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HOLOMORPHIC BUNDLES ON COMPLEX MANIFOLDS WITH
BOUNDARY

ANDREI TELEMAN

ABSTRACT. Let Q be a complex manifold, and let X < Q be an open subman-
ifold whose closure X is a (not necessarily compact) submanifold with smooth
boundary.

Let G be a complex Lie group, II be a differentiable principal G-bundle on 2
and J a formally integrable bundle almost complex structure on the restriction
P = IT| . We prove that, if the boundary of X is strictly pseudoconvex, J
extends to a holomorphic structure on the restriction of II to a neighborhood of
X in Q. This answers positively and generalizes a problem stated in [Do]. We
obtain a gauge theoretical interpretation of the quotient C* (06X, G)/0%® (X, G)
associated with any compact Stein manifold with boundary X endowed with
a Hermitian metric.

For a fixed differentiable G-bundle P on a complex manifold X with non-
pseudoconvex boundary, we study the set of formally integrable almost com-
plex structures on P which admit formally holomorphic local trivializations at
boundary points. We give an example where a “generic” formally integrable
almost complex on P admits formally holomorphic local trivializations at no
boundary point, whereas the set of formally integrable almost complex struc-
tures which admit formally holomorphic local trivializations at all boundary
points is dense.
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1. INTRODUCTION

A complex manifold with boundary is a manifold with boundary X = X u 0X
endowed with a smooth (up to boundary) almost complex structure (ACS) j which
is formally integrable, i.e. whose Neihenhuis tensor vanishes. Note that the "up
to the boundary” version of the Newlander-Nirenberg theorem does not hold in
general. More precisely the formal integrability of 7 does not guarantee the existence
of j-compatible charts around the boundary points [Hi]. For this reason Hill uses
the terminology ”complex manifold with abstract boundary” for a pair (X,j) as
above [Hi|.

2020 Mathematics Subject Classification. 32L05, 32G13, 32T15.

I am indebted to Mauro Nacinovich for a very useful exchange of mails on the collar neigh-
borhood theorem. I thank Matei Toma for interesting discussions which led me to the problems
considered in this article.
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A smooth map f : (X,0X) — (Y, 0Y) between complex manifolds with bound-
ary, or a smooth map f : X — Y from a complex manifold with boundary to a
complex manifold, will be called formally holomorphic if it is pseudo-holomorphic,
i.e. if its differential at any point commutes with the two almost complex structures.
Such a map is holomorphic in the classical sense (hence analytic) at any « € X, but,
in general, not at a boundary point; this justifies the chosen terminology formally
holomorphic. If Y = C, the formally holomorphy condition becomes o f = 0.

Let G be a complex Lie group and p : P — X be a differentiable principal
G-bundle on X. The boundary 0P of P is the pre-image p~!(¢X). By definition,
a bundle ACS on P is an ACS which makes the projection P — X and the G-
action P x G — P pseudo-holomorphic. In the particular case G' = GL(r, C), the
data of a bundle ACS J on P is equivalent to the data of a Dolbeault operator
§ : A°X,E) - A°Y(X,E) on the associated vector bundle E, and the formal
integrability condition for J is equivalent to the formal integrability condition §2 = 0
for 4.

The main goal of this article is the following extension theorem:

Theorem [3.1] Let Q2 be a complex manifold, and let X < Q be an open submanifold
whose closure X is a submanifold with smooth boundary. Let G be a complex Lie
group, I1 be a differentiable principal G-bundle on 2 and J be a formally integrable
bundle ACS on the restriction P = 11| ¢

If the boundary of X is strictly pseudoconvez, there exists an open neighborhood
QO of X in Q and an integrable bundle ACS J' on Il|q which extends J.

I came to this statement thinking of the following problem stated in [Dol, p. 102]:

Problem. (Donaldson’s problem) Let X < C" be a relatively compact domain
with smooth, strictly pseudoconvex boundary, and let E be a topologically trivial
holomorphic vector bundle on X. Prove that E has a global smooth trivialization
on X which is holomorphic on X.

In the special case n = 2 the claim is proved in [Dol, Appendix A]. As noted at the
beginning of Donaldson’s proof, the claim follows easily from Grauert’s classification
theorem for holomorphic bundles on Stein manifolds if one can prove that E extends
to an open neighborhood of X in C™.

Therefore a special case of Theorem [3.1] gives the needed extension property, so
it solves Donaldson’s problem.

The proof of Theorem 3.1]is inspired by the beautiful proof of the collar neighbor-
hood theorem of [HiNal for complex manifolds with strictly pseudoconvex boundary.
I am deeply indebted to Mauro Nacinovich for answering in detail my questions and
clearing up a technical difficulty in the proof of [HiNa, Theorem 1]; the same dif-
ficulty occurs in general when one uses Zorn’s lemma to prove extension theorems
for objects defined on manifolds with boundary. The Appendix explains in detail
this difficulty in a general framework which includes both extensions problems; the
main result of this section (Lemma is essentially due to Nacinovich [Nac].

Note that the conclusion of Theorem [3.1] holds for any, not necessarily reductive,
complex Lie group G and for any open, not necessarily relatively compact, sub-
manifold X with smooth, strictly pseudoconvex boundary of a complex manifold
Q. Moreover, our formal integrability condition for a bundle ACS does not require
the existence of formally holomorphic local trivializations of P at boundary points
x € 0X. This strong integrability condition is required in Donaldson’s definition of
a holomorphic bundle on a complex manifold with boundary [Dol p. 91] so, in fact,
it is part of the hypothesis of the original Donaldson’s problem. On the other hand,
under the assumptions of Theorem this conditions is superfluous, because (see

section :
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Proposition Let X be a complex manifold with boundary, G be a complex
Lie group and p : P — X be a principal G-bundle on X endowed with a formally
integrable bundle ACS J. Let v € 0X and y € P,. If X is (weakly) pseudoconvex
around x, there exists an open neighborhood U of x in X and a formally holomorphic
section s : U — P such that s(z) = y.

In other words any formally integrable bundle ACS on a bundle over a complex
manifold with pseudoconvex boundary satisfies Donaldson’s strong integrability
condition.

We now recall the motivation behind Donaldson’s problem: to give a gauge-
theoretical interpretation of the quotient of the group of smooth maps 0X —
GL(r, C) by the subgroup of those maps which admit a formally holomorphic exten-
sion X — GL(r,C) (see [Dol p. 102]). Using Theorem and the generalization
of Donaldson’s [Dol, Theorem 1] to the Hermitian framework [Xi], one obtains the
following generalization of this isomorphism theorem:

Theorem Let K be a compact Lie group and G be its complexification. Let
X = X UdX be a compact Stein manifold with boundary. Endow X with any (not
necessarily Kahlerian) Hermitian metric g.

Let O®(X, Q) be the group of formally holomorphic G-valued maps on X, iden-
tified with a subgroup of C*(0X,G) via the restriction map.

There exists a natural bijection between the moduli space of boundary framed

Hermitian- Yang-Mills connections on the trivial K-bundle on (X, g) and the quo-
tient C*(0X,G)/0* (X, G).

Note that in this statement X is just an abstract complex manifold with bound-
ary. However, by the collar neighborhood theorem mentioned above (see [HiNal
for the general case and [NaOhl Theorem p. 706], [Oh], [Ca2l Theorem 6] for the
compact case), the proof of Theorem can make use of Theorem |3.1

The moduli spaces intervening in Theorem will play an important role in
a joint project developed in collaboration with Matei Toma dedicated to the gen-
eralization of the concept "bounded family of coherent sheaves” in non-algebraic
complex geometry. We will be especially interested in the case when X is a com-
pact neighborhood of a 2-codimensional analytic set in a complex n-manifold. For
n = 3, such a neighborhood will not be pseudoconvex in general. Therefore we
come to the following two natural questions:

(Q1) What is the role of Donaldson’s strong integrability condition in the theory?

(Q2) To what extent is the pseudoconvexity assumption in Proposition neces-
sary? If X is not assumed to be pseudoconvex, what can be said about the
abundance of the ACS which satisfy this strong integrability condition within
the whole space of formally integrable bundle ACS on a bundle P?

Concerning (Q1): A complex manifold with boundary X has the structure of a
locally ringed space: it can be endowed with the sheaf OF of formally holomor-
phic C*-functions. The restriction of this sheaf to X coincides with Ox and its
restriction to 0X always contains the constant sheaf C, .

The sheaf £% of formally holomorphic sections of a rank r vector bundle £ on X
endowed with a formally integrable ACS (Dolbeault operator) is naturally a sheaf
of OF-modules.

Remark 1.1. (1) The following conditions are equivalent:
(a) E satisfies Donaldson’s strong integrability condition.
(b) The natural map £ — E, is surjective for any = € 0X.
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(2) If one of these two equivalent conditions is satisfied, €% is locally free of
rank r.

(3) The assignment E +— E% defines an equivalence between the groupoid
of formally holomorphic vector bundles satisfying the strong integrability
condition and the groupoid of locally free sheaves of Og-modules.

This remark shows that Donaldson’s strong integrability condition for formally
integrable bundle ACS is very natural: it defines the class of vector bundles which
(as do holomorphic bundles in classical complex geometry) correspond to locally
free sheaves on the base manifold, regarded as a ringed space.

On the other hand neither the main result of [Do] nor its generalization to the
Hermitian framework really needs this strong integrability condition. One can see
this in [Xil p. 317-318]: a local holomorphic frame is only used to give explicit
formulae for the connection matrix of a Chern connection (formula (2.2)) or for
the Hermitian-Einstein flow (formula (2.6”)). These explicit formulae show that
the Hermitian-Einstein flow is a semi-linear strictly parabolic system. But similar
(slightly more complicated) formulae are obtained using an arbitrary smooth local
frame. More precisely, let E be a rank r vector bundle on X endowed with a
formally integrable Dolbeault operator d, (fi,..., f.) be a smooth frame defined on
an open set U < X and o € A% (U, gl(rC)) the matrix valued (0,1)-form defined by

§(f17"'7f7’> = (f17-~-7f7")a'

Putting H;; = h(f;i, f;) we see that, in the local frame (f1,..., f,), the connection
form of Chern connection is H '0H — H~'*aH + a, and the Hermitian-Einstein
flow reads:

H = —2iA00H + 2iA(3H A (H'0H) — 0H A (H ' 'a H) + 0(*'a)H + ‘a A 0H
—Hoo—0H na+'aHAa— (HeH ')A 0H + (HaH ') A ‘e H).
This is also a semi-linear, strictly parabolic system.

Concerning (Q2): For a C* vector bundle E on a complex manifold with boundary
X, let Ag be the space of formally integrable Dolbeault operators on F; for x € 0.X
denote by A% the subspace of those § € A which admit a formally d-holomorphic
frame (satisfies the strong integrability condition) around z. The space we are in-
terested in is the intersection A% == (1), _,¢ A% of formally integrable Dolbeault op-
erators which are strongly integrable (admit formally holomorphic frames) around
all boundary points.

The example below shows that, in general, on non-pseudoconvex manifolds, the
strong integrability condition defines a set which is infinite codimensional, meagre
(of first Baire category), but dense. Moreover, in our example, a “generic” formally
integrable Dolbeault operator does not admit formally holomorphic frames at any
boundary point.

Proposition Let X be the complement of the standard ball B C? inP% L
be a trivial C* complex line bundle on X.

(1) The union |J,cox AF is a first Baire category subset of Ay, in particular
its subsets A7 (for x € 0X), A% have the same property.

(2) For any x € 0X, A is an infinite codimensional affine subspace of Ay, .

(3) A3l is a first Baire category, infinite codimensional, but dense affine sub-
space of Ay,.

This shows that, in general, on non-pseudoconvex manifolds, Donaldson’s strong
integrability condition might not define a locally closed subset of Ag. This com-
plication should be taken into account in the construction of the moduli space of
boundary framed holomorphic bundles on a non-pseudoconvex X.
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The proof of Proposition is related to Lewy’s celebrated example of a first
order differential operator L with analytic coefficients on R? such that, for ” generic”
smooth second term f, the ”inhomogeneous equation” Lu = f is non-solvable on
any non-empty open set [Le], [HG|.

2. STRONG INTEGRABILITY AT PSEUDOCONVEX BOUNDARY POINTS

Let X = X U dX be a complex n-manifold with boundary. As explained in
the introduction, the formal integrability of j does not guarantee the existence
of formally j-holomorphic charts around the boundary points [Hi]. By the main
result of [Call, this difficulty vanishes if we assume (weak) pseudoconvexity of the
boundary:

Let z € 0X. We'll say that X has pseudoconvex boundary around z if there
exists an open neighborhood U of z in X and a real smooth non-positive function
r on U such that r=1(0) = 0X n U, dy,r # 0 for any u € X n U, and 0dr(a,a) = 0
for any a € T&,OX N TE&X’ ue 0X nU. [Call Theorem, p. 234] can be reformulated
as follows ,

Theorem 2.1. Suppose that X has pseudoconvex boundary around x. There exists
an open neighborhood U of x and a formally j-holomorphic embedding f : U — C™.

By “embedding” we mean here an immersion which defines a homeomorphism
on its image. It follows that f(U) is an n-dimensional submanifold with boundary
of C™ whose boundary (interior) is f(0X n U) (respectively f(U n X)) and the
induced map U — f(U) is a diffeomorphism which restricts to a biholomorphism
between the interiors. As mentioned above,

Remark 2.2. If we assume that X has strictly pseudoconvex boundary one can
prove a stronger result: X admits a holomorphic collar neighborhood, i.e. it can
be embedded holomorphically in a complex manifold 2 [HiNa].

Proposition 2.3. Let p : P — X be principal G bundle on X endowed with a
formally integrable bundle ACS J. Let v € 0X, y € P, and suppose that X has
pseudoconver boundary around x. There exists an open neighborhood U of x in X
and a formally holomorphic section s : U — P such that s(z) = y.

Proof. Regard P as complex manifold with boundary éP = p~!'(0X), and note
that this boundary is pseudoconvex around y. To see this, use the pull-back of a
boundary defining function r for X around z.

By Catlin’s Theorem there exists an open neighborhood @ of y in P and
a formally J-holomorphic embedding F : Q@ — C¥, where N = n + dim(G).
The formal holomorphy condition implies that the restriction of F' to any complex
submanifold contained in the boundary is holomorphic. Therefore we obtain a
holomorphic embedding F|p . : P.n@Q— CN.

Let A = CV be an n-dimensional affine subspace which contains F(y) and is
transversal to F(P, n Q) at this point. The pre-image via F of the germ (A, F(y))
is the germ at y of n-dimensional complex submanifold S of @) which is transversal
to the fiber P, at y. Therefore S defines a holomorphic local section around z. M

Corollary 2.4. Let E be complex vector bundle on X endowed with a Dolbeault
operator § : T'(E) — I'(A°'® E) satisfying the formal integrability condition §° = 0.
Then E admits a formally 0-holomorphic trivialization around any boundary point
around which X has pseudoconvex boundary.

Proof. The claim follows from Proposition [2.3] taking into account that, for a Dol-
beault operator § on FE, the formal integrability condition for the associated bundle
ACS on the frame bundle Py, reads 62 = 0. [ |
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Remark 2.5. As the example studied in section [4] shows, the existence of a formal
holomorphic trivialization around a boundary point does not hold without the
pseudoconvexity condition (even if X admits a holomorphic collar neighborhood).

3. EXTENSION OF HOLOMORPHIC BUNDLES TO COLLAR NEIGHBORHOODS
The goal of this section is the proof of the following extension theorem:

Theorem 3.1. Let (Q2,5) be a complex manifold, and let X < Q be an open sub-
manifold whose closure X is a submanifold with smooth boundary. Let G be a
complex Lie group, I1 "> Q be a differentiable principal G-bundle on  and J be a
formally integrable bundle ACS on the restriction P = Il|¢

If the boundary of X is strictly pseudoconvez, there exists an open neighborhood

Q' of X in Q and an integrable bundle ACS J' on Il|o/ which extends J.

Our proof is inspired by the proof of the collar neighborhood theorem for com-
plex manifolds with strictly pseudo-convex boundary [HiNa], but uses a new ingre-
dient: the étale space associated with a sheaf of sets and Godement’s theorem [Gol,
Théoréme 3.3.1 p. 150], which yields a general extension principle for a section
defined on a subset of the base of an étale space. This allows us to give a sim-
ple construction of the inductively ordered set (to which Zorn’s lemma is applied),
which does not need factorization by an equivalence relation. Note also that in the
proof we will point out the role of Lemma to overcome the difficulty explained
in the appendix.

We start with a remark which will allow us to control the derivatives of a bundle
ACS J in a global way, without making use of charts and local trivializations.

Denoting by V' < 11y the vertical tangent subbundle, we obtain the short exact
sequence

0— V<l Ty =5 7%(Th) — 0

of G-vector bundles on II. Factorizing by GG, we obtain the short exact sequence

0 — ad(Il) =11 xpq g > Q = Tit/G > To — 0 (1)
of vector bundles on Q2 (compare with [Afl, Theorem 1, p. 187]).

Remark 3.2. The data of a bundle ACS J on II is equivalent to the data of a section
sy € T(Q,End(Q)) with s2 = —idg which makes the bundle morphisms j and 7
fiberwise C-linear. Therefore one can use the formalism explained in Section [5] to
define globally the derivatives of a bundle ACS J: one uses linear connections on
T and End(Q) and the associated differential operators D* applied to s .

Proof. (of Theorem Let # be the space of germs of integrable locally defined
bundle ACS on II. Therefore, as a set, # =[], .q #» where

zeUcQ
Uopen

and ¢ (U) denotes the set of integrable bundle ACSs on II|y;. The set # comes
with an obvious surjection ¢ : ¢ — €. For an element J € ¢ (U) we denote by
J:U—> 7 the associated section of ¢ given by J(u) = J,. The topology of A
is generated by the images of the sections of this form, and this topology makes ¢
local homeomorphisms. In the terminology of [Gol, Section I1.1.2] _# is the étale
space associated with the sheaf of sets on Q defined by U — _# (U). Note also that,
for any open set U < €2, the map J — J identifies ¢ (U) with the set T(U, #) of
continuous sections of ¢ defined on U [Go, Théoreme 1.2.1, p 111].



HOLOMORPHIC BUNDLES ON COMPLEX MANIFOLDS WITH BOUNDARY 7

The restriction Jx of J to P|X = II| x defines a continuous section jX X - 7,
but we have no obvious extension of this section to X, because .J, although is defined
and smooth up to the boundary, does not give integrable bundle ACSs locally (with
respect to Q) around boundary points.

Consider the set
R={(V,a)|Vopenin X, XcVcX, acl(V, #), a|x = jX}
of continuous extensions of Jx to open (with respect to the relative topology)
subsets of X. R is obviously non-empty and has an obvious partial order which

satisfies the hypothesis of Zorn’s lemma: every chain in R has an upper bound.
Therefore, by this lemma, there exists a maximal element (V™8 ™) of R.

Claim. Vmax = X

The first step for proving the claim uses [Go, Théoréme 3.3.1 p. 150]. According
to this theorenﬂ there exists an open set O of ) containing V™** and J € #(O)
such that J|ymax = @™, The maximality property of (Vmax qmax) implies

X nO =Vymax (2)
Note now that J|x = J|x, so the corresponding sections (see Remark
s7 € T(X,End(Q)), sz € I'(0,End(Q))
agree on X, and the results of Section [5| apply. According to Lemma [5.5| we may
suppose (by replacing O by a smaller open set still satisfying , if necessary) that
the triple (s, O, s7) satisfies property Py, for any k > 0. We will need this later in
the proof.

_ Assume now by reductio ad absurdum that the claim is false and let z¢ €
X\V™ax_ Since V™&* 5 X we have z € 0X, so, by , it follows

By Whitney’s theorem there exists a smooth non-negative real function ¢ on 2
such that ¢~1(0) = Q\O.

Let B be a relatively compact open neighborhood of zg in Q and p: B — R be
a smooth, strictly plurisubharmonic defining function for X n B. in other words
p H((=2,0)) = X n B, p71(0) = 60X n B and dp is nowehere vanishing on this
intersection. We may suppose that p has a smooth extension around B which is a
strictly plurisubharmonic submersion.

For sufficiently small ¢ > 0 the function p. = p — ep € C*(B,R) will still be
strictly plurisubharmonic submersion, so X2 = p-!((—o0,0)) will be the interior
of a strictly pseudoconvex manifold X2 = p-!((—o0,0]) with boundary 0X2 =
p=1(0). The superscript B on the left emphasizes that the closure is taken with
respect to the relative topology of B.

Note that the submanifolds X2, X2 of B have the properties
XnOnBcXPcOnB. (4)
XBc(Xu0)nB. (5)

Indeed, for the first inclusion in note that, for a point w € X n O, we have
p(w) > 0 because, by construction, ¢ is positive on O, and p(w) < 0 because

IThe hypothesis of Godement’s theorem requires the existence of fundamental system of para-
compact neighborhoods of V™2* in ). Note that, in general, an open subspace of a paracompact
space is not necessarily paracompact. In this article all manifolds are supposed second-countable
by definition. This condition implies paracompactness and is “hereditary” with respect to open
embeddings.
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x € X. For the second inclusion in note that, if a point z € X f does not belong
to O, then ¢(x) = 0, so the condition p.(x) < 0 becomes p(x) < 0 which implies
z € X < O. A similar argument proves .

Formulae , show that X < O n B and

XnBc(XnB)n(OnB)cXPcXPc(XnB)u(OnB),
so X B interpolates between X n B and O n B in the sense of Definition given
in the Appendix (see Fig. . We know that the triple (O n B, s7|o~p) satisfies
property Py for any k£ > 0. By Remark explained in the appendix it follows
that there exists a smooth almost complex structure J. on II| x5 which agrees with
J on X n B and with J on XZ. Note that, as explained in the appendix, the
smoothness of J. does not follow using only the smoothnesses of J and J.

Note that J. is formally integrable, because J and J have this property. We
have zo € 0XZ, because, by (3)), p(z) = ¢(z) = 0. By Proposition applied to
(I X5, Je) there exists an open neighborhood U of zg in X2 and a smooth section
se € I'(U,II) which is formally holomorphic with respect to J.. Since J. agrees with
J on Xf, it follows that s. is J holomorphic on XEB nU.

B

FIGURE 1. The picture in the case V™** = X\{zo}.

By Remark [5.1] the section s. can be smoothly extended across the boundary,
i.e. there exists a smooth extension 5. € I‘(U7 IT) of s. to an open set U of B such
that X2 n U = U.

Endow the restriction II|; with the integrable bundle ACS J;_ which makes 5.
holomorphic. The section . is J-holomorphic on X n U, because on this set it
coincides with s.; it follows that J;_ agrees with J above this open set, so

j§s|XBmU = j|XBmU' (6)

On the other hand we have VmaXmUcha"chXB (we used 2) and ),
sonaXmUCXBmU XBmXBmU XBmUso(EI)glves

max
JEE ymax ~[7 — j|vmame =« ‘VmaxnU-

Therefore J;, defines an extension of & on V™ ({7, so on V™ (U ~ X);

this latter extension is continuous, because o™** and J;, are continuous and V™&*
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U n X are open in X. Since xg € V™% (U N X), this contradicts the maximality

of a™?* and the claim is proved.
We now know that V™2 = X But then Q' := O is an open neighborhood of X
in Q, and J' :== J is an integrable bundle ACS on Il which extends J. ]

As explained in the introduction, the motivation behind the extension Theorem
is the following generalization of Donaldson’s gauge theoretical interpretation of
the quotient C*(0X, GL(r,C))/O® (X, GL(r, C)) associated to a compact, strictly
pseudoconvex submanifold with boundary in C™ (see [Ddl, p. 102]):

Theorem 3.3. Let K be a compact Lie group and G be its complezification. Let
X = X U dX be a compact Stein manifold with boundary. Endow X with any (not
necessarily Kihlerian) Hermitian metric g.

Let O® (X, G) be the group of formally holomorphic G-valued maps on X, iden-
tified with a subgroup of C*(0X, Q) via the restriction map.

There exists a natural bijection between the moduli space of boundary framed

Hermitian- Yang-Mills connections on the trivial K-bundle on (X,g9) and the quo-
tient C*(0X,G)/0* (X, G).

We recall from [Do] that a (differentiably trivial) boundary framed holomorphic
bundle on X is a pair (.J,6) consisting of a formally integrable bundle ACS on the
trivial C*-bundle X x G and a smooth section (or, equivalently, a trivialization) of
the restriction of this bundle to dX. Let M be the moduli space of pairs (.J,0) as
above, modulo the natural action of the gauge group Aut(X x G) = C*(X,G) on
the space of such pairs.

Taking into account Donaldson’s isomorphism theorem [Dol Theorem 1’] which
gives a gauge theoretical interpretation of the moduli space M in terms of boundary
framed Hermitian-Yang-Mills connections (and the generalization of this theorem
to the Hermitian framework), the claim of Theorem |3.3| will follow as in Donaldson’s
article from the following

Lemma 3.4. The natural map R :C*(0X,G)/O0%(X,G) — M given by
R([f]) = [(Jo, /)],

where Jy is the trivial holomorphic structure on X x G, is bijective.

Note that [(Jo, f)] = [(Jo, f')] in M if and only if [f] = [f'] mod O®(X,G), so
R is well defined and injective. The image of R is the space of gauge classes [(J, 0)]
such that J admits a global formally holomorphic trivialization on X.

Therefore, Theorem will follow from:

Lemma 3.5. Let J be a formally integrable bundle ACS on XxG . Then (X xG,J)
admits a global formally holomorphic trivialization on X.

Proof. By the collar neighborhood theorem [HiNa], X can be embedded in a com-
plex manifold Q. X is a compact Stein manifold with boundary, so, by definition,
there exists a strictly pseudoconvex smooth nonpositive real function p on X such
that 0X = p~1(0) and 0 is a regular value of p. Let p be any smooth extension of
p to a sufficiently small open neighborhood €' of X in  such that p is positive on
Y\ X. Therefore the fibre 5~1(0) = 5~1(0) = 0X is compact and 0 is a regular value
of p. By the bicollar neighborhood theorem for compact real hypersurfaces (see for
instance [Mal Theorem 2.32, p. 68]) there exists n > 0, an open neighborhood U
of 0X in Q' and a diffeomorphism h : 0X x (—n,n) — U such that h(x,0) = x and
p(h(x,t)) =t for any (x,t) € 60X x (—n,1). Choose ¢ € (0, 7) sufficiently small such
that p remains strictly pseudoconvex on the pre-image

Xa = (ﬁ|U>_1<(_OO’E])'
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It follows that X, is still a compact Stein manifold with boundary.

Let now IT = Q x G be the trivial C*-bundle on 2 and J a formally integrable
bundle ACS on the restriction I1| ¢ = X x G.

By Theorem there exists an open neighborhood €’ of X and an integrable
bundle ACS J’ on II|¢ extending J. Choosing ¢ sufficiently small, we may suppose
) = X.. The pair (II|g/,J’) is a topologically trivial holomorphic G-bundle on
the Stein manifold X., so it is holomorphically trivial by Grauert’s classification
theorem of holomorphic bundles on Stein manifolds (see [Gi], [For, Theorem 8.2.1,
p. 356]). The restriction to X of a global holomorphic trivialization (I|q, J') will
be a global formally holomorphic trivialization of (X x G, J).

|

4. STRONG INTEGRABILITY AT NON-PSEUDOCONVEX BOUNDARY POINTS

Let L = X x C be the trivial line bundle on X and let o the section z + (z,1).
For a Dolbeault operator 0 on L let s be (0,1)-form defined by dog = asop. The
map 0 — ag identifies the space A of formally integrable Dolbeault operators on
L with the closed subspace space Z°1(X) c A1 (X) of d-closed (0,1)-forms on X.

A local frame o = oy € T'(U, L) is formally holomorphic with respect to § if
and only if dp + asp = 0. If U is simply connected we may write ¢ = e¥, and the
above formula becomes 01 = —as. This shows that

Remark 4.1. Let 6 € A, and U < X be a simply connected open set. L admits a
formally é-holomorphic frame on U if and only if as|y is d-exact.

Unfortunately, in general, the 0-Poincaré lemma does not hold at boundary
points [AH].

For the rest of this section X will be the complement of the standard ball B < C?
in PZ. The boundary complex [FK| Chapter V], [Fd] on the sphere S := dX reduces
to

0 — B% = *(8%,C) 25 B =T(8,A%) — 0,

where H = TsnjTs and AY = H*®C is the bundle of (0,1)-forms on H. Regard-
ing S® as an S*-bundle on P{, H is just the horizontal distribution of the connection
which corresponds to the Chern connection of the tautological line bundle on ]P’(%:.

Remark 4.2. Let r : A°*(X) — B% be the morphism induced by “restriction to
the boundary”.

(1) The morphism H%'(X) — H%(S) induced by r is an isomorphism.

(2) The morphism Z%(X) — B induced by r is surjective.

Proof. (1) The injectivity of H°*(X) — H°(S) follows by [AH, Theorem 5, p. 355]
taking into account that H%' (P%) = 0. The surjectity follows from [AH, Theorem
6(c), p. 355] taking into account that H°?(PZ) = 0 and H°'(B) = 0. The latter
is obtained using the vanishing of the sheaf cohomology space H'(B,Op) (which
is obvious because B is Stein) and the comparison theorem [FK| Theorem 4.3.1, p.
77] taking into account the discussion on p. 57 in the same book.

(2) Let 3 € B°. The surjectvity of H"(X) — H%(S) shows that there exists
ae Z°(X) and ¢ € B% such that 8 = r(a) + dsp. Choosing a smooth extension
1 e C*(X,C) of ¢ we see that

B =r(a)+0s(¥]s) = r(a+dy),

which proves the claim. [ ]
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The generalized Cayley transform

C: C\({~1} x C) » CH\({~i} x C), C(21,2) = (Zi ; Z 1 -Z:zl)

identifies biholomorphically the unit ball B c C? with the Siegel upper half-space
U = {(wi, ws) € C*| (wr) > |wa|*},
and the punctured sphere S\{(—1,0)} with the real hypersurface
¥ = {(wy, ws) € C?| J(w) = |wy|?} = C?
(the “unbounded realization” of the 3-sphere, see [Krl p. 112]).

Since C'is biholomorphic it follows that the boundary operator dg on S\{(—1,0)}
corresponds via C' to the boundary operator 0x;. Using the diffeomorphism

E:RxC—YX, k(t,w) = (t+ilw* w)
we see [AHl p. 359-361] that Ox, is given explicitly by
Is(¥) = (L(v o k) o k™" )dws, (7)

where L : C*(R x C,C) — C*(R x C,C) is the Lewy operator [Le]
_odn . 0n
Ln = i zwa.
The composition

h=k"toC:S5\{(-1,0)} >R xC
is a chart of the sphere, and, in this chart, the operator dg is given by

0s(p) = (L(w o h™) o h)C*(dws). (8)

Lemma 4.3. With the notations above we have:
(1) Let V < S be a non-empty open subset. The set
MY = {B e B"| the equation dsu = S|y has a distribution solution u € D' (V)}
is a first Baire category subset of the Fréchet space B°L.
(2) The union
M = U MY

g#vcs
Vopen

is a first Baire category subset of the Fréchet space B°L.
Proof. (1) We adapt the elegant proof of [Hol Theorem 3.2, p. 135] to our situation
explaining the fundamental ideas and the necessary changes. Note that our M is
a subset of the Fréchet space B! of sections of the bundle A% on the compact
manifold S, whereas the set M considered in Hérmander’s proof is a subset of the
Fréchet space

B(Q) = {p e CP(Q,C)| Yy e N" Ve > 03K  Q compact s.t. sup |DV¢| < &}
Q\K
associated with an open set {2 < R”.
For an open set w < S\{(—1,0)} and N € N* put

Dy(e) = {ue D@ 3 sw|pien)| < 1,
lvIsN

Dy (w) = {ueD'(w)| Vo € Dn(w), lu(p)| <1} =
= {ueD'(w)| Vo e D(w), [u(p)l <N > sup|DY(poh )|}

[yI<N
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A theorem of Schwartz (see for instance [Vol Theorem 10.12 p. 87]) shows that
Dn(w) is a neighborhood of 0 in D(w), so, by Alaoglu-Bourbaki’s Theorem (see
[Vol Theorem 4.7 p. 32]), Dy (w) is weakly compact in D' (w).

It follows that
M% = {B e B%| Ju e Diy(w), dsu = B}

is a closed subset of B!, We claim that MJ‘*\’, = (. Indeed, note first that, taking
into account , the properties of Lewy’s operator explained in [H8, p. 136] and
[H5, Theorem 3.1], there exists g € B°* with supp(g) = w such that the equation
dsu = g has no solution in D’(w). If an interior point 3 € M]‘G existed, we could
find € > 0 such that 3 +ecg € M} . Since M} is symmetric and convex, we obtain
59 € My, which contradicts the way in which g has been chosen.
Now fix a non-empty open subset w < S with @ < V\{(—1,0)}. Therefore @ is
a compact subset of V' which is contained in the domain of the chart h. Taking
into account the definition of D’(V), it follows that for any u € D'(V') there exists
N € N such that ul, € D)y (w). This implies
MY e | My,
NeN

so MV, being a subset of a first category subset, is itself of first category.

(2) Use a countable basis for the topology of S. ]

For an open set U = X put ZY = {a € Z9(X)| a|y is d-exact}.

Proposition 4.4. The union

7 = U zY

UCX_open
UnoX+#J

is a first Baire category subset of Z°1(X).

Proof. Let r : Z°(X) — B°! be the restriction morphism. The restriction to U n S
of a d-exact form on U is dg-exact. This shows that, with the notation introduced
in Lemma we have

ZY cr Y (MY, Z cr Y (M)
The claim follows now from Lemma [£.3] taking into account that
(a) by Remark and the Open Mapping Theorem, r is an open map.
(b) Since 7 is open and continuous, the correspondence r~! (pre-image via r) com-
mutes with interior and closure.
|

Let now Ay, be the space of formally integrable Dolbeault operators on L. For x €
0X let A% be the subspace of those § € Ay, which admit a formally 6-holomorphic
frame around z. The intersection A% = MNacox A7 is precisely the space of formally
integrable Dolbeault operators on L which are strongly integrable (admit formally
holomorphic frames) around all boundary points. We can now prove:

Proposition 4.5. Let X be the complement of the standard ball B < C? in ]P’%, L
be a trivial C* complex line bundle on X.
(1) The union \J,cox AT is a first Buaire category subset of Ar, in particular
its subsets A7 (for x € 0X ), A7 have the same property.
(2) For any x € 60X, A} is an infinite codimensional affine subspace of Ay,.
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(3) A3 is a first Baire category, infinite codimensional but dense affine subspace

Of AL.

Proof. (1) The first claim follows from Remark and Proposition taking into
account that | J,.,x A% corresponds to Z via the isomorphism

AL 30— Qg € ZOl(X).
(2) Taking into account Remarks it suffices to prove that the linear subspace
B” == {3 e B""| the germ of 3 at x is dg-exact}

is infinite codimensional in B°*. We may suppose = (1,0) whose image via the
chart h = k~'oC is the origin of R x C. Let A = B°! be the linear subspace defined
by

A = {B e B"| the germ of (3/C*(dws))oh~" at 0 depends only on t}.

The main theorem of [Le] shows that, for a function f € C*(R x C) whose germ
at 0 depends only on ¢, if the equation

Lu=f

is smoothly solvable around 0, then this germ is real analytic. Taking into account
formula and Lewy’s result it follows that

B* n A c {BeA| the germ of (3/C*(diwz)) o h™! at 0 is analytic},
whose codimension in A is infinite. Therefore B® is infinite codimensional in B%!.

(3) The first idea would be to use the subspace Z%!(X) of real analytic o-closed
forms on X. Unfortunately, it is not clear if this space is dense in Z°(X).

Instead we will will use the pre-image of the space BJL of real analytic sections
of the bundle A%, which is dense in B%L. Since r : Z9(X) — B% is continuous
and open, it follows that »~1(B%1) is a dense subset of Z%(X).

Taking into account again Remark it suffices to prove that for any «a €
r~1(BY) and any x € 0X there exists U = X open such that z € U and oy is
O-exact.

Since ag is real analytic, by the first order Cauchy—Kovalevskaya theorem, there
exists an open neighborhood V of z in S and an analytic solution of the equation
Osu = als on V. Let W be Stein neighborhood of x in C2? such that W n S c V.
Put

W= {zreW| £ (1 - |z|*) =0}
Therefore
WHt=WnB W =WnX.
Applying [AH, Theorem 5, p. 355] to the triple (W, W~ , W) we see that the
restriction morphism
HYW™) - HYW ~ S)

is injective. Since the restriction of als to W n S is dg-exact, it follows that the
restriction of o to W™ is 0d-exact, which proves the claim.
|
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5. APPENDIX. EXTENDING A SECTION DEFINED ON A MANIFOLD WITH
BOUNDARY

We begin with a natural formalism for characterizing the smoothness sections
in vector bundles in an invariant way, without making use of charts and local
trivializations. Instead we will use connections.

Let Q be a an n-dimensional differentiable manifold, E be differentiable real
vector bundle on 2 and V, Vg linear connections on 75 and FE respectively.

We define inductively differential operators (acting on local sections of E) by
D' = Vg, D¥1 = (V¥ ®@VE)o D*. A continuous section s : U — E (on an open
set U = Q) is of class C! on if and only D's exists and is continuous. Proceeding
inductively we see that s is of class C**1 if and only if it is of class C* and DFs if
of class C'. This formalism is useful for characterizing smoothness of sections on a
submanifold with boundary X < € obtained as the closure of an open submanifold
X < Q. Using [Se] and a partition of unity subordinate to an open cover with
domains of charts we obtain:

Remark 5.1. A smooth section s € I'(X, E) extends to a smooth section on X
if and only if D¥s e I'(X, Tg’;@k ® E) extends continuously to X for any k > 0.
This condition is equivalent to the existence of a smooth extension of s on a collar
neighborhood of X in Q.

Let X < Q be an open submanifold whose closure X is a smooth submanifold
with boundary 0X = X\X and let s € I'(X, E) be a smooth section defined on X.
Our problem is to extend s across an open piece 0X N O of the boundary using a
given smooth section ¢ defined on an open set O > X which agrees with s on X
(see Fig. [2)).

FIGURE 2. A sequence (u,)n, of O converging to a point z € X\O.

Therefore, let O < Q be a open set containing X and o € T'(O, E) be a smooth
section such that

olx = s|x. ()
The closure of X in O is X n O, so the assumption @ implies
0|XnO = S|Xm0' (10)

Formula_ suggests that we can glue together s and o to obtain a section on
the union X u O which agrees with s on X and with ¢ on O. The problem is that
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Difficulty. The section s v o : X UO — E obtained in this way might not even be
continuous. Continuity on O (which is open, and on which s v o coincides with o)
is obvious, but not at the points of X\O.

Remark 5.2. The section s v o is continuous if and only if the triple (s, O, o) satisfies
the property:

Py. For every sequence (uy), of O which converges to a point x € X\O, the limit
lim,, o 0(uy,) ezists and coincides with s(x) (see Fig. [3).

Indeed, if Py holds, then for any sequence (u,), of X U O converging to a point
x € X\O, the sequence ((svo)(uy))n admits a subsequence converging to (svo)(z),
which implies continuity at x.

- Our goal is to construct a smooth, not only continuous, extension of s across
0X n O using 0. Note that, by Remark the assumption @ also implies

DkU‘X’r\O = Dks|)_(m0 vk = 07 (11>

which suggests that a smoothness criterion for s v o (similar to Remark should
hold. The problem is that, in general, the union X U O has no natural manifold
structure, so smoothness is not defined for sections on this set. We are interested
in extensions of s to a larger submanifold with boundary ¥ = X which interpolates
between X and O in the following sense:

Definition 5.3. Let Y < O be an open submanifold whose closure Y is a smooth
submaniold with boundary. We say that Y interpolates between X and O if

XcXnOcYcYcXuO. (12)

FIGURE 3. A submanifold with boundary interpolating between X and O.
Note that if Y has this property, then

XnO=Xn(XnO)cXnYcXnO,
soXNnY =XnoO, i.e. Y and O define the same relatively open subset of X, so
the same open piece 0X N'Y = 0X n O of the boundary.
Taking into account Remark we obtain:

Remark 5.4. The restriction of s v o to any submanifold with boundary Y inter-
polating between X and O is smooth provided for any k € N the triple (s, O, 0)
satisfies the property
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Py. For every sequence (uy), of O which converges to a point x € X\O, the limit
lim,, oo (D*0)(uy) exists and coincides with (D*s)(z).

The goal of this section is the following lemma, which is essentially due to Mauro
Nacinovich [Nac]. Nacinovich’s result concerns the extension problem for almost
complex structures considered in [HiNa]; this problem can be handled taking E =
End(7Tq) in our formalism. The method of proof in the general case is the same.

The lemma states that, replacing O by a smaller open set O’ with X nO’ = XnO,
the triple (s,0’,0lo/) will satisfy Py for any k, so Remark applies, giving a
smooth extension of s to Y for any submanifold with boundary Y interpolating
between X and O’. Note that, for any such Y we’ll have X nY = X n O’ = X n O,
so we obtain extensions across the original open piece X n O of the boundary.

Lemma 5.5. Let X  Q be an open submanifold whose closure X is a smooth
submanifold with boundary and let s € T'(X, E) be a smooth section defined on X.
Let O < Q be an open submanifold containing X and o € T'(O, E) be a smooth
section such that o|x = s|x.
There exists an open subset O' < O such that X n O’ = X n O and the triple
(s,0',0|or) satisfies Py, for any k = 0.

Proof. Let N be the normal line bundle of 60X, let
N

{K
0X —— Q

be a tubular neighborhood of dX in [Hir, Section 4.5] and N, = N be the outer
side of the normal bundle. Replacing 2 by X U f(N,) and O by its intersection with
X u f(Ny), we may suppose that there exists a continuous retraction r : Q — X.

Fix a Riemannian metric g on  and define 6 : Q — R by §(w) = dy(w, X\O),
where dg is the distance associated with g. It is a well known general fact (valid
in the general framework of metric spaces) that such a function is 1-Lipschitz, so
continuous. Moreover, since X\O is closed, 71(0) = X\O.

For any r > 0 the set V, :== §~1([0,7)) is an open neighborhood of X\O and
M=o Ve = X\O. Let (pp)n, (rn)n be decreasing sequences of positive numbers
converging to 0 such that Vn € N, p, < r,. For any n € N let x,, be a smooth
[0, 1]-valued function on € such that

Vp, © x5 (1) < supp(xn) < Vi, .

Let dj be any metric on the total space of the bundle T{’;®k ® E which is com-
patible with its topology. A natural way to obtain such a metric is to choose the
connections V, Vg compatible with g and an Euclidian structure h on E respec-
tively, and to note that these data endow the total space of T;z‘@k ® E with a
Riemannian metric g which makes the projection Ték@k ® E — Q a Riemannian
submersion and the inclusions T*®* ® E, — T#®* ® E isometric embeddings.

Note first that the sum

> xi(w) di(Dro(u), D*s(r(u))) (13)
k=0

is locally finite on O; indeed, for a point v € O, we have d(v) > 0 and the function
Xk vanishes on §~1(34(v), +o0) (which is an open neighborhood of v) for any k € N
for which r;, < %(5 (v). Since r is continuous, it follows that 1) defines a continuous
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function on O, so the subset

0 = {ueO| > xk(w) de(D*o(u), DFs(r(u))) < 6(u)} (14)

k=0

of O is open. For a point z € X n O we have r(z) = = and D*o(z) = DFs(x) for
any k = 0 by , so x € O'. Therefore X n O = X n O’ as claimed.

We now prove that the triple (s,O’, o|o/) satisfies P, for any x = 0. Fix k = 0
and let (uy,), be a sequence of O’ such that lim,, . u, = z € X\O = X\O'. Since
lim,, 0 u, € X\O, it follows lim,, o, §(u,,) = 0, so there exists n, € N such that
§(un) < px, hence x,(u,) = 1, for any n = n,. Since u, € O’, formula shows
that

Vn = n,, do(Do(uy), Ds(r(u,))) < 6(un),

lim d,.(D"0(u,), D"s(r(uy))) = 0. (15)

n—o0

But lim,—,o w, = x implies lim, o 7(u,) = r(z) = z, so

nlgrgo D"s(r(uy)) = D"s(x), (16)

because D" s is continuous on X. By , we have lim,,_,o, D0 (u,) = D"s(z),
as claimed.
|
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