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Analysis of a modified Euler scheme for parabolic
semilinear stochastic PDEs

Charles-Edouard Bréhier

ABSTRACT. We propose a modification of the standard linear implicit Euler integrator
for the weak approximation of parabolic semilinear stochastic PDEs driven by additive
space-time white noise. The new method can easily be combined with a finite difference
method for the spatial discretization. The proposed method is shown to have improved
qualitative properties compared with the standard method. First, for any time-step size,
the spatial regularity of the solution is preserved, at all times. Second, the proposed method
preserves the Gaussian invariant distribution of the infinite dimensional Ornstein—Uhlenbeck
process obtained when the nonlinearity is absent, for any time-step size. The weak order
of convergence of the proposed method is shown to be equal to 1/2 in a general setting,
like for the standard Euler scheme. A stronger weak approximation result is obtained when
considering the approximation of a Gibbs invariant distribution, when the nonlinearity is a
gradient: one obtains an approximation in total variation distance of order 1/2, which does
not hold for the standard method. This is the first result of this type in the literature. A
key point in the analysis is the interpretation of the proposed modified Euler scheme as the
accelerated exponential Euler scheme applied to a modified stochastic evolution equation.
Finally, it is shown that the proposed method can be applied to design an asymptotic
preserving scheme for a class of slow-fast multiscale systems, and to construct a Markov
Chain Monte Carlo method which is well-defined in infinite dimension. We also revisit
the analysis of the standard and the accelerated exponential Euler scheme, and we prove
new results with approximation in the total variation distance, which serve to illustrate the
behavior of the proposed modified Euler scheme.

1. Introduction

In the last 25 years, the numerical analysis of stochastic partial differential equations
(SPDEs) has been an active field of research. We refer for instance to the monograph [48|
for a comprehensive introduction and references therein for historical overview of the field.
In this article, we consider a class of parabolic semilinear equations which may be written as

O X (,€) = 0c(a(€)0eX (1, €)) + F(X(,€) + W(t,€), Vt>0,6€(0,1),
(1) X(t,0) = X(t,1) =0, Vt>0,

X(0,6) = zo(¢), V&€ (0,1),
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where the unknown X : (¢,€) € [0,T] x [0,1] — X (¢,€) € R is a random field, homogeneous
Dirichlet boundary conditions are imposed, o is a given initial value, a : [0,1] — (0, 0)
and f : R — R are two sufficiently smooth real-valued functions, and W is space-time white
noise.

It is convenient to interpret the SPDE as a stochastic evolution equation (SEE) in
the sense of [33]

2) dX (1) = —AX(t)dt + F(X(#))dt + dW (1), X(0) = ao,

where the unknown X : ¢ € [0,T] — X(t) € L?(0,1) is a continuous stochastic process with
values in the infinite dimensional Hilbert space H = L?*(0,1). The nonlinearity F : H — H
is assumed to be globally Lipschitz continuous. See Section [2| for details, in particular for
the definition and properties of the linear operator A. The SEE is driven by a cylindrical
Wiener process. In the sequel, we only deal with SEEs of type (2)).

To approximate solutions of SPDEs and SEEs ((2)), it is necessary to apply spatial
and temporal discretization procedures. On the one hand, the spatial approximation may
be performed using either a spectral Galerkin method or a finite differences scheme. To
employ the spectral Galerkin technique, one needs to know the eigenvalues and eigenfunctions
of the linear operator A, which is not the case in general (in the case of , this is the
case if the function @ is constant). The finite differences scheme can be applied in greater
generality, therefore this is the method which is chosen in this work. On the other hand, the
temporal approximation may be performed for instance using a standard semi-implicit Euler
integrator, or an exponential integrator. The application of the exponential Euler scheme
also requires to know the eigenvalues and eigenfunctions of the linear operator A (or of its
spatial approximation using a finite difference method), which is not the case in general. In
this work, we study a variant of the standard Euler scheme. Note that the exponential Euler
integrator is also treated as a matter of comparison for the proposed method.

Instead of considering a fully discrete scheme, which combines a finite differences scheme
and a (modification of the) standard Euler scheme, in this work we analyze only the temporal
discretization. Results may be generalized to the fully discrete framework, with the intro-
duction of additional notation, and qualitative properties and quantitative error estimates
being uniform with respect to the spatial discretization parameter. Focusing only on the
temporal approximation allows us to emphasize how the proposed method overcomes some
limitations of the standard scheme. In the sequel, the spatial discretization is thus omitted
in the statements and in the proofs.

The standard Euler scheme applied to the SEE reads

(3) X = (14 7A) 7 (X5 TG 4 W () = W (t)),

with initial value X"® = xo, where the time-step size is denoted by 7 and t, = n7. In
practice, if a finite difference method is applied for spatial discretization, note that it is
sufficient to solve linear systems using a LU decomposition of the resulting linear operator.
The standard linear implicit Euler scheme has been studied extensively in the literature,
let us recall that

e it has strong order of convergence 1/4, see for instance [51],

e it has weak order of convergence 1/2, see for instance [34],
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e when the Lipschitz constant of F' is sufficiently small, the invariant distribution of
the SEE is approximated with order of convergence 1/2, see for instance [12].

However, the standard Euler scheme (3]) suffers from a major issue: the spatial regularity of
the solution is not preserved, more precisely for any fixed value of the time-step size 7 and
any integer n € N, the random variable X" is more regular than X (¢, ), when the regularity
is measured either in the sense of Holder or Sobolev spaces. Furthermore, this difference in
the qualitative behavior of the exact and numerical solution has an impact on quantitative
error estimates. Indeed, as shown in [13], one needs to consider test functions which are
at least of class C? to obtain a weak order of convergence 1/2. The distributions of the
H-valued random variables X ** and X (¢,) are singular, and therefore the distribution of
X(t,) cannot be approximated in the total variation distance sense using the approximation
X7 obtained using the standard Euler scheme.

Contributions.

The modified Euler scheme. The objective of this work is to introduce a modified Euler
scheme, which can be easily combined with a finite differences method for the spatial ap-
proximation, and which overcomes the limitations of the standard Euler scheme mentioned
above. The proposed modified Euler scheme is defined as follows:

(4) Xr:-i-l = AT (X;; + TF(X:;)) + Bﬂﬁfml + 8772\/;]?‘71’2,

where (F”71)n>0 and <F”72)n>0 are two independent sequences of equally distributed inde-
pendent cylindrical Gaussian random variables, meaning that in distribution I'y, ; = I'), 2 =

T2 (W (tns1) — W(t,)) are rescaled increments of the cylindrical Wiener process. The def-
inition of the modified Euler scheme (4)) requires the introduction of three linear operators
A, B;1 and B;5: they are required to satisfy the conditions (see in Section

(5) A= (T+78)", By = ——(T47A)", BoyBy— ~(I+7A)"
s \/§ ) ] 9

where L* denotes the adjoint of a linear operator L. It is worth mentioning that the modified
Euler scheme (4]) can be seen as a modification of the standard Euler scheme , with a
different treatment of the stochastic term, but the same treatment of the linear operator A
and of the nonlinear operator F'. Furthermore, the linear operator B is not determined
uniquely by the third condition (5): in particular, it is not required to be a self-adjoint
operator, instead in practice, when a finite differences method is applied, it is sufficient to
compute a Cholesky decomposition of the resulting linear operator. Note that the iterations
in the modified Euler scheme have higher computational cost than the iterations in the
standard scheme (3). In addition, two cylindrical Gaussian random variables are needed
at each iteration of the modified Euler scheme 7 instead of one for the standard Euler
scheme . The conditions appearing in ({5)) are justified in Section [3| and are designed
to improve the qualitative and quantitative behavior of the standard scheme, as explained
below. Note that the standard Euler scheme can be written in a form similar to and
would be recovered by setting B, 2« = B;1 (the definitions of A, and B, ; being unchanged).
In other words, the condition

. 1 L, 1
8772’54587_72,“ = 5([ + TA) 2= 5./472_
3



would be satisfied for the standard Euler scheme instead of the third condition
1 1
15’77215’:72 = 5([ + TA)_l = §AT

from for the modified Euler scheme. This observation that the powers of the operator A,
differ in the conditions for B, and B2 is crucial to understand how the modified Euler
scheme overcomes the limitations of the standard Euler scheme mentioned above.

Main qualitative and quantitative results. We are now in position to state and discuss
the main results of this manuscript. We refer to Section [2| for precise assumptions on the
linear operator A and the nonlinearity F', and to Section [4 for rigorous statements of the
results. Let us first discuss the qualitative behavior of the modified Euler scheme . The
main result in this direction is the following: for any time-step size 7 and any n € N, if
F =0, the distributions of the H-valued random variables X and X (t,) are equivalent, see
Theorem .1 This result is proved using the Feldman-Hajeck criterion. As a consequence,
one then checks that the spatial regularity of the numerical solution X and of the exact
solution X (¢,,) coincide, see Theorem . The proof is straightforward, since the spatial
regularity is determined by the behavior of the stochastic contribution, not by the initial
value or the nonlinearity, in the considered framework.

In order to illustrate the qualitative superiority of the modified Euler scheme (4)) over
the standard Euler scheme , let us provide a numerical experiment. The SPDE with
a=1and f =0, is approximated using a finite difference method with mesh size h = 1073.
The time-step size is chosen as 7 = 278, The final time is set to T' = 1. Figure [1] (fixed
time 7" = 1) and Figure [2] (all times ¢, € [0, 1]) illustrate the preservation of the regularity
property (Theorem[d.2)) for the modified Euler scheme (left figure), compared with the higher
regularity obtained when using the standard Euler scheme (right figure). The realizations
are sampled using the same Wiener path: this means that the Gaussian random variables
satisfy the equality I',, 1 + 1" 2 = V2T, for all n > 0.

v o

FIGURE 1. Plots of the approximate solution at time 7" = 1 obtained using
the modified Euler scheme (4)) (left) and the standard Euler scheme (3]) (right).
Parameters: h = 1073 and 7 = 278,

For quantitative weak error estimates, two results are stated. The main and most original
result of this manuscript is Theorem [£.4] Assume that the mapping satisfies the gradient
assumption ' = —DV where V : H — R is a given real-valued function and D denotes the
Fréchet derivative. To ensure ergodicity of the SEE , assume that the Lipschitz constant of
F is sufficiently small (see Assumption [3{below), then the SEE admits a unique invariant

4



FIGURE 2. Plots of the approximate solution at times ¢,, = n7 < 1, obtained

using the modified Euler scheme (left) and the standard Euler scheme
(right). Parameters: h = 107 and 7 = 275,

distribution, which is the Gibbs distribution
dp.(z) = Z7 exp(—2V (z))dv(z)

where v is the centered Gaussian distribution with covariance operator %A‘l, and Z is a
normalization constant. Under the same assumptions, for any time-step size 7, the modified
Euler scheme (4) admits a unique invariant distribution p7,, and one has the following
approximation result (see Theorem |4.4)

1
dpv (ply, p) < Cyr2™°

where ¢ € (0, 3) is an arbitrarily small parameter, C5 € (0,0), and drv denotes the total
variation distance. In other words, one has weak error estimates

| fsodu?.'o - deu*

where the test functions ¢ : H — R only need to be assumed measurable and bounded and
llpll = sup fe(z)]

xTe
In addition, when F' = 0, then p], = v for any time-step size 7: the Gaussian invariant
distribution is preserved in the Ornstein—Uhlenbeck case when using the modified Euler
scheme.
Let us mention that the main ingredient for the proof of Theorem [4.4]is the interpretation
of the modified Euler scheme as the accelerated exponential Euler scheme applied to the
modified stochastic evolution equation

(6) dXT(t) = _ATXT(t)dt + QTF(XT(t>)dt + QédW(t>7 XT(O) = Zo,

which depends on two auxiliary linear operators A, and (),: we refer to Section for their
definitions. Precisely, for any time-step size 7 and any integer n > 0, one has equality in
distribution X = A’ ,,, where the sequence (Xm)n>0 is defined by

1_
< Cillellr=="

tn+1 1
(1) K= ™MX, + AT — e ™QF(X,,) + J e~ =8 Q2 Q1 (5)
tn
with initial value Xy = x¢. It is crucial to observe that, when the gradient condition
F = —DV is satisfied, the Gibbs distribution p, is the invariant distribution of the modified
SEE @, for any value of the time-step size 7. Other technical assumptions and results are
5



needed to obtain Theorem [4.4] we refer to Sections [£.2] and [6.1] in particular to see why the
interpretation as an accelerated exponential Euler scheme is helpful to reduce the regularity
requirements on the test functions ¢ to prove weak error estimates.

When the gradient condition F' = —DV is not satisfied, the SEE admits a unique
invariant distribution ps, which has no known expression in general. Theorem provides
weak error estimates

1_
|| s, ~ [ el < Callpller=?

for test functions ¢ : H — R which are assumed to be of class C? with bounded second order
derivatives. This result is similar to the one proved in [12] for the standard Euler scheme.
In addition, for any time 7 € (0,0), in a general setting, one has weak error estimates

[Elp(X7)] - Elp(X(T)]] < Co(Tz0) ¢l 727,

with T = N7, for test functions ¢ : H — R which are assumed to be of class C? with
bounded second order derivatives, see Theorem Like above, this result is similar to the
one obtaind in [34] for the standard Euler scheme. Even if Theorems |4.8 and 4.9/ do not show
improvements for the modified Euler scheme compared with the standard Euler method, it
is worth providing detailed proofs to justify that the modified Euler scheme is not meant
to be used only for the approximation of the Gibbs invariant distribution, which would be
restrictive. Note that whether the regularity requirement on the test functions ¢ may be
weakened in Theorems [1.§ and [4.9]is an open question.

The main result, Theorem [1.4] is compared with the results which are obtained for the
standard Euler scheme in Section , and for the accelerated exponential Euler scheme
in Section (4.5

On the one hand, when F' = 0, the invariant distribution of the standard Euler scheme ({3))
is a Gaussian distribution v7. It is straightforward to check that ™ and v are singular
probability distribution for all 7 > 0, this may be seen as a result of the non preservation of
the spatial regularity by the standard Euler method. Using an interpretation of the standard
Euler scheme as the accelerated exponential Euler scheme applied to a modified stochastic
evolution equation, one proves an approximation result

1
dov (s py) < Cs72 °

in the total variation distance, see Theorem [£.11], when the nonlinearity satisfies the gradient
condition F' = —DV. The main difference with Theorem [4.4]is the fact that u7 is not equal
to the Gibbs distribution ., instead it is a Gibbs distribution

du;(x) = (27) e Wy (x)

where the reference measure is the Gaussian distribution v”. Theorem may not be useful
in practice when using the standard Euler scheme since u] and p, are singular probability
distributions. However, from a theoretical perspective, this result shows again that the
limitations in the performances of the standard Euler scheme are due to the discretization of
the stochastic part only. The proof of Theorem [1.11] given in Section [§] employs the same
techniques as the proof of Theorem [.4], and a few more delicate arguments.

On the other hand, let us consider the accelerated exponential Euler scheme, defined by

tn+1
(8)  Xof = e X+ AT — e TH () + J et =N (s), X7 = .
tn
6



Note that if F' = 0, then X[* = X (t,) for any time-step size 7 and any integer n > 0: the
discretization in the Ornstein—Uhlenbeck case using the accelerated exponential Euler scheme
is exact. As a result, it is not a surprising result that the spatial regularity is preserved when
using that scheme. More interestingly, Theorem states that one can approximate the
distribution of X (¢,,) in the total variation distance, at any time and without the requirement
that the nonlinearity F' satisfies the gradient condition:

[E[p(X3)] - E[p(X (T)]] < C5(T, o)l pllor2~,

with T' = N7, where the test functions ¢ : H — R only need to be assumed measurable and
bounded. Theorem [£.13] states a result for the approximation of the invariant distribution

Lo Of the SEE ,
dTV(NZéea ,Uoo) < 057-%767

where p5° is the unique invariant distribution of the accelerated exponential Euler scheme ({8))
with time-step size 7. Compared with the accelerated exponential Euler scheme, approxi-
mation results in the total variation distance are obtained for the proposed modified Euler
scheme in a more restrictive setting, namely for the approximation of the Gibbs invariant
distribution when the gradient condition /' = —DV is satisfied by the nonlinearity. How-
ever, the range of application of the modified Euler scheme is larger, since it does not require
to known the eigenvalues and the eigenfunctions of the linear operator A. Theorems
and are new results on the accelerated exponential Euler scheme. The proof of The-
orem [4.12| exhibits the main arguments which are needed in the proof of the main result,
Theorem [£.4], and in particular why it is convenient and crucial to interpret the modified Eu-
ler scheme as the accelerated exponential Euler scheme applied to the modified stochastic
evolution equation @7 as explained above.

Two applications of the modified Fuler scheme. The last two main contributions of this
manuscript are two applications of the modified Euler scheme, which again illustrate its
superiority compared with the standard Euler method. First, in Section 9.1, we study a
class of slow-fast stochastic evolution systems

dXe(t) = —AX(t)dt + G(X(t), Y(t))
o (X<(t))
Ve

depending on a time scale separation parameter ¢, where G : Hx H — H and o0 : H — R are
bounded and globally Lipschitz continuous mappings. When ¢ — 0, the averaging principle
states the convergence of the slow component X¢ to the solution X of an evolution equation

dX(t) = —=AX(t)dt + G(X(t)),

(9)

AY<(t) — —%A\ye(t)dt i AW (8),

where the nonlinearity G : H — H is defined as

G(r) = fG(x,a(x)y)du(y) = E[G(x, %A‘él“)],

where v is the invariant distribution of the Ornstein—Uhlenbeck process, and I' is a cylindrical

Gaussian random variable. Using the modified Euler scheme to discretize the fast component,
7



we design an asymptotic preserving scheme

X7, = A (XS + TG(KET, YE0,)
Y:{—T—l = AIY;’T + O'(X;’T)\/EBTJFHJ + U(X;T)\/EBTQF?%Q.
€ 6 € E €

First, it is shown that there exists a limiting scheme, X7 - Xg’T for any time-step size
e—

(10)

7 and any integer 7, where the convergence is understood as convergence in distribution.
Second, it is shown that the limiting scheme, given by

T T T T\
Xl = A(X07 + 7G(X)7, 0 (X7)Q2T)),
satisfies X(])\}T e X(T), with T'= N7, where the convergence is understood as convergence
in distribution. Since for any fixed €, one also has Xy — X¢(T'), the proposed scheme

T—0

satisfies the asymptotic preserving property, and the time-step size 7 can be chosen inde-
pendently of the time scale separation parameter €. Note that if the fast component Y¢ of
the system @ is discretized using the standard Euler scheme, the resulting limiting scheme
is not consistent with the limiting equation given by the averaging principle. After proving
that the scheme (|10 is asymptotic preserving, it is natural to investigate whether the scheme
is uniformly accurate: we refer to [9] for the proof of uniform weak error estimates.

Second, in Section [0.2] another application of the modified Euler scheme is presented: it
can be employed as a proposal kernel to apply a Markov Chain Monte Carlo method, based
on the Metropolis—Hastings rule for the computation of the acceptance-rejection probability,
where the target probability distribution is the Gibbs distribution .. Theorem states
that for any value of the time-step size 7, the Markov chain defined by

{ X7 = AXD 4+ 7Bl +/TBral s

T _ . T R T
Xn+1 = ]lUnga(Xg,x;H)XnH + 1Un>a(xg,x;+1)Xn’

(11)

where U, is a uniformly distributed random variable (independent of the cylindrical Gaussian
random variables I', ; and I',,»), and the acceptance-rejection ratio is defined by

(12) a(x,z) = min(1, ez(V(x)—V(i‘)))

is ergodic, with unique invariant distribution u,. In addition, the convergence is exponen-
tially fast. This result would not hold if the standard Euler scheme was used to define the
proposal kernel.

Comparison with the literature. Let us now review the relevant literature in order
to illustrate the novelties of this work. We refer to the monograph [48] for an introduction to
computational methods for SPDEs. We also refer to the monograph [47] for a presentation of
approximation results for parabolic semilinear SEEs of type ([2]), with a focus on the standard
Euler scheme for the temporal discretization and on finite element methods for the spectral
discretization.

The standard Euler scheme used to discretize the SPDE (combined with a finite
difference method) has been studied by many authors: see for instance [38, [37]. When the
problem is interpreted as a SEE (which is the point of view considered in this work), the

strong and weak orders of convergence of the standard Euler scheme have been identified
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in [51] and [35, [34] respectively. Theorem [£.8] in particular, is proved using tools similar
to those introduced in [34] for the weak error analysis: analysis of regularity properties
for solutions of infinite dimensional Kolmogorov equations (see Sections and and
Malliavin calculus techniques. However, details are different since the proof of Theorem
is based on an original point of view introduced in this article, namely the interpretation
of the modified Euler scheme as the accelerated exponential Euler scheme for the modified
SEE @ For regularity results on infinite dimensional Kolmogorov equations, we refer to the
monograph [24] and to [2]. For other weak approximation results using similar techniques,
we refer for instance to [4] (finite element approximation), to [15] (standard Euler scheme
in the multiplicative noise case) or to [53]. Other strategies are used to prove weak error
results for instance in [3], in |28, [46] or in [19]. The accelerated exponential Euler scheme
has been introduced and studied in [45], [44]. Weak convergence results for this method have
been proved in [52].

All the works mentioned above deal with SPDEs and SEEs under the assumption
that the nonlinearity F' is globally Lipschitz continuous. In the last decade, there has been a
huge interest in the approximation of problems with locally Lipschitz continuous nonlinear-
ities: this class encompasses for instance the Allen-Cahn equation. We refer to [18], 30} 23]
for weak convergence results. In this work, we only focus on the globally Lipschitz contin-
uous case, see Section [J] for a discussion on possible generalization to the locally Lipschitz
continuous case.

Concerning the approximation of invariant distributions of SEEs , under appropriate
conditions ensuring ergodicity [32], Theorem [4.9]is a variant of the results obtained in [12]
and |20] for the standard Euler scheme and finite element approximation. In [20], the error
analysis is performed using regularity properties of solutions of infinite dimensional Poisson
equations. In [22], a postprocessed version of the standard Euler scheme has been intro-
duced, with the objective to increase the order of convergence of the approximation of the
invariant distribution. There are similarities between the method proposed in [22] and the
modified Euler scheme , see Remark for details: the two methods preserve the Gauss-
ian distribution v in the Ornstein—Uhlenbeck case (F' = 0), however [22] does not provide
error estimates (with higher weak order of convergence) for general nonlinearities . When
the gradient condition F' = —DYV is satisfied, higher-order schemes for the approximation of
the invariant Gibbs distribution pu, can be designed using a preconditioning technique, pos-
sibly combined with the postprocessing approach, see [16] (see also [42, [41]). For parabolic
semilinear SEFs with non-globally Lipschitz continuous nonlinearities F', we refer to the
recent articles |14}, 31, 27], and to [17] for the application of the preconditioning technique
in this case. We refer also to the monograph [43| and references therein for the analysis of
this question for some stochastic Schréodinger equations. Results on the approximation of
the invariant distribution for viscous stochastic conservation laws are provided in [8]. Let us
emphasize that all the weak convergence results mentioned above on the approximation of
the invariant distribution require test functions which are at least of class C2.

To the best of our knowledge, Theorems [4.4] [4.1T] [4.12] and [£.13] are the first results in the
literature giving an approximation in the total variation distance for numerical approxima-
tion of stochastic evolution equations . The modified Euler scheme therefore overcomes
the limitations identified in [I3] for the standard Euler scheme, when considering the ap-
proximation of the Gibbs invariant distribution. In the finite dimensional case, this type

9



of result has been proved in the seminal works [5], [6]. The recent preprint [26] studies a
related question for the stochastic partial differential equation: the authors prove an approx-
imation result for the density of the real-valued random variables X (¢, £) solving for given
t € (0,00) and £ € (0,1), when using the accelerated exponential Euler scheme. However,
considering real-valued Gaussian random variables X (¢,£) and H-valued Gaussian random
variables X () is a very different matter.

Let us finally discuss how the two applications of the modified Euler scheme mentioned
above are related to the literature. On the one hand, the analysis of the asymptotic preserv-
ing scheme for the multiscale system (9) is a generalization in an infinite dimensional
framework of the recent work [21]], where the notion of AP schemes for a class of stochastic
differential equations has been introduced. The averaging principle (convergence of X¢ to X
when ¢ — 0) has been studied by many authors, we refer to [25] for the convergence and
to [10] for weak error estimates. Instead of using the Heterogeneous Multiscale Method like
in [11], the AP scheme also provides an accurate approximation when € is not assumed
to be small. However, the construction of the AP scheme is limited to a fast process
which solves an Ornstein—-Uhlenbeck dynamics. Compared with [21], in this work we only
prove that the scheme is asymptotic preserving and do not investigate whether the scheme
is uniformly accurate. We refer to [9] for the proof of uniform weak error estimates for the
AP scheme applied to the multiscale system @ (when o is constant). On the other
hand, in order to sample the Gibbs distribution p,, Markov Chain Monte Carlo (MCMC)
methods have been constructed using the preconditioned Crank—Nicolson (pCN) as the pro-
posal kernel. In [29], it is proved that applying a proposal kernel using the theta-method
with 0  1/2 applied to a preconditioned Ornstein—Uhlenbeck dynamics (which preserves the
Gaussian invariant distribution v) leads to a method which is ill-defined in infinite dimen-
sion. It is proved in [40] that the pCN proposal kernel provides a MCMC sampler which has
a spectral gap which is independent of dimension, using the techniques introduced in [39].
The performance of the pCN MCMC sampler is also analyzed in [49] using the point of
view of diffusion limits. In this article, we design a new MCMC sampler (11)-(12)) where the
proposal kernel is the modified Euler scheme, and Theorem is proved following the ap-
proach of [40]. Our analysis only justifies that the proposed MCMC method is well-defined
and applicable, however it does not provide information to choose the auxiliary time-step
size 7 in an optimal way. In addition, comparing the performances of the different MCMC
samplers is out of scope of this work.

Organization of the manuscript. This manuscript is organized as follows. Section
provides the necessary notation and assumptions. The modified Euler scheme is introduced in
Section 3] Equivalent formulations of the modified Euler scheme are given in Sections[3.1]
and . The main results are stated in Section . First, qualitative properties (preservation
of the spatial regularity and of the Gaussian invariant distribution in the Ornstein—Uhlenbeck
case) are studied in Section [£.1] Second, Section is devoted to the major result of this
article, Theorem [4.4] which gives approximation in the total variation distance with order
1/2 of the Gibbs invariant distribution p, when the nonlinearity F'is a gradient —DV'. Third,
Section provides Theorem 4.8 which states that the weak order of convergence of the
method is equal to 1/2 (for sufficiently smooth test functions) in a general setting. Finally,
Sections [4.4] and [4.5] are devoted to comparing the modified Euler scheme with the standard

Euler method and the accelerated exponential Euler method respectively. Auxiliary results
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are stated and proved in Section [5] In particular, regularity results for solutions of infinite
dimensional Kolmogorov equations are given in Sections [5.4] and [5.6] Section [6] is devoted
to proving first Theorem [£.4] second Theorem [£.8] Sections [§ and [7] contain the proofs of
the results given in Sections (standard Euler scheme) and (accelerated exponential
Euler scheme) respectively. Finally, Section |§| provides two applications of the modified Euler
scheme. First, an asymptotic preserving scheme is introduced for a class of systems with two
time scales, in a regime governed by the averaging principle. Second, a Markov Chain Monte
Carlo sampler which is well-defined and has a spectral gap in infinite dimension (Section ,
Theorem [9.3)) is studied. Moroever, the generalization of the proposed modified Euler scheme
for other types of parabolic semilinear SPDEs is discussed in Section [9.3

2. Setting

This section is organized as follows. General notation is first introduced in Section [2.1]
Sections [2.2] and [2.3] then provide the abstract conditions on the linear and nonlinear op-
erators A and F respectively. Examples operators satisfying the abstract conditions are
described in Section [2.4] Some properties of the stochastic evolution equation are provided
in Section 2.5l Section 2.6] deals with the invariant distribution of the stochastic evolution
equation. Finally Section presents an auxiliary approximation procedure which is used
implicitly in the sequel.

2.1. Notation. Let us first introduce general notation. The set of integers is denoted
by N = {1,2,...}, and Ny = {0} U N. In the sequel, the values of positive real numbers
C' € (0,0) may change from line to line.

The time-step size of the numerical schemes is denoted by 7. For all n € Ny, let t,, = nrt.
The moment and error estimates below are stated for values 7 € (0,7), where 7y is an
arbitrary positive real number, and without loss of generality one may assume that 79 < 1.
The values of constants C' are allowed to depend on 7y, but they are independent of 7 € (0, 7).
If tl,tQ = 0, set tl 7AN t2 = min(tl,tg).

The state space is a separable Hilbert space H, equipped with inner product and norm
denoted by ¢-,-) and | - | respectively. The set of bounded linear operators from H to H is
denoted by L£(H), which is a Banach space with the norm | - |(x) defined by

Lz
Ielean = sup 1L
zeH\{0} |z
In addition, £o(H) < L(H) denotes the set of Hilbert—Schmidt operators from H to H. The
set Lo(H) is an Hilbert space, with the norm | - |z,(z) defined by

HL”%z(H) = Z | Le;l?,

jeN

where (ej)jeN is an arbitrary complete orthonormal system of H.
The random variables and the stochastic processes considered in this article are defined
on a probability space denoted by (€2, F,P). This probability space is equipped with a
filtration (.7-}) 120 which is assumed to satisfy the usual conditions. The expectation operator
is denoted by E[].
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Let (ﬁj) denote a sequence of independent standard real-valued Wiener processes,

adapted to the filtration (}"t) . This means in particular that for each j € N, (ﬁj( ))t>0
a Gaussian process, such that c one has 3;(0) = 0, E[5;(t)] = 0 for all t > 0 and E[|8;(t2) —
ﬁ](tl)’ ] =1y — 1 for all to =1t = 0.

The cylindrical Wiener process (W (t)),_, on H is formally defined as

t=0

(13) W(t) = Bi()e;

jeN

where (ej)jeN is an arbitrary complete orthonormal system of H. Recall that if L € L5(H),

(LW(t))t = 0 is a well-defined Gaussian process, with E[|LW (¢)[*] = ||LH£2 t. However,

(Wit ))t>0 does not take values in H: for all t > 0, E[|W(¢)|?] = 0, and even \W( )| = o
almost surely. We refer to [33] Chapter 4] for a description of the cylindrical Wiener processes
and of the related theory of stochastic integration in Hilbert spaces. Let us recall a version
of the Itd isometry formula in this setting: if ® : ¢ € [0,T] — P(t) € Lo(H) is a continuous
deterministic mapping, the random variable

J; om0 - 5 [eoeino

jeN

is a centered H-valued Gaussian random variable, with

E[\LTQJ(t)d Jq» 2t = Y f\@ Je; dt.

jeN

One of the proofs below requires tools from Malliavin calculus [50]. We do not give precise
definitions, instead let us state the notation used in this article and quote the most useful
results. If © is an H-valued random variable, DO € H is the Malliavin derivative of © at
time s in direction h € H. For instance, this means that

T

DI J L()dW (1)) = L(s)h
0

if t € [0,T] — L(t) € L(H) is an adapted process. In addition, if © is F;-measurable, then

DO = 0 for all s > t. The Malliavin derivative satisfies a chain rule property: if ® : H — H

is of class C! with bounded derivative, then for all s > 0 and h € H one has

D'¢p(0) = D¢(0).D"e.

The same type of notation and results are satisfied for R-valued random variables 6. Finally,
one has the following integration by parts formula, which is essential for the proof of weak
error estimates, see [34]: if € is R-valued random variable and if (¢,s) — ¢(t,s) € R is a
given deterministic function, for all 7 € N, one has

(14) BJ6 | o(t.5)45,(5)] = | BIDS00( 5105 (5]
12



In addition, introduce the following notation. If ¢ : H — R is a mapping of class C°, C!
or C? respectively, set

lllo = sup |o(z)],
xeH

D h
llolly = sup 22E:AL
z,he H |h|
|D?¢(x).(hq, he)|
= Ssu
el x,hl,hEeH |h1||hs

Note that ||¢l|o < oo if and only if ¢ is bounded. Similarly, [|¢[[1 < oo and ||¢[|2 < oo when
© has a bounded first order derivative, respectively a bounded second order derivative.

The set of bounded and measurable mappings from H to R is denoted by B,(H). For
any ¢ € B,(H), set

el = sup [p(x)].
xeH

The total variation distance between two Borel probability distributions p; and py defined
on H is defined by

wdpy — § odps
drv (i, p2) = sup ‘ S S ‘
eBy(H) 0 llll

Introduce also distances dy and d; defined by

odpy — Y pdpy
do(ﬂb H2) = sup ’ S S ’
PECO (H) 0 llolllo

§odpn — §edus|
dy(p1, o) = sup | :
eec2(m),020 l|@llo + el + el

Observe that the inequality do(pun, p2) < do(pa, p2) holds. Recall (see for instance [36,

Chapter 3,Section 4|) that for any bounded and measurable function ¢ € B,(H), there exists

a sequence (‘pk)keN of bounded and continuous functions which converges boundedly and

pointwise to ¢, i.e. which satisfies iuNp lokll < oo and @i (x) e o(x) for all z € H. As a
c N

consequence one has the equality

(15) drv(p, p2) = do(pin, pi2)

for all Borel probability distributions g, and ps.
Finally, if X is a H-valued random variable, the distribution of X is denoted by px: this
means that

E[p(X)] = j o(@)dpx ()

for all ¢ € By(H). If p is a Borel probability distribution on H, one has

drv(px,p) = sup  |E[p(X)] - f@du\ = sup IE[p(X)] - deul-
eBy(H), o]l <1 peCO(H), [ gllo<1
13



2.2. Assumptions on the linear operator. The stochastic evolution equation is
driven by an unbounded self-adjoint linear operator —A : D(A) ¢ H — H, which is assumed
to satisfy the following conditions.

ASSUMPTION 1. There exists a complete orthonormal system (ej)jeN of H and a non-

decreasing sequence (Aj)jeN of positive real numbers, such that
A@j = )\jej
or all j € N. In addition, it is assumed that there exists cy € (0,00) that \; ~ cpj? when
J j J

J — 0.

The self-adjoint unbounded linear operator —A generates a semigroup which is denoted
by (e_tA)t>0. Precisely, for all t > 0 and x € H, set

ey = Z e ilx, e;)e;.

jeN

For allt > 0, e** is a bounded self-adjoint linear operator on H, with |e ™|y < e™ ™ < 1.
In addition, for all & € [—1, 1], define the self-adjoint linear operators A* such that
Ao‘ej = )\?ej
for all j € N. Equivalently,
Az = Z Aj (T, e5)e;.

jeN
If « € [-1,0], A* is a bounded linear operator from H to H and the expression above is
well-defined for all z € H. For all a € [0, 1], introduce the notation

1
2l = (D A3, e5)) % € [0, 0],
jeN
then A® is an unbounded self-adjoint linear operator with domain D(A%) = H?*, defined by
H® ={x e H; |z|, < w}.

The definition of A® when o = 1 coincides with the definition of A. When o = 0, A° is the
identity operator denoted by I, and |- |q = |-| is the usual norm in the Hilbert space H. Note
that for all —1 < a3 < ay < 1, there exists Cy, o, € (0,00) such that [A“ x| < Cy, 0, |A* 2]
for all z € D(A*2).

One of the main ingredients used in the analysis below is the following smoothing prop-
erty: for all a € [0, 1], one has

(16) sup t"‘HAae*tAHE(H) < 0.
te(0,00)

The smoothing property is often used in the following form in the sequel:
le™ x| < Cot™ A x|
for all t € (0,00) and z € H.
In addition, the following property is satisfied: for all « € [0, 1], one has

A~ —tA T
(17) sup LG e <

te(0,00) A
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The proofs of the two standard inequalities and are straightforward and are omitted.

2.3. Assumptions on the nonlinearity. The nonlinear operator F' : H — H is
assumed to be globally Lipschitz continuous.

ASSUMPTION 2. There exists Lg € (0,00) such that for all x1,29 € H
|F<.T2) — F($1)| < LF|[E2 — Jfl‘.

Assumption [2]is the minimal condition which ensures the well-posedness of the stochastic
evolution equation (see Section and which permits the definition of numerical schemes
below. In the sequel, Assumption [2]is always assumed to be satisfied. However note that the
analysis of the long-time behavior and the proof of weak error estimates requires to impose
additional assumptions on the nonlinearity F' which are provided below.

Let us first describe the conditions related to the long time behavior of the stochastic
evolution equation. If Assumption [3|below is satisfied, the process is ergodic, see Section [2.6|

ASSUMPTION 3. Let Ly be defined in Assumption [d
Assume that Ly < A\, where \; = mil\rIl A (see Assumption .
JE

The ergodicity of the process ensures the existence of a unique invariant distribution
denoted by p4. In general, no expression of ji, is known, however an expression is available
when Assumption [4] below is satisfied.

ASSUMPTION 4. There exists a function V : H — R of class C' such that for all v € H,
F(z) = =DV (z), where D denotes the Fréchet derivative operator.

Let us now state the two regularity assumptions on the nonlinearity F' which are required
to prove the weak error estimates below.

ASSUMPTION 5. For all é € (0, 3), there exists Cs € (0,00) such that for all 1,25 € 7,
one has

!A*%%(F(m) — F(z1))] < G5 (1 + 1] 1=s + |$2|14;‘5)‘A7i+6(x2 —a1)].

ASSUMPTION 6. The nonlinearity F is twice differentiable and there exist ap € [0,1) and
Cr € (0,0), such that for all z,hy, he € H, one has

A" D*F(z).(h1, ha)| < CF|ha|ha|.

Note that by the global Lipschitz continuity of F’ (Assumption, when F' is differentiable
one has

\DF(z).h| < Lg|h|

for all x,h e H.
Whereas Assumption [2] is always assumed to be satisfied in the sequel, the four other
assumptions may not always satisfied simultaneously, and which of these assumptions are

required to be satisfied is written explicitly for each of the results stated below.
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2.4. Description of an example. The objective of this section is to show that the
stochastic partial differential equation firs in the abstract framework described above.

Let H = L*(0,1), and let a : [0,1] — R be a smooth mapping, with min(a) > 0. The
operator A is defined by

Az (€) = —d¢(a(§)(6))
for all z € D(A) = H}(0,1) n H?(0,1) satisfy Assumption [I] The choice of the domain is
related to the homogeneous Dirichlet boundary conditions imposed in ([IJ). When a(-) = 1,
—A is the standard Laplace operator with homogeneous Dirichlet boundary conditions. In
that case, \; = (jm)? and e; = v/2sin(jm) for all integers j € N.

Let us now deal with the nonlinearity F' in this setting. Let f : R — R be a mapping of
class C? with bounded first and second order derivatives. Define the nonlinearity F' : H — H
such that

F(x) = f(z())
for all z € H = L*(0,1). The operator F' is called a Nemytskii operator. Let us check
that the regularity assumptions from Section [2.3| are satisfied in this example. e Since f is
globally Lipschitz continuous, it is straightforward to check that F' is also globally Lipschitz

continuous. e Assumption [2| is satisfied when sup |f'(z)| < A;. o Assumption [ is satisfied
zeR
with

Vi) = - | olae)as

0
where the mapping v : R — R is an antiderivative of f, i.e. v" = f. Indeed, for all z,h € H,
one has

DV(z).h = =" (z()h() = f(z()h() = F(z)h
To check that Assumptions [f| and [0] are satisfied, some auxiliary inequalities are needed.
Owing to [54], Theorem 16.12], for all o € [0, 1), one has

H = W?*(0,1)
and for all « € (3, 1], one has
H* = Wg™(0,1) = {w e W*2(0,1); 2(0) = (1) = 0},

where 1W2*2(0, 1) are the standard fractional Sobolev spaces. Moreover, the norms |- |, and
| - [w2e2(0,1) are equivalent: for all a € [0,1]\{1}, there exists C, € (0,0) such that

C;1| : ‘a < | : ‘WQO"Q(O,l) < Ca| : |a~

Let us introduce the Banach spaces L*(0,1) and L'(0, 1), and recall several useful inequali-
ties. First, for all § > 0, there exists Cjs € (0, 00) such that

%[ Lo 0,1) < Col] 1125 < Cosla]1 s
By a duality argument, one then obtains the inequality
1
(18) |A 4 6{L‘|L2(071) < |I|L1(0,1)
for all z € L'(0,1). Moreover, for all § > 0, there exists Cs € (0,90) such that

_1 _1 1_
(19) A3 (2129) [ pr(0.1) < Cs|A™3722 120,y |AT 22| 12(0.1).-
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Finally, for all 6 € (0, 1), and for any L1psch1tz continuous function ¢ : R? — R, there exists
Cs(g) € (0,0) such that for all 1,2 € Hi~ 1, one has

(20) l9(a1,22)1_s < Cs(g) (Jea]1_s + |aa|s_s).

We refer to [15, Section 3.2] for the proofs of these inequalities, using properties of the
standard fractional Sobolev spaces.
Using the inequalities above, we are now in position to check the remaining assumptions.
e Assumption |5 is satisfied. Let ¢ € (0, i) and 21, 1 € Hi7%. Observe that

F(z) — F(z1) = (z2 — z1)g(21, 22)
where for all z1, 29 € R g(z1, 29) So ( (1—-0)z + 922)d9 Applying succesively (18 . .
and (20 . (with a constant C' which may vary from line to line and depends on §), one obtains
AT+ (F(ws) — F(21))|r200) < CJA™T* 5(F(ﬂ%) — F(21)) |10
< C|A_%+5($2 - $1)|L2(0,1)|Ai_gg(1‘17$2>|L2(0,1)
< CIA ¥ (wy — 21) |2 (AT 31l i20) + A3 3ol 120

e Assumption @ is satisfied: this is a straightforward consequence of the inequality
and of the identity
D*F().(h1, ha) = f"(x(-)ha (-)ha(-)-
One can then choose ap = % + 0 for arbitrarily small § € (0
with Cp = C.sup |f(2)].

zeR

,2), then the inequality holds

2.5. Well-posedness and regularity properties. We are now in position to study
the well-posedness property of the stochastic evolution equation

(21) dX (1) = —AX(t)dt + F(X(#))dt + dW (1), X(0) = ao,

where the linear operator A is introduced in Section [2.2] the nonlinearity F is introduced
in Section and the cylindrical Wiener process (W (t)) 1> 1s introduced in Section .
The initial value z( is an arbitrary element of H. For simplicity, it is assumed that zq is
deterministic, however the extension of the results below to random Fjy-measurable initial
values with suitable moment bounds is straightforward and is omitted.

An H-valued continuous stochastic process (X (t)) 1= 18 called a mild solution of the
stochastic evolution equation if it satisfies for all t > 0

(22) X(t) = ey + f

0

¢
e INE(X (5))ds + f e~ DG (s).

0

defined by

It is convenient to introduce the stochastic convolution (WA(t)) =0

t
(23) WAt) = J e~ DN (s)

0
for all t > 0. Owing to Assumption[I], the stochastic convolution defines a H-valued Gaussian
process. In particular, applying [t6’s isometry formula yields for all £t > 0

—s —2s 1
‘WA J He A”£2 H)ds = ZJ 2 )\st E < Q0.

jeN
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The following well-posedness result is then obtained applying a standard fixed point argu-
ment. We refer for instance to [33], Section 7.1].

PROPOSITION 2.1. Let Assumptions[1] and[3 be satisfied. Then the stochastic evolution
equation admits a unique maild solution (X(t)) for any arbitrary initial value xo € H.

t=0’

The dependence of the mild solution with respect to the initial value z( is often omitted
to simplify the notation. The notation E,[¢(X(f))] may be used below to compute the
expected value of ¢ (X (t)) when the solution X (¢) has initial value X (0) = z.

In addition, the following spatial and temporal regularity properties are satisfied: for all
a € [0,1) and all T € (0,0), there exists Co(T) € (0,0) such that for all 2y € H and all
t,t1,t2 € (0,T], one has

(EIX(©)21)2 < CalT)(1 + o),
(E[1X (£2) — X(11)[2])7 < CalT)lts — £1|*(1 + (t2 A t2) o).

The proof of those regularity properties is based on combinations of the smoothing prop-
erty with the error estimate , using the mild formulation . Since the result is
standard, the detailed proof is omitted.

2.6. Invariant distribution. Let us now study the long-time behavior of the mild solu-
tion (X (1)) 120 given by (22), when Assumption is satisfied. We refer to the monograph [32]
for a general/presentation of ergodicity results for parabolic semilinear SPDEs.

First, in a general setting, one has the following result.

PROPOSITION 2.2. Let Assumption[d be satisfied. Then the stochastic evolution equation
admits a unique invariant distribution po, and there exists C' € (0,00) such that for any
function ¢ : H — R of class C* with bounded derivative, for all T = 0 and x € H, one has

E.[o(X(T))] - j odji] < Cllillie ™07 (1 4 Ja).

As already explained, in general no expression of the invariant distribution p4 is known,
except when Assumption [4] is satisfied.

First, when F = 0, the invariant distribution of the stochastic convolution (W (t))
defined by is the centered Gaussian distribution

t=0

(24) v =N(0, %A‘l),

which is the distribution of the H-valued Gaussian random variable Z = where

N/
7eN \/E J
(/Yj)jeN is a sequence of independent standard real-valued Gaussian random variables.

Second, when F' = —DV has a gradient structure (Assumption 7 for some V : H — R,
the invariant distribution p. is a Gibbs distribution with respect to the reference Gaussian
distribution v. We refer to [32], Theorem 8.6.3].

PROPOSITION 2.3. Let Assumptions[3 and[{] be satisfied. Then the invariant distribution
Lo Of the stochastic evolution equation 15 equal to the Gibbs distribution p,. defined by

(25) dy(z) = Z7Le 2V @ay(z)
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with normalization constant Z = §e=2V@dy(x) € (0,90). Moreover, one has the bound

(26) f|x|du*(x) < 0.

2.7. Spectral Galerkin approximation. In order to justify most of the arguments
provided below, it is convenient to introduce an auxiliary finite dimensional approximation
procedure. In particular, in the finite dimensional framework, the derivatives may be inter-
preted as Fréchet derivatives, all the linear operators are bounded, and the solutions of the
auxiliary Kolmogorov partial differential equations can be understood in a classical sense.
On the contrary, differentiability conditions in infinite dimension may require more care, and
giving meaning to solutions of infinite dimensional Kolmogorov equations is more involved.

The auxiliary approximation procedure is standard in the literature. In this work, one
can employ a spectral Galerkin approximation: for all J > 1, let P’ be the orthogonal

projection operator defined by
J

Pl = Z(x, €;)€;
=1
and introduce the stochastic evolution equa’gion
dX7(t) = —AX7(t)dt + P'F(X’(t))dt + P’dW (t), X’7(0) = P’x.
In fact, (X7(t)) 1= 18 solution of a stochastic differential equation with values in the finite
dimensional space H” = span(ey,...,eys).
To obtain the results stated below, it suffices to combine two arguments:

e proving moment and error estimates for X7 which are uniform with respect to .J € N,
e letting J — c0.

To simplify the notation, in the sequel, the dimension J is omitted. All the proofs of
moment and error estimates should be understood as being performed for X7, with bounds
independent of J. Similary, the regularity properties for solutions of Kolmogorov equations
should also be understood in an approximate finite dimensional framework, with bounds
independent of J. This standard convention is used everywhere in the sequel.

3. Description of the modified Euler scheme

The objective of this section is to provide the definition of the proposed modified Euler
scheme. Three equivalent formulations of the integrator are given below, however these
formulations serve different purposes: the practical implementation is performed using the
first one, whereas the second and third ones are employed to prove moment bounds and error
estimates.

To define the numerical integrator, the following definition is convenient. A random
variable I' is called a cylindrical Gaussian random variable if

= E'Ynen

neN

where (en)neN neN
are independent real valued standard Gaussian random variables (E[v,] = 0, E[y2] = 1 for

all n € N and E[v,7,] = 0 for all n # m € N). Note that increments of the cylindrical
Wiener processes AW,, = W (t,;1) — W(t,) for n € Ny satisfy the equality in distribution
19
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AW, = /1T, where (F”)neN is a sequence of independent cylindrical Gaussian random
variables. Observe that cylindrical Gaussian random variables I' do not take values in H:
E[|T]?)] = o0, and even |T'|*> = oo almost surely. However, if L € Ly(H) is an Hilbert—
Schmidt operator, then LI" is a well-defined H-valued centered Gaussian random variable
with B[|LT] = LI, 5.

In order to explain the construction of the proposed modified Euler integrator, let us in-
troduce the standard linear implicit Euler scheme. Let (F”)neNo be a sequence of independent
cylindrical Gaussian random variables, then set for all n € Ny

(27) X7 = A (X7 TP (X + VAT,

with initial value XJ*" = 20, where the bounded linear operator A, is defined by
(28) A, = (T +7A)7
The integrator formally satisfies the equality

Xodh = X% = rAX] + TF(X]™) + Ty,

n+l —
which justifies to interpret as a semi-implicit Euler scheme, where the linearity is treated
implicitly and the nonlinearity is treated explicitly. The formulation is more suitable
since A, is a bounded linear operator, whereas A is unbounded. In addition, A.I', is a
well-defined H-valued Gaussian random variable: indeed A, is an Hilbert—Schmidt operator

for all 7 > 0, with
1

2 2
My = YAl = 3 e <

jeN jeN
As a consequence, for any initial value zq € H, one has X7 € H for all n € N.
Properties of the standard Euler scheme are recalled in Section .

3.1. Definition of the modified Euler scheme. We are now in position to define
the modified Euler scheme. Let <Pn71)n€No and (F"’Q)neNo be two independent sequences of
independent cylindrical Gaussian random variables. Set for all n € Ny

(29) ;_;,_1 = AT (X; + TF(X;)) + Bﬂ\/FFnJ + B.,-’Q\ﬁrn’g,

with initial value XJ = xy, where the linear operators A, B.; and B;, are assumed to
satisfy

(30) A =(I+7A), By \%(1 FTA) BB, = (T A,

where L* is the adjoint of a linear operator L. As already explained above, the random
variable B, 11,1 is a well-defined H-valued Gaussian random variable since B,; = \%AT is

an Hilbert-Schmidt linear operator. If the linear operator B; s satisfies the third condition
in , then B, is also an Hilbert-Schmidt linear operator (under Assumption , thus
B, oI, is also well-defined. Indeed, one has

* * 1
%Q(H) = Z ‘BT,2ej‘2 = Z ‘BT,2€j’2 = Z<BT72BT,26j7€j> = 2 2<1 i /\jT) <@
jeN

jeN jeN jeN

HBT,2

The motivations for imposing the conditions for the linear operators are the following

(more details are given below). First, if F' = 0, then the proposed scheme preserves
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the invariant distribution v of the stochastic evolution equation . Second, contrary to
other methods (such as an exponential Euler scheme) which satisfy the first requirement,
the proposed scheme can be implemented without knowing the eigenvalues ()\j)jeN and the

eigenfunctions (en)jeN of A.

The proposed scheme is a modification of the standard Euler scheme , in par-
ticular note that A, is given by in both cases. However, let us highlight the major
difference between the two schemes: the definition of the proposed integrator requires the
use of two sequences of independent cylindrical Gaussian random variables. We refer to
Remark below for an explanation of this requirement.

Note that there exist multiple choices to define linear operators B; 5 such that the third
condition in (30]) is satisfied. Precisely, all choices of the linear operators such that is
fulfilled give sequences of random variables (X;)%NO which are equal in distribution. This
is consistent with the fact that the distribution of a H-valued Gaussian random variable LT’
only depends on its covariance operator LL*. A naive choice would be to set

1
B.ox = ——(x,¢;)¢;
? ﬁ% 2(1+)\j7')< 2

for all x € H: then B, would be the square root of the self-adjoint operator %AT. How-
ever, the definition of B,s above would require the knowledge of the eigenvalues ()\j)jeN
and the eigenfunctions (ej)jeN of A. To avoid this requirement, which may be restrictive
in pratice, note that it is instead possible to use a Cholesky decomposition of the operator
$A; = 2(I + 7A)~'. More precisely, in the context of the example described in Section
corresponding to the stochastic partial differential equation , the implementation of the
scheme requires a spatial discretization procedure, which may be performed using a finite
differences approximation (with mesh size denoted by h), the Cholesky decomposition is then
performed at the finite dimensional approximation level. Computing the Cholesky decom-
position is generally less expensive than identifying the eigenvalues and the eigenfunctions
of the linear operator A, (which is a tridiagonal matrix for the example). In the sequel,
the spatial approximation is omitted and we focus only on the temporal discretization. The
convergence results below may be generalized at the finite dimensional approximation level,
with error bounds independent of & (see Remark [4.5)).

Based on the discussion above, it is clear that the proposed scheme is a modification
of the standard scheme which has a more expensive implementation, due to the need
to compute an additional Gaussian random variable B, I, o at each iteration. However, the
huge benefits of using the modified Euler scheme will be stated and illustrated below:
the main results are stated in Section [4] whereas comparisons with an exponential Euler
scheme and the standard Euler scheme are provided in Section [7] and [§] respectively.

3.2. Second formulation of the modified Euler scheme. Let us introduce an equiv-
alent formulation of the proposed integrator , where a single sequence (F”)nENO of inde-
pendent cylindrical Gaussian random variables is needed. This formulation is not used in
practice.

Define the self-adjoint linear operator B, such that

1 1
B2 =B, + BB, = §(A3 +A) = 5(2] +7A)(I +7A)72
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where A, B, and B; s satisfy the conditions . The linear operator B, is given by

2 —I— )\ T
31 B.x = x,€;)€;
for all z € H.
For all n € N, set
(32) X7 = A(X] +7F(X])) + V7B.T,
with initial value f(g = 19, where A, and B, are given by and respectively, and
where (F")nENO is a sequence of independent cylindrical Gaussian random variables. Then

one has the following result: the sequences (X T) neNo and (X T) nen, are equal in distribution,

for any value 7 € (0,79) of the time-step size. This result is a straightforward consequence
of the following equality in distribution

(33) Brilny+ Brolh o = BTy,

if I'yp and T', 5 are two independent cylindrical Gaussian random variables. Indeed, the
random variables in the left and the right hand sides of are centered H-valued Gaussian
random variables with the same covariance operator. Observe that B, is indeed an Hilbert—
Schmidt linear operator, so that B,I',, is a well-defined H-valued Gaussian random variable.

In the sequel, the same notation (X,TL )neNO is used for both formulations and of
the modified Euler scheme, since all equalities are understood as equalities in distribution.
The second formulation is more convenient for the analysis the scheme, however this
formulation could be implemented only if the eigenvalues (/\j)jeN and the eigenfunctions
(ej)jeN of A were known, whereas the first formulation can be implemented without
this requirement as explained in Section [3.1}

The formulation (32)) clearly shows why the proposed scheme is a modification of the
standard Euler scheme (27)): the random variable A.T",, in (27) is replaced by B,T", in (32]).

Let us now justify why introducing the modification of the standard Euler scheme with
B, such that holds is relevant.

PROPOSITION 3.1. Assume that F' = 0. Let A, and B, be given by and
respectively. Then, for any value 7 € (0,79) of the time-step size, the unique invariant
distribution of the numerical scheme 1s the Gaussian distribution v given by : if X§
1s a random variable with distribution v, independent of the sequence (F”)neNo of cylindrical
Gaussian random variables, then the distribution of X s equal to v for all n € Ny.

Note that the standard Euler scheme does not preserve the invariant distribution
v when F' = 0, see Section [§] for more details and the issues which are raised by this non-
preservation of the invariant distribution. We also refer to Section [J for two applications of
Proposition [3.1] which justify the superiority of the modified Euler scheme over the standard
Euler method, in this context where the process is Gaussian: the definition of asymptotic
preserving schemes for a class of multiscale stochastic evolution systems in an averaging
regime (Section and the definition of a Markov Chain Monte Carlo proposal kernel

(Section [9.2).

22



PROOF. The proof is straightforward. On the one hand, the unique invariant distribution
of when F' = 0 is the centered H-valued Gaussian random variable with covariance
operator equal to

(I — A2)7'B2.
On the other hand, using the definitions of A, and B,, one has the identity
[ — A% =27AB2.

Therefore one has

1
(34) TB(I — A%t = 5/\*1
which is the covariance of the centered Gaussian distribution v. O

3.3. Third formulation of the modified Euler scheme. In this section, we intro-
duce the third formulation of the modified Euler scheme, which is a crucial tool to prove the
main results below. This formulation consists in interpreting the modified Euler scheme ,
or equivalently its second formulation , as the accelerated exponentiel Euler scheme as-
sociated with a modified stochastic evolution equation, of the type

(35) dX(t) = —A X (1)dt + Q. F(X,(8))dt + Q2dVV (1),

depending on two self-adjoint linear operators A, and @), defined below. The initial value is
X,(0) = zy. The mild formulation of the solution (X;(t)) 1> Of the modified equation (35
is given by

(36) X, (t) = etz +f MQLF(X,(s))ds + J e*“*s)AfQédW(s),

0 0
for all ¢ > 0, and the accelerated exponential Euler scheme is obtained by

t t

tn+1 1
BT A = A A AN =B + [ N QRN (),
t

n

for all n € Ny, using the identity St"“ “(tn1=9)Args = AZY(] — ™). Comparing
and (37), for any value 7 € (0,79) of the time- step size, the equalities in distribution

(X7)
are satisfied when the following equalities hold:
(I+7A)t =T
(I+7AN) =AY —e™)Q,

-
.

B = J e M Qe M ds.
0

This leads to define the linear operators in the modified stochastic evolution equation (35|
as follows. For all j € N and all 7 € (0, 79), set

log(1+7A;)

neNy = (X;;)nENO = (XTin)neNo

>\T,j = >0

T
(38) o log(1+ 7A;) 50
QT,j - )\jT I
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and define the self-adjoint linear operators A,, @), and QT% by

Ax = Z Az, eje;,

jeN
(39) er = Z Qﬂj<x> €j>€j>
jeN
Q? = Z V7T, e5)e,
jeN

for all x € H. It is straightforward to check that the conditions above are satisfied with these
definitions of A, and Q.

Note that the linear operators (), and A, commute, and they both commute with the
linear operator A. The linear operators e "= are defined by

e g = Z e Milz,eve;

jeN

for all z € H, all t > 0 and all 7 € (0,7). Since A, ; = 0 for all j € N and all 7 € (0, 7), for
all ¢ > 0 the linear operator e~* is bounded, with |e™" ||z < 1.

It is worth mentioning that A, is an unbounded operator, with A, ; growing like log(j)
when j — o0, whereas \; grows like j2. This major difference in the behaviors of A, and

1
A leads to technical difficulties in the analysis below. Observe also that Q7 is an Hilbert—
Schmidt linear operator for any 7 € (0,79): . jen Orj < 0. As a consequence, the Gaussian

random variables Sg e*(t*S)ATQT% dW (s) and S;Z“ e~ (tn+1=5)As QédW(s) appearing in the mild
formulation (36]) and in the associated scheme are well-defined with values in H. More
precisely, it is straightforward to check that the following well-posedness result holds. The
details of the proof are omitted.

PROPOSITION 3.2. Let Assumptions and@ be satisfied. For any T € (0,79), let A, and
Q, be defined by . Then, for any initial value xq € H, the modified stochastic evolution
equation (35) admits a unique global mild solution (XT(t))tzo’ satisfying .

Moreover, if Assumption @ 18 satisfied, the modified stochastic evolution equation
admits a unique tmvariant distribution fir .

Note that Proposition stated and proved below (see Section [5|) gives a refined version
of Proposition [3.2 with bounds which are uniform with respect to 7.

When 7 — 0, it is observed that for any fixed j € N, one has A\.; — A; and ¢,; — 1.
As a consequence, it is expected that X, (t) converges to X (t), at least in distribution, for
all t > 0. Proving this convergence result is part and giving the rate of convergence with
respect to 7 are part of the proof of Theorem [£.8f The proof requires precise error estimates
for the errors A;x — A,z and Q,z — x: see Lemma [5.2] in Section [5.1]

The third formulation of the modified Euler scheme is crucial in the analysis, but
it is not needed for the implementation of the scheme (which is performed using the initial
formulation (29]). In particular, the linear operators A,, e~™ or Q, do not need to be

computed.
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One of the main properties of the modified stochastic evolution equation is the
following result concerning its invariant distribution, when the conditions of Proposition [2.3]
are fulfilled.

PROPOSITION 3.3. Let Assumptions@ and be satisfied. For any value 7 € (0,7) of the
time-step size, the unique invariant distribution p, ., (see Proposition of the modified
stochastic evolution equation 1s equal to the Gibbs distribution p,. given by .

Observe that if F' = 0, this result is consistent with Proposition above (when F' = 0,
the accelerated exponential Euler scheme gives X, ,, = X.(t,) for all n € N by construc-
tion). The crucial feature of the modified equation associated with the modified Euler

1
scheme which justifies Proposition is the presence of the operators Q, and Q2 in
front of the nonlinearity and of the Wiener process respectively. The proof of Proposition (3.3
is similar to the proof of Proposition [2.3} it consists in applying a spectral Galerkin approx-
imation procedure (see Section , in identifying the invariant distribution for the finite
dimensional approximation as a Gibbs distribution with respect to the finite dimensional
approximation of v, and in taking the limit. The details are omitted. Note that in general
the result of Proposition does not hold when F' does not have the gradient structure
given by Assumption [4] hence the need to treat separately the gradient and the general case
below.

3.4. Additional remarks. Before proceeding with the statement and proofs of the
main results concerning the modified Euler scheme, let us state two remarks concerning the
construction of the integrator in its first formulation , in particular to explain how the
conditions for the linear operators B;; and B are found, and why two sequences of
cylindrical Gaussian random variables appear in the formulation . Remarks and
do not play any role in the analysis below.

REMARK 3.4. Assume that F' = 0. Introduce the self-adjoint linear operators
A, =B, = (I +2rA)7Y2
Then it is straightforward to check that the identity
2rAB2 =1 — A?
18 satisfied. Introduce the auxiliary numerical scheme defined by
(40) Xro = AX + BT, = A (X] +/7T,),

with initial value Xg = xg, where (f")neNg s a sequence of independent cylindrical Gaussian
random variables. The identity above shows that the auxiliary scheme (40)) preserves the
Gaussian invariant distribution v, for any value T € (0,79) of the time-step size. However,
this auxiliary scheme is not suitable for a general practical implementation since computing
flT and E’T would require the knowledge of the eigenvalues ()\j)j and of the eigenfunctions
(6j)jeN OfA

The formulation of the modified Euler scheme is obtained setting

eN

T_ v3
Xn - 2n
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withT', 1 = fgn and I’y o = f2n+1. This means that, formally, when F' = 0, the modified Fuler
scheme with time-step size T is obtained by composing two steps of the auziliary scheme (40)
with time-step size 3 defined above. Indeed, one then has for all n € Ny

T
2
2n+2

= Ay (% + 4 [3Tnn)
= -’Zl% (-’Zl%( ~2% \/g]-an) \/gr2n+1>
—AQXT \/7./42 n1+\/7-/4 Fn27

-
Xn+1

with the identities

In practice, B,y # \%ft% in general, when a Cholesky decomposition is used to implement
the scheme .

The interpretation of the modified Euler scheme using the auziliary scheme (40))
gives a justification for the identification of the conditions on the operators B, and B; o
appearing in . In addition, this interpretation also shows that the cylindrical Gaussian
random variables 1',, 1 and I', o may interpreted in terms of increments of the cylindrical
Wiener process as follows:

Lpy = W(tn+%> = W(tn), Tnz=W(tns1) — W(tn+%>7

with t, = nt and tn+% =t + 5 = % The reason why two sequences (le)neNO

and (an2)neN0 of cylindrical Gaussian random wvariables appear in the formulation
of the modified Fuler scheme is now clear using this interpretation based on the auxiliary
scheme (40)).

Finally, observe that the Gaussian distribution v for any value T € (0,79) is preserved

both by the auxiliary scheme and by the modified Fuler scheme when F' = 0, for any

value T € (0,79) of the time-step size. This property is consistent with the equality X = X'Q%n
for all n € Ng.

REMARK 3.5. The definition of the modified Euler scheme requires auxiliary linear
operators similar to those appearing in the definition of the postprocessed integrator introduced
in [22]:

1
X7 = A, (X”’p +TF(XP™ + /73 A) + /T,
(41)
erp erp 4 jﬂfpm
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where A, is given by and the linear operator [J. is such that J.J* = (I + %TA)_l.
The initial value is X§* = xo, and (Fn) are independent cylindrical Gaussian random
variables.

Like for the definition of B, ., there are multiple choices to choose Jr, and in practice
a Cholesky decomposition of (I + 1TA)~" can be employed. The operators 5(I +7A)™' and
(I + %TA)*l appearing in the two Cholesky decompositions to define B, o and J; have similar
expressions, this observation is justified below.

The postprocessing integrator 18 another type of modification of the standard Fuler
scheme . It has been introduced in [22] to provide a better approximation of the invariant
distribution pio: it is proved that if F = 0, then X* converges in distribution to the
Gaussian distribution v (defined by ) when N — oo, for any value of the time-step size
7€ (0,70) (while one has X7PP = X for alln € Ny ). This property justifies the requirement
that T is a solution of J,J* = (I + %TA)_l, and the similitude with the requirement in (30))
for Bo such that v is also preserved by the modified Euler scheme (29)).

Using the postprocessed integrator 15 computationally less expensive than using the
modified Fuler scheme .' indeed it is required to compute X PP only at the last stepn = N
of the numerical experiment, if the objective is to approximate the invariant distribution
only. Note that it is not known whether the postprocessed integrator leads to improved
approximation of the invariant distribution . in general (when F # 0). In addition, as
will be explained below using the modified Euler scheme (29) results in better qualitative
properties than using the standard Euler integrator , or than using the postprocessed
integrator if XPP is not computed at all time steps. Computing X' at all time steps
would result in a scheme with essentially the same computational cost as using the modified

FEuler scheme .

REMARK 3.6. The recent article [I] presents another illustration of how the choice of
the discretization of the noise may have an impact on the spatial reqularity property of the
numerical solution. In [1|, the linear part is discretized using explicit-stabilized integrators,
instead of an implicit discretization with A, = (I + 7A)™', and two methods are proposed.
One of the methods has a behavior similar to the one of the modified Fuler scheme studied
in this article. However, the method from [1| does not preserve the Gaussian invariant
distribution v in the Ornstein—Uhlenbeck case.

neN

4. Main results

We are in position to state the main results of this article. In this section, the linear
operator A and the nonlinear operator F' satisfy at least Assumptions [I] and [2| respectively.
Recall that the time-step size is denoted by 7 and satisfies 7 € (0, 7).

Let us first recall the definition of the modified Euler scheme , using its second
formulation : one has

(42) X741 = A (X + 7F(X])) + VBT, X7 = 0.

To illustrate the main qualitative and quantitative results concerning the scheme (42)), it is
convenient to introduce two integrators which have been extensively studied in the literature.
First, the standard Euler scheme is given by : one has

(43) X7 = A, <X;’St +TF(XT) ﬁrn>, X7 = .
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Second, the (accelerated) exponential Euler scheme is given as follows: for all n € Ny,
tn+1

(44) XZfl:tf”AXZ@%—AfIUF—e_“WPKXZﬁ)+~[ e U= (5), X7 = .
tn

The qualitative behavior of the modified Euler scheme (42)) is studied in Subsection .
Error estimates for this new integrator are then stated in Subsection and [£.3] The
most relevant result which justifies the study of the proposed scheme is Theorem in
Subsection , in a specific context (approximation of the Gibbs invariant distribution under
the gradient structure assumption). On the contrary, the results in Subsection are more
standard and are verified for the other schemes, however precise statements and detailed
proofs are provided since they show that the new scheme is applicable in a general framework.
Old and new results on the standard and exponential Euler schemes are stated in Section [4.4]
and respectively, in order to illustrate the properties of the modified Euler schemes
compared with those methods.

4.1. Qualitative behavior of the modified Euler scheme. Let us first assume that
o = 0 and F = 0: therefore the solution of the stochastic evolution equation is
the stochastic convolution (WA(t)) 1> defined by ([23). In that setting, the solution of the
modified Euler scheme is given by -
N—1

Wi = 3 AN (BT + Booy/T)
(45) o

N-1
— 3 AYig LA,
n=0
for all N € Ny, using the two equivalent formulations and .
We are in position to state the first main result of this article.

THEOREM 4.1. For all T € (0,79) and all N € N, the distributions p(ty) = pwaq,) and
px = pwy of the Gaussian random variables W2(tn) and W are equivalent. Moreover,
they are both equivalent to the Gaussian distribution v given by .

Note that Theorem does not hold for the standard Euler scheme : for all 7 € (0, )
and all N € N, the distributions of W*(t,) and of

N-1

qu\—fSt = Z Aiv_n\ﬁrn

n=0

are singular, see for instance [13].

PROOF OF THEOREM 4.1l The proof follows from applying the Feldman-Hajek crite-
rion, see for instance [33, Theorem 2.25].

The covariance operator of the Gaussian distribution v is denoted by Q = %A‘l, and for
all T' € (0,00), the covariance operator of the Gaussian distribution p(T") = pya(r) is given
by

T
o(T) = f e 2t = %A‘l (] — 6—2TA) — Q(I _ 6—2TA).
0
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It suffices to check the two following items to check that p(T') and v are equivalent for all
T e (0,0).
e The ranks Q(H) and Q(T')(H) of the operators Q and Q(T') respectively are equal
to He.
e The linear operator R(7T) = (Q_% Q(T)%) (Q 2 (T)%)* — I is an Hilbert-Schmidt
operator: indeed one has
DIR(D)es = D™ < o,
jeN jeN
For all 7 € (0,70) and N € N, the covariance operator of the Gaussian distribution p}, = pwr
is given by

N

N-1
Ty ANTTIB (AN B,
n=0

= B(I — AN - AYY)
1
=3 I =AY
= Q(I - A72'N>7

owing to the identity . As above, it suffices to check the two following items to check
that pj and v are equivalent.

e The ranks Q(H) and Q]HV(H ) of the operators Q and QJ, respectively are equal to

Hz.
e The linear operator R} = (Q_%(QT)%)(Q_%(QR,)%)* — [ is an Hilbert-Schmidt

operator: one has

1
T 2
2. [Rivesl —Zm<w-

jeN jeN
The application of the Feldman-Hajek criterion then concludes the proof of Theorem 0

In the semilinear case (F' # 0), one has the following result, which shows that the modified
Euler scheme preserves the spatial regularity of the solution of the stochastic evolution
equation (21)), at all times.

THEOREM 4.2. Let F satisfy Assumption[d, and let xo € H be an arbitrary initial value.
For all € [0,1), 7 € (0,79) and N > 1, the following statements are equivalent:
(i) B[|X(NT)[3] < o0,
(i1) B[ XF[2] < oo,
(i) € [0, 7).
It is worth mentioning that Theorem does not hold for the standard Euler scheme :
one has
E[|X3[3] <
for all a € (0, %), see [13]. This means that for a fixed time step size 7, the approximate
solution computed using the standard Euler scheme has higher spatial regularity than the

exact solution, whereas the approximate solution computed using the modified Euler scheme
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preserves the spatial regularity property, expressed in terms of the Sobolev-like norms de-
noted by | - |,. See Figures |1] and [2| for a numerical illustration of the different qualitative
behaviors when using the modified Euler scheme and the standard Euler scheme.

The proof of Theorem is straightforward. Note that more precise moment bounds
for X7, which in particular are uniform over 7 € (0,7), are stated and proved below (see

n

Lemma 5.8 in Section [5.5) and are instrumental in the error analysis.

PROOF OF THEOREM [.2] First, it is straightforward to check that E[|X(N7T)[*] < o
and E[|X%|?] < o for all N € N and all 7 € (0,75). Second, owing to the inequality

|AZe™ ™ ooy + | A2 AL | £y < Ct2 +C77 7 (using the smoothing property (I6)), one obtains
E[|X(NT) - WHNT)2] + E[IX% - WE[2] <o
for all o € (0, 3]. Finally, it remains to check that

NN g tA |12 lgl—e?™
BIWANDR] = [ 1A%t = 5 3 e
0 jeN J
and
N-1
E[WZ] =7 > [AATB. |2,
n=0
N—1
=7 ) DA A Breyl
n=0 jeN
Are PN
_ BT )\2& | J
T‘ e]‘ Z ‘IA 63‘2
_ 2 - W
- 1—2a
jeN 2)\j
are finite if and only if a < }1, where the identity has been used.
This concludes the proof of Theorem 1.2 O

Before proceeding with the statement of the error estimates, let us state the following
result concerning the long-time behavior of the modified Euler scheme.

PROPOSITION 4.3. If Assumption[3 is satisfied, then for all T € (0,79), the modified Euler
scheme admits a unique invariant probability distribution pl,, which satisfies

(46) sup J]as| dul, < oo.

7€(0,70)

for all ace [0, 1).
Moreover, there exists C € (0,00), such that for all functions ¢ : H — R of class C*, for
all zo € H, for all T € (0,79) and for all N € N, one has

(47) Ep(X5)] - f pdiis,| < Cllolle™™ (1 + o),

with kK = i\_li_TL)\F € (0, )\1 — LF)
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Finally, when F' = 0, then ul, = v is the Gaussian distribution given by , which s
the invariant distribution of the stochastic convolution (23)).

Contrary to the previous results Theorems and the first and second parts of
Theorem [4.3| hold also for the standard Euler scheme. Note that the last part of Theorem
is given by Proposition [3.1] above, and is not satisfied by the standard Euler scheme.

The proof of Proposition employs standard arguments but requires several technical
moment estimates to check that C' and x do not depend on 7 € (0,7y). The proof is thus
postponed to Section [5.5]

4.2. Approximation in the total variation distance of the Gibbs invariant dis-
tribution. We are in position to state the major result of this article.

THEOREM 4.4. Let the nonlinearity F' satisfy Assumptions@ @ and@. Forallé € (0, 3)
and 1o € (0,1), there exists Cs € (0,00) such that for all T € (0,79) one has

(48) dry (ply, i) < G277,

where pl is the invariant distribution of (X )n,so (Proposition and [, s the invari-
ant distribution of (X(t))t>0 (Proposition , with is the Gibbs distribution given by
(Proposition[2.3).

Moreover, for all § € (0,3) and 75 € (0,1), there exists Cs € (0,00) such that for all
T € Hi*%, all 7 € (0,79) and N € N, with N7 = 1, and any bounded measurable function
w € By(H), one has

(49) [E[p(X7)] ~ Jsodu* < Gslll¢l| (T%“s(l +lzofi _s) + e (14 |:co|)),
with k= B (N L) e (0, M\ — Lp).

Note that the weak error estimate can be equivalently written as

(50) drv(pxg i) < Cs(T578(1+ [} ) + €7 (1 + o) )

)

8
where we recall that px7 denotes the distribution of the H-valued random variable X3. The
condition N7 > 1 is not restrictive when considering the regime of approximation of the
invariant distribution. The condition xg € H T=% for the initial value is not very restrictive.
It may be weakened at the price of additional technical arguments, which are omitted in
order to focus on the most original points of the approach to prove the main results.

To the best of our knowledge, Theorem is the first result in the literature where a
numerical approximation of the invariant distribution of an infinite dimensional stochastic
evolution equation equation is obtained in the total variation distance. Indeed, previous
results are obtained in the dy distance introduced in Section [2.1] which requires regularity
of the function ¢ to obtain a weak error estimate of the type . For the standard Euler
scheme, as explained in [13], the total variation distance

dTV(:U’Z(’)Sta M*) =2

does not converge to 0 when 7 — 0 (where p%" denotes the invariant distribution of the
standard Euler scheme ) The equality above holds when F = 0, whereas using the

modified Euler scheme one has u7, = v = p, for all t > 0 when F' = 0 (see Proposition .
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Theorem [4.4] is thus a major improvement over existing results. New results with approxi-
mation in the total variation distance for the standard and the exponential Euler schemes
are stated in Section [4.4] and below, and are compared with Theorem

As will be explained below, the value 1/2 for the order of convergence in Theorem
has a natural meaning: it is in correspondance with the temporal Hélder regularity 1/4 for
the solution of , and this order coincides with the usual order of convergence in the
distance dy of the numerical scheme in general. It is expected that the value 1/2 is optimal,
but checking this is left open.

REMARK 4.5. In practice, a spatial discretization needs to be applied to implement the
modified Fuler scheme , using either a finite differences, a finite element, or a spectral
Galerkin method. The result of Theorem[].4] needs to be interpreted carefully in this context.
Let h € (0, hy) denote the spatial discretization parameter (with h — 0): then (for instance)
the error estimate 18 written as

1_
drv(pll, 1) < Cst2™°

where Cys € (0,00) is independent of h, and where ugéh and p denote the invariant distribu-

tions, depending on h. Since the supports of these distributions is finite dimensional (with
dimension depending on h), one has

drv (ul, p) = doy (U, pl,) =2

does not converge to O when h — 0. Therefore, the total variation distance dTV(u;h, fx) does
not satisfy an error estimate of the type (48)).

Let us give the most important arguments of the proof of Theorem [£.4, The objective
is to prove a weak error estimate of the type , for bounded and continuous functions ¢
(this is sufficient, see Section . First, the modified Euler scheme is understood using
its third formulation (37): it is interpreted as the (accelerated) exponential Euler scheme
applied to the modified stochastic evolution equation . With this interpretation, the
left-hand side of the weak error estimate may be decomposed as

651 Blp(XR)] - [ edi. = Elp( (V7)) — | e + Elil )] ~ B[p(X (V)

where (XT(t)) 1~ denotes the solution of and using the identity X, , = X for all n € Ny,
see Section [3.3

On the one hand, the first term on the right-hand side of vanishes when N — oo,
owing to Proposition 3.3} under Assumptions [4] x. is the unique invariant distribution of
the modified equation for all 7 € (0,79). This is the first crucial observation which leads
to Theorem [.4] Additional technical arguments are required to proved the error estimate.

On the other hand, the second term on the right-hand side of can be treated using
the following result.

PROPOSITION 4.6. Let Assumptions [3 and [0 be satisfied and ¢ : H — R be a bounded
and continuous function. For all T € (0,79), t =0 and x € H, set

ur(t,z) = E[o(Xr(1))].
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is differentiable and one has the following estimate: for all § € (0, 1),

For allt > 0, u,(t, 5

))
there exists Cs € (0,00) such that for all T € (0,79) and for all t € (21,0), one has
(52)  [Dus(t, 2).h] < Cse=™ | @llo(1 A (t —27)) 2 (\mm + (LAt 27))*%*“|A—%+6h|>
for all x,h € H, with k = W()\l —Lp) > 0.

As will be explained in Section [5.4] the mapping (¢,z) € (0,0) x H — R is solution of

the Kolmogorov equation
atuT = ‘CTUT

with initial value u,(0,-) = ¢, where £, is the infinitesimal generator of the modified sto-
chastic evolution equation (35)). Proposition has the form of a strong Feller property
for the modified equation, the challenge is to obtain estimates which hold uniformly with
respect to 7 € (0,7p) in a certain sense: this is why the condition ¢ > 27 appears in the
statement above, and why an additionnal term +/7|h| also appears in ((52]).

Proposition [4.6] is used as follows to prove an upper bound on the second term of the
right-hand side of (51): one has the identity

Elo(Xrn)] = E[p(X-(N7))] = E[ur (0, X n)] — E[ur (N7, Xr0)]

and the analysis of the error then follows a usual strategy: the identification of an appro-
priate continuous time process (2\?7(75)) =0 such that /'\?T(tn) = X,, for all n € N, the use
of a telescoping sum argument and of It6’s formula and of the property that u, solves the
Kolmogorov equation. Since (Xm)neN is obtained by applying the (accelerated) exponential

Euler scheme to the modified SPDE (37]), the auxiliary process (A?T(t)) is chosen such

=0
that a single error term (which vanishes if F' = 0) appears in the resulting expression of the
weak error, which can be treated using Proposition above. Note that for all § € (0, %),
the right-hand side of gives a singularity which is integrable. In addition, the form of
Proposition is consistent with Assumption [5] giving the required regularity condition on
the nonlinearity F' in order to obtain the order of convergence 1/2.

The arguments explained above are only formal, many technical estimates are required
to give the proofs of the auxiliary Proposition and then of the main Theorem [£.4] The

analysis is postponed to Section [6]

REMARK 4.7. The regularity condition on the nonlinearity F in Assumption[5is used only
to obtain the weak rate of convergence % wn Theorem . If F only satisfies Assumptions@
and@ the convergence in total variation distance still holds, with order of convergence ;
instead of % one would get

1_
doy (i, ) < Cs77°.
Such a result also shows an tmprovement over the standard linear Euler scheme, when As-
sumption [ is satisfied.

4.3. Weak error estimates in a general setting. The major result of this article,
Theorem [£.4] stated above, gives an error estimate in the total variation distance drv for
the approximation of the Gibbs distribution ., which is the invariant distribution of the
stochastic evolution equation when Assumption [4| holds. The next result shows that the
modified Euler scheme also provides weak error estimates to approximate the distribution

px(r) of the solution of at arbitary times T' € (0,00), without the requirement that
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Assumptions [3] and [4] are satisfied. However, the weak error estimates below require the
functions ¢ to be of class C?, equivalently p X7, approximates px(yr) when 7 — 0 only in the
dy distance. Whether an approximation result in the total variation distance drv = dy can
be obtained is left open. Note that this would correspond to weaken the regularity of the
function ¢ in the weak error estimates.

THEOREM 4.8. Let the nonlinearity F' satisfy Assumptions@ @ and@. For all T € (0, 0),
6 €(0,3) and 7 € (0,1), there exists C5(T) € (0,00) such that for all T = % € (0,79) with
N e N and all xg € H%*g, one has

(53) dapxs, pxny) < Co(T)72 (1 + |oi_s).

More precisely, for all functions ¢ : H — R of class C* with bounded first and second order
derivatives, all T € (0,79) and all N € N, such that T = N7, and all xy € Hi_%, one has

(54) [Elo(X3)] — Elp(X(T)]] < Co(T)m2 = (llell + llellz) (1 + loli ).

When Assumption (3| is satisfied, the stochastic evolution equation admits a unique
invariant distribution p, (see Proposition[2.2)). The next result provides an error estimate for
do(ul,, fhoo ), where u7, is the unique invariant distribution of the modified Euler scheme

(see Proposition [4.3)).

THEOREM 4.9. Let the nonlinearity F satisfy Assumptions @ @ and @ For all 6 € (0, %)
and 1o € (0,1), there ezists Cs € (0,00) such that for all T € (0,79) one has

(55) da (15, o) < Cym27°.
More precisely, for all 6 € (0,3) and 0 < k < min(1+710/\17 log(i:io’\l))()\l —Lp) € (0, —Lp),

there exists Cs,,. € (0,0) such that for all functions ¢ : H — R of class C* with bounded first

and second order derivatives, all xy € Hi‘%} all 7€ (0,79) and all N € N, such that N7 > 1,
one has

(56)  [E[p(X5)] - f ol

Like for Theorem [£.8] whether an approximation result in the total variation distance,
namely an error estimate for drv(ul,, pies), can be obtained is left open. Note that Theo-
rem [£.4] gives a positive answer when Assumption [ holds.

Let us now describe the approach to prove Theorem [4.8] more precisely to prove the weak
error estimate . Similarly to , it is convenient to decompose the error as

(57) E[p(X{)] — E[p(X(T))] = E[p(X-(T))] — E[p(X(T))] + E[o(Xrn)] — E[(X-(T))],
where (XT(t)) 1= denotes the solution of the modified stochastic evolution equation (135)),
and using the identity X, , = X for all n € Ny, see Section Like for the proof of
Theorem , the second term in the right-hand side of is written as

Elo(Xrn)] — E[p(X-(T))] = Elur (0, Xrn)] — Efur (T', Xr)],

where u,(t,x) = E,[p(X,(t))] (see Proposition [4.6). The first term in the right-hand side
of may be written as

Elp(X-(T))] = Elp(X(T))] = IguT(ﬂ X(0))] = Elu-(0, X(T))].

1_ —KINT
< Conlllells + llll2) (737501 + lwol}_s) + €7 (1 + [ao))).



Applying It6’s formula, one would need to establish regularity estimates for the first and
the second order derivatives Du.(t,x) and D?u,(t,z). In order to obtain bounds with con-
stants which do not depend on the time-step size 7, technical arguments are needed, see
the statement of Proposition for the first order derivative. To avoid using such technical
statements and analysis on the second order derivative, it is more convenient to employ the
alternative expression

Elp(X-(T))] = Elp(X(T))] = E[u(0, X-(T))] = E[u(T, X-(0))],

where u(t,z) = E,[p(X(¢))], and to use appropriate regularity estimates for the first and
second order derivatives Du(t,x) and D?u(t, ) to obtain an error estimate when 7 — 0, see
Section Note that the requirement to assume that ¢ is of class C* (|||l appears in the
weak error estimates) is due to the analysis of the error term E[u(0, X (T"))]—E[u(T, X,(0))],
whereas the treatment of the other error term can be performed using a version of Propo-
sition [4.6] and assuming ¢ to be bounded would be sufficient. It is not known whether the
regularity condition on ¢ may be relaxed.
Remark that when Assumptions [3] and [4] are satisfied, one has

Jim (E[(,(T))] - E[p(X(T))]) = 0,

since i, is the invariant distribution for both stochastic evolution equations (21]) and
with that restrictive condition on the nonlinearity F' (see Propositions and [3.3]). This
observation explains why the regularity condition on ¢ can be relaxed in Theorem [4.4]

In order to prove Theorem [4.9] it suffices to apply the arguments above with appropriate
regularity bounds for the derivatives of the functions wu.(t,-) and u(t,-), to obtain upper
bounds depending on exp(—~t). The required bounds will be provided below, however the
details of the proof of Theorem [4.9| will be omitted.

REMARK 4.10. The approach presented above to prove Theorems [{.8 and [{.9 exploits
the interpretation of the modified Fuler scheme in terms of the modified stochastic evolution
equation explained in Section . It is possible to prove those results without using that
interpretation and using instead the second interpretation of the modified Fuler scheme
(see Section[3.9), in the spirit of [34) and [12] respectively. Note that these two references do
not require Assumption[d. Very similar arguments would be needed to estimates the relevant
error terms in the two approaches, however the approach we follow wn this work may be
simpler to present, and it is worth giving the details of the approach using a modified equation,
since it is has not been treated in the literature so far. Our approach may also be used to
prove the weak error estimates from [34] and [12| for the standard Euler scheme, which
can also be interpreted as the accelerated exponential FEuler scheme applied to an appropriate
modified stochastic evolution equation, see Section [{.4 below, the details are omitted.

4.4. Comparison with the standard Euler scheme. In this section, we compare the
results stated above concerning the modified Euler scheme , with the results obtained
for the standard Euler scheme .

Let us first study the qualitative behavior of the schemes. As already mentioned and
illustrated in Section the standard Euler scheme does not preserve the spatial regularity
of the solution of the stochastic evolution equation: Theorems4.1jand 4.2|do not hold for the
standard Euler scheme. Precisely, for any fixed 7 € (0,79) and any N € N, X]T\,’St takes values
in D(A®) for all a € (0, 1), whereas X (N7) takes values in D(A®) if and only if a € (0, 7).
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In the Gaussian case (F' = 0), the distributions px7 and px(ny) of the H-valued random

variables X v and X (N7) are thus singular. The proposed scheme thus overcomes the
qualitative limitations of the standard scheme (43)).

In the ergodic situation, when Assumption [3]is satisfied, an appropriate version of Propo-
sition is satisfied for the standard Euler scheme. On the one hand, the scheme admits a
unique invariant distribution denoted by u™ and variants of the inequalities and
hold: see for instance [12]. On the other hand, when F' = 0, uZ" is a Gaussian distribution
V" (see Equation ([24))), which is not equal to the Gaussian distribution v. Precisely, for all
7€ (0,79), V7 is the centered Gaussian distribution given by

TA

1
(58) v = N0, GATH T+ =5)7),
which is the distribution of the H-valued Gaussian random variable Z7 = ). 2 E—
JEN \Jax;(2+A,7) 7
where (’yj)jeN is a sequence of independent standard real-valued Gaussian random variables.

Consistently with the discussion above concerning the non-validity of Theorem for the

standard Euler scheme, the Gaussian distributions v” and v are singular for all 7 € (0, 7).

In addition, for all 7 # 7/ € (0, 79), the Gaussian distributions »” and v are also singular.
Let us now discuss convergence in distribution of Px7et 80 Px(NT), when 7 — 0 and

N7 =T, and of uZ™ to p in the ergodic situation. This question has been studied in the
literature: the weak order of convergence of the standard Euler scheme is equal to 1/2. We
refer to [34] for a version of Theorem and to [12] for a version of Theorem [1.9] for the
standard Euler scheme, under weaker assumptions on the nonlinearity F' (Assumption [5| is
not required in those references). We provide neither precise statements nor elements of
proofs of these two results. As already mentioned in Remark (Section , the weak
error analysis in [34] and in [12] exploits different decompositions of the errors, and a proof
using an interpretation of the standard Euler scheme in terms of a modified equation may
also be employed.

The remaining question is whether a result of the type of Theorem [{.4] holds for the
standard Euler scheme, when Assumption [ is satisfied for the nonlinearity F. Owing to
the discussion above, this is not possible in the case Gaussian case (F' = 0), since the
Gaussian distributions v” and v are singular for all 7 € (0, 7). To state weak error estimates
with order of convergence 1/2, it is necessary to assume that the function ¢ is of class
C?, see [13|. Therefore, the qualitative properties of the scheme have an impact on its
quantitative analysis. The proposed modified Euler scheme improves both the qualitative
and quantitative properties compared with the standard Euler scheme.

To go further in the analysis of the standard Euler scheme, we state the following vari-
ant of Theorem [£.4] where the Gibbs distribution g, needs to be replaced by the Gibbs
distribution p] defined by

(59) dpi(z) = (27) e Py (x)

with normalization constant Z7 = {e=2V@dy7(z) € (0,90), where the reference Gaussian
distribution is v defined by (b8) (instead of v). The only but crucial difference in the
definitions and is the choice of the reference Gaussian distribution, equal to v or
V7 respectively. One has the following result.
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THEOREM 4.11. Let the nonlinearity F satisfy Assumptions|[3, [4, [4 and [0 Assume also
that for all 6 € (0,1), there exists Cs € (0,90) such that for all x € H*, one has

(60) INF(z)] < C5|A%x).
For all § € (0,1) and 19 € (0,1), there exists Cs € (0,00) such that for all T € (0,79) one has
(61) drv (i, 1}) < Core™?

where pZ™ is the unique invariant distribution of (X7*")n=0 and pl is given by (25).
Moreover, for all § € (0,3) and 7o € (0,1), there exists Cs € (0,00) such that for all

T € Hi_%, all 7€ (0,7) and N € N, with N7 = 271y, and any bounded measurable function
w € By(H), one has

62)  [E[p(X5")] - j oyl

with k= B (N L) e (0, — L)

l* —RINT
< Callpll (7375 + [0l _s) + e (1 + [aol) ),

To the best of our knowledge, Theorem {4.11] is a new result. Even if this convergence
result has little practical interest since one is interested in the approximation of ji,, not of uZ,
this statement is another illustration of the limitations of the standard Euler scheme and
of the superiority of the modified Euler scheme . In addition, the proof of Theorem m
is based on the ideas developed to prove Theorem [4.4, Note that when F = 0, one has
doy (ui™, pu7) = 0, by definition of v7. However, dpy(uZ, i) = 2, since the distributions v”
and v are singular.

The statement of Theorem requires the nonlinearity F' to satisfy the additional
condition . This is not restrictive in practice, since this condition is also satisfied in the
framework of Section 2.4l

Let us explain the strategy of the proof of Theorem As already mentioned above,
the standard Euler scheme can be interpreted as obtained from the application of the ac-
celerated exponential Euler scheme to a modified stochastic evolution equation. Precisely, for
all 7 € (0, 7o), introduce the process (X™*'(t)),_ which is solution of the modified stochastic

=0
evolution equation

(63) AXTH(E) = A X7t + Qn F(X™(t))dt + REAW (t),

with initial value X™*(0) = xo, where the linear operators A, and @, are given by , and
the linear operator R, is given by

(64 R = Q1+ T

The application of the accelerated exponential Euler scheme to the modified stochastic evo-
lution equation gives

tn+1 1
X = e M AT L AT — e M) QF (X + f e I R2AW (s),
tn
with initial value X" = zo = X§*". It is straightforward to check that the identity

tn+1
f e 2tnn—Ar o = T(I+7A)2=7A%
tn
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holds for all 7 € (0,7), using the definitions of A,, @, and R,.. Therefore (X,TL’St)neNO and
(Xg’St)neNo are equal in distribution. Note that the operators A, and @, in the modified
stochastic evolution equation are the same as in the interpretation of the modified
Euler scheme in terms of the modified stochastic evolution equation developped in
Section[3.3] however R, # Q.. The invariant distribution of the modified stochastic evolution
equation is not known, even if F' satisfies Assumption {f (except when F' = 0), contrary
to the situation for the modified Euler scheme. To overcome this issue, let us introduce
an additional auxiliary process (X*T ’St(t)) which is solution of the modified stochastic

=0’
evolution equation

(65) dXTS() = —A, X7 (t)dt + R, F(XT(1))dt + REAW (1),

with initial value X7 (0) = zo. Compared with (63)), the drift Q,F(-) is replaced by R, F(-)
in (65). Thanks to this modification, it is straightforward to check that, when F = —DV
(Assumption, the invariant distribution of is equal to the modified Gibbs distribution
u? defined by , where the reference measure is the Gaussian distribution »” which is
invariant when F' = 0.

The weak error in the left-hand side of can be decomposed as follows (compare
with for the analysis of the modified scheme): with the notation ¢ty = N7, one has

E[p(X3™)] — f@dui —E |- f@dui
]

— E[p(X™(tw)]

)
)
(66) t T,st
P(XT(In))] = Bl (A7 ()]
(

The next step is the introduction of the auxiliary functions ™" and u7"" defined by
u™ (b ) = Bo[p(X7(1)],  ul®(t,2) = B (X7 (1)),

for all ¢ > 0 and = € H, which are solutions of the Kolmogorov equation associated with
the modified stochastic evolution equations and respectively. The decomposition
of the error above may be rewritten as

]E[SO(XJTV’St)] — J@d,uf = E[u™"(0, X;;St)] R (b, X
+ E[ul* (0, X7 (t3))] - E[ul* (tn, X7(0))]

B[l (b, 70)] — j oy

Finally, the three error terms in the right-hand side above are studied using regularity prop-
erties of the mappings u™" and u7': versions of Proposition hold, see Lemma in
Section [8.2] In particular, assuming that ¢ is bounded and continuous is sufficient to prove
the weak error estimate with order 1/2.

The tools in the proof of Theorem are similar to those employed in the proof of

Theorem , with a feW differences, due to the presence of the linear operator R, and R2

instead of (), and QT in the auxiliary modified equations. We refer to Section |8 for the
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statements of the required auxiliary results and the proof of Theorem [£.11 Some proofs are
omitted to avoid repeating the same arguments as in Section [5] however the main new and
non trivial arguments are treated carefully.

The results of this section show that the modified Euler scheme (42]) proposed in this
article is a substantial improvement of the standard Euler scheme both qualitatively
and quantitatively. In practice, the cost of each iteration of the modified Euler scheme is
more expensive, but the computations are of the same type as for the standard Euler scheme,
except for an additional step which requires a Cholesky decomposition. However, the gain
provided by the proposed scheme is huge: the properties of the standard scheme cannot be
improved by reducing the time-step size.

4.5. Comparison with the exponential Euler scheme. In this section, we state new
weak error estimates for the (accelerated) exponential Euler scheme defined by above.
Compared with existing results in the literature, the error between the distributions X °
and X (T') is considered in the total variation distance drv, instead of the distance dy. The
order of convergence is equal to 1/2. This means that it is not necessary to assume that the
function ¢ is of class C? (or C') to obtain a weak error estimate for E[o(X )] —E[p(X(T))].
Compared with the results stated above for the modified Euler scheme in Section [£.2]and [£.3]
the approximation in the total variation distance holds at any time T € (0,00), and for the
invariant distribution without Assumption [4

THEOREM 4.12. Let the nonlinearity F satisfy Assumptions [2, [ and [6 For all T €
(0,0), 6 € (0,3) and 7o € (0, 1), there exists C5(T) € (0,0) such that for all T = % € (0, 7o)
with N € N and all xg € Hi—%’ one has

(67) drv(pxges pxcy) < Cs(T)73 7 (L+ [aol? s).

More precisely, for all bounded and measurable functions ¢ : H — R, all 7 € (0,79) and all
N e N, such that T = N7, and all xy € H%_g, one has

(69) ELe(X3)] ~ Blo(X(T)]| < Co(T)r+ gll (1 + ol _y)).

When Assumption |3| is satisfied, the exponential Euler scheme admits a unique
invariant distribution denoted by u’, and one obtains the following result for the approxi-
mation of the invariant distribution fi.

THEOREM 4.13. Let the nonlinearity F satisfy Assumptions @ and@. For all § € (0, %)
and Ty € (0,1), there ezists Cs € (0,00) such that for all T € (0,79) one has

(69) do(p3, o) < Cor770.
More precisely, for all bounded and measurable functions ¢ : H — Rs, all xy € H%_g, all
7€ (0,70) and all N € N, such that NT > 1, one has

10)  [BLPOR] - [ ] < ol (747500 + faof}_g) + €7 (14 aal)),

_9
4 8
with Kk = LF — )\1.

The proof of Theorem [4.12is given in Section [7} The proof of Theorem is omitted,
since it only requires standard additional arguments compared with the proof of Theo-

rem [4. 12|
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Note that Theorem [1.I] obviously holds when using the accelerated exponential Euler
scheme (44). Indeed, if F' = 0, then X° = WA(N1) = X(N7) for all 7 € (0,79) and N € N.
Theorem is also verified for that integrator, the details are omitted.

The modified Euler scheme proposed in this article shares qualitative and quantita-
tive properties with the accelerated exponential Euler scheme (44]), with a major practical
difference: it is not needed to compute exponentials of the type e~™, instead one only needs
to compute LU and Cholesky decompositions. This may be of interest in some situations
where using exponential integrators may not be possible.

5. Auxiliary results

This section is devoted to state and prove the auxiliary results which are required to
prove the main results of this article stated in Section 4l Additional results will be required
in Sections [7] and [§] they will be studied later since they are not required for the analysis of
the modified Euler scheme.

Section [5.1] gives several properties of the linear operators A, and (), appearing in the
interpretation of the modified Euler scheme in terms of the modified stochastic evolution
equation . Properties of the so-called modified stochastic convolution process are studied
in Section [5.2] Then well-posedness, moment bounds and long-time behavior of the modified
equation are studied in Section [5.3] The most original and important results of this section
deal with the regularity properties of the solutions of the Kolmogorov equations associated
with the modified equation , with a careful analysis of the dependence in the bounds
with respect to the time-step size 7, see Section [5.4l Those results are combined to give a
proof of Proposition in Section Then, several results concerning the modified Euler
scheme (moment bounds, invariant distribution) are given in Section . Finally, Section
is devoted to regularity properties of the solutions of the Kolmogorov equation associated
with the original stochastic evolution equation (21)).

5.1. Properties of the auxiliary linear operators. Lemma [5.1 below states several
bounds on the linear operators @,, A, and e **~, which are uniform with respect to the
time-step size 7 € (0, 79), with arbitrary 75 € (0,1). Then Lemma gives error estimates
for Q, — @ and A, — A when 7 — 0, in an appropriate sense.

Recall that A, and @, are defined by , and thatA;e; = A\, je; and Qre; = ¢, je;, for
all j € N, with the eigenvalues A, ; and ¢, ; given by , see Section [3.3]

The first result of this section is Lemma

LEMMA 5.1. Let 19 € (0,1). The linear operator Q, is bounded, and for all T € (0, 7))
one has

~ 1+1log(T\)

71 - = ——= < 1.
(71) Q7| ) -

Moreover, one has the following spectral gap inequality for the self-adjoint unbounded linear
operators A, : for all x € D(A) and all 7 € (0,7), one has

lOg(l + 7—0)\1)
70

(72) MNrx,z) > |z|?.
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For all a € [0,1), the semigroup (e_tAT) satisfies the following properties:

>0
(73) sup  sup He_tATHL(H) <1,
7€(0,70) t€(0,00)
(74) sup - sup (= 7)* A% gy < o0,
7€(0,70) te(T,00)
(75) sup  sup 7A%N Q- o) < 0,
7€(0,70) te(0,7)
_1
(76) sup Q-2 ™ | ooy < o0,
7€(0,70)
(77) sup  sup ¢ AT (T — e |y < 0.

7€(0,70) te(0,00)

The inequalities and are a form of the smoothing inequality . To ob-
tain bounds which are uniform with respect to the time-step size 7, it is necessary to
treat separately the cases t € (0,79) and t € (7,00): indeed, for all 0 < a < o < 1,
A¥emoAr = A®(] + 7A)™* is not a bounded operator, for any value of 7 € (0, 7y), therefore
the inequality requires the condition ¢ > 7. A naive and simpler form of the smoothing
inequality holds: one has

sup  sup t*|A% |y < 0.
7€(0,70) te(0,00)

However the linear operators A% and A$ define norms |[AY - | and |A® - | which are not
equivalent. This is why the smoothing inequality and are needed.
The second result of this section is Lemma [5.2]

LEMMA 5.2. Let 19 € (0,1). For all « € [0,1], one has the error bounds

(78) sup 7 AT Qr = I)| ey < o0,
7€(0,70)

(79) sup T YATTY(A, — AN zeay < 0.
7€(0,70)

PROOF OF LEMMA [5.11 Tt is straightforward to check that the mapping 6 : z € [0, ®0) —
w (with 6(0) = 1) is non-increasing. Since ¢, ; = 6(7);) for all j € N, one obtains
log(1 + 7\
||QTH»C(H) = Sup (¢r,; = Sup 0(7’)\]) = 6(7‘)\1) = %
JeN jeN T\

In addition, #(7A;) < 6(0) = 1. This gives (71)). To prove (72)), it suffices to check that
inf inf )\T,j = inf )\7-71 = )\1 inf 9(7')\1) = )\10(7’0)\1) = )\7-071.

7€(0,70) jEN 7€(0,70) 7€(0,70)

Let us now prove the properties of the semigroup (e_“\f) +=o- The proof of is straight-
forward: for all j € N and all 7 € (0, 7)), one has A;; > 0. In order to prove the smoothing
inequalities, recall the notation ¢, = n7, and observe that

et = (e = (T +7A)"
for all n € N. It is straightforward to check that for all 7 € (0,7) and all « € [0, 1], one has

Iy AS (nz)~
sup to|A“(1 +7A)™" = sup sup J < sup sup <
i H ( ) HE(H) neN jeN (1 +T/\j)n neN ze(0,00) (1 +Z>n
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The smoothing inequality is then obtained as follows: for all ¢ € (7,00), let n > 1 be
the unique integer such that ¢ € [t,,t,,1). Then one has

A% oy < A% oy < 8,4 < (E—T7)7°,

using the inequality ¢, = t,,1 — 7>t — 7.
To prove the second smoothing inequality (75]), it suffices to check that for all 7 € (0,79)
and all t € (0,7), one has

T A% M Q| iy = sup TN e Mg,

jeN
log(1 4+ T\, log(1 + 2
< sup (T)\j)aM < sup ¥ <o
jeN TAj (0,0) 2
The inequality is proved as follows: for all 7 € (0, 7)), one has
-1 __ e~ AT
|Q- e () = sup —
JEN q2 .
7-7‘7
(7)) 23
= sup < sup < 0.

jeN (14 7X;j)4/log(1 + 7)) h 2e(0,0) (1 + 2)4/log(1 + 2)

Finally, the inequality is proved as follows: for all a € [0,1], all 7 € (0,79) and all
t € (0,00), one has

1 — e tAri @

O AT — 7)Y £y = sup <sup L = sup O(r))* < 1.
jen - (tAg)” jeN AY jeN
This concludes the proof of Lemma [5.1] O
PROOF OF LEMMA [5.2l Note that
log(1+ 2) —
p OB =2l
2€(0,1) Z
therefore for all « € [0, 1], one has
log(1 +
(80) Cq = sup z‘ﬂM — 1] < .
z€(0,00) z

As a consequence, for all 7 € (0,7), one has

ol A —a _arlog(l 4+ TA;
FUAQr — Do — sup ()2 BT

-1 < C,.
jeN TA; |

This gives .
The inequality is then a straightforward consequence of the equality A, — A =
A(QT —1 )
This proof of Lemma [5.2] is thus completed. U
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5.2. Properties of the modified stochastic convolution. For all 7 € (0, 7) and all
t >0, set

t
(81) Wi (t) = J (=9 3 dW (s).

0
In the sequel, the associated process (WT(t)) +>o 1s referred to as the modified stochastic
convolution. This process plays a crucial role in the analysis. On the one hand, this is the
solution of the modified stochastic evolution equation (35)) with initial value X (0) = 0 when
F = 0. Calling the process (WT(t)) 120 is consistent with the usual terminology, such that
the process (WTA(t)) 1= defined by is referred to as the stochastic convolution and is
solution of the original stochastic evolution equation with initial value X (0) = 0 and
F = 0. On the other hand, one has the following equality: for all n € Ny, W, (t,) = W],
where W is defined by and t,, = nT. That equality (in distribution) is due to the third
interpretation of the modified Fuler scheme, as the accelerated exponential Euler method
applied to the modified equation ([35)).

Using the properties from Lemma [5.1] above, the following moment bounds are obtained

for the modified stochastic convolution, with bounds independent on 7 € (0, 7).

LEMMA 5.3. For all 7o € (0,1) and all a € [0, 1), one has

(82) sup sup E[[W, ()] < 0.

7€(0,70) t=0
Note that Lemma [5.3] is instrumental Sections [5.3] and 5.5 below.

PROOF OF LEMMA 5.3l Let v € [0, §). Using the Ito isometry formula, for all ¢ > 0 and
7 € (0,79), one has

t
E[W, (1)2] = E]] j eI QR (5)[?)
t 0 A 1
:JO |A%e™ Q2|7 ryds

_ f Z )\?ae—Q(t—s))\,—,qu’jds

t
0 jeN

2a
< Z Ai
jeN 2)\T’j

1
= 2y

jeN J

using the identity ¢,; = ’\;—JJ, for all 7 € N, see . Since ZjeN 2)\%2& < oo if and only if
a € |0, %), this concludes the proof of the inequality and of Lemma . O

5.3. Analysis of the modified equation. Using Lemma 5.1} it is now straightforward
to justify the well-posedness of the modified stochastic evolution equation (35]), and to prove
the existence and uniqueness of an invariant distribution p, ., when the ergodicity condition

(Assumption (3 is satisfied.
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PROPOSITION 5.4. Let Assumptions[1] and[g be satisfied, and let the linear operators A,

and Q. be defined by B9), for all T € (0, 7).
For any wnitial value xo € H, the modified stochastic evolution equation admits

a unique mild solution (XT(t))t>0 satisfying (3€), with X.(0) = xo. In addition, for all
T € (0,%0) and all a € [0, 1), one has
E[|X,(t)]?
(83) sup sup sup M < 0.
zoeH® 7e(0,70) te[0,r] 1+ |zo|2
Moreover, if Assumption @ is satisfied, the modified stochastic evolution equation (35)
admits a unique invariant distribution pi, o, which satisfies

(84) sup f|x|id,umo < 0.
7€(0,70)
for alla € [0, }1) In addition, if Assumption@ 1s satisfied, the moment bound s uniform
with respect to T € (0,00): one has
E[|X-(®)[2]

85 su sup sup ————2= < 0.
( ) zoGII{)a TG(OE@) t>£) I+ |‘TO|(21

Finally, there exists C € (0,0), such that for all functions ¢ : H — R of class C*, for all
xog € H, for all 7 € (0,79) and for all t = 0, one has

(86) (X, (£))] f odjinge] < Cllillie™(1 + [zol),

with 1 = 2BUE0A) (N 1) € (0, A — Lp).

ToAL

Note that Proposition [5.4] is a refinement of Proposition [3.2] with bounds which are
uniform with respect to 7 € (0, 79).

PROOF OF PROPOSITION 5.4l First, the existence and uniqueness of the mild solution
(X, (1)) 1= Satisfying follows from a straightforward fixed point argument, which is
omitted (see the discussion before the statement of Proposition [3.2). Let us now establish
the properties of the mild solution.

Assume first that o = 0. The mild formulation (36| can be written as

t

X,(t) = e"thrg + J e~ =90 ) P (X (s))ds + Wi (2),
0

where W, (¢) is the modified stochastic convolution given by (81).
Owing to the global Lipschitz continuity of F' and to the inequalities and , the
application of Minkowskii’s inequality and of the Ité isometry formula yields

(B[l (1)[])

where C' does not depend on 7 € (0, 7). Using the moment bound from Lemmal5.3 and
applying Gronwall’s lemma then gives

[NIES
(S

<lwl? +C f (B[ (5)2]) *ds + (E[WL()2])

E[X-(t)]?
sup sup sup M

woeH re(0,mo) tefo,r] 1+ |Tol?
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When a € (0, 1), one obtains the inequality

N
N

(B[ (O[2])* < lzola + CL A% N Q| iy (I ()]) 2ds + (E[WH(1)[2])*.

Using the smoothing inequalities and , one obtains for all ¢t € [0, T]
t T t
[ 1A% Quleunds < | 140 Quleqnds + 1 [ 4% Qrlcinds
0 0 T
T
<Cum' ™ + C’QJ s %ds < Cu(T),
0

where C(T') € (0,0) for all a € [0,1). Using the moment bound (82) with « € (0, 1) and the
moment bound for X, (t) when o = 0 above then concludes the proof of the mequahty .

Let us now assume that Assumption [3 I is satisfied. Let x) € H and 22 € H be two
arbitrary initial values, and introduce the auxiliary processes defined by

Xi(t) = e Ml + f "IN Q F(Xi(s))ds + Wi (1)

0

Yi(t) = X7(t) — Wi (1),

for i = 1,2. Observe that X2(t) — X! (t) = Y2(t) — Y1(t) (noise is additive and the two
processes are driven by the same Wiener process W), and one has for all £ > 0

LD 2O _ g gy DO DA0),
= Q2(t) = VL), A (Y ()—yi<t>>
O = V1), Q. (FOR() - FUYA(D))
< LT gy <>\2+LFH@TH/; V() — VA0
< —WW —Lp)IYE) - VAP,

owing to the inequalities and from Lemma . In addition, one has

. log(1 + 7X\;) log(l + 7'0)\1)
inf
7e(0,70) ™) ToA1

Applying Gronwall’s lemma, one obtains the inequality

A7 (t) = X (8)] < e [aig — g

T

with k = bg(ij—ﬁm()\l—Lp) € (0, \;—Lp). A similar argument yields the uniform bound ,
the details are omitted.

Finally, the proof of the existence and uniqueness of the invariant distribution ji, o, which
satisfies the bound , and the proof of the inequality , are standard and the details
are omitted.

This concludes the proof of Proposition [5.4} O
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5.4. Kolmogorov equation associated with the modified equation. The objec-
tive of this section is to state and prove regularity results for the functions u, defined by

(87) ur(t, ) = Eo[p(X-(1))],

for all t > 0, z € H, and 7 € (0,79), where ¢ is a bounded and continuous function from H
to R. In the above definition, (X;(t)) 10 is the unique solution of the modified stochastic
evolution equation (35), with initial value X,(0) = x. To study the regularity properties
of the function w,, it is convenient to rely on the convention introduced in Section [2.7}
recall that an auxiliary finite dimensional approximation is applied, in order to justify the
regularity properties and the computations, and all the upper bounds do not depend on the
auxiliary discretization parameter, which is omitted to simplify the notation.

It is convenient to introduce the family of linear operators (Pw) 1=+ Such that ur(t,-) =
Prrp(-) for all t = 0. The Markov property for the solutions of the modified stochastic
evolution equation yields the semigroup property: for all ¢,s > 0 and all 7 € (0, 1), one
has

(88) PT,tJrsSO = PT,t (PT,SSO)a

for any ¢ € By(H).
Under appropriate regularity conditions on the function ¢, the function (¢,z) € R* x H —
ur(t, ) = Prup(z) is solution of the Kolmogorov equation

(89) 8tuT = £7—U7—

with initial value u. (0, ) = ¢, where the infinitesimal generator £, of the modified stochastic
evolution equation is defined by

L.d(x) = Do(x).(—Arw + Q. F ZD? QTGJ,QTGJ)

]EN

Giving a meaning to £,¢(z) above in a finite dimensional framework only requires to assume
that ¢ is twice differentiable. However, since A, is an unbounded linear operator, obtaining
a bound independent of the auxiliary finite dimensional approximation parameter requires
an additional condition on D¢(z). Observe that @, is an Hilbert—Schmidt linear operator
for any positive 7, so no condition on D?*¢(z) is needed. To obtain bounds which are also
uniform with respect to the time-step size parameter 7 € (0, 7p), precise upper bounds on
Du.(t,-) and Du?(t, -) are needed. It turns out that to prove Theoremm 4.4 and Theorem[4.8]in
Section @ the second order derivative Du?(t, ) never appeats in the expressions of the weak
error. Therefore we only need to state and prove suitable regularity results for the first order
derivative Du.,(t,x). Three lemmas are stated below, and combining the three results using
the semigroup property provides additional results: see the proof of Proposition in
Section [6.1]

Let us now state and prove the three lemmas concerning properties of the first order
derivative Du.(t,x). It is challenging and crucial to obtain upper bounds which are uniform
with respect to 7 € (0, 7). This requires to use the properties stated in Lemma on the
semigroup (e*“\f) 50" The arguments used to prove the three lemmas are also employed in

Section below, with simpler formulations since the parameter 7 does not appear there.
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Two expressions for Du.(t,z).h are employed below in the proofs. On the one hand, if
u(0,) = ¢ is of class C! with bounded derivative, one has

where (7% (t)) 10 1s solution of
(91) dnf(£) = — Aol ()t + Q- DF(XM(1)) o (1),

with initial value n(0) = h, see for instance [24, Chapter 4]. On the other hand, if u, (0, ) =
© is only assumed to be bounded and continuous, one has

(92) D, (t,2).h = f Q7 (s), AW (s)))].

The expression (92)) is given by a Blsmuthlworthy type formula, see for instance [24], Equa-
tion (4.0.2)] or [32], Lemma 7.1.3]. The validity of the expressions [90| and is easily
checked in the finite dimensional approximation setting (Section .

On the one hand, Lemmas and require ¢ to be of class C' and thus use the
expression . On the other hand, Lemma uses the expression since it gives an
upper bound in terms of [|p[|o. In the proofs of the three auxiliary lemmas below, we only
focus on proving upper bounds with constants independent of the time-step size 7 € (0, 7).

LEMMA 5.5. Let Assumptions[1] [4 and[f] be satisfied. For allt =0, all T € (0,79) and all
©: H— TR of class C*, u.(t,-) is of class C*, with
(93) [lur(t, )l < el
Moreover, for all a € (0,%) and all T € (0,0), there exists Cy(T) € (0,0) such that for all

)2

7€ (0,79), all o : H— R of class C*, one has for allt € (1,T] and x,h € H
(94) [Dus(t,2).8] < CalT) il (VTIRL+ (£ = 7) AR ).

Note that the expression in the right-hand side of is directly linked to the smoothing
inequalities and , which as explained above require to treat the cases t > 7 and
t < 7 separately. Without loss of generality, it may be assumed that 7' > 7. Assumption [0]
ensures the well-posedness of 1/ () and differentiability of uT( -) for all £ = 0.

PRrROOF OF LEMMA [5.5 The proof of the inequality (93)) is straightforward: using the
expression , one has for all t > 0

0Ty k(1)
: — (), T

= —(n7 (), A7 (1)) + <0 (), Q- DF (X: (1)) (1))

log(1 + 7\
< (L — 2 BT
< Lol (0,

owing to the inequalities and from Lemma [5.1] Applying Gronwall’s lemma then
gives

[z ()] < e[|

and the inequality follows from the expression .
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In order to prove the inequality , let us introduce an auxiliary process defined by
(95) () = () — e
for all t > 0. Using the expression , one obtains

1
| Due(t,2).0] < [lellile™ k] + ol (Bollir (O[]) .

On the one hand, owing to the smoothing inequality , one has |e7h] < Oy (t —

7)"*|A=h| for all ¢ > 7. On the other hand, the auxiliary process (ﬁf(t))t>0 solves the

evolution equation

di (t)
dt

with initial value 7?(0) = 0. Using the same arguments as above, one then obtains the
inequality

(96) = AL () + Q DF(X, (1)) (t) + Q, DF(X, (£)).c"h,

Ldliz(t)[?
2 dt
Using Young’s inequality and Gronwall’s lemma, one thus obtains

< Lplif (8)1* + Lpliz (8)| ™47 hl.

T T T
< C(T)J le A h|2dt = C(T)J ]e‘”‘*h\thJrC(T)f et h|2dt
0 0

N

(Ea[l77()1*])

-
T

< C(T)7|h|? +J (t — 1)~ 2*dt| A~ *h/|?

T

< Co(T) (v/7Ih] + [A~2R])%.

using the inequality , the smoothing inequality , and the condition o < %. Gathering
the estimates then concludes the proof of the inequality and of Lemma . 0

LEMMA 5.6. Let Assumptions[1],[3 and[6| be satisfied. For allT € (0,79) and all : H — R
of class Ct, one has, for all t = 0,

(97) - (2, )l < e el

with Kk = W(Al — LF) > 0.

PROOF OF LEMMA 5.6l Owing to the computations from the proof of Lemma [5.5, and
using the lower bound

log(1+7X1)  log(1+ 7\)

inf
Tel({)l,m) T)\l TO)\l ’
one obtains the inequality
Ldnk(t)]? b2
— T L - )|,
L0

with the value of k given above. Therefore |n(t)] < e *|h| for all ¢ > 0, and then the

inequality is a straightforward consequence of the expression (90]). This concludes the

proof of Lemma [5.6] O
48



LEMMA 5.7. Let Assumptions (1, [4, [ and [ be satisfied. For all 7o € (0,1), there exists
C € (0,00) such that for all T € (0,79), all t € (1,0), and all ¢ : H — R of class C°, u,(t,")
is of class C', and one has, for allt € (1,0) and all x,h € H,

C
98 Ur 1 < ; 0-
(98) llur (2, )l ) ol

_1
Moreover, for allt € (0,00), all x € H and all h € D(Q+?), one has

(99) IDP ()b = [Dus(t).h] < W20 Q7
Vi
Note that Lemma [5.7 is a crucial ingredient to establish the main result of this work,
Theorem (4.4 where the error between the invariant distributions u?, and po, = g, (when
Assumpti is satisfied) is considered using the total variation distance drv, see Equa-
tion . Assumption [3| may be removed, the constant C' would then depend on the final
time 7" € (0, 0) with a condition ¢ € (7,7"]. The result used to prove Theorem 4.4|is Proposi-
tion [4.6] which is proved below by a combination of Lemmas and [5.7] which all serve
different purposes: having estimates in terms of [A~*h| with o € (0, 1), in terms of exp(—xt)
with k > 0 and in terms of ||¢]|o-
The inequality is a first step to prove and is also employed to deal with some
1

of the error terms in the weak error analysis below. Note that (), is an unbounded linear
operator, therefore to obtain the inequality (which requires a bound with |h| on the
right-hand side) one needs an additional argument. Like the proof of Lemma , one needs
to be careful to obtain constants which are independent of 7 € (0, 7p), this explains why the
quantity (¢ — 7)~/? appears in the right-hand side of (98).

PROOF OF LEMMA 5.7l Recall the identity Q-'A, = A. Then, for all £ > 0 and all
h € H, one obtains

1/2 h
;w (AR (), 1 (8)) + (DF (X ) (£), 1 (£))
—Ai[nk(#)* + Lenk@®))?

0,

NN

using Assumption 3| Therefore, for all 7€ (0,7), ¢ = 0 and h € H, one has

—1 _1
@07 ()] < |Q7 2.

Using [t6’s isometry formula and the expression of Du,(t,x).h, one then obtains the
upper bound , for all ¢ € (0,00). As explained above, an additional argument is required

_1
to prove and remove the unbounded operator - ? on the right-hand side.
Let now ¢t > 7. The semigroup property yields the identity

Ur <t7 ) = 7)7',7' (PT,thSO)a
and using the expression gives the equality

Dit(t,)h = B[ DPry (X (0) ()]



Applying the inequality then gives

Dt )] < S B [1Q )

It remains to check that there exists C' € (0, 00) such that \QT_§77§(T)| < C|h|* for all 7 € (0, 79)
and h € H. Recall that n(t) = e ™ h + (1), see (95). On the one hand, one has

Q7 %e ™ h| < C|h| for all T € (0, 7)), owing to the inequality from Lemma ﬂ On the
other hand, using and the identity Q;'A, = A, one obtains for all ¢ > 0

1d|Q- i (1)

2 at (AL (L), 7 (E)) + (DF (X () (1), i (8)) + (DF (XA (t)).e = h, il (£))
< —(A = Lp)[A2()[* + Lple ™ h| |7k ()]
< C|nP,

using the inequality and Young’s inequality. Applying Gronwall’s lemma then gives the
upper bound [7(7)| < C|h| for all 7 € (0, 7).
Finally, one obtains the upper bound

Cllello
| Du(t,z).h| < ],
Vi-T
which concludes the proof of Lemma [5.7] O

5.5. Properties of the modified Euler scheme. Recall that the modified Euler
scheme can be interpreted in three different ways: see , and in Section .
Let us first provide moment bounds, using the second formulation of the scheme.

LEMMA 5.8. Let Assumptions[]] and[9 be satisfied. For all 7y € (0,1) and T € (0,0), one
has
E[1X71%]
100 sup su su ——= < ®©
(100) xoe% Te(o,go) neN; negT 1+ |zo|?

Moreover, if Assumption[d is satisfied, then for all 7o € (0,1) and T € (0,0), one has
ENXT 2
(101) sup sup sup [|—"|3 <
zoeH 71€(0,79) neN I+ |$0|
PROOF OF LEMMA (.8 Introduce the auxiliary random variables
YnT = X’:L— - W;a

where W is defined by (45), and recall that W;7 = W, (t,). Therefore, X7 = Y;7 + W for
all n e Np.
On the one hand, the moment bound from Lemma gives
sup sup E[|[W]]?] < oo.

7€(0,70) n€Ng
On the other hand, for all n € Ny, one has the identity

Yo =AY +TAFY, + W),
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Writing F(Y,7 + W) = F(Y,] + W) —F(W])+ F(W), and using the inequality |A.| s <
(1 +7A;)~! and the Lipschitz continuity of F' (Assumption , one obtains

% 1+ 7Lg Fi27) T 27) 2
(BIV7A) < T2 EVIF) + o (BIFOV)R)
1+TLF 12 %
< Toon ey (E[|Yn| ]) +CT.

It is then straightforward to conclude the proof of the first inequality (100). When Assump-
tion (3] is satisfied, one has Ly < A;, and one obtains for all n € N the upper bound

rend o (LE Ly o 1+ 7Lp 2, AL T TA
( [|Y‘]) (—1+ )\ ) || —|—C’7'kz_0(—1) < | +C/\1—LF'

This gives the second inequality (101]) and concludes the proof of Lemma O

In this sequel, to perform the weak error analysis, it is convenient to exploit the third
interpretation of the scheme given in Section [3} the modified Euler scheme is obtained by
the application of the (accelerated) exponential Euler scheme to the modified stochastic
evolution equation , which gives X = X, for all n € Ny, with

tn+1
A;ﬂ+1::e‘”“A;m—%A;lﬂﬁ—e_“”)QTPKA;m)+»f ~(tns1=s)A QZdM/()
tn

One of the main ingredients of the proof of Theorems [.4] and (.8 is the introduction of
the auxiliary process (Xf(t)) 1~ defined as follows: for all 7 € (0,7) and all t > 0,

t
(102) Rt) = g b [ e IQuP( )+ W)
0
where W, ( S e (t=)Ar ()2 dW( ) is given by (81)), £(s) = nift,, < s < tn41, with ¢, = n7.

For every n e Ny and all t € [t,,,t,41], one has

(103) d&@:—mXOﬁ+@(7ﬂﬁ+wﬂW)
Finally, note that by construction of the auxiliary process, one has the equality /'\?T(tn) =X,
for all n € Ng. .

Lemma below gives the main properties of the auxiliary process (XT(t)) +=0 Which will
be used in Section [6] below.

LEMMA 5.9. Let Assumptions[1] and[9 be satisfied.
For all T € (0,0), a€ [0, %) and 7 € (0,1), one has

E[|X.(1)]2]
(104) sup sup sup — < o0
wocH re(0,m0) tefo.r] 1+ |Tol?
and
E[|A (X, (t) — X, (tun))|”
(105) sup sup  sup [[A~ (X (1) (tery))|] .

zoeH™ T€(0,70) te[r,T] 7—204(1 + |x0|3)
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Moreover, if Assumptz'on@ is satisfied, then for all 79 € (0,1) and « € |0, i), one has
E[|X,(1)[2]
106 su Ssup sup ————= < 0
(106) soehe re(om) 50 L+ [wol2

and

(107) sup sup sup E[|A_Q(X~T(t) — XT(U(”))‘ ] < o0.

zo€H® 7€(0,79) t=T T2a(1 + \xO\i)

PROOF OF LEMMA [5.91 The mild formulation

t
X.(t) = e Mray + f e~ QLF (X, ys))ds + W, (1)
0

of the auxiliary process X, gives the inequality

N

) t
(E[X-(0[])* < lwola + CJ [A%e™ Q| ooy (1 + (B[ X *]) *) ds + Ca

0
using the Minkowskii inequality, the inequality (73) and the moment bound from
Lemma . In addition, using the moment bound (100 and the smoothing inequalities ([74])
and , one obtains

N

t t
JO A% Qi (14 (B[ X)) F)ds < C(T)(1 + o)) j A% Q| panyds

<C(T)(1+ |x0|)f 1A%~ Q| cryds
0

t
L O(T) (1 + |2 Tpns f A% Q, | o ds
< Co(T)(1 + |2o)).

This concludes the proof of the inequality (104). Note that in particular one obtains for all

ae0,) and all T € (0,00) the moment bound

EMNXT 2
(108) sup sup  sup ElXo]a) "|a2]
zoeH™ 7€(0,70) neEN; nT<T I+ |m0|a

In order to prove the inequality ((105]), observe that for all n € Ny and t € [t,,,t,+1), one has

- . t t 1
1) = Felt) = (¢ D)X+ [ QPO + | QR (),
tn

in

therefore using the inequality above, the inequalities and , and Itd’s isometry for-
mula, one obtains for all ¢ € [t,,t,.1) with ¢t < T

(E[A (Er(6) — Ze(tro) '1)* < 1+ [mola) [A (&7 — 1) |y + OT(L+ o)

t 1 1
+ (J ||A—a€—(t—s)ATQT2 H%Q(H)ds) 2
tn
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Using the inequality (77), one has [A72*(e=("t)A — I)| ;) < C72*. In addition, one has
the upper bound

t 1 T 1
f [A= eI Q7 ds < fo AN Q2 |, 1y ds
tn

T log(1+7X ) 1 1+ 7M;
B e

log(1+7)\j)
< Z )\f2a71(1 e 2 — )
J
jeN
1
< )\f2a71 1 -
j;\l J ( (1 + )\jT)Z)
24 N1
< Z TA~_2a J
J )2
= (14 \7)
< 7_4012 (T)\]')l_4a )\2&—1
PN S
I—ta(] 4 9
< 7% sup 2T ed) ( ?) Z A?a’l.

2€(0,00) (]— + 2)2 jeN

)\2&—1

214 (1422)
ZjeN J

FE < o0 holds if and only if the condition

Note that the inequality sup

z€(0,00)
a € (0, ;11) holds. Gathering the estimates concludes the proof of the inequality (105]).
In order to prove the inequality (106)), when Assumption |3| is satisfied, it suffices to

replace the use of (100) by (101), and to use the bound

—t\ log(14+79A1)

t)‘ﬂl < e TOA1

le™ ey = e~

to obtain bounds which do not depend on the final time T € (0,0). The inequality (107
is obtained using a similar argument. The details are omitted. This concludes the proof of
Lemma [5.9 0

To conclude this section, it remains to provide the proof of Proposition .3] Like for the
proof of Proposition [5.4], some standard details are omitted.

PROOF OF PROPOSITION [4.3l The objective is to prove the existence and the unique-
ness of the invariant distribution i of the modified Euler scheme, when Assumption 3]
is satisfied. In this proof, we use the second interpretation (32)) of the scheme. Note that
the inequality obtained above ensures the existence of an invariant distribution by the
Krylov—Bogoliubov criterion, and also gives the bound (46)). It thus suffices to check the
uniqueness of the invariant distribution and the inequalit.

Let 25 € H and 22 € H be two arbitrary initial values, and introduce the processes
defined by

X = AXD + T AF(X]Y) + /7B, T,
for 1 = 1,2. For all n € N, one has and
X7? = X7 = A (X2 = X0 + T A (F(X2) = F(XT)).
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Using the inequality | A |z and the definition of Lp (see Assumption [2)), one obtains for
allne N

1 + TLF 2 1 1 + TLF n
X2 - Xt < ——— X — X < (———) "2 —
‘ n n ’ 1_'_7_)\1’ n—1 n—l‘ (1+7_/\1) ’ 0 0‘
When Assumption |3 is satisfied, % < 1 for all 7 € (0,7), one obtains the uniqueness of

the invariant distribution p7,. Finally, to obtain the inequality , it suffices to use the
upper bound

T()\l—LF) T()\l—LF)

1+TLF T(/\l—LF)
TR - DAL cexp(— < exp(—— 1),
1+T)\1 1+T>\1 eXp( 1+T)\1 ) eXp( 1+’7’0>\1 )
This concludes the proof of Proposition [4.3] O

5.6. Kolmogorov equation associated with the original equation. The objective
of this section is to state and prove regularity results for the function u defined by

(109) u(t, ) = Eu[p(X(¢))],

forallt > 0, x € H, where ¢ is a bounded and continuous function from H to R. In the above
definition, (X (t)) 1= 18 the unique solution of the stochastic evolution equation (21)), with
initial value X (0) = z. Like in Section above, to study the regularity properties of the
function w, it is convenient to rely on the convention introduced in Section [2.7] An auxiliary
finite dimensional approximation is applied, in order to justify the regularity properties and
the computations, and all the upper bounds do not depend on the auxiliary discretization
parameter, which is omitted to simplify the notation.

Note that the results in this section are not required to prove Theorem [£.4] but they are
needed to prove Theorem [£.8l The regularity results are proved using arguments similar to
those used in Section however they are sometimes simpler since the additional parameter
T is absent.

It is convenient to introduce the family of linear operators (Pt) 1507 such that wu(t, ) =
Pyp(+) for all ¢ = 0. The Markov property for the solutions of the stochastic evolution
equation (21)) yields the semigroup property: for all ¢,s > 0, one has

(110) Pt-&-s@:Pt(Ps )7

for any ¢ € B,(H).
Under appropriate regularity conditions on the function ¢, the function (¢,z) € R* x H —
u(t, z) = Pyp(x) is solution of the Kolmogorov equation

(111) o = Lu

with initial value u(0,-) = ¢, where the infinitesimal generator £ of the stochastic evolution
equation (21)) is defined by

1
Lo(x) = D(z).(—Az + F(z)) + 3 Z D*¢(z).(ej, €;).
jeN
Like for £,¢(z) in Section[5.4] giving a meaning to £L¢(z) in a finite dimensional context only
requires to assume that ¢ is of class C2. However, to obtain bounds which are independent
of the auxiliary spatial discretization parameter, appropriate estimates are needed to deal

with the terms D¢(z) - Ax (since A is an unbounded operator) and also » . D*¢(2).(e;, ;).
54



Like for Du.,(t,z).h in Section above, two expressions for Du(t,x).h are employed
below in the proofs. On the one hand, if u(0,-) = ¢ is of class C! with bounded derivative,
one has

(112) Du(t, x).h = E.[Dp(X (8)).n"(t)],
where (n"(t)) 10 18 solution of
(113) dn"(t) = —An"(t)dt + DF(X"(t)).n"(t)dt,

with initial value "(0) = h, see for instance [24] Chapter 4. On the other hand, if u(0,-) = ¢
is only assumed to be bounded and continuous, one has

(114) Duft,z)-h = 1B, [p(X(0) | Gt (s). W (s))]

The expression ([114) is given by a Bismut—Elworthy type formula, see for instance [24],
Equation (4.0.2)| or |32, Lemma 7.1.3|. The validity of the expressions [90] and is easily
checked in the finite dimensional approximation setting (Section .

In addition, if u(0,-) = ¢ is of class C? with bounded first and second order derivatives,
one has

(115) Du(t,x).(hy, he) = E,[Dp(X (2)).¢""2(t)] + Eo[D*0(X1)).(n" (), 72 (t))]

u
where (¢""2(¢)),_ is solution of

=0
(116)  d¢™"2(t) = —A¢" "2 (t)dt + DF (X (t)).¢" " (t)dt + D*F(X(1)).(n" (t), 0" (t))dt,
with initial value ("72(0) = 0, see for instance [24, Chapter 4].

Lemma requires ¢ to be of class C? and thus uses the expressions (112)) and (115]).
Similarly, Lemmal5.11|requires ¢ to be of class C! and thus uses the expression (112)). Finally,
Lemma [5.12| uses the expression ((114]) since it gives an upper bound in terms of ||¢||o. The

proofs are standard, details are provided for completeness and for comparison with the results
in Section [5.4] Note also that the three results below may be combined using the semigroup

property ([110]), see Sections |§| and 7| for details.

LEMMA 5.10. Let Assumptions[d], |4 and|[f] be satisfied. For allT € (0,0) and all o € [0, 1),
there exists Co(T) € (0,0), such that for all ¢ : H — R of class C' with bounded derivative,
for allt € (0,T] and all z,h € H, one has

(117) [Dut, x).h| < Ca(T)lplllnt™*[A™A],

Moreover, for all T € (0,00) and all oy, € [0,1) such that oy + s < 1, there exists
Coyas(T) € (0,00), such that for all ¢ : H — R of class C* with bounded first and second
order derivatives, one has

(118) | D*u(t, x).(hy, he)| < Cayao(T) (llelly + llpll2)t™™ 2 |AT ha[JA™ Ao

PROOF OF LEMMA [B.10. Let ¢ be of class C' with bounded derivative and T € (0, o).
Then using the expression ((112]) gives

| Dut, z).h| < [l \Ea[ln" ()],
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for all t > 0 and z,h € H. Owing to the definition (113)) of 1"(¢), one obtains
Ldn"®))* _ <d77"(t)>
2 dt O dt
=~ (8), 0" (8)) + (DF(X ()" (1), 1" (1))
< (Lp = A" ().

Applying Gronwall’s lemma gives the upper bound | (¢)| < e = )| for all t > 0. As a
consequence the inequality (117)) holds when o = 0. To deal with the case a € (0,1), it is
convenient to introduce the auxiliary process defined by

(119) i"(t) = 1" (t) — e,
which is solution of the evolution equation

diy" ()

(120) ;

= —Ai"(t) + DF(X())-7"(t) + DF(X(t)).c”"h,

with initial value #*(0) = 0. The mild formulation of the evolution equation (120]) gives for
all t >0

()] = | f: =9 D (X (5)).7" (5)ds + L t e IADF(X(s)).e~hds|

t t
< LFJ 17" (s)|ds + LFJ le= =2 h|ds
0 0

t 1
< LFJ 17 (5)[ds + LFJ s ds|A=h],
0 0

owing to the smoothing inequality (16). Since Sg s7%ds < oo for all T € (0,00) and « € (0, 1),
using Gronwall’s lemma gives the upper bound

7" ()] < Ca(T)|A™R|
for all ¢ € [0,T']. Using (112)) and the smoothing inequality (L6)), one then obtains
| Du(t,z).h| < [lell A" h] + oW Ea[17" ()] < Ca(T)t AR,

which concludes the proof of the first inequality (117). It remains to prove the second
inequality (118). Let ¢ be of class C? with bounded first and second order derivatives and
T € (0,00). Then using the expression ((115)) gives

|D*u(t,x).(h1, ho)| < |l@lhE[IC" 2O + el 2Ea 0" (1) In"2 ()],
for all t > 0 and z, hq, hy € H. Using the inequalities above, one obtains, for all ¢ € (0, T]

B[ () |[n" ()] < CalT)t™ 72| A7 hy||A™hy,
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for the second term in the right-hand side above. To deal with the first term, observe that
using (L16]) one has for all t € [0, T]

t

¢ (t)] = | JO e TINDF(X (s)).¢" " (s)ds + L e IRDAR(X (s))-(n" (s), 0" (5))ds

t t
<L [ (¢ S)ds [ AT AT DEP(X (). 5) o (5) s
0 0
t t
< LFJ IChh2 ()| ds + cf (t — 5) P s~1=02dg | A=y, | A2y
0 0

using the regularity Assumption [6] the smoothing inequality [16] and the inequalities above.
Since the conditions ar < 1 and a; + as < 1 give the upper bound

¢
sup f (t—s) s M7 %ds < w0
te[0,7] Jo
for all T' e (0, 0), applying Gronwall’s lemma gives

("2 (1)) < Cayan (T AT | [A2 .

Gathering the estimates then concludes the proof of the second inequality (118]) and of
Lemma [5.10l 0

LEMMA 5.11. Let Assumptions @ @ and @ be satisfied. For all ¢ of class C' with
bounded derivative and for all t = 0, one has

(121) Bl = llutt, )l < e

Moreover, for all k € (0,\; — Lp), there exists C,, € (0,0) such that for all ¢ of class C?
with bounded first and second derivatives and for all t = 0, one has

(122) I Pelllz = llutt, )2 < Cee™™ (el + llll2)-

PROOF OF LEMMA [5.11] The proof of the first inequality (5.11)) is straightforward: for
all t > 0 and all 2, h € H, the expression ((112)) gives

| Dut, ).h| < [lolhEx[ln" (#)]],
with the inequality
Ldjn"(t)?
2 dt
see the proof of Lemma above. Applying Gronwall’s lemma gives
17" (t)] < exp(—(A — Lp)t) |l
for all £ = 0 (almost surely), and one obtains ([5.11)).
To prove the inequality (122]), note that the expression (115]) gives

[D?u(t,x).(hy, ho)| < [l [LELC™ "= (O] + llpllze ™74 Ay b
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using the inequality above. In addition, using the definition (116} of the process (C hasha (t))

=0
and Assumption [0 one has for all ¢ > 0

¢t (1)) = | L e CIADF(X (s)).C"" (5)ds + L e INDEE(X (5)). (1" (), 1/ (s))ds|

t t
< LFJ e M|t () ds + C J [ eI g [ ()" (s) |ds
0 0
1

¢
< LFJ e M=s)|chuhe (g ds 4 C’f min(t — s, 1) r e M=) =25M g5 by || Byl
0 0

using the smoothing property of the semigroup (e*”\) For any x € (0, \; — L), one

has 2\ > Ly + k and one obtains, for all ¢ > 0,

t=0"

" ©
|Ch1’h2 ()] < Lpf e_kl(t_5)|<°h1’h2(s)|ds + Ce_(LF+“)tJ min(s, 1)_°‘Fe_(’\1_LF_”)5ds|h1||h2|.
0 0

Applying Gronwall’s lemma then gives
t
(st < G, [ b sl
0

which gives |[("172(t)| < C,exp(—rt)|hi||ho| for all ¢ > 0. Gathering the estimates then
gives the upper bound

|[D?u(t, ).h| < Cre™|pfl1 + e 2720 oo,
for all £ = 0, which concludes the proof of the second inequality ((122]) and of Lemma O

LEMMA 5.12. Let Assumptions and@ be satisfied. For all T € (0,00), there exists
C(T) € (0,0), such that for all bounded and continuous functions ¢ : H — R, for all
te (0,T], P = ul(t,-) is of class C, with

(123) 1ol = Nt )l < D)2 lello-

PROOF OF LEMMA [5.12 The proof of the upper bound ([123)) is straightforward: using
the expression ((114)) and Ito’s isometry formula, one has for all ¢t € (0, 7] and all 2, h € H,

| Du(t, z).h| < @(L E. [l (s)"]ds)®

t
el [* sy
tJo

_ llello
< LEremn

owing to the inequality | (s)| < e™#=*)s|h| < C(T)|h|, see the proof of Lemma above.
This concludes the proof of Lemma [5.12] O
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6. Proofs of the main results

This section is organized as follows. The details of the proof of Theorem (and of
Proposition are given in Subsection . This requires to consider the approximation
of the invariant distribution p,, = p, and to let Assumption [4] to be satisfied, as a result
the function ¢ is not required to be of class C2. Subsection is devoted to the proof
of Theorem , in a more general context, with functions ¢ assumed to be of class C2.
Subsection finally gives a sketch of the proof of Theorem 1.9

6.1. Proof of Theorem [4.4. This section is devoted to prove the major result of this
article. The important feature is to prove a weak error estimate where the right-hand side
depends on ||¢|| (instead of ||¢||2 in more standard approaches). For that purpose, it is first
necessary to provide the proof of Proposition [4.6] which gives the required upper bound for
the first order derivative Du,(t,z).h of the solution u, of the Kolmogorov equation (89).

PROOF OF PROPOSITION 6l Let v = 3 —d€[0,3), 7€ (0,7) and let o : H — R be a
bounded and continuous function. The proof of the inequality requires to separate the
cases t € (27,2) and t € [2,00).

On the one hand, assume that ¢ € (27,2). Owing to the semigroup property (8], for all
x,h € H one has

|Due(t,x).h| = |[DPryp(x).h| = |DP, 1 (P 10) (2).h]
t
< CallP- sl (ﬂh\ +(5

< Callgllo( = )74 (VA + (5 — 1) |A™])

where the first inequality is a consequence of Lemma and the second inequality is a
consequence of Lemma This yields the inequality in the first case t € (27, 2).

On the other hand, assume that ¢ € [2,00).Owing to the semigroup property , for all
x,h € H one has

|Du,(t,2).h| = |DP;pp(x).h| = |DPr 1 (Pri-1) (x).h]
< Col[Pri-1eolln (ﬁlh\ +(1- T)—a|A—ah|>
< Coe 2P0l (ﬁ|h| (- T)_am_am)
< Cae™ (1A (1=7) gl (vrlbl + (1 =77 la=n]).

using succesively Lemma [5.5, the equality P,;—; = Pr;—oPr1 (from the semigroup prop-
erty (88)) and Lemma 5.6, and Lemma [5.7] Using the condition 1 — 7 > 1 — 75 > 0 for all
t € (0,70), one obtains (52)) in the second case t € [2, x0).

Note that the constant C,, does not depends on 7. This concludes the proof of Proposi-

tion .6 O
We are now in position to provide the details of the proof of Theorem [4.4]

~ 1) AR])

PROOF OF THEOREM [4.4] The objective is to prove that the weak error estimate for
bounded and continuous functions ¢ € C°(H,R). Owing to the equality , this is sufficient

to establish the error estimate in the total variation distance, which is equivalent to .
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To obtain the inequality , it suffices to let N — oo, for instance using the initial value
xg = 0, since p7, is the unique invariant distribution of the modified Euler scheme, see
Proposition [£.3]

Let ¢ : H — R be bounded and continuous, 7o € (0,1) and 6 € (0, 3). For any time-step
size T € (0,7p), any initial value zo € H, and all N € N, the error is decomposed as

E[p(X)] - f pdpie = E[p(X,(tx))] f ot + E[o(Xon)] — Elp(X, (b))

see Equation , where u, is defined by .
Recall that p, is the unique invariant distribution for the modified Euler scheme ,

see Proposition since Assumption [4 is satisfied. If X, is a H-valued random variable
with distribution px, = p. and is independent of the Wiener process (W(t)) 1=o then for all
N e N, such that {5y = N7 > 1, one has

Elo(X. (1)) - [ v

= [ur(tn,0) — Efur (0, X))

— |ur(tn, 20) — Elur(tn, X.)]|

< lur(tns ) [ E[zo — ]

< Ce™ D Pripfa (1 + o)
- _1

< Ce™™ (1= 1) 2lpllo(1 + |zol),

using the equality u,(tn, ) = Priy® = Priy—1 (73771@) (semigroup property (88)), Lemma
and the bound E[|X,|] = {|z|du.(z) < oo (see Equation (26)) to obtain the first inequality,
and Lemma [5.7| to obtain the second inequality.

It remains to deal with the other error term in the decomposition (51)) of the error.
Recall that the auxiliary process (PE'T(t)) 1= 18 defined by in Sectio Using the
definition of the function u, and a standard telescoping sum argument, one has

E[‘P(XT,N)] — E[o(X;(tn))] = E[u-(0, Xr n)] — E[u-(NT, Xﬂo)]
= E[ur (0, X (tx))] — Elu-(ty, £-(0))]

= > (Blur(ty = tuss, & ltnen))] = Eluglt — ta, Zr(t2))])

with 7 = Elu,(ty — tni1, Xr(tni1))] — Elur(ty — tn, X, (t,))] for all n e {0,..., N — 1}.
Applying [t6’s formula, using the expression for the evolution of the auxiliary process
and the fact that u, solves the Kolmogorov equation , one obtains, for alln € {0,..., N —
1}, the expression

e = fm E[Du(ty = t, X (1)).(Qr F(X:(ta)) — Q- F(X: (1)) Jat.

The cases n € {O,N —2 N — 1} and n € {1,...,N — 3} are treated separately. On the
one hand, using the inequality , the bound , the Lipschitz continuity of F' and the
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moment bound (106|) (with o = 0), one obtains

T

leg] + le—a| + len-il < CI@OHoJ0 (tx — 1) *E[Q2 (F(Xr (1)) — F(X,(1))) |lat

+ Cllgllo j "t — ) SEQE (F(F, (1) — F(E(1))) 1t
+ Cllgllo J "ty — ) SEQF (F(E (1) — F(R,(1)))] 1t

1
< C72lflo(T + |2ol)-

On the other hand, using the inequality from Proposition with a = % — g, with
Iy —t—217 =ty o—7, forallne{l,..., N — 3}, one obtains

len| < e;,l + e;,z
where the error terms on the right-hand side above are defined by

tn+1 e—n(tN—t)

w o (tn—2—1)
efn(tht)

e, = Cvrllello f E[Qr (F(F (1)) — F(%.(1)))[Jdt

NI

N|=

e, = Cillalls f ( E[[A-$5Q, (F(%,(t,)) — F(E(1)))[1dt.

tyoo— )1

Using the bound (71), the Lipschitz continuity of F and the moment bound (106) (with
a = 0), one obtains

N-3 tN—2 e*l{(t]\]_gft) © okt
> e < CVllello |ttt fanl) < OVl | a1 + o)
n=1 r (Ina—t)2 0tz

The treatment of the error term e], , exploits Assumption [5|on the regularity of the nonlin-
earity F': using the bound and the Cauchy—Schwarz inequality, one obtains

tn+1 e_N(tN_t)

&2 < Callello |

e LSOl

()R]

(BIA4 (R, (t,) — 2. (8))[]) Pt
Using the inequalities (106]) and (107)) from Lemma [5.9| then yields the upper bound

—kKt

=3 1 ®© e
> eha < Cort el [ Syt +1aol} ).
n=1 0 t 8 408

Gathering the estimates, one obtains
[Elo(Xrn)] = Elp(Xr(tx))]] < Cor2 " llllo(L + [aof3 ).

This concludes the proof of Theorem [4.4] O
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6.2. Proof of Theorem The objective of this section is to prove Theorem [1.8]
More precisely, we prove that the weak error estimates holds, for any function ¢ : H — R
of class C? with bounded first and second order derivatives. This assumption is the main
difference with respect to the proof of Theorem [4.4] presented above. As already explained
in Section and as will be clear below, the motivation for the more restrictive condition
on ¢ is the treatment of an error term, which vanishes in the large time regime when the
nonlinearity satisfies Assumption [4 and cannot be treated without assuming that ¢ is of
class C? by the approach considered in this work. Whether the regularity conditions on ¢
may be weakened in the framework of Theorem [£.§is an open question.

In this section, without loss of generality it is assumed that the time-step size 7 € (0, 79)
satisfies the equality T = N7 with NV € N, where T € (0, o) is fixed. Recall that the solution
X} of the modified Euler scheme is equal to X, x defined by , see Section . As

a consequence (see Equation (57])) the weak error can be decomposed as
(124) Elp(X3)] = E[p(X(T))] = Ex, + E3(T)
with

ENy = Elp(Xrn)] = Elp(X(T))] = Elu- (0, X7 n)] — Elur (T, Xr0)]
E3(T) = E[p(X-(T))] = E[p(X(T))] = E[u(0, X(T))] — E[u(T, X-(0))],
where the functions u, and u are defined by and respectively.

To simplify the notation, it is assumed that the function ¢ satisfies the inequality |[|¢||; +
lell2 < 1, and the general case follows by a straightforward argument.

(125)

PROOF OF THEOREM [4.8 Owing to the decomposition (124) of the weak error, the
weak error estimate is an immediate consequence of the two weak error estimates

(126a) [ERal < Co(T)73° (L + o} ),
(126b) |E% ol < Cs(T)7275(1 + |zol5).

Let us first establish the weak error estimate (126a]). The arguments are similar to those
used in the proof of Theorem [4.4] above, in particular it is not necessary to assume that ¢
is of class C? to prove ([126a]). Since this condition is necessary below to prove (126D)), the

inequality ({126al) is proved under this condition. Recall that the auxiliary process (XT(t)) =0
is defined by ((102)) in Section . Using the definition of the function u, and a standard
telescoping sum argument, one has

By 1 = Elu (0, X, (T))] - E[u (T, X, (0))]
= 3 (Blur(T — s, Ko (b)) = Blur(T — o, X ()]

~ O

N—
r
=2
n=0

with €7 = E[u, (T—tni1, Xy (tne1))]—Eur(T—tn, X, (t,))] foralln € {0, ..., N—1}. Applying
[to’s formula, using the expression (103) for the evolution of the auxiliary process and the
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fact that u, solves the Kolmogorov equation (89)), one obtains, for all n € {0,..., N —1}, the
expression

e — f " B[DU(T — % (0)).(Q0 F(E (1)) — Qu F(E () |t

The cases n = N — 1 and n € {0,..., N — 2} are treated separately. On the one hand,
using the inequality , the bound , the Lipschitz continuity of F' and the moment
bound (104)) (with oo = 0), one obtains

sl < OOl | BIQ (P (1) ~ F(E(0) o

tN—1

< C(T)72 ||ll1 (1 + |o]).

On the other hand, using the inequality from Lemma with a = % — %, for all
ne{0,...,N — 2}, one obtains
len| < e;,l + e;,z
where the error terms on the right-hand side above are defined by
tn+1 - -
= COWT [ BIQ (P (1) ~ F(&(0) et
tn
tnt1 1 1,5 5 N
6= O [ B (P(R 1) - FE () it
tn (tN,1 — t) 2 8

Using the bound , the Lipschitz continuity of F' and the moment bound (104) (with
a = 0), one obtains

N-2
Z e;l < C(T)\/’F
n=1

The treatment of the error term e], , exploits Assumption [5| on the regularity of the nonlin-
earity F': using the bound and the Cauchy—Schwarz inequality, one obtains

eflﬁ(tht)

tn+1
o7, < C(T) f e
2 o (tyoo — )23

Using the inequalities (104]) and (105]) from Lemma then yields the upper bound
N—2 1
Y e < Co(D)TH (1 + foof} ).
n=0

Gathering the estimates, one obtains the error estimate ({126al).
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It remains to prove the weak error estimate (126b]). Using [td’s formula associated with
the modified stochastic evolution equation , one obtains

E3(T) = E[u(0, X-(NT))] — E[u(NT, X-(0))]

- JT E[—0wu(T —t, Xy (t))]dt

0

+J E[Du(T — t, X, (t).(— A+ X (t) + Q- F(X-(t)))]dt

Py f E[D%u(T — t, X, ()).(Qc;, Q2e;)dt

jeN

= E5(T) + E55(T) + E35(T)

where, owing to the identity d;u = Lu (u is solution of the Kolmogorov equation ((111))), the
error terms Fy 1 (1), E52(T), E23(T") are defined by

T

E3,(T) = JO E[Du(T — t, 2,(t)). (A — A, (1)) Jdt

E3,(T) = J E[Du(T — 1, X,(1)).((Q — 1) F(X,(1)))]dt

B5o(T) = 5 35— 1)ELD(T 1, 2.(0)) (e, )]t
jeN

The weak error estimate (126b]) is then a straightforward consequence of the three auxiliary
estimates

(127a) B3 (T)] < Cs(T)m2 7% (1 + |aols),
(127b) B3 ()| < Cs(T) 7 ~3(1 + |o)),
(127c) B3 5(T)| < C5(T)727°.

The inequalities (127bf) and (127¢c|) are proved using straightforward arguments, using the
auxiliary results from Sectlon . However, the proof of the inequality (1274 m ) requires addi-
tional arguments to obtain the Weak order of convergence 1/2.

e Proof of the inequality . Using the mild formulation associated with the
modified stochastic evolution equation , the term E7,(T) can be written as

E2T,1(T) = E27,1,1(T) + E27,1,2(T) + E2T,1,3<T)>

with
E;,,(T) = -Jo E[Du(T —t, X (t)).((A — A)e o) dt
PLoalT) = | BIDUT . 20).((A = A) | &M@ P (s))ds)
B() = [ EIDUT — 20 (A - A f -Gl ()t
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First, using the regularity estimate ({117)) from Lemma with a = 1 — g, one has

T
\B5, A (T)] < G5(T) j (T = 1) 3A 3 (A — A, )e "Dy dt
0

< cf (T — )2 |A7F 3 (A — A, )e D ag|dt

0

T
+ CJ (T — )2 |A"F 3 (A — A, )e A ag|dt.

T

Using the inequalities from Lemma [5.1] and from Lemma [5.2] with oo = 0, one has
IATF2(A — A )e | < Claols.

for all ¢ € (0,7). In addition, using the smoothing inequality from Lemma with
a =1-—0, one has

T T
f (T — )2 |A7F 3 (A — A, )e P ag|dt < Cj f (T — )" a0 | Al s et g |t

T T

T
< cﬁ—df (T — )2 (t — 1)~ 2 dt|m|

T

T
< Cng_JJ (T —1t)” g4 1+2ds\xo\
0

Therefore one obtains
|E311(T)| < Cs(T) (7lwols + 7 |zo]).

Second, using similar arguments an upper bound for the error |E7 | (T is obtained. Us-

ing the regularity estlmate 117) from Lemma and the inequality . 79) from Lemma
applied with a =1 — % and a=1-90 respectlvely, one has

T t

EL] < C | (= A A | O Q P o) sl

0 0
< CTl‘SJT(T—t)HJ \Alﬁ ~E=DA 0 F(X,(s))|dsdt.
Using the bound rom Loemma , the Llpschltz continuity of F' (Assumption [2)) and
the moment bound (83)) from Proposition [5.4] one obtains for all ¢ € [0, T']
[ wtem e gup s < )+ ol [[ 1N @ s
< O+ [aal) | 14756 Qs

t
(T (1 + [a0)) f S BN P

< C(T)(1 + |aol)7% + C5(T)(1 + ]xol)J (5 — 1)

< G5(T)(1 + [mo)),
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using the smoothing inequalities for s € (0,7) and for s > 7 respectively, and the
condition 7 < 7y. Therefore one obtains

|B512(T)] < C5(T) 7'~ (1 + |ao)).

Finally, it remains to prove an upper bound for the error |E3, ;(7)|. Combining the
regularity estimate , the inequality and the smoothing inequalities and
like for the treatment of the other terms is not sufficient: these techniques only provide a
weak order of convergence equal to 1/4. In order to obtain the weak order of convergence
1/2, another approach is necessary, using Malliavin calculus techniques, following [34]. We
refer to [15], Section 2.2| for notation and useful results.

For all s > 0 and all h € H, the Malliavin derivative (DX, (t)),_  is solution of the

. . =0
evolution equation

dDLX, (1) = —ADLX,(t)dt + Q- DF (X, (t)). Dy X, (t)dt,

1
for ¢ > s, with the initial value D" X, (t) = Q2h, and DX, (t) = 0 if t < 5. Using arguments
similar to the proof of Lemma (the inequalities and and the Lipschitz continuity
of F'), one obtains for all t > s

LD, (1)?
2 dt

log(1+ 7A;)

DL ()" < Lp| DX (1)%,
7')\1

< (Lr—M)

and applying Gronwall’s lemma yields the almost sure inequality | D" X, ()| < e“r(=9)|Qzh| <
rT|Qzh| forall 0 < s <t <T.

Owing to the Malliavin integration by parts formula and to the chain rule, the error
term E3, 5(7T') is written as

t

FLuslT) = | BIDUT — 1.2 0).((A = A) [ & @haw (s)) o

0

- Zf (DU = A0 (A~ A7) [[ M@l

jeN 0

= X [ [ DT 20 e P~ A Qe st

jeN

149 1
Let § € (0,3). Using the equalities A‘H%ej =\ 1+2€j and Q)7e; = ¢, je;, and the regularity
estimate (118]) from Lemma m (with ay = 1 — ¢ and @, = 0), one obtains

s
(5_15

|D*u(T — t,XT(t)).(ej,DngT(t)ﬁ)J < Cs(T)(T — )72,

1
2
7—7]



As a consequence, one obtains the inequalities

T ¢
T 149 -1+4 () s
B0 ) [ (=0 S0l [
0 jeN 0
g sq
< Cs(T “13 g N N2 2
) [ rtay A
jeN
s log(14TA,
<05<T>2Aj1+2,1_m,,

/\jT

jeN
. . " qr; 1 Arj _ log(1+7Xj) . . . .
using the identities ﬁ =% and )\—JJ = /\]—_TJ, see (38). Using the inequality with
a = % — 0, one then obtains the upper bound

—1+8 log(1 4+ 7X;)
|E514(T)| < Cs(T) Y A \1—T|\C5 ) DA

jeN jeN

_9
2

l\)\b—l

1_
T2

Gathering the upper bounds on the error terms E3, |(T), E7,,(T) and E3, 3(T), the in-
equality for E3,(T') is thus proved.

e Proof of the inequality (127b). Let § € (0,1) be an arbitrarily small parameter. Owing
to the inequality from Lemma , and to the inequality from Lemma , both
applied with a = 1 — 4, one obtains

[EN 22| < C5(T) L (T = )" AT(Qr = D)l e Bl F (X- (1)) []dt

< Cy(T)r'0 f (T — t) B[ F(X, (1))t

0

< C'(;(T)Tlfa(l + |wol),

using the Lipschitz continuity of F' (Assumption [2)) and the moment bound from Propo-
sition in the last inequality. The inequality (127b|) is thus proved.

e Proof of the inequality (127D). Let 6 € (0, 1) be an arbitrarily small parameter. Owing
to the inequality ,applied with & = & — § (see the proof of Lemma and to the
regularity estimate from Lemma , applied with a; = ap = 1 — %, one obtains

2

1 s (T
Enas| < Cs(T) Y (A7) A T2 | (T — 1) 2t
< ] ‘]

jeN 0

15 (T )
62 ). 2 2 J t)—1+§dt7
jeN
_1_s
Since >}, A;° * < o0 and S[:)F )’”%dt < o0, the inequality (127d) is thus proved.

e Conclusion: the three inequalities (127al m and ( m ) hold, thus the inequal-

ity [126b] is proved.
Since the weak error estimate is a straightforward consequence of the inequali-

ties ((126al) and ([126b)), this concludes the proof of Theorem |
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6.3. Proof of Theorem [4.9] The details of the proof of Theorem [£.9) are standard
and are omitted. The main changes compared with the proof of Theorem 4.8 written above
is the need to exploit the results of Lemma [5.6) and Lemma to obtain factors of the
type exp(—«t) in the upper bounds for Du.(t,z).h, Du(t,z).h and D?u(t,z).(hi, hs). As a
consequence, the constants Cs(7") appearing in the proof of Theorem above are replaced
by constants Cs which are independent of the final time. This approach is standard and is
already used in the proof of Theorem 4.4 above. We also refer to [12] for a similar analysis
to prove error estimates for the approximation of the invariant distribution p. using the
standard Euler scheme. The details of the proof are thus left to the interested reader.

7. Results on the accelerated exponential Euler scheme

The section is organized as follows. Instrumental auxiliary results are stated and proved
in Subsection[7.I]and the details of the proof of Theorem[£.12are given in Subsection[7.2] The
arguments are similar to those used in Section [6.1] to prove Theorem [£.4] but the analysis of
the accelerated exponential Euler scheme does not require Assumption [4]to be satisfied or to
consider only the approximation of the invariant distribution. Finally, in Subsection the
strong rate of convergence of the accelerated exponential Euler scheme is studied: we check
that in this case the strong order is 1/2 and coincides with the weak order of convergence
exhibited in Theorem [£.12]

Recall that the accelerated exponential Euler scheme

t'n.+1
(128) X:z—fl _ €_TAX;’B + A—l([ . €_TA)F(X;;’8) _{_J 6_(t"+1_S)AdW(8), Xg,e = 20,
tn

see Equation in Section .

7.1. Auxiliary results. The first auxiliary result is a variant of Proposition [4.6] con-
cerning the regularity properties of the function u instead of the function u,. Recall that

u(t,z) = E,[p(X(t))], see Equation in Section [5.6]

PROPOSITION 7.1. Let Assumption [0 be satisfied and ¢ : H — R be a bounded and
continuous function.

For allt > 0, u(t, -) is differentiable and one has the following estimate: for all T € (0, o0)
and § € (0,3), there exists C5(T) € (0,%0) such that for t € (0,T] and all x,h € H, one has

(129) }Du(t,x).h| < C(S(T)H‘Spmotl_am_%ﬁm‘

In addition, if Assumption|[d is satisfied, there exists Cs € (0,90) such that for all t € (0, 00)
and all x,h € H, one has

(130) ‘l)u(t7 x)h‘ < Cé(T)e_(Al_LF)t‘Hg0|‘|0t_1+6|/\_%+5h‘_
The inequality (130) is required to prove Theorem [4.13]

PROOF OF PROPOSITION [T.I]. The inequality (129) is a straightforward consequence of
Lemma and Lemma [5.12] and of the semigroup property (110)): for all ¢ € (0,7] and all
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r,he H,
|Du(t, x).h| = [DPyp(x).h| = [DP: (Pg(p) (x).h|
< Cs(T)t2 70| Pyplla|A~2+2h|
< Co(T)Elipllol A= R
using successively the inequalities and from Lemma and Lemma re-

spectively.

The inequality (130)) is proved using a similar argument and Lemma if t > 1, the
semigroup property (110)) yields

| Du(t, z).h| = [DFip(x).h| = |DPy (Ptf%@) (x).h|

< Csl|P_ sl A"+
Cre~M1=LRNED Py gy |A2 )
< Cem M0 lio| A2 0.

using successively the inequalities (117)), (5.11)) and (123]) from Lemma [5.10] Lemma [5.11
and Lemma respectively. The case t € (0,1) is covered by the first inequality (129)).

This concludes the proof of Proposition [7.1] O

N

The other main ingredient in the proof of Theorem [£.12]is the introduction of an auxiliary
process (X7(t)) defined as follows: for all ¢t > 0,

=07
¢
(131) X7¢(t) = e My + f e TINP(X7S )ds + WD),
0
where WA(t) = Sé e~ =90qW (s) is given by [23), (s) = n if t, < s < t,41, With t,, = n7.
For every n € Ny and all ¢ € [t,, t,,1], one has

(132) dXT(t) = —AX™(t)dt + F(X7°)dt + dW (t).

Finally, note that by construction of the auxiliary process, one has X7°(t,) = X7¢ for all
n e No.
The following variant of Lemma [5.9]is used in Section [7.2] below.

LEMMA 7.2. Let Assumptions[1] and[9 be satisfied.
For all T € (0,0) and c € [0, 1), one has

E[IX7e(t)]2
(133) sup sup H—()JO‘] <
zocH® tef0,7] 1+ |zo|?

and

(134) sup sup Bfla™ (Xﬂe(t) _Xﬂe(tg(t)))} ] < 0.

2oeH® 1e[0,T] 7291 + |20|2)

Moreover, if Assumption@ is satisfied, then for all o€ [0,%) and o € H®, one has

1
E[|X7<(t)2]
135 sup sup —————% < @
(15) :coelg)a tzg 1+ |zo|?
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and
EHA—a (X-r,e (t) _ XTe (te(t))) ’2]
(136) sup sup 5 5
zoeH> t=0 T a(l + |x0|a)

The proofs of the inequalities ((135)) and (136 are omitted, these inequalities are required
only to prove Theorem [£.13]

< 0.

PROOF OF LEMMA [7.2l Introduce the auxiliary random variables
Ve = X7 — Wh(t,)
YTe(t) = XT(t) - WA(t)

for all t > 0 and n € Nj.
On the one hand, for all « € [0, %), one has

Stlig E[|WA(t)|i] = fo‘? HAO‘e_SAH%Z(H)ds = Z )\?a JOO e 2Nids < Z 2)\1;2& < 0.
= 0 jeN 0 jeN <%
On the other hand, for all n € Ny one has
w = e TN TRV + W),
therefore, using the Lipschitz continuity of F' (Assumption , one obtains
Y76l < e ™ (1 + Lpr|Y|) + Lere ™ (1 + [WA(2,)]).

A straightforward argument then yields the moment bound

sup  (E[IX7%2])% < C(T)(1 + [ol).

neNg,nT<T

Then, for all t € [0, T], one has

NI

% i ’ T,e
EIXOR])? < Jeaola + j AN (B F (X)) s

T (B[WA@)2])*
< C(T)(1 + [z0]a),

using the smoothing inequality , the Lipschitz continuity of F' and the moment bound
above. Thus the inequality (133]) is proved.

It remains to prove the inequality (134]). Observe that for all n € Ny and ¢ € [t,,, t,11),
one has

t t
X7(t) — X70(t,) = (77N — ) X7 f e UINP (X0 ds + J e~ DA (),
tn tn
and, using the moment bound ([133)) proved above, and 1t6’s isometry formula, one obtains
—o( yTe " T,e 29\ 3 20 (,—(t—
(LA (X7(t) = X(ta))[1)? < (1 + ola) [~ (A = 1) |y + C7(1 + )

t 1
+ (J “A_ae_(t_s)A‘|%2(H)d$)2.
tn
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Using the inequality (L7)), one has C'(1+4 |zo|a) [A72* (e~ — 1) | 2imry < Cam® (1 + |20]a)-
In addition, one has

T

t
| 1aee o s < S [ eeovas
tn

jeN 0
1— 6—27')\]-
< )\'—204—
2% 2\,
jeN
4o —1+2«
< Cor™™ Y A
jeN
and one has )\;”2“ for all o € [0, 1), using the inequality s(up) 271 — e < o0.
z€(0,00
Gathering the estimates gives the inequality ((134)).
This concludes the proof of Lemma O

7.2. Proof of Theorem [4.12] Using the auxiliary results presented in Subsection [7.]]
above, we are now in position to prove Theorem [4.12]

PROOF OF THEOREM [4.12] Like in the proof of Theorem [.4] it suffices to establish the
weak error estimate when the function ¢ is bounded and continuous. The weak error
is written and decomposed as follows:

Elp(X3)] = E[p(X(T))] = E[u(0, X§°)] = E[u(T, X5°)]
= Blu(0, X™(tw))] — E[u(T, X7(0))]

I
_

with e7¢ = Elu(ty — tns1, X7 (tns1))] — E[u(ty — tn, X7(t,))] for all n € {0,..., N — 1},
using a standard telescoping sum argument, where u is defined by . Applying It6’s
formula, using the expression for the evolution of the auxiliary process and the fact
that u solves the Kolmogorov equation (111]), one obtains, for all n € Ny, the expression

e = f E[Du(ty —t, X7(t))- (F(X™(tn)) = F(X7(1))) ]t.

Using the regularity estimate ((129)) from Proposition then Assumptionand the Cauchy—
Schwarz inequality, one obtains for all n € Ny

7 < Ol | e E I ) - PO e
<Gl | e 1)



Finally, using the inequalities (133]) and ({136]), one obtains

N-1 e
T,e T,e 1_
Ele(XR)] - Ble(X(T)] < 3, Ie5el < CaT)rt el | —pdt(1 + fanfh_y).
n=0 0
This concludes the proof of Theorem [4.12] O

7.3. Strong convergence of the exponential Euler scheme. Theorem states
that the weak order of convergence of the (accelerated) exponential Euler scheme is
equal to 1/2. If the function ¢ is assumed to be of class C' with bounded derivative, instead
of being bounded and measurable, a proof of the weak error estimate is obtained using
Lemma directly instead of Proposition [7.1] above. Note that contrary to the analysis
of the standard Euler scheme or of the modifed Euler scheme (see Theorem [4.§), it is not
needed to assume that ¢ is of class C? with bounded first and second order derivatives. This
difference is due to the construction of the accelerated exponential Euler scheme, which is
exact when F' = 0, in other words the stochastic convolution is computed with no error.

In fact, when the conditions of Theorem are satisfied, the accelerated exponential
Euler scheme has strong order of convergence equal to 1/2.

PROPOSITION 7.3. Let the nonlinearity F satisfy Assumptions [ and [ For all T €
(0,00), 6 € (0,3) and 7o € (0, 1), there exists C5(T) € (0,0) such that for all T = % € (0, 7o)

)

with N € N, and all xy € Hi~s one has

(137) sup  E[|X (n7) = X7*] < Co(T)m> (1 + [zo]1_s).

neN;nT<T

The strong convergence estimate (137)) is a variant of the results of [44], under slightly
different assumptions on the linearity F'. A proof is given below for completeness. It is thus
not surprising that it is sufficient to assume that ¢ is Lipschitz continuous to obtain weak
error estimates with order 1/2 for this integrator, instead of assuming ¢ is of class C? in
standard results. Theorem is a substantial improvement of this straightforward result,
since ¢ is only assumed to be bounded and measurable, in particular it is not Lipschitz
continuous.

PROOF OF PROPOSITION [T.3 The strong error estimate (137)) is a straightforward con-
sequence of the more precise result

sup E[|X(T) = X™(8)]] < Co(T)72 (1 + |o]1 _s),

o<t<t

where (f( e (t)) 1~ 18 the auxiliary process defined by (131)). Indeed, X7 = X7°(t,) with

t, = nr, for all n € Ny and 7 € (0, 7).
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The strong error estimate above is obtained using the following arguments. Using the
mild formulations for the processes X and X7°, one obtains for all ¢ € [0, 77,

X(t) — )N(T’e(t) = r e_(t_S)AF(X(s))ds — ft e_(t_S)AF()N(T’e(tg(s)))ds

JO 0

_ [) =9I (F(X(5)) — F(X7(s))ds

+ | eI PR ) P () s

Therefore, for all ¢ € [0,T], one obtains

E[|X (1) = X™(t)]] < LFL E[|X(s) — X7(s)[Jds

¥ j Efe M (F(X7(s)) — F(X™(ty))|lds

<L j E[|X(s) — X7(s)[]ds

t 1 _l+g ~T’eS N T, s
+Lmﬂz[m 25 (F(XT(s)) = F(X™ (tys))|]d

using the smoothing inequality . Finally, using Assumption , and then the auxiliary
bounds ((133]) and (134)), like in the proof of Theorem above (see Subsection then
gives
t
E[IX(t) = X™*(@0)]] < LFJ E[1X(s) = X™(s)[]ds
0

e}
1
# D [ b1+ ),
0 tl—g 4 8
forallt € [0,T]. Applying Gronwall’s lemma then concludes the proof of Proposition O

8. Results on the standard Euler scheme

This section is devoted to the proof of Theorem and is organized as follows. The proof
of the weak error estimate is based on the decomposition of the error, where the
auxiliary processes (X7(t)),_ and (X]*(t)),_ are the solutions of the modified stochastic

evolution equations and respectively, which we recall for convenience:

s dXT(E) = — A X7V dE + Qn F(X™())dt + REAW (1),

dXT(E) = — A, X7 () dt + R, F(XT(0))dt + REAW ().

Subsection provides several auxiliary results, concerning the linear operator R, (defined
by Equation (64])), the two auxiliary processes introduced above, and an additional auxiliary
process (X75(t)) 1> defined below. Subsection 8.2/is then devoted to the study of regularity

T,st T,st

properties of the solutions ™" and ul**" of the Kolmogorov equations associated with the

stochastic evolution equations ([138): the statements and arguments are similar to those
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presented in Section ((5.4]), however some new difficulties need to be dealt with. Finally, the
details of the proof of Theorem are presented in Subsection [8.3]

8.1. Auxiliary results. Let us first state the three main properties of the linear oper-
ator R, which are used in the analysis. Recall that

A
R = QI+ )"

for all 7 € (0, 7).

LEMMA 8.1. For all 7 € (0,79) and x € H, one has

(139) |R-x| < [Q-z], [Riz|<|QFzl.

Moreover, one has

1
(140) sup |R- Qe_TATHL(H) < o,
TG(O,TU)

t
(141) sup sup i

1
|R;§€_tATQT £(H) < 0.
7€(0,m0) t(0,00) ﬁ‘ lean

Finally, for all 6 € (0, %), one has

(142) sup 72 ATIQr — Ry eqa) < 0,
7€(0,70)
_1
(143) s(up) AR 2 (Qr — R:)| oy < 0.
7€(0,70

PROOF OF LEMMA [B.1] The inequality (139)) is a straightforward consequence of the
definition of R, and of the inequality ||(I + Z*)™"|zm) < 1.
The inequality (140)) is proved as follows (see the proof of inequality from Lemma

for similar arguments): for all 7 € (0,7), one has

_1 14 )5 A
| R 2™ | cgary = sup S f
jeN 2
qT7J

(1+ 52 (rA))
= sup
jeN (14 7Aj)4/log(1l + 7X;)
1+2)z)?
< sup (( Q)Z) < 0.
2(0,0) (1 + 2)4/log(l + 2)
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Let us now prove the inequality (141)): for all 7 € (0,7) and ¢ € (0, 90), one has

_1 (1+ T—Aj)% N
|R- 2™ Q: | oy = sup ——2—"—e g,
jeN qTZj
Aj log(1 + T\, log(1+72;)
=sup (1+ T—)% 8( )e_t¥
jeN 2 (T/\j)
T3 1 (1+ %)%
< — sup 2%2e ‘sup ————
12 2¢(0,00) jeN  (TAj)2
1 1
3 1+2)2
< 7'_1 sup zie7 sup #
12 2e(0,00) 2€(0,00) z2

It remains to prove the inequalities (142 and ([143)). Note that for all 7 € (0, 79), one has

TA TN TA
QT_RT:QT(I_(I+_) 1):QT(I )1
2 2 2
One the one hand, one has
1is
Lis|A—2+6 Gri(TA;)2"
sup 7 2 [AT2TNQr — Ryl gy = sup sup ————
7€(0,70) ) re(0m) jeN 2+ TA
P
< sup < 0,
z€(0,00) 2+z2

using the inequality from Lemma to have ¢, ; < 1.
On the other hand, the linear operator

_1 1 A _17A 1 1 A1 1
R2(Q, — R, = Q2(I + %)7% = 5 log(1+TA)3 (I + %)*a(TA)a
is unbounded for all 7 € (0, 7). However, for all § € (0, 1), one has
S| A~ p— 3 log(1+7X;) (T);)z
S| A—0 j j
sup 7 °|[AT°R:*(Qr — R;)|cmy = sup sup -
re(0,70) ( e reom) g 2(TA)0 (14 )
log(1 2
< sup o8 5+ N - < Q0.
2e(0,0) 2z (1+2)2
The proof of the inequalities (142]) and ((143)) is thus completed.
This concludes the proof of Lemma O

Note that combining the inequalities (139) and (141)) also gives the inequality

144 sup sup e
( ) 7€(0,70) te(0,00) \/> H
The next result states moment estimates for the solutions (X7(¢)),_ and (X[™(t)),_,

of the modified stochastic evolution equations (138]). These moment bounds are uniform

with respect to ¢t € (0,00) and 7 € (0,79). We refer to Proposition from Section for a
similar result.

tATRTH[;(H) < 0.
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LEMMA 8.2. Let Assumptions[1],[3 and[3 be satisfied, and let the linear operators A;, Q-
and R, be defined by and , for all 7 € (0, 7).

For any wnitial value xq € H, the modified stochastic evolution equations (138|) admit
unique mild solutions (X™(t)),_, and (X]*(t)),.,, with initial values X™*(0) = X7(0) =
xo. In addition, for all a € [0,}l , one has

t=0’

B[l (t)[a] + B[ A7 03]

145 su sup su < 0.
(145) A L+ ol

PROOF OF LEMMA [R.2l The proof follows the same steps as the proof of the moment
bound from Proposition , using the inequality (139) from Lemma . The details

are omitted. O

The final tool studied in this section is the auxiliary process (/f' T’St(t)) +>o defined as
follows: for all 7 € (0,7 and for all t > 0,

t
(146) XT5t) = ey + J

t 1
eI QP (X ds + f e I REAW (s),
0 0

where ((s) = n if t, < s < t,41, with ¢, = n7T. For every n € Ny and all ¢ € [t,,t,.1], one
has

(147) dXT (1) = —AXT($)dt + Q, F(XT*)dt + R2dW (¢).

Finally, note that by construction of the auxiliary process, one has X7(t,) = X for all
ne No.
The following variant of Lemma [5.9] and Lemma [7.2] holds.

LEMMA 8.3. Let Assumptions @ and@ be satisfied. For all 7o € (0,1), a € [0, 1), one
has

E[|X7(1)2]

148 sup sup sup ————>— < @0
( ) IQEHC‘ TE(O,T()) t=0 1 + ’xO’gf

and

E[|A— XN'T,St 1) — XT’St ¢ 2
(149) sup sup sup (A~ - ®) : (tee))|]
zoeH® 7€(0,70) =T T29(1 + |20|2)

< 00.

PROOF OF LEMMA [8.3] Observe that for all ¢ > 0, one has

' —(t—s)Ar p3 TA 1A
e TRZAW (S) = (I + 7) 2 W (t),
0

1
where W, (t) = Sé e~ =AM Q2dW (s) is given by (8I). Since |(I + %)’%HL(H) < o0, the
inequalities (148) and (149 are obtained using the same arguments as the inequalities ((106))
i

and ((107) from Lemma 5.9, The details are omitted. O
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8.2. Kolmogorov equation associated with the modified equations. The objec-

tive of this section is to state and prove regularity results for the functions «™* and u7s
defined by

(150) umt(t, ) = Eo[o(X7(1))],
and
(151) up* (t, x) = Eo[p(X](t))],

forallt >0, z € H, and 7 € (0,7), where ¢ is a bounded and measurable function from
H to R. In the above definitions, (XT’St(t))tZO and (X[’St(t))tzo are the unique solutions of
the modified stochastic evolution equation (138)), with initial values X™%¢(0) = X75(0) = x.
Like in Section in order to study the regularity properties of the functions u™" and
ul™, it is convenient to rely on the convention introduced in Section An auxiliary
finite dimensional approximation is applied, in order to justify the regularity properties and
the computations, and all the upper bounds do not depend on the auxiliary discretization
parameter, which is omitted to simplify the notation.

It is convenient to introduce the families of linear operators (P;™) 1= and (P 1207

such that u™(t,) = P[*'¢(-) and ul*(t,) = Py;'¢(:) for all t > 0. The Markov property
for the solutions of the modified stochastic evolution equations ([138]) yields the semigroup
property: for all ¢, s > 0 and all 7 € (0, 7)), one has

(152) PT_"_S;()D 737' ,st (P;’Stgo) ’ szj_s(p 737' ,st (P:,:t(p)

for any ¢ € By(H).
Under appropriate regularity conditions on the function ¢, the function (¢,z) € R* x H —

7,5t

u™t (t, x) = P () is solution of the Kolmogorov equation
(153) atur,st — ﬁr,stur,st

with initial value u™**(0,-) = ¢, where the infinitesimal generator £™" is defined by

LT¢(x) = Dp(a). (A + Q. F EDQ ).(Rie;, Ricy).

]EN

Similarly, under appropriate regularity conditions on the function ¢, the function (¢,z) €
Rt x H — ul*'(t,z) = P[;"p(x) is solution of the Kolmogorov equation

(154) atu:,st — E:’StuT’St

with initial value u7**(0,-) = ¢, where the infinitesimal generator £ is defined by

LT%¢(x) = Dp(a).(~Ara + R, F(x ZD2 ).(RZe;, RZe)).

]EN

The main result of this section is the following version of Proposition stated in Sec-
tion : the functions u™* and u7® satisfy the same regularity estimates as the function
u,. However, the proof of Lemma [8.4] is more technical than the proof of Proposition [4.6]

therefore detailed proofs are given.
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LEMMA 8.4. Let Assumptions [3 and [( be satisfied and ¢ : H — R be a bounded and
continuous function. For allt > 0 and 7 € (0,79), u™(t,-) and ul™ are differentiable and
one has the following estimates: for all § € (0, %], there exists Cs € (0,00) such that for all

12
7€ (0,7) and for all t € (21,0), one has
|Du™"(t, z).h| + |Du;*(t, z).h|

155 ) 1 1
7 < Cse™lgllo (1 A (¢ = 27)) 7% (Vrlhl + (1 A (= 20)) 57 [AHh])

for all x,h € H, with k = W()\l —Lp) > 0.

PROOF OF LEMMA [84 Like the proof of Proposition [4.6] the inequality (I55) for u™*'
and u7® is obtained by the combination of three estimates using the semigroup prop-

*

erty (152). For the function u™*, the three estimates are of the type

(156)  [Du(t2).h] < Callglls (VIR + (t =) [AR]),  te (0,1) @, he H,
(157) (¢, ) < e lglls, >0,
7,8 C
(158) a7t )l < ——llello,  te (7,11,
(t— )}

where « € [0, %), and the function ¢ is assumed to be of class C' with bounded derivative
in (156 and (157), and bounded and continuous in ((158]). Similarly, for the function ul**,
the three estimates are of the type

(159) |DuT™(t,z).h| < Ca\Hgo\H1<ﬁ|h| - T)*a|A*am), te(0,1],2,he H,
(160) luz= (¢, )b < e ™lell, t=0
T,S C
(161) ™ (¢, )2 < tllello, te(r1],
(t—7)2

with same conditions as above.
To prove the inequalities (156 and (157]), the following expression for the first order
derivative Du™(¢, z).h is used, when ¢ is of class C! with bounded derivative: one has
Du™(t,x).h = E,[Dp(X™(t)).€(1)],

T

where (ff(t))po is solution of
0EN(t) = — A€M (1)t + Q- DF(X™(1)).€1(1),
with initial value £"(0) = h. Similarly, to prove the inequalities (159) and (160]), the following

expression for the first order derivative Dul*'(t,x).h is used, when ¢ is of class C! with
bounded derivative:

Dul™(t,x).h = E,[Do(X]™(t)).E", ()],

Sr%

h

where (£,(t)) 1> 18 solution of

der.(t) = A&7 (t)dt + R DF(X[™(t)).€7(t),
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with initial value £, (0) = h. The proofs of the inequalities and are identical to
the proofs of from Lemma and (97)) from Lemma respectively. Using the inequal-
ity , the proofs of the inequalities ((159) and follow from the same arguments. The
details are omitted.

It remains to prove the inequalities and ((161)). The proofs are not straightforward
modifications of the proof of (| . ) from Lemma |5.7, therefore it is worth giving the details.
The reason for the additional difficulties is the behav1or of the unbounded linear operator

=Q,? (I + TA) 2 which differs from the behavior of the operator QT appearing in the
proof of Lemma, [5.7] -
To prove the inequalities and , the following expressions for the first order
derivatives Du™"(t, z).h and Dul™*(t, z).h are used, when ¢ is assumed to be only bounded
and continuous: for all ¢ € (0,00) and z,h € H, one has

D (t, ). h = %Ex[w(?f 0) L<RT ¢(s), W ()]

DU (t0)h = JEAXT 1) | e (9. W ()]

The proof of the inequality (161)) employs simpler arguments than the proof of the in-
equality (158]). Like the proof of Lemma two steps are required. First, observe that

_1
Ld|R; > &2, (1)

LA T n gt (0. Rl (1) + CDF (= (0)€h, (1), €2.(0))

— —(A(I + TA) P (), €8, () + Lplel (1)

< —(M — L)1) <0,
using Assumption 3| Therefore, for all 7€ (0,7y), ¢ = 0 and h € H, one has

IR 7" ()] < |R- 7).

Tst(

Applying 1t6’s formula and using the expression above for Du ,x).h, one obtains the

following inequality

_1
(162) IDPIo(x).h| = | Dul(t, x).h| < H:’;!%Rﬁhy.

Second, let ¢t € (7,1]. The semigroup property (152)) yields the identity
UI’St (t, ) _ P;:’St (PtT S;*QO)

which gives the equality
Du*(t,x).h = E,[DP% . o(XT(1)).£7.(7)].

T,

Applying the inequality (162 - then gives

@ -3
Dur(t.0)4] < SEL B (IR ()]
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Using the mild formulation

T

h (1) =eT™h +J e~ TN R _DF(XT(s))ER, (s)ds,

T % T,*
0

one obtains the inequality for all 7 € (0, )
_1 _1 t 1
R < IR+ L [ e TN R e ()]s

1
< |R;2e ™ h| 4 C|h|
< C|hl,

1 1
using the upper bound e~ "9 R2| ) < |RZ |2y < 1 (owing to (I39) and to from
Lemma , the inequality (140) and the inequality [£”,(s)| < e "*|h| (which is used in the
proof of the inequality (160])). As a consequence, one obtains

llello
Dul™(t, z).h h
DUz (t,2) bl < ELC b,
for all ¢t € (7,1] and x, h € H. This concludes the proof of the inequality (161)).

It remains to prove the inequality . Like in the proof of the inequality given
above, two steps are required but different arguments need to be used since R, # @,. First,
it is straightforward to prove that [£"()| < e7*'|h| for all t > 0 and 7 € (0, 79) (this inequality
is used in the proof of the inequality ) Using the mild formulation

rt
ety = e ™ h+ | e IR DF(XTY)ER (5)ds

Jo
one obtains, for all ¢ € (0, 1],

1 1 to 1
|R-2EM(t)] < |R-%e ™ h| + Lp ( | R72e= =2 Q DF (X7 (s)) | cqan)- |0 (5) | ds

1 t
< |R77H| + C’L (1+ \/g)dsmy

< C|R;*h| + ||
< C|R %1,

1
using the inequality |R? |y < 1 (as a consequence of the inequalities (139)) from Lemma
and from Lemma in the last step. Applying Itd’s formula and using the expression
above for Du™" (¢, x).h, one obtains the following inequality

(163) |DP ™ o(x).h| = |Du™(t,1).h| < ||rﬁ0|RT 2.

Second, let ¢t € (7,1]. The semigroup property (152)) yields the identity
UT,st (t, ) _ P:,st (PtT S;SO)
which gives the equality

D™ (t,2).h = Eo[DP (X7 (1).£4(7)].
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Using again the mild formulation and the same arguments as above, one obtains for all
7€ (0,7)

IR 2€M(r)| < | Ry 2e ™ h| + C|h|
< Clhl,

owing to the inequality (140]). As a consequence, one obtains

- llsell
| Du™(t,x).h| < thl

for all t € (7,1] and x, h € H. This concludes the proof of the inequality (158]).
Like in the proof of Proposition [4.6| (see Sectlon. the inequalities in ({155]) are obtained
(15

by comblnlng the three estimates (156 nd and the three estimates (159)), (160))
1-

and ((161)), using the Semlgroup property ). The details are omitted.
T he proof of Lemma [8.4] is thus completed. O

8.3. Proof of Theorem We are now in position to provide the proof of Theo-
rem [£.11], using the auxiliary results presented in Subsections [8.1] and [8.2] above.

PROOF OF THEOREM [4.11]. Like for the proof of Theorem (see Section [6.1]), it suf-
fices to establish the weak error estimate for all functions ¢ : H — R which are bounded
and continuous. Indeed, this property then yields

1_ —kNT
dTV(pXX;S“wuiO) = do([)xpsta#fo) < Cs <T§ "1+ |£Uo|§_g) +e™NT(1+ |$0|)>

As a consequence, the inequality also holds for functions ¢ which are bounded and
measurable. Moreover, it suffices to let N — oo to obtain the inequality .
Let ¢ be bounded and continuous, then the weak error can be decomposed as

Elp(X3)) ~ [ wdnT = Blp(X7)] - Blo(a™ (t)]
# E[p(X (t))] ~ B t)]
Bl ()] — [ o

= B[ (0, 47)] - B[ (tn, 4]
+E[Z*(0, X7 (t))] — B[ (b, A7(0))]

W7 (b, 0] — f e

see Equation (66]), where the functions u™* and ul*" are defined by (150) and (151]) respec-
tively. It thus suffices to prove the three following weak error estimates:

+

E[
+ E[

(161) B (0, 5] ~ Bl (e, 27)]] < Cordlpllo(1 +laol}_g).
(165)  [BR (0,27 (t3)] — B[ (. X7 O)]] < Collellar (1 + [zolas),
(166) Bl (e o))~ [ ] < Ce et + )
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Above and in the sequel, ¢ € (0, %) is an arbitrarily small positive real number and C;s € (0, o0)
is independent of 7, N and x,.

The proofs of the inequalities (164 and (166]) employs the same argument as in the proof
of Theorem , however one needs additional arguments to prove the inequality ({165]).

e Proof of the inequality (164).

Recall that the auxiliary process (X T/t (t)) 1> 18 defined by Equation (146)), and satisfies
X TSt(t,) = X7 for all n € Ny. Therefore, using a standard telescoping sum argument, one

has

= B[ (0, £ (t)] — B[ (N7, &7 (0))]

= 3 (Bl (b = tuss, & ()] — E[u™ (b — by, Zre(£2))])

with 7% = E[u™* (ty —tps1, X7 (tns1)) | —E[u™ (ty —tn, X7 (t,))] for alln € {0,..., N—1}.
Applying 1t6’s formula, using the expression ((147)) for the evolution of the auxiliary process

and the fact that u™* solves the Kolmogorov equation ([153]), one obtains, for all n € Ny, the
expression

e = f E[Dum™ (ty — 1, X7(1))-(Q F (X7 (1)) — Q. F(X™(1))) ]dt.

The cases n € {O,N — 2, N — 1} and n € {1,..., N — 3} are treated separately. On the

one hand, using the inequality (163), the bound (71)), the Lipschitz continuity of F' and the
moment bound (148]) (with o = 0), one obtains

€™ + el + el < Cllgllo j [ty — ) FE[Q2 (F(R7 (1)) — F(27(1))) |Jat
+ Cllgllo f Uty — O BE[QF (P (1)) — P (1)) |Jdt
+ Cllells f "ty — ) SE[|QF (F(F7 (1) — F(E™ (1))t

1
< O72|@llo(1 + [o])-

On the other hand, using the inequality (155) from Lemma , with o = % — g, for all
ne{l,...,N — 3}, one obtains
) < e+ e
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where the error terms on the right-hand side above are defined by

ntl —r(tN—t) - -
el CWHQDH()J (t—tlEUQT(F(XT’St(tn))—F(XT’St(t)))Hdt

Nz—)2

tnt1 —s(tn—t) ~
i = Callell [ BN QPR 1) — P 0)

n (N—Q_)

Using the bound (71), the Lipschitz continuity of F and the moment bound (148) (with
a = 0) one obtains

2 < cvrllgllo j

N2 grltn-a=t)  g-nt

e
C 1+ Jaol) < OVl f T dt(1 + |z,
(ty—o —1)2 o t2

The treatment of the error term e;’f; exploits Assumption |5/ on the regularity of the nonlin-
earity F": using the bound and the Cauchy-Schwarz inequality, one obtains

—H(tN—t)

tn+1 e ~ ~ 1
e Ca|%0||of (—I;E(E[(l + |XT’St(t)|2i_g + |XT’St(tn)|2i_g)])2
tn

tN_9 — t) ~8
1 ~ ~ 1
(B[A=T+2 (X7 (t,) — X7 (1))|]) 2dt.
Using the inequalities (148)) and (149)) from Lemma then yields the upper bound

—kKt

dt(1 + |wol3_s).
s 178

TSt 1 5 e
Z et < orhlello [ S
0

Gathering the estimates, one obtains the inequality .

e Proof of the inequality (165 -

Applying Ito’s formula and using the fact that the function u™** is solution of the Kol-
mogorov equation ([154)), for all T' € (279, 0), one has

E[u7(0, XT“(T))] E[ul*(T, X7(0))]

- | BT - £ 2 0). @~ ROPGT @)

0

[ BKDGHT - X7 0), (@0 - BP0

T—21

b ERDET - £ 0), @~ ROPAT @)l

0

On the one hand, using the inequality (162]) (see the proof of Lemma in Subsec-
tion [8.2)), the inequality (143)) from Lemma one has

T
‘ JT_QTE[<Du:7S<T —t, .)('T’St(t)), (Q, — R.)F(X7( st dt’

T
lello -1 _ rst
o ﬁEHRT (Qr = R)F (X7 (t))|]dt
T
< 067_5 H‘SO‘HO EHA(SF(XT’St(t))Hdt.

T-21 \/T_t
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Using then the additional regularity condition on the nonlinearity F', the moment
bound ((145) from Lemma and the inequality

T 2T
J (T—t)%dmf t2dt < 2v/2r,

T—21 0
one obtains the upper bound

T
| B — 6, 47(0),(Qr — R)P@ O))de] < Csrt*lallo(1 + [zola).
T-2T1

On the other hand, using the inequality (155 from Lemma (with @ = % — ), one
obtains

T—2r
[ et . @ - mraeap

e C e_H(T 9 7,5t
<[ e - R )

T—27 C e~ K(T—t) . i,
*L (T—t—2r)176EUA S(Qr — R)F(A7 (1)) Jdr

—kKt

© e
< Cllellov'T j {1+ sup B[ (5)])
0 2

520

O —kt

+ Cillllrt ™ | a1+ sup B[ (s)])

0 tl s=0

using the inequality (142)) and the Lipschitz continuity of F' in the last step. Using the
moment bound (145) from Lemma 8.2} one finally obtains

T—21

| DT~ £ 279 0), (. — RPNt < Callllors (1 + )
0

Gathering the two estimates gives

[E[ul(0, X7(T)] = E[ul* (T, X™*(0))]| < Csllllo7> (1 + |zo]as).

and concludes the proof of the inequality .

e Proof of the inequality .

Recall that p] is defined by Equation in Section and is the invariant distribu-
tion of the modified stochastic evolution equation , when the nonlinearity F' satisfies
Assumption {4 i.e. F' = —DV. Let X] be a H-valued random variable with distribution
pxr = p; and assume that it is independent of the Wiener process (W( )) 150" Note that one
has

s BA7) = s [ faldp (@) < o
7€(0,70) 7€(0,70)
using the condition Ly < A\ < A(1 + %) from Assumption I Since px" is the unique

invariant distribution of the process (Xf’St (t)) 1= One has

E[[*(ty, XT)] = E[u]*(0, A7)] = f diil
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for all N € N and 7 € (0,7). As a consequence, when ty = N7 = 279, one has

E[p(X7*(tn))] f i,

u?St (tN7 xO) - E[UI’St (tNa X*)]‘

< Jlur™ (v, )1 Eflzo — Au]]
< Ce™™|loflo(1 + |zo),

using the inequality from Lemma with § = % This concludes the proof of the
inequality .

e Combining the three inequalities , and , one obtains the weak error
estimate for all functions ¢ : H — R which are bounded and continuous. Owing to the
arguments given above, the proof of Theorem {4.11}is thus completed. 0

9. Applications and extensions of the modified Euler scheme

This section is devoted to the presentation of two applications of the proposed modified
Euler scheme (4)), which aim to illustrate again the superiority of that integrator compared
with the standard Euler scheme . In Subsection , an asymptotic preserving scheme
is provided to approximate the slow component of a multiscale stochastic evolution system,
where the application of the modified Euler scheme is able to capture the so-called averaged
coefficient which governs the behavior of the limiting evolution equation (averaging prin-
ciple). In Subsection , the modified Euler scheme is employed as a proposal transition
kernel for a Markov Chain Monte Carlo method to approximate the Gibbs distribution ([25),
which is shown to be well defined and to have a spectral gap in infinite dimension. Using the
accelerated exponential Euler scheme would give similar results, however the standard Euler
scheme fails in both situations. Finally, the range of application of the modified Euler scheme
is extended in Subsection to encompass stochastic evolution equations with non-globally
Lipschitz drift, with multiplicative noise or with colored noise, possibly in higher dimension.
The validity of the main results in those situations is discussed, however precise statements
and proofs are omitted.

Note that the two applications presented in subsections [0.1] and [0.2] are direct con-
sequences of the preservation of the Gaussian invariant distribution v in the Ornstein—
Uhlenbeck case (F = 0) when using the modified Euler scheme, see Proposition [3.1]

9.1. Asymptotic preserving scheme. We refer to [9] for a more detailed analysis of
the problem discussed in this section.
The modified Euler scheme can be applied to design an efficient integrator for the slow-
fast SPDE system
dXe(t) = —AX(t)dt + G (X (t), Y(¢))dt
1 Xe(¢t
ave(t) = —2ave(yar + 25 )
€ Ve
where € € (0,¢) is a small parameter, and where G : H x H - H and ¢ : H — R
are bounded and globally Lipschitz continuous mappings. The linear operator A and the
cylindrical Wiener process (W(t)) 1> Satisty the conditions presented in Section . Moreover,
the initial values o = X¢(0) and yo = Y¢(0) are assumed to be deterministic, and independent
of the parameter e.

(167)
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If the mapping o is constant, the fast component Y¢ is a H-valued Ornstein—Uhlenbeck
process, which does not depend on the slow component X¢. In that case one has the equality
in distribution

(Y€<t))t>0 - (Y(_))t>0

=

for all € € (0, €y), where Y is the solution of the stochastic evolution equation
dY(t) = —AY(t)dt + dW (t).

The H-valued Ornstein—Uhlenbeck process Y is ergodic, and its unique invariant distribution

is the Gaussian distribution v (see from Section [2.6). When o is not constant, one needs

o(x)?

~~ A1) of the stochastic evolution equation

to consider the invariant distribution v, = N(0,
dY,.(t) = =AY, (t)dt + o(x)dW ()

with frozen slow component = € H.

In this section, we study the behavior of the system and of numerical schemes in
the regime € — 0. On the one hand, to approximate (X<(T'), Y*(T)), in the strong or weak
sense, applying an integrator with time-step size 7 = %, the presence of the small parameter
¢ in the fast evolution equation requires to choose 7 = o(e). On the other hand, the slow
component X¢ satisfies the averaging principle: X¢ converges to X when € — 0, where X is
solution of the averaged equation

(168) dX(t) = —AX(t)dt + G(X(t)),

with initial value X(0) = z¢, where for all x € H

(169) Ga) = j G, y)dv(y) = By, [G(x, Y,)] = By [Gla, o(2)Y)].

The convergence above holds in both the strong and weak senses for the system considered
in this section. See for instance |25] for convergence results and [10] for strong and weak
rates of convergence. As a result of the averaging principle, if the objective is to approximate
only the slow component X¢, the time-step size restriction 7 = o(e) may not be necessary.

The observations above lead to the following question: is it possible to design numerical
schemes which are efficient in both regimes € € (0,¢y) and ¢ — 0, and which do not im-
pose time-step size restrictions? An answer is provided by asymptotic preserving schemes.
Rougly, a numerical scheme (X;’T, Y&7),>0 is asymptotic preserving scheme when the follow-
ing conditions are satisfied.

e For any € € (0, ¢), the scheme is consistent with the system ({167)), namely one has
Xy = X(T) and Y5/ = Y¢(7") (with the condition 7' = NT).

e For any 7 € (0,7p), there exists a limiting scheme, namely X7 - XO7 where the
€E—>

sequence (X%T)n>0 is a Markov chain.
e The limiting scheme is consistent with the averaged equation (168)), meaning that
one has X%" . X(T) (with the condition 7" = NT).
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The convergence results above may hold either in weak and strong senses. The asymptotic
preserving property can be described by the following commutative diagram

X5 2% X4(T)

l e—0 l e—0

X0 220 X(T)

We refer to [21] for the introduction of asymptotic preserving schemes for (finite dimensional)
SDEs. For a more complete overview of asymptotic preserving schemes for deterministic and
stochastic systems, we refer to [9].

The main result of this section is to check that the following numerical scheme is as-
ymptotic preserving, where the fast Ornstein—Uhlenbeck component is discretized using the
modified Euler scheme.

THEOREM 9.1. Let 7 € (0,79) be an arbitrary time-step size. For all n € Ny and all
ee (0,¢e), set

X = A(XT + rG(XTT YY)

Yl = AEY;’T + U(XZT)\/EB:,IRL,I + U<X;T>\/§BLQF”72’

where the linear operators A, Ag, Bg,l and [3’572 are defined by , and (Fn,l) and

n=0
(Fn72)n>0 are two independent sequences of independent cylindrical Gaussian random vari-

ables.
The scheme (170) is asymptotic preserving, more precisely the following results hold.

(170)

(1) The limiting scheme is given by
(171) X0T, = A, (X?f +rG(X07, U(XgT)Q%rn)),

with initial value Xg’T = x9, where () = %A‘l 1s the covariance operator of the
Gausstan distribution v and where (F")n>0 15 a sequence of independent cylindrical
Gaussian random variables. Precisely, one has

(172) lim E[o(X57)] = E[p(X)")]

for any Lipschitz continuous function ¢ : H - R and alln € {0,...,N}.

(1) The limiting scheme is consistent with the averaged equation, in the sense of con-
vergence in distribution, with weak order 1: for all § € (0,1) and all T € (0,0),
there exists Cs(T, xo) € (0,00) such that

(173) E[p(X3)] = ¢(X(T))| < Cs(T, zo) (Il lly + llel2) 7

Note that the requirement that the scheme is consistent with the system for
any € € (0, €g) is not stated in Theorem , in order to focus on the most relevant properties
of the scheme. For completeness, let us state the associated weak error estimate: for all
6 € (0,3), €€ (0,60) and T € (0,0), there exists Cs(e, T’ o, yo) € (0,0) such that for any
function ¢ : H x H — R of class C?, one has

[ELp (X5, Y3)] — E[p(X(T)), Y(T))]| < Cale, T, w0, yo) | llo72 .
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The proof of the weak error estimate above is omitted, it would use the same techniques

as the proof of Theorem [{.§f Due to the discretization of the fast component, one has

Cs(e, T, xo, o) = % therefore the weak error estimate above is not uniform with respect to
€—>

the parameter e. For details, see [9, Proposition 3.6].
Let us provide the proof of Theorem

PROOF OF THEOREM [0.1] e Proof of (i).
It is convenient to employ the second interpretation of the modified Fuler scheme, see
Section recall (see (33))) that one has the equality in distribution

Bg,lrn,l + Bg,an,z = Bgrn

where the linear operator Bz is defined by . As a consequence, one has the equality in
distribution

(X7 Vi) 1m0 = (K37, W27)

nz= n=0

where the scheme (X;’T, Y;’T)WO is defined by

XD, = A (XS + 7G(XST, Y5T))

(174) ) ) o
Yo, = AV + J(Xff)\/jBTFn,
€ 6 €

with initial values X" = z and Y5 = yo. To prove the claim (172)), it suffices to prove that

E[IX;" —X7]] — 0

e—0

for all n € N.
Note that for all n € N, one has

n—1

X7 = Alzg + 7 ) ATFG(XT, YT,
k=0

n—1
XOT = Alwg + 7 Y ATFG(X)T, o (X0T)Q2Ty),
k=0
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therefore for all n € N, one has

n—1

E[X;" — X7 < 7 ) E[GX, ViT,) - GX7, o (X, )Q=Tw) ]
k=0

n—1
<7 ) EIGE, V1) - G V)
k=0
n—1 . . L
+7 ) E[GET, YT,) — GG, o(X7)Q T[]

k=0

n—1
+7 Y E[GX)T,o(X7)QTy) — G(X)™, o(X))Q2Ty)]
k=0

n—1
< Cr Y B[Ry - X07]
k=0
n—1 R R )
+Cr Y B[V, — o(XgT)Q2Ty ],
k=0

since G and o are globally Lipschitz continuous and E[|Q%Fn|] < oo. It finally suffices to
check that

7€, T TE,T 1
BT, - o(5)QI - 0

for all k€ {0,..., N —1}. Note that

€T ™2 €T €T T 1
Vil — o(Xp1)Q2 Tk = A=Y, + o (X7)( ~B: — Q)T
On the one hand, one has
E[lA-Y¢7)?] < 73 SUp Sup E[|Y57]?] < LTQ — 0,
¢ (1 4+ AME)%c(0,e0) 20 (L+A1T)? em0

using the moment bound sup sup E[|Y$"|?] < oo, which is a variant of Lemma , using

e€(0,e0) €20
the boundedness of o.
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On the other hand, one has

EU(\EB; QN - \ﬁBg QM

2+/\]Z 1 )2
JGN \f1+>\ 2);

2 T(2+M0) L)Q
jeN (\/7\[\/(14- ) + \/17)2 2(1 + )\ )2 2)\j
< )2\ !

SN0+ A2

1
< —’T
%:; 221+ A 8)
— 0.

e—0

As a consequence, since o is assumed to be bounded, one obtains

n—1
lim sup E[[X§7 — X)7[] < Cr )] limsup E[|X;7 — X7,
e—0 k=0 e—0

Since X5 — X7 = 0, it is straightforward to obtain
limsup E[|X57 — X%7]] = 0

e—0
for all n € {0,..., N}. This concludes the proof of (7).
e Proof of (i7).

Let us introduce the auxiliary scheme (XT) obtained by the application of the stan-

>()7

dard Euler scheme to the averaged equation (168)): for all n > 0, set
X, =A (Xn +7G(X))),

with initial value Xg = 0.
Let ¢ : H — R be a mapping of class C2, with bounded first and second order derivatives.
Then the error can be decomposed as follows:

E[p(X3)] — o(X(TD))| < |oXN) = oX(T)] + [E[ (XS] — o(Xn))-

On the one hand, the upper bound for the first error term comes from a (deterministic)
standard error estimate

XN — oX(T))] < llelh X% - X(T)]
< C5(T, o) || o] 17

The details are omitted.
On the other hand, the treatment of the second error term is based on the following
argument. For all n e N and all x € H, set

U (1) = (X, (2))
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where (X,Tl(x))wo is the solution of the auxiliary scheme with initial value X(z) = x. The
second error term may then be written as

E[p(X3)] — ¢(Xy) = EW(XO’T)] — E[uy (X )]
E[@y 1 ( Xgil)] E[HTN—n(X%T)D

MH OM

E[u}y ., 1 (AX +74,G(X%7, 0(X0T)Q?T,))]

n:O
— Efay_, (AX)7 + TAG(X)7))]),
using a telescoping sum argument, the definition of the limiting scheme (171]) and the identity
Upy (2) = u(Arx + 7G(x))

in the last step.
It is straightforward to check that the auxiliary functions u?, are of class C?, and satisfy
the following estimate
sup  sup [agfla < C(T) (el + llell2)
7€(0,70) neEN,0<nT<T
for some C(T') € (0,0). We refer to [9, Lemma 4.2| for a precise statement and the proof.
The crucial property for the proof of the consistency of the limiting scheme (171)) with
the averaged equation ([168)), hence of the asymptotic preserving property, is the following
inequality: for all n € {0,..., N — 1}, one has
E[Dtiy 1 (AX07). (G, 0 (X07)Q3T,) — G(X7))] = 0,
using a conditional expectation argument and the definition ((169) of the averaged nonlin-
earity G: indeed X°7 and I',, are independent and Q%Fn ~ V.
Using a Taylor expansion argument, one then obtains
N-1
0,7 3 Y — T T 1 Val
[ELp(X3)] = o(XX )| < 7° X Ity allEIGXRT, o(X21)Q2T0)” + [G(X0) %]
n=0
< C(M)r(llells + llellz),

since (G is assumed to be bounded.

Gathering the estimates then concludes the proof of the weak error estimate (173 and
of item (i7).

The proof of Theorem is thus completed. 0J

The asymptotic preserving property stated in Theorem can be written as follows: for
any bounded and continuous mapping ¢ : H — R, one has
(175) lim lim E[p(X37)] = lim lim E[p(X3)],

T7—0 e—0 e—0 7—-0
with fixed T" = N7. Owing to this property, there is no restriction on the time-step size
7 in terms of €, and the scheme (170) provides an accurate approximation of X¢(7") for
any fixed € and of X(7T') when ¢ — 0. However, the asymptotic preserving property above

does not provide relevant information for choosing the time-step size 7 in order to achieve a
91



given tolerance error when applying the scheme, either for a fixed € or in the regime € — 0.
To study the computational cost of the scheme in terms of e, the relevant question
to consider is whether the scheme is uniformly accurate, i.e. whether uniform weak error
estimates
(176) sup [E[o(Xy)] — E[p(X(T))]| = 0,

e€(0,¢0] T
when T' = N is fixed, for a suitable class of functions ¢ : H — R. When holds, the
time-step size 7 may be chosen independently of € in order to achieve a given accuracy of the
approximation. We refer to [9] for the proof of the uniform accuracy property , when
o is constant. More precisely, under appropriate conditions, one obtains in [9] uniform weak
error estimates of the type

sup [E[p(X37)] - Elp(X(T)]] < G5(T, 0, )~

ee(0,e0

for functions ¢ of class C*. The proof of requires many additional technical arguments.
To conclude this subsection, let us compare the performances of the modified Euler

scheme and of other schemes when applied to discretize the fast Ornstein—Uhlenbeck compo-

nent Y€ in the SPDE system . On the one hand, employing the accelerated exponential

Euler method would result also in an asymptotic preserving scheme: a variant of Theorem [9.]

also holds for the scheme

XGTY = A (X7 + TG, YIID))

. o(Xeme tnt1 b1 —t
oTe = e YT 4 % L ) e” e MW (t).
This result is not surprising since the accelerated exponential Euler scheme preserves the dis-
tribution of the Ornstein—Uhlenbeck component. The details of the proof of the asymptotic
preserving property for the scheme are omitted.

On the other hand, if the fast component Y€ is discretized using the standard Euler
method, the scheme

(177)

XETT = AL (T G, YaTT)
(178)

-
VLIt = Az (Vi + 057, /T )

is not asymptotic preserving in general. Indeed, the associated limiting scheme is then given
by

XQ’T’St _ -AT (X%T,st + TG(X%T’St, 0))
which is consistent with the averaged equation (168) if and only if G(x) = G(x,0) for all
x € H. In general, the identity (175)) thus does not hold: one has

lim Jim E[o(X57™)] # lim lim E[o(X57*)].

Similarly, the uniform accuracy property (176|) does not hold when the standard Euler scheme
is used: one has
limsup sup ‘E[@(X}T)] — E[@(Xe(T))]‘ > 0.
720  e€(0,e0]
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As a consequence, it is not possible to choose 7 independently of € to achieve a given accuracy

for the scheme (178]). The construction of the asymptotic preserving scheme ((170)) for the
SPDE system ((167)) is another illustration of the superiority of the modified Euler scheme

compared with the standard method.

REMARK 9.2. The scheme (178), which is not asymptotic preserving, can be improved
using the postprocessed integrator introduced in Remark[3.5:

(KGR = A (K77 4 7GR, L)
€,T,Pp __ - €,7,PP €,T,PD Z )
X;ﬂ',pp — Y;ﬁnpp + @jf \/Zf‘n.
\ ¢ €

The resulting scheme is asymptotic preserving: indeed it can be checked that the resulting
limiting scheme is given by

X0TPP AL (K07 4 rG(ROTIP o (XOTP)QAT, ).

Whereas in the context of Remark [3.5 the computation of the postprocessed variable would
be necessary at the final iteration n = N, for the scheme it is mecessary to compute
the variable Y5TPP for allm = 1,..., N + 1. As a consequence, the costs of each iteration
of the schemes (170) and (179) are of the same order. This justifies a preference for the
application and the analysis of the scheme based on the modified Fuler scheme.

9.2. Markov Chain Monte Carlo method.

9.2.1. Context. The objective of this subsection is to describe how the modified Euler
scheme proposed in this article can be used as a proposal kernel in a Markov Chain Monte
Carlo (MCMC) method. Recall that the Gibbs distribution . is defined by (see Propo-
sition . It is assumed that the mapping V : H — R is bounded and of class C® with
bounded derivatives. In order to approximate integrals | ¢d., the MCMC method consists
in introducing an H-valued Markov chain (Xn)7120 which is ergodic and admits pu, as its

unique invariant distribution: an estimator of § pdpu, is then defined as the temporal average

L
AT Xn )
an_:lso( )

which converges when N — oo almost surely to §¢du.. To analyze the quality of the
approximation, it may be convenient to study the spectral gap of the considered Markov
chain, when it is reversible with respect to .

A popular strategy to design such Markov chains is the Metropolis—Hastings method,
which requires two ingredients:

e the choice of a proposal kernel,
e an acceptance-rejection rule,

which are needed to ensure that u, is an invariant distribution. The resulting Markov chain
is then reversible with respect to p,, by construction. In an infinite dimensional context, the

choice of the proposal kernel is crucial in order to obtain well-defined acceptance-rejection
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ratios. As explained in [29], using the preconditioned Crank—Nicolson (pCN) proposal kernel
T
2

leads to a well-defined Metropolis—Hastings MCMC method, for any value of the time-step
size 7. On the contrary, for all § € [0,1]\{3}, using the proposal kernel

v TPCN _ ~77,pCN
Xn+1 - Xn -

(X7PN 4+ XPPN) + A2 7T,

X0 = X0 — (1= 0)7X70 + 07X77 ) + A"3/7T,,

n+1 =

based on the #-method, the acceptance-rejection ratio is ill-defined in infinite dimension. For
the pCN proposal kernel, the associated acceptance ratio is computed as

a®N(z,2) = min(1, 62(‘/("’:)_‘/(@))) ,

which means that the Markov chain is constructed as follows: for all n > 0,

XT,pCN o XT,pCN

N N 7,pCN
n+l T U, <aPON (X PON XTPIN) Al +]lUn>apCN(XQPCN,X;fICN)Xn

)

where (Fn)n>o is a sequence of independent cylindrical H-valued Gaussian random variables,

and (Un)w0
on [0, 1], and the two sequences are independent. The choice of the auxiliary parameter 7
has an impact on the performance on the method, which is not discussed in this work.

The proposal kernel in the pCN Markov chain (X;’pCN)nZO consists in applying the
Crank—Nicolson method to discretize the Ornstein—Uhlenbeck dynamics

is a sequence of independent random variables which are uniformly distributed

dZP(t) = —ZP(t)dt + A~ 2dW (¢)
which can be interpreted as a preconditioned version of the stochastic evolution equation
dZ(t) = =AZ(t)dt + dW (t).

Note that the crucial property is the fact that v is the invariant distribution of the Ornstein—
Uhlenbeck process (Z p(t)) 1=o and that the Crank-Nicolson scheme preserves this invariant
distribution, for any choice of 7. See [16] for the analysis of integrators applied to pre-
conditioned stochastic evolution equations for the approximation of the Gibbs invariant
distribution .

To the best of our knowledge, the construction of MCMC methods using a numerical
discretization of the process (Z(t)) 1> (instead of its preconditioned version (Zr(1)) 1=0)s has
not been treated in the literature so far. Note that using the Crank—Nicolson method

41 = Zn = %A(Z” + Znit) + VT = (1 - %AW + %A)*Zn + (I + %A)‘lﬁrn

would not be appropriate: even if the acceptance-rejection ratio is well-defined, the Markov
chain may not be ergodic, due to the fact that the Crank-Nicolson method is not L-stable:
one has

T T _
(1 — 51\)(1 + §A) e =1

for any choice of the time-step size.
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9.2.2. MCMC method based on the modified Euler scheme. Let us state the main result of
this subsection: a Metropolis—Hastings MCMC method is well-defined in infinite dimension
when using the modified Euler scheme as the proposal kernel.

THEOREM 9.3. For all T € (0, 7)), introduce the Markov chain defined by
{ o1 = AX] A+ VTBAT 1+ VTBr ol

XT+1 T 1y saxy o, )X

(180)

T j—
X1 = Ly, <arxs, X7

where the acceptance-rejection ratio is defined by
(181) a(z, ) = min(1, 2V@=VE@))
for all x,z € H, and where (F”’l)nzo and (Fn,g)wo

dependent cylindrical H-valued Gaussian random variables, and (U")n>o is a sequence of

are two independent sequences of in-

independent random variables which are uniformly distributed on [0, 1], which is indepen-
dent of the two sequences (Fn’l)?@O and (an)n}O. Let P™ denote the transition operator
associated with the Markov chain: for all x € H and n € N, and any bounded and measurable
function o : H > R,
(P7)"p(x) = Ea[p(Xn)].

Assume that V' is bounded and globally Lipschitz continuous.

The H-valued Markov chain (X;)HZO is ergodic, and its invariant distribution is the
Gibbs distribution .. In addition, this Markov chain admits a spectral gap in the following
sense: for all T € (0,7y), there exists k(1) € (0,1), such that for all ¢ € L*(u,), one has

(182) |(P7)"p — fsodu*!mw < e o — Js@du*Hm(w
with ]2z, = §o(@)dp. (2

Observe that the acceptance-ratio a(X7, X,TL +1) appearing in is defined with the
same expression as for the pCN Markov chain mentioned above. Before proceeding with the
proof of Theorem , it is worth mentioning that the spectral gap inequality from
Theorem and the error estimate from Theorem have different formulations. The
comparisons of the performances of these two methods to approximate §pdpu. is out of the
scope of this article. However, it is possible to compare the results as follows. On the one
hand, using the MCMC method instead of the modified Euler scheme , results in the
absence of bias due to the choice of the time-step size 7 > 0. In addition, the assumptions on
the function V' are weaker to obtain Theorem [0.3} it is only assumed that V' is bounded and
globally Lipschitz continuous, whereas it is required that F' = —DV satisfies Assumption
to obtain Theorem [£.4] meaning that ||V ||o < A1 needs to be small enough. On the other
hand, there are two disadvantages with the spectral gap inequality compared with the
weak error estimate (49). First, the value of k(1) obtained in the proof of Theorem is
not explicit and may depend on 7, in particular it may be the case that x(7) — 0 when
7 > 0. On the contrary, the rate x of convergence to equilibrium in is independent of 7.
Second, the weak error estimate (49)) allows one to approximate { ¢dpu. starting the modified
Euler scheme from an arbitrary initial condition x € H. On the contrary, the spectral
gap inequality is a L? estimate instead of a pointwise bound with respect to z. Finally,

note that the spectral gap inequality (182)) is a consequence of estimates in a Wasserstein
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distance-like function, whereas the weak error estimate is related to estimates in total
variation distance. The construction of the MCMC method in Theorem [9.3]is a new result,
which provides an alternative to the widely used pCN sampler. It is not clear whether the
performances of the MCMC method are better, compared either with using directly the
modified Euler scheme, or with using the pCN method. This question may be investigated
theoretically and numerically in future works.

The performance of the MCMC method depending on the value of the auxiliary time-
step size parameter 7 is not studied in this work. In addition to the analysis of the behavior
of the spectral gap k(7), it may be appropriate to study whether diffusion limits hold, like
in [49], in order to identify the optimal averaged acceptance probabilities to guide the choice
of 7 in practice. These questions are left open for future work.

Proving Theorem requires two main contributions. First, one needs to check that the
Markov chain is indeed the result of the Metropolis—Hastings procedure. In particular,
4+ is an invariant distribution of the Markov chain. Second, one needs to prove the spectral
gap inequality . The strategy is a variant of the one used in [40] to prove the spectral
gap property of the pCN method, by applying the weak Harris theorem from [39].

PROOF OF THEOREM [9.3] e Verification of the Metropolis-Hastings formulation.

Let us introduce the general formulation of the Metropolis-Hastings MCMC method, see
for instance [29]. Let (qx())xE ;; denote the proposal kernel, and introduce two probability
distributions 7 and n* on H?, defined as follows: for any bounded and measurable function
¢: H?> > R, set

[ ot anta.) = {[ o v)da.w)an. @
[ ot o) = [ [ ot v)day @ t0)

Under the condition that the probability distributions 7 and 7' are equivalent, define the
acceptance probability by

a(z, ) = min(1, d—(l’,i)),

for all x,z € H, where %’% : H? — R denotes the Radon-Nikodym derivative. Then, the
Metropolis—Hastings algorithm is well-defined, and pu, is invariant for the resulting Markov
chain.

Let 7 € (0,79). The objective is to check that if the proposal kernel is defined using the
modified Euler scheme with time-step size 7, then the associated distributions n and 7+ are
equivalent and to compute the Radon-Nikodym derivative. Owing to the definition of
the Gibbs distribution ., one has

dn(z,y) = dg,(y)2~'e " Pdv(z) = 271> Ddipg (z,y)

di*(z,y) = dg,(2) 27 e Wdv(y) = 27 Wiy (2, )
where 7 and 73 are centered Gaussian distributions on H2. Due to the fact that the Gaussian
distribution v is preserved by the modified Euler scheme in the Ornstein—-Uhlenbeck case, for

any value of the time-step size 7, it is straightforward to check that the covariance operators

of the Gaussian distributions 7y and n; are identical, hence 1y = 7. As a consequence, 7
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and n* are equivalent and one obtains the expression for the acceptance probability.
This concludes the first step of the proof, namely the verification of the Metropolis—Hastings
structure of the Markov chain (180). In particular, the chain is reversible with respect to
the probability distribution g, which is thus an invariant distribution.

e Application of the weak Harris theorem.

The objective is to show that the weak Harris theorem [39] can be applied. The arguments
of the proof follow those use in [40]. To simplify notation, the time-step size parameter 7
is omitted in the sequel. It is worth mentioning that the values of the auxiliary parameters
introduced below may depend on 7. For any x € H, let the probability distribution P(z,-)
be defined by

f S()dP (2, y) = Exo_,[0(X0)]

for any bounded and measurable function ¢ : H — R.
For all positive €, Introduce the auxiliary distance-like function d. defined by

d-(z,y) = min(1, |2 ; y|)

for all z,y € H. Define also

do(,y) = /de(x,y) + [2]? + [y|?

forall x,y e H
For any probability distributions py, e on H, set

de(p1, p2) = inf H (2, y)dr(z,y)
mell(p1,p2)

d. (1, p12) = inf fj z,y)dn(z,y)
mell(p1,p2)

where IT(p1, p12) is the set of couplings of the probability distributions i, 2. The functions
d.(-,-) and d.(-,-) defined above are referred to as the Wasserstein distance-like functions
associated with the functions d. and d. respectively.

To apply the weak Harris theorem, it suffices to check that there exists € € (0,1) such
that the three following claims hold.

e Lyapunov structure: there exists ¢ € (0,1) and C' € (0,0) such that for all x € H
one has

(183) P(|-|*)(z) < lz]* + C.

e d-contraction: there exists ¢ € (0,1) such that for all x,y € H with d.(z,y) < 1, one
has

(184) dE(P(l’,-),P(l‘,-)) < Cds(may)'

e d-smallness (of balls): for any R € (0,0), there exist Ny € N and si € (0,1) such
that

(185) sup  d.(PVE(z,-), PNR(y, ) < sp.
lz|<R,|yl<R
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The application of the weak Harris theorem then provides the following result: there exists

n € N such that for any probability distribution p on H, one has
1 -~
§d€ (N? M*) :

e Proof of the Lyapunov structure property ({183]).
Let r € (0,00) be an arbitrary positive real number, and let R € (0,00) which will be
chosen later. Introduce the auxiliary Gaussian random variable

§ =18l + V7B ol s,
First, assume that || < R. Then one has
P(|-[*)(z) = Eo[|Xy[*] < Ey[max(|«[*, [X1]?)]
Jof* + B [| X1 [7]
2|z + Ea[¢]°]
C(R) < .

(186) d(uP", 1) <

NN N

Second, assume that |z| > R. Then one has the decomposition
P(| - [*)(z) = Eo[[Xa]"] = Eo[ gk, x, [Xa "]
+ B[ Lger I, o, | X[
+ By [ g max (|2, [Xa]?) |

Under the condition |£| < r, one has

~ 1 /\1’7' )\1’7’
Xi| < | A, < <(1l-— BRS L
)\1’7’ )\1’7'
<S(1-g— - ——— R
O TS W LU T v
/\17'
<= s7—)|,
SRS WS
if R is chosen such that %R >r. Let 0 =1—(1— 2(111;17))2' Therefore, one obtains
P(]- []l\§|<7"( X1 x, T ILX1 xl)]|x|2

[]1|s\>rma><(\x!2 X4%)]
w[]lmsr( —01x, _x,)]l=f*
+ B, [1)g=, max (|22 X4 ?)].
The acceptance probability a defined by satisfies

inf a(z,z) = emnV)mmax(V) — ¢ 5 0,
z,2eH

owing to the assumption that the function V' is bounded. As a consequence, by a conditioning
argument, one obtains

BolLiger (1 = Oy, o]’ < Po(Ligr) (1 = bam) 2"



In addition, there exists C' € (0, 0) such that for all x € H one has

E.[1j¢>, max(|z[?, [Xq]?)] < Py (Ligsr)|2]* + C.
Finally, one obtains for all x € H, such that |z| = R, the inequality

P(|- ) (z) < (1 - 0a,CP.(Lig<,))|z]> + C
</lz]P+C

where ¢ € (0, 1), owing to the property that the H-valued Gaussian random variable £ satisfies

P.(Lig<)) > 0 for all 7 € (0,0). Gathering the upper bounds in the two cases |z| < R and
|z| = R concludes the proof of ([183)).

e Proof of the d-contraction property ((184)).

Let x, y be two arbitrary elements of H. Let the proposals X, and Y be defined by ((180))
using the same cylindrical Gaussian random variables I'; ; and I'; 2, then let X; and Y, be
defined using the same uniformly distribution random variable Uy

X1 =Ax+ VBT 1 + V7B 2l o

Y, = Ay + VBT + VB2l o
and

Xl = ]1U1<a(:v,5(1)X1 + ]lUn>a(:r,X1)x

Yl = ]1U1<a(y,Y1)Y1 + ]lUn>a(x,Y1)y'

By definition of the Wasserstein distance-like function d., one has

d8(P(x7 ')7 P(x> )) < E[dE(Xla Yl)]
A decomposition according to the different acceptance or rejection events for X; and Yy,
one obtains

]E[dé‘(Xl - Yl)] = E[]lUl<min(a(m,X1),a(y,Y1))dé‘(Xl7 Yl)] + E[1U1>max( (x,X1),a(y Yl))]d (J] y)
+ E[]la(y,Yl)sUSa(x,Xl)dE(Xl7 y)] + ]E[]la(z Xl)\Uga(y,Yl)ds ('Ta Yl)]

Assume that z,y satisfy d.(z,y) < 1. Then by construction, one has d.(z,y)
addition, one has X; — Y = AT(a: —

_ ==yl
y), hence the condition d.(x,y) < 1 implies

o o A R
= ")« 1, = = :
ds(XlaYl) mln( € ) mln( 6(1 + )\17—)> €<1 + )\17—) 1 + )\17—

. In

On the one hand, one obtains, with p = ﬁ,

E[]l U1 Smin(a(m,Xl),a(y,Yl))dff(Xl7 Yl)] + IE[]lUl >max(a(x Xl) a(y Yl))]d ($ y)
1 . .
+ )\ P<Ul Hlln( (x>X1)>a(y7Y1)))ds(x>y)

ax(a(z, Xy), (y,Yl)))d (z,y)

PP(Ul < min(a

— pam)de(,y),

using the lower bound on the acceptance probability above
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On the other hand, using the bound d.(-,-) < 1, one has

E[]la(y,Yl)SUSa(x,Xl)dE(Xl’ y>] + ]E[]la(%Xl)gUga(y’Yl)dE (.1', Yl)]
< Efla(z, X1) — a(y, Y1)]]

< C|V(z) = V(y)|+ CE[|V(Xy) = V(Y]]
< Clz —y| + CE[|X; — Y4]

< Clz —y|

< Ced.(z,y),

using the assumptions that V' is bounded and globally Lipschitz continuous, and the obser-
vation that |x — y| = ed.(x,y) owing to the condition d.(z,y) < 1.
Gathering the estimates, one obtains

de(P(x> ')a P(x7 )) < E[ds(XLYl)] < (1 — Pam + Ce)ds(x>y)

for all x,y € H such that d.(z,y) < 1. It suffices to choose € sufficiently small, to have
Ce < pa,, and obtain the required estimate ((184)).

e Proof of the d-smallness property (185).

Let R € (0,0), and define N as the smallest integer such that

2R 1

e(1+7A)N 2

Let x,y € H be such that |z| < R and |y| < R. Like in the proof of the d-contraction

~

property above, introduce the sequences (X”)neN’ (Xn)neN’ (Yn)neN and (Yn)neN, using the
basic coupling strategy: for all n > 0,

Xn+1 = A X, + \/FBT,IFTL,I + \/FBT,QFTL,Q
Xn+1 = 1Un<a(Xn,Xn+1)Xn+1 + ]lUn>a(Xn,Xn+1)Xn’
Yo =AY, + VBTt + /7B al 2
Y1 = ]lUnSa(Yn,Yn+1)Y”+1 + ]lUn>a(Yn,Yn+1)Y"7

with initial values Xg = = and Yo = y. By construction of the Wasserstein distance-like
function d., one has

dE(PNR<x7 ')7 PNR(yv )) < Eﬁ[dE(XNa YN)]
Introduce the event
A= {Xl = leYl :YAvla"'vXN = XNaYN :YAvN}J

such that the proposals are accepted up to time N, for both chains. Note that the lower
bound on the acceptance probability above gives the lower bound

A > al.

m
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As a consequence, using the definition of the distance-like function d., for all =,y € H, such
that |z| < R and |y| < R, one obtains

da(PNR(xv ‘)v PNR(ya )) < Ew[dé(XZ\UYN)]

Xy-Y
<Ex[—| N N’]IA]+1—IP’(A)
€
2R
< —— 1]+ 1-1
e(14+7A)N al+ Al
1
<1--1
ylal
N
<1—a7m=sRe(O,1),

owing to the definition of N. This concludes the proof of the d-smallness property .

e Having proved the three claims (183)), (184) and (185)), the weak Harris theorem can
be applied and yiels the estimate (186)). The spectral gap inequality is obtained as a
consequence of the estimate above using the same arguments as in [40]. The details
are omitted.

e The proof of Theorem [9.3]is thus completed. O

REMARK 9.4. The Markov chain (X;)n>0 may also be seen as a metropolized integrator

in order to approximate the solution of the SPDE at any time T (with N7 =T ), when
the nonlinearity F satisfies Assumption[l For this interpretation to be valid, one would need
to prove an error estimate of type

[E[p(X3)] = E[p(X(T)]| < C(T, 20, 0)7

where a would be the order of convergence. Note that computing (XZL)TL20 (given by the
MCMC method ) requires to evaluate the mapping V, whereas computing (X;)nzo
(given by the modified Euler scheme ) requires to evaluate F' = —DV.

Metropolized integrators for SDEs have been studied in [T| for instance. The analysis in

the infinite dimensional case is not a straightforward extension of the arguments above and
is thus left open for future work.

9.2.3. Comparisons with the standard and exponential Euler schemes. To conclude this
subsection concerning MCMC methods to approximate integrals {odpu., let us study the
behavior of the Metropolis-Hastings Monte Carlo Markov Chain algorithms obtained using
either the exponential or the standard Euler scheme, instead of the modified Euler scheme, as
the proposal kernel. Let (F")n>0 be a sequence of independent cylindrical H-valued Gaussian

random variables, and (Un)n>o be a sequence of independent random variables which are
uniformly distributed on [0, 1], such that the two sequences are independent.

On the one hand, a well-defined Metropolis—Hastings MCMC method is obtained when
the proposal kernel is the accelerated exponential Euler scheme. For all 7 € (0, 7p), set

- 1
X7t = X (5

2

Te . -T,€ . T,e
X = 1Un<a(xg’e,ng1)xn+1 + 1Un>a(x;’e,ng1)Xn ;
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where the acceptance probability is defined by (181)). The Markov chain (X;’e) satisfies

n=0

the results stated in Theorem for the modified Euler scheme, for any value 7 € (0, 7o)
of the time-step size. The proof is omitted, since the arguments are similar. The result
is not suprising: indeed the accelerated exponential Euler scheme preserves the Gaussian
invariant distribution v in the Ornstein—Uhlenbeck case, since it is exact in distribution at
all times. The convergence to the equilibrium is also exponentially fast (contrary to the
Crank—-Nicolson method which preserves the invariant distribution but is not L-stable). The
comparison of the modified Euler scheme and of the (accelerated) exponential Euler scheme
leads to the same conclusions as in the other parts of this article: the convergence results
are identical for the two methods, however the modified Euler scheme does not require the
knowledge of the eigendecomposition of the linear operator A and may thus be applied in
greater generality than the exponential Euler method.

On the other hand, using the standard Euler scheme is not appropriate. More precisely,
set

X7t — XSt /7T
(188) { =€ ( VL)

Xo5 = 1y, carx (X7, X75) X7+ Ly, saxpe % ;jtl)X”t

where the acceptance probability is defined by . The scheme above cannot be inter-
preted as a Metropolis—Hastings MCMC method which targets the Gibbs distribution p,: in
fact, the general rule which provides the acceptance ratio is ill-defined in the infinite dimen-
sional situation, due to singularity of the Gaussian distributions appearing in its definition.
This is another illustration of the superiority of the modified Euler scheme over the standard
Euler method.

Observe that the Markov chain defined by can be interpreted as a Metropolis—
Hastings MCMC method which targets the modified Gibbs distribution p] defined by
(see Section and in particular Theorem [4.11]). Since the targetted distribution is not
independent of the auxiliary time-step size parameter 7, the benefits of using a MCMC
method compared with a standard integrator are not recovered. Note that a variant of
Theorem is expected to hold for the method defined by if one considers the target
distribution puj.

9.3. Application to other SPDE systems. The main results stated in Section [4]
concerning the modified Euler scheme are stated and proved in the framework described in
Section 2, and are restricted to a particular class of stochastic evolution equations of the
type : parabolic semilinear stochastic PDEs, in a bounded one-dimensional domain with
homogeneous Dirichlet boundary conditions, driven by additive Gaussian space-time white
noise. The objective of this subsection is to suggest possible extensions of the definition of
the modified Euler scheme. In the more general framework, the proposed scheme satisfies
the following results.

e Theorem [4.2]is satisfied by construction of the scheme, which means that the spatial
regularity of the solution is preserved by the numerical approximation, for any value
of the time-step size. However, Theorem does not always hold.

e Theorem may not hold. Indeed, this result requires that the invariant distri-

bution pi, of is equal to the Gibbs distribution u,, and that this is also the
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invariant distribution of the modified equation (35)). This crucial property is not
satisfied for instance when the equation is driven by colored noise.

e Theorem always hold, with an order of convergence which depends on the con-
sidered problem.

Three generalizations are studied below, they may of course be combined to consider
other generalizations which are omitted. Note also that we only consider homogeneous
Dirichlet boundary conditions, however Neumann or periodic boundary conditions may be
also considered.

9.3.1. SPDFEs with one-sided Lipschitz nonlinearities. A first possible generalization is to
weaken Assumption [2] which requires the nonlinearity F' to be globally Lipschitz continuous.
In this section, it is assumed only that F'(z) = f(z(-)) is defined as a Nemytskii operator,
such that the real-valued function f satisfies a one-sided Lipschitz condition (but is not
globally Lipschitz continuous):

(189) sup f'(z) < 0.

zeR
It is also required to assume that f has at most polynomial growth. In this setting, the
stochastic evolution equation
(190) dX(t) = —AX(t)dt + F(X(t))dt + dW(t), X(0) = xo,
is of the same form as (2I)). When f(z) = x — 2®, this gives the stochastic Allen-Cahn
equation.

The modified Euler scheme cannot be applied to the stochastic evolution equa-
tion : since the nonlinearity F' is not globally Lipschitz continuous and may have
superlinear growth, a standard explicit discretization of the nonlinearity leads to a scheme
which does not satisfy moment bounds as given in Lemma [5.8]

When the flow (¢, z) — ¢:(z) of the nonlinear ordinary differential equation z = f(z) is

known, which is the case for the Allen—Cahn equation, a splitting scheme can be designed:
with the same notation as in the definition of the modified Euler scheme , set

(191) X;+1 = AT(bT(X;) + BT,l\/;Fn,l + BT,Q\/;Fn,Qa
where . (z) = ¢,(z) for all z € H.

When the flow of the nonlinear ordinary differential equation z = f(z) is not known, a
split-step scheme may be used:

X7 =X, +TF(XT)

X7 = A X7 4 Bry/TD0 + Bron/T s

Alternatively, a fully implicit scheme may also be used:
(193) X7 =A(X] +7F(X] 1)) + Bran/Tlna + Bra/Tn 0.

Finally, a taming strategy may be used, to define an explicit integrator which satisfies
moment bounds:
-
194 v =A(X) 4 —————
( ) n+1 ( n 1 + T|F(Xr7;)|
The schemes defined above are natural generalizations of schemes already studied in the
literature, where the discretization of the stochastic convolution (linear part and noise) is

performed using the modified Euler scheme instead of the standard Euler scheme or of the
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accelerated exponential Euler scheme. For instance, the splitting scheme is a gener-
alization of the scheme studied in [18]. The fully implicit scheme is a generalization
of the scheme studied in [3I]. The tamed scheme is a generalization of the scheme
studied in [14]. For all the schemes, the result of Theorem still holds, for any value of
the time-step size 7. In addition, note that the splitting scheme and the split-step
scheme can both be interpreted in terms of the accelerated exponential Euler scheme
applied to a modified stochastic evolution equation of the type

dX(t) = —A X (1)dt + QU (X, (1))t + Q2 AWV (1)

with a modified nonlinearity ¥,. In the splitting scheme case, ¥, (z) = 74P, (z) — x).

Similarly, the tamed scheme ([194]) can be interpreted in terms of the tamed accelerated ex-

ponential Euler scheme applied to the modified stochastic evolution equation , i.e. with

V. = F. The analysis of the fully implicit scheme (193]) would require different arguments.
To prove a version of Theorem [4.8] giving weak error estimates of the type

[Elp(X7)] - Elp(X(D)]] < CUT,z0)r=(llelly + l¢ll)

for functions ¢ of class C? and all fixed T' € (0, o0), one needs to modify the proof of Lemma
and of Lemma/[5.10], which give regularity estimates for the solutions u, and u of Kolmogorov
equations. We refer to [18], Theorems 4.1 and 4.2|, see also [30].

In the ergodic case, a version of Theorem [£.4], which gives weak error estimates of the

type

[EL(X0)] - | o

for functions ¢ which are only bounded and continuous (or equivalently an error estimate in
the total variation distance), can be proved for the splitting scheme (191)) and for the split-
step scheme ((192). This generalization requires to replace Assumption [3[ by the condition

sup f'(z) <\
z€R

1_e —KINT
< Colo)llill (737 +e77)

and to prove versions of Lemma [5.6] and of Lemma [5.11} this is straightforward, we refer
for instance to [14, Proposition 6.1]. One also needs to prove uniform moment bounds
of the type , in L® norms instead of H = L? norms. For the tamed scheme ([194)),
the arguments from [14] maye be generalized. Note that the Gibbs distribution pu, defined
by is also the unique invariant distribution of the stochastic evolution equation
even if f is only one-sided Lipschitz continuous (and satisfies the ergodicity condition above).
This is why a version of Theorem [£.4] is expected to hold also in the non globally Lipschitz
case described above.

This concludes the description of the non-globally Lipschitz case.

9.3.2. SPDFEs with colored noise. The framework described in Section 2l is restricted to
consider stochastic evolution equations where —A is an elliptic second-order operator in
dimension 1 and where (W(t)) +>0 18 @ cylindrical Wiener process, i.e. the system is driven
by space-time white noise. In this subsection, we explain how the modified Euler scheme
can be applied to equations in higher dimension and/or driven by colored noise, and what
are the expected results in those situations.

On the one hand, for any dimension d € N, —A can be defined such that

—Az(-) = div(a(-)Vz(-))
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for all z € D(A) = Hg((0,1)%) v H*((0,1)?), where a : [0,1] — a(z) = (ai, 5 (7)), _;, iyea 18

smooth and the ellipticity condition min min a2EE 5 () s satisfied, where - denotes the

2[0,1]d ecRd &€
inner product in R%. In this setting, Assumption [1| needs to be modified: one has \; ~ ¢j i

when j — 0.
On the other hand, let the ()-Wiener process (WQ(t)) o De defined as follows. Let

(qj)jeN be a sequence of non-negative real numbers and (ej)jeN be a complete orthonormal
system of H. The linear operator () and Q% are given by
1
Qr =Y qiz.epey, Q2x =Y. \/g;{x, epey,
jeN jeN
and for all £ > 0 set

W) = Y Vi 55(t)es
jeN
where (ﬁj)jeN is a sequence of independent standard real-valued Wiener processes.
The stochastic evolution equation driven by additive colored noise

(195) dX(t) = —AX(t)dt + F(X(t))dt +dW°(t), X(0) = o,

is well-posed when the covariance operator () satisfies a condition of the type

T
—tA L2
| 1@ e < o0
is satisfied, where we recall that || - | z,(z) denotes the Hilbert-Schmidt norm. Owing to the
smoothing property , a sufficient condition is the existence of o > 0 such that

2a—1

(196) A%

1
Q2| oy < 0.

When @ = I (cylindrical Wiener process/space-time white noise), the condition above holds
when d = 1 (with o € [0, 1)), but is not satisfied if d > 2. To consider equations in dimension
d > 2, the system needs to be driven colored noise, i.e. ) # I. In the trace-class noise case,
meaning that Tr(Q) = HQ%H%Q(H) = Dlen® < 9, the condition holds for a = 1.
In general, the range of values of « such that holds depends both on the covariance
operator () and on the dimension d.

To discretize the stochastic evolution equation driven by additive colored noise, the

definition of the modified Euler scheme is modified as follows:
(197) X7 = A (XD + 7F(X])) + Bra/TT, + Bro /7T,

where the operators A, B, and B, , are defined by , and the Gaussian random variables
Fgl and I’ fﬁiz are defined as follows:

Q _
T2 = @ mige,
jeN
where (7”»ivj)neN0,ie{1,2},jeN are independent standard real-valued random variables.

If the covariance operator ) and the linear operator A commute (commutative noise

case), the interpretations of the modified Euler scheme presented in Subsections and
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are valid also for the scheme (197)). In particular, the scheme (197)) can be interpreted as the
accelerated exponential Euler scheme

tn+1 1
(198) Xy =e¢ ™ X, + AN I — e ™)Q,F(X,,) + J e~ 1= 02 419 s)
tn
applied to the modified stochastic evolution equation
1
(199) dX,(t) = =N X (t)dt + Q. F(X-(t))dt + Q2dW<(t),

1
where the linear operators A,, Q, and Q2 are given by .

However, when the operators () and A do not commute, the interpretations of the mod-
ified Euler scheme presented in Subsections and are not valid for the scheme .
Indeed, the covariance operator of the Gaussian random variable BT,IFSJ + BT,QF% is equal
to

(BT,lQ%) (BT,IQ%)* + (BT72Q%> (BT,QQ%)* = BT,lQBT,l =+ BT,2QBT,2

and is different from (BTQ%) (BTQ%)* = B,QB,, where the linear operator B, is defined
by and satisfies B = B2, + B2,.

Let us now describe how the results of Section M need to be modified in the case of
stochastic evolution equations driven by additive colored noise.

First, Theorem remains valid in the commutative noise case, with straightforward
modifications of the proof, however it may not be satisfied in the non-commutative noise
case. Second, Theorem [£.2] holds in the general case, with a modification of the range of
values o € [0, 1) in (iii): instead, one needs to consider the interval of values of a such that
the condition is satisfied.

Concerning error estimates in the total variation distance, Theorem [4.4] does not hold in
general: indeed, when Assumption [4{is satisfied, the invariant distribution of is not the
Gibbs distribution p,. It is conjectured that a version of Theorem [£.4 holds if ) is assumed
to commute with A, if the nonlinearity is assumed to satisfy the condition F' = —QDV
and if a suitable non-degeneracy condition is satisfied. A modification of Assumption [5| may
also be needed, as discussed below. As explained above, considering the commutative noise
case is required to interpret the modified Euler scheme in terms of the accelerated
exponential Euler scheme applied to the modified stochastic evolution equation ({199)).
The condition F' = —@Q DV implies that the invariant distribution of and of s
equal to a Gibbs distribution

dpeg(x) = Zéle’w(’”)dVQ(a:)

where v is the Gaussian distribution with mean 0 and covariance operator % (which is the
invariant distribution of when F' = 0). Finally, a non-degeneracy condition is required
to prove versions of Lemmas [5.7] and [5.12] which give regularity results for the derivatives
Du,(t,-) and Du(t,-), for t > 0, when the initial value ¢ = u.(0,-) = u(0, -) is only assumed
to be bounded and continuous. Precise statement and proofs are omitted and left for future
work.

In the general case, a version of Theorem is conjectured to hold for the modified
Euler scheme (199)) applied to the stochastic evolution equation driven by additive
colored noise. Note that the order of convergence depends on the values of o such that the

condition (196) is satisfied. For instance, the weak order of convergence is expected to be
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equal to 1 in the trace-class noise case. Similarly, a version of Theorem [£.9is conjectured to
hold in the ergodic case (when Assumption |3|is satisfied).

Note that a tool of the proof of weak error estimates in Sections [] is Assumption [3]
which gives a regularity condition on the nonlinearity F', in order to exploit the temporal
regularity, with Holder exponent 2« of the solutions in the norm |A™% - |, for all « € [0, %),
see for instance from Lemma . This argument is well-suited for stochastic evolution
equations in dimension 1 driven by space-time white noise. On the one hand, the arguments
in Section [2.4]to check that Assumption []is satisfied for the example of Nemytskii operators,
exploit Sobolev type inequalities which are valid only in dimension 1. On the other hand,
the argument is not sufficient to exhibit orders of convergence larger than 1/2, since the
Holder regularity of the solutions is smaller than 1/2. As a consequence, other arguments
are needed, for instance to treat the trace-class noise case.

It is worth mentioning that in the non commutative noise case, applying the accelerated
exponential Euler scheme to the stochastic evolution equation is not feasible: it is not
sufficient to know the eigenvalues and eigenfunctions of the operators A and () to sample
exactly Gaussian random variables

tn+1
f e—(tn+1—t)Ade (t)
tn

Using an approximation of the type y/7e " ™*T'? leads to define a non-accelerated exponential
Euler scheme of the type

Xi5=e ™NXD0+ TF(XD° + /719)

For that scheme, Theorems and are not valid, even when F' = 0, and even in the
commutative case: the resulting scheme does not preserve the regularity of the solution. On
the contrary, the modified Euler scheme is applicable in the non-commutative noise case
and Theorem is satisfied. In that case, the modified Euler scheme is thus qualitatively
superior to the (non-accelerated) exponential Euler scheme.

This concludes the description of the colored noise case.

9.3.3. SPDFEs with non-additive noise. Finally, it is possible to generalize the definition
of the modified Euler scheme, to be applied to stochastic evolution equations driven by
multiplicative (or non-additive) noise:

(200) dX () = —AX(t)dt + F(X(8))dt + o(X()dW (), X(0) = xo,

where o is a function from H to L£(H), assumed to be globally Lipschitz continuous. For
instance, o may be defined as a Nemytskii operator, in the setting of Section[2.4] In addition,
(W(t)) 150 is a cylindrical Wiener process, however it would also be possible to consider )-
Wiener processes, under a condition of the type . In that situation, the modified Euler
scheme applied to is defined as

(201) X = A(X] +7F(X])) + Brav/To(X)Tha + Braoy/7o (X)) o

First of all, even if the nonlinearity F' satisfies Assumption [4] there is no known expression
for the invariant distribution (200)) (which is unique when a version of Assumption (3] is
satisfied). Moreover, like in the case of equations driven by colored noise when the covariance
operator does not commute with A, in general the modified Euler scheme cannot

be interpreted in terms of the accelerated exponential Euler scheme applied to a modified
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stochastic evolution equation of the type . As a consequence of the two observations
above, Theorem [£.4] is not expected to hold in the multiplicative noise case, since two of
the main arguments of the proof are not applicable. Note also that Theorem does not
hold in general for equations driven by multiplicative noise. Indeed, in the multiplicative
noise case, the accelerated exponential Euler method cannot be implemented and the non-
accelerated exponential Euler method suffers from the same issues as the standard linear
Euler method. Whether it is possible to prove error estimates in the total variation distance
for either the modified Euler scheme or an exponential Euler scheme when applied
to (200]) is an open question.

Like in the other situations described above, the main benefit of applying the modified
Euler scheme over existing methods — standard Euler scheme and (non-accelerated) ex-
ponential Euler scheme — is the validity of Theorem [£.2} the modified Euler scheme preserves
the spatial regularity of the solution, for any choice of the time-step size 7.

Version of Theorems and [4.9] to state weak error estimates in the dy distance, i.e. for
functions ¢ of class C?, could be obtained also for the modified Euler scheme applied
to . As explained above, the interpretation of the modified Euler scheme in terms of
an exponential Euler scheme applied to a modified stochastic evolution equation is not valid
in the multiplicative noise case, and the analysis of the weak error needs to be performed
the same approaches as used in the analysis of the standard Euler scheme. Note that the
main difficulty in the analysis of the multiplicative noise case compared with the additive
noise case is the proof of Lemma |5.10, which gives regularity results for the first and second
order derivatives of the solution u of the Kolmogorov equation associated with : we
refer to [15]. The detailed analysis of the weak error for the scheme is not considered.

This concludes the description of the multiplicative noise case.
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