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Abstract

The theory of affine processes has been recently extended to the framework of stochastic Volterra equations
with continuous trajectories. These so—called affine Volterra processes overcome modeling shortcomings
of affine processes because they can have trajectories whose regularity is different from the regularity of
the paths of Brownian motion. More specifically, singular kernels yield rough affine processes. This paper
extends the theory by considering affine stochastic Volterra equations with jumps. This extension is not
straightforward because the jump structure together with possible singularities of the kernel may induce
explosions of the trajectories.

Keywords: affine processes, affine Volterra processes, stochastic Volterra equations, Riccati—Volterra equa-
tions, rough volatility.

MSC2020 classifications: 60H20 (primary), 60G22, 45D05, 60G17 (secondary).

1. Introduction

Affine stochastic processes constitute unquestionably the most popular multi—factor framework to model
rich and flexible stochastic dependence structures. Semi—explicit formulas for the Fourier—Laplace transform
of affine processes make them numerically tractable since Fourier transform—based methods can be used to
perform fast calculations.

We recall that a square—integrable conservative regular affine process X with state space £ C R™ is
a special semimartingale whose semimartingale characteristics (B, C,v), with respect to the “truncation
function” h(§) = &, are of the form

where
b(x) =bo+ Y arbr, a(x)=Ao+ Y wpAr, n(@,dE) =10(d€) + Y mpr(dl), z€ B (2)
k=1 k=1 k=1

In we take A € R™*™, b € R™, and vy (d§) signed measures on R™ such that v ({0}) = 0 and
Jam 1P v](d€) < co. Additional conditions on the parameters Ay, by and v, have to imposed in order
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to guarantee existence and invariance results depending on the state space E. See for instance [I1] for
E =Rk x R’ and [8] for E equal to the space of positive semidefinite matrices.
The Fourier-Laplace transform of such an affine process X is given by

E

T t
exp (/ f(T—5)"X, ds> ‘ft] = exp <¢(T —t) + / f(T —s)" Xgds + (T — t)TXt) (3)
0 0
with 1) a C"™—valued function that solves the Riccati equation

(1) = / F (s, (s)) ds (4)

where

Fr (s,2) = fr (s) + %ZTAkZ + 2 by + /m (ezTS -1- sz) ve(d€), k=1,...,m, (5)

and ¢ the C—valued function given by

o(t) = /Ot (¢(S)Tbo + %w(s)TAoiﬁ(s) +/ (e@”(s)Tf —-1- zp(s)Tg) yo(dg)) ds. (6)

The identity is only valid under additional hypotheses on the C™—valued function f and ¢,7 > 0 that
imply appropriate conditions on the functions ¢ and . E|

The theory of affine processes was recently extended in [5], [14] to the framework of stochastic Volterra
equations with continuous trajectories, where in general the semimartingale and Markov properties do not
hold. These so—called affine Volterra processes overcome modeling shortcomings of affine processes because
they can have trajectories whose regularity is different from the regularity of the paths of Brownian motion.
More specifically, singular kernels yield rough processes in the spirit of [6] I3, 1T2]. The goal of this paper is
to extend the results in [5] by considering affine stochastic Volterra equations with jumps. This extension is
not straightforward because the jump structure together with possible singularities of the kernel may induce
explosions of the trajectories.

Our study can be motivated by financial models for stock volatility. In particular the observation in [24]
that a complete description of volatility should take into account both path roughness and jumps; see also
[25] for an interesting discussion on the topic. In this paper, however, we concentrate on the mathematical
properties of this family of processes and we address their possible applications in a separate article [7].

We summarize in this introduction the framework and the main results of our study. Suppose that X is
a predictable solution to a stochastic Volterra equation of the form

t
X =go(t) + / K(t—s)dZ,, P®dt-ae. (7)
0

defined on a filtered probability space (2, F, (F;)i>0, P) satisfying the usual conditions and with trajectories
in LL _(Ry; E) for some state space E C R™. In (7) we take gy € Li (Ry;R™), K € L2 (R4 ;R™*?) a
matrix—valued kernel, and Z a d—dimensional semimartingale whose characteristics depend on X. In order
to have an affine structure we suppose that Z has characteristics of the form 7, with A, € RI*4,
br € RY, and vy signed measures on R? such that v ({0}) = 0 and [, [£[*[ve|(d€) < oco. In this case we
call X an affine Volterra process. When E = R™, existence of weak solutions to with trajectories in
L2 _(R4;R™) has been established in [2, Theorem 1.2]. For E = R and for a Volterra CIR-type of process
with positive jumps results in this direction can be found in [I, Theorem 2.13].

Section [2] contains more details about this setting as well as important results regarding stochastic

convolutions with respect to processes with jumps. These results, which play a crucial role in our arguments,

LOne of those conditions could be for instance the boundness of the right term in . On a related subject, we also refer to
[18] where the authors analyze the possible explosions of the associated Riccati equation .
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extend and are inspired by those in [5] where the authors study stochastic convolutions with respect to
processes with continuous trajectories.

Fix T > 0, f € C (R;;C™). By analogy with (4] assume that 1) € C(R; C%) solves the Riccati-Volterra
equation

t
0@ = [ Flsu) K- 0
0
with F' as in (5)), and let ¢ be given by @
In Section [3| we show our first main result, namely Theorem [5 which is a generalization of [5, Theorem

4.3] and provides a semi-explicit formula for the Fourier—Laplace transform of X. This theorem shows that
under the above-mentioned framework if we define

t T
M, = exp <¢(T —t)+ / (T —s)" Xods + / F(T = 5,9(T )" g:(s) d8> (9)
0 t
where (g¢ ());>o denotes the adjusted forward proces&ﬂ

9:(8) = go(s) —|—/0 K(s—r)dZ., s>t (10)

then M is a local martingale, and if M is a martingale then one has the exponential-affine formula

E lexp (/OT f(T—s)" X, ds)

As a consequence, under these conditions, uniqueness in law holds for the stochastic Volterra equation .

Section [] contains our second main result which is Theorem [7] This theorem establishes, under the
assumption m = d and additional conditions on the kernel K, an alternative formula for the local martingale
M; in @[) in terms of (X;)s<; and Z; only, namely

ft] = M. (11)

t T—t
log (M) = ¢ (T —1t) +/O f(T—s)TXsds—l—/o F(s,¢(s))Tgo(T—s)ds
(T =1)" Zo+ (% (X —g0)) (1), (12)

with ¢ as in @ and 7, € L (R4;C?), h > 0, a deterministic function that depends on K and . This
expression is a corollary of a similar expression for the adjusted forward process , shown in Lemma @
The identity can be used to show that is a particular instance of when gg is constant, and K
is constant and equal to the identity matrix.

In Section [p] using our first two main results, we give a complete proof in Theorems and of
the exponential-affine formula in the particular case m = d = 1, E = R, and for a Volterra CIR-
type processes with positive jumps. The argument hinges on a novel comparison result between solutions of
Riccati—Volterra equations, namely between a solution of and a solution of an analogous equation in which
the functions ¥ and F' are substituted with the corresponding real parts. This comparison result, together
with the affine with respect to the past formula of Theorem yields the desired conclusion because we
can bound the complex—valued local martingale M @ of Theorem 5| with a real-valued martingale. E|

2This adjusted forward process was also used in [3] and [I9] to elucidate the affine structure of affine Volterra processes with
continuous trajectories.

31t is important to mention at this point the study in [9] where the authors construct infinite dimensional lifts of affine
Volterra processes, possibly with jumps, and study affine transform formulas for these lifts. Even though these formulas are
closely related to the affine transform formulas of the present study, the novelty of our work stems from the affine with respect
to the past formula (12)) and the complete analysis of the associated Riccati equations in the one—-dimensional case as it is
carried out in Section [5} Our approach is inspired by the arguments in [5], and extends them to a jump—processes framework.
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contains some basic results regarding the classical forward process and results

regarding the 1—dimensional Riccati—Volterra equations appearing in Section

Notation: Throughout the paper, elements of R* and C* are column vectors. Given a matrix A € C**!, the
element in row i and column j is A, AT € C'*¥ is its transpose matrix, and |A| is the Frobenius norm. We
also use the notation Rﬁ = {x ERF:2;,>0,i= 1,...,k} and CF = {x eCF:R(x)<0,i= 1,...,k},
where for z € C, RR(2) denotes its real part. The imaginary part of a complex number z is Jmz. We use the
convolution notation ( fo f(t—s) g(s)ds for functions f,g.

2. Preliminaries

Fix d,m € N. Let go € Li., (R4;R™), K € L (Ry;R™*4) be a matrix-—valued kernel and E C R™ be
a subset which will be the state—space that we consider. We also introduce a characteristic triplet (b,a,n)
consisting of the measurable maps b: R™ — R? a: R™ — R?*? and the transition kernel 7 (z,d¢) from R™
to R%. We require this triplet to be affine on E, meaning that, for every = € E,

() =bo+ > arbx, a()=Ao+» wxAr,  n(z,dE) = v (d) + kalfk (d€). (13)
k=1 k=1

Here by, by, ..., by, € R, Ag, Ai,..., A, € R¥*4 and (k) k—o _.m are signed measures on R? such that
Jza €17 [ve| (d€) < oo, with v ({0}) = 0. Throughout the paper, we denote by X = (Xt);>( @& predictable
process with trajectories in Ll (Ry;R™) and such that X € F, P ® dt—a.e. It is defined on a filtered
probability space (€, F,F,P) where the filtration F = (F;),s, satisfies the usual conditions and Fy is the
trivial o—algebra on Q. Moreover, we assume that X solves the following affine stochastic Volterra equation
of convolution type

t
Xt =go(t) +/ K (t—s)dZ,, P—as.,forae teR;. (14)
0

Here Z is a d—dimensional semimartingale starting at 0 whose differential characteristics with respect to
the Lebesgue measure are (b(X:),a(Xy),n (X, d€)), ¢ > 0. These characteristics are taken with respect
to the “truncation function” h (¢) = ¢, &€ € RY, which can be chosen because Z is a special semimartingale
due to [16, Proposition 2.29, Chapter II] and the local integrability of the trajectories of X. In the sequel,
we denote by p(dt,d€) the measure associated with the jumps of Z and by v (d¢,d§) = n (X, d€) dt its
compensator.

It is worth discussing the good definition of the stochastic integral in . Recalling that X € F, P ®
dt—a.e., the canonical representation theorem for semimartingales (see [16, Proposition 2.34, Chapter II])
shows that Z admits the decomposition

t d t
Zt:/ b(Xs)ds—i—Mtc—i-Mf:bot—l—Zbk/ Xpods+ ME+ M2 t>0, P-as.,
0 0

where dMf = Jga & (p—v) (dt,d€) is an R?—valued, purely discontinuous local martingale and M¢ is a
d—dimensional, continuous local martingale satisfying d (M€, M¢), = a (X;)dt. Now if we introduce, for

every j =1,...,d, the increasing process C? = fot Jga |£j|2 v (ds,d¢), t > 0, then we have

= ([orm@) e [ lefna ([ K], rz0p-as

As a consequence of this expression, the local integrability of the paths of X implies that C7 is locally
integrable. Hence [16, Theorem 1.33 (a), Chapter II] yields that M is a locally square-integrable martingale

with
d dy = '21/ Y '2V ¢
(M, M), = [/R &1 o<df>+; (/R 5] k(d@) X, ] dt, (15)
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where M]d is the j—th component of M9, j = 1,...,d. It is convenient to introduce the locally square—
integrable martingale Z=M°+M ¢ which satisfies

t d t
Zy =7y — / b(X,) ds = Z; — bt — Zbk/ Xpods, t>0,P—as. (16)
0 = o
Given an integer | € N and F € L2 | (Ry;R™?), we define the —dimensional random variable
B T T
(F*dZ>T = (F*dM®)y + (F+dM?),, = / F(T—s)dMsC—i—/ F(T - s)dMq.
0 0
This is well-defined for a.e. T' € Ry. Indeed, consider the stopping times 7,, = inf {t >0: fg | Xs|ds > n}

for all n € N. Since X. (w) € L. (R4,R™), 7, — 00 as n — oo in . Then for every T > 0, we can apply
the Young’s type inequality in [2, Lemma A.1] with p = ¢ = r = 1 and Tonelli’s theorem to deduce that

T T T
/O (E ) dT = /0 </0 |F (T - S)| E [1{5§Tn} |Xk)5|] dS) dT

9 ’f/\‘rn
PR B| [ el ds

TATn
/ (T = 8)|? | Xn.s] ds
0

2
< ”||F|\Lz([oj];mw) <oo, k=1,....m.

This ensures that [fOTM” |F (T — s)|2Xk,s ds} <oo,k=1,....,m,n €N, for a.e. T € Ry, say for every
T € Ry \ N, where N C R} is a dt—null set. As a consequence, it is straightforward to conclude that the

processes
t t
(/ F(T—s)dM;) , (/ F(T —s) dMg) , (17)
0 te[0,T) 0 t€[0,T]

are locally square—integrable martingales for every T' € Ry \ N. Indeed, for every n € N,

T ATy, . m L.
/ |F (T —s))? (Agﬂ + ZX,C,SA3€7> ds] < o0,
0

k=1

d -

TATy, d
ZIE/ |F(T = s)Pd (M5, M) | =D E
j=1 0 j=1

and (by (I5))
L

T ATy,
SE| [ IF@-sPraag,
0

: AT 2 2 i 2
:;E /0 |F (T — s)| (/Rd €51 Vo(df)-l-;Xk}S/Rd €51 Vk(d§)> ds] < 00.

We always work with a jointly measurable version of the stochastic convolution F' x dZ defined on Q x R4
(such a modification exists, see, e.g., [23], Theorem 3.5]).
As for the convolution of F' with the drift part of Z, using [I5, Theorem 2.2 (i), Chapter 2] we compute

T T m
/ ( | tusnitien Fe-9) <|b0| 3 I |Xk,s> ds> dt]
0 0

k=1

[ (/ F(t—s) <|b0| 3 el X ) ds> dt]
0 0 k=1

|bo| T + n (Z |bk|>] <oo, T>0.

k=1

E

=E

< IEM 1 o, rymexay

5



This shows that there exists a P ® dt—null set N7 C Q x R such that the next expression is well-defined

t m
1{t§'rn(w)} /0 F (t — S) (bo + Zkak’s (w)) ds, n €N, (w7t) c (Q X R+) \N1
k=1

Moreover, by Fubini’s theorem the resulting processes are jointly measurable in (2 x R )\ Ny, hence passing
to the limit as n — oo, we obtain the jointly measurable process fg F(t—s)(bo+ > pey biXy,s)ds (defined
on the same set). Finally we introduce

t m

F(t—s) (b b Xk s ds, St QxR Ny,

(F*b(X))(w,t): fo ( 5)(0+Zk:1 kA k, (w)) § (w )6( X +)\ 1
O, (w, t) S Nl.

This is a jointly measurable process defined on the whole Q2 x Ry . This machinery for constructing jointly
measurable modifications of given processes will be used several times in the sequel.

Overall, the previous argument proves that the integral on the right side of is well-defined P—a.s., for

a.e. t € Ry. Of course we denote by (F+dZ) = (Fx*b(X))+ (F * dE); with this notation, Equation

can be written as follows
X = go+ (K dZ) = go+ (K +b (X)) + (K dZ), Podi-ac (18)

The following lemma will be useful in the sequel.

Lemma 1. For every T > 0,
E [||X||L1([O,T];R,,L)] < . (19)

Proof. The proof follows the same steps as those in [2, Theorem 1.4]. The difference is that the affine struc-
ture of our model guaranteed by is substituted for [2, Condition (1.5)], and makes the L] .—integrability
of the paths of X sufficient (instead of the L —integrability, p > 2 required in [2]). |

loc

Knowing the additional property in , the same argument as the one above (without stopping times)
shows that the processes in are indeed square—integrable martingales for a.e. T' € R,..

Remark 1. We refer to [2] for a general solution theory concerning equations of the type in when
go€ LY . (Ry;R™), p>2, and E =R™.

In the case m =d =1 and E = Ry, if one defines Y; = fot Xgds, t >0, then Y = (Y3),~, is a nondecreasing
process and an application of [2, Lemma 3.2] shows -

¢ ¢ ¢
Yt:/ go(s)der/ K(tfs)sts:/ go(s)ds+(KxZ),, t>0,P—a.s.
0 0 0

This type of stochastic Volterra equations is analyzed in [1] for locally integrable kernels K € L (R ;R).

loc

2.1. Stochastic convolution for processes with jumps

The goal of this subsection is to develop technical results concerning the stochastic convolution. In
particular, we aim to make Lemma 2.1 and Lemma 2.6 in [5] feasible in our context, where we are dealing
with discontinuities for Z and, more importantly, with a process X which a priori is not bounded. This
requires the statements and the proofs of the aforementioned results —crucial for the development of the
theory— to be changed. Such changes are important from a conceptual point of view and after every result
we add a remark showing the parallel with the setting in [5].

We start with a preliminary claim.



Lemma 2. Fizp € N. Let F,G € L} (R+;R”Xd) and S C Ry be such Ry \ S is dt—null set. Suppose
that F' = G a.e. in Ry. Then

T T
/ F(T —s)dZ, :/ 1s(s)G(T — s5)dZs;, P — a.s., for a.e. T € R,. (20)
0 0

In particular,
FxdZ=GxdZ, P®dt— ae. (21)

Proof. It is sufficient to prove replacing Z with Z, because trivially Fxb (X) = Gx(1gb (X)), Podt—a.c.
on 2 x Ry. Moreover, we only work with the stochastic integral in dM€, as by we can repeat the next
procedure (component-wise) for the convolution in dM? recovering .

The argument above in the section implies the existence of a dt—null set N C R4 such that, for every
T € Ry \ N, we have

/15(8)G(T—8)dM§—/ F(T—s)dMgz/ (Is(s)G(T —s)—F (T —s))dMS, P—as. (22)
0 0 0

Consider the square—integrable, p—dimensional martingale Q) = (f(f (1s(8)G(T —s)— F (T —s)) dMSC) o
t<

whose predictable quadratic covariation is, due to the hypotheses,
t
<Q,Q>t:/ (1s(8)G(T —s)—F (T —9))a(Xs)(1ls(s)G(T —s)— F (T — s))Tds =0, t€l0,T],P—as.
0

Since @ starts at 0, we can conclude that (Q = 0 up to evanescence, hence follows.

Regarding , it is an immediate consequence of with S = R4 and the joint measurability of
the stochastic convolutions, which allows to state an equality holding true P ® dt—a.e. This completes the
proof. |

Remark 2. In [j], the authors consider the stochastic convolution of a function F € L12OC (R+;R”Xd) with
respect to a continuous local martingale M with predictable quadratic covariation d (M, M), = a; dt, where
(a¢) is an adapted, locally bounded process. These assumptions allow to define (F x dM), for every t € R.
In particular, two jointly measurable versions of the stochastic convolution are equal P—a.s., for everyt > 0.
This concept is stronger than the Pdt—uniqueness that we have in our framework. As for mn Lemma@,
in the continuous case it can be stated as follows: for every F,G € leoC (R+; R”Xd), with F = G a.e. in Ry,

one has
(F«dM), = (G*dM),, P—a.s.,t>0.

Now we state a result concerning the associativity of the stochastic convolution.

Lemma 3. Fiz p,q € N. Let p € L, (Ry;R7P) and F € L} (Ry;RP*?). Then

loc

(pxF)xdZ), = (p* (F*d2))(t), P—a.s., forae teR,. (23)

Proof. Also in this case we just need to show the statement with dZ in place of dZ, because an application of
Fubini’s theorem provides (p* F)xb(X) = px(F xb (X)), P@dt—a.e. on Q@ xR,. In addition it is sufficient
to focus only on the stochastic convolutions in dM*€, as discussed in the preceding proof. By linearity we
can assume d = p = ¢ = 1 without loss of generality, and we consider p > 0 to keep the notation simple,
otherwise we should split it into positive and negative part.

First note that the function p* F € L2  (R4;R), hence for every ¢t € Ry \ Ny, being Ny a dt—null set,
we have

(e =), = [ (twes [ Fe—u=9)p)as)an;

t s ot
= / (/ Lig—wesylis<t—u} F' (t —u —5) p(s) ds) dMS, P—as, (24)
o \Jo
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where S C Ry is such that f(f F(t—s)p(s)ds, t €S, is well-defined. In particular, Ry \ S is a dt—null set.
Our goal is to apply the stochastic Fubini’s theorem (see, e.g., [22, Theorem 65, Chapter IV]), but before
we can do that we need a preliminary step. For every T' > 0, a change of variables, sequential applications
of Tonelli’s theorem and Young’s inequality yield (in the whole )

/OT [/Ot (/Ot La-wes) Loy [F (= s = )" p(s) ds) || du] dt
- /oT Uot (/otsF(t s w1 d“) rls) ds} dt = /OT VT (1FP 1x1) (¢ - S)dt] p(s)ds

T T—-s
= /0 [/o (\F|2 * |X|) (t) dt] p(s)ds < llpll 11 (o,m) ||FH%2([0,T]) XM 1 o, -

Taking expectation and recalling we have

T t t
/ E [/ (/ Lig—wesylis<t—u} | F (t — s — u)|2p(s) ds) | X du} dt
0 0 0

2
< Nl o,y 1F N2 0, B 1 2 o] < oo
This proves that there exists Ny C Ry such that

t s ot
E [/ (/ Li—wyesyl{s<t—u} | F (t — 5 — w)|? p(s) ds) Xu du] <oo, teRy\ N, (25)
0o \Jo

Taking ¢ € Ry \ (N1 U Ny), thanks to (25) and Lemma [2| (see (20])) we can apply the stochastic Fubini’s
theorem in to deduce that

((p* F) +dM?),
t, et t t—s

/ (/ Lit—wesyHs<t—uny F (t —u—s) p(s) ds) dM{i:/ </ Y—wesiF' (t — s —u) dMﬁ)P(S) ds
0 0 0 0

:/0 (FxdM°),_ p(s)ds= (p* (F*dM))(t), P-—as.,

and the proof is complete. |

Remark 3. The previous result is the analogue of [5, Lemma 2.1/, where the authors are able —in the frame-
work described in Remark[3- to handle a generic signed measure of locally bounded variation L. Essentially
they can do so because the convolution F x dM is defined as a stochastic integral for everyt € Ry. As a
consequence, it is unique up to a P & |L| —null set, being |L| the total variation measure of L.

In contrast with this, notice that in our setting it is not possible to make sense of the right side of for
a fized time t > 0 when p is replaced by L. Indeed, F xdZ is only defined up to a P ® dt—null set, therefore
the value of (L * (F dZ)) (t) would depend on the modification one chooses. However, Lemma [3 can be
slightly extended by replacing p in with an RY*P—yalued measure which is the sum of a locally integrable
function and a point mass in 0 (this extension can be inferred directly from ) We are going to need this
final comment in Section [}

We are now ready to state an analogue of [5, Lemma 2.6].

Proposition 4. Assume that m = d, and that the kernel K € L? (R+;Rd><d) admits a resolvent of the

loc

first kind IE| Let F € L? (R+;RdXd) be such that F' x L 1is locally absolutely continuous. Then

loc

(F+dZ), = (F*L)(0)(X —go) () + (F* L) % (X — g0)) (t), forae. teRy, P—as.  (26)

4Given a kernel K € Llloc (R+;Rd><d), an R?*4_valued measure L is called its (measure) resolvent of the first kind if

L*K =KL =1I, where I € R4%4 is the identity matrix. L does not always exists, but if it does then it is unique (cfr. [15]
Theorem 5.2, Chapter 5]).



Proof. By Lebesgue’s fundamental theorem of calculus we can write (denoting by I the identity matrix in
Rdxd)

(F*L)(t):(F*L)(O)—i—/O (F*L) (s)ds= (F=L)(0)+ (F*L) *I)(t), t>0,

which implies, convolving with K, using [I5, Theorem 6.1 (ix), Chapter 3] and a change of variables,

/OF(s)ds:(F*L)(O)/O K(s)ds+/o (F+L) *K)(s)ds, t=>0.

We can differentiate both sides of the previous equation, as they are absolutely continuous functions, and
we obtain

F(t)=F*L)(0)K @)+ (FxL)«K)(t), forae. teR;.
Then convolving with dZ yields

(F*dZ), = (F* L) (0) (K «dZ), + ((Fx L) « K) xdZ),
=(FxL)(0)(K*dZ),+ (F+L) * (K*dZ)) (t), P—as, forae teRy, (27)

where in the first equality we use Lemma [2| (see (2I)) and in the second Lemma [3| with p = (F « L)". The
crucial point here is to pass to the trajectories. In order to do so, observe that by we have

Xi—go(t)=(K*dZ),, forae teR;, P—as,

hence ((F'xL) * (K *dZ))(t) = ((F*L) *(X —go)) (t), P—as., for ae. t € Ry. Moreover we can
consider a jointly measurable modification of the process ((F * L)' * (X — go)) thanks to Fubini’s theorem,
which in turn can be applied as

]El/O (/0 1{59}|(F*L)'(S)||(X_QO)(t—S)|ds>dt1

/OT ( /0 |(F+ L) (5)] (X = g0) (¢ — ) ds) dt} 8)

< H(F * L)IHL1([O)T];R(1><(1) (]E |:||X||L1([O,T];]Rd):| + ||gOHL1([0,T};Rd)) < 0, T> 07

=E

by Tonelli’s theorem, Equation and |15, Theorem 2.2 (i), Chapter 2]. Substituting this term in and
recalling once again we deduce that

(F+dZ), = (F* L) (0) (X —go) (t) + (F* L) % (X — g0)) (1), P—as., for ae. t € Ry.

This equality can be understood up to a P®dt—null set because it involves only jointly measurable processes.
Therefore holds true and the proposition is completely proved. |

Remark 4. In [5, Lemma 2.6] the authors require F % L to be right—continuous and of locally bounded
variation. The loss of generality in Proposition [{} where we assume the local absolute continuity for the
same function, is triggered by Lemmal[3 and Remark[3

3. Towards the conditional Fourier—Laplace transform

In this section we are going to introduce processes V1 = (V;T) which will be used to find an ansatz

te[0,T]
for the conditional Fourier—Laplace transform of ( frsX ) (T), T > 0, where f is a suitable given function.
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We first introduce some notation. For a C—valued function g € L (1), k = 0,1,...,m, we denote

(1(:46).9©) = [ 9(m (@) +Z(/ o @e)) o, @€ B

(€)= [faa 0 (O () foug(©)r2(d€) ... foug(€)vm (d€)] " €T™.
Note that (n (z,d¢),g(€)) = [za g (&) vo (d€) +v (g ()" x for every x € E. In addition, we consider

B=[by by ... bp|eR™m,
A(u):[uTAlu ul Asu ... uTAmu}Te(Cm, u e C

Notice that b (z) = by + Bz, and u"a (z)u = u Agu+ A (u)' z, for every z € E, u € C4.
Let us take f € C (Ry;C™) and define F': Ry x C? — C™ as follows

Ftou)=f()+Bu+ %A(u) Y (e“T5 1 —uTg) . (tu) eRy x CL. (29)

Hypothesis 1. There exists a continuous, global solution : Ry — C% to the deterministic Riccati—Volterra
equation

t
v’ = / s, (s) K (t—s)ds=(F(u () «K) @), t=0. (30)
0
Under Hypothesis |1} we introduce the C—valued function ¢: R, — C given by

o) = [ (v Th0+ 30wl + [ (07— 1- v e mide))as t20. (3

For every T' > 0 we define the following cadlag, adapted, C—valued semimartingale on € x [0, T

V= [ @ = 9T a ()0 (T - )+ (n(Xde) HTTE1 ds
’ /0[2 < (32)
/¢ (T —s)' dZ,,
T 1 a7 T
VOT:/O (f(T—s>+Bw<T—s>+2A<¢<T—s>>+u(ew<T TE1—w (T -] 5)) 90 (s)ds g
+o(T).

Observe that V7 is left—continuous in T' because v (0) = 0 by . This process is the natural extension of
[6l Equations (4.4) — (4.5)] to the framework with jumps. Moreover, one can write

VT = (T /F — s, (T —5)) " go(s)ds. (34)

Our aim is to find, using the stochastic Fubini’s theorem, an alternative expression for the random
variables V,I' by means of integrals in time of the trajectories of suitable processes.
In the case b = 0, we are going to use the paths of the forward process. Precisely, for a fixed ¢ € [0, 7], by

(1) in [Appendix A we have
[ |.7:t]—go /K s—r)dZT, P —a.s., for a.e. s > t. (35)

Hence requiring the kernel K to be continuous on (0,00), the process on the right side of the previous
equation has a jointly measurable version that we denote by g; (s), s > t. Note that it makes sense to

10



integrate in time the trajectories of such g; (-) since it is unique up to a P ® d¢t—null set.
In the case b # 0 we consider the paths of a process g; () such that

g:(s) = g0 (s /K (s—7)dZ,, P—as, s>t (36)

Also in this case we assume K to be continuous on (0,00), so that g (-) can be taken jointly measurable
on 2 x (t,00) and is uniquely defined up to a P ® d¢t—null set. Note that when ¢t = 0 we have an abuse of
notation, as gy represents both the initial input curve in and the process just defined in . This,
however, is not an issue as these two concepts coincide P ® dt—a.e. in £ x (0,00). In the following, we
continue to consider gy as the initial input curve. Finally, notice that

s—t
g (s)=E [Xs —/ K(s—t—r)b(Xpy,)dr ‘ Ft} , P—as., forae s>t
0

For this reason g; (+) is called adjusted forward process.

Theorem 5. Assume Hypotheszsl Let K € LIOC (R+; Rde) be a continuous kernel on (0,00) and define,
for every t € [0,T7,

t T
V=0Tt [ 109" Xods+ [ P50 -9) a(s)ds. (37)
0 t
Then B
Vvi=vr P-as,tc|0,T]. (38)
In addition, the process (eXp {VtT})te[o 7] is a C—walued local martingale, and if it is a true martingale
then
E {exp{(f—r *X) (1)} .7-}} = exp {XZT} , P—as,te[0,T]. (39)

Proof. Tt is straightforward to check that holds true for t = 0.
Focusing on the case t € (0,T], we rewrite the definition of V;T in as follows

VtT=¢<T—t>+/Otf<T—s>TXsds

+/t F(T—s,z/J(T—s))Tgo(s)ds—&—/t F(T—s,z/J(T—s))T(gt—go)(s)ds. (40)

It is convenient to introduce the process

_ X, s<t
gt(s):{ .

gi(s), s>t
Recall that by . gt (s) = go(s) + fo (s —r)dZ,, P—a.s. for a.e. s > t, and that by X =
)+ fo (s—r) dZT, P a.s., for a.e. s € [0,t]. Therefore g, (-) is a jointly measurable modification

of the process go () + fo 1< }K( —r)dZ,. Invokmg the stochastlc Fubini’s theorem in [22] Theorem 65,
Chapter IV] and recalhng the Riccati—Volterra equation in , after a suitable change of variables we
obtain

/OTF(TS’w(Ts))T(thO) (s)ds
/OTF(TS,MJ(TS))T [/Otl{rgs}K(ST)dZT} ds/ot
_/Ot

/TF(Ts,z/;(Ts))TK(s'r)ds dz,

T—r
/O F(s,0(s)" K(T —r—s)ds

t
er:/ V(T —r) dZ,, P—as.
0

11



Such an application is legitimate, as by the continuity of F (-, (-)) —which implies its boundedness in [0, T']
by a positive constant Cp— and a change of variables we have (for every k =1,...,m)

t [ ,T
/ V 1{r<s}F(T—s,zﬂ(T—S))IQK(s—r)2d51 | Xl dr
o |Jo

t T—r
2 2 2
= /0 [/0 | (5,9 ()7 |K (T — 1 — s)| ds} [ Xk,r| dr < o HKHL?([O,T];]R'"LX(!) ||XHL1([0¢];Rm) )

so the expectation of the leftmost side is finite thanks to . As for the drift part,

2

t T
/ ( | Lo 1P (= s (T = ) |5 (5 r>|2ds> Xl dr < Cr K a0 zymm sy 1K 1 o.yem
Going back to and recalling the definitions of V7 in f we obtain, P—a.s.,
_ t T
W =o =0+ [ $@-9 Xodst [ T -50 (05 m(e)ds
/ $(T—5)" dz, - / F(T — 5,0 (T - 5))T (X, - go(s)) ds

:¢<Tft>+/0 F(T—s5,9(T—5) gof ds+/w 9T dz,
]

t
- / [Bw (T - s) + 5A (T —s)) +v (eWT—s)T& 1y (T—s)" g)} X, ds
’ T t ~
—o)+ [ F@-s0@-9) w6+ [ 0T -5TdZ,
0 0
t
-/ B¢ (T~ 9)" (X (T —s)+ (n(X,.de), X T 1y (T — )T gﬂ s
0
=v7,
where in the second—to—last equality we use . This proofs .

Moving on to the next assertion, denote by HT = (HT)

= (exp {VtT})te[o,T]' By Ito’s formula
and the dynamics in we have

telo,T] —

dHT
T |- (0@ 07 a0 (T -0+ (n(Xd) T () €) )t (T ) d
FHE @ =0T a(X) 0 (T~ de+ HE [ (P07 o7 -7 ) u(drdg)

Rd

= H/ [w (T — )" dM; + /R (e TTE1) (u—p) (at, d&)} . Hy =exp (V).

We define (NtT)te[o 7y such that ANT = (T — )" dME + Jga <e¢(T_t)T5 - 1) (u—v) (dt,d€). Then NT it

is a local martingale and the previous computations show that H” = exp {VOT} & (N T) up to evanescence,
where £ denotes the Doléans-Dade exponential. Therefore H” is a local martingale, as stated. Finally, in
case it is a true martingale, directly follows from , and the proof is complete. |
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Remark 5. Assuming m = d, it is possible to find an expression for V' in terms of the true forward process

even in the case b # 0, when by (A.4) in
¢
E [X|F] = (90 — (Rp * g0) + (EB * b)) (s) +/ Eg(s—r)dZ,, P-a.s., forae s>t (41)
0

Here Rp is the resolvent of the second kind of —KB and Ep = K — R+ K. If K is continuous on (0, 00),
then Ep is continuous on the same interval, as well. Thus, one can choose a jointly measurable version
fi (s), s > t, of the process on the right side of , which is unique up to a P ® dt—null set. Arguing as
in [5, Lemma 4.4], we obtain the variation of constants formula

T

o7 = [ e+ 3awe o (20 1067 )] E-sas e20

which combined with the strategy in the proof of Theorem 3 leads to

V;T:/O f(T—s)TXsder/t [(F(T—s,z/}(T—s))—BTw(T—s))Tft(s)

+%¢(T78)TAow(Tfs>+/

(ew(Tfs)TE 11— 1/) (T _ S)T 5) o (df)] dS, P— a.s.
R

However in the framework of jumps it is preferable to work with the adjusted forward process, because —as
will become clear in the next section— certain properties can be assumed for the kernel K, but they can be
neither required (i.e. it would not be a reasonable hypothesis) nor inferred for Ep.

4. An expression for V7T affine in the past trajectory of X

In this section we consider m = d and aim to find an alternative formula for V7 which is affine in the past
trajectory of X. This new expression can be used to prove the martingale property of the complex—valued
process exp {VT} in particular cases (see Section . Due to the lack of regularity of the trajectories of both
X and the stochastic convolution in dZ, we are going to require mild, additional conditions on the kernel
K, in particular on the shifted kernels Ay, K for h > 0.

We start with a preliminary result providing an alternative expression for the adjusted forward process

gt ()

Lemma 6. Assume that K € L3 (R+;Rdx‘i) is continuous on (0,00) and that it admits a resolvent of the

first kind L with no point masses in (0,00). In addition, suppose that for every h > 0 the shifted kernel
ALK s differentiable, with derivative (A, K) € C (]R+; RdXd)‘ Then, for every T > 0, for everyt € [0,T)

9 (T)=go(T) + K (T —t) Ze + ((Ar—¢K) * L) x (X — go)) (t), P— a.s. (42)
Proof. Let us fix h > 0. We first show that the stochastic convolution AR K * dZ has a cadlag version.

Indeed, for every t € Ry, (AK *dZ), = [} fon (s)dZs, P—as., with fip(s) = K (t+h—s),s € [0,1].
Integration by parts yields

t t
/ Fon(8)dZs = fon (8) Zo — fon (0) Zo — / (Fin) () Zo_ ds
0 0

t
—K (h) Z, +/ (ALKY (t —8) Zyds, P—as.,
0

5Given K € L} (R+;RdXd), its resolvent of the second kind is the unique solution R € L1 (R+;Rd><d) of the two

loc loc

equations K * R= R+ K = K — R (cfr. [I5, Theorem 3.1, Chapter 2] and the subsequent definition).
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where we also note that Z;_ = Z; for a.e. t > 0, P—a.s. Since the rightmost side of the previous equality
is a cadlag process we obtain the desired claim. Hence in what follows we consider A K * dZ to be right—
continuous. In particular, the process (A, K — K (h)) x dZ is continuous.

Thanks to the assumptions on the kernel, we apply [I5, Corollary 7.3, Chapter 3| to claim that the
function (ApK — K (h)) * L is locally absolutely continuous in R, with

(ALK — K (h)* L) = (ALK) * L, a.e. inR,.

In particular, the function (A, K) *L € C (R+; RdXd) by [15, Corollary 6.2 (iii), Chapter 3|, the absence of
point masses of L in (0,00) and the continuity of (A,K)’. Therefore we invoke Proposition |4] to obtain

(ApK — K () xdZ), = (A K — K (1)) * L) (0) (X — go) (t) + (((AnK)" * L) * (X — go)) (1)
= (((ARK) % L) % (X — go)) (t), forae teR;, P—as.

Note that the last equality involves continuous processes, so it is indeed true for every ¢ > 0 up to a P—null
set. Thus,
(ApK %dZ), = K (h) Zy + (((ARK) * L) * (X — go)) (t), t>0,P—as. (43)

At this point, let us take ¢ < T and recall that (by (36))

9 (T) = go <T>+/OtK<T—s>dzs — <T>+/Ot (Ar_ ) (t - 5) dZ,
=g (T)+ (Ar—+K xdZ),, P—as.

It suffices to take h =T — ¢ in to deduce that

(Ar_ K %dZ), = K (T —t) Zy + ((Ar—¢K) * L) % (X — g0)) (1), P —as..
Hence, combining the two previous equations, we conclude

gt (T)=go(T)+ K (T —t) Zy + (((Ar—K) * L) (X — go)) (t), P—as.,
completing the proof. [ ]

Let us fix a generic T' > 0. By Equation we can write, for every ¢ € [0,T),
9:(s) =90 (s) + K (s —t) Zy + (((As—eK) * L) x (X — g0)) (t), P—as.,se(tT). (44)

Intuitively speaking, we want to plug this expression in , so that we end up with an alternative formula-
tion for V,I' which is an affine function on the past trajectory {Xs, s < t}. This is done in the next theorem,
which extends [0, Theorem 4.5] under further conditions on the kernel K. These addtional assumptions
hold for instance in the one-dimensional case if K is completely monotone (recall that a function f is called
completely monotone on (0, 00) if it is infinitely differentiable there with (—1)* f(®)(¢) > 0 for all t > 0 and
k=0,1,...).

Theorem 7. Assume that K € L% (R+;RdXd) is continuous on (0,00) and that it admits a resolvent of
the first kind L with no point masses in (0,00). In addition, suppose that for every h > 0 the shifted kernel
AnK is differentiable, with (AhK)/ continuous on Ry . Under Hypothesis if the total variation bound

sup  [[ApK * LHTV([O,TD < oo, foralT >0, (45)
he(0,T]

holds, then for every h > 0 the C—valued function

(1) = (F e ()« (AK) <L) (1) () (46)
14



is well-defined for a.e. r € Ry and belongs to Li. . (R+; Cd). Moreover, P—a.s., for a.e. t € (0,T),

T—t

VE—o@-t+ [ Fr-9TXdst [ Fsi(6) o0 (@) ds
0 0
+ (T —1)" Zo+ (mp—y |+ (X —go)) (1), (47)

where ¢ is defined in .

Proof. Fix h > 0; expanding the notation in for 7, we have

m() = [ F s ()T [ / (A oK) (r—w) L(du)| ds.

In order to see that it is well-defined a.e. on Ry and belongs to L] . (R+; (Cd), first note that for every

positive s, the continuity of (A,K)" and the absence of point masses for L in (0,00) allow to apply [I5}
Corollary 6.2 (iii), Chapter 3|, which ensures the continuity on R of (A,K) % L. As a consequence, we can
define the C%—valued measurable function

T / T
[F (5,0 6)T (An-oK) <L) ()], (s,7) € (0,h) x Ry,

Recalling the previous proof, we see that (A, K) * L is, almost everywhere, the derivative of the locally
absolutely continuous function (A, K — K (h)) * L. The continuity of F (-, (-)) (which implies its bound-
edness by a constant Cj, > 0 on [0, h]) coupled with Condition ([45), Tonelli’s theorem and [I5, Theorem
6.1 (v), Chapter 3] yields, for a generic T > h,

I |F<s,w<s>>|\((Ah_sm’*L)(r)!ds] ar= [P o) [/ y(mh_sK)’*L)(rﬂdr] ds

h
< / [ (5,9 ()] [l (oK = K (h = )) % Ll (o.77) ] ds

h h
< d? /0 |F (8,9 (8))| | Ap—s K * LHTV([O,T]) ds + |L] ([O,ﬂ) /0 |F (s,% (8))| 1K (h—s)] ds]
<d*| sup |A, K*L”TV([OT])Ohh+ |L| 0 ﬂ / |F (s,% (s))||K (h—s)|ds| < oo.
5€(0,T]

Hence the conclusion on 7Th follows Furthermore, by Lebesgue’s fundamental theorem of calculus, the
C?—valued function Iy, (r fo 7, (u) du, r € Ry, is locally absolutely continuous on Ry, with II} =
a.e. Using Fubini’s theorem we can obtam the following explicit expression for such II,,

/ F (s ((Ah K —K(h—38)*L)(r)ds, reR,. (48)

At this point we observe that for every function g € L] _ (R+; Rd) we have, reasoning as before and using
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the boundedness of F (-,9 (+)) on [0,T] by a positive constant Cr,

[ V Igt—ul(/T t|F<s,w<s>>|(<ATtSK>’*L)(U>;dS>du
:/o /'“*“ </Tt|F(TtSW(Tt5))|’((A3K)/*L)(u)|ds>du]dt
/OT:/O F(T—t—s,4(T —t—s)) (/ 9.t — ) [ (AWK + L) (u |du) ]dt
:/OT -/OTS|F(T—s—t,¢(T—S—t))|(/Otlg(t—u)||((AsK)’*L) (u>|du) dt] "y

T
< Ord® |lgll oy / J(AWK = K (5)) # Lllgygom, ds

dt

< Crd? HgHLl([O,T];Rd)

)

T
T s A * Lo +1L1(0.7) / |K<s>|ds] < o0,
se

where we apply Tonelli’s theorem, together with [I5, Theorem 2.2 (i), Chapter 2] and a change of variables.
Consequently, for almost every ¢ € (0,7') we can apply Fubini’s theorem to obtain

0

/ e ()T g (¢ — ) du = / R [ / (B oK)+ 1) (g (t — ) du} ds.  (50)

Computations analogous to those in (With g [resp., |F (-, ¢ (+))|] substituted by X — go [resp., 1]) let us
conclude by Fubini’s theorem and Equatlon 119) that for a.e. t € (0,T) there is a jointly measurable modifi-

cation of the process (((A._K)" * L) » (X — go)) (t) on % (t,T). Therefore we interpret (44)) trajectoriwise,
namely the equality holds almost everywhere in (¢,7") up to a P—null set.

Now we focus on ‘N/tT. Combining with what we have just said, a suitable change of variables yields
~ t T T—t -
V=o@-t+ [ 1@ Xadst [ Plsv () 0 - 5)ds
0 0

:{¢(T—t)+/0 f(T—s)TXsds—i—/O ) F(s,zp(s))Tgo(T—s)ds}

—|—{</T_tF(s,1/)(s))TK(T—t—s)ds) Zt}

+ {/0 ) F (5,9 (5) " ((Ar—i—sK) % L) * (X — g0)) (£) ds}
:It+IIt+IIIt, P*&.S., te (O,T)

The idea is to analyze separately the addends that we have singled out in the previous computations. Note
that III, is finite because V,I', I;, II; are so, and that we can consider a jointly measurable modification of

this process in © x (0,7"), again by Fubini’s theorem and Equation (see (49)). Taking into account
we have

VI =1, + 11, + 1IL;, for ae. t € (0,T), P — as., (51)

where the equality can be understood pathwise as it involves jointly measurable processes.
Regarding I1;, since v solves the Riccati—Volterra equation in we have

IL=y¢(T—1t) Z.
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As for III;, by we have
¢
II1; = / Tt () (X — go) (t —u)du = (mr— " * (X —g0)) (t), forae. te(0,T),P-as.
0

Substituting the two previous equations in we conclude

t T—t
VE=o@-t+ [ f-9TXdst [ Pt (6) o0 (T ) ds
0 0
+ (T =) Zp+ (mr— " (X — o)) (t),
for almost every t € (0,T), P—a.s. The proof is now complete. |

If the resolvent of the first kind L is the sum of a locally integrable function and a point mass in 0, then
recalling we can apply Lemma [3[ (see also the final comment in Remark [3)) and argue as in to see
that Z; = (Lx (X — go)) (¢), for a.e. t > 0, P—a.s. In addition, for every h > 0 we define the C*—valued
function

h
O (r) " =T (r) " 44 ()T L0} +w (k)" L((0,7]) = /O F(s,0(s))" (An_yK L) (r)ds, reRy,
(52)

where the second equality is due to . Note that II, is locally absolutely continuous on R, and that
(rr—d T (X = g0)) (1) = (ATTr—, T % (X = g0) ) (1)
= (Al 5 (X —g0)) () =0 (T =) (L (X = g0)) (1) + 6 (T = )T L0} (X — g0) (1),
holding true for a.e. ¢ € (0,T), P—a.s. Substituting in we immediately deduce the following result.

Corollary 8. Under the same hypotheses of Theorem[], if the resolvent of the first kind L is the sum of a
locally integrable function and a point mass in 0, then P—a.s., for a.e. t € (0,T)

Vi =o@ -0+ [ -9 Xk [ PG w @
= s sds s, (8)) go (T —s)ds
0 0

F (T - LH0Y) (X — go) (t) — (dﬁT_tT * go> (t) + (dﬁT_tT * X) (t). (53)

5. The 1—dimensional Volterra square root diffusion process with jumps

In this section we discuss a one-dimensional example (m = d = 1) where not only are we able to infer the
assumptions made in the previous arguments, such as the existence of solutions to the stochastic Volterra
equation and the Riccati—Volterra equation (i.e., Hypothesis , but also we can prove the martin-
gale property of the process exp {VT} . In order to develop the theory we need to require more properties for
the kernel K. In particular, we consider a hypothesis which is standard in the theory of stochastic Volterra
equations, that is (see [I, Condition (2.10)], and also [5, Condition (3.4)] and [4, Assumption B.2])

Condition 1. The kernel K is nonnegative, nonincreasing, not identically zero and continuously differen-
tiable on (0,00), and its resolvent of the first kind L is nonnegative and nonincreasing, i.e., s — L[s,s + ]
is nonincreasing for every t > 0.

We focus on the following stochastic Volterra equation of convolution type

X=go+ (K*xdZ), P®dt-ae, (54)
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where Z is a real-valued semimartingale with differential characteristics (with respect to h (§) =&, £ € R)
given by (b(Xy),a (Xy),n (X, dE)), t = 0, with

b(x) = bz, a(x)=cuz, n(xz,d§) =zv(d§), = >0.

Here b € R, ¢ > 0 and v is a nonnegative measure on R, such that fR+ €12 v (d€) < oo. The function
go: Ry — R is an admissible input curve in either one of the following two forms

i. go is continuous and non—decreasing, with g (0) = 0;
ii. go(t) =+ fot K (t—s)0(s)ds, t >0, where 2o > 0 and 6: Ry — R is locally bounded.

Notice that describes a 1—dimensional Volterra square root diffusion. In this framework, we can invoke
[T, Theorem 2.13] to claim the existence of a weak, predictable solution X = (X;),-, of with trajectories

in L. (Ry) such that X > 0, P® dt—a.e. Actually, if go € L2 _ (R, ), the paths of this solution X are in
L% . (Ry), P—a.s., as the next result shows.

loc

1/2
that X >0, P® dt—a.e. Then, for everyT >0, E {(IOT ‘Xt|2dt) } < 00.

Lemma 9. Suppose that go € L2 (Ry) and let X be a solution of with trajectories in L. (Ry) such

Proof. The convolution equation let us write, P—a.s.,
1X,> <4 (|g0 (O + b |(K * X) (£)]? + |(K #dM®),|* + ](K*de)t]Q) . for ae. t > 0.

Integrating over the interval (0,7),7 > 0, we have

T 2
2
(/0 | X dt) §2(2+||90||L2([0,T])+|b 1K * X 20,77
T T 9
+/ |(K*dMC)t\2dt+/ |(K «dM?),| dt), P—as.,
0 0

where we also use that /z < 14, € Ry. By [I5, Theorem 2.2 (i), Chapter 2| we have ||K * X|[ 120 7)) <
K| 220,77y 1X N1 21 jo,77)> hence taking expectation in the previous inequality we obtain, using Tonelli’s
theorem,

1

T 2
2
E (/0 | X dt) < 2<2 + 190!l 2o,y + 1PHIE | 20,77 E [”XHLl([O,T])}

—I—/OTIE“(K*dMC)tQ} dt—i—/OT]EU(K*de)tﬂ dt). (55)

Recall that (K *dM¢), = fg K (t—s)dM¢, P—a.s. for a.e. t > 0; therefore we use the Burkholder-Davis—
Gundy inequality and the Young’s type inequality in [2] Lemma A.1l] to write (always bearing in mind
Tonelli’s theorem)

/OTIET (K «dMe) Pl dt <o eiE VOT (/Ot |K(t—s)|2XSd3> &t

2
<c-a|[Klz2 o) E [”X”Ll([O,T])} , for some ¢; > 0.
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Analogously, we invoke [2T, Theorem 3.2] to assert

T
2
/ E “(K * de)t| } dt <2 </ €2 y(d§)> Ca HKHiZ([O,T]) E [HX||L1([07TD} , for some ¢y > 0.
0 Ry
Now substituting the previous two bounds in we see that the right side is finite by (19). This concludes
the proof. |

Continuing the example of this section, let f € C'(Ry;C_). In addition to Eq. , we consider the
deterministic Riccati—Volterra equation

¢
7t):/K(t—s)F(s,7Z(s))ds, t>0, (56)
0
where Rf: R, — R_ denotes the real part of f and F: R, x C_ — R is defined as follows
F(t,u) = Rf (t) + bu + gu2 +/ (e —1—wué)v(d), (t,u)eRy xC_. (57)
Ry

The next theorem shows the existence of global solutions to and (in particular, Hypothesis [1| is
verified), as well as a comparison result between them which is crucial for the subsequent argument on the
martingale property.

Theorem 10. Let f € C (Ry;C_) and assume Condition[]]

(i) There exist a contmuous global solution ¥ € C'(Ry;C_) of (30) and a real-valued, continuous global
solution 1 € C (R_;R_) of .

(ii) Given v € C(Ry;C_) and v € C (Ry;R_) satisfying and , respectively, then the following
inequality holds B
V() <Y(t), t=0. (58)

Proof. The proof of is in [Appendix B.1] and the one of is in [Appendix B.2 |
In what follows, we take two continuous functions v, as in Theorem and fix T > 0. We aim to
prove the martingale property of the process exp {VT} where V7' is given in . For this purpose,

we define the process 7' asin . ), substituting R f [resp., 1/1] for f [resp , 7,/)] Theorem |5 shows that
~T

VtT =V, ,P-as., forevery t € [0 T, where of course we define V as in with the same substitution as
before. It is known that exp {V } is a true, real-valued martingale. This is due to [I, Lemma 6.1], which
in turn is an interesting application of the Novikovftype condition in |20, Theorem IV.3]. The idea of the
present section consists in using the expression (53)) in order to prove the bound |exp {VT}‘ < Cexp {VT}

up to indistinguishability for some C' > 0, so that we can conclude that exp {VT} is a martingale, too.
Direct computations based on the Riccati—Volterra equation (30)) yield, for every h > 0,

Aptp (r) = (A (F (0 () * K) (r) + (F (4 () * A K) (h), 72> 0.

Focusing on the second addend on the right side, if we convolve with L we end up with

h
/0 F (5,0 (5)) (Ar_oK) (h— 5)ds | L (du)

((F (o, (6« AK) (1) <) 1) = | '

h
- / F (5, () (An_oK) * L) (r)ds, 70,
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where the application of Fubini’s theorem is justified because K is nonnegative and nonincreasing and L is
a nonnegative measure. Whence, since Ay, (¢« L) (r) = (F (-,¢ (-)) * 1) (r + h), recalling the expression in

we can write
~ h
I, (r) = (Ao * L) (r) — Ap (¢ « L) (1) +/0 F(s,1 (s))ds

h
_ w(h—s)L(r—i—dsH—/ Fs,0(s)ds, r3>0,
(0,h] 0

and in particular

h
% (T (1) = - (¢ (b~ 5)) L (r +ds) +/ R(F (5,0 (s))ds, r=>0.
(0,h] 0
Repeating the same argument for ¢ we also obtain
~ h
I, (r) = — @Z(hfs)L(r+ds)+/ F(s,@(s))ds, r>0.
(0,h] 0

Taking the difference between the two previous equations we infer, for every r > 0,
= ~ - h — —
) =94 (10 (0) = = [ [F-9] (= 9) Lo a9+ [ [F(F0) =R o) ()0
0, 0

h
[ —Rep] (b —s) L(r+ds)+ /0 [F (¢ () =R(F (v ()] (s)ds.
(59)

~ @-R) WL rh - [

[0,h]

Hence, we see that this function is increasing on the interval (0, co) by in Theorem and Condition
as soon as L has no point masses in (0,00). We are now in position to prove the next, important result.

Theorem 11. Assume that the kernel K € L2 _ (R, ;R) satisfies the requirements of C’orollarylg together

loc

with Condition[d. Then there exists a constant C' > 0 such that

|exp{V;T}| < Cexp {VtT}, tel0,7T],P—as. (60)

In particular, (exp {V;T}) s a complex—valued martingale.

t€[0,T]

Proof. First of all note that ’exp{VT}’ = exp {D‘i (VT)}. For the reader’s convenience, we write the
expression for R (V7)) provided by

t T—t
% (V) :/0 Rf(T —5) Xsds + ; R(F (5,9 (5)) g0 (T = s)ds + Ry (T — 1) L ({0}) (X — g0) (¢)

— (d (9% (ﬁT,t)) * gO) (t) + (d (9“1 (ﬁT,t>) * X) (t), forae te(0,T),P—as.

The idea of the proof is simply to compare, term by term, the addends of this sum with the corresponding
ones in the expansion of VT according to (b3). We are going to consider a common set Qg C €, with
P () = 1, such that both the expressions for R (V,”') and VtT are valid on (0,7) \ N“, being N* C (0,7T)
a dt—null set for every w € Q.

Regarding the random terms, recall that X > 0, P ® df—a.e. Therefore, without loss of generality, we
can assume that for every w € Qo and t € (0,7) \ N* we have X; (w) > 0. As a consequence (by (59))

(d (ﬁT,t ~ % (ﬁT,t)) + X, (w)) () >0 = (d (m (ﬁT,t)) X, (w)) (t) < (dﬁm % X, (w)) ().
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It is important to stress the fact that such an inequality can be stated because the measure L is absolutely
continuous with respect to the Lebesgue measure on the interval (0,00). Summing up,

(d (9% (ﬁT,t)) * X) (t) < (dﬁT,t . X) (), te(0,T)\ N, we .
Moreover, since L ({0}) > 0, by we immediately have
R (T — ) LHON X, < T (T —) L{O} Xy 1€ (0,T)\ N*, we 0.

The other random addend fg Rf (T — s) Xy ds appears in both the expressions for R (VtT) and VtT, S0 it
does not need to be discussed.
As for the deterministic terms, we observe that, by Holder’s inequality,

T—t
/0 60 (T — 5) (R (F (5, (5))) — F (5,8 (s))) ds

< HQOHLQ([O,T]) Hm(F ('a ,lzb ())) - F(?&()) HL2([07T]) )

for any ¢ € (0,T) . Hence, calling C1 = [|gol| p2((o, 7y R (F () = F (- ||L2 0,77 We have
T—t T—t o
/ go(T—s)iR(F(s,q//(s)))dsSC'1—|—/ go(T—s)F(s,d)(s))ds, te (0,7).

0 0

Furthermore, recalling the continuity of v, 1 and go, we call Cy = maxXgco, 7] {W — D‘iw| (T —1t)go( } SO
that we have

—9R) (T —t) L({0}) go (t) < L({0}) Co = (T = t) L({0}) go (), t€(0,T).

Finally, looking at we compute

(a(Tr - (Trd)) « 1) () < - /[ py PP (T =9 [L(t o+ ds) - L(ds)]

<2 max [5(t) - %0 (O] L(0.7) =G, 1€ (0.7),

Hence exploiting the continuity of the input curve we conclude

‘(d (ﬁT_t —%R (ﬁT—t>) * go) (t)‘ < C3 max |go (t)],

te[0,T]

which in turn implies

- (d (m (ﬁT_t)) *g()) (1) < Cs max |go ()] — (dﬁT_t*gO) (t), te(0,T).

te[0,T]
Combining all these results we deduce that

R (VtT (w)) < C1+ L({0})C2 + Cs t?(?%] lgo ()| +VE (W), te(0,T)\N¥, we . (61)

Since N is a null set, its complementary (N“)¢ = (0,7)\ N is dense in [0, T]. Recalling the regularity for
the trajectories of the processes R (VT) and VT, we can assume that for every w € Qg both the functions

R (VT (w)) and v (w) are cadlag in [0, T and left—continuous in T'. Accordingly, we pass to the limit —from
the right in [0,7") and from the left in 7— to deduce, from , that

% (VT (@) < O+ L({0)Ca + Cs maxx oo (0] + V7 (@), ¢€0.7], we Q.

ie., holds true choosing C' = exp {C1 + L ({0}) C2 + Cs max;e(o,7) |g0 ()] }-
The second statement of the theorem immediately follows from [I7, Lemma 1.4], as (exp {VT}) 011
telo

is a real-valued martingale. Thus, the proof is complete.
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Combining Theorem [11| with Theorem [5| (see ) we conclude the following uniqueness result.
Corollary 12. The weak solution X of is unique in law in LE . (Ry), that is: if Y = (Yi);50 18

loc

another predictable process (defined on a possibly different stochastic basis) such that Y > 0, P ® dt—a.e.,
which satisfies , then the laws of X and'Y on the spaces L? ([0,T]), T > 0, are the same.

Proof. Fix T > 0 and consider another weak solution Y of (54). We assume that X and Y are defined on
the same stochastic basis to keep notation simple. The paths of Y are in L? ([0,T]), P—a.s., by Lemma @

We want to show that
T
exp {z/ f(s) sts}
0

T
exp{i/o f(s)Xsds}] =E

First, we verify the previous equation for f € C([0,T]). Denoting by f(s) = if (T —s), s € [0,T], by
Theorem [§ and Theorem [I1] we have

T
E lexp {Z/o f(s)Xsds}] =E

E . feL*(0,T]). (62)

exp{ [Fo-ox. d}] ~ B fop (1]

T _ T
exp{/o f(T—s)sts}]:Elexp{z/o f(s)sts}

where we use the fact that V| in does not depend on the solution process, but only on the solution of
the Riccati-Volterra equation. Therefore holds true for continuous functions. Since C ([0,77]) is dense
in L? ([0, T]), Holder’s inequality allows to carry out a dominated convergence argument that let us recover
for all f € L% ([0,7]). Hence, the laws of X and Y are the same on the space L? ([0, T]) by, for instance,
[10, Proposition 2.5, Chapter 2|. This completes the proof. [ |

=E

Appendix A. The forward process

Given a kernel K € L% (R+; Rde) , we want to find an expression for the forward process
E[Xr|F], 0<t<T,

for almost every T € Ry.
If b= 0, then implies

T
Xr=g0(T)+ (K s dZ)T =go (T) +/ K (T —s)dZs, P—as., forae T eR,.
0
By the martingale property ensured by we immediately infer that, for almost every T € R,
t
E [XT‘]-}] =go(T) —|—/ K(T-s)dZ;, P—as.,te[0,T]. (A.1)
0

If b # 0, then we consider m = d and introduce the resolvent of the second kind Rp associated with
—KB. Note that Rp € L (R ;R?*?) by [15, Theorem 3.5, Chapter 2|. Convolving with Rp and

loc

[I5, Theorem 2.2 (viii), Chapter 2] yield

(R * X)(T) = (R * g0) (T) + (Rp + K) % b (X)) (T) + (RB * (K * dZ)) (T), forae TeR,, P—as.
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The associativity of the stochastic convolution proved in Lemma (with p = Rp) and the joint measurability
of the processes involved let us rewrite this equality as follows

(Rp * X)(T) = (R * 90) (T) + (Rp * K) % bo) (T') + (Rp * KB) x X) (T
+((RB*K)*dZ)T, P—as., forae. T € Ry, (A.2)

From the resolvent identity (see the footnote E[) we have Rp * KB = KB + Rp a.e. in R, so we rewrite
Equation (A.2)) as follows

0=(Rpx*go)(T)+ ((Rp*K)xby)(T)+ (KBx*X)(T)+ ((RB*K)*dZ)T, P—as., forae T €R,.

(A.3)
Let us consider the canonical resolvent Eg = K — Rp * K; subtracting (A.3]) from we have

X = (g0 — (B  90)) (T) + (Epp #bo) () + (B + dZ)T, P—as., for ae T €R,.

Hence by the martingale property guaranteed by we are able to find an expression for the forward
process E [XT|]-}], namely for almost every T' € R, for every ¢ € [0,T] it holds

E [X7|F] = (90 (T) = (Rp % go) (T)) + (E * bo) () +/0 Ep(T—s)dZ, P—as.  (Ad)

Finally, notice that (A.4)) reduces to (A.1) as b = 0. Indeed, since Ey = K a.e. in Ry as Ry =0 (e Rdx‘i),
combining with Lemma [2] (see (21])) we have

X7 =go(T)+ (Eo * dZ)T, P —a.s., forae. T € Ry, (A.5)

and the assertion follows by the martingale property.

Remark 6. Equation (A.4) with t = 0 implies that E[X7] = (9o — (R * g0)) (T') + (Ep xby) (T') for a.e.
T € Ry. This result can be confirmed with a direct method. Specifically, by and Tonelli’s theorem the
function E[|X.|] € Ll . (R;R). Hence taking expectations in we obtain, by Fubini’s theorem,

E[Xr]= (90 + Kx*by)(T)+ (KB+E[X.])(T), forae Te€Ry,,

i.e., E[X]+((—KB)*E[X.]) = go+ K *by a.e. inR . An application of the variation of constants formula
in [15, Theorem 3.5, Chapter 2] let us conclude

E[X7] = (90 — (R *xgo) + (Ep*by)) (T), forae TER,,

as desired.

Appendix B. On the 1—dimensional, deterministic Riccati—Volterra equation

Here we focus on the Riccati—Volterra equation used in Section [5] i.e., with

F(t,u)=f(t)+bu+ §u2 —I—/R (" —1—ué)v(df), (t,u)eRL xC_, (B.1)

where f € C' (Ry;C_). Throughout the section, we require Condition [I| on the kernel K.
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Appendiz B.1. Ezxistence of a global solution

It is easy to argue that admits a continuous, noncontinuable solution ), with Ry < 0, defined
on the maximal interval [0, Tyax) (see [I, Theorem 2.5, Step 1]). We are concerned with showing that
Tinax = 00, i.e., that 1) does not explode in finite time (cfr. [I5l Theorem 1.1, Chapter 12]). Let us fix a
generic T' € (0, Tmax); taking real and imaginary parts in and we have, on the interval [0, T,

Ry = K = |Rf + bRy + g (|9fw|2 - |3m¢\2) +/ (cos (Jmep - £) €M¥E —1 — M) - €) z/(df)] . (B.2)
Ry
Jmip = K * |Jmf + bImep + cRyp Tmyp + / (sin (Jmyp - £) 7Y€ — Tmep - €) v (dg)] . (B.3)
Ry

First we study the imaginary part. In particular, we consider the function h: R_ x R — R defined as follows

h(z,y) = {; Je, (Sin(y€) —y &) e v (dg), y#0

, x<0.
0, y=0

Note that h is continuous and non—positive in its domain. By construction
vy = [ (@O -y)e @), (@R xR
+
Hence we can use this function to rewrite in the following form
Jmyp = K %

b

€ (M — 1)y (d§)> Jmyp + h (Re, Tmy) Jmep

Jmf + bTImy + c Ry Tmap + </
R

+

which holds true on [0,T]. Let us consider the unique, continuous, non—negative solution on [0, 7] of the
linear equation

g=Kx ||Jmf|+bg+ (c%1/1+/ g(emwﬁ_1)u(d§)+h(9%¢,jmw)> g}.
Ry

By Condition [I} we can invoke [4, Theorem C.1] to deduce that |Jmy| < g on [0,7]. Next we introduce u,
the unique, continuous solution of the linear equation

u=Kx[|Jmf|+bu].

Notice that u is defined on R, and that g < w on [0, 7] (again by [4, Theorem C.1]), as in this interval one
has

cRY +/ € (™ = 1) v (d€) + h (Rep, Tmy) < 0.
Ry
Therefore we have obtained the bound
|Jmy (t)] <wu(t), 0<t<T. (B.4)

Secondly, Equation (B.2]) ensures that Ji7) satisfies

Rip = K * %f+b9%¢+g<\%w|27|ﬁmw|2)+/ (M€ 1 — 9y ) v (de)
Ry

/ eM"¢ (cos (Jmyp - €) — 1) v (di)H
Ry
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on [0,7]. Since |cos (z) — 1| =1 — cos (z) < 2?/2, z € R, we have (also recalling (B.4)))

1 N 1 ,
< 3 (/R+ |§|2V(d€)> [Imy|? < 3 </R+ |€|2u(d§)> u?, on [0,T].

(B.5)

/R e (cos (Jmup - €) — 1) v (d€)

This suggests to introduce the linear equation

c 1 2
Rf+bl— <2+2/R €] V(d§)> u?

+

=K *%

)

which has a unique, continuous, non—positive solution ! defined on the whole R . At this point, observe that
the difference Ry — [ satisfies the linear equation

X =K *

bx+ 1R + 2 (u? — [Imy ) +/ (" —1 =Ry - €) v (dS)

Ry

+<§</R+|e|2u<d£>> u? - )]

It admits a unique, continuous solution on [0, 7] which is non—negative by (B.4), (B.5) and the fact that
e*—1—x>0,z€R. Since T € (0, Tiyax) Was chosen arbitrarily, we conclude that

/R N (cos (Imap - €) — 1) v (d€)

I <R () <0 and  [Jmy ()] <u(t), 0<t< T

Now recalling that [ and w are continuous in R, so they are bounded in every compact interval, we conclude
that Thax = 00, as desired.

Finally we notice that if f takes values in R_, then from we deduce that any solution of is
real-valued, as well. In particular, ¥ in is R_ —valued.

Appendiz B.2. A comparison result
The goal of this appendix is to prove the inequality in Theorem which is of utmost importance

for the argument in Section [f] Precisely, we want to show that
Ry () <P (t), t>0,

where 1 € C (R, ;C_) and ¢ € C (Ry;R_) satisfy and ([56)), respectively. Direct computations based
on the definitions in (B.1) and show that, for every u € C_ and ¢t > 0,

R (t,0) =R (1) + 09 () + 5 (8 () = [9m (w)?) + [

Ry

(cos (Im (u) €) e™WE 1 — R (u) {) v (d¢)

<)+ () + 5 R + |

(e“W’E 1R (u) g) v (d€) = F (£, % (u)).

Summarizing,

R(F (t,u) < F(t,R(w), vweC_,t>0. (B.6)

Then taking the real parts in and recalling that —under Condition [1- the kernel K is nonnegative on
(0,00), we obtain

m@@))g/o K(t—s)F(s,R((s)ds, t>0.

Therefore we can introduce a nonnegative function v: Ry — R, defined by the relation

R () = (1) +/0 K(t—s)F(s,R((s)))ds, t=0; (B.7)
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we immediately note that, using , one can rewrite 7y as follows

t
10 = [ K (= 5) (F(s9% (5) = R(F (5,0 () ds. ¢ 0. (B3)
0
For a generic map g: Ry — R consider the condition
Apg— (ARK+L)(0)g—d(ARK *L)*xg >0, h>0; (B.9)

we denote by Gx = {g: Ry — R s.t. ¢ is continuous, satisfies and ¢ (0) > 0} the set of admissible
curves, see [4, Condition B.3], and also [1, Equations (2.14)-(2.15)]. By [4, Remark B.6] and we infer
that v € Gk.

At this point we subtract from to deduce, calling 6 = 1) — M), that

6(1&):7(75)—1—/0 K (t—s) (F (s,5(s)) — F (s, R (b () ds, ¢ 0. (B.10)

We then need to study the increments of F in the second variable. Namely, fix u1,us € R_ and use the
definition (57)) to write

F(t,uy) — F (t,u) = b(u; —ug) + g (uf —u3) —|—/R (e"lE — €28 — (uy — uy) §) v (dg)
= [bJr g (u1 +U2)] (u1 —ug) + /R+ (€18 — €2t — (ug —ug) &) v (dE), t>0.

Hence substituting v and 91) to u; and ug, respectively, we have

F(to0) - FeR@O) = p+5 GO +Rwo)] 50+ [

Ry

(PO — ™0 5 (1) €) w (d)

=0 —u(?)

for ¢t > 0. Going back to ,
0(t) =~(t) +/0 K({t—s)(z(s)d(s)+w(s))ds, t>0. (B.11)

We aim to apply [4, Theorem C.1] in order to conclude § > 0 in R,.

e In the continuous case the integral in v (d€), i.e., the function w, simply disappears, hence the appli-
cation of [4, Theorem C.1] is straightforward.

e In the jump case we need to deal with such an integral. Observe that the function w has opposite sign
with respect to 4, so there is no hope of applying [4, Theorem C.1] unless we modify its expression.
Fortunately this can be done using the mean value theorem, in combination with simple real-analysis
arguments.

First, for every £ > 0 we define f¢ (u) = e, u € R, so fe(u) = £ef®. Observe that the derivative fe

-1
is continuous and strictly increasing in R, hence its inverse he = ( fé) is continuous on (0, c0), as

well. By the mean value theorem, for every ui,us € R there exists c¢ € [u1 A ug,uq V ug] such that

fe (u2) — fe (w1) = f¢ (ce) (ug —wua).

In particular ¢¢ € (u1 A ug,uq V ug) when u; # us.
Secondly, we consider the functions ¥ and 97, and we can say that for every ¢ € R, there exists
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ce (t) € [¥ (1) AR (t),9 (t) V Re (¢)] (in the interior of such interval whenever ¢ # R, i.e., whenever
75 0) such that

e8P0 — MW — £l (ce (1)) (P (1) — b (1)) = &t (1) (B.12)
By the axiom of choice we construct the function ¢: Ry x Ry — R_ defined by
c(&t)=ce(t), £€>0,t>0,

and ¢ (0,t) =0, t > 0. Note that the codomain of ¢ (,-) is R_ since both 1) and R take values there.
Recalling the definition of w and using (B.12|) we can write

w (t) :/ {ezﬁ(t)s _ RO 5 (1) 4 v (d¢) = (/ ¢ [efc@) - 1} y(d§)> 5y, t>0.
Ry Ry

=w(t)

Now we have to prove that @ is continuous on R;. The first step is to show the continuity of the
function ¢ (€, ) in Ry for every fixed £ € R, It is of course trivial for £ = 0, so we just focus on £ > 0.
If ¢ € (0, 00) such that ¢ (f) > 0, then we can find € > 0 such that § > 0 in (f— 6,1+ e). Hence we use

(B.12)) to prove that
h eEP() _ ER(t) o
t) = —_— te (f—et
0(67 ) 3 (5(t) , E( €, +E)7

~1
recalling that he = (fé) . So ¢(&,) is continuous in the points ¢ € (0,00) where § () > 0. An

analogous reasoning shows the continuity in the points where § < 0. Let us now consider ¢ € R, a
zero for 4, i.e., 0 (£) = 0. For every sequence (t,), C Ry such that t, —  as n — oo one has, by
construction,

U (tn) ARY (t,) < c(€,ty) < (tn) VRY (t,), neN.

Therefore an application of the squeeze theorem gives
nli_}ngoc(g,tn) =Ry (f) = 1;(75) =c (f,f) )

At this point we deduce the continuity of the function @ using the dominated convergence theorem.
Indeed, take t € Ry, a sequence t,, — ¢, and define g(,,) (§) = ¢ [650(5’””)) — 1} ,E€R,. Theng, — g

pointwise in R4 by the continuity of ¢ (,-) and, for a certain C > 0 s.t. ¢, < C, n € N (which exists

since (t,,),, is bounded), we have

‘5 [efc@,tn) _ 1} ‘ —¢ [1 _ esc(s,m} <¢ [1 _ fmingcazc c(@s)}

<¢ [1 _ eﬁminogsgc{(iﬁw/\@)(S)}] e L'(dv), neN.

Therefore we can rewrite (B.11)) as follows

+/K(t—s)(z(s)—i—@(s))é(s)ds, t>0,
0

and we invoke [4, Theorem C.1] to assert that § > 0, i.e., that holds true.
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