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On sparsity and clustering properties by OWL penalized
estimator

Xavier Dupuis* Patrick J.C. Tardivel*

Abstract

The Octagonal Shrinkage and Clustering Algorithm for Regression (OSCAR) and the related
Ordered Weighted ¢1 (OWL) penalized estimator have the particularity to exhibit some null com-
ponents (sparsity) and some components equal in absolute value (clustering). Recently introduced,
the notion of OWL pattern allows to derive theoretical properties on sparsity and clustering by
OSCAR and OWL penalized estimator. Specifically, the OWL pattern of a given vector provides:
the sign of its components (positive, negative or null), the clusters (indices of components equal
in absolute value) and the hierarchy between the clusters. In this article we give some conditions
under which OWL estimator recovers the OWL pattern of an unknown parameter of regression
coefficients. Finally, numerical experiments illustrate that when some columns of the design are al-
most equal, OWL estimator outperforms LASSO estimator for recovering the unknown parameter
of regression coefficients.

Keywords : OSCAR, OWL estimator, ordered weighted /; norm, OWL pattern recovery

1 Introduction
Let us consider the linear regression model
Y =XB+c¢,

where X € R™P 3 € RP and ¢ is a random noise having iid N (0,0?) components. Octagonal
Shrinkage and Clustering Algorithm for Regression (OSCAR) (Bondell and Reich, [2008) is a penalized
estimator solution of the following optimization problem:

o1
Argmin §||Y — Xb|13 +y11bll1 + 2 Z max{|b;|, |b;|}, where y1 > 0,72 > 0.
beRy 1<i<j<p

In the acronym OSCAR, the letter C, as "Clustering", refers to the fact that some components of this
estimator can be equal in absolute value. This property can be intuitively illustrated by drawing ellipses
representing level curves of the function b € RP + ||Y — Xb||3 together with balls of the penalty term
b€ RP = yi[bll1 + 72 321 <icj<p, max{[bi], [bj|} (see Figure 2 in Bondell and Reichl (2008)). Clustering
property is a specificity of OSCAR (and the related OWL estimator) and this property no longer holds
when 2 = 0. Indeed in this case, the penalty term is 1].][1 thus OSCAR coincides with the Least
Absolute Shrinkage and Selection Operator (LASSO) (Chen and Donohol [1994; |Tibshiranil [1996).
LASSO, as well as OSCAR, exhibits some null components (Tibshirani, |2013; (Osborne et al., 20005
Schneider and Tardivel, 2020) but LASSO does not exhibit clusters. Note that contrarily to fused
LASSO (Tibshirani et al., 2005, a cluster for OSCAR does not have, in broad generality, adjacent
components.
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Since the seminal article of Bondell and Reich| (2008]), OSCAR estimator have been extended by
the penalized estimator: Pairwise Absolute Clustering and Sparsity (PACS) [Sharma et al.| (2013)).
Other extensions of OSCAR are derived in |Zeng and Figueiredo| (2014)); Negrinho and Martins| (2014);
Bogdan et al| (2015). In these articles OSCAR is generalized as a penalized estimator, based on the
Ordered Weighted ¢; norm (OWL norm), solution of the following optimization problem:

1 P
Argmin §||Y — Xb|)3 + 'yZu)i|b|¢i where v > 0,w; >0 and wy > -+ > w, > 0. (1)

bERP P
For OSCAR, wy,...,w, is an arithmetic sequence but sequences which are not arithmetic are also

relevant. For instance, for the Sorted L One Penalized Estimation (SLOPE) (Bogdan et al. |2015]) an

appropriate sequence is w; = oz(1 — é—ap),i =1,...,p where z(-) represents a quantile of the A(0,1)

distribution. This last sequence, related to the Benjamini-Hochberg multiple testing procedure, allows
to derive a procedure based on SLOPE controlling the false discovery rate when the design X is
orthogonal (Bogdan et al., [2015). From now on, we call OWL estimator an estimator solution of the

problem
1.1 OWL pattern

The notion of OWL pattern first introduced by [Schneider and Tardivel (2020)) allows to describe the
structure induced of an OWL estimator by extracting from a given vector:

1. the sign of the components (positive, negative or null),
2. the clusters (indices of components equal in absolute value),
3. the hierarchy between the clusters.
More precisely an OWL pattern is a vector in ZP coding points 1), 2) and 3) as defined hereafter.

Definition 1 (OWL pattern (Schneider and Tardivel,|2020)). We say that a vectorm = (m1,...,mp) €
ZP is an OWL pattern, if either m =0, orif {7 € {1,...,p} : |m;| =1} # @ foralll € {1,...,||m|o}.
We denote the set of all OWL patterns of dimension p by ’PZ‘,’WI. Moreover, for any x € RP, we denote
by powi () the unique OWL pattern for which the following statements hold:

1) sign(powi(x)) = sign(z) (sign preservation),
2) |zi| = |z;| = |powi(®)i] = |Powi(x);| (clusters preservation),
3) |zi| > |z;] = [powi(@)i] > |Powi(x);| (hierarchy preservation,).

Example 1. For © = (4.7,—4.7,0,1.8,4.7, —1.8) we have powi(z) = (2,—2,0,1,2,—1). For z =
(1.2,-2.3,3.5,1.2,2.3, —3.5) we have powi(z) = (1, —2,3,1,2, —3).

Hereafter we remind an important proposition related to the notion of OWL pattern and to sub-
differential of the OWL norm.

Proposition 1 (Theorem 4 in [Schneider and Tardivel (2020))). Let w = (w1,...,wp) where wy >
<o >wp, >0 and x,z € RP. We have powi (%) = Powl(2) if and only if ), (x) = 0).).,(2).

From now on, we always assume that wy > --- > w, > 0 so that the OWL pattern characterizes the
sub-differential of the OWL norm. Given X € R"*P Y € R"™ and 8 € RP, we aim at recovering powi ()
with a solution 3 of (). Pattern recovery by OWL estimator refers to the event powl(B\) = powl(B) and
accessibility, defined hereafter, is a key concept related to this event (a similar notion of accessibility
by LASSO is given in |[Sepehri and Harris| (2017))).



Definition 2 (Accessible OWL pattern). Let X € R™P, w = (w1, ...,wp,). We say that m € 77;,’“’1 is
an accessible OWL pattern if one may pickY € R™, v > 0 and B solution of (1)) for which powl(g) =m.

Accessible OWL patterns have been characterized analytically and geometrically in Theorem 5 in
Schneider and Tardivel| (2020). Specifically, one may pick ¥ € R™, v > 0 and f solution of for

=

which powi(8) = m if and only if one of the following statements holds:
Analytical characterization: for all z € R? such that Xz = Xm we have ||z||, > [|[m|w-

Geometrical characterization: the vector space row(X) := {X'z : z € R"} intersects the subdif-
ferential 8””w(m)

It follows from the definition that when powi(8) is not accessible then OWL estimator cannot recover
the pattern of 5 and thus the event pow1(B) = pPowi1(B) has a null probability. However, accessibility of
Powl(8) does not mean that the probability of pattern recovery is large. In this article we introduce
a stronger condition on 3 than accessibility called noiseless pattern recovery. Actually, Theorem [3]
proves that i) this condition is necessary for a probability of pattern recovery larger than 1/2 and ii)
under this condition, the probability that OWL estimator recovers powi(3) can be arbitrarily close to
1 as soon as gaps between unique absolute values of 3 are large.

In the following example, when the design matrix X is orthogonal, one illustrates that OWL
estimator may have some null components and some clusters.

Example 2. When X'X = I, one may also explicitly compute the OWL estimator B\ Indeed B 18
the image of °%° = X'Y by the the proximal operator of the OWL norm and this operator has a
closed form formula (Bogdan et al., |2015; |Tardivel et al., |2020; |Dupuis and Tardivel, |2022). This
explicit expression gives an analytical way to learn that OWL estimator is sparse and has clusters.
The orthogonal projection of the ordinary least squares estimator 3°% onto the signed permutahedron
PE(w) := conv{o1Wr(1y, -+, TpWr(p) : O1,...,0p € {—1,1}, 7 € Sp} is equal to B — B (see Lemma
2 in |Minami (2020) or Proposition 8 in |Schneider and Tardivel (2020)). This result illustrated on
Figure provides a geometrical way to learn that OWL estimator is sparse and has clusters (a similar
figure is reported in|Tardivel et al.| (2020); |Skalski et al.| (2022) or, for LASSO, in|Ewald and Schneider
(2020)).

The particular setup where X is orthogonal is a case study to illustrate pattern recovery properties
by OWL estimator (Skalski et al., [2022). However, our article is not restricted to the orthogonal case
and we do not consider any restriction on the design matrix X. Theorem [l| gives a characterization of
pattern recovery by OWL estimator. This characterization provides some properties on the probability
of pattern recovery by OWL estimator. The structure of the article is given hereafter:

Section 2: The main concepts to study pattern recovery by OWL estimator are introduced.
Section 3: Theorem [I] provides a characterization of pattern recovery by OWL estimator.

Section 4: Theorem [2] provides a characterization of pattern recovery by OWL estimator in the
noiseless case (when ¢ = 0).

Section 5: Theorem [3] provides a sharp upper bound for the probability of pattern recovery by OWL
estimator in the noisy case (when & # 0).

Section 6: A testing procedure for the null hypothesis "all regression coefficients are equal in absolute
value" is derived from OWL estimator. A numerical comparison between LASSO and OWL
estimator is also performed.

All the proofs are postponed to the Appendix.
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Figure 1: This figure represents the OWL estimator E (illustrated by black arrows) depending on the
localization of 3015 in the particular case where X’X =1, w = (3,1) and v = 1. When B"ls is the pink
point located on the area labelled by (1,0) then the first component of B is positive and the second is
null. When 3015 is the yellow point located on the area labelled by (—1,1) then both components of
B are equal in absolute value; the first component is negative and the second is positive. When BOIS
is the red point located on the area labelled by (1,2) then both components of 8 are positive and the
first component is smaller than the second. The red polytope is the signed permutahedron P*(w) and
labels Pg™! = {(0,0), £(1,0),+£(0,1),+(1,1), +(1, 1), 4+(2,1), £(2, 1), £(1,2), £(1, —2)} associated
to areas of this figure correspond to OWL patterns in R2.

2 Notions related to clustering properties by OWL estimator

2.1 Pattern matrix U,,.

Definition 3 (Pattern matrix). Let m # 0 be an OWL pattern in RP with k = ||m||ec non-null clusters.
The pattern matrix U, € RP** is defined as follows:

Vi € {1, R ,p},Vj € {1, ey ]{3}, (Um)zj = sign(mi)l(‘mi|:k+1_j).
Example 3. Let p=6, m = (3,-1,2,2,-3,0) and |m|, = (3,3,2,2,1,0). Then

1 0 0 100
0 0 -1 100
0 1 0 010
Un=14¢9 1 o Umi. =10 1 0
-1 0 0 0 0 1
0 0 0 000

Denote by RFT the cone {z € R¥ | 21 > ... > x;, > 0}. It is clear by Definition 3| that we have

Powl(z) =m = x € U, R**. (2)



2.2 Clustered matrix )’Zm and clustered parameter w,,

Definition 4. Let X € R"*?, w = (wy,...,wp) and m € P;,)Wl. The clustered matrix is defined by

Xm = XUy, The clustered parameter is defined by Wy, = (Ujp,) w.
Thus an OWL pattern m leads naturally to reduce the dimension of the design matrix X as follows:

e A null component m; = 0 leads to discard the column X; from the design matrix X.

o Acluster K C {1,...,p} of m (indices of elements of m equal in absolute value) leads to substitute
the family of columns (X;);cx by a single column defined by the signed sum: Y sign(m;)X;.
€K

Example 4. Let X, m and w as follows:

1 -1 2 3
X=1-2 1 0 2|,m=(1,2,—-2,0) and w = (w1, wa, w3, wy).
1 0 -2 3

Then the clustered matriz and the clustered parameter are given hereafter:

N -3 1 N
X,=|1 —2| andw,, = (“’1 “’2> .
2 1 w3

2.3 Dual OWL norm, signed permutahedron P*(w) and sub-differential
The OWL norm is defined as follows:

P
Vo € RP, ||z||w = Zwi|w|u—,
i=1

where |z]jq > -+ > |z|}, are the sorted components of & with respect to the absolute value. The dual
OWL norm has an explicit expression given in [Zeng and Figueiredo| (2014)); Negrinho and Martins
(2014)); Bogdan et al|(2015) and reminded hereafter:

; ; P |
Vz € R?, ||z||*, = max { 2l X bl i 2l } |
w1

’ 2 ’ ) p ]
D i1 Wi i=1 Wi

The unit ball of the dual OWL norm, also called signed permutahedron [Schneider and Tardivel| (2020);
Negrinho and Martins (2014)); |Godland and Kabluchko| (2020), can be written as a V-polytope as
follows:

PE(w) = conv{(o1Wr(1), - -, 0pWr(p) 1 01,...,0p € {=1,1},m € S, }.

Geometrical descriptions of the sub-differential of the OWL norm at = € RP have been given in the
particular case where 1 > --- > x, > 0. In this setup, the sub-differential is a cartesian product of
permutahedra when x,, > 0 or a cartesian product of permutahedra with a signed permutahedron when
zp = 0 (Tardivel et al. 2020; [Dupuis and Tardivel, [2022; |Schneider and Tardivel, 2020)). Proposition
provides an analytic descriptions of the sub-differential of the OWL norm.

Proposition 2. Let x € R? and m = powi(x) then, we have the following equalities:
(@) = {veR:|zllw 2 [|z/lw +'(z — ) V2 € R7},
= {velR: || <1and vz =z},
= {velRl:|u||i <1and U, ,v=1w,}.
When x # 0, the smallest affine space containing 0y, (x) is given by
aff (9, (x)) ={v € RP : U ,v = Wy, } . (3)



2.4 Characterization of OWL estimator

OWL estimator is a minimizer of the following optimization problem:

1 .
Sx A (V) = Alg)g%un S - Xb||3+~ > w;lbly; where v > 0. (4)
ERP i=1

In this article we do not assume that Sx ., (Y) contains a unique element and potentially
Sx |l.|l, (Y') can be a non-trivial compact and convex set. Note however that cases in which Sx .|, (Y)
is not a singleton are pathological. Indeed, the set of matrices X € R™*P for which there existsa Y € R"”
where Sx 4.1, (Y) is not a singleton is negligible for the Lebesgue measure (Schneider and Tardivel,
2020)). Clearly, the OWL estimator satisfies the following characterization:

~ ~

BeSxq.Y) e %X/(Y - XB) € 9. (B)

3 Characterization of pattern recovery by OWL estimator

Given X € R™?, y € R", w = (w1,...,wp), v > 0, m € Py™, where m # 0 and Be Sx 1l (V)

~

we want to characterize the equality pow1(8) = m. Such a characterization will be useful to provide
a necessary and sufficient condition for pattern recovery by OWL estimator in the noiseless case in
Section [d] as well as an upper bound on the probability of pattern recovery by OWL estimator in the
noisy case in Section [5| Let us begin with the following statements:

Cone condition: The fitted value XJ lies in cone(X,,) := {Xma : a € RF}.
Indeed, Xm = XU,, and B: U,z for some z € RFY.

Sub-differential condition: %X’(y - XB) €9l (3) = 9|, (Mm).

It follows from the characterization of an OWL estimator and Proposition [I]

Based on the facts above, we derive in Theorem [I] a characterization of pattern recovery by OWL
estimator. From now on AT denotes the Moore-Penrose pseudo-inverse of a matrix A.

Theorem 1. Let y € R?, v > 0, w = (wiy,...,wp), m # 0 € 77;,’“’1 be an OWL pattern having

k = ||m|eo clusters, k > 1. Let U,, and )N(m = XU, be, respectively, the corresponding pattern
matriz and clustered matriz. Let cone(X,,) = {Xpma : a € RFY} and P, == (X))T X!, = X, X5 be

the projector onto col(X,,). Then, the following conditions:

€ := Py — (X)) i, € cone(X,,) (cone condition)
Ci= X' (X! )iy, + %X'(I — P,y e d||.||.,(m)  (sub-differential condition)

¢ € cone(X,,) (cone condition)
I<]I%, <1 and )Z';n()?;n)*@m = W,, (sub-differential condition)

are equivalent to the existence ofB € Sx,|.|lw (y) for which powl(g) =m.

Remark 1. Clearly when the characterization given in Them"emm occurs then, by construction, m is

an accessible OWL pattern. The sub-differential condition, X'[(X] )T W, + %(I — Pyl € 9., (m)
implying that row(X) intersects 9, (m), corroborates this fact.



4 Pattern recovery by OWL estimator in the noiseless case

The notion of pattern recovery in the noiseless case were recently defined in Tardivel et al.| (2021)) for
a broad class of estimators including LASSO, generalized LASSO, clustered LASSO, OSCAR, CAPS,
OWL estimator... Hereafter, we remind the notion of pattern recovery in the noiseless case by OWL.

Definition 5 (Noiseless pattern recovery). Let X € R™P w = (w1, ..., w,) and § € RP. We say that
OWL estimator recovers the pattern of 8 in the noiseless case (€ =0) when

Iy > 035 € Sxy . (XB) such that powi(5) = Powi(5)- (5)

Example 5. We give two illustrations of noiseless pattern recovery by OWL estimator in the particular
case where w = (4,2), B = (5,0), B8 = (5,3) and X € R"*? such that

o (1 06
XX'_<O.6 1)'

Figure @ left (resp. m'ght)i illustrates that pattern recovery by OWL estimator does not occur (resp.
occurs) for ( (resp. for B). Note that, in this setup, clearly the OWL estimator is unique (since
ker(X) = {0}); we denote by () the unique element of Sx .., (XB) and the OWL solution path

refers to the function v > 0+ B(’y)

OWL companents

OWL solution path

= First component
= Second compo

m=(1,1)

nent

Scaling parameter

OWL components

OWL solution path

m=(2,1)

e First comp
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mponent
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0.0

0.5

T T T
1.0 1.5 2.0
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25

Figure 2: On the left the signal is 5 = (5,0). Based on this figure one may observe that the pattern of
cannot be recovered by OWL estimator in the noiseless case (despite the fact that B (7) tends to 8 when
~ tends to 0). Indeed, for v € (0,71) (where v ~ 1) we have pow(3(7)) = (2,1); when v € [y1,72)
(where 79 = 1.33) we have powl(g(fy)) = (1,1) and when v > 7, then B(’y) = 0. Consequently, for

every 7 > 0 we have pow(3(7)) # Powi(8) = (1,0). On the right the signal is 3 = (5, 3). Based on this
figure one may observe that powi(3) is recovered by OWL estimator in the noiseless case. Indeed, for

v € (0,7v1) (where 71 = 0.4) we have powi(8(7)) = (2,1) = powi(5)-

Theorem 2. Let X € R™P, w = (wy,...,wp) and § € R? where powi(8) = m # 0. A necessary
and sufficient condition for noiseless pattern recovery by OWL estimator is || X' (X! ) wm|%, < 1 and
X! (X! ) W, = Wi (or equivalently X' (X)) i, € 9).1.(m)). Moreover, when this is the case, there
exists o > 0 such that for all v € (0,79) there exists B € Sx 4.l (XB) for which powl(B) =m.

Note that when Sx .., (X3) has a unique element, denoted by B(v), then lim., o powl(g("y)) =
Powl(f) is equivalent to the pattern recovery of 8 in noiseless case by OWL estimator.

Remark 2. By definition, when the pattern recovery in the noiseless case occurs then the accessibility
condition occurs for m. The condition X'(X) ) Wy, € 9, (m), implying that row(X) intersects
I||.|I., (m), corroborates this fact. This fact can be also deduced from Theorem 5 in|Vaiter et al. (2015).



Remark 3. Theorem [ for OWL estimator is the analog of Theorem 7.1 in [Bihlmann and Van)
De Geer| (2011)) dealing with support recovery by LASSO in the noiseless case (see also Theorem 2 in

Fuchs (2004)). Actually, the inequality | X' (X.) @ |5, < 1 and X! (X)) W = @, is similar to the
irrepresentability condition for LASSO (Fuchs, |2004; | Zhao and Yu, |2006; | Zou, |2006). This similarity
is clear when ker(X,,) = {0} since in this setup, X! (X! )" is the identity matriz, X'(X| )" =
X')N(m()N(,’n;(m)_l and consequently the noiseless pattern recovery by OWL estimator is equivalent to
X X (X0 Xo) 5, < 1.

Example 6. Some examples are reported hereafter:

Example from Figure [2| (left): We observe on the left picture in Figure @ that the noiseless pat-
tern recovery does not occur when S = (5,0). To corroborate this fact, let us check that

X/ (X)) T |lf, > 1 where m = powi(8) = (1,0). Let X = (X1|X,) then X,, = X, (thus
X Xm =1) and Wy, = wy = 4 therefore

1X" (X0 @l = 11X X (X7, Xon) ™ 13, = 14X XUl = (4, 24|17, = 6.4/6 > 1.

Example from Figure [2| (right): We observe on the right picture in Figure |4 that the noiseless
pattern recovery does not occur when 8 = (5,3). To corroborate this fact, let us check that
1 X (X! )T amls, <1 and X! (X!) W = W Since pow(B) = (2,1) = m, we have X,, = X
and Wy, = w. In particular ker(X,,) = {0} and X! (X!,)* = 1. Finally

X (X0 T @l = XX (X' X) " ], = Jull, =1 < 1.

Orthogonal case: Let X € R"*? such that X'X = I, w = (w1,...,wp), |f1] = -+ =8| > 0 and
thus pow(8) = (01,...,05) = m for some o1,...,0p, € {=1,1}?. Then w,, = > ._, w; and
consequently

X" () i[5,

X" X (XL, X ) ™ o

*

P P
X' XUp (U X' XUp )~ @ |7, = ‘ <oli_1%7...,a Z—lw)
—_—

p Yoo w
=1/p
Since (01> 0 jwi/p,...,0p 2 v w;/p) is the isobarycenter of the sub-differential Oy, (8) =
conv{(o1Wr(1), .-+, OpWr(py) : T € Sp} (which is a face of the signed permutahedron), we deduce

that | X' (X! )Y@, = 1. More generally, in the orthogonal case, for an arbitrary 3 € RP
X'(X},) T Wy, is the isobarycenter of the set 0y, (B) where m = powi(B). Consequently, the
noiseless pattern recovery by OWL estimator occurs for 3.

Strongly correlated covariates: Let X = (Xi]...|X,) € R"*? and w = (w1, ...,wp) such that:

e columns are normalized: || Xi|s =---=||Xpl2=1;

o 1 columns of X are equal (for some r < p) and without loss of generality we set X, = -+ =
X,
° |XJ/'X1| <rw;/ > w; forallj > .

A similar setup in which “covariates are strongly correlated” is given in |[Figueiredo and Nowak
(2016) (see Figure 1). Let 8 € RP having r non-null components such that y = -+ = 3, > 0

(thus m has r non-null components and m; = -+ = m, = 1). We have X,,, = rX; and
Wy, = w1 + -+ + w, and consequently:
*
D Wi D Wi -1

X' Bl = X Ko (K, Ko i, < ||| 2 2=,

r components w



Thus the noiseless pattern recovery occurs for B which corroborates Figure 1 in |Figueiredo and
Nowaki (2016]).

Pathological example (the null matrix): We provide very general statements since we do not as-
sume that ker()?m) = {0}. For instance, one may consider the pathological example where X is
the zero matriz of dimensionn X p and where 8 € RP with  # 0 (thus m = powi(5) # 0). Clearly
the pattern of B cannot be recovered in the noiseless case by OWL estimator and this fact is con-
firmed by Theorem . Indeed, in this setup X, is the null matriz, thus || X'(X],) W] =0<1

but 0 = X}, (X7,) "W 7 W

Pathological example (with non-uniqueness): In some particular cases OWL estimator can re-

cover pow(B) € P™ in the noiseless case even if ker(X,,) # {0}. For instance, let X €
RY™2 W € R? and 3 € R? such that

X = (8 4),w:=(4,2) and powi(8) := (2,1) = m.

Note that U, = I so that X,, = X (thus clearly ker(f(m) # {0}) and W,, = w. We check that
X" (X2 ) W%, = [Tl = 1 and XL (X)) TWm = W Indeed, X'(X])T = X/, (X0)" is
the projection on col(X!,) and clearly Wy, € col(X",). Thus the noiseless pattern recovery occurs
namely, for v > 0 small enough one may pick B € Sx |||l (XB) such that powl(B) = Powl ().
Note that this example is rather pathological since Sx .., (XB3) is not reduced to a singleton.

Indeed for h € ker(X) small enough we have both X (B+h) = X B and pow1(B + h) = pow1(B) and
thus B+ h € SXﬁ”_Hw(Xﬂ),

5 Pattern recovery in the noisy case

Very recently, [Tardivel et al. (2021) have shown that pattern recovery in the noiseless case is a nec-
essary condition for pattern recovery by penalized estimators (including LASSO, generalized LASSO,
clustered LASSO, OSCAR, PACS, OWL estimator...) with a probability larger than 1/2 when ¢ is
no longer 0 (see Theorem 2 in Tardivel et al.| (2021))). In this section we focus on a sufficient condi-
tion for pattern recovery by OWL estimator rather than on necessary conditions. The sub-differential
condition, given in Theorem [I} is related to the following Gaussian vector:

L= X (X)) T + %X’(I — P)Y = X'(X' ) i, + %X’(I — P)e. (6)

This condition naturally leads to introduce the probability P.(||¢+||%) < 1) as an upper bound on the
probability of pattern recovery by OWL estimator. Point 1 in Theorem [3] establishes this upper bound
and this result implies that when the noiseless recovery condition does not hold for OWL estimator
the probability of pattern recovery is smaller than 1/2. Point 2 shows that the probability of pattern
recovery matches with the upper bound when gaps between unique absolute value of 3 are large enough
(i.e. when r tends to +o0 in Theorem [3)). Based on point 2, one easily observes that OWL estimator
can recover the pattern with a probability arbitrarily close to 1 provided that the noiseless recovery by
OWL estimator holds. In particular, point 3 shows that the probability of pattern recovery by OWL
estimator may tend to 1 when the noiseless recovery condition occurs.

Theorem 3. Let Y = X3+ ¢ where X € R™P, 3 € RP, B # 0 with pow1(B) = m, € has a N(0,021)
distribution and w = (w1, ..., wp).

1. Upper bound: Let v > 0 be a fized scaling parameter and C, be the Gaussian vector described
in @ Then, we have the following upper bound for the probability of pattern recovery by OWL
estimator:

Pe (615 < 1)

P.(3B € S Y) such that powi(3) = m) < ol =2
(38 Xl ll (Y) such that powi(8) = m) {0 if X! (X! ) # W



2. Sharpness of the upper bound: To prove the sharpness of the upper bound we consider a se-
quence of signals (8),>1 with pattern m:

BT =U,,s"  with s € R¥ and k = ||m|| o,
whose strength is increasing in the following sense:
(r) (r)

AM = min (s — ! — 00, with the convention s =0.
1§i<k( i H—l) r—s+o0 ) k—+1

Let Y = XB() 4 e, The previous upper bound is asymptotically reached when r tends to 4+00:

Pe (16115 < 1)

~ 5 () 3 =) — Gl
lim_P. (35 € Sx. 1, (YT such that pewi(5) m) {o £ () £

3. Pattern recovery with a probability tending to 1: Let Y(:) = XB") + ¢ as above and in
addition lim,_, 4 oo ¥ = +00 and lim, oo v /A, = 0. If X'(X],) W, € (.||, (m)), then

lim ]P’E(EIE € Sx 4, |.]. (Y) such that powl(g) =m) =1

r——+4oo

Remark 4. Some consequences of Theorem[3 are listed hereafter:

e Because the unit ball of the dual OWL norm is convez, when || X'(X) ) Wy|Z, > 1 then, inde-
pendently on v > 0, the probability on pattern recovery is smaller than 1/2 namely

P.(38 € Sx 4]l (Y') such that Powl(B) =m) < 1/2.

This inequality corroborates Theorem 2 in|Tardivel et al| (2021]). For LASSO, a similar inequality
on the probability of sign recovery is given in| Wainwright (2009).

o When P =X, X} # I and X'(X},) T, € 1i(9) ), (m)) (thus X/, (X},) W = @) the function
B:iy>0=P (IG5 < 1)

is continuous, increasing and satisfies limy_,o B(y) = 0 and lim_, o B(y) = 1. Consequently,
one may select v so that the probability of pattern recovery by OWL estimator is upper bounded
by n for n < 1 arbitrarily close to 1 (a similar sharp upper bound for sign recovery by LASSO is
given in|Tardivel and Bogdan (2022)).

6 Numerical experiments

6.1 Testing procedure when the design is orthogonal

Based on OWL estimator E (which is uniquely defined when X is orthogonal) we would like to test:
H (Bl = =Byl = |Blloc vs H' 1 Fi € {1,...,p}, |Bi] < [Bloe-

Given a sequence wy > --- > w, > 0, we reject the null hypothesis when |3(va)l;1 > |8(Ya)lips

where v, > 0 is an appropriately chosen scaling parameter allowing to control the type I error at level

a € (0,1).

Selecting v, based on the sharp upper bound: According to Example |§| (item entitled “Orthog-
onal case”), when X is orthogonal we have X'(X/ )Ty, € ri(9,, (Powi(3))) and thus, by Theorem
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one may select v, in order to fix the sharp upper bound P.(||S,, ||, < 1) at level 1 — . Note that
under the null hypothesis (and when /5 # 0) we have powi(8) = (sign(p1),...,sign(8,)) € {—1,1}? and

one may select 7, > 0 independently of 8 € RP for which |51]| = --- = |B,|. Indeed, P(HQHU; <1) =
P(|| D¢y |5, < 1) where D is the diagonal matrix diag(sign(51),...,sign(8,)). Consequently, without
loss of generality, to select 7, > 0, one may consider the partlcular case where powl(,B) (1,...,1). In

Theorem 3l ¢, is a Gaussian vector having a N'(X'(X/, ) Wi, & 2 X'(I — X, X£)X) distribution. In
the particular setup where X'X =T and powi(5) = (1,...,1) we have

1-1/p -1/p ... —1/p
Vo I, % whvx— | CUp :
XX )y, = Zw S wi | and X'(I-X, X)X = _
Pi : . . —1/p
—1/p . =1/p 1-1/p

Since the distribution of ¢, is given, one may pick v, > 0 for which P.(||.S,, |5, < 1) =1 — «a. Accord-

ing to Theorem |3} under the null hypothesis and when ||3]|o tends to +oo, we have ]P’(powl(ﬁ(ya)) +
Powi(8)) = a and thus the type I error is asymptotically controlled at level a by the above procedure.

Prescription for the sequence w; > --- > w, > 0: The above procedure can be run with any
arbitrary sequence for which wy > --- > w, > 0. Hereafter we suggest a sequence for this proce-
dure. Let Z be a standard Gaussian vector having a N (O,JQIp) distribution, let Z; > --- > Z|,
be the components of Z ordered by decreasing values and |Z|}, be the smallest components of Z in
absolute value. For any i € {1,...,p}, we set w; = oE(Z}; — Z}, + |Z]|;p). The Cesaro sequence
(1 Z;:MEOISUJ' —~ywj))1<i<p is closely related to the explicit expression of OWL estimator B('y) when
X is orthogonal (Dupuis and Tardivel, [2022; Tardivel et al.l [2020). Intuitively, under the null hypoth-
esis, when ~ is larger than 1 the Cesaro sequence tends to be increasing, implying |B(’y)|¢p = \B(’y)“l.
Thus one may control the type I error at prescribed level a € (0, 1) by choosing appropriately a scaling
parameter v slightly larger than 1.

Type I error: When the number of regression coefficients is p = 100, the standard error of the
noise is o = 1 and a = 0.05, Figure |3| report the type I error as a function of |8/« € [0, 20].

Power: Under the alternative hypothesis, we report in Figure [4| the power (the probability to reject
the null hypothesis) of the above procedure in the particular case where

1Blin == Blyk = ¢ > |Blyrs1 = --- = 1Bl = 0.8¢, (7)

as a function of ¢ > 0.

Mean squared error of the mean-clustered estimator: When one knows for instance that
Bi, = -+ = B4, it is intuitive to estimate the common value of these regression coefficients by averag-
ing component of the ordinary least squares estimator over this cluster as follows: (Bfll5 4+ 4+ Bflls) /L.
OWL estimator may identify some components of 3 equal in absolute value leading to introduce the
mean-clustered estimator defined hereafter. Let 5(7,) be an OWL estimator penalized estimator and
m = powl(g (7a)) be its pattern; then one defines the mean-clustered estimator as follows:

7ols
Vi e {1 p}BmC — ) #: m(j =0} ZJ mj—Oﬂ if m; =0
PR i sign(m;
FO Ty Loty 155 i || = 1> 0

In Figure [] we also report the mean square error of the mean-clustered estimator as a function of
¢ > 0. Let us first remind that IE(H,BOIg Bll3) = p and the James-Stein estimator, defined by

Bis .= Bols — (p — 2)3°1s /|| 1|2, satisfies E(|| 3% — B|2) < E(||3°" — B|2) = p (James and Stein, 1992).
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Figure 3: This picture reports the type I error (on the y-axis) of the testing procedure as a function
of || ]l (on the x-axis). Each point from this plot is obtained via 100000 simulations. Theoretically,
under the null hypothesis and when |||« is infinitely large, the type I error is controlled at level
a = 0.05. This curve corroborates this fact. Moreover, it seems the type I error is controlled at level
a = 0.05 for any value of ||8]|oc > 0.

Note that the OWL estimator performs poorly for the mean squared error and thus E(|| B (va) — BlI3)
is not reported on Figure [4]

6.2 Noiseless recovery curves and accessibility curves

Numerical experiments where some columns of the design matrix are almost identical were already
performed in the literature (Figueiredo and Nowakl [2016). In this particular setup, OWL estimator
outperform LASSO for estimating § as illustrated in Figure 1 in [Figueiredo and Nowak! (2016)). Our
numerical experiments support these findings.

Hereafter M, (a,b) denotes a r x r matrix whose diagonal coefficients are all equal to a and non-
diagonal coefficients are all equal to b. For these numerical experiments, we consider the following
setting:

1- Distribution of the design: X = (X;]...|X,) € R"*?, where n = 50 and p = 150, is a Gaussian
matrix having iid A(0,X) rows and ¥ is block diagonal as described hereafter:

Y =diag(M,(1,p),...,M.(1,p), Ip_kr)-

k blocks

Note that when p is close to 1 then, for some i € {0,...,k — 1}, columns Xj11,..., X(;41), are
almost all equal. In particular we take p = 0.99 and r = 10.

2- OWL pattern: Within a cluster (a set of columns which are almost all equal), we consider that
the components of m := poywi(8) are equal and more precisely we consider the following setting:

mlz"':mr>m7‘+1:"':m27'>"'>m(k)—l)r+l:"':mk‘T‘>mk‘,T+1:“':mp:O7

=k =k—1 =1
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Power of the testing procedure Mean squared error of the mean-clustered estimator
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Figure 4: The picture on the left reports the power (on the y-axis) of the testing procedure as a
function of the value ¢ given in . One may observe that, approximately, the power is 1 when ¢ > 10
and the power is smaller than 1 when ¢ < 10. The picture on the right reports the mean squared
error as a function of ¢ of the mean-clustered estimator, the ordinary least squared estimator and the
James-Stein estimator. Note that the mean-clustered estimator outperforms both the ordinary least
squares estimator as well as the James-Stein estimator. One may observe that the curve is increasing
when ¢ < 10 and is slightly decreasing when ¢ > 10. Thus, the mean squared error starts to decrease
when the power of the procedure is 1, namely when components of the OWL estimator cannot be all
equal in absolute value.

3- Sequence w: We take the sequence w = (ws,...,w,) as in the in the testing procedure when
o =1. Namely, for any i € {1,...,p}, we set w; = E(Zy; — Zp + | Z]yp).

For OWL estimator, the noiseless recovery condition as well as the accessibility condition depends on

B through pewi(8) € 731‘7"”1. When pow1(3) = m for some m € 731‘3‘”1 and when X is a random matrix,

the probability that 8 satisfies the noiseless recovery condition and the probability that 5 satisfies the
accessibility condition are respectively given hereafter:

Px (| X/ (X)) T @ml|%, < 1 _

{ el =0 g Px (min{||y]lw : Xy = Xm} = |[m]|).

X! (X! ) gy = W,

In practice, in these numerical experiments, the condition X! (X’ )*@,, = @y, (or equivalently, @y, €
row()?m)) always occurs. For LASSO, the noiseless sign recovery condition (more famously known as
the irrepresentability condition) as well as the accessibility condition depends on g through sign(3) €
{-=1,0,1}?. Note that when powi(8) = m then sign(3) = sign(m). When X is a random matrix, the
probability that £ satisfies the noiseless sign recovery condition and the probability that 5 satisfies the

accessibility condition are respectively given hereafter:
Px (|| X7 (X7) "sign(my)l < 1) and Px (min{[ly]1 : Xy = Xsign(m)} = [sign(m)]1),

where I = supp(m) and X is the matrix whose columns are (X;);¢r,

Figure [5]| provides these probabilities as a function of the number of clusters & when p = 0.99.

We consider a linear regression model Y = X8 + ¢ where X is a random matrix as in 1), € has iid
N(0,1) entries and 8 has 40 non-null components as follows:

pr=-=pog>Puu=-=Px>Par=-=P30=P0="=Pa. (8)

=80 =60 =40 =20
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Noiseless recovery and accessibility conditions
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Figure 5: When X € R%%*%150 is a random matrix described in 1), these curves provide the probability
that the noiseless recovery condition occurs and the probability that the accessibility condition occurs
as a function of k (the number of clusters) for both LASSO and OWL estimator when p = 0.99. One
may notice that noiseless recovery curves are below accessibility curves; these observations comply with
theoretical property: noiseless recovery condition implies accessibility condition. Note that accessibility
curves for OWL estimator are above accessibility curves for LASSO. This suggest that, potentially,
OWL estimator is a better estimator than LASSO for pattern recovery in the particular setting where
some columns are almost equal.

We illustrate, in Figure[6] performance of OWL estimator as well as LASSO for recovering the param-
eter of regression coefficients

7 Appendix
7.1 Proof of Proposition

Let w = (w1, ...,w,) where wy > --- > w,. Before starting the proof of Proposition [2| we remind the
following facts:
Facts on permutahedron: The permutahedron is the following polytope
P(w) := conv{(wWr(1), -, Wr(p)) : ™ € Sp}.
1) The codimension of the permutahedron P(w) is 1 (see for instance |Ziegler| (2012) page 24).
2) Given z € P(w) we have z1 +--- + 2z, = w1 + - - + wp.

Facts on the OWL norm and on the dual OWL norm: Let 7 € S, 01,...,0, € {—1,1} and
let us define the following orthogonal transformation:

Vz € RP,¢(2) = (012x(1), - -+ » OpZn(p))-
The following identities are straightforward.

I2llw = lo(2) ]l ¥z € R” and [|z[[;, = [¢(2)[, Vz € RP.
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Estimation by OWL estimator Estimation by LASSO
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Figure 6: The picture on the left illustrates performance of OWL estimator for recovering g as described
in . Note that the number of non-null clusters is ¥ = 4 and thus according to Figure [5| the
noiseless recovery condition does not hold thus OWL estimator cannot recover exactly the pattern of
B. However, the accessibility occurs thus OWL estimator may separate clusters (see [Tardivel et al.
(2021) for additional details). Indeed, for each i € {1,...,150} the probability that 3; lies into the
blue band is 0.95 thus OWL estimator is a quite accurate estimator of 8. The right picture illustrates
that LASSO fails to recover g in this setting.

Proof. According to Hiriart-Urruty and Lemaréchal (2004) page 180 we have
O (@) = (0 € R : [zl > ol + /(= —2) Vz € B} = {0 € B : [olf;, < 1 and o'z = [laf}.

The second expression tells us that 0, (x) is a face of the unit ball for the dual norm. Once we will
have established , which gives its affine envelope, the last expression of 9, () as the intersection
of the ball and its affine envelope will follow. Let us first establish in the particular case where

components of & are non-negative and non-increasing. Let 1 < k; < --- < k; < p be a subdivision of
{1,...,p} where k; is the number of non-null components of z and such that
Tl =" =Ty > Thyp1l =" =Ty > > Ty 41 ="+ =Tk, > 0.

Since components of  are non-increasing, the sub-differential of 9y ; () is easy to describe as follows
(Tardivel et al., |2020; Dupuis and Tardivel, 2022; |[Schneider and Tardivel, 2020):

9 ( ): P(wl,...,wkl)x-o~xP(wk171+1,...,wkl)ifkl:p
-1l P(wy, .. wiy) X oo X P(Why 41 oy Wiy ) X PE(wpy g1 .. owp) if by < p

Since the codimension of the signed permutahedron is 0 and the codimension of the permutahedron is
1 we have

codim(9) .||, (x)) = codim(P (w1, ..., wk,)) + - - + codim(P(wg,_, 41, - .., wy,)) = L.

Moreover when v € 9) ), (z) then, according to the above fact 2), v lies on the following affine space
describe hereafter:

U1t U =W Wy = (W)
s Ul v=1w,
Vky_y 41+ Uk = Why 1+ Wy = (W)

The codimension of the affine space: {z € R? : U,z = wy,} is | = dim(9),,, (x)) which concludes the
proof when x has non-increasing and non-negative components.
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Now, let us prove this proposition for the general case. Let x € R? and 7 € S, such that [z,)| >
-+= > |@r(p)|. Let ¢ be the following orthogonal transformation:

Vz € RP : ¢(2) = (sign(Tr1))2r(1)s - - - SIEU(Tr(p) ) 2r(p)) = (SIED(Mr(1))2r(1) - - - SIEL(Mr () ) 21 () )-
Note that, by construction, |z|; = ¢(z) and clearly |m|, = ¢(m). Using facts on the OWL norm and
on the dual OWL norm (described above), one may deduce the following equivalences:

ved,(x) & v, <1and vz = |z,
& o), <1 and ¢(v)'¢(x) = [|6(2)|lw
<~ ¢(’U) E 8“”1“( x|~l/)'

Thus, according to the beginning of the proof, ¢(v) lies onto the affine space {z € R? : Ullmhz = W }.
Clearly, because m = powi(z) and by definition of m we have [m )| > -+ > |myp)|. Let 1 <k <

.-+ < k; < p be a subdivision of {1,...,p} where k; is the number of non-null components of m and
such that
My = = M) > Mre )| = = Ma@y) | > > M 41) = = Mgy | > 0.

=l =l-1 =1

Consequently, we have the following equivalences:

(B()1+ -+ (D), = w1 + -+ + wg, = (W )1

(¢(U))k171+1 et (¢(v))kl = Why_y 41+ Wy = ({Em)l

Sign (Mr(1))Vr(1y + - - 4 SIgN (M (1)) )Vr(ky) = (Wi )1

SIEN (M (k4 4+1) )V (1 41) T+ -+ 818N (M (1)) )V () = (Win )1

Zi:|m,-|=z sign(m;)v; = (Wm )1

D s =1 Sign (g Jvi = (Wi )y

& UlLv =W

Finally, {z € RP : U}, 2 = W,,} is the smallest affine space containing J) ||, () since the codimension
of {z € RP : U, 2z = Wy,} is equal to [ = codim(9y, (z)) = codim(d) ., (|z[}))- O

7.2 Proof of Theorem [

Proof. First, according to Proposition 2] one may deduce that

103! ~ 1 ! P
Cr= X (X i + 2 X( = Py € 9y, (m)

~ - 1 - _
A ”C”Z) <1 and U;nX/(len)—’_wm +- UmX/(I_Pm)yZUJm
v
=X, (X1) T =0
& ¢l < 1 and X, (X)) @ = -

Necessity. Let us assume that there exists B € Sx ||l (y) such that powl(g) = m. Consequently,
B = Upz for some z € R¥ and thus XJ lies in cone()?m). Since B is an OWL estimator and
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according to Propositionwe have %X’(y ~XB) e Il (B) = 9.1, (m). We want to deduce X3 from
this.

By Proposition multiplying by U}, we get %)N(;n(y—XB) = W,,. We multiply this equality by ()27’71)"r
and use the fact that P, = (X’ )t X! is the projector onto col(X,,). We have X3 € cone(X,,) so
that P, Xp = XB. We get

(X0 T XL, XB = Py — (X)) 0 = XB = Py — (X)) o

and the cone condition is proven. R
Now, replacing the term X3 by P,y — V(X! ) Wy, in L X "(y— X ) gives the sub-differential condition:

a”_uwon)a%X'( _XP) = i Xy — By — (X)) ) = X' (K)o + X(I Boy.

Sufficiency. Let us assume that the sub-differential condition and the cone condition occur. Then, by
the cone condition, one may pick z € R¥* for which

Xz = ]Smy — fy()?;n)ﬂ'ﬁm.

Moreover, by definition of Uy, powi(Umz) = m. Let us prove that Uy,z € Sx .| (¥). Clearly, the
following equalities occur

1 1 ~ ~
7X/(y - XUmZ) = 7Xl(y - (Pmy - W(Xr/n)—‘r@m))
Y Y
~ _ 1 ~
= X'(X},) 0m + SXT = Py €0y, (m) = 0., (Um2)
where, at the end, we applied the sub-differential condition. Thus U,z € Sx 4| .., (¥)- O

7.3 Proof of Theorem [2

Proof. Consider the sub-differential condition from Theorem I} [ when y = X3. As 3 = U,,z for some
z € RF*| we have X8 = X,z € col(X,,) so that (I — P)X = 0. Thus, in the noiseless case, the sub-
differential condition is equivalent to X'(X! )*,, € J)|.||,,(m) or equivalently || X’ (X! ) W7 < 1
and X’ ()Z' ! VYW = Wy, and the first statement follows from Theorem |1

For the second statement, by Theorem [1] [I} it remains to show that for y = - X3 the cone condition
P, mX B — V(X)W € cone(Xm) occurs for v > 0 small enough. We have P, X8 = X = X,z €
cone(X,,). Note that (X/,) @, € col(X,,). Thus

2= PpXB =y (X)W, € col(Xy)
N—— N——
=X, z€cone(X,,) ccol(Xm)

Since cone(X,,) is open in col(X,,), one may deduce that for v small enough, we have z € cone(X,,,).
O

7.4 Proof of Theorem [3|

Proof. 1 Note that (I—P,,)Y = (I—Py,)e (since (I—Py,)(X ) = 0). Consequently the sub-differential
condition event may be rewritten as follows:

v ~ 1 / D 103! ~ 1 / ')
{X’(X;ﬁb)-’_wm + ;X ([ — Pm)Y S 8|_||w(m)} = {X (Xm)+wm + ;X (I — Pm>€ S 6”-“111 (m)} .
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Note that the probability of pattern recovery by OWL estimator is smaller than the probability of the
sub-differential condition event and consequently

A 2 HE(HC’YHZ)) S 1) lf ‘~<;n(‘~<rln)+@m {Em
P.(38€ S Y h that pow = Pow < 2w _ N
(38 X,v\l.\lw( ) suc at Powl(8) = Powl (8)) {O it X (X)) * i £ @

2: According to Theorem [I] pattern recovery by OWL estimator is equivalent to have simultaneously
the cone condition and the sub-differential condition. The upper bound coincides with the probability
of the sub-differential condition. Thus to prove that this upper bound is sharp, it remains to show that
the probability of the cone condition tends to 1 when r tends to +00. Let us assume that € is a random
vector defined on the probability space (€2, .4,P) and let us consider a particular observation &(w) for
some w € Q (thus Y (w) = X8 +(w)). Since P = X,, X% and since (X/,)* = X, (X], X,) T, one
may rewrite the cone condition as follows:

PoY (W) = (X! ) = Xps") + X Xhe(w) — v X (X!, Xon) Tl
= Xn(s") + X e(w) — (X}, X))
Note that by assumption on A we have that:
e the vector s(" /A is (component-wise) larger or equal than(k, ..., 1);
o limy, oo X;he(w)/AM =0 and limy,_, oo V(X! X ) T /AT = 0.

Consequently, for r > ro(w) large enough we have
P, Y (w) — (X! ) @y, € cone(X,,).

Since this fact is true for all w, one may deduce that

hrll P.(P,,Y — (X! ) iy, € cone(X,,)) = 1.

T—>4+00

3: In the proof of 2, we see that the probability of the cone condition tends to 1 when lim, o, v, =
+oo and when lim, o0 7,/ A = 0. Thus it remains to prove that the probability of the sub-
differential condition tends to 1 when X'(X,)*wy,, € 1i(9), (m)). Let us point out the following
asymptotic result:

~ _ 1 ~ ~ _
X'(X! ) @+ —X'(I = Pp)e — X'(X.) @m. (9)
Yr r——+00

Note by Proposition [2 that X’ (X! )", + %X’(I — Py)e € aff(d) .y, (m)). When XX ) W, €
ri().),,(m)), one may deduce by (9) the following limit:

- 1 -
lim P, (X/(X;n)-"_@m + 7X’([ — Py e 8|,|w(m)> =1.

r—+00 r
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