr,X , F )))

∨)

→ Cone(Γ(S,Eet(Zp,S))
∨ ⊕ F dΓ(S,Eet(DR(S)(OBdr,S , F )))

∨ →֒ Γ(S,Eet(DR(S)(OBdr,S , F )))
∨)

where θ(f) is the homotopy in the morphism in Dfil(k)⊗ID(Zp) (where here the comparaison morphisms
α are in DBdr,G,fil(K) instead of DBdr,G,fil(Cp))

(f∗, f∗, θ(f)) : (Γ(X,Eet(DR(X)(OBdr,X , F )))
∨,Γ(X,Eet(Zp,X))∨, α(X))

→ (Γ(S,Eet(DR(S)(OBdr,S , F )))
∨,Γ(S,Eet(Zp,S))

∨, α(S)),

which induces in homology for n ∈ Z, the morphisms of abelian groups

f∗ : Hn,syn(X,Z(d))→ Hn,syn(S,Z(d)).

Theorem 48. Let k ⊂ Cp a subfield.

(i) Let U ∈ SmVar(k). Denote by aU : U → pt the terminal map. Let X ∈ PSmVar(k) a compactifica-
tion of U with D := X\U a normal crossing divisor. The embedding (see theorem 46)

ι : D(MHMgm,k,Cp({pt}))→ Dfil(k)×I D(Zp)

induces for k ∈ Z and d ∈ Z, canonical isomorphisms

ι(aU !HdgZ
Hdg
U ) : Hk(aU !HdgZ

Hdg
U )

∼
−→ Hk

syn(X
an
Cp
, Dan

Cp
,Z(d)), and

ι(aU∗HdgZ
Hdg
U ) : Hk(aU∗HdgZ

Hdg
U )

∼
−→ Hk

syn(U
an
Cp
,Z(d)).

(ii) Let h : U → S and h′ : U ′ → S two morphism with S,U, U ′ ∈ SmVar(k). Let X ∈ PSmVar(k)
a compactification of U with D := X\U a normal crossing divisor such that h : U → S extend to
f : X → S̄. Let X ′ ∈ PSmVar(k) a compactification of U ′ with D′ := X ′\U ′ a normal crossing
divisor such that h′ : U ′ → S extend to f ′ : X ′ → S̄. The embedding ι : D(MHMgm,k,Cp(pt)) →
Dfil(k)×I D(Zp) (see theorem 46) induces for k ∈ Z and d ∈ Z a canonical isomorphism

ι(aU ′×SU !HdgZ
Hdg
U ′×SU

) : HomD(MHMgm,k,Cp (S))
(hU ′!HdgZ

Hdg
U ′ , hU !HdgZ

Hdg
U (d)[k])

RI(−,−)
−−−−−→ HomD(MHMgm,k,Cp (pt))

(ZHdgpt , aU ′×SU !HdgZ
Hdg
U ′×SU

(d)[k]) = Hk(aU ′×SU !HdgZ
Hdg
U ′×SU

(d))

∼
−→ Hk

D((X
′ ×S X)anCp , ((X

′ ×S U) ∪ (U ′ ×S X))anCp ,Z(d)).
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(iii) Let U ∈ SmVar(k). Let X ∈ PSmVar(k) a compactification of U with D := X\U a normal crossing

divisor. For [Z] ∈ CHd(U, n) and [Z ′] ∈ CHd
′

(U, n′), we have

([Z] · [Z ′])syn = [Z]syn · [Z
′]syn ∈ H

2d+2d′−n−n′(UanCp ,Z(d+ d′))

where the product on the left is the intersection of higher Chow cycle which is well defined modulo
boundary (they intersect properly modulo boundary) while the right product of Deligne cohomology
classes is induced by the product of Deligne complexes (−) · (−) : Zsyn,(X,D)(d) ⊗ Zsyn,(X,D)(d

′)→
Zsyn,(X,D)(d+ d′).

(iv) Let h : U → S,h′ : U ′ → S, h′′ : U ′′ → S three morphism with S,U, U ′, U ′′ ∈ SmVar(k). Let
X ∈ PSmVar(k) a compactification of U with D := X\U a normal crossing divisor such that
h : U → S extend to f : X → S̄. Let X ′ ∈ PSmVar(k) a compactification of U ′ with D′ := X ′\U ′

a normal crossing divisor such that h′ : U ′ → S extend to f ′ : X ′ → S̄. Let X ′ ∈ PSmVar(k) a
compactification of U ′ with D′ := X ′\U ′ a normal crossing divisor such that h′ : U ′ → S extend to

f ′ : X ′ → S̄. For [Z] ∈ CHd(U ×S U ′, n) and [Z ′] ∈ CHd
′

(U ′ ×S U ′′, n′), we have

([Z] ◦ [Z ′])syn = [Z]syn ◦ [Z
′]syn ∈ H

d′′−n′′((U ×S U
′′)anCp ,Z(d

′′ − n′′))

where the composition on the left is the composition of higher correspondence modulo boundary while
the composition on the right is given by (ii).

Proof. (i):Standard.
(ii):Follows on the one hand from (i) and on the other hand the six functor formalism on the 2-functor
D(MHMgm,k,Cp(−)) : SmVar(k)→ TriCat (theorem 42) gives the isomorphism RI(−,−).
(iii):Standard.
(iv):Follows from (iii).

7 The algebraic filtered De Rham realizations for Voevodsky

relative motives over a field k of characteristic 0

7.1 The algebraic Gauss-Manin filtered De Rham realization functor

Let k a field of characteristic zero. Consider, for S ∈ Var(k), the following composition of morphism in
RCat (see section 2)

ẽ(S) : (Var(k)/S,OVar(k)/S)
ρS
−−→ (Var(k)sm/S,OVar(k)sm/S)

e(S)
−−−→ (S,OS)

with, for X/S = (X,h) ∈ Var(k)/S,

• OVar(k)/S(X/S) := OX(X),

• (ẽ(S)∗OS(X/S)→ OVar(k)/S(X/S)) := (h∗OS → OX).

andOVar(k)sm/S := ρS∗OVar(k)/S , that is, for U/S = (U, h) ∈ Var(k)sm/S, OVar(k)sm/S(U/S) := OVar(k)/S(U/S) :=
OU (U)

Definition 94. (i) For S ∈ Var(k), we consider the complexes of presheaves

Ω•/S := coker(ΩOVar(k)/S/ẽ(S)∗OS : Ω•ẽ(S)∗OS → Ω•OVar(k)/S
) ∈ COS (Var(k)/S)

which is by definition given by

– for X/S a morphism Ω•/S(X/S) = Ω•X/S(X)
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– for g : X ′/S → X/S a morphism,

Ω•/S(g) := Ω(X′/X)/(S/S)(X
′) : Ω•X/S(X)→ g∗ΩX/S(X

′)→ Ω•X′/S(X
′)

ω 7→ Ω(X′/X)/(S/S)(X
′)(ω) := g∗(ω) : (α ∈ ∧kTX′(X

′) 7→ ω(dg(α)))

(ii) For S ∈ Var(k), we consider the complexes of presheaves

Ω•/S := ρS∗Ω̃
•
/S = coker(ΩOVar(k)sm/S/e(S)∗OS : Ω•e(S)∗OS → Ω•OVar(k)sm/S

) ∈ COS (Var(k)
sm/S)

which is by definition given by

– for U/S a smooth morphism Ω•/S(U/S) = Ω•U/S(U)

– for g : U ′/S → U/S a morphism,

Ω•/S(g) := Ω(U ′/U)/(S/S)(U
′) : Ω•U/S(U)→ g∗ΩU/S(U

′)→ Ω•U ′/S(U
′)

ω 7→ Ω(U ′/U)/(S/S)(U
′)(ω) := g∗(ω) : (α ∈ ∧kTU ′(U

′) 7→ ω(dg(α)))

Remark 9. For S ∈ Var(k), Ω•/S ∈ C(Var(k)/S) is by definition a natural extension of Ω•/S ∈ C(Var(k)
sm/S).

However Ω•/S ∈ C(Var(k)/S) does NOT satisfy cdh descent.

For a smooth morphism h : U → S with S,U ∈ SmVar(C), the cohomology presheaves HnΩ•U/S of
the relative De Rham complex

DR(U/S) := Ω•U/S := coker(h∗ΩS → ΩU ) ∈ Ch∗OS (U)

for all n ∈ Z, have a canonical structure of a complex of h∗DS modules given by the Gauss Manin
connexion : for So ⊂ S an open subset, Uo = h−1(So), γ ∈ Γ(So, TS) a vector field and ω̂ ∈ ΩpU/S(U

o)c

a closed form, the action is given by

γ · [ω̂] = [ ̂ι(γ̃)∂ω],

ω ∈ ΩpU (U
o) being a representative of ω̂ and γ̃ ∈ Γ(Uo, TU ) a relevement of γ (h is a smooth morphism),

so that
DR(U/S) := Ω•U/S := coker(h∗ΩS → ΩU ) ∈ Ch∗OS ,h∗D(U)

with this h∗DS structure. Hence we get h∗Ω
•
U/S ∈ COS ,D(S) considering this structure. Since h is a

smooth morphism, ΩpU/S are locally free OU modules.

The point (ii) of the definition 103 above gives the object in DA(S) which will, for S smooth, represent
the algebraic Gauss-Manin De Rham realisation. It is the class of an explicit complex of presheaves on
Var(k)sm/S.

Proposition 56. Let S ∈ Var(k).

(i) For U/S = (U, h) ∈ Var(k)sm/S, we have e(U)∗h
∗Ω•/S = Ω•U/S.

(ii) The complex of presheaves Ω•/S ∈ COS (Var(k)
sm/S) is A1 homotopic, in particular A1 invariant.

Note that however, for p > 0, the complexes of presheaves Ω•≥p are NOT A1 local. On the other
hand, (Ω•/S , Fb) admits transferts (recall that means Tr(S)∗ Tr(S)

∗Ωp/S = Ωp/S).

(iii) If S is smooth, we get (Ω•/S , Fb) ∈ COSfil,DS (Var(k)
sm/S) with the structure given by the Gauss

Manin connexion. Note that however the DS structure on the cohomology groups given by Gauss
Main connexion does NOT comes from a structure of DS module structure on the filtered complex of
OS module. The DS structure on the cohomology groups satisfy a non trivial Griffitz transversality
(in the non projection cases), whereas the filtration on the complex is the trivial one.

Proof. Similar to the proof of [10] proposition.
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We have the following canonical transformation map given by the pullback of (relative) differential
forms:

Let g : T → S a morphism with T, S ∈ Var(k). Consider the following commutative diagram in RCat
:

D(g, e) : (Var(k)sm/T,OVar(k)sm/T )
P (g) //

e(T )

��

(Var(k)sm/S,OVar(k)sm/S)

e(S)

��
(T,OT )

P (g) // (S,OS)

It gives (see section 2) the canonical morphism in Cg∗OSfil(Var(k)
sm/T )

Ω/(T/S) := Ω(OVar(k)sm/T /g∗OVar(k)sm/S)/(OT /g∗OS ) :

g∗(Ω•/S , Fb) = Ω•g∗OVar(k)sm/S/g∗e(S)∗OS
→ (Ω•/T , Fb) = Ω•OVar(k)sm/T /e(T )∗OT

which is by definition given by the pullback on differential forms : for (V/T ) = (V, h) ∈ Var(k)sm/T ,

Ω/(T/S)(V/T ) : g
∗(Ω•/S)(V/T ) := lim

(h′:U→Ssm,g′:V→U,h,g)
Ω•U/S(U)

Ω(V/U)/(T/S)(V/T )
−−−−−−−−−−−−→ Ω•V/T (V ) =: Ω•/T (V/T )

ω̂ 7→ Ω(V/U)/(T/S)(V/T )(ω) :=
ˆg′∗ω.

If S and T are smooth, Ω/(T/S) : g∗(Ω•/S , Fb) → (Ω•/T , Fb) is a map in Cg∗OSfil,g∗DS (Var(k)
sm/T ) It

induces the canonical morphisms in Cg∗OSfil,g∗DS (Var(k)
sm/T ):

EΩ/(T/S) : g
∗Eet(Ω

•
/S , Fb)

T (g,Eet)(Ω
•
/S,Fb)

−−−−−−−−−−−→ Eet(g
∗(Ω•/S , Fb))

Eet(Ω/(T/S))
−−−−−−−−→ Eet(Ω

•
/T , Fb).

and

EΩ/(T/S) : g
∗Ezar(Ω

•
/S , Fb)

T (g,Ezar)(Ω
•
/S,Fb)

−−−−−−−−−−−−→ Ezar(g
∗(Ω•/S , Fb))

Ezar(Ω/(T/S))
−−−−−−−−−→ Ezar(Ω

•
/T , Fb).

Definition 95. (i) Let g : T → S a morphism with T, S ∈ Var(k). We have, for F ∈ C(Var(k)sm/S),
the canonical transformation in COT fil(T ) :

TO(g,Ω/·)(F ) : g
∗modLOe(S)∗Hom

•(F,Eet(Ω
•
/S , Fb))

:=
−→ (g∗LOe(S)∗Hom

•(F,Eet(Ω
•
/S , Fb)))⊗g∗OS OT

T (e,g)(−)◦T (g,LO)(−)
−−−−−−−−−−−−−−−→ LO(e(T )∗g

∗Hom•(F,Eet(Ω
•
/S , F ))⊗g∗OS OT )

T (g,hom)(F,Eet(Ω
•
/S))⊗I

−−−−−−−−−−−−−−−−→ LO(e(T )∗Hom
•(g∗F, g∗Eet(Ω

•
/S , Fb))⊗g∗OS OT )

ev(hom,⊗)(−,−,−)
−−−−−−−−−−−−→ LOe(T )∗Hom

•(g∗F, g∗Eet(Ω
•
/S , Fb)⊗g∗e(S)∗OS e(T )

∗OT )

Hom•(g∗F,EΩ/(T/S)⊗I)
−−−−−−−−−−−−−−−−→ LOe(T )∗Hom

•(g∗F,Eet(Ω
•
/T , Fb)⊗g∗e(S)∗OS e(T )

∗OT )
m
−→ LOe(T )∗Hom

•(g∗F,Eet(Ω
•
/T , Fb)

where m(α⊗ h) := h.α is the multiplication map.

(ii) Let g : T → S a morphism with T, S ∈ Var(k), S smooth. Assume there is a factorization g :

T
l
−→ Y × S

pS
−→ S with Y ∈ SmVar(C), l a closed embedding and pS the projection. We have, for
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F ∈ C(Var(k)sm/S), the canonical transformation in COT fil(Y × S) :

T (g,Ω/·)(F ) : g
∗mod,Γe(S)∗Hom

•(F,Eet(Ω
•
/S , Fb))

:=
−→ ΓTEzar(p

∗mod
S e(S)∗Hom

•(F,Eet(Ω
•
/S , Fb)))

TO(pS ,Ω/·)(F )
−−−−−−−−−−→ ΓTEzar(e(T × S)∗Hom

•(p∗SF,Eet(Ω
•
/Y×S , Fb)))

=
−→ e(T × S)∗ΓT (Hom

•(p∗SF,Eet(Ω
•
/Y×S , Fb)))

I(γ,hom)(−,−)
−−−−−−−−−→ e(T × S)∗Hom

•(Γ∨T p
∗
SF,Eet(Ω

•
/Y×S , Fb)).

For Q ∈ Proj PSh(Var(k)sm/S),

T (g,Ω/·)(Q) : g∗mod,Γe(S)∗Hom
•(Q,Eet(Ω

•
/S , Fb))→ e(T × S)∗Hom

•(Γ∨T p
∗
SQ,Eet(Ω

•
/Y×S , Fb))

is a map in COT fil,D(Y × S).

Let S ∈ Var(k). We have the canonical map in COSfil(Var(k)
sm/S)

wS : (Ω•/S , Fb)⊗OS (Ω•/S , Fb)→ (Ω•/S , Fb)

given by for h : U → S ∈ Var(k)sm/S by the wedge product

wS(U/S) : (Ω
•
U/S , Fb)⊗h∗OS (Ω•U/S , Fb)(U)

wU/S(U)
−−−−−−→ (Ω•U/S , Fb)(U)

It gives the map

EwS : Eet(Ω
•
/S , Fb)⊗OS Eet(Ω

•
/S , Fb)

=
−→ Eet((Ω

•
/S , Fb)⊗OS (Ω•/S , Fb))

Eet(wS)
−−−−−→ Eet(Ω

•
/S , Fb)

If S ∈ SmVar(C),

wS : (Ω•/S , Fb)⊗OS (Ω•/S , Fb)→ (Ω•/S , Fb)

is a map in COSfil,DS (Var(k)
sm/S).

Definition 96. Let S ∈ Var(k). We have, for F,G ∈ C(Var(k)sm/S), the canonical transformation in
COSfil(S) :

T (⊗,Ω)(F,G) : e(S)∗Hom(F,Eet(Ω
•
/S , Fb))⊗OS e(S)∗Hom(G,Eet(Ω

•
/S , Fb))

=
−→ e(S)∗(Hom(F,Eet(Ω

•
/S , Fb))⊗OS Hom(G,Eet(Ω

•
/S , Fb)))

e(S)∗T (Hom,⊗)(−)
−−−−−−−−−−−−−→ e(S)∗Hom(F ⊗G,Eet(Ω

•
/S , Fb)⊗OS Eet(Ω

•
/S , Fb))

Hom(F⊗G,EwS)
−−−−−−−−−−−→ e(S)∗Hom(F ⊗G,Eet(Ω

•
/S , Fb))

If S ∈ SmVar(C), T (⊗,Ω)(F,G) is a map in COSfil,D(S).

Definition 97. (i) Let S ∈ SmVar(C). We have the functor

C(Var(k)sm/S)op → COfil,D(S), F 7→ e(S)∗Hom
•(L(iI∗j

∗
IF ), Eet(Ω

•
/S , Fb))[−dS ].

(ii) Let S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(C). For I ⊂ [1, · · · l], denote by SI := ∩i∈ISi and jI : SI →֒ S the open embedding.
We then have closed embeddings iI : SI →֒ S̃I := Πi∈I S̃i. We have the functor

C(Var(k)sm/S)op → COfil,D(S/(S̃I)), F 7→ (e(S̃I)∗Hom
•(L(iI∗j

∗
IF ), Eet(Ω

•
/S̃I

, Fb))[−dS̃I ], u
q
IJ(F ))
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where

uqIJ(F )[dS̃J ] : e(S̃I)∗Hom
•(L(iI∗j

∗
IF ), Eet(Ω

•
/S̃I

, Fb))

ad(p∗modIJ ,pIJ∗)(−)
−−−−−−−−−−−−→ pIJ∗p

∗mod
IJ e(S̃I)∗Hom

•(L(iI∗j
∗
IF ), Eet(Ω

•
/S̃I

, Fb))

pIJ∗T (pIJ ,Ω·)(L(iI∗j
∗
I F ))

−−−−−−−−−−−−−−−−−→ pIJ∗e(S̃J)∗Hom
•(p∗IJL(iI∗j

∗
IF ), Eet(Ω

•
/S̃J

, Fb))

pIJ∗e(S̃J )∗Hom(Sq(DIJ )(F ),Eet(Ω
•,Γ

/S̃J
,Fb))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ pIJ∗e(S̃J)∗Hom
•(L(iJ∗j

∗
JF ), Eet(Ω

•
/S̃J

, Fb)).

For I ⊂ J ⊂ K, we have obviously pIJ∗uJK(F ) ◦ uIJ(F ) = uIK(F ).

We then have the following key proposition

Proposition 57. (i) Let S ∈ Var(k). Letm : Q1 → Q2 be an equivalence (A1, et) local in C(Var(k)sm/S)
with Q1, Q2 complexes of projective presheaves. Then,

e(S)∗Hom(m,Eet(Ω
•
/S , Fb)) : e(S)∗Hom

•(Q2, Eet(Ω
•
/S , Fb))→ e(S)∗Hom

•(Q1, Eet(Ω
•
/S , Fb))

is an 2-filtered quasi-isomorphism. It is thus an isomorphism in DOSfil,D,∞(S) if S is smooth.

(ii) Let S ∈ Var(k). Let S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(C). Let m = (mI) : (Q1I , s

1
IJ) → (Q2I , s

2
IJ) be an equivalence (A1, et) local in

C(Var(k)sm/(S̃I)
op) with Q1I , Q2I complexes of projective presheaves. Then,

(e(S̃I)∗Hom(mI , Eet(Ω
•
/S̃I

, Fb))) :

(e(S̃I)∗Hom
•(Q2I , Eet(Ω

•
/S̃I

, Fb)), uIJ(Q2I , s
2
IJ))→ (e(S̃I)∗Hom

•(Q1I , Eet(Ω
•
/S̃I

, Fb)), uIJ(Q1I , s
1
IJ ))

is an 2-filtered quasi-isomorphism. It is thus an isomorphism in DOSfil,D,∞((S̃I)).

Proof. Similar to the proof of [10] proposition.

Definition 98. (i) We define, using definition 97, by proposition 57, the filtered algebraic Gauss-
Manin realization functor defined as

FGMS : DAc(S)
op → DOSfil,D,∞(S), M 7→ FGMS (M) := e(S)∗Hom

•(L(F ), Eet(Ω
•
/S , Fb))[−dS ]

where F ∈ C(Var(k)sm/S) is such that M = D(A1, et)(F ),

(ii) Let S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(C). For I ⊂ [1, · · · l], denote by SI = ∩i∈ISi and jI : SI →֒ S the open embedding.
We then have closed embeddings iI : SI →֒ S̃I := Πi∈I S̃i. We define, using definition 97 and
proposition 57 the filtered algebraic Gauss-Manin realization functor defined as

FGMS : DAc(S)
op → DOfil,D,∞(S/(S̃I)), M 7→

FGMS (M) := ((e(S̃I)∗Hom
•(L(iI∗j

∗
IF ), Eet(Ω

•
/S̃I

), Fb))[−dS̃I ], u
q
IJ(F ))

where F ∈ C(Var(k)sm/S) is such that M = D(A1, et)(F ).

Proposition 58. Let f : X → S a morphism with S,X ∈ Var(k). Let S = ∪li=1Si an open cover such that
there exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(C). Then X = ∪li=1Xi with Xi := f−1(Si).
Denote, for I ⊂ [1, · · · l], SI = ∩i∈ISi and XI = ∩i∈IXi. Assume there exist a factorization

f : X
l
−→ Y × S

pS
−→ S
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of f with Y ∈ SmVar(C), l a closed embedding and pS the projection. We then have, for I ⊂ [1, · · · l], the
following commutative diagrams which are cartesian

fI = f|XI : XI
lI //

''◆◆
◆◆

◆◆
◆◆

◆◆
Y × SI

pSI //

i′I
��

SI

iI
��

Y × S̃I
pS̃I // S̃I

, Y × S̃J
pS̃J //

p′IJ
��

S̃J

pIJ

��
Y × S̃I

pS̃I // S̃I

Let F (X/S) := pS,♯Γ
∨
XZ(Y×S/Y×S). The transformations maps (NI(X/S) : Q(XI/S̃I)→ iI∗j

∗
IF (X/S))

and (k ◦ I(γ, hom)(−,−)), for I ⊂ [1, · · · , l], induce an isomorphism in DOfil,D,∞(S/(S̃I))

IGM (X/S) :

FGMS (M(X/S)) := (e(S̃I)∗Hom(L(iI∗j
∗
IF (X/S)), Eet(Ω

•
/S̃I

, Fb))[−dS̃I ], u
q
IJ(F (X/S)))

(e(S̃I )∗Hom(LNI(X/S),Eet(Ω
•
/S̃I

,Fb)))

−−−−−−−−−−−−−−−−−−−−−−−−−→ (e(S̃I)∗Hom(Q(XI/S̃I), Eet(Ω
•
/S̃I

, Fb))[−dS̃I ], v
q
IJ(F (X/S)))

(k◦I(γ,hom)(−,−))−1

−−−−−−−−−−−−−−→ (pS̃I∗ΓXIEzar(Ω
•
Y×S̃I/S̃I

, Fb)[−dS̃I ], wIJ (X/S)).

Proof. Similar to the proof of [10] proposition.

Definition 99. Let g : T → S a morphism with T, S ∈ SmVar(C). Consider the factorization g : T
l
−→ T×

S
pS
−→ S where l is the graph embedding and pS the projection. Let M ∈ DAc(S) and F ∈ C(Var(k)sm/S)

such that M = D(A1
S , et)(F ). Then, D(A1

T , et)(g
∗F ) = g∗M .

(i) We have then the canonical transformation in DOfil,D,∞(T × S) (see definition 95) :

T (g,FGM)(M) : Rg∗mod[−],ΓFGMS (M) := g∗mod,Γe(S)∗Hom
•(LF,Eet(Ω

•
/S , Fb)))[−dT ]

T (g,Ω/·)(LF )
−−−−−−−−−→

e(T × S)∗Hom
•(Γ∨T p

∗
SLF,Eet(Ω

•
/T×S , Fb))[−dT ] =: FGMT×S(l∗g

∗(M,W )).

(ii) We have then the canonical transformation in DOfil,∞(T )(see definition 95) :

TO(g,FGM )(M,W ) : Lg∗mod[−]FGMS (M) := g∗mode(S)∗Hom
•(LF,Eet(Ω

•
/S , Fb)))[−dT ]

TO(g,Ω/·)(LF )
−−−−−−−−−−→

e(T )∗Hom
•(g∗LF,Eet(Ω

•
/T , Fb))[−dT ] =: FGMT (g∗M).

Definition 100. Let g : T → S a morphism with T, S ∈ Var(k). Assume we have a factorization

g : T
l
−→ Y × S

pS
−→ S with Y ∈ SmVar(C), l a closed embedding and pS the projection. Let S = ∪li=1Si

be an open cover such that there exists closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(C) Then,
T = ∪li=1Ti with Ti := g−1(Si) and we have closed embeddings i′i := ii ◦ l : Ti →֒ Y × S̃i, Moreover
g̃I := pS̃I : Y × S̃I → S̃I is a lift of gI := g|TI : TI → SI . Denote for short dY I := dY + dS̃I . Let

M ∈ DAc(S) and F ∈ C(Var(k)sm/S) such that M = D(A1
S , et)(F ). Then, D(A1

T , et)(g
∗F ) = g∗M . We
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have the canonical transformation in DOfil,D,∞(T/(Y × S̃I))

T (g,FGM)(M) : Rg∗mod[−],ΓFGMS (M) :=

(ΓTIEzar(g̃
∗mod
I e(S̃I)∗Hom

•(L(iI∗j
∗
IF ), Eet(Ω

•
/S̃I

, Fb)))[−dY − dS̃I ], g̃
∗mod
J uqIJ(F ))

(ΓTIE(T (g̃I ,Ω/·)(L(iI∗j
∗
I (F,W )))))

−−−−−−−−−−−−−−−−−−−−−−→

(ΓTI e(Y × S̃I)∗Hom
•(g̃∗IL(iI∗j

∗
IF ), Eet(Ω

•
/Y×S̃I

, Fb))[−dY − dS̃I ], g̃
∗
Ju

q
IJ(F )1)

(I(γ,hom(−,−)))
−−−−−−−−−−−→

(e(Y × S̃I)∗Hom
•(Γ∨TI g̃

∗
IL(iI∗j

∗
IF ), Eet(Ω

•
/Y×S̃I

, Fb))[−dY − dS̃I ], g̃
∗
Ju

q
IJ(F )2)

(e(Y×S̃I)∗Hom(T q,γ (DgI )(j
∗
IF ),Eet(Ω

•
/Y×S̃I

,Fb)))
−1

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(e(Y × S̃I)∗Hom
•(L(i′I∗j

′∗
I g
∗F ), Eet(Ω

•
/Y×S̃I

, Fb))[−dY − dS̃I ], u
q
IJ(g

∗F )) =: FGMT (g∗M).

Proposition 59. (i) Let g : T → S a morphism with T, S ∈ Var(k). Assume we have a factorization

g : T
l
−→ Y2 × S

pS
−→ S with Y2 ∈ SmVar(C), l a closed embedding and pS the projection. Let S =

∪li=1Si be an open cover such that there exists closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(C)
Then, T = ∪li=1Ti with Ti := g−1(Si) and we have closed embeddings i′i := ii ◦ l : Ti →֒ Y2 × S̃i,
Moreover g̃I := pS̃I : Y × S̃I → S̃I is a lift of gI := g|TI : TI → SI . Let f : X → S a morphism with

X ∈ Var(k). Assume that there is a factorization f : X
l
−→ Y1 × S

pS
−→ S, with Y1 ∈ SmVar(C), l

a closed embedding and pS the projection. We have then the following commutative diagram whose
squares are cartesians

f ′ : XT
//

��

Y1 × T

��

// T

��
f ′′ = f × I : Y2 ×X //

��

Y1 × Y2 × S //

��

Y2 × S

��
f : X // Y1 × S // S

Consider F (X/S) := pS,♯Γ
∨
XZ(Y1 × S/Y1 × S) and the isomorphism in C(Var(k)sm/S)

T (f, g, F (X/S)) : g∗F (X/S) := g∗pS,♯Γ
∨
XZ(Y1 × S/Y1 × S)

∼
−→

pT,♯Γ
∨
XTZ(Y1 × T/Y1 × T ) =: F (XT /T ).

which gives in DA(S) the isomorphism T (f, g, F (X/S)) : g∗M(X/S)
∼
−→ M(XT /T ). Then, the

following diagram in DOfil,D,∞(T/(Y2 × S̃I)) commutes

Rg∗mod,ΓFGMS (M(X/S)) FGMT (M(XT /T ))

g∗mod[−],Γ(pS̃I∗ΓXIEzar(Ω
•
Y1×S̃I/S̃I

, Fb)[−dS̃I ],

wIJ (X/S))

(pY2×S̃I∗
ΓXTIEzar(Ω

•
Y2×Y1×S̃I/Y2×S̃I

, Fb)[−dY2 −

wIJ (XT /T ))

T (g,FGM )(M(X/S))

IGM (X/S) IGM (XT /T )

(T (g̃I×I,γ)(−)◦T
O
w (g̃I ,pS̃I

))

(ii) Let g : T → S a morphism with T, S ∈ SmVar(C). Let f : X → S a morphism with X ∈ Var(k).

Assume that there is a factorization f : X
l
−→ Y × S

pS
−→ S, with Y ∈ SmVar(C), l a closed

embedding and pS the projection. Consider F (X/S) := pS,♯Γ
∨
XZ(Y ×S/Y ×S) and the isomorphism
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in C(Var(k)sm/S)

T (f, g, F (X/S)) : g∗F (X/S) := g∗pS,♯Γ
∨
XZ(Y × S/Y × S)

∼
−→

pT,♯Γ
∨
XTZ(Y × T/Y × T ) =: F (XT /T ).

which gives in DA(S) the isomorphism T (f, g, F (X/S)) : g∗M(X/S)
∼
−→ M(XT /T ). Then, the

following diagram in DOfil,∞(T ) commutes

Lg∗mod[−]FGMS (M(X/S)) FGMT (M(XT /T ))

g∗modLO(pS∗ΓXEzar(Ω
•
Y×S/S, Fb)[−dT ] pY×T∗ΓXTEzar(Ω

•
Y×T/T , Fb)[−dT ]

Lg∗mod
∫ FDR
pS

ΓXE(OY×S , Fb)[−dY − dT ]
∫ FDR
pT

ΓXTE(OY×T , Fb)[−dY − dT ].

TO(g,FGM )(M(X/S))

IGM (X/S) IGM (XT /T )

Tw(⊗,γ)(OY×S)

(T (g×I,γ)(−)◦TOw (g,pS))

Tw(⊗,γ)(OY×T )

TDmod(g,f)(ΓXE(OY×S ,Fb))

Proof. Follows immediately from definition.

We have the following theorem:

Theorem 49. (i) Let g : T → S is a morphism with T, S ∈ Var(k). Assume there exist a factorization

g : T
l
−→ Y ×S

pS
−→ with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let S = ∪li=1Si

be an open cover such that there exists closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(C). Then,
for M ∈ DAc(S)

T (g,FGM)(M) : Rg∗mod[−],ΓFGMS (M)
∼
−→ FGMT (g∗M)

is an isomorphism in DOT fil,D,∞(T/(Y × S̃I)).

(ii) Let g : T → S is a morphism with T, S ∈ SmVar(C). Then, for M ∈ DAc(S)

TO(g,FGM )(M) : Lg∗mod[−]FGMS (M)
∼
−→ FGMT (g∗M)

is an isomorphism in DOT (T ).

(iii) A base change theorem for algebraic De Rham cohomology : Let g : T → S is a morphism with
T, S ∈ SmVar(k). Let h : U → S a smooth morphism with U ∈ Var(k). Then the map (see
definition [10] section 2)

TOw (g, h) : Lg∗modRh∗(Ω
•
U/S , Fb)

∼
−→ Rh′∗(Ω

•
UT /T

, Fb)

is an isomorphism in DOT (T ).

Proof. Similar to the proof of [10] theorem.

Definition 101. Let S ∈ Var(k) and S = ∪li=1Si an open affine covering and denote, for I ⊂ [1, · · · l],
SI = ∩i∈ISi and jI : SI →֒ S the open embedding. Let ii : Si →֒ S̃i closed embeddings, with S̃i ∈
SmVar(C). We have, for M,N ∈ DA(S) and F,G ∈ C(Var(k)sm/S) such that M = D(A1, et)(F ) and
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N = D(A1, et)(G), the following transformation map in DOfil,D(S/(S̃I))

T (FGMS ,⊗)(M,N) : FGMS (M)⊗
L[−]
OS
FGMS (N) :=

(e(S̃I)∗Hom(L(iI∗j
∗
IF ), Eet(Ω

•
/S̃I

, Fb))[−dS̃I ], uIJ(F )) ⊗
[−]
OS

(e(S̃I)∗Hom(L(iI∗j
∗
IG), Eet(Ω

•
/S̃I

, Fb))[−dS̃I ], uIJ(G))

=
−→ ((e(S̃I)∗Hom(L(iI∗j

∗
IF ), Eet(Ω

•
/S̃I

, Fb))⊗OS̃I

e(S̃I)∗Hom(L(iI∗j
∗
IG), Eet(Ω

•
/S̃I

, Fb)))[−dS̃I ], uIJ(F )⊗ uIJ(G))

(T (⊗,Ω/S̃I
)(L(iI∗j

∗
IF ),L(iI∗j

∗
IG)))

−−−−−−−−−−−−−−−−−−−−−−−→

(e(S̃I)∗Hom(L(iI∗j
∗
IF )⊗ L(iI∗j

∗
IG), Eet(Ω

•
/S̃I

, FDR))[−dS̃I ], vIJ (F ⊗G))

=
−→ (e(S̃I)∗Hom(L(iI∗j

∗
I (F ⊗G), Eet(Ω

•
/S̃I

, Fb)))[−dS̃I ], uIJ(F ⊗G)) =: FGMS (M ⊗N)

Proposition 60. Let f1 : X1 → S, f2 : X2 → S two morphism with X1, X2, S ∈ Var(k). Assume that

there exist factorizations f1 : X1
l1−→ Y1 × S

pS
−→ S, f2 : X2

l2−→ Y2 × S
pS
−→ S with Y1, Y2 ∈ SmVar(C),

l1, l2 closed embeddings and pS the projections. We have then the factorization

f1 × f2 : X12 := X1 ×S X2
l1×l2−−−→ Y1 × Y2 × S

pS
−→ S

Let S = ∪li=1Si an open affine covering and denote, for I ⊂ [1, · · · l], SI = ∩i∈ISi and jI : SI →֒ S
the open embedding. Let ii : Si →֒ S̃i closed embeddings, with S̃i ∈ SmVar(C). We have, for M,N ∈
DA(S) and F,G ∈ C(Var(k)sm/S) such that M = D(A1, et)(F ) and N = D(A1, et)(G), the following
commutative diagram in DOfil,D(S/(S̃I))

FGMS (M(X1/S))⊗LOS F
GM
S (M(X2/S))

FGMS (M(X1/S)⊗M(X2/S))

= FGMS (M(X1 ×S X2/S))

(pS̃I∗ΓX1IEzar(Ω
•
Y1×S̃I/S̃I

, Fb)[−dS̃I ], wIJ (X1/S))⊗OS

(pS̃I∗ΓX2IEzar(Ω
•
Y2×S̃I/S̃I

, Fb)[−dS̃I ], wIJ (X2/S))

(pS̃I∗ΓX12IEzar(Ω
•
Y1×Y2×S̃I/S̃I

, Fb)[−dS̃I ],

wIJ (X12/S)) .

IGM (X1/S)⊗I
GM (X2/S)

T (FGMS ,⊗)(M(X1/S),M(X2/S))

IGM (X12/S)

(Ew(Y1×S̃I ,Y2×S̃I )/S̃I
)

Proof. Immediate from definition.

7.2 The algebraic filtered De Rham realization functor

Let k a field of caracteristic zero. We recall (see section 2), for f : T → S a morphism with T, S ∈ Var(k),
the commutative diagrams of sites (3) and (4)

Var(k)2/T

ρT

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

µT //

P (f)

��

Var(k)2,pr/T

P (f)

��

ρT

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

Var(k)2,sm/T
µT //

P (f)

��

Var(k)2,smpr/T

P (f)

��

Var(k)2/S

ρS

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

µS // Var(k)2,pr/S

ρS

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

Var(k)2,sm/S
µS // Var(k)2,smpr/S
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and

Var(k)2,pr/T
Gr12T //

P (f)

��

ρT

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

Var(k)/T

P (f)

��

ρT

''◆◆
◆◆

◆◆
◆◆

◆◆
◆

Var(k)2,smpr/T
Gr12T //

P (f)

��

Var(k)sm/T

P (f)

��

Var(k)2,pr/S
Gr12S //

ρS

((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

Var(k)/S

ρS

''◆◆
◆◆

◆◆
◆◆

◆◆
◆

Var(k)2,sm/S
Gr12S // Var(k)sm/S

.

For s : I → J a functor, with I,J ∈ Cat, and f• : T• → Ss(•) a morphism with T• ∈ Fun(J ,Var(k))
and S• ∈ Fun(I,Var(k)), we have then the commutative diagrams of sites (5) and (6)

Var(k)2/T•
µT• //

P (f•)

��

ρT•

''PP
PP

PP
PP

PP
PP

Var(k)2,pr/T•

P (f•)

��

ρT•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗

Var(k)2,sm/T•
µT• //

P (f•)

��

Var(k)2,smpr/T•

P (f•)

��

Var(k)2/S•
µS• //

ρS•

''PP
PP

PP
PP

PP
PP

Var(k)2,pr/S•
ρS•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗

Var(k)2,sm/S•
µS• // Var(k)2,smpr/S•

.

and

Var(k)2,pr/T•
Gr12T• //

P (f•)

��

ρT•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗
Var(k)/T

P (f•)

��

ρT•

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

Var(k)2,smpr/T•
Gr12T //

P (f•)

��

Var(k)sm/T•

P (f•)

��

Var(k)2,pr/S•
Gr12S• //

ρS•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗
Var(k)/S•

ρS•

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

Var(k)2,sm/S•
Gr12S• // Var(k)sm/S•

.

We will use the following map from the property of De Rham modules (see section 5) together with
the specialization map of a filtered D module for a closed embedding (see [10] section 4.1) :

Definition-Proposition 7. (i) Let l : Z →֒ S a closed embedding with S,Z ∈ SmVar(k). Consider
an open embedding j : So →֒ S. We then have the cartesian square

So
j // S

Zo := Z ×S So
j′ //

l′

OO

Z

l

OO
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where j′ is the open embedding given by base change. Using proposition 35(ii) or theorem 32, the
morphisms Qp,0VZ ,VD (OS , Fb) for D ⊂ S a closed subset of definition-proposition of [10] induces a
canonical morphism in Cl∗OSfil(Z)

Q(Z, j!)(OS , Fb) : l
∗QVZ ,0j!Hdg(OSo , Fb)→ j′!Hdg(OZo , Fb),

where VZ is the Kashiwara-Malgrange VZ-filtration and VD is the Kashiwara-Malgrange VD-filtration,
which commutes with the action of TZ .

(ii) Let l : Z →֒ S and k : Z ′ →֒ Z be closed embeddings with S,Z, Z ′ ∈ SmVar(k). Consider an open
embedding j : So →֒ S. We then have the commutative diagram whose squares are cartesian.

So
j // S

Zo := Z ×S So
j′ //

l′

OO

Z

l

OO

Z
′o := Z ′ ×S So

j′′ //

k′

OO

Z ′

k

OO

where j′ is the open embedding given by base change. Then,

Q(Z ′, j!)(OS , Fb) = Q(Z ′, j′!)(OZ , Fb) ◦ (k
∗QVZ′ ,0Q(Z, j!)(OS , Fb)) :

k∗QVZ′ ,0l
∗QVZ ,0j!Hdg(OSo , Fb)

k∗QV
Z′
,0Q(Z,j!)(OS ,Fb)

−−−−−−−−−−−−−−−−→ k∗QVZ′ ,0j
′
!Hdg(OZo , Fb)

Q(Z′,j′! )(OZ ,Fb)−−−−−−−−−−→ j′′!Hdg(OZ′o , Fb)

in Ck∗l∗OSfil(Z
′) which commutes with the action of TZ′ .

(iii) Consider a commutative diagram whose squares are cartesian

Soo
j2 // So

j1 // S

Zoo := Z ×S S
oo

j′2 //

l′′

OO

Zo := Z ×S S
o
j′1 //

l′

OO

Z

l

OO

where j1, j2, and hence j′1,j
′
2 are open embeddings. We have then the following commutative diagram

l∗QVZ ,0j1!Hdg(OSo , Fb)
ad(j2!Hdg ,j

∗
2 )(OSo ,Fb)//

Q(Z,j!)(OS ,Fb)

��

l∗QVZ ,0(j1 ◦ j2)
Hdg
! (OSoo , Fb)

Q(Z,(j1◦j2)!)(OS ,Fb)

��
j′1!Hdg(OZo , Fb)

ad(j′2!Hdg ,j
′∗
2 )(OZo ,Fb)// (j′1 ◦ j

′
2)!Hdg(OZoo , Fb)

in Cl∗OSfil(Z) which commutes with the action of TZ .

Proof. (i): By definition of j!Hdg : πSo(MHM(So)) → C(DRM(S))), we have to construct the isomor-
phism for each complement of a (Cartier) divisor j = jD : So = S\D →֒ S. In this case, we have the
closed embedding i : S →֒ L given by the zero section of the line bundle L = LD associated to D.
We have then, using definition-proposition of [10] section 4.1, the canonical morphism in PShl∗OSfil(Z)
which commutes with the action of TZ

Q(Z, j!)(OS , Fb) : l
∗QVZ ,0j!Hdg(OSo , Fb)

T!(l,j)(−)
−1

−−−−−−−−→ l∗j!HdgQVZo ,0(OSo , Fb) = j′!Hdg(OZo , Fb).
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and V pZT!(l, j)(−)
−1 = Qp,0VZ ,VS (i∗mod(OS , Fb)). Now for j : So = S\R →֒ S an arbitrary open embedding,

we set

Q(Z, j!)(OS , Fb) := lim
←−

(Di),R⊂Di⊂S

(Q(Z, jDJ !)(j
∗
DI (OS , Fb)) : l

∗QVZ ,0j!Hdg(OSo , Fb)
∼
−→ j′!Hdg(OZo , Fb)

(ii): Follows from [10] section 4.1.
(iii): Follows from [10] section 4.1.

Using definition-proposition 6 in the projection case, and the specialization map given in [10] section
4 and the isomorphism of definition-proposition 7, in the closed embedding case, we have the following
canonical map :

Definition 102. Consider a commutative diagram in SmVar(k) whose square are cartesian

ZT
i′ //

g′

��

l′

""❊
❊❊

❊❊
❊❊

❊❊
T

g

��

l

$$❍
❍❍

❍❍
❍❍

❍❍
❍ T \ZT

j′
oo

g

��

l

''◆◆
◆◆

◆◆
◆◆

◆◆
◆

T × Z
I×i //

pZ
||②②
②②
②②
②②
②②

T × S

pS
zz✈✈
✈✈
✈✈
✈✈
✈✈
✈

T × S\(T × Z)
I×j

oo

pS
ww♣♣♣

♣♣
♣♣
♣♣
♣♣

Z
i // S S\Z

j
oo

where i and hence I× i and i′, are closed embeddings, j, I× j, j′ are the complementary open embeddings

and g : T
l
−→ T ×S

pS
−→ S is the graph factorization, where l is the graph embedding and pS the projection.

Then, the map in Cl∗OT×Sfil(T )

spVT (Γ
∨,Hdg
T×Z (OT×S , Fb)) : l

∗Γ∨,HdgT×Z (OT×S , Fb)
qVT ,0−−−→ l∗QVT ,0(Γ

∨,Hdg
T×Z (OT×S , Fb))

Q(T,(I×j)!)(OT×S ,Fb):=T!(l,(I×j))(−)
−−−−−−−−−−−−−−−−−−−−−−−−−→ Γ∨,HdgZT

(OT , Fb)

which commutes with the action of TT , where the first map is given in [10] section 4.1 and the last map
is studied definition-proposition 7, factors through

spVT (Γ
∨,Hdg
T×Z (OT×S , Fb)) : l

∗Γ∨,HdgT×Z (OT×S , Fb)
n
−→ l∗modΓ∨,HdgT×Z (OT×S , Fb)

s̄pVT
(Γ∨,HdgT×Z (OT×S ,Fb))

−−−−−−−−−−−−−−−−→ Γ∨,HdgZT
(OT , Fb),

with for U ⊂ T ×S an open subset, m ∈ Γ(U,OT×S) and h ∈ Γ(UT , OT ), n(m) := n⊗1 and s̄pVT (−)(m⊗
h) = h · spVT (m) ; see definition-proposition 6 and theorem 32. Then,

s̄pVT (Γ
∨,Hdg
T×Z (OT×S , Fb)) : l

∗modΓ∨,HdgT×Z (OT×S , Fb)→ Γ∨,HdgZT
(OT , Fb),

is a map in CD(1,0)fil(T ), i.e. is DT linear. We then consider the canonical map in CD(1,0)fil(T )

a(g, Z)(OS , Fb) : g
∗modΓ∨,HdgZ (OS , Fb) = l∗modp∗modS Γ∨,HdgZ (OS , Fb)

l∗modTHdg(p,γ∨)(OS ,Fb)
−1

−−−−−−−−−−−−−−−−−−→

l∗modΓ∨,HdgT×Z (OT×S , Fb)
s̄pVT (Γ∨,HdgT×Z (OT×S ,Fb))
−−−−−−−−−−−−−−−−→ Γ∨,HdgZT

(OT , Fb).
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Lemma 8. (i) For g : T → S and g : T ′ → T two morphism with S, T, T ′ ∈ SmVar(k), considering
the commutative diagram whose squares are cartesian

ZT ′
i′′ //

g′

��

T ′

g′

��

T ′\ZT ′
j′′

oo

g′

��
ZT

i′ //

g

��

T

g

��

T \ZT
j′

oo

g

��
Z

i // S S\Z
j

oo

we have then

a(g ◦ g′, Z)(OS , Fb) = a(g′, ZT )(OT , Fb) ◦ (g
′∗moda(g, Z)(OS , Fb)) :

(g ◦ g′)∗modΓ∨,HdgZ (OS , Fb) = g
′∗modg∗modΓ∨,HdgZ (OS , Fb)

g
′∗moda(g,Z)(OS ,Fb)
−−−−−−−−−−−−−−→ g

′∗modΓ∨,HdgZT
(OT , Fb)

a(g′,ZT )(OT ,Fb)
−−−−−−−−−−−→ Γ∨,HdgZT ′

(OT ′ , Fb).

(ii) For g : T → S a morphism with S, T ∈ SmVar(k), considering the commutative diagram whose
squares are cartesian

Z ′T
k′ //

g

��

ZT
i′ //

g

��

T

g

��
Z ′

k // Z
i // S

we have then the following commutative diagram

g∗modΓ∨,HdgZ (OS , Fb)

a(g,Z)(OS ,Fb)

��

g∗modT (Z′/Z,γ∨,Hdg)(OS ,Fb)// g∗modΓ∨,HdgZ′ (OS , Fb)

a(g,Z′)(OS ,Fb)

��
Γ∨,HdgZT

(OT , Fb)
T (Z′T /ZT ,γ

∨,Hdg)(OT ,Fb)// Γ∨,HdgZ′T
(OT , Fb)

Proof. (i):Follows from definition-proposition 7 (ii)
(ii):Follows from definition-proposition 7 (iii)

We can now define the main object :

Definition 103. (i) For S ∈ SmVar(k), we consider the filtered complexes of presheaves

(Ω•,Γ,pr/S , FDR) ∈ CDSfil(Var(k)
2,smpr/S)

given by,

– for (Y × S,Z)/S = ((Y × S,Z), p) ∈ Var(k)2,smpr/S,

(Ω•,Γ,pr/S ((Y × S,Z)/S), FDR) := ((Ω•Y×S/S , Fb)⊗OY×S Γ∨,HdgZ (OY×S , Fb))(Y × S)

with the structure of p∗DS module given by proposition 30,
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– for g : (Y1 × S,Z1)/S = ((Y1 × S,Z1), p1) → (Y × S,Z)/S = ((Y × S,Z), p) a morphism in
Var(k)2,smpr/S, denoting for short Ẑ := Z ×Y×S (Y1 × S),

Ω•,Γ,pr/S (g) : ((Ω•Y×S/S, Fb)⊗OY×S Γ∨,HdgZ (OY×S , Fb))(Y × S)

i−
−→ g∗((Ω•Y×S/S, Fb)⊗OY×S Γ∨,HdgZ (OY×S , Fb))(Y1 × S)

Ω(Y1×S/Y×S)/(S/S)(Γ
∨,Hdg
Z (OY×S ,Fb))(Y1×S)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ (Ω•Y1×S/S
, Fb)⊗OY1×S g

∗modΓ∨,HdgZ (OY×S , Fb))(Y1 × S)

DR(Y1×S/S)(a(g,Z)(OY×S ,Fb))(Y1×S)
−−−−−−−−−−−−−−−−−−−−−−−−−−→ (Ω•Y1×S/S

, Fb)⊗OY1×S Γ∨,Hdg
Ẑ

(OY1×S , Fb))(Y1 × S)

DR(Y1×S/S)(T (Z1/Ẑ,γ
∨,Hdg)(OY1×S ,Fb))(Y1×S)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ (Ω•Y1×S/S
, Fb)⊗OY1×S Γ∨,HdgZ1

(OY1×S , Fb))(Y1 × S),

where

∗ i− is the arrow of the inductive limit,

∗ we recall that

Ω(Y1×S/Y×S)/(S/S)(Γ
∨,Hdg
Z (OY×S , Fb)) : g

∗((Ω•Y×S/S , Fb)⊗OY×S Γ∨,HdgZ (OY×S , Fb))

→ (Ω•Y1×S/S
, Fb)⊗OY1×S g

∗modΓ∨,HdgZ (OY×S , Fb))

is the map given in [10] section 4.1, which is p∗1DS linear by proposition 31,

∗ the map

a(g, Z)(OY×S , Fb) : g
∗modΓ∨,HdgZ (OY×S , Fb)→ Γ∨,Hdg

Ẑ
(OY1×S , Fb)

is the map given in definition 102

∗ the map

T (Z1/Ẑ, γ
∨,Hdg)(OY1×S , Fb) : Γ

∨,Hdg

Ẑ
(OY1×S , Fb)→ Γ∨,HdgZ1

(OY1×S , Fb)

is given in definition-proposition 6.

For g : ((Y1 × S,Z1), p1) → ((Y × S,Z), p) and g′ : ((Y ′1 × S,Z ′1), p1) → ((Y1 × S,Z1), p) two
morphisms in Var(k)2,smpr/S, we have

Ω•,Γ,pr/S (g ◦ g′) = Ω•,Γ,pr/S (g′) ◦ Ω•,Γ,pr/S (g) : ((Ω•Y×S/S, Fb)⊗OY×S Γ∨,HdgZ (OY×S , Fb))(Y × S)

Ω•,Γ,pr
/S

(g)
−−−−−−→ (Ω•Y1×S/S

, Fb)⊗OY1×S Γ∨,HdgZ1
(OY1×S , Fb))(Y1 × S)

Ω•,Γ,pr
/S

(g′)

−−−−−−−→ (Ω•Y ′1×S/S, Fb)⊗OY ′1×S
Γ∨,HdgZ′1

(OY ′1×S , Fb))(Y
′
1 × S),

since, denoting for short Ẑ := Z ×Y×S (Y1 × S) and Ẑ ′ := Z ×Y×S (Y ′1 × S)

– we have by lemma 8(i)

a(g ◦ g′, Ẑ ′)(OY ×S , Fb) = a(g′, Ẑ)(OY1×S , Fb) ◦ g
′∗moda(g, Z)(OY×S , Fb),

– we have by lemma 8(ii)

T (Z ′1/Ẑ
′, γ∨,Hdg)(OY ′1×S , Fb) ◦ a(g

′, Ẑ)(OY1×S , Fb)

= a(g′, Z1)(OY1×S , Fb) ◦ g
′∗modT (Z1/Ẑ, γ

∨,Hdg)(OY1×S , Fb).
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(ii) For S ∈ SmVar(k), we have the canonical map COSfil,DS (Var(k)
sm/S)

Gr(Ω/S) : Gr12S∗(Ω
•,Γ,pr
/S , FDR)→ (Ω•/S , Fb)

given by, for U/S = (U, h) ∈ Var(k)sm/S

Gr(Ω/S)(U/S) : Gr12S∗(Ω
•,Γ,pr
/S , FDR)(U/S) := ((Ω•U×S/S , Fb)⊗OU×S Γ∨,HdgU (OU×S , Fb))(U × S)

ad(i∗U ,iU∗)(−)(U×S)−−−−−−−−−−−−−→ i∗((Ω•U×S/S , Fb)⊗OU×S Γ∨,HdgU (OU×S , Fb))(U)

Ω(U/U×S)/(S/S)(−)(U)
−−−−−−−−−−−−−−−→ ((Ω•U/S , Fb)⊗OU i

∗mod
U Γ∨,HdgU (OU×S , Fb))(U)

DR(U/S)(a(iU ,U))(U)
−−−−−−−−−−−−−−→ (Ω•U/S , Fb)(U) =: (Ω•/S , Fb)(U/S)

where h : U
iU−→ U × S

pS
−→ S is the graph factorization with iU the graph embedding and pS

the projection, note that a(iU , U) is an isomorphism since for jU : U × S\U →֒ U × S the open

complementary i∗modU jHdgU ! (M,F,W ) = 0.

Let g : T → S a morphism with T, S ∈ SmVar(k). We have the canonical morphism in Cg∗DSfil(Var(k)
2,smpr/T )

ΩΓ,pr
/(T/S) : g

∗(Ω•,Γ,pr/S , FDR)→ (Ω•,Γ,pr/T , FDR)

induced by the pullback of differential forms : for ((Y1 × T, Z1)/T ) = ((Y1 × T, Z1), p) ∈ Var(k)2,smpr/T ,

ΩΓ,pr
/(T/S)((Y1 × T, Z1)/T ) :

g∗Ω•,Γ,pr/S ((Y1 × T, Z1)/T ) := lim
(h:(Y×S,Z)→S, g1:(Y1×T,Z1)→(Y×T,ZT ),h,g)

Ω•,Γ,pr/S ((Y × T, Z)/S)

Ω•,Γ,pr
/S

(g′◦g1)

−−−−−−−−−→ Ω•,Γ,pr/S ((Y1 × T, Z1)/S)
q(−)(Y1×T )
−−−−−−−−→ Ω•,Γ,pr/T ((Y1 × T, Z1)/T ),

where g′ = (IY × g) : Y × T → Y × S is the base change map and q(M) : ΩY1×T/S ⊗OY1×T (M,F ) →

ΩY1×T/T⊗OY1×T (M,F ) is the quotient map. It induces the canonical morphisms in Cg∗DSfil(Var(k)
2,smpr/T )

:

EΩΓ,pr
/(T/S) : g

∗Eet(Ω
•,Γ,pr
/S , FDR)

T (g,E)(−)
−−−−−−−→ Eet(g

∗(Ω•,Γ,pr/S , FDR))
Eet(Ω

Γ,pr
/(T/S)

)

−−−−−−−−→ Eet(Ω
•,Γ,pr
/T , FDR)

and

EΩΓ,pr
/(T/S) : g

∗Ezar(Ω
•,Γ,pr
/S , FDR)

T (g,E)(−)
−−−−−−−→ Ezar(g

∗(Ω•,Γ,pr/S , FDR))
Ezar(Ω

Γ,pr
/(T/S)

)
−−−−−−−−−→ Ezar(Ω

•,Γ,pr
/T , FDR).

Definition 104. Let g : T → S a morphism with T, S ∈ SmVar(k). We have, for F ∈ C(Var(k)2,smpr/S),
the canonical transformation in CDfil(T ) :

T (g,ΩΓ,pr
/· )(F ) : g∗modLDe(S)∗Gr12S∗Hom

•(F,Ezar(Ω
•,Γ,pr
/S , FDR))

=
−→ (g∗LDe(S)∗Hom

•(F,Ezar(Ω
•,Γ,pr
/S , FDR)))⊗g∗OS OT

T (g,Gr12)(−)◦T (e,g)(−)◦q
−−−−−−−−−−−−−−−−−→ e(T )∗Gr12T∗ g

∗Hom•(F,Ezar(Ω
•,Γ,pr
/S , FDR))⊗g∗OS OT

(T (g,hom)(−,−)⊗I)
−−−−−−−−−−−−−→ e(T )∗Gr12T∗Hom

•(g∗F, g∗Ezar(Ω
•,Γ,pr
/S , FDR))⊗g∗OS OT

ev(hom,⊗)(−,−,−)
−−−−−−−−−−−−→ e(T )∗Gr12T∗Hom

•(g∗F, g∗Ezar(Ω
•,Γ,pr
/S , FDR))⊗g∗e(S)∗OS e(T )

∗OT

Hom•(g∗F,(EΩΓ,pr
/(T/S)

⊗m))

−−−−−−−−−−−−−−−−−−→ e(T )∗Gr12T∗Hom
•(g∗F,Ezar(Ω

•,Γ,pr
/T , FDR))
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The complex of presheaves (Ω•,Γ,pr/S , FDR) ∈ CDSfil(Var(k)
2,smpr/S) have a monoidal structure given

by the wedge product of differential forms: for p : (Y × S,Z)→ S ∈ Var(k)2,smpr/S, the map

DR(−)(γ∨,HdgZ (−)) ◦wY×S/S : (Ω•Y×S/S ⊗OY×S (OY×S , Fb))⊗p∗OS (Ω•Y×S/S ⊗OY×S (OY×S , Fb))

→ Ω•Y×S/S ⊗OY×S Γ∨,HdgZ (OY×S , Fb)

factors trough

DR(−)(γ∨,HdgZ (−)) ◦ wY×S/S :

(Ω•Y×S/S ⊗OY×S (OY×S , Fb))⊗p∗OS (Ω•Y×S/S ⊗OY×S (OY×S , Fb))

DR(−)(γ∨,HdgZ (−))⊗DR(−)(γ∨,HdgZ (−))
−−−−−−−−−−−−−−−−−−−−−−−−−−→

(Ω•Y×S/S ⊗OY×S Γ∨,HdgZ )(OY ×S , Fb)⊗p∗OS Ω•Y×S/S ⊗OY×S Γ∨,HdgZ (OY×S , Fb)

(DR(−)(γ∨,HdgZ (−))◦wY×S/S)
γ

−−−−−−−−−−−−−−−−−−−−→ Ω•Y×S/S ⊗OY×S Γ∨,HdgZ (OY×S , Fb)

unique up to homotopy, giving the map in CDSfil(Var(k)
2,smpr/S):

wS : (Ω•,Γ,pr/S , FDR)⊗OS (Ω•,Γ,pr/S , FDR)→ (Ω•,Γ,pr/S , FDR)

given by for p : (Y × S,Z)→ S ∈ Var(k)2,smpr/S,

wS((Y × S,Z)/S) :

(((Ω•Y ×S/S ⊗OY×S Γ∨,HdgZ )(OY×S , Fb))⊗p∗OS (Ω•Y×S/S ⊗OY×S Γ∨,HdgZ (OY×S , Fb)))(Y × S)

(DR(−)(γ∨,HdgZ (−))◦wY×S/S)
γ(Y×S)

−−−−−−−−−−−−−−−−−−−−−−−−−→ (Ω•Y×S/S ⊗OY×S Γ∨,HdgZ (OY×S , Fb))(Y × S)

which induces the map in CDSfil(Var(k)
2,smpr/S)

EwS : Ezar(Ω
•,Γ,pr
/S , FDR)⊗OS Ezar(Ω

•,Γ,pr
/S , FDR)

=
−→

Ezar((Ω
•,Γ,pr
/S , FDR)⊗OS (Ω•,Γ,pr/S , FDR))

Ezar(wS)
−−−−−−→ Eet(Ω

•,Γ,pr
/S , FDR)

by the functoriality of the Godement resolution (see section 2).

Definition 105. Let S ∈ SmVar(k). We have, for F,G ∈ C(Var(k)2,smpr/S), the canonical transforma-
tion in CDfil(S) :

T (⊗,Ω)(F,G) :

e(S)∗Gr12S∗Hom(F,Ezar(Ω
•,Γ,pr
/S , FDR))⊗OS e(S)∗Gr12S∗Hom(G,Ezar(Ω

•,Γ,pr
/S , FDR))

=
−→ e(S)∗Gr12S∗(Hom(F,Ezar(Ω

•,Γ,pr
/S , FDR))⊗OS Hom(G,Ezar(Ω

•,Γ,pr
/S , FDR)))

T (Hom,⊗)(−)
−−−−−−−−−→ e(S)∗Gr12S∗Hom(F ⊗G,Ezar(Ω

•,Γ,pr
/S , FDR)⊗OS Ezar(Ω

•,Γ,pr
/S , FDR)))

=
−→ e(S)∗Gr12S∗Hom(F ⊗G, (Ezar(Ω

•,Γ,pr
/S , FDR)⊗OS Ezar(Ω

•,Γ,pr
/S , FDR)))

Hom(F⊗G,EwS)
−−−−−−−−−−−→ e(S)∗Gr12S∗Hom(F ⊗G,Ezar(Ω

•,Γ,pr
/S , FDR)).

Let S ∈ Var(k). Let S = ∪li=1Si an open affine cover and denote by SI = ∩i∈ISi. Let ii : Si →֒ S̃i
closed embeddings, with S̃i ∈ Var(k). For I ⊂ [1, · · · l], denote by S̃I = Πi∈I S̃i. We then have closed
embeddings iI : SI →֒ S̃I and for J ⊂ I the following commutative diagram

DIJ = SI
iI // S̃I

SJ

jIJ

OO

iJ // S̃J

pIJ

OO
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where pIJ : S̃J → S̃I is the projection and jIJ : SJ →֒ SI is the open embedding so that jI ◦ jIJ =
jJ . This gives the diagram of algebraic varieties (S̃I) ∈ Fun(P(N),Var(k)) which the diagram of
sites Var(k)2,smpr/(S̃I) ∈ Fun(P(N),Cat). This gives also the diagram of algebraic varieties (S̃I)

op ∈
Fun(P(N)op,Var(k)) which the diagram of sites Var(k)2,smpr/(S̃I)

op ∈ Fun(P(N)op,Cat). We then get

((Ω•,Γ,pr
/(S̃I)

, FDR)[−dS̃I ], TIJ) ∈ CD(S̃I )
fil(Var(k)

2,smpr/(S̃I))

with

TIJ : (Ω•,Γ,pr
/S̃I

, FDR)[−dS̃I ]
ad(p

∗mod[−]
IJ ,pIJ∗(−)

−−−−−−−−−−−−−→ pIJ∗p
∗
IJ(Ω

•,Γ,pr

/S̃I
, FDR)⊗p∗IJOS̃I

OS̃J [−dS̃J ]

m◦pIJ∗Ω
Γ,pr

/(S̃J/S̃I)
[−dS̃J

]

−−−−−−−−−−−−−−−−→ pIJ∗(Ω
•,Γ,pr

/S̃J
, FDR)[−dS̃J ].

For (GI ,KIJ) ∈ C(Var(k)2,smpr/(S̃I)op), we denote (see section 2)

e′((S̃I))∗Hom((GI ,KIJ), (Ezar(Ω
•,Γ,pr

/(S̃I )
, FDR)[−dS̃I ], TIJ)) :=

(e′(S̃I)∗Hom(GI , Ezar(Ω
•,Γ,pr

/S̃I
, FDR))[−dS̃I ], uIJ((GI ,KIJ))) ∈ CDfil((S̃I))

with

uIJ((GI ,KIJ)) : e
′(S̃I)∗Hom(GI , Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ]

ad(p
∗mod[−]
IJ ,pIJ∗)(−)◦T (pIJ ,e)(−)

−−−−−−−−−−−−−−−−−−−−−−→ pIJ∗e
′(S̃J)∗p

∗
IJHom(GI , Ezar(Ω

•,Γ,pr

/S̃I
, FDR))⊗p∗IJOS̃I

OS̃J [−dS̃J ]

T (pIJ ,hom)(−,−)
−−−−−−−−−−−→ pIJ∗e

′(S̃J)∗Hom(p∗IJGI , p
∗
IJEzar(Ω

•,Γ,pr

/S̃I
, FDR))⊗p∗IJOS̃I

OS̃J [−dS̃J ]

m◦Hom(p∗IJGI ,TIJ )−−−−−−−−−−−−−→ pIJ∗e
′(S̃J )∗Hom(p∗IJGI , Ezar(Ω

•,Γ,pr

/S̃J
, FDR))[−dS̃J ]

Hom(KIJ ,Ezar(Ω
•,Γ,pr

/S̃J
,FDR))

−−−−−−−−−−−−−−−−−−−−→ pIJ∗e
′(S̃J)∗Hom(GJ , Ezar(Ω

•,Γ,pr

/S̃J
, FDR))[−dS̃J ].

This gives in particular

(Ω•,Γ,pr
/(S̃I)

, FDR)[−dS̃I ], TIJ) ∈ CD(S̃I )
fil(Var(k)

2,(sm)pr/(S̃I)
op).

We now define the filtered De Rahm realization functor.

Definition 106. (i) Let S ∈ SmVar(k). We have, using definition 103 and definition 25, the functor

FFDRS : C(Var(k)sm/S)→ CDfil(S), F 7→

FFDRS (F ) := e(S)∗Gr12S∗Hom
•(R̂CH(ρ∗SL(F )), Ezar(Ω

•,Γ,pr
/S , FDR))[−dS ]

Moreover, the differentials of FFDRS are strict for the filtration by theorem 37.

(ii) Let S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). For I ⊂ [1, · · · l], denote by SI := ∩i∈ISi and jI : SI →֒ S the open embedding.
We then have closed embeddings iI : SI →֒ S̃I := Πi∈I S̃i. Consider, for I ⊂ J , the following
commutative diagram

DIJ = SI
iI // S̃I

SJ

jIJ

OO

iJ // S̃J

pIJ

OO
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and jIJ : SJ →֒ SI is the open embedding so that jI ◦ jIJ = jJ . We have, using definition 103 and
definition 25, the functor

FFDRS : C(Var(k)sm/S)→ CDfil(S/(S̃I)), F 7→

FFDRS (F ) := e′((S̃I))∗Hom
•((R̂CH(ρ∗

S̃I
L(iI∗j

∗
IF )), R̂

CH
S̃J

(T q(DIJ)(j
∗
IF ))),

(Ezar(Ω
•,Γ,pr

/(S̃I)
, FDR)[−dS̃I ], TIJ))

:= (e′(S̃I)∗Hom
•(R̂CH(ρ∗

S̃I
L(iI∗j

∗
IF )), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F ))

where we have denoted for short e′(S̃I) = e(S̃I) ◦Gr12
S̃I
, and

uqIJ(F )[dS̃J ] : e
′(S̃I)∗Hom

•(R̂CH(ρ∗
S̃I
L(iI∗j

∗
IF )), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))

ad(p∗modIJ ,pIJ )(−)
−−−−−−−−−−−→ pIJ∗p

∗mod
IJ e′(S̃I)∗Hom

•(R̂CH(ρ∗
S̃I
L(iI∗j

∗
IF )), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))

pIJ∗T (pIJ ,Ω
γ,pr
· )(−)

−−−−−−−−−−−−−→ pIJ∗e
′(S̃J )∗Hom

•(p∗IJ R̂
CH(ρ∗

S̃I
L(iI∗j

∗
IF )), Ezar(Ω

•,Γ,pr

/S̃J
, FDR))

Hom(T (pIJ ,R̂
CH )(LiI∗j

∗
IF )−1,Eet(Ω

•,Γ,pr

/S̃J
,FDR))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

pIJ∗e
′(S̃J )∗Hom

•(R̂CH(ρ∗
S̃J
p∗IJL(iI∗j

∗
IF )), Ezar(Ω

•,Γ,pr

/S̃J
, FDR))

Hom(R̂CH
S̃J

(T q(DIJ )(j
∗
I F )),Eet(Ω

•,Γ,pr

/S̃J
,FDR))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

pIJ∗e
′(S̃J)∗Hom

•(R̂CH(ρ∗
S̃J
L(iJ∗j

∗
JF )), Ezar(Ω

•,Γ,pr

/S̃J
, FDR)).

For I ⊂ J ⊂ K, we have obviously pIJ∗uJK(F ) ◦ uIJ(F ) = uIK(F ). Moreover, the differentials of
FFDRS are strict for the filtration by theorem 37.

Recall, see section 2, that we have the projection morphisms of sites pa : Var(k)2,smpr/(S̃I)
op →

Var(k)2,smpr/(S̃I)
op given by the functor

pa : Var(k)2,smpr/(S̃I)
op → Var(k)2,smpr/(S̃I)

op,

pa((YI × S̃I , ZI)/S̃I , sIJ) := ((YI × A1 × S̃I , ZI × A1)/S̃I , sIJ × I),

pa((gI) : ((Y
′
I × S̃I , Z

′
I)/S̃I , s

′
IJ)→ ((YI × S̃I , ZI)/S̃I , sIJ)) =

(gI × I) : ((Y
′
I × A1 × S̃I , Z

′
I × A1)/S̃I , s

′
IJ × I)→ ((YI × A1 × S̃I , ZI × A1)/S̃I), sIJ × I)).

We have the following key proposition :

Proposition 61. (i1) Let S ∈ Var(k). Let S = ∪li=1Si an open cover such that there exist closed

embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k). The complex of presheaves (Ω•,Γ,pr
/(S̃I)

, FDR) ∈

CD(S̃I )
fil(Var(k)

2,smpr/(S̃I)
op) is 2-filtered A1 homotopic, that is

ad(p∗a, pa∗)(Ω
•,Γ,pr

/(S̃I )
, FDR) : (Ω

•,Γ,pr
/S , FDR)→ pa∗p

∗
a(Ω
•,Γ,pr

/(S̃I)
, FDR)

is a 2-filtered homotopy.

(i2) Let S ∈ SmVar(k). The complex of presheaves (Ω•,Γ,pr/S , FDR) ∈ CDSfil(Var(k)
2,smpr/S) admits

transferts, i.e.
Tr(S)∗ Tr(S)

∗(Ω•,Γ,pr/S , FDR) = (Ω•,Γ,pr/S , FDR).

(iii) Let S ∈ Var(k). Let S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Let m = (mI) : (Q1I ,K

1
IJ)→ (Q2I ,K

2
IJ) be an equivalence (A1, et) local with
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(Q1I ,KIJ) → (Q2I ,KIJ) ∈ C(Var(k)smpr/(S̃I)
op) complexes of representable presheaves. Then,

the map in CDfil((S̃I))

M := (e(S̃I)∗Hom
•(mI , Ezar(Ω

•,Γ,pr

/S̃I
, FDR)[−dS̃I ])) :

e′((S̃I))∗Hom
•((Q2I ,K

1
IJ), (Ezar(Ω

•,Γ,pr

/(S̃I)
, FDR)[−dS̃I ], TIJ))

→ e′((S̃I))∗Hom
•((Q1I ,K

1
IJ), (Ezar(Ω

•,Γ,pr

/(S̃I)
, FDR)[−dS̃I ], TIJ))

is a 2-filtered quasi-isomorphism. It is thus an isomorphism in DDfil,∞((S̃I)).

Proof. (i1): Similar to the proof of [10], proposition (ii1)
(i2): Similar to the proof of [10], proposition (ii2) : Let α ∈ Cor(Var(C)2,smpr/S)((Y1 × S,Z1)/S, (Y2 ×
S,Z2)/S) irreducible. Denote by i : α →֒ Y1×Y2×S the closed embedding, and p1 : Y1×Y2×S → Y1×S,
p2 : Y1× Y2×S → Y2×S the projections. The morphism p1 ◦ i : α→ Y1×S is then finite surjective and
(Z1 × Y2) ∩ α ⊂ Y1 × Z2 (i.e. p2(p

−1
1 (Z2) ∩ α) ⊂ Z2). Then, the transfert map is given by

Ω•,Γ,pr/S (α) : ((Ω•Y2×S/S
, Fb)⊗OY2×S Γ∨,HdgZ2

(OY2×S , Fb))(Y2 × S)

i−
−→ p∗2((Ω

•
Y2×S/S

, Fb)⊗OY2×S Γ∨,HdgZ2
(OY2×S , Fb))(Y1 × Y2 × S)

Ω(Y1×Y2×S/Y2×S)/(S/S)(−)(−)
−−−−−−−−−−−−−−−−−−−−→ ((Ω•Y1×Y2×S/S

, Fb)⊗OY1×Y2×S Γ∨,HdgY1×Z2
(OY1×Y2×S , Fb))(Y1 × Y2 × S)

DR(−)(T ((Z1×Y2)∩α/Y1×Z2,γ
∨,Hdg)(−)(−)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

((Ω•Y1×Y2×S/S
, Fb)⊗OY1×Y2×S Γ∨,Hdg(Z1×Y2)∩α

(OY1×Y2×S , Fb))(Y1 × Y2 × S)

i−
−→ i∗((Ω•Y1×Y2×S/S

, Fb)⊗OY1×Y2×S Γ∨,Hdg(Z1×Y2)∩α
(OY1×Y2×S , Fb))(α)

Ω(α/Y1×Y2×S)/(S/S)(−)(−)
−−−−−−−−−−−−−−−−−−→ ((Ω•α/S , Fb)⊗Oα i

∗modΓ∨,Hdg(Z1×Y2)∩α
(OY1×Y2×S , Fb))(α)

Ω(α/Y1×S)(S/S)(−)(−)
tr

−−−−−−−−−−−−−−−−→ ((Ω•Y1×S/S
, Fb)⊗OY1×S Γ∨,HdgZ1

(OY1×S , Fb))(Y1 × S).

(ii):Follows from (i) and theorem 15.

Proposition 62. Let S ∈ Var(k).Let S = ∪li=1Si an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k).

(i) Letm = (mI) : (Q1I ,K
1
IJ)→ (Q2I ,K

2
IJ) be an etale local equivalence local with (Q1I ,K

1
IJ), (Q2I ,K

2
IJ) ∈

C(Var(k)sm/(S̃I)) complexes of projective presheaves. Then,

(e′(S̃I)∗Hom
•(R̂CHS (mI), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ]) :

e′(S̃I)∗Hom
•((R̂CH(ρ∗SQ1I), R̂

CH(K1
IJ)), (Ezar(Ω

•,Γ,pr

/S̃I
, FDR)[−dS̃I ], TIJ))

→ e′(S̃I)∗Hom
•((R̂CH(ρ∗SQ2I), R̂

CH(K2
IJ)), (Ezar(Ω

•,Γ,pr

/S̃I
, FDR)[−dS̃I ], TIJ))

is a filtered quasi-isomorphism. It is thus an isomorphism in DDfil((S̃I)).

(ii) Let m = (mI) : (Q1I ,K
1
IJ) → (Q2I ,K

2
IJ) be an equivalence (A1, et) local equivalence local with

(Q1I ,K
1
IJ), (Q2I ,K

2
IJ) ∈ C(Var(k)

sm/(S̃I)) complexes of projective presheaves. Then,

(e′(S̃I)∗Hom
•(R̂CHS (mI), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ]) :

e′(S̃I)∗Hom
•((R̂CH(ρ∗SQ1I), R̂

CH(K1
IJ)), (Ezar(Ω

•,Γ,pr

/S̃I
, FDR)[−dS̃I ], TIJ))

→ e′(S̃I)∗Hom
•((R̂CH(ρ∗SQ2I), R̂

CH(K2
IJ)), (Ezar(Ω

•,Γ,pr

/S̃I
, FDR)[−dS̃I ], TIJ))

is a filtered quasi-isomorphism. It is thus an isomorphism in DDfil((S̃I)).
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Proof. Follows from proposition 61 (see the proof the complex case in [10] section 6 ) and the fact that
the differential of the complexes involved are strict for the F-fitration.

Definition 107. (i) Let S ∈ SmVar(k). We define using definition 106(i) and proposition 62(ii) the
filtered algebraic De Rahm realization functor defined as

FFDRS : DAc(S)→ DDfil(S), M 7→

FFDRS (M) := e(S)∗Gr12S∗Hom
•(R̂CH(ρ∗SL(F )), Ezar(Ω

•,Γ,pr
/S , FDR))[−dS ]

where F ∈ C(Var(k)sm/S) is such that M = D(A1, et)(F ).

(i)’ For the Corti-Hanamura weight structure W on DAc(S)
−, we define using definition 106(i) and

proposition 62(ii)

FFDRS : DA−c (S)→ D−D(1,0)fil(S), M 7→

FFDRS ((M,W )) := e(S)∗Gr12S∗Hom
•(R̂CH(ρ∗SL(F,W )), Ezar(Ω

•,Γ,pr
/S , FDR))[−dS ]

where (F,W ) ∈ Cfil(Var(k)
sm/S) is such that M = D(A1, et)((F,W )) using corollary 2. Note

that the filtration induced by W is a filtration by sub DS module, which is a stronger property then
Griffitz transversality. Of course, the filtration induced by F satisfy only Griffitz transversality in
general.

(ii) Let S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). For I ⊂ [1, · · · l], denote by SI = ∩i∈ISi and jI : SI →֒ S the open embedding.
We then have closed embeddings iI : SI →֒ S̃I := Πi∈I S̃i. We define, using definition 106(ii) and
proposition 62(ii), the filtered algebraic De Rahm realization functor defined as

FFDRS : DAc(S)→ DDfil(S/(S̃I)), M 7→

FFDRS (M) := (e′(S̃I)∗Hom
•(R̂CH(ρ∗

S̃I
L(iI∗j

∗
IF )), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F ))

where F ∈ C(Var(k)sm/S) is such that M = D(A1, et)(F ), see definition 106.

(ii)’ For the Corti-Hanamura weight structure W on DA−c (S), using definition 106(ii) and proposition
62(ii),

FFDRS : DA−c (S)→ D−D(1,0)fil(S/(S̃I)), M 7→ F
FDR
S ((M,W )) :=

(e′(S̃I)∗Hom
•(R̂CH(ρ∗

S̃I
L(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F,W ))

where (F,W ) ∈ Cfil(Var(k)
sm/S) is such that (M,W ) = D(A1, et)(F,W ) using corollary 2. Note

that the filtration induced by W is a filtration by sub DS̃I
-modules, which is a stronger property then

Griffitz transversality. Of course, the filtration induced by F satisfy only Griffitz transversality in
general.

Proposition 63. For S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k), the functor FFDRS is well defined.

Proof. Similar to the proof of [10] proposition : follows from proposition 62.

Remark 10. (i) Let S ∈ SmVar(k). We have, by proposition 61, for M ∈ DAc(S) the isomorphism
in D−D(1,0)fil,∞(S)

Hom(−, k) ◦ Hom(T (R̂CH , RCH)(ρ∗SL(F,W )),−)−1 :

FFDRS ((M,W )) := e′(S)∗Hom
•(R̂CH(ρ∗SL(F,W )), Ezar(Ω

•,Γ,pr
/S , FDR))[−dS ]

∼
−→ e′(S)∗Hom

•(LµS∗ρS∗R
CH(ρ∗SL(F,W )), Eet(Ω

•,Γ,pr
/S , FDR))[−dS ]

as it was defined in [10].
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(ii) Let S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings ii :
Si →֒ S̃i with S̃i ∈ SmVar(k). We have, by proposition 61, for M ∈ DAc(S) the isomorphism
in D−D(1,0)fil,∞(S/(S̃I))

(Hom(−, k)) ◦ (Hom(T (R̂CH , RCH)(ρ∗
S̃I
L(iI∗j

∗
I (F,W ))),−))−1 :

FFDRS ((M,W )) := (e′(S̃I)∗Hom
•(R̂CH(ρ∗

S̃I
L(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F,W ))

∼
−→ (e′(S̃I)∗Hom

•(LµS̃I∗ρS̃I∗R
CH(ρ∗

S̃I
L(iI∗j

∗
I (F,W ))), Eet(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F,W ))

as it was defined in [10].

Proposition 64. Let f : X → S a morphism with S,X ∈ Var(k). Assume there exist a factorization

f : X
l
−→ Y × S

pS
−→ S

of f with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let Ȳ ∈ PSmVar(k) a compact-
ification of Y with Ȳ \Y = D a normal crossing divisor, denote k : D →֒ Ȳ the closed embedding and
n : Y →֒ Ȳ the open embedding. Denote X̄ ⊂ Ȳ × S the closure of X ⊂ Ȳ × S. We have then the
following commutative diagram in Var(k)

X
l //

��

Y × S
pS

""❊
❊❊

❊❊
❊❊

❊❊

(n×I)
��

X̄
l // Ȳ × S

p̄S // S

Z := X̄\X

lZ

99rrrrrrrrrr

OO

// D × S

==③③③③③③③③③
(k×I)

OO

.

Let S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k).
Then X = ∪li=1Xi with Xi := f−1(Si). Denote, for I ⊂ [1, · · · l], SI = ∩i∈ISi and XI = ∩i∈IXi. Denote
X̄I := X̄ ∩ (Ȳ × SI) ⊂ Ȳ × S̃I the closure of XI ⊂ Ȳ × S̃I , and ZI := Z ∩ (Ȳ × SI) = X̄I\XI ⊂ Ȳ × S̃I .
We have then for I ⊂ [1, · · · l], the following commutative diagram in Var(k)

XI
lI //

��

Y × S̃I
pS̃I

""❋
❋❋

❋❋
❋❋

❋❋

(n×I)

��
X̄I

lI // Ȳ × S̃I
p̄S̃I // S̃I

ZI = X̄I\XI

lZI

88qqqqqqqqqqq

OO

// D × S̃I

<<②②②②②②②②
(k×I)

OO

.

Let F (X/S) := pS,♯Γ
∨
XZ(Y × S/Y × S) ∈ C(Var(k)sm/S). We have then the following isomorphism in
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DDfil(S/(S̃I))

I(X/S) : FFDRS (M(X/S))
:=
−→

(e′(S̃I)∗Hom(R̂CH(ρ∗
S̃I
L(iI∗j

∗
IF (X/S))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F (X/S)))

(Hom(R̂CH
S̃I

(NI(X/S)),Ezar(Ω
•,Γ,pr

/S̃I
,FDR)))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(e′(S̃I)∗Hom(R̂CH(ρ∗
S̃I
Q(XI/S̃I)), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], v

q
IJ (F (X/S)))

(Hom(ρS̃I∗
Iδ((X̄I ,ZI)/S̃I),−)[−dS̃I

])−1

−−−−−−−−−−−−−−−−−−−−−−−−−−→

(pS̃I∗Ezar((Ω
•
Ȳ×S̃I/S̃I

, Fb)⊗OȲ×S̃I
(n× I)Hdg! Γ∨,HdgXI

(OY×S̃I , Fb))(dY + dS̃I )[2dY + dS̃I ], wIJ (X/S))

=:
−→ ιSRf

Hdg
! (Γ∨,HdgXI

(OY×S̃I , Fb)(dY )[2dY ], xIJ (X/S)).
=:
−→ ιSRf

Hdg
! f∗modHdg ZHdgS .

Proof. Similar to the proof of [10], proposition

Corollary 4. Let S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Then for M ∈ DAc(S), FFDRS ∈ ιS(D(DRM(S))), where ιS :
D(DRM(S)) →֒ DDfil(S/(S̃I)) is a full embedding by theorem 38.

Proof. There exist by definition of constructible motives an isomorphism DA(S)

w(M) :M
∼
−→ Cone(M(X1/S)→ · · · →M(Xr/S)).

Hence we have the isomorphism in DDfil(S/(S̃I))

FFDRS (w(M)) : FFDRS (M)
∼
−→ Cone(FFDRS (M(X1/S))→ · · · → F

FDR
S (M(Xr/S))).

The result then follows from proposition 64.

Proposition 65. For S ∈ Var(k) not smooth, the functor (see corollary 4)

ι−1S F
FDR
S : DA−c (S)

op → D(DRM(S))

does not depend on the choice of the open cover S = ∪iSi and the closed embeddings ii : Si →֒ S̃i with
S̃i ∈ SmVar(k).

Proof. Similar to the proof of [10] proposition

We have the canonical transformation map between the filtered De Rham realization functor and the
Gauss-Manin realization functor :

Definition 108. Let S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k). LetM ∈ DAc(S) and F ∈ C(Var(k)

sm/S) such thatM = D(A1, et)(F ).
We have, using definition 103(ii), definition 24, proposition 1 and proposition 61, the canonical map in
DOSfil,D,∞(S/(S̃I))

T (FGMS ,FFDRS )(M) :

FGMS (LDSM) = (e(S̃I)∗Hom
•(L(iI∗j

∗
IDSLF ), Ezar(Ω

•
/S̃I

, Fb))[−dS̃I ], u
q
IJ(F ))

∼
−→ (e(S̃I)∗Hom

•(LD0
S̃I
L(iI∗j

∗
IF ), Ezar(Ω

•
/S̃I

, Fb))[−dS̃I ], u
q
IJ(F ))

Hom(−,Gr(ΩS̃I
))−1

−−−−−−−−−−−−−→ (e(S̃I)∗Hom
•(LD0

S̃I
L(iI∗j

∗
IF ),Gr12

S̃I∗
Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F ))

I(Gr12∗
S̃I

,Gr12
S̃I∗

)(−,−)

−−−−−−−−−−−−−−→ (e(S̃I)∗Hom
•(Gr12∗

S̃I
LD0

S̃I
L(iI∗j

∗
IF ), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F ))

(Hom•(rCH(L(iI∗j
∗
IF )◦T (R̂CH ,RCH )(L(iI∗j

∗
I F )),Ezar(Ω

•,Γ,pr

/S̃I
,FDR))[−dS̃I

])

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(e′(S̃I)∗Hom
•(R̂CH(ρ∗

S̃I
L(iI∗j

∗
IF )), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F )) =: FFDRS (M)
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Proposition 66. Let S ∈ Var(k) and S = ∪li=1Si an open cover such that there exist closed embeddings
ii : Si →֒ S̃i with S̃i ∈ SmVar(k).

(i) For M ∈ DAc(S) the map in DOS ,D(S/(S̃I)) = DOS ,D(S)

ofilT (F
GM
S ,FFDRS )(M) : ofilF

GM
S (LDSM)

∼
−→ ofilF

FDR
S (M)

given in definition 108 is an isomorphism if we forgot the Hodge filtration F .

(ii) For M ∈ DAc(S) and all n, p ∈ Z, the map in PShOS ,D(S/(S̃I))

F pHnT (FGMS ,FFDRS )(M) : F pHnFGMS (LDSM) →֒ F pHnFFDRS (M)

given in definition 108 is a monomorphism. Note that F pHnT (FGMS ,FFDRS )(M) is NOT an iso-
morphism in general : take for example M(So/S)∨ = D(A1, et)(j∗Eet(Z(So/S))) for an open
embedding j : So →֒ S, then

HnFGMS (LDSM(So/S)∨) = FGMS (Z(So/S)) = j∗E(OSo , Fb) /∈ πS(MHM(S))

and hence is NOT isomorphic to HnFFDRS (LDSM(So/S)∨) ∈ πS(MHM(S)) as filtered DS-
modules (see remark 4). It is an isomorphism in the very particular cases whereM = D(A1, et)(Z(X/S))
or M = D(A1, et)(Z(Xo/S)) for f : X → S is a smooth proper morphism and n : Xo →֒ X is an
open subset such that X\Xo = ∪Di is a normal crossing divisor and such that f|Di = f ◦ii : Di → X
are SMOOTH morphism with ii : Di →֒ X the closed embedding and considering f|Xo = f ◦ n :
Xo → S (see [10] section 6.1 in the complex case).

Proof. (i):Follows from the computation for a Borel-Moore motive.
(ii):Follows from (i).

We now define the functorialities of FFDRS with respect to S which makes F−FDR a morphism of 2
functor.

Definition 109. Let S ∈ Var(k). Let Z ⊂ S a closed subset. Let S = ∪li=1Si an open cover such that
there exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k). Denote ZI := Z ∩ SI . We then have
closed embeddings ZI →֒ SI →֒ S̃I .

(i) For F ∈ C(Var(k)sm/S), we will consider the following canonical map in D(DRM(S)) ⊂ DD(1,0)fil(S/(S̃I))

T (Γ∨,HdgZ ,ΩΓ,pr
/S )(F,W ) :

Γ∨,HdgZ ι−1S (e′∗Hom
•(R̂CH(ρ∗

S̃I
L(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F,W ))

Hom•(R̂CH
S̃I

(γ∨,ZI (L(iI∗j
∗
I (F,W )))),Ezar(Ω

•,Γ,pr

/S̃I
,FDR))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

Γ∨,HdgZ ι−1S (e′∗Hom
•(R̂CH(ρ∗

S̃I
Γ∨ZIL(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q,Z
IJ (F,W ))

=
−→ ι−1S (e′∗Hom

•(R̂CH(ρ∗
S̃I
Γ∨ZIL(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q,Z
IJ (F,W )).

with uq,ZIJ (F ) as in [10].

(ii) For F ∈ C(Var(k)sm/S), we have also the following canonical map in D(DRM(S)) ⊂ DD(1,0)fil(S/(S̃I))

T (ΓHdgZ ,ΩΓ,pr
/S )(F,W ) :

ι−1S (e′∗Hom
•(R̂CH(ρ∗

S̃I
LΓZIE(iI∗j

∗
IDS(F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q,Z,d
IJ (F,W ))

=
−→

ΓHdgZ ι−1S (e′∗Hom
•(R̂CH(ρ∗

S̃I
LΓZIE(iI∗j

∗
IDS(F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q,Z,d
IJ (F,W ))

Hom•(R̂CH
S̃I

(γZI (−)),Ezar(Ω
•,Γ,pr

/S̃I
,FDR))

−−−−−−−−−−−−−−−−−−−−−−−−−−−→

ΓHdgZ ι−1S (e′∗Hom
•(R̂CH(ρ∗

S̃I
L(iI∗j

∗
IDS(F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR))[−dS̃I ], u

q
IJ(F,W ))
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with uq,ZIJ (F ) as in [10].

Definition 110. Let g : T → S a morphism with T, S ∈ Var(k). Assume we have a factorization

g : T
l
−→ Y × S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let S = ∪li=1Si be

an open cover such that there exists closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k) Then, T = ∪li=1Ti
with Ti := g−1(Si) and we have closed embeddings i′i := ii◦l : Ti →֒ Y ×S̃i, Moreover g̃I := pS̃I : Y ×S̃I →

S̃I is a lift of gI := g|TI : TI → SI . Let M ∈ DAc(S)
− and (F,W ) ∈ Cfil(Var(k)

sm/S) such that
(M,W ) = D(A1

S , et)(F,W ). Then, D(A1
T , et)(g

∗F ) = g∗M and there exist (F ′,W ) ∈ Cfil(Var(k)
sm/S)

and an equivalence (A1, et) local e : g∗(F,W )→ (F ′,W ) such that D(A1
T , et)(F

′,W ) = (g∗M,W ).Denote
for short dY I := −dY − dS̃I . We have, using definition 104 and definition 109(i), the canonical map in

D(DRM(T )) ⊂ DD(1,0)fil(T/(Y × S̃I))

T (g,FFDR)(M) : g∗̂modHdg ι
−1
S F

FDR
S (M) :=

Γ∨,HdgT ι−1T (g̃∗modI (e′∗Hom
•(R̂CH(ρ∗

S̃I
(L(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/S̃I
, FDR)))[dY I ], g̃

∗mod
J uqIJ(F,W )))

(T (g̃I ,Ω
Γ,pr
/·

)(−))
−−−−−−−−−−−→

Γ∨,HdgT ι−1T (e′∗Hom
•(g̃∗I R̂

CH(ρ∗
S̃I
L(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/Y×S̃I
, FDR))[dY I ], g̃

∗
Ju

q
IJ(F,W ))

Hom(T (g̃I ,R
CH)(−)−1,−)

−−−−−−−−−−−−−−−−−→

Γ∨,HdgT ι−1T (e′∗Hom
•(R̂CH(ρ∗

Y×S̃I
g̃∗IL(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/Y×S̃I
, FDR))[dY I ], g̃

∗
Ju

q
IJ(F,W ))

T (Γ∨,HdgT ,ΩΓ,pr
/S

)(F,W )
−−−−−−−−−−−−−−−→

ι−1T (e′∗Hom
•(R̂CH(ρ∗

Y×S̃I
Γ∨TI g̃

∗
IL(iI∗j

∗
I (F,W ))), Ezar(Ω

•,Γ,pr

/Y×S̃I
, FDR))[dY I ], g̃

∗,γ
J uqIJ(F,W ))

(Hom(R̂CH
Y×S̃I

(T q,γ (DgI )(j
∗
I (F,W ))),Ezar(Ω

•,Γ,pr

/Y×S̃I
,FDR))[dY I ])

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

ι−1T (e′∗Hom
•(R̂CH(ρ∗

Y×S̃I
L(i′I∗j

′∗
I g
∗(F,W ))), Ezar(Ω

•,Γ,pr

/Y×S̃I
, FDR))[dY I ], u

q
IJ(g

∗(F,W )))

Hom(R̂CH
Y×S̃I

(Li′I∗j
′∗
I (e)),−)

−−−−−−−−−−−−−−−−−−→

ι−1T (e′∗Hom
•(R̂CH(ρ∗

Y×S̃I
L(i′I∗j

′∗
I (F ′,W ))), Ezar(Ω

•,Γ,pr

/Y×S̃I
, FDR))[dY I ], u

q
IJ(F

′,W ))

=:
−→ FFDRT (g∗M)

Definition 111. • Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factoriza-

tion f : X
l
−→ Y × S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. We

have, for M ∈ DAc(X), the following transformation map in D(DRM(S))

T∗(f,F
FDR)(M) : FFDRS (Rf∗M)

ad(f ∗̂modHdg ,RfHdg∗ )(−)
−−−−−−−−−−−−−−→ RfHdg∗ f ∗̂modHdg F

FDR
S (Rf∗M)

T (f,FFDR)(Rf∗M)
−−−−−−−−−−−−−→ RfHdg∗ FFDRX (f∗Rf∗M)

FFDRX (ad(f∗,Rf∗)(M))
−−−−−−−−−−−−−−−→ RfHdg∗ FFDRX (M)

Clearly, for p : Y × S → S a projection with Y ∈ PSmVar(C), we have, for M ∈ DAc(Y × S),
T∗(p,FFDR)(M) = T!(p,FFDR)(M)[dY ]

• Let S ∈ Var(k). Let Y ∈ SmVar(k) and p : Y × S → S the projection. We have then, for
M ∈ DA(Y × S) the following transformation map in D(DRM(S))

T!(p,F
FDR)(M) : pHdg! FFDRY×S (M)

FFDRY×S (ad(Lp♯,p
∗)(M))

−−−−−−−−−−−−−−−→ RpHdg! FFDRY×S (p∗Lp♯M)

T (p,FFDR)(Lp♯(M,W ))
−−−−−−−−−−−−−−−→ RpHdg! p∗̂mod[−]FFDRS (Lp♯M)

T (p∗mod,p∗̂mod)(−)
−−−−−−−−−−−−→ pHdg! p∗mod[−]

FFDRS (Lp♯M)
ad(RpHdg! ,p∗mod[−])(FFDRS (Lp♯M))
−−−−−−−−−−−−−−−−−−−−−−−→ FFDRS (Lp♯M)
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• Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization f : X
l
−→

Y × S
pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. We have then, using

the second point, for M ∈ DA(X) the following transformation map in D(DRM(S))

T!(f,F
FDR)(M) : RpHdg! FFDRX (M,W ) := RpHdg! FFDRY×S (l∗M)

T!(p,F
FDR)(l∗M)

−−−−−−−−−−−→ FFDRS (Lp♯l∗M)
=
−→ FFDRS (Rf!M)

• Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization f : X
l
−→

Y × S
pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. We have, using the

third point, for M ∈ DA(S), the following transformation map in in D(DRM(X))

T !(f,FFDR)(M) : FFDRX (f !M)
ad(RfHdg! ,f∗modHdg )(FFDRX (f !M))
−−−−−−−−−−−−−−−−−−−−−→ f∗modHdg RfHdg! FFDRX (f !M)

T!(pS,F
FDR)(FFDR(f !M))

−−−−−−−−−−−−−−−−−−→ f∗modHdg F
FDR
S (Rf!f

!M)
FFDRS (ad(Rf!,f

!)(M))
−−−−−−−−−−−−−−→ f∗modHdg F

FDR
S (M)

• Let S ∈ Var(k). Let S = ∪li=1Si an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). We have, using definition 105 and the preceding point, denoting ∆S : S →֒
S the diagonal closed embedding and p1 : S × S → S, p2 : S × S → S the projections, for
M,N ∈ DA(S) and (F,W ), (G,W ) ∈ Cfil(Var(k)sm/S)) such that (M,W ) = D(A1, et)(F,W ) and
(N,W ) = D(A1, et)(G,W ), the following transformation map in D(DRM(S))

T (FFDRS ,⊗)(M,N) : FFDRS (M)⊗HdgOS
FFDRS (N) := ∆!Hdg

S (p∗mod1 FFDRS (M)⊗OS×S p
∗mod
2 FFDRS (N)

T !(p1,F
FDR
S )(M)⊗T !(p1,F

FDR
S )(M)

−−−−−−−−−−−−−−−−−−−−−−−−→ ∆!Hdg
S (FFDRS×S (p!1M)⊗OS×S F

FDR
S×S (p!2N)

(T (⊗,Ω)(R̂CH (ρ∗
S̃I×S̃J

L(iI×iJ )∗(jI×jJ )
∗p∗1F [2dS]),R̂

CH(ρ∗
S̃I×S̃J

L(iI×iJ )∗(jI×jJ )
∗p∗2F [2dS])))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

∆!Hdg
S (FFDRS×S (p!1M ⊗ p

!
2N)

T !(∆S,F
FDR)(p!1M⊗p

!
2N)

−−−−−−−−−−−−−−−−−→ FFDRS (∆!
S(p

!
1M ⊗ p

!
2N)) = FFDRS (M ⊗N)

where the last equality follows from the equality in DA(S)

∆!
S(p

!
1M ⊗ p

!
2N) = ∆!

Sp
!
1M ⊗∆!

Sp
!
2N =M ⊗N

Proposition 67. Let g : T → S a morphism with T, S ∈ Var(k). Assume we have a factorization

g : T
l
−→ Y2 × S

pS
−→ S with Y2 ∈ SmVar(k), l a closed embedding and pS the projection. Let S = ∪li=1Si

be an open cover such that there exists closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k) Then,
T = ∪li=1Ti with Ti := g−1(Si) and we have closed embeddings i′i := ii ◦ l : Ti →֒ Y2 × S̃i, Moreover
g̃I := pS̃I : Y × S̃I → S̃I is a lift of gI := g|TI : TI → SI . Let f : X → S a morphism with X ∈ Var(k)

such that there exists a factorization f : X
l
−→ Y1 × S

pS
−→ S, with Y1 ∈ SmVar(k), l a closed embedding

and pS the projection. We have then the following commutative diagram whose squares are cartesians

f ′ : XT
//

%%❑❑
❑❑

❑❑
❑❑

❑❑

g′

��

Y1 × T

&&◆◆
◆◆

◆◆
◆◆

◆◆
◆

// T

&&▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

g

��

Y1 ×X //

yysss
ss
ss
ss
s

Y1 × Y2 × S //

xx♣♣♣
♣♣
♣♣
♣♣
♣♣

Y2 × S

xxqqq
qq
qq
qq
qq
q

f : X // Y1 × S // S

Take a smooth compactification Ȳ1 ∈ PSmVar(C) of Y1, denote X̄I ⊂ Ȳ1 × S̃I the closure of XI , and
ZI := X̄I\XI. Consider F (X/S) := pS,♯Γ

∨
XZ(Y1 × S/Y1 × S) ∈ C(Var(k)sm/S) and the isomorphism in
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C(Var(k)sm/T )

T (f, g, F (X/S)) : g∗F (X/S) := g∗pS,♯Γ
∨
XZ(Y1 × S/Y1 × S)

∼
−→

pT,♯Γ
∨
XTZ(Y1 × T/Y1 × T ) =: F (XT /T ).

which gives in DA(T ) the isomorphism T (f, g, F (X/S)) : g∗M(X/S)
∼
−→ (XT /T ). Then the following

diagram in D(DRM(T )) ⊂ DD(1,0)fil(T/(Y2 × S̃I)), where the horizontal maps are given by proposition
64, commutes

g∗̂modHdg ι
−1
S F

FDR
S (M(X/S)) g∗̂modHdg Rf

Hdg
! (Γ∨,HdgXI

(OY1×S̃I
, Fb)(dY1 )[2dY1 ], xIJ (X/S))

Rf
′Hdg
! g

′∗̂mod
Hdg (Γ∨,HdgXI

(OY1×S̃I
, Fb)(dY1 )[2dY1 ], xIJ (X/S))

ι−1T F
FDR
T (M(XT /T )) Rf

′Hdg
! (Γ∨,HdgXTI

(OY2×Y1×S̃I
, Fb)(dY12 )[2dY12 ], xIJ(XT /T )).

′T (g,FFDR)(M(X/S))

g∗̂modHdg I(X/S)

T (pS̃I
,γ∨,Hdg)(−)

T (p∗̂mod
Y1×Y2×S̃I ,Hdg

,p∗mod
Y1×Y2×S̃I,Hdg

)(−)

I(XT /T )

with dY12 = dY1 + dY2 .

Proof. Follows immediately from definition.

Proposition 68. Let S ∈ Var(k). Let Y ∈ SmVar(k) and p : Y ×S → S the projection. Let S = ∪li=1Si
an open cover such that there exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k). For I ⊂ [1, · · · l],
we denote by SI = ∩i∈ISi, joI : SI →֒ S and jI : Y ×SI →֒ Y ×S the open embeddings. We then have closed
embeddings iI : Y ×SI →֒ Y ×S̃I. and we denote by pS̃I : Y ×S̃I → S̃I the projections. Let f ′ : X ′ → Y ×S

a morphism, with X ′ ∈ Var(k) such that there exists a factorization f ′ : X ′
l′
−→ Y ′ × Y × S

p′

−→ Y × S
with Y ′ ∈ SmVar(k), l′ a closed embedding and p′ the projection. Denoting X ′I := f

′−1(Y ×SI), we have
closed embeddings i′I : X

′
I →֒ Y ′ × Y × S̃I Consider

F (X ′/Y × S) := pY×S,♯Γ
∨
X′Z(Y

′ × Y × S/Y ′ × Y × S) ∈ C(Var(k)sm/Y × S)

and F (X ′/S) := p♯F (X
′/Y ×S) ∈ C(Var(k)sm/S), so that Lp♯M(X ′/Y ×S)[−2dY ] =:M(X ′/S). Then,

the following diagram in D(DRM(S)) ⊂ DD(1,0)fil(S/(Y × S̃I)), where the vertical maps are given by
proposition 64, commutes

RpHdg!FFDRY×S (M(X ′/Y × S))
T!(p,F

FDR)(M(X′/Y×S))// FFDRS (M(X ′/S))

RpHdg!Rf
′Hdg
! f

′∗mod
Hdg ZHdgY×S

= //

T (p∗̂modHdg ,p∗modHdg )(−)◦RpHdg !(I(X′/Y×S))

OO

RfHdg! f∗modHdg ZHdgS

I(X′/S)

OO
.

Proof. Immediate from definition.

Proposition 69. Let f1 : X1 → S, f2 : X2 → S two morphism with X1, X2, S ∈ Var(k). Assume that

there exist factorizations f1 : X1
l1−→ Y1×S

pS
−→ S, f2 : X2

l2−→ Y2×S
pS
−→ S with Y1, Y2 ∈ SmVar(k), l1, l2

closed embeddings and pS the projections. We have then the factorization

f12 := f1 × f2 : X12 := X1 ×S X2
l1×l2−−−→ Y1 × Y2 × S

pS
−→ S

Let S = ∪li=1Si an open affine covering and denote, for I ⊂ [1, · · · l], SI = ∩i∈ISi and jI : SI →֒ S
the open embedding. Let ii : Si →֒ S̃i closed embeddings, with S̃i ∈ SmVar(k). We have then the
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following commutative diagram in D(DRM(S)) ⊂ DD(1,0)fil(S/(S̃I)) where the vertical maps are given
by proposition 64

FFDRS (M(X1/S))⊗
Hdg
OS
FFDRS (M(X2/S))

RfHdg1! (Γ∨,HdgX1I
(OY1×S̃I

, Fb)(d2)[2d1], xIJ (X1/S))⊗OS

RfHdg2! (Γ∨,HdgX2I
(OY2×S̃I

, Fb)(d1)[2d2], xIJ (X2/S))

FFDRS (M(X1/S)⊗M(X2/S) =M(X1 ×S X2/S)) RfHdg12! (Γ∨,HdgX1I×SX2I
(OY1×Y2×S̃I

, Fb)(d12)[2d12], xIJ (X1/S))

I(X1/S)⊗I(X2/S)

T (FFDRS ,⊗)(M(X1/S),M(X2/S)) (Ew(Y1×S̃I ,Y2×S̃I )/S̃I
)

I(X12/S)

with d1 = dY1 , d2 = dY2 and d12 = dY1 + dY2 .

Proof. Immediate from definition.

Theorem 50. (i) Let g : T → S a morphism, with S, T ∈ Var(k). Assume we have a factorization

g : T
l
−→ Y × S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Let

M ∈ DAc(S). Then map in D(DRM(T ))

T (g,FFDR)(M) : g∗̂modHdg F
FDR
S (M)

∼
−→ FFDRT (g∗M)

given in definition 110 is an isomorphism.

(ii) Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization f : X
l
−→ Y ×

S
pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Then, for M ∈ DAc(X),

the map given in definition 111

T!(f,F
FDR)(M) : RfHdg! FFDRX (M)

∼
−→ FFDRS (Rf!M)

is an isomorphism in D(DRM(S)).

(iii) Let f : X → S a morphism with X,S ∈ Var(k), S quasi-projective. Assume there exist a factoriza-

tion f : X
l
−→ Y × S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. We

have, for M ∈ DAc(X), the map given in definition 111

T∗(f,F
FDR)(M) : FFDRS (Rf∗M)

∼
−→ RfHdg∗ FFDRX (M)

is an isomorphism in D(DRM(S)).

(iv) Let f : X → S a morphism with X,S ∈ Var(k), S quasi-projective. Assume there exist a factoriza-

tion f : X
l
−→ Y × S

pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. Then,

for M ∈ DAc(S), the map given in definition 111

T !(f,FFDR)(M) : FFDRX (f !M)
∼
−→ f∗modHdg F

FDR
S (M)

is an isomorphism in D(DRM(X)).

(v) Let S ∈ Var(k). Then, for M,N ∈ DAc(S), the map in D(DRM(S))

T (FFDRS ,⊗)(M,N) : FFDRS (M)⊗HdgOS
FFDRS (N)

∼
−→ FFDRS (M ⊗N)

given in definition 111 is an isomorphism.

Proof. The proof is similar to the complex case : follows from [4] by proposition 67 and proposition 68,
more precisely :
(i):follows from proposition 67 and proposition 64.
(ii):follows from proposition 68
(iii),(iv): see [10].
(v):follows from proposition 69.
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We have the following easy proposition

Proposition 70. Let S ∈ Var(k) and S = ∪li=1Si an open affine covering and denote, for I ⊂ [1, · · · l],
SI = ∩i∈ISi and jI : SI →֒ S the open embedding. Let ii : Si →֒ S̃i closed embeddings, with S̃i ∈
SmVar(k). We have, for M,N ∈ DA(S) and F,G ∈ C(Var(k)sm/S) such that M = D(A1, et)(F ) and
N = D(A1, et)(G), the following commutative diagram in DOSfil,D,∞(S/(S̃I))

FGMS (LDSM)⊗LOS F
GM
S (LDSN)

T (FGMS ,⊗)(LDSM,LDSN)

��

T (FGMS ,FFDRS )(M)⊗T (FGMS ,FFDRS )(N)// FFDRS (M)⊗HdgOS
FFDRS (N)

T (FFDRS ,⊗)(M,N)

��
FGMS (LDS(M ⊗N))

T (FGMS ,FFDRS )(M⊗N) // FFDRS (M ⊗N)

Proof. Immediate from definition.

8 The Hodge realization functors for relative motives over a
field k of characteristic 0

8.1 The Hodge realization functor for relative motives over a subfield k ⊂ C

Let k ⊂ C a subfield. We have for f : T → S a morphism with T, S ∈ Var(k) we have the commutative
diagram of site

AnSp(C)/T anC

AnT :=AnT ◦(⊗kC) //

P (f)

��

ρT

((❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘
Var(k)/T

P (f)

��

ρT

''◆◆
◆◆

◆◆
◆◆

◆◆
◆

AnSp(C)sm/T anC

AnT //

P (f)

��

Var(k)sm/T

P (f)

��

AnSp(C)/SanC
AnS :=AnS ◦(⊗kC) //

ρS

((❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘
Var(k)/S

ρS

''◆◆
◆◆

◆◆
◆◆

◆◆
◆

AnSp(C)sm/SanC
AnS // Var(k)sm/S

.

This gives for s : I → J a functor with I,J ∈ Cat and f : T• → Ss(•) a morphism of diagram of algebraic
varieties with T• ∈ Fun(I,Var(k)), S• ∈ Fun(J ,Var(k)) the commutative diagram of sites

Dia12(S) := AnSp(C)/T an•,C
AnT• :=AnT• ◦(⊗kC) //

P (f•)

��

ρT•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗
Var(k)/T•

P (f•)

��

ρT•

''◆◆
◆◆

◆◆
◆◆

◆◆
◆◆

AnSp(C)sm/T an•,C
AnT• //

P (f•)

��

Var(k)sm/T•

P (f•)

��

AnSp(C)/San•,C
AnS• :=AnS• ◦(⊗kC) //

ρS•

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗
Var(k)/S•

ρS•

''◆◆
◆◆

◆◆
◆◆

◆◆
◆◆

AnSp(C)sm/San•,C
AnS• // Var(k)sm/S•

.
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8.1.1 The Betti realization functor

Let k ⊂ C a subfield.

Definition 112. Let S ∈ Var(k).

(i) The Ayoub’s Betti realization functor is

Bti∗S : DA(S)→ D(SanC ) , M ∈ DA(S) 7→ Bti∗SM = Re(SanC )∗ An
∗
SM = e(SanC )∗singD∗ An

∗
S F

where F ∈ C(Var(k)sm/S) is such that M = D(A1, et)(F ).

(ii) In [9], we define the Betti realization functor as

B̃ti
∗

S : DA(S)→ D(San) = D(Scw) , M 7→ B̃ti
∗

SM = Re(Scw)∗C̃w
∗

SM = e(Scw)∗singI∗C̃w
∗

SF

where F ∈ C(Var(k)sm/S) is such that M = D(A1, et)(F ).

(iii) For the Corti-Hanamura weight structure on DA−(S), we have by functoriality of (i) the functor

Bti∗S : DA−(S)→ Dfil(S
an
C ) , M 7→ (Bti∗SM,W ) := Bti∗S(M,W ) := e(San)∗singD∗ An

∗
S(F,W )

where (F,W ) ∈ Cfil(Var(k)sm/S) is such that (M,W ) = D(A1, et)(F,W ).

Note that by [9], An∗S and C̃w
∗

S derive trivially.

Note that, by considering the explicit D1
S local model for presheaves on AnSp(C)sm/SanC , Bti∗S(DA

−(S)) ⊂

D−(San) ; by considering the explicit I1S local model for presheaves on CWsm /Scw, B̃ti
∗

S(DA
−(S)) ⊂

D−(SanC ).
Let f : T → S a morphism, with T, S ∈ Var(k). We have, forM ∈ DA(S), (F,W ) ∈ Cfil(Var(k)sm/S)

such that (M,W ) = D(A1, et)(F,W ), and an equivalence (A1, et) local e : f∗(F,W ) → (F ′,W ) with
(F ′,W ) ∈ Cfil(Var(k)sm/S) such that (f∗M,W ) = D(A1, et)(F ′,W ) the following canonical transfor-
mation map in Dfil(T

an
C ):

T 0(f,Bti)(M,W ) : f∗Bti∗S(M,W ) := f∗e(SanC )∗singD∗ An
∗
S(F,W )

T (f,e)(−)
−−−−−−→ e(T anC )∗f

∗sing
D∗

An∗S(F,W )

e(Tan
C

)∗T (f,c)(F,W )
−−−−−−−−−−−−−→ e(T an)∗singD∗f

∗An∗T (F,W )
=
−→ e(T anC )∗singD∗ An

∗
T f
∗(F,W )

e(Tan
C

)∗sing
D∗

An∗T e
−−−−−−−−−−−−−→ e(T anC )∗singD∗ An

∗
T (F

′,W ) =: Bti∗T f
∗(M,W ).

Definition 113. Let f : T → S a morphism, with T, S ∈ Var(k). Consider the graph factorization

f : T
l
−→ T × S

p
−→ S of f with l the graph closed embedding and p the projection. We have, for

M ∈ DAc(S), the following canonical transformation map in Dfil,c(T
an
C ):

T (f,Bti)(M,W ) : f∗w Bti∗S(M,W ) := l∗Γ∨,wT p∗ Bti∗S(F,W )

T 0(p,Bti)(−)
−−−−−−−−→ l∗Γ∨,wT Bti∗T×S p

∗(F,W )
γ∨T (p∗(F,W ))
−−−−−−−−→ l∗Γ∨,wT Bti∗T×S Γ

∨
T p
∗(F,W )

=
−→ l∗Bti∗T×S Γ

∨
T p
∗(F,W )

T 0(l,Bti)(−)
−−−−−−−−→ Bti∗T l

∗Γ∨T p
∗(F,W ) = Bti∗T f

∗(M,W ).

where we use definition 4.

Definition 114. • Let f : X → S a morphism, with X,S ∈ Var(k). We have, for M ∈ DAc(X), the
following transformation map in Dfil,c(S

an
C )

T∗(f,Bti)(M,W ) : Bti∗S(Rf∗(M,W ))
ad(f∗,Rf∗w)(Bti∗S(Rf∗(M,W )))
−−−−−−−−−−−−−−−−−−−−→ Rf∗wf

∗w Bti∗S(Rf∗(M,W ))

T (f,Bti)(Rf∗(M,W ))
−−−−−−−−−−−−−→ Rf∗w Bti∗X(f∗Rf∗(M,W ))

Bti∗X(ad(f∗,Rf∗)(M,W ))
−−−−−−−−−−−−−−−−→ Rf∗w Bti∗X(M,W )
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Clearly if l : Z →֒ S is a closed embedding, then T∗(l,Bti)(M,W ) is an isomorphism since
ad(l∗, l∗)(−) : l

∗l∗(M,W )→ (M,W ) is an isomorphism (see section 3).

• Let f : X → S a morphism with X,S ∈ Var(k). Assume there exist a factorization f : X
l
−→

Y × S
pS
−→ S with Y ∈ SmVar(k), l a closed embedding and pS the projection. We have then,

for M ∈ DAc(X), using theorem 51 for closed embeddings, the following transformation map in
Dfil((Y × S)anC )

T!(f,Bti)(M) : Rf!w Bti∗X(M,W ) = RpS!wl∗ Bti
∗
X(M,W )

T∗(l,Bti)(M,W )
−−−−−−−−−−→

−1

RpS!w Bti(Y × S)∗(l∗(M,W ))

Bti(Y×S)∗ ad(LpS♯,p
∗
S)(l∗(M,W ))

−−−−−−−−−−−−−−−−−−−−−−→ RpS!w Bti(Y × S)∗(p∗SLpS♯l∗(M,W ))
T (pS ,Bti)(pS♯l∗(M,W ))
−−−−−−−−−−−−−−−→

RpS!wp
∗
S Bti(Y × S)

∗(LpS♯l∗(M,W )) = RpS!wp
!w
S Bti(Y × S)∗(Rf!(M,W ))

ad(RpS!w,p
!w
S )(−)

−−−−−−−−−−−→ Bti(Y × S)∗(Rf!(M,W ))

Clearly, for f : X → S a proper morphism, with X,S ∈ Var(k) we have, for M ∈ DAc(Y × S),
T!(f,Bti)(M,W ) = T∗(f,Bti)(M,W ).

• Let f : X → S a morphism with X,S ∈ Var(k). We have, using the second point, for M ∈ DA(S),
the following transformation map in Dfil(X

an
C )

T !(f,Bti)(M,W ) : Bti∗X(f !(M,W ))
ad(f!,Rf

!)(Bti∗X(f !(M,W )))
−−−−−−−−−−−−−−−−−−→ f !wRf!w Bti∗X(f !(M,W ))

T!(f,Bti)((f !(M,W )))
−−−−−−−−−−−−−−→ f !w Bti∗S(f!f

!(M,W ))
Bti∗S(ad(f!,f

!)(M,W ))
−−−−−−−−−−−−−−→ f !w Bti∗S(M,W )

• Let S ∈ Var(k). We have, for M,N ∈ DA(S) and F,G ∈ C( Var(k)
sm/S)) such that M =

D(A1, et)(F ) and N = D(A1, et)(G), the following transformation map in Dfil(S
an
C )

Bti∗S(M,W )⊗ Bti∗S(N,W ) := (e(S)∗singD∗ An
∗
S(F,W )) ⊗ (e(S)∗singD∗ An

∗
S(G,F ))

T (singD∗ ,⊗)(An∗S(F,W ),An∗S(G,F ))
−−−−−−−−−−−−−−−−−−−−−−−→ e(S)∗singD∗ An

∗
S((F,W ) ⊗ (G,W )) =: Bti∗S((M,W )⊗ (N,W ))

Theorem 51. (i) Let f : X → S a morphism, with X,S ∈ Var(k). For M ∈ DAc(S),

T (f,Bti)(M,W ) : f∗w Bti∗S(M,W )
∼
−→ Bti∗X f

∗(M,W )

is an isomorphism in Dfil(X
an
C ).

(ii) Let f : X → S a morphism, with X,S ∈ Var(k). For M ∈ DAc(X),

T!(f,Bti)(M,W ) : Rf!w Bti∗X(M,W )
∼
−→ Bti∗S Rf!(M,W )

is an isomorphism.

(iii) Let f : X → S a morphism, with X,S ∈ Var(k). For M ∈ DAc(X),

T∗(f,Bti)(M,W ) : Rf∗w Bti∗X(M,W )
∼
−→ Bti∗S Rf∗(M,W )

is an isomorphism.

(iv) Let f : X → S a morphism, with X,S ∈ Var(k). For M ∈ DAc(S),

T !(f,Bti)(M,W ) : f !w Bti∗S(M,W )
∼
−→ Bti∗X f

!(M,W )

is an isomorphism.
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(v) Let S ∈ Var(k). For M,N ∈ DAc(S),

T (⊗,Bti)(M,W ) : Bti∗S(M,W )⊗ Bti∗S N
∼
−→ Bti∗X((M,W )⊗ (N,W ))

is an isomorphism.

Proof. By functoriality it reduced to the case of Corti-Hanamura motives which is then obvious.

The main result on the Betti realization functor is the following

Theorem 52. (i) We have Bti∗S = B̃ti
∗

S on DA−(S)

(ii) The canonical transformations T (f,Bti), for f : T → S a morphism in Var(k), define a morphism
of 2 functor

Bti∗· : DA(·)→ D((·)anC ), S ∈ Var(k) 7→ Bti∗S : DA(S)→ D(SanC )

which is a morphism of homotopic 2 functor.

(ii)’ The canonical transformations T (f,Bti), for f : T → S a morphism in Var(k), define a morphism
of 2 functor

Bti∗· : DAc(·)→ Dfil((·)
an
C ), S ∈ Var(k) 7→ Bti∗S : DA(S)→ Dfil(S

an
C )

which is a morphism of homotopic 2 functor.

Proof. (i): See [9]
(ii) and (ii)’:Follows from theorem 51.

Remark 11. For X ∈ Var(k), the quasi-isomorphisms

ZHom(D̄k
•
et, X)

An∗
−−→ ZHom(D̄C

n
(0, 1), Xan

C )
Hom(i,Xcw

C
)

−−−−−−−−→ ZHom([0, 1]n, Xcw
C ),

where,
D̄net := (e : U → Ank , D̄

n(0, 1) ⊂ e(U)) ∈ Fun(VetAnk (D̄
n(0, 1)),Var(k))

is the system of etale neighborhood of the closed ball D̄nk (0, 1) ⊂ Ank , and i : [0, 1]n →֒ D̄nC(0, 1) is the
closed embedding, shows that a closed singular chain α ∈ ZHomn([0, 1]n, Xcw

C ), is homologue to a closed
singular chain

β = α+ ∂γ = β̃|[0,1]n ∈ ZHomn(∆n, Xcw
C )

which is the restriction by the closed embedding [0, 1]n →֒ U cwC
e
−→ AnC, where e : U → Ank an etale

morphism with U ∈ Var(k), of a a complex algebraic morphism β̃ : UC → XC defined over k. Hence
β([0, 1]n) = β̃([0, 1]n) ⊂ X is the restriction of a real algebraic subset of dimension n in ResR(X) (after
restriction a scalar that is under the identification C ≃ R2) defined over k.

8.1.2 The complex Hodge realization functor for relative motives over a subfield k ⊂ C

Let k ⊂ C a subfield.
Let S ∈ Var(k). Let S = ∪si=1Si an open cover such that there exists closed embedding ii : S →֒ S̃i

with S̃i ∈ SmVar(k). Recall (see section 5.2) that DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ) is the category

• whose set of objects is the set of triples {(((MI , F,W ), uIJ), (K,W ), α)} with

((MI , F,W ), uIJ) ∈ DD(1,0)fil,rh(S/(S̃I)), (K,W ) ∈ Dfil,c,k(S
an
C ),

α : T (S/(S̃I))(K,W )⊗ CSan
C
→ DR(S)[−](((MI ,W ), uIJ)

an)

where α is an morphism in Dfil(S
an
C /(S̃anI,C)),
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• and whose set of morphisms consists of

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

where φD : ((M1, F,W ), uIJ ) → ((M2, F,W ), uIJ) and φC : (K1,W ) → (K2,W ) are morphisms
and

θ = (θ•, I(DR(S)(φanD )) ◦ I(α1), I(α2) ◦ I(φC ⊗ I)) :

I(T (S/(S̃I))(K1,W ))⊗ CSan
C
[1]→ I(DR(S)(((M2I ,W ), uIJ)

an))

is an homotopy, I : Dfil(S
an
C /(S̃anI,C)) → Kfil(S

an
C /(S̃anI,C)) being the injective resolution functor,

and for

– φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

– φ′ = (φ′D, φ
′
C , [θ

′]) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ (((M3I , F,W ), uIJ), (K3,W ), α3)

the composition law is given by

φ′ ◦ φ := (φ′D ◦ φD, φ
′
C ◦ φC , I(DR(S)(φ

′an
D )) ◦ [θ] + [θ′] ◦ I(φC ⊗ I)[1]) :

(((M1I , F,W ), uIJ ), (K1,W ), α1)→ (((M3I , F,W ), uIJ ), (K3,W ), α3),

in particular for (((MI , F,W ), uIJ ), (K,W ), α) ∈ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ),

I(((MI ,F,W ),uIJ ),(K,W ),α) = ((IMI ), IK , 0),

together with the localization functor

(D(zar), I) : CD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C )→ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S

an
C )

→ DD(1,0)fil,rh,∞(S/(S̃I))×I Dfil,c,k(S
an
C ).

Note that if φ = (φD, φC , [θ]) : (((M1, F,W ), uIJ), (K1,W ), α1) → (((M2, F,W ), uIJ ), (K2,W ), α2) is a
morphism in DD(1,0)fil,rh(S/(S̃I)) ×I Dfil,c,k(S

an
C ) such that φD and φC are isomorphisms then φ is an

isomorphism (see remark 5). Moreover,

• For (((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ), we set

(((MI , F,W ), uIJ ), (K,W ), α)[1] := (((MI , F,W ), uIJ)[1], (K,W )[1], α[1]).

• For

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

a morphism in DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ), we set (see [11] definition 3.12)

Cone(φ) := (Cone(φD),Cone(φC), ((α1, θ), (α2, 0))) ∈ DD(1,0)fil,rh(S/(S̃I))×I Dfil,c,k(S
an
C ),

((α1, θ), (α2, 0)) being the matrix given by the composition law, together with the canonical maps

– c1(−) = (c1(φD), c1(φC), 0) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ Cone(φ)

– c2(−) = (c2(φD), c2(φC), 0) : Cone(φ)→ (((M1I , F,W ), uIJ), (K1,W ), α1)[1].

Let S ∈ Var(k). Let S = ∪si=1Si an open cover such that there exists closed embedding ii : S →֒ S̃i
with S̃i ∈ SmVar(k). Consider the category

(DD(1,0)fil(S̃I)×I Dfil,c,k(S̃
an
I,C)) ⊂ Fun(Γ(S̃I),TriCat)
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• whose objects are (((MI , F,W ), (KI ,W ), αI), uIJ) ∈ Fun(Γ(S̃I),TriCat) such that

((MI , F,W ), (KI ,W ), αI) ∈ DD(1,0)fil(S̃I)×I Dfil,c,k(S̃
an
I,C) =: D(S̃I)

and for I ⊂ J ,

uIJ : ((MI , F,W ), (KI ,W ), αI)→

pIJ∗((MJ , F,W ), (KJ ,W ), αJ) := (pIJ∗(MJ , F,W ), pIJ∗(KJ ,W ), pIJ∗αJ)

are morphisms in D(S̃I),

• whose morphisms m = (mI) : (((MI , F,W ), (KI ,W ), αI), uIJ) → (((M ′I , F,W ), (K ′I ,W ), α′I), vIJ)
is a family of morphism such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in D(S̃I)

We have then the identity functor

IS : DD(1,0)fil(S/(S̃I))
0 ×I Dfil,c,k(S

an
C )→ (DD(1,0)fil(S̃I)×I Dfil,c,k(S̃

an
I,C)),

(((MI , F,W ), uIJ ), (K,W ), α) 7→ (((MI , F,W ), iI∗j
∗
I (K,W ), j∗Iα), (uIJ , I, 0)),

m = (mI , n) 7→ m = (mI , i∗j
∗
In)

which is a full embedding since for ((MI , F,W ), uIJ) ∈ DD(1,0)fil(S/(S̃I))
0,

uIJ : (MI , F,W )→ pIJ∗(MJ , F,W )

are isomorphisms in DD(1,0)fil(S̃I), and hence for ((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil(S/(S̃I))
0×I

Dfil,c,k(S
an
C ),

(uIJ , I, 0) : ((MI , F,W ), iI∗j
∗
I (K,W ), j∗Iα)→

pIJ∗((MJ , F,W ), iJ∗j
∗
J (K,W ), j∗Jα) = (pIJ∗(MJ , F,W ), iI∗j

∗
I (K,W ), j∗Iα)

are isomorphisms in D(S̃I).

Definition 115. For h : U → S a smooth morphism with S,U ∈ SmVar(k) and h : U
n
−→ X

f
−→ S a

compactification of h with n an open embedding, X ∈ SmVar(k) such that D := X\U = ∪si=1Di ⊂ X is
a normal crossing divisor, we denote by, using definition 74 and definition 103

I(U/S) : h!Hdgh
!HdgZHdgS

:=
−→

(pS∗Ezar(Ω
•
X×S/S ⊗OX×S (n× I)!HdgΓ

∨,Hdg
U (OU×S , Fb)),DSh∗EusuQUan

C
, h!α(U, δ))

((DR(X×S/S)(ad((n×I)!Hdg,(n×I)
∗)(−)),0),I,0)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(Cone((ΩΓ,pr
/S (iDi × I))i∈[1,...,s] : pS∗Ezar(Ω

•
X×S/S ⊗OX×S Γ∨,HdgX (OX×S , Fb))→

(· · · → (pS∗Ezar(Ω
•
DI×S/S

⊗ODI×S Γ∨,HdgDI
(ODI×S , Fb)))→ · · · )),DSh∗EusuZUanC

, h!α(U, δ))

=:
−→ (FFDRS (Z(U/S)),Bti∗S Z(U/S), α(Z(U/S)))

the canonical isomorphism in DDfil(S)×I Dc,k(S
an
C ), where

• we recall that (see section 6.1)

h!HdgZHdgS = (Γ∨,HdgU (OU×S , Fb),ZUan
C
, α(U)) ∈ HMgm,k,C(U),

• iDi : Di →֒ X are the closed embeddings,
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• α(Z(U/S)) := h!α(U, δ) := Tw(h,⊗)(−) ◦ h!α(U, δ) (see definition 66), with

α(U, δ) := (DR(U)(Ω(U×U/U)/(U/pt)(Γ
∨,Hdg
U (OU×U ))))

−1 ◦ α(U) :

CUan
C
→ DR(U)((pU∗Ezar(Ω

•
U×U/U ⊗OU×U Γ∨,HdgU (OU×U )))

an),

by the way we note that the following diagram in C(UanC ) commutes

CUan
C

α(U) // Ω•Uan
C

=: DR(U)(OanU )

pU∗EusuΓ
∨
UCU×UanC

ad(δ∗U ,δU∗)(−)

OO

α(U×U)// DR(U)((pU∗Ezar(Ω
•
U×U/U ⊗OU×U Γ∨,HdgU (OU×U )))

an)

DR(U)(Ω(U×U/U)/(U/pt)(Γ
∨,Hdg
U (OU×U )))

OO

Lemma 9. Let S ∈ SmVar(k). Let g : U ′/S → U/S a morphism with U/S := (U, h), U ′/S := (U ′, h) ∈

Var(k)sm/S. Let h : U
n
−→ X

f
−→ S a compactification of h with n an open embedding, X ∈ SmVar(k) such

that D := X\U = ∪si=1Di ⊂ X is a normal crossing divisor, Let h′ : U
n′
−→ X ′

f ′

−→ S a compactification
of h′ with n′ an open embedding, X ′ ∈ SmVar(k) such that D′ := X\U = ∪si=1Di ⊂ X is a normal
crossing divisor and such that g : U ′ → U extend to ḡ : X ′ → X, see definition-proposition 3. Then,
using definition 115, the following diagram in DDfil(S)×I D(SanC ) commutes

h′!Hdgh
′!HdgZHdgS

I(U ′/S)//

ad(g!Hdg,g
!Hdg)(h!HdgZ

Hdg
S )

��

(FFDRS (Z(U ′/S)),Bti∗S Z(U
′/S), α(Z(U ′/S)))

(ΩΓ,pr
/S

(RCHS (g)),Bti∗S(g),θ(g))

��
h!Hdgh

!HdgZHdgS

I(U/S) // (FFDRS (Z(U/S)),Bti∗S Z(U/S), α(Z(U/S)))

where

θ(g) := RD([Γg]) : I(Bti
∗
S Z(U

′/S)⊗ C)[1]→ I(DR(S)(oFF
FDR
S (Z(U/S))an))

is the homotopy given by the third term of the Deligne homology class of the graph Γg ⊂ U ′ ×S U (see
definition 75) and oF : CDfil(S) → CD(S) is the forgetful functor and we recall (see section 6.1) that

I : C(SanC /S̃anI,C)→ K(SanC /S̃anI,C) is the injective resolution functor.

Proof. Immediate from definition.

We now define the Hodge realization functor.

Definition 116. Let k ⊂ C a subfield. Let S ∈ Var(k). Let S = ∪si=1Si an open cover such that there
exists closed embedding ii : S →֒ S̃i with S̃i ∈ SmVar(k). We define the Hodge realization functor, using
definition 106, definition 112, and lemma 9

FHdgS := (FFDRS ,Bti∗S ⊗Q) : C(Var(k)sm/S)→ DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S
an
C )

first on objects and then on morphisms :

• for F ∈ C(Var(k)sm/S), taking (F,W ) ∈ Cfil(Var(k)
sm/S) such that D(A1, et)(F,W ) gives the

weight structure on D(A1, et)(F ),

FHdgS (F ) := (FFDRS (F,W ),Bti∗S(F,W )⊗Q, α(F )) :=

(e(S)∗Hom((R̂CH
S̃I

(ρ∗
S̃I
LiI∗j

∗
I (F,W )), R̂CH(T q(DIJ)(−))), (Ezar(Ω

•,Γ,pr

/S̃I
, FDR), TIJ)),

e(S)∗singD∗ An
∗
S L(F,W ), α(F )) ∈ DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S

an
C )
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where α(F ) is the map in Dfil(S
an
C /(S̃anI,C)), writing for short DR(S) := DR(S)[−] := (DR(S̃I)[−dS̃I ])

α(F ) : T (S/(S̃I))((Bti
∗
S(M,W ))⊗ CSan

C
) := (iI∗j

∗
I ((e(S)∗singD∗ An

∗
S L(F,W ))⊗ CS), I)

=
−→ (e(S̃I)∗singD∗ An

∗
S̃I
LiI∗j

∗
I (F,W ) ⊗ CSan

C
, T (pIJ ,An)(LiI∗j

∗
I (F,W )))

=
−→ ((((· → ⊕(UIα,hIα)∈VIhIα!h

!
IαCS̃anI,C

ad(g•!I,α,β ,g
•
I,α,β!)(−)

−−−−−−−−−−−−−→ ⊕(UIα,hIα)∈VIhIα!h
!
IαCS̃anI,C

→ ·), uIJ)),W )

(α(Z(UIα/S̃I)),θ(g
•
I,α,β))

−−−−−−−−−−−−−−−−→

DR(S)(oF (e(S)∗Hom((R̂CH
S̃I

(ρ∗
S̃I
LiI∗j

∗
I (F,W )), R̂CH(T q(DIJ )(−))), (Ezar(Ω

•,Γ,pr

/S̃I
, FDR), TIJ)))

an)

=:
−→ DR(S)((oFF

FDR
S (M,W ))an)

with
FDRS (M) := oFF

FDR
S (M) ∈ DD0fil(S/(S̃I)),

where oF : DD(1,0)fil(S/(S̃I))→ DD0fil(S/(S̃I)) is the forgetful functor, using lemma 9,

(α(Z(UIα/S)), θ(g
•
I,α,β))

being the matrix given inductively by the composition law in DD(1,0)fil(S̃I) ×I Dfil,c,k(S̃
an
I,C), that

is we have the following isomorphism in (DD(1,0)fil(S̃I)×I Dfil,c,k(S̃
an
I,C)), denoting for short VI :=

Var(k)sm/S̃I

(I•(UIα/S̃I)) : (((· → ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα QHdg

S̃I

ad(g•,!HdgI,α,β ,g•I,α,β!Hdg)(−)
−−−−−−−−−−−−−−−−→

⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα QHdg

S̃I
→ ·), uIJ),W )

∼
−→ IS(F

Hdg
S (F ) := (FFDRS (F,W ),Bti∗

S̃I
LiI∗j

∗
I (F,W )⊗Q, α(F )))

where we denote by gnI,α,β : UIα → UIβ which satisfy hIβ ◦ gnI,α,β = hIα the morphisms in the
canonical projective resolution

q : LiI∗j
∗
I (F,W ) := ((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)
(Z(g•I,α,β))
−−−−−−−→

⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(UIα/S̃I)→ · · · ),W )→ iI∗j

∗
I (F,W ),

• for m : F1 → F2 a morphism in C(Var(k)sm/S), taking (F1,W ), (F2,W ) ∈ Cfil(Var(k)
sm/S)

such that D(A1, et)(F2,W ) gives the weight structure on D(A1, et)(F2) D(A1, et)(F1,W ) gives the
weight structure on D(A1, et)(F1) and such that m : (F1,W )→ (F2,W ) is a filtered morphism, the

morphism FHdgS (m) in DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S
an
C ) is given by

FHdgS (m) : = I−,−S

−1
((I•(UIα/(S̃I))) ◦ (ad(l

•!Hdg
Iα,β , l•Iα,β!Hdg)(Q

Hdg
UIα

)) ◦ (I•(UIα/(S̃I)))
−1)

= (FFDRS (m),Bti∗S(m)⊗Q, θ(m) := (θ(lIα,β))) : F
Hdg
S (F1)→ F

Hdg
S (F2)

using lemma 9, that is we have the following commutative diagram in (DD(1,0)fil(S̃I)×IDfil,c,k(S̃
an
I,C)),

denoting for short VI := Var(k)sm/S̃I ,

(((· → ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα QHdg

S̃I

AHdg
g•
1I,α,β

−−−−−→ ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα QHdg

S̃I
→ ·), uIJ),W ) FHdgS (F1)

(((· → ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα QHdg

S̃I

AHdg
g•
2I,α,β

−−−−−→ ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα QHdg

S̃I
→ ·), uIJ),W ) FHdgS (F2)

(I•(UIα/S̃I))

ad(l•!HdgI,α,β ,l
I,•
α,β!Hdg)(−) FHdgS (m)=(FFDRS (m),Bti∗S(m),(θ(lIα,β)))

(I•(Uα/S̃I))

where
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– we denoted for short AHdgg•1I,α,β
:= ad(g•,!Hdg1I,α,β , g

•
1I,α,β!Hdg)(h

!Hdg
Iα ZHdg

S̃I
)

– we denoted for short AHdgg•2I,α,β
:= ad(g•,!Hdg2I,α,β , g

•
2I,α,β!Hdg)(h

!Hdg
Iα ZHdg

S̃I
)

– we denote by gn1I,α,β : UIα → UIβ, which satisfy hIβ ◦ g
n
1I,α,β = hIα, the morphisms in the

canonical projective resolution

q : LiI∗j
∗
I (F1,W ) := ((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)
(Z(g•1I,α,β))
−−−−−−−→

⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(UIα/S̃I)→ · · · ),W )→ iI∗j

∗
I (F1,W )

– we denote by gn2I,α,β : UIα → UIβ, which satisfy hIβ ◦ gn2I,α,β = hα, the morphisms in the
canonical projective resolution

q : LiI∗j
∗
I (F2,W ) := ((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)
(Z(g•2I,α,β))
−−−−−−−→

⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(UIα/S̃I)→ · · · ),W )→ iI∗j

∗
I (F2,W )

– we denote by lnIα,β : UIα → UIβ which satisfy hIβ ◦ lnIα,β = hIα and ln+1
Iα,β ◦g

n
1Iα,β = gn2Iα,β ◦ l

n
Iα,β

the morphisms in the morphism of canonical projective resolutions

LiI∗j
∗
I (m) : LiI∗j

∗
I (F1,W ) := ((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)→ · · · ),W )
(Z(l•Iα,β))
−−−−−−→

((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(Uα/S̃I)→ · · · ),W ) =: LiI∗j

∗
I (F2,W ),

– the maps I•(UIα) are given by definition 115 and lemma 9.

Obviously FHdgS (F [1]) = FHdgS (F )[1] and FHdgS (Cone(m)) = Cone(FHdgS (m)). This functor induces by
proposition 62 and remark 5 the functor

FHdgS := (FFDRS ,Bti∗S ⊗Q) : DA(S)→ DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S
an
C ),

M = D(A1, et)(F ) 7→ FHdgS (M) := FHdgS (F ) = (FFDRS (M),Bti∗SM ⊗Q, α(M)),

with α(M) = α(F ).

We now give the functoriality with respect to the five operation using the De Rahm realization case
and the Betti realization case :

Proposition 71. (i) Let g : T → S a morphism with T, S ∈ Var(k). Assume there exists a fac-

torization g : T
l
−→ Y × S

p
−→ S, with Y ∈ SmVar(k), l a closed embedding and p the projec-

tion. Let S = ∪i∈ISi an open cover and ii : Si →֒ S̃i closed embeddings with S̃i ∈ SmVar(k).
Then, g̃I : Y × S̃I → S̃I is a lift of gI = g|TI : TI → SI and we have closed embeddings

i′I := iI ◦ l ◦ j′I : TI →֒ Y × S̃I . Then, for M ∈ DAc(S), the following diagram commutes :

g∗w Bti∗SM ⊗ C
g∗(α(M))//

T (g,bti)(M)

��

DR(T )[−]((g∗̂modHdg F
DR
S (M))an)

DR(T )[−]((T (g,FFDR)(M))an)

��
Bti∗T g

∗M ⊗ C
α(g∗M) // DR(T )[−]((FDRT (g∗M))an)

,

see section 5, definition 110 and definition 113
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(ii) Let f : T → S a morphism with T, S ∈ QPVar(k). Then, for M ∈ DAc(T ),the following diagram
commutes :

Rf∗w Bti∗T M ⊗ C
f∗(α(M)// DR(S)[−]((RfHdg∗ FDRT (M))an)

Bti∗S Rf∗M ⊗ C

T∗(f,bti)(M)

OO

α(Rf∗M) // DR(S)[−]((FDRS (Rf∗M))an)

DR(S)[−]((T∗(f,F
FDR)(M))an)

OO

see section 5, definition 111 and definition 114

(iii) Let f : T → S a morphism with T, S ∈ QPVar(k). Then, for M ∈ DAc(T ),the following diagram
commutes :

Rf!w Bti∗T M ⊗ C

T!(f,bti)(M)

��

f!(α(M))// DR(S)[−]((RfHdg! FTDR(M))an)

DR(S)[−]((T!(f,FDR)(M))an)

��
Bti∗S Rf!M ⊗ C

α(Rf!M) // DR(S)[−]((FSDR(Rf!M))an)

see section 5, definition 111 and definition 114.

(iv) Let f : T → S a morphism with T, S ∈ QPVar(k). Then, for M ∈ DAc(S),the following diagram
commutes :

f !w Bti∗SM ⊗ C
f !(α(M))// DR(T )[−]((f∗modHdg F

DR
S (M))an)

Bti∗T f
!M ⊗ C

α(f !M) //

T !(f,bti)(M)

OO

DR(T )[−]((FDRT (f !M))an)

DR[−](T )((T !(g,FFDR)(M))an)

OO

see section 5, definition 111 and definition 114.

(v) Let S ∈ Var(k). Then, for M,N ∈ DAc(S),the following diagram commutes :

Bti∗SM ⊗ Bti∗S N ⊗ C
α(M)⊗α(N) //

T (⊗,bti)(M,N)

��

DR(S)((FDRS (M)⊗OS F
DR
S (N))an)

DR(S)((T (⊗,FDR)(M,N))an)

��
Bti∗S(M ⊗N)⊗ C

(α(M⊗N)) // DR(S)((FSDR(M ⊗N))an)

see definition 111 and definition 114.

Proof. (i): Follows from the following commutative diagram in (DD(1,0)fil(Y × S̃I)×IDfil,c,k(Y × S̃anI,C)),

(((→ ⊕(UIα,hIα)∈VI g̃
∗Hdg
I hIα!Hdgh

!Hdg
Iα ZHdg

S̃I

AHdg
g•
I,α,β

−−−−−→

⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα ZHdg

S̃I
→), uIJ),W )

(g∗̂modHdg F
FDR
T (F ),

g∗w Bti∗S(F,W ), g∗(α(F )))

(((→ ⊕(U ′Iα,hIα)∈WI
h′Iα!Hdgh

′!Hdg
Iα ZHdg

Y×S̃I

AHdg
g
′•
I,α,β

−−−−−→

⊕(U ′Iα,h
′
Iα)∈WI

h′Iα!Hdgh
′!Hdg
Iα ZHdg

Y×S̃I
→), uIJ),W )

(FFDRT (g∗F ),

Bti∗T (g
∗F,W ), α(g∗F ))

(g̃∗HdgI I•(UIα/S̃I ))

THdg(g̃I ,hI)(−)
(T (g,FFDR)(M),T (g,Bti)(M),0)

(I•(U ′α/Y×S̃I))

where, we have denoted for short VI := Var(k)sm/S̃I and WI := Var(k)sm/Y × S̃I ,
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• we denoted for short AHdgg•I,α,β
:= ad(g•,!HdgI,α,β , g•I,α,β!Hdg)(h

!Hdg
Iα ZHdg

S̃I
)

• we denoted for short AHdg
g
′•
I,α,β

:= ad(g
′•,!Hdg
I,α,β , g

′•
I,α,β!Hdg)(h

′!Hdg
Iα ZHdg

Y×S̃I
)

• we denote by gnI,α,β : UIα → UIβ, which satisfy hIβ ◦ gnI,α,β = hIα, the morphisms in the canonical
projective resolution

q : LiI∗j
∗
I (F,W ) := (· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)
(Z(g•I,α,β))
−−−−−−−→

⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(UIα/S̃I)→ · · · )→ iI∗j

∗
I (F,W )

• we denote by g
′n
I,α,β : U ′Iα → U ′Iβ , which satisfy h′Iβ ◦ g

′n
I,α,β = h′α, the morphisms in the canonical

projective resolution

q : Li′I∗j
′∗
I (g∗F,W ) := (· · · → ⊕(U ′Iα,h

′
Iα)∈Var(k)sm/Y×S̃I

Z(U ′Iα/Y × S̃I)
(Z(g

′•
I,α,β))

−−−−−−−→

⊕(U ′Iα,h
′
Iα)∈Var(k)sm/Y×S̃I

Z(U ′Iα/Y × S̃I)→ · · · )→ i′I∗j
′∗
I (g∗F,W )

(ii): Follows from (i) by adjonction.
(iii): The closed embedding case is given by (ii) and the smooth projection case follows from (i) by
adjonction.
(iv): Follows from (iii) by adjonction.
(v):Obvious

We can now state the following key proposition and the main theorem:

Proposition 72. Let k ⊂ C a subfield.

(i) Let S ∈ Var(k). Let S = ∪iSi an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Then we have the isomorphism in DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S

an
C )

FHdgS (ZS)
:=
−→ (FFDRS (ZS ,W ),Bti∗S(ZS ,W )⊗Q,α(ZS))

((ΩΓ,pr

/S̃I
(R̂CH(ad(i∗I ,iI∗)(Γ

∨,w
SI

ZS̃I
)))),I,0)

−−−−−−−−−−−−−−−−−−−−−−−−−−→

I−,−S

−1
((e(S)∗Hom((R̂CH(Γ∨,wSI ZS̃I ), R̂

CH(xIJ )), (Ezar(Ω
•,Γ,pr

/S̃I
, FDR), TIJ)), T (S/(S̃I))(Q

w
San
C

),Γ∨,wSI α(S̃I , δ)))

=
−→ ιS((Γ

∨,Hdg
SI

(OS̃I , Fb), xIJ ),Q
w
San
C

, α(S)) =: ιS(Q
Hdg
S )

with (see section 6.1) j∗IQ
w
San
C

= i∗IΓ
∨,w
SI

QS̃I and

α(S) : T (S/(S̃I))(Q
w
San
C

)⊗ CSan
C

=
−→ (Γ∨,wSI CS̃anI,C

, tIJ)
(Γ∨SI

α(S̃I))
−−−−−−−→ DR(S)(oF (Γ

∨,Hdg
SI

(OS̃I , Fb), xIJ ))

(ii) Let f : X → S a morphism with X,S ∈ Var(k), X quasi-projective. Consider a factorization

f : X
l
−→ Y × S

pS
−→ S with Y = PN,o ⊂ PN an open subset, l a closed embedding and pS

the projection. Let S = ∪iSi an open cover such that there exist closed embeddings ii : Si →֒
S̃i with S̃i ∈ SmVar(C). Recall that SI := ∩i∈ISi, XI = f−1(SI), and S̃I := Πi∈I S̃i. Then,
using proposition 71(iii), the maps of definition 111 and definition 114 gives an isomorphism in
DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S

an
C )

(T!(f,F
FDR)(ZX ,W ), T!(f,Bti)(ZX ,W ), 0) :

FHdgS (MBM (X/S)) := (FFDRS (Rf!(ZX ,W )),Bti∗S Rf!(ZX ,W )⊗Q, α(Rf!ZX))
∼
−→ (RfHdg!(Γ

∨,Hdg
XI

(OY×S̃I , Fb), xIJ (X/S)), Rf!wQ
w
Xan , f!(α(X))) =: ιS(Rf!HdgQ

Hdg
X ).
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with

QHdgX := ((Γ∨,HdgXI
(OY×S̃I , Fb), xIJ (X/Y × S)),Q

w
Xan

C

, α(X)) ∈ C(MHMgm,k,C(X))

Proof. (i):Follows from proposition 62.
(ii): Follows from (i) by proposition 71(iii),theorem 50(i) and theorem 51(i).

The main theorem of this section is the following :

Theorem 53. Let k ⊂ C a subfield.

(i) For S ∈ Var(k), we have FHdgS (DAc(S)) ⊂ D(MHMgm,k,C(S)),

ιS : D(MHMgm,k,C(S)) →֒ DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S
an
C )

being a full embedding by theorem 41.

(ii) The Hodge realization functor FHdg(−) define a morphism of 2-functor on Var(k)

FHdg− : Var(k)→ (DAc(−)→ D(MHMgm,k,C(−)))

whose restriction to QPVar(k) is an homotopic 2-functor in sense of Ayoub. More precisely,

(ii0) for g : T → S a morphism, with T, S ∈ QPVar(k), andM ∈ DAc(S), the the maps of definition
110 and of definition 113 induce an isomorphism in D(MHMgm,k,C(T ))

T (g,FHdg)(M) := (T (g,FFDR)(M), T (g, bti)(M), 0) :

g∗̂HdgFHdgS (M) := ι−1T (g∗̂modHdg F
FDR
S (M), g∗BtiS(M)⊗Q, g∗(α(M)))

∼
−→ ι−1T (FFDRT (g∗M),Bti∗T (g

∗M)⊗Q, α(g∗M)) =: FHdgT (g∗M),

(ii1) for f : T → S a morphism, with T, S ∈ QPVar(k), and M ∈ DAc(T ), the maps of definition
111 and of definition 114 induce an isomorphism in D(MHMgm,k,C(S))

T∗(f,F
Hdg)(M) := (T∗(f,F

FDR)(M), T∗(f, bti)(M), 0) :

RfHdg∗F
Hdg
T (M) := ι−1S (RfHdg∗ FFDRT (M), Rf∗BtiT (M)⊗Q, f∗(α(M)))

∼
−→ ι−1S (FFDRS (Rf∗M),Bti∗S(Rf∗M)⊗Q, α(Rf∗M)) =: FHdgS (Rf∗M),

(ii2) for f : T → S a morphism, with T, S ∈ QPVar(k), and M ∈ DAc(T ), the maps of definition
111 and of definition 114 induce an isomorphism in D(MHMgm,k,C(S))

T!(f,F
Hdg)(M) := (T!(f,F

FDR)(M), T!(f, bti)(M), 0) :

Rf!HdgF
Hdg
T (M) := ι−1S (RfHdg! FFDRT (M), Rf!Bti

∗
T (M)⊗Q, f!(α(M)))

∼
−→ ι−1S (FFDRS (Rf!M),Bti∗S(Rf!M)⊗Q, α(f!M)) =: FHdgS (Rf!M),

(ii3) for f : T → S a morphism, with T, S ∈ QPVar(k), and M ∈ DAc(S), the maps of definition
111 and of definition 114 induce an isomorphism in D(MHMgm,k,C(T ))

T !(f,FHdg)(M) := (T !(f,FFDR)(M), T !(f, bti)(M), 0) :

f∗HdgFHdgS (M) := ι−1T (f∗modHdg F
FDR
S (M), f !BtiS(M)⊗Q, f !(α(M)))

∼
−→ ι−1T (FFDRT (f !M),Bti∗T (f

!M)⊗Q, α(f !M)) =: FHdgT (f !M),
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(ii4) for S ∈ Var(k), and M,N ∈ DAc(S), the maps of definition 111 and of definition 114 induce
an isomorphism in D(MHMgm,k,C(S))

T (⊗,FHdg)(M,N) := (T (⊗,FFDRS )(M,N), T (⊗, bti)(M,N), 0) :

ι−1S (FFDRS (M)⊗HdgOS
FFDRS (N),BtiS(M)⊗ BtiS(N)⊗Q, α(M)⊗ α(N))

∼
−→ FHdgS (M ⊗N) := ι−1S (FFDRS (M ⊗N),BtiS(M ⊗N)⊗Q, α(M ⊗N)).

(iii) For S ∈ Var(k), the following diagram commutes :

Var(k)/S
MH(/S) //

M(/S)

��

D(MHMgm,k,C(S))

ιS

��
DA(S)

FHdgS // DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S
an
C )

Proof. (i): LetM ∈ DAc(S). There exist by definition of constructible motives an isomorphism in DA(S)

w(M) :M
∼
−→ Cone(M(X0/S)[d0]

m1−−→ · · ·
mm−−→M(Xm/S)[dm]),

with fn : Xn → S morphisms and Xn ∈ QPVar(k). This gives the isomorphism in DD(1,0)fil(S/(S̃I))×I
Dfil,c,k(S

an
C )

FHdgS (w(M)) : FHdgS (M)
∼
−→ Cone(FHdgS (M(X0/S))[d0]

FHdgS (m1)
−−−−−−−→ · · ·

FHdgS (m1)
−−−−−−−→ FHdgS (M(Xm/S))[dm]),

On the other hand, by proposition 72(i), we have

FHdgS (M(Xn/S))
∼
−→ Rf!HdgQ

Hdg
X ∈ D(MHMgm,k,C(S)).

This prove (i).
(ii0): Follows from theorem 50(i), proposition 71(i) and theorem 51.
(ii1): Follows from theorem 50(iii), proposition 71(ii), and theorem 51(iii).
(ii2):Follows from theorem 50(ii), proposition 71(iii), and theorem 51(ii).
(ii3): Follows from theorem 50(iv), proposition 71(iv), and theorem 51(iv).
(ii4):Follows from theorem 50(v), proposition 71(v) and theorem 51(v).
(iii): By (ii), for g : X ′/S → X/S a morphism, with X ′, X, S ∈ Var(k) and X/S = (X, f), X ′/S =
(X ′, f ′), we have by adjonction the following commutative diagram

FHdgS (M(X ′/S) = f ′! f
′!ZS = f!g!g

!f !ZS)

T!(f
′,FHdg)(f

′!M(X′/S))◦T !(f ′,FHdg)(M(X′/S))
��

FHdgS (M(/S)(g)=f! ad(g!,g
!)(f !ZS)) // FHdgS (M(X/S) = f!f

!ZS)

T!(f,F
Hdg)(f !M(X/S))◦T !(f,FHdg)(M(X/S))

��
MH(X ′/S) := Rf ′!Hdgf

′!HdgZHdgS = f!Hdgg!Hdgg
!Hdgf !HdgZHdgS

f!Hdg ad(g!Hdg ,g
!Hdg)(f !HdgZ

Hdg
S )

// MH(X/S) := f!Hdgf
!HdgZHdgS

.

where the left and right columns are isomorphisms by (ii). This proves (iii).

The theorem 53 gives immediately the following :

Corollary 5. Let k ⊂ C a subfield. Let f : U → S, f ′ : U ′ → S morphisms, with U,U ′, S ∈ Var(k)
irreducible, U ′ smooth. Let S̄ ∈ PVar(k) a compactification of S. Let X̄, X̄ ′ ∈ PVar(k) compactification
of U and U ′ respectively, such that f (resp. f ′) extend to a morphism f̄ : X̄ → S̄, resp. f̄ ′ : X̄ ′ → S̄.
Denote D̄ = X̄\U and D̄′ = X̄ ′\U ′ and Ē = (D̄ ×S̄ X̄

′) ∪ (X̄ ×S̄ D̄
′). Denote i : D̄ →֒ X̄, i′ : D̄ →֒ X̄
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denote the closed embeddings and j : U →֒ X̄, j′ : U ′ →֒ X̄ ′ the open embeddings. Denote d = dim(U)
and d′ = dim(U ′). We have the following commutative diagram in D(Z)

RHom•
DA(S̄)

(M(U ′/S̄),M((X̄, D̄)/S̄))

RI(−,−)

��

FHdgS

(−,−)

// RHom•
DMHM(S̄)

(f ′!HdgZ
Hdg
U ′ , f∗HdgZ

Hdg
U )

RI(−,−)

��
RHom•(M(pt),M(X̄ ′ ×S̄ X̄, Ē)(d′)[2d′])

l

��

Fpt
Hdg

(−,−)

// RHom•(ZHdgpt , aU ′×SU !Z
Hdg
U×SU ′

(d′)[2d′])

l

��
Zd(X̄ ′ ×S̄ X̄, E, •)

Rd
X̄′×S̄ X̄ // CD2d+•(X̄

′ ×S̄ X̄, E, Z(d))

where

M((X̄, D̄)/S̄) := Cone(ad(i∗, i
!) :M(D̄/S̄)→M(X̄/S̄)) = f̄∗j∗Eet(Z(U/U)) ∈ DA(S̄)

and l the isomorphisms given by canonical embedding of complexes.

Proof. The upper square of this diagram follows from theorem 53(ii). On the other side, the lower square
follows from the absolute case.

8.2 The p adic Hodge realization functor for relative motives over a subfield
k ⊂ Cp

Let p a prime number. Let k ⊂ Cp a subfield.
For S ∈ Var(k), we have the analytical functor

an∗modS : CD(S)→ CD(OSan
Cp

)(S
an,pet
Cp

), M 7→Man := an∗modS M

given by the morphism of ringed topological spaces anS : SanC → S. For S ∈ Var(k), we denote by
for short OBdr,S := OBdr,San

Cp
:= OBdr,RCp (S

an
Cp

). where RCp : AnSp(Cp) → AdSp /(Cp, OCp) is the

canonical functor (see section 2). For S ∈ Cat a site, p a prime number and K ∈ C(S), we consider
K ⊗ Zp := (K ⊗ Z/pnZ)n∈N.

Let S ∈ Var(k). Let S = ∪i∈ISi an open cover such that there exists closed embeddings ii : Si →֒ S̃i
with S̃I ∈ SmVar(k). We have the category DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et)

• whose set of objects is the set of triples {(((MI , F,W ), uIJ), (K,W ), α)} with

((MI , F,W ), uIJ) ∈ DD(1,0)fil,rh(S/(S̃I)), (K,W ) ∈ DZpfil,c,k(S
et),

α : Bdr,(S̃I)(K,W )→ F 0DR(S)[−](((MI , F,W ), uIJ )
an ⊗OS ((OBdr,S̃I , F ), tIJ))

where α is a morphism in DBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
)),

• and whose set of morphisms consists of

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

where φD : ((M1, F,W ), uIJ ) → ((M2, F,W ), uIJ) and φC : (K1,W ) → (K2,W ) are morphisms
and

θ = (θ•, I(DR(S)(φanD )× I) ◦ I(α1), I(α2) ◦ I(Bdr,(S̃I)(φC ⊗ I))) :

I(Bdr,(S̃I)(K1,W ))[1]→ I(F 0DR(S)(((M2I , F,W ), uIJ)
an ⊗OS ((OBdr,S̃I , F ), tIJ))

is an homotopy, I : DBdr,G,fil(S
an,pet
Cp

/(S̃an,petI,Cp
))→ KBdr,G,fil(S

an,pet
Cp

/(S̃an,petI,Cp
)) being the injective

resolution functor, and for
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– φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

– φ′ = (φ′D, φ
′
C , [θ

′]) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ (((M3I , F,W ), uIJ), (K3,W ), α3)

the composition law is given by

φ′ ◦ φ := (φ′D ◦ φD, φ
′
C ◦ φC , I(DR(S)(φ

′an
D ⊗ I)) ◦ [θ] + [θ′] ◦ I(Bdr,(S̃I)(φC))[1]) :

(((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M3I , F,W ), uIJ), (K3,W ), α3),

in particular for (((MI , F,W ), uIJ ), (K,W ), α) ∈ CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et),

I(((MI ,F,W ),uIJ ),(K,W ),α) = ((IMI ), IK , 0),

and also the category DD(1,0)fil,rh,∞(S/(S̃I)) ×I DZpfil,c,k(S
et) defined in the same way, together with

the localization functor

(D(zar), I) : CD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et)→ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et)

→ DD(1,0)fil,rh,∞(S/(S̃I))×I DZpfil,c,k(S
et).

Note that if φ = (φD, φC , [θ]) : (((M1, F,W ), uIJ), (K1,W ), α1) → (((M2, F,W ), uIJ ), (K2,W ), α2) is a
morphism in DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S

et) such that φD and φC are isomorphism then φ is an
isomorphism (see remark 8). Moreover,

• For (((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et), we set

(((MI , F,W ), uIJ ), (K,W ), α)[1] := (((MI , F,W ), uIJ)[1], (K,W )[1], α[1]).

• For

φ = (φD, φC , [θ]) : (((M1I , F,W ), uIJ), (K1,W ), α1)→ (((M2I , F,W ), uIJ), (K2,W ), α2)

a morphism in DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et), we set (see [11] definition 3.12)

Cone(φ) := (Cone(φD),Cone(φC), ((α1, θ), (α2, 0))) ∈ DD(1,0)fil,rh(S/(S̃I))×I DZpfil,c,k(S
et),

((α1, θ), (α2, 0)) being the matrix given by the composition law, together with the canonical maps

– c1(−) = (c1(φD), c1(φC), 0) : (((M2I , F,W ), uIJ ), (K2,W ), α2)→ Cone(φ)

– c2(−) = (c2(φD), c2(φC), 0) : Cone(φ)→ (((M1I , F,W ), uIJ), (K1,W ), α1)[1].

Let S ∈ Var(k). Let S = ∪si=1Si an open cover such that there exists closed embedding ii : S →֒ S̃i
with S̃i ∈ SmVar(k). Consider the category

(DD(1,0)fil(S̃I)×I DZpfil,c,k(S̃
et
I )) ⊂ Fun(Γ(S̃I),TriCat)

• whose objects are (((MI , F,W ), (KI ,W ), αI), uIJ) ∈ Fun(Γ(S̃I),TriCat) such that

((MI , F,W ), (KI ,W ), αI) ∈ DD(1,0)fil(S̃I)×I DZpfil,c,k(S̃
et
I ) =: Dp(S̃I)

and for I ⊂ J ,

uIJ : ((MI , F,W ), (KI ,W ), αI)→

pIJ∗((MJ , F,W ), (KJ ,W ), αJ) := (pIJ∗(MJ , F,W ), pIJ∗(KJ ,W ), pIJ∗αJ)

are morphisms in Dp(S̃I),
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• whose morphisms m = (mI) : (((MI , F,W ), (KI ,W ), αI), uIJ) → (((M ′I , F,W ), (K ′I ,W ), α′I), vIJ)
is a family of morphism such that vIJ ◦mI = pIJ∗mJ ◦ uIJ in Dp(S̃I)

We have then the identity functor

IS : DD(1,0)fil(S/(S̃I))
0 ×I DZpfil,c,k(S

et)→ (DD(1,0)fil(S̃I)×I DZpfil,c,k(S̃
et
I )),

(((MI , F,W ), uIJ), (K,W ), α) 7→ (((MI , F,W ), iI∗j
∗
I (K,W ), j∗Iα), (uIJ , I, 0)),

m = (mI , n) 7→ m = (mI , i∗j
∗
In)

which is a full embedding since for ((MI , F,W ), uIJ) ∈ DD(1,0)fil(S/(S̃I))
0,

uIJ : (MI , F,W )→ pIJ∗(MJ , F,W )

are isomorphisms in DD(1,0)fil(S̃I), and hence for ((MI , F,W ), uIJ), (K,W ), α) ∈ DD(1,0)fil(S/(S̃I))
0×I

DZpfil,c,k(S
et),

(uIJ , I, 0) : ((MI , F,W ), iI∗j
∗
I (K,W ), j∗Iα)→

pIJ∗((MJ , F,W ), iJ∗j
∗
J (K,W ), j∗Jα) = (pIJ∗(MJ , F,W ), iI∗j

∗
I (K,W ), j∗Iα)

are isomorphisms in Dp(S̃I).

Definition 117. For h : U → S a smooth morphism with S,U ∈ SmVar(k) and h : U
n
−→ X

f
−→ S a

compactification of h with n an open embedding, X ∈ SmVar(k) such that D := X\U = ∪si=1Di ⊂ X is
a normal crossing divisor, we denote by, using definition 74 and definition 103

Ip(U/S) : h!Hdgh
!HdgZHdgp,S

:=
−→

(pS∗Ezar(Ω
•
X×S/S ⊗OX×S (n× I)!HdgΓ

∨,Hdg
U (OU×S , Fb)),DSh∗EetZp,Uet , h!α(U, δ))

((DR(X×S/S)(ad((n×I)!Hdg,(n×I)
∗)(−)),0),I,0)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

(Cone((ΩΓ,pr
/S (iDi × I))i∈[1,...,s] : pS∗Ezar(Ω

•
X×S/S ⊗OX×S Γ∨,HdgX (OX×S , Fb))→

(· · · → (pS∗Ezar(Ω
•
DI×S/S

⊗ODI×S Γ∨,HdgDI
(ODI×S , Fb)))→ · · · )),DSh∗EetZp,Uet , h!α(U, δ))

=:
−→ (FFDRS (Z(U/S)), Rh!Zp,Uet , α(Z(U/S)))

the canonical isomorphism in DDfil(S)×I DZp,c,k(S
et), where

• we recall that (see section 6.2)

h!HdgZHdgp,S = (Γ∨,HdgU (OU×S , Fb),Zp,Uet , α(U)) ∈ HMgm,k,Cp(U),

• iDi : Di →֒ X are the closed embeddings,

• α(Z(U/S)) := h!α(U, δ) := Tw(h,⊗)(−) ◦ h!α(U, δ) (see definition 84), with

α(U, δ) := (DR(U)(Ω(U×U/U)/(U/pt)(Γ
∨,Hdg
U (OU×U , Fb)))⊗ I)

−1 ◦ α(U) :

Bdr,U → DR(U)((pU∗Ezar(Ω
•
U×U/U ⊗OU×U Γ∨,HdgU (OU×U )))

an ⊗OU (OBdr,U , F )),

by the way we note that the following diagram in C(Uan,petCp
) commutes

Bdr,U F 0((Ω•Uan
Cp
, Fb)⊗OU (OBdr,U , F )) =: F 0DR(U)(OBdr,U , F )

EetF
0DR(U)((pU∗Ezar(Ω

•
U×U/U ⊗OU×U Γ∨,HdgU (OU×U , Fb)))

an ⊗OU (OBdr,U , F ))

pU∗EetΓ
∨
UB

ad(δ∗modU ,δU∗)(−)
dr,U×U pU∗EetF

0DR(U × U)((Ω•U×U/U ⊗OU×U Γ∨,HdgU (OU×U , Fb))
an ⊗OU×U (OBdr,U×U , F ))

α(U)

DR(U)(Ω(U×U/U)/(U/pt)(Γ
∨,Hdg
U (OU×U ,Fb))⊗I)

α(U×U)

Tw(pU ,⊗)(−)
−1
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Lemma 10. Let S ∈ SmVar(k). Let g : U ′/S → U/S o morphism with U/S := (U, h), U ′/S := (U ′, h) ∈

Var(k)sm/S. Let h : U
n
−→ X

f
−→ S a compactification of h with n an open embedding, X ∈ SmVar(k) such

that D := X\U = ∪si=1Di ⊂ X is a normal crossing divisor, Let h′ : U
n′
−→ X ′

f ′

−→ S a compactification
of h′ with n′ an open embedding, X ′ ∈ SmVar(k) such that D′ := X\U = ∪si=1Di ⊂ X is a normal
crossing divisor and such that g : U ′ → U extend to ḡ : X ′ → X, see definition-proposition 3. Then,
using definition 117, the following diagram in DDfil(S)×I Dc,k(S

et) commutes

h′!Hdgh
′!HdgZHdgp,S

Ip(U
′/S)//

ad(g!Hdg,g
!Hdg)(h!Hdg

Z
Hdg
p,S )

��

(FFDRS (Z(U ′/S)), e(Set)∗C∗(Z(U ′/S)⊗ Zp), α(Z(U ′/S)))

(ΩΓ,pr
/S

(RCHS (g)),Re(Set)∗Z(g),θ(g))

��
h!Hdgh

!HdgZHdgp,S

Ip(U/S)// (FFDRS (Z(U/S)), e(Set)∗C∗(Z(U/S)⊗ Zp), α(Z(U/S)))

where

θ(g) := RD([Γg]) : I(Bdr,S(h
′
!Zp,U ′

k̄
et))[1]→ I(F 0DR(S)(FFDRS (Z(U/S))an ⊗OS (OBdr,S , F )))

is the homotopy given by the third term of the syntomic homology class of the graph Γg ⊂ U ′ ×S U , and

we recall (see section 6.2) that I : CBdr ,G(S
an
Cp
/(S̃anI,Cp))→ KBdr,G(S

an
Cp
/(S̃anI,Cp)) is the injective resolution

functor.

Proof. Immediate from definition.

We can now define the p adic Hodge realization functor for motives :

Definition 118. Let k ⊂ Cp a subfield. Let S ∈ Var(k). Let S = ∪si=1Si an open cover such that there

exists closed embedding ii : S →֒ S̃i with S̃i ∈ SmVar(k). We define the Hodge realization functor as,
using definition 106,

FHdgS := (FFDRS , e(Set)∗C∗L⊗ Zp) : C(Var(k)
sm/S)→ DD(1,0)fil(S/(S̃I))×I DZpfil,c,k(S

et),

F 7→ FHdgS (F ) := (FFDRS (F,W ), e(Set)∗C∗(L(F,W )⊗ Zp), α(F )),

first on objects and then on morphisms :

• for F ∈ C(Var(k)sm/S), taking (F,W ) ∈ Cfil(Var(k)
sm/S) such that D(A1, et)(F,W ) gives the

weight structure on D(A1, et)(F ),

FHdgS (F ) := (FFDRS (F,W ), e(Set)∗C∗(L(F,W )⊗ Zp), α(F )) :=

(e(S)∗Hom((R̂CH
S̃I

(ρ∗
S̃I
LiI∗j

∗
I (F,W )), R̂CH(T q(DIJ)(−))), (Ezar(Ω

•,Γ,pr

/S̃I
, FDR), TIJ)),

e(Set)∗C∗(L(F,W )⊗ Zp), α(F )) ∈ DD(1,0)fil(S/(S̃I))×I DZpfil,c,k(S
et)

where α(F ) is the map in DBdrfil(S
an,pet
Cp

/(S̃an,petI,Cp
)) writing for short DR(S) := DR(S)[−] :=
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(DR(S̃I)[−dS̃I ])

α(F ) : Bdr,(S̃I)(Re(S
et)∗((M,W )⊗L Zp)) := Bdr,(S̃I)((iI∗j

∗
I e(S

et)∗C∗(L(F,W ) ⊗ Zp)), I)
=
−→ Bdr,(S̃I)((e(S̃

et
I,k̄)∗C∗(LiI∗j

∗
I (F,W ) ⊗ Zp)), I)

=
−→ ((((· → ⊕(UIα,hIα)∈VIBdr,S̃I (hIα!h

!
IαZp,S̃et

I,k̄

)
Bdr,S̃I

(ad(g•!I,α,β ,g
•
I,α,β!)(−))

−−−−−−−−−−−−−−−−−−→

⊕(UIα,hIα)∈VIBdr,S̃I (hIα!h
!
IαZp,S̃et

I,k̄
)→ ·), uIJ)),W )

(α(Z(UIα/S̃I)),θ(g
•
I,α,β))

−−−−−−−−−−−−−−−−→

F 0DR(S)((e(S)∗Hom((R̂CH
S̃I

(ρ∗
S̃I
LiI∗j

∗
I (F,W )), R̂CH(T q(DIJ)(−))), (Ezar(Ω

•,Γ,pr

/S̃I
, FDR), TIJ)))

an

⊗OS ((OBdr,S̃I , F ), tIJ ))
=:
−→ F 0DR(S)((FFDRS (M,W ))an ⊗OS ((OBdr,S̃I , F ), tIJ ))

using lemma 10,
(α(Z(UIα/S)), θ(g

•
I,α,β))

being the matrix given inductively by the composition law in DD(1,0)fil(S̃I) ×I Dfil(S̃
et
I ), that is

we have the following isomorphism in (DD(1,0)fil(S̃I) ×I Dfil(S̃
et
I )), denoting for short VI :=

Var(k)sm/S̃I

(I•(UIα/S̃I)) : (((· → ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα ZHdg

p,S̃I

ad(g•,!HdgI,α,β ,g•I,α,β!Hdg)(−)
−−−−−−−−−−−−−−−−→

⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα ZHdg

p,S̃I
→ ·), uIJ),W )

∼
−→ IS(F

Hdg
S (F ) := (FFDRS (F,W ), e(S̃etI )∗C∗(LiI∗j

∗
I (F,W )⊗ Zp)), α(F )))

where we denote by gnI,α,β : UIα → UIβ which satisfy hIβ ◦ gnI,α,β = hIα the morphisms in the
canonical projective resolution

q : LiI∗j
∗
I (F,W ) := ((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)
(Z(g•I,α,β))
−−−−−−−→

⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(UIα/S̃I)→ · · · ),W )→ iI∗j

∗
I (F,W ),

• for m : F1 → F2 a morphism in C(Var(k)sm/S), taking (F1,W ), (F2,W ) ∈ Cfil(Var(k)
sm/S)

such that D(A1, et)(F2,W ) gives the weight structure on D(A1, et)(F2) D(A1, et)(F1,W ) gives the
weight structure on D(A1, et)(F1) and such that m : (F1,W )→ (F2,W ) is a filtered morphism, the

morphism FHdgS (m) in DD(1,0)fil(S/(S̃I))×I Dfil,c,k(S
et) is given by

FHdgS (m) : = I−,−S

−1
((I•(UIα/(S̃I))) ◦ (ad(l

•!Hdg
Iα,β , l•Iα,β!Hdg)(Z

Hdg
p,UIα

)) ◦ (I•(UIα/(S̃I)))
−1)

= (FFDRS (m), Re(Set)∗Z(m), θ(m) := (θ(lIα,β))) : F
Hdg
S (F1)→ F

Hdg
S (F2)

using lemma 9, that is we have the following commutative diagram in (DD(1,0)fil(S̃I)×IDfil,c,k(S̃
et
I )),

denoting for short VI := Var(k)sm/S̃I ,

(((· → ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα ZHdg

p,S̃I

AHdg
g•
1I,α,β

−−−−−→ ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα ZHdg

p,S̃I
→ ·), uIJ),W ) FHdgS (F1)

(((· → ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα ZHdg

p,S̃I

AHdg
g•
2I,α,β

−−−−−→ ⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα ZHdg

p,S̃I
→ ·), uIJ),W ) FHdgS (F2)

(I•(UIα/S̃I))

ad(l•!HdgI,α,β ,l
I,•
α,β!Hdg)(−) FHdgS (m)=(FFDRS (m),Re(Set)∗Z(m),(θ(lIα,β)))

(I•(Uα/S̃I))

where
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– we denoted for short AHdgg•1I,α,β
:= ad(g•,!Hdg1I,α,β , g

•
1I,α,β!Hdg)(h

!Hdg
Iα ZHdg

S̃I
)

– we denoted for short AHdgg•2I,α,β
:= ad(g•,!Hdg2I,α,β , g

•
2I,α,β!Hdg)(h

!Hdg
Iα ZHdg

S̃I
)

– we denote by gn1I,α,β : UIα → UIβ, which satisfy hIβ ◦ g
n
1I,α,β = hIα, the morphisms in the

canonical projective resolution

q : LiI∗j
∗
I (F1,W ) := ((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)
(Z(g•1I,α,β))
−−−−−−−→

⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(UIα/S̃I)→ · · · ),W )→ iI∗j

∗
I (F1,W )

– we denote by gn2I,α,β : UIα → UIβ, which satisfy hIβ ◦ gn2I,α,β = hα, the morphisms in the
canonical projective resolution

q : LiI∗j
∗
I (F2,W ) := ((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)
(Z(g•2I,α,β))
−−−−−−−→

⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(UIα/S̃I)→ · · · ),W )→ iI∗j

∗
I (F2,W )

– we denote by lnIα,β : UIα → UIβ which satisfy hIβ ◦ lnIα,β = hIα and ln+1
Iα,β ◦g

n
1Iα,β = gn2Iα,β ◦ l

n
Iα,β

the morphisms in the morphism of canonical projective resolutions

LiI∗j
∗
I (m) : LiI∗j

∗
I (F1,W ) := ((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)→ · · · ),W )
(Z(l•Iα,β))
−−−−−−→

((· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(Uα/S̃I)→ · · · ),W ) =: LiI∗j

∗
I (F2,W ),

– the maps I•(UIα) are given by definition 115 and lemma 9.

Obviously FHdgS (F [1]) = FHdgS (F )[1] and FHdgS (Cone(m)) = Cone(FHdgS (m)). This functor induces by
proposition 62 and remark 8 the functor

FHdgS := (FFDRS , e(Set)∗C∗(L⊗ Zp) : DA(S)→ DD(1,0)fil(S/(S̃I))×I DZpfil,c,k(S
et),

M = D(A1, et)(F ) 7→ FHdgS (M) := FHdgS (F ) = (FFDRS (M), Re(Set)∗(M ⊗
L Zp), α(M)),

with α(M) = α(F ).

We now give the functoriality with respect to the five operation using the De Rahm realization case
and the etale realization case :

Proposition 73. Let p a prime number. Consider an embedding k ⊂ Cp.

(i) Let g : T → S a morphism with T, S ∈ Var(k). Assume there exists a factorization g : T
l
−→

Y × S
p
−→ S, with Y ∈ SmVar(k), l a closed embedding and p the projection. Let S = ∪i∈ISi an

open cover and ii : Si →֒ S̃i closed embeddings with S̃i ∈ SmVar(k). Then, g̃I : Y × S̃I → S̃I is a
lift of gI = g|TI : TI → SI and we have closed embeddings i′I := iI ◦ l ◦ j′I : TI →֒ Y × S̃I . Then, for
M = D(A1, et)(F ) ∈ DAc(S), the following diagram commutes :

Bdr,(Y×S̃I)(g
∗wRe(Set)∗(M ⊗L Zp)) F 0DR(T )[−]((g∗̂modHdg F

FDR
S (M))an ⊗OT ((OBdr,Y×S̃I , F ), tIJ ))

Bdr,(Y×S̃I)(Re(T
et)∗g

∗(M ⊗L Zp)) F 0DR(T )[−]((FFDRT (g∗M))an ⊗OT ((OBdr,Y×S̃I , F ), tIJ)),

g∗(α(M))

Bdr,(Y×S̃I )
(T∗(g,e)(M⊗Zp)) DR(T )[−]((T (g,FFDR)(M))an⊗I)

α(g∗M)

see definition 110 and definition 84.
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(ii) Let f : T → S a morphism with T, S ∈ Var(k). Assume there exists a factorization f : T
l
−→ Y ×S

p
−→

S, with Y ∈ SmVar(k), l a closed embedding and p the projection. Let S = ∪i∈ISi an open cover and
ii : Si →֒ S̃i closed embeddings with S̃i ∈ SmVar(k). Then, for M = D(A1, et)(F ) ∈ DAc(T ),the
following diagram commutes :

Bdr,(S̃I)(Rf∗wRe(T
et)∗(M ⊗

L Zp)) F 0DR(S)[−]((RfHdg∗ FFDRT (M))an ⊗OS ((OBdr,S̃I , F ), tIJ))

Bdr,(S̃I)(Re(S
et)∗Rf∗(M ⊗

L Zp)) F 0DR(S)[−]((FFDRS (Rf∗M))an ⊗OS ((OBdr,S̃I , F ), tIJ))

f∗(α(M))

Bdr,(S̃I )
(T∗(f,e)(M⊗Zp))

α(Rf∗M)

DR(S)[−]((T∗(f,F
FDR)(M))an⊗I)

see definition 111 and definition 84.

(iii) Let f : T → S a morphism with T, S ∈ Var(k). Assume there exists a factorization f : T
l
−→ Y ×S

p
−→

S, with Y ∈ SmVar(k), l a closed embedding and p the projection. Let S = ∪i∈ISi an open cover and
ii : Si →֒ S̃i closed embeddings with S̃i ∈ SmVar(k). Then, for M = D(A1, et)(F ) ∈ DAc(T ),the
following diagram commutes :

Bdr,(S̃I)(Rf!wRe(T
et)∗(M ⊗L Zp)) F 0DR(S)[−]((RfHdg! FTFDR(M))an ⊗OS ((OBdr,S̃I , F ), tIJ))

Bdr,(S̃I)(Re(S
et)∗Rf!(M ⊗L Zp)) F 0DR(S)[−]((FSFDR(Rf!M))an ⊗OS ((OBdr,S̃I , F ), tIJ))

Bdr,(S̃I )
(T!(f,e)(M⊗Zp))

f!(α(M))

DR(S)[−]((T!(f,FFDR)(M))an⊗I)

α(Rf!M)

see definition 111 and definition 84.

(iv) Let f : T → S a morphism with T, S ∈ Var(k). Assume there exists a factorization f : T
l
−→ Y ×S

p
−→

S, with Y ∈ SmVar(k), l a closed embedding and p the projection. Let S = ∪i∈ISi an open cover and
ii : Si →֒ S̃i closed embeddings with S̃i ∈ SmVar(k). Then, for M = D(A1, et)(F ) ∈ DAc(S),the
following diagram commutes :

Bdr,(Y×S̃I)(f
!wRe(Set)∗(M ⊗

L Zp)) F 0DR(T )[−]((f∗modHdg F
FDR
S (M))an ⊗OT ((OBdr,Y×S̃I , F ), tIJ ))

Bdr,(Y×S̃I)(Re(T
et)∗f

!(M ⊗L Zp)) F 0DR(T )[−]((FFDRT (f !M))an ⊗OT ((OBdr,Y×S̃I , F ), tIJ))

f !(α(M))

α(f !M)

Bdr,(Y×S̃I )
(T !(f,e)(M⊗Zp)) DR[−](T )((T !(g,FFDR)(M))an⊗I)

see definition 111 and definition 84.

(v) Let S ∈ Var(k). Let S = ∪i∈ISi an open cover and ii : Si →֒ S̃i closed embeddings with S̃i ∈
SmVar(k). Then, for M,N ∈ DAc(S),the following diagram commutes :

Bdr,(S̃I)(Re(S
et)∗(M ⊗L Zp))⊗Bdr,S

Bdr,(S̃I)(Re(S
et)∗(N ⊗L Zp)) F 0DR(S)((FFDRS (M)⊗HdgOS

FFDRS (N))an ⊗OS (((OBdr,S̃I , F ), tIJ))

Bdr,(S̃I)(Re(S
et)∗((M ⊗N)⊗L Zp)) F 0DR(S)((FSFDR(M ⊗N))an ⊗OS ((OBdr,S̃I , F ), tIJ ))

α(M)⊗α(N)

T (⊗,Bdr)(Re(S
et)∗M⊗Zp,Re(S

et)∗N⊗Zp) DR(S)((T (⊗,FFDR)(M,N))an⊗I)

(α(M⊗N))

see definition 111 and definition 84.
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Proof. (i): Follows from the following commutative diagram in (DD(1,0)fil(Y × S̃I)×I Dfil(Y × S̃etI )),

(((→ ⊕(UIα,hIα)∈VI g̃
∗Hdg
I hIα!Hdgh

!Hdg
Iα ZHdg

p,S̃I

AHdg
g•
I,α,β

−−−−−→

⊕(UIα,hIα)∈VIhIα!Hdgh
!Hdg
Iα ZHdg

p,S̃I
→), uIJ),W )

(g∗̂modHdg F
FDR
T (F ),

g∗we(Set)∗C∗L(F,W ), g∗(α(F )))

(((→ ⊕(U ′Iα,hIα)∈WI
h′Iα!Hdgh

′!Hdg
Iα ZHdg

p,Y×S̃I

AHdg
g
′•
I,α,β

−−−−−→

⊕(U ′Iα,h
′
Iα)∈WI

h′Iα!Hdgh
′!Hdg
Iα ZHdg

p,Y×S̃I
→), uIJ),W )

(FFDRT (g∗F ),

e(T et)∗C∗L(g
∗F,W ), α(g∗F ))

(g̃∗HdgI I•(UIα/S̃I))

THdg(g̃I ,hI )(−)
(T (g,FFDR)(M),T (g,e)(M),0)

(I•(U ′α/Y×S̃I))

where, we have denoted for short VI := Var(k)sm/S̃I and WI := Var(k)sm/Y × S̃I ,

• we denoted for short AHdgg•I,α,β
:= ad(g•,!HdgI,α,β , g•I,α,β!Hdg)(h

!Hdg
Iα ZHdg

p,S̃I
)

• we denoted for short AHdg
g
′•
I,α,β

:= ad(g
′•,!Hdg
I,α,β , g

′•
I,α,β!Hdg)(h

′!Hdg
Iα ZHdg

p,Y×S̃I
)

• we denote by gnI,α,β : UIα → UIβ, which satisfy hIβ ◦ gnI,α,β = hIα, the morphisms in the canonical
projective resolution

q : LiI∗j
∗
I (F,W ) := (· · · → ⊕(UIα,hIα)∈Var(k)sm/S̃I

Z(UIα/S̃I)
(Z(g•I,α,β))
−−−−−−−→

⊕(UIα,hIα)∈Var(k)sm/S̃I
Z(UIα/S̃I)→ · · · )→ iI∗j

∗
I (F,W )

• we denote by g
′n
I,α,β : U ′Iα → U ′Iβ , which satisfy h′Iβ ◦ g

′n
I,α,β = h′α, the morphisms in the canonical

projective resolution

q : Li′I∗j
′∗
I (g∗F,W ) := (· · · → ⊕(U ′Iα,h

′
Iα)∈Var(k)sm/Y×S̃I

Z(U ′Iα/Y × S̃I)
(Z(g

′•
I,α,β))

−−−−−−−→

⊕(U ′Iα,h
′
Iα)∈Var(k)sm/Y×S̃I

Z(U ′Iα/Y × S̃I)→ · · · )→ i′I∗j
′∗
I (g∗F,W )

(ii): Follows from (i) by adjonction.
(iii): The closed embedding case is given by (ii) and the smooth projection case follows from (i) by
adjonction.
(iv): Follows from (iii) by adjonction.
(v):Obvious

Proposition 74. Let p a prime number. Consider an embedding k ⊂ Cp.

(i) Let S ∈ Var(k). Let S = ∪iSi an open cover such that there exist closed embeddings ii : Si →֒ S̃i
with S̃i ∈ SmVar(k). Then we have the isomorphism in DD(1,0)fil(S/(S̃I))×I Dfil(S

et)

FHdgS (ZS)
:=
−→ (FFDRS (ZS), e(S

et)∗(ZS ⊗ Zp), α(ZS))

((ΩΓ,pr

/S̃I
(R̂CH (ad(i∗I ,iI∗)(Γ

∨,w
SI

ZS̃I
)))),I,0)

−−−−−−−−−−−−−−−−−−−−−−−−−−→

I−,−S

−1
((e(S)∗Hom((R̂CH(Γ∨,wSI ZS̃I ), R̂

CH(xIJ )), (Ezar(Ω
•,Γ,pr

/S̃I
, FDR), TIJ)), T (S/(S̃I))(Z

w
p,Set), α(S̃I , δ)))

=
−→ ιS((Γ

∨,Hdg
SI

(OS̃I , Fb), xIJ ),Z
w
p,Set , α(S)) =: ιS(Z

Hdg
S )
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with

α(S) : Bdr,(S̃I)(ZSet ⊗ Zp) := Bdr,(S̃I)(Γ
∨,w
SI

Zp,S̃etI , xIJ )

(Γ∨SI
α(S̃I))

−−−−−−−→ F 0DR(S)((Γ∨,HdgSI
(OS̃I , Fb), xIJ )⊗OS (OBdr,S̃I , TIJ))

(ii) Let f : X → S a morphism with X,S ∈ Var(k), X quasi-projective. Consider a factorization f :

X
l
−→ Y ×S

pS
−→ S with Y = PN,o ⊂ PN an open subset, l a closed embedding and pS the projection.

Let S = ∪iSi an open cover such that there exist closed embeddings ii : Si →֒ S̃i with S̃i ∈ SmVar(k).
Recall that SI := ∩i∈ISi, XI = f−1(SI), and S̃I := Πi∈I S̃i. Then, using proposition 73(iii), the
map of definition 111 gives an isomorphism in DD(1,0)fil(S/(S̃I))×I DZpfil,c,k(S

et)

(T!(f,F
FDR)(ZX), T!(e, f)(Zp,Xet))) :

FHdgS (MBM (X/S)) := (FFDRS (Rf!ZX), e(Set)∗Rf!(ZX ⊗ Zp), α(Rf!ZX))
∼
−→ (RfHdg!(Γ

∨,Hdg
XI

(OY×S̃I , Fb), xIJ (X/S)), Rf!wZ
w
p,Xet , f!(α(X))) =: ιS(Rf!Hdg(Z

Hdg
p,X )).

with
ZHdgp,X := ((Γ∨,HdgXI

(OY×S̃I , Fb), xIJ (X/S)),Z
w
p,Xet , α(X)) ∈ C(MHMgm,k,Cp(X))

Proof. Follows from proposition 73(iii) and theorem 50.

The main theorem of this section is the following :

Theorem 54. Let p a prime number. Let k ⊂ Cp a subfield.

(i) For S ∈ Var(k), we have FHdgS (DAc(S)) ⊂ D(MHMgm,k,Cp(S)),

ιS : D(MHMgm,k,Cp(S)) →֒ DD(1,0)fil(S/(S̃I))×I DZpfil,c,k(S
et)

being a full embedding by theorem 46.

(ii) The Hodge realization functor FHdg(−) define a morphism of 2-functor on Var(k)

FHdg− : Var(k)→ (DAc(−)→ D(MHMgm,k,Cp(−)))

whose restriction to QPVar(C) is an homotopic 2-functor in sense of Ayoub. More precisely,

(ii0) for g : T → S a morphism, with T, S ∈ QPVar(k), and M ∈ DAc(S), the the map of definition
110 induces an isomorphism in D(MHMgm,k,Cp(T ))

T (g,FHdg)(M) := (T (g,FFDR)(M), T (g, e)(M ⊗L Zp), 0) :

g∗̂HdgFHdgS (M) := ι−1T (g∗̂modHdg F
FDR
S (M), g∗Re(Set)∗(M ⊗

L Zp), g
∗(α(M)))

∼
−→ ι−1T (FFDRT (g∗M), Re(T et)∗g

∗(M ⊗L Zp), α(g
∗M)) =: FHdgT (g∗M),

(ii1) for f : T → S a morphism, with T, S ∈ QPVar(k), and M ∈ DAc(T ), the map of definition
111 induces an isomorphism in D(MHMgm,k,Cp(S))

T∗(f,F
Hdg)(M) := (T∗(f,F

FDR)(M), I, 0) :

RfHdg∗F
Hdg
T (M) := ι−1S (RfHdg∗ FFDRT (M), Rf∗Re(T

et)∗(M ⊗
L Zp), f∗(α(M)))

∼
−→ ι−1S (FFDRS (Rf∗M), Re(Set)∗Rf∗(M ⊗

L Zp), α(Rf∗M)) =: FHdgS (Rf∗M),
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(ii2) for f : T → S a morphism, with T, S ∈ QPVar(k), and M ∈ DAc(T ), the map of definition
111 induces an isomorphism in D(MHMgm,k,Cp(S))

T!(f,F
Hdg)(M) := (T!(f,F

FDR)(M), T!(f, e)(M ⊗
L Zp), 0) :

Rf!HdgF
Hdg
T (M) := ι−1S (RfHdg! FFDRT (M), Rf!Re(T

et)∗(M ⊗
L Zp), f!(α(M)))

∼
−→ ι−1S (FFDRS (Rf!M), Re(Set)∗Rf!M ⊗ Zp, α(f!M)) =: FHdgT (f!M),

(ii3) for f : T → S a morphism, with T, S ∈ QPVar(k), and M ∈ DAc(S), the map of definition
111 induces an isomorphism in D(MHMgm,k,Cp(T ))

T !(f,FHdg)(M) := (T !(f,FFDR)(M), T !(f, e)(M ⊗L Zp), 0) :

f∗HdgFHdgS (M) := ι−1T (f∗modHdg F
FDR
S (M), f !Re(Set)∗(M ⊗

L Zp), f
!(α(M)))

∼
−→ ι−1T (FFDRT (f !M), Re(T et)∗f

!(M ⊗L Zp), α(f
!M)) =: FHdgT (f !M),

(ii4) for S ∈ Var(k), and M,N ∈ DAc(S), the map of definition 111 induces an isomorphism in
D(MHMgm,k,Cp(S))

T (⊗,FHdg)(M,N) := (T (⊗,FHdgS )(M,N), I, 0) : FHdgS (M)⊗HdgOS
FHdgS (N) :=

ι−1S (FFDRS (M)⊗HdgOS
FFDRS (N), Re(Set)∗(M ⊗

L Zp)⊗Re(S
et)∗(N ⊗

L Zp), α(M) ⊗ α(N))
∼
−→ ι−1S F

Hdg
S (M ⊗N) := ι−1S (FFDRS (M ⊗N), Re(Set)∗((M ⊗N)⊗L Zp), α(M ⊗N)).

(iii) For S ∈ Var(k), the following diagram commutes :

Var(k)/S
MH(/S) //

M(/S)

��

D(MHMgm,k,Cp(S))

ιS

��
DA(S)

FHdgS // DD(1,0)fil(S/(S̃I))×I DZpfil,c,k(S
et)

Proof. (i):Let M ∈ DAc(S). There exist by definition of constructible motives an isomorphism in DA(S)

w(M) :M
∼
−→ Cone(M(X0/S)[d0]

m1−−→ · · ·
mm−−→M(Xm/S)[dm]),

with fn : Xn → S morphisms and Xn ∈ QPVar(k). This gives the isomorphism in DD(1,0)fil(S/(S̃I))×I
DZpfil,c,k(S

et)

FHdgS (w(M)) : FHdgS (M)
∼
−→ Cone(FHdgS (M(X0/S))[d0]

FHdgS (m1)
−−−−−−−→ · · ·

FHdgS (m1)
−−−−−−−→ FHdgS (M(Xm/S))[dm]),

On the other hand, by proposition 74(i), we have

FHdgS (M(Xn/S))
∼
−→ Rf!HdgZ

Hdg
p,X ∈ D(MHMgm,k,Cp(S)).

This prove (i).
(ii0): Follows from theorem 50(i) and proposition 73(i).
(ii1): Follows from theorem 50(iii) and proposition 73(ii).
(ii2):Follows from theorem 50(ii) and proposition 73(iii).
(ii3): Follows from theorem 50(iv) and proposition 73(iv).
(ii4):Follows from theorem 50(v) and proposition 73(v).
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(iii): By (ii), for g : X ′/S → X/S a morphism, with X ′, X, S ∈ Var(k) and X/S = (X, f), X ′/S =
(X ′, f ′), we have by adjonction the following commutative diagram

FHdgS (M(X ′/S) = f ′! f
′!ZS = f!g!g

!f !ZS)

T!(f
′,FHdg)(f

′!M(X′/S))◦T !(f ′,FHdg)(M(X′/S))
��

FHdgS (M(/S)(g)=f! ad(g!,g
!)(f !ZS)) // FHdgS (M(X/S) = f!f

!ZS)

T!(f,F
Hdg)(f !M(X/S))◦T !(f,FHdg)(M(X/S))

��
MH(X ′/S) := Rf ′!Hdgf

′!HdgZHdgp,S = f!Hdgg!Hdgg
!Hdgf !HdgZHdgp,S

f!Hdg ad(g!Hdg ,g
!Hdg)(f !HdgZ

Hdg
p,S )

// MH(X/S) := f!Hdgf
!HdgZHdgp,S

.

where the left and right columns are isomorphisms by (ii). This proves (iii).

The theorem 54 gives immediately the following :

Corollary 6. Let p a prime number. Let k ⊂ Cp a subfield. Let f : U → S, f ′ : U ′ → S morphisms, with
U,U ′, S ∈ Var(k) irreducible, U ′ smooth. Let S̄ ∈ PVar(k) a compactification of S. Let X̄, X̄ ′ ∈ PVar(k)
compactification of U and U ′ respectively, such that f (resp. f ′) extend to a morphism f̄ : X̄ → S̄, resp.
f̄ ′ : X̄ ′ → S̄. Denote D̄ = X̄\U and D̄′ = X̄ ′\U ′ and Ē = (D̄ ×S̄ X̄

′) ∪ (X̄ ×S̄ D̄
′). Denote i : D̄ →֒ X̄,

i′ : D̄ →֒ X̄ denote the closed embeddings and j : U →֒ X̄, j′ : U ′ →֒ X̄ ′ the open embeddings. Denote
d = dim(U) and d′ = dim(U ′). We have the following commutative diagram in D(Z)

RHom•
DA(S̄)

(M(U ′/S̄),M((X̄, D̄)/S̄))

RI(−,−)

��

FHdgS

(−,−)

// RHom•
D(MHMgm,k,Cp (S̄))

(f ′!HdgZ
Hdg
p,U ′ , f∗HdgZ

Hdg
p,U )

RI(−,−)

��
RHom•(M(pt),M(X̄ ′ ×S̄ X̄, Ē)(d′)[2d′])

l

��

Fpt
Hdg

(−,−)

// RHom•(ZHdgpt , aU ′×SU !Z
Hdg
p,U×SU ′

(d′)[2d′])

l

��
Zd(X̄ ′ ×S̄ X̄, E, •)

Rd
X̄′×S̄ X̄ // Csyn2d+•(X̄

′ ×S̄ X̄, E, Z(d))

where

M((X̄, D̄)/S̄) := Cone(ad(i∗, i
!) :M(D̄/S̄)→M(X̄/S̄)) = f̄∗j∗Eet(Z(U/U)) ∈ DA(S̄)

and l the isomorphisms given by canonical embedding of complexes.

Proof. The upper square of this diagram follows from theorem 54(ii). On the other side, the lower square
follows from the absolute case.
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