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Abstract

This article aims to finalize the classification of weakly well-posed hyperbolic boundary
value problems in the half-space. Such problems with loss of derivatives are rather classical
in the literature and appear for example in [19] or [2]. It is known that depending on the kind
of the area of the boundary of the frequency space on which the uniform Kreiss-Lopatinskii
condition degenerates then the energy estimate can include different losses. The three first
possible area of degeneracy have been studied in [9] and [3] by the use of geometric optics
expansions. In this article we reiterate the same kind of tools in order to deal with the
last remaining case, namely a degeneracy in the glancing area. In comparison to the first
cases studied we will see that the equation giving the amplitude of the leading order in the
expansion, and thus initializing the whole construction of the expansion, is not a transport
equation any more but it is given by some Fourier multiplier. This multiplier need to be
invert in order to recover the first amplitude. As an application we discuss the existing
estimates of [11]-[10] for the wave equation with Neumann boundary condition.

AMS subject classification: 35L.04 78A05

posedness, glancing modes.
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1 Introduction

This article deals with geometric optics expansion for hyperbolic initial boundary value problems
and more precisely to the question of the loss of derivatives of such problems when the boundary
condition leads to weak well-posedness. The considered problems read under the form: for fixed
T>0

d
L(O)u = Ou+ )  AjOy;u=f in Qr,
. M

BU|$d:O =g on wr,

up<o = 0, on Ri,
where the space domain is the half-space R% := {z = (2/,z4) € R%,z4 > 0} and where we
defined the sets Q7 :=] — 00, T] x R and wyp :=] — 00, T] x R4™1.

In (1) the coefficient matrices Ay, ..., Ag belong to My (R) (N is a strictly positive integer),
the matrix B belongs to M, x(R) (p is made more precise in Assumption 2.2), and the unknown
u takes its values in RY.

The strong well-posedness of the problem (1) is well established from the seminal work of [14]
in which the author characterizes all the boundary matrices B leading to strong well-posedness.
By strong well-posedness we mean that for all choices of the sources (f, g) € L*(Qr) x L*(wr) the
problem (1) admits a unique solution u (with trace on wr in L?(wr)) that satisfies the following
energy estimate : there exists C' > 0 such we have the inequality

e gy + lamolE(ur) < Cr (1 1320y + 9132 ur) ) - (2)

In particular in the equation (2) we have a control of the solution in the same functional
space than the one of the data, this optimal control is referred as strong well-posedness. Without
enter into technical details the full characterization given in [14], the so-called Kreiss-Lopatinskii
condition states that in the normal mode analysis of the problem (1) there is no stable modes
solution of the homogeneous boundary condition. Indeed if we denote by E® the stable space,
in the sense of dynamical systems, associated to the problem (1) in the frequency space then
the existence of some non trivial element in ker B N E® gives rise to a non trivial solution to a
homogeneous linear problem and thus leads to a contradiction.

However as firstly remarked in [17] and [1] on formal geometric optics expansions the uniform
Kreiss-Lopatinskii condition can degenerate without that the problem generates a Hadamard
instability and that it is ill-posed. Indeed when the uniform Kreiss-Lopatinskii condition fails



then one can expect the problem to admit a unique solution u but in a less regular space than
the one of the sources. Such phenomenon is referred as a loss of derivative in the following and
the associated concept of well-posedness is called the weak well-posedness.

Historically the first result establishing such weak well-posedness behaviour is due to [19] and
is related to elastodynamics. In this paper the author shows the existence and the uniqueness of
the solution u but with an energy estimate reading

3y + im0l 2omy < Cr (1 1By + 19120020 ) (3)

that is to say that the solution exhibits a loss of one derivative on the boundary but no loss
of derivative in the interior. Then other kinds of estimates have also been demonstrated in [8]
and [7] and the associated energy estimate both shows a loss of one derivative on the boundary
coupled with a loss of one half derivative respectively one derivative in the interior. Without
enter into technical details we know from the so-called block structure condition that there are
four kinds of degeneracy of the uniform Kreiss-Lopatinskii condition depending on the area of
the frequency space where it fails. Namely the degeneracy can occur in the elliptic, mixed,
hyperbolic or glancing area. Consequently there are four possible estimates, the ones described
above correspond to the three first ones. The aim of the following article is to investigate the last
case that is a degeneracy of the uniform Kreiss-Lopatinskii condition in the so-called glancing
area.

Note that once an estimate of the form (3) has been established then a natural question is the
one of the sharpness of the losses of derivatives. In order to investigate what can be the optimal
losses then geometric optics expansions are commonly used. Indeed they are used for example in
[9] and [3] in order to show that the estimates obtained in [19], [8] and [7] are effectively optimal.

The whole idea of geometric optics expansions is to consider the highly oscillating problem

L(O)u® = f¢ in Qr,
Bulswd:0 =g onwr,

€ _ d
u|t§0_07 on RY,

where the (small) parameter 0 < £ < 1 represents the typical wavelength of the highly oscillatory
source terms f¢ and ¢° and to look for an approximate solution to u° as a sum of waves packets
with amplitudes that are written as asymptotic expansion with respect to the small parameter
€. Of course such approximate solution have an interest for their own but moreover if ones is
able to construct sufficiently enough terms in the geometric optics expansions then he can expect
that this expansion is an approximation of u® with high accuracy and to use the approximate
solution to exhibit that some qualitative phenomenon (such that losses of derivatives) occur on
the approximate solution and so they do on the exact one.

As already mentioned this technic has been successfully used firstly in [9] and then in [3] to
show the optimality of the energy estimates with the different possible losses of derivatives for
the degeneracies in the hyperbolic, the mixed and the elliptic area. In this paper we use the
same kind of method to investigate what can be the loss of derivatives for the last remaining
case namely the degeneracy in the so-called glancing area.

A main difference between the construction of geometric optics expansion for a failure of the
uniform Kreiss-Lopatinskii condition in the glancing area compared to the other degeneracies
is the nature of the propagation along the boundary which is the keystone that need to be
understood in order to start the resolution of the WKB cascade. To explain this let us sketch



the main ideas in the construction of the leading order amplitude as it is done in [9] and [3].
Let ug denotes the leading order amplitude in the geometric optics expansion and let u; be the
first corrector. Then because some losses of derivatives are expected, we expect to have some
amplification in the expansion compared with the source terms so that for a boundary source
term of scale €%, o > 0, we expect ug to be of scale °.

The leading order term wug satisfies in a classical setting in geometric optics expansion some
kind of polarization condition meaning essentially (and to simplify the exposition) that uy € E?,
the stable subspace of the problem, and that to determine the whole uy then only the value of
its trace on {x4 = 0} is required.

However because of the scale on the boundary source then this leading order should also
satisfied the homogeneous boundary condition Buolwz(J = 0, equation that can not be used in
order to determine ug,, _, but that implies that uo, _, € ker BNE® := span {e} because of the
failure of the uniform Kreiss-Lopatinskii condition. So that we can write

uolzd=0 (t7 ZL’/) = Oéo(t, x/)ea

and the question is to determine «p. In order to do this following [9] and [3] we should have a
look to the only boundary condition involving ug,, _, that is the boundary condition for u; in

d
which uoy,,_, appears via the unpolarized part of u;. This boundary condition essentially read

Bﬂl\mdzo =g — B‘Cu0|md:0’ (4)

where ; stands for the polarized part of u;, g is the amplitude of the boundary source and L is
some operator. Then the common point in [9] and [3] is to show that the operator L is in fact
a transport operator (with respect to the boundary variables (¢,z')) so that (4) can be solved
explicitly in order to determine ay.

For the failure of the uniform Kreiss-Lopatinskii condition in the glancing area we will follow
the same approach but the operator £ will not be a transport operator any more but some Fourier
multiplier. However equation (4) will still be used in order to determine o just by reversing the
Fourier multiplier £. Once that «q is determined we can initialize the resolution of the cascades
of equations of the geometric optics expansion and then the order of resolution is rather classical
and essentially follows [20] (see also [3]).

Let us point that in contrary to the other degeneracy then we do not have (in general) an
energy estimate for such a degeneracy. Indeed it seems rather difficult to adapt the construction
of the so-called Kreiss symetrizor (the classical tool used to show a priori energy estimates, see
[14]) as it has been done for example in [19] in order to show an a priori estimate. That is why
in our result about losses of derivatives we will only show that losses of one half a derivative
in the interior and/or on the boundary should happened (we refer to Theorem 2.3 for a precise
statement). However because we do not have an energy estimate with such losses we can not
conclude that it is sharp.

But let us say that in some particular setting such estimates can be found in the litterature
(see [11] and [10]). More precisely in [11] the author obtains a weak well-posedness result when
the so-called Kreiss-Sakamoto condition with power s holds. Even if a full characterization of
the fulfilment of the Kreiss-Sakamoto condition in terms of the area of degeneracy of the uniform
Kreiss-Loaptinskii condition as not achieved yet we can use this estimate for the very interesting
(in view of the applications) 2d wave equation with Neumann boundary condition.

The paper is organize as follows Section 2 contains some classical definitions and notations
used for the construction of geometric optics expansion for boundary value problems. The main



results of the article namely Theorems 2.2 and 2.3 state respectively, the existence of a solution
to the WKB expansion when the uniform Kreiss-Lopatinskii condition fails in the glancing area,
and some results about what can be the losses of derivatives in such a framework can be found
in Paragraph 2.2. Section 3 gives the construction of the WKB expansion and thus the proof
of Theorem 2.2. It is the technical part of the article. Then the proof of Theorem 2.3 is given
in Section 4. Finally some examples namely the 2d-waves equation with Neumann boundary
condition and a linearisation of Euler equation are discussed in Section 5.

2 Assumptions and main result

In all the article C' > 0 stands for a constant which can change from one line to the other without
changing of notation. For two vectors of same size u and v we will denote u-v the euclidian scalar
product of u and v. Finally for p,q > 1 and for a matrix A € M, , we will denote AT € M,
for the transpose matrix of A.

We introduce the following frequency space = and its boundary Ey:

={¢ = (y+ir,n) € Cx R\ {(0,0)},7 > 0},
0:=Zn{y =0}

(1 [1

2.1 Assumptions and notations

In the following we consider the boundary value problem:

d
L(O)u =0+ )  AjOz;u=f inQr,
= (5)

Bu|xd:0 =g on wr,
upp<o =0 on Ri.

We assume that the constant coefficients A; € My (R) give rise to an operator L(0) of hyperbolic
type and more precisely a constantly hyperbolic operator. With more details we assume that:

Assumption 2.1. There exists an integer q > 1 and analytic, homogeneous of degree one
functions A1,...,\q on R\ {0} and integers p,...,uuq such that

d

q
VE = (€1, €a) €8T, det (11 + 3 &4;) = [T — (€)™,
k=1

j=1
The eigenvalues A1 (), ..., \g(€) are semi-simple and satisfy \1(€) < ... < \y(€) for all ¢ € R4\ {0}.

We restrict our analysis to a non characteristic boundary and therefore make the following
assumption:

Assumption 2.2. The matriz Aq is invertible and the matrixz B has maximal rank, its rank p be-
ing equal to the number of positive eigenvalues of Ay (counted with their multiplicity). Moreover,
the integer p satisfies 1 <p < N — 1.

Let us assume that the problem (5) is well-posed in the sense that it admits a unique solution
u € L*(Qr) then we can perform a Laplace transform in the time variable ¢ and a Fourier
transform in the tangential space variable 2/. Let 0 := v + it € C4 := {z € Cs.t. Re(z) > 0}



and 1 € R%! denote the dual variables of t and 2’ and let = be the Fourier-Laplace transform.
So, thanks to Assumption 2.2 the problem (5) reads in the resolvent form:

570(¢,wa) = AQa(C,xa) + A7'F for za € Ry,
B¢, 0) = §(C).

in which ¢ € Z acts like a parameter and where the so-called resolvent matrix is defined by:

(6)

d—1
A(C) = —A " (0[ + ianA]), where ( := (0,1) € Cy x R4™L
j=1

So, the spectrum of A(() encodes the behaviour of the solution to (6) and so the one to (5).
The spectrum of A(¢) is known and given by the following lemma due to Hersh (see [12]).

Lemma 2.1 (Hersh). Under Assumptions 2.1 and 2.2, for all frequency parameter { € Z\ Eo,
the resolvent matriz A(C) only admits eigenvalues with non-zero real part, and thus does not have
purely imaginary eigenvalues. We denote by E*(C) (reps. E*({)) the stable (resp. unstable) space
of A(C) that is the eigenspace associated with the negative (resp. positive) real part eigenvalues.
Then, independently of ¢ € Z\ Zo, dimE*({) = p and dimE*({) = N — p and we have the
following decomposition:

C¥ = E*(¢) 9 E*((). (7)

However, this lemma only gives information as long as the frequency parameter lives away
from the boundary Zy. The study of hyperbolic boundary value problems needs to have a look
to the frequency parameters ( € =y for which Lemma 2.1 does not apply anymore. Indeed in
the limit « | O then the real parts of the eiganvalues may (and they do) vanish. For glancing
modes in which we are especially interested in, such a degeneracy of the eiganvalue occur at the
order at least two meaning that in the limit v | 0 some eigenvalues associated to E® and some
eigenvalues associated to E* coincide. More precisely the theorem describing the behaviour of
the eiganvalues of A(() for ¢ € Z is the so-called block structure theorem firstly shown in [14] for
strictly hyperbolic systems (that is to say that Assumption 2.1 is satisfied with p1 = ... = g = 1)
and then extended by [18] for constantly hyperbolic operators.

Theorem 2.1 (Block structure). Under Assumptions 2.1 and 2.2, for all { € E, there exists a
neighborhood V in = of ¢, an integer L > 1, a partition N = py + ... + pr, with py,...,pp > 1
and an invertible matriz T := T(C), reqular on V such that:

V¢ eV, TTHOAQT(C) = diag(Ai(C), - AL(C))
where the blocks A; € M, (C) satisfy one of the following alternatives:

1. all the elements in the spectrum of A;(¢) have positive real part.
2. all the elements in the spectrum of A;(¢) have negative real part.
3. py =1, Aj(Q) € 1R, 9,A;(¢) € R\ {0} and A;(¢) € iR for all ( € ZEgN V.

4.y > 1 and there exists k; € iR such that

kj (3 0
'Aj (9 = 7 ;
0 k;



the coefficient in the lower left corner of 0,A;(¢) € R\ {0} and for all { € Z¢NV, A;(() €
iM,, (R).

Such theorem motivates the following definition clarifying the terminology of glancing modes
used in the introduction.

Definition 2.1. For ¢ € Ey, we define:

o [E the elliptic area which is the set of ( such that Theorem 2.1 is satisfied with blocks of
type 1 and 2 only.

o EH the mived area which is the set of  such that Theorem 2.1 is satisfied with blocks of
type 1, 2 and at least one block of type 3.

o H the hyperbolic area which is the set of ¢ such that Theorem 2.1 is satisfied with blocks of
type 3 only.

o G the glancing area which is the set of ¢ such that Theorem 2.1 is satisfied with at least
one block of type 4.

Thanks to Theorem 2.1, we thus have the following partition of Zg:
Zo=EUEHUHUG,

and in the following we will be particularly interested in a boundary frequency ¢ € G.

However let us say that when ¢ € Z¢\ G, then the decomposition (7) still holds and we write:

CY =E°*(¢) ® E*(¢), (8)
where E*(() (resp. E"(()) is the extension by continuity of E*({) (resp. E"(¢)) up to the
boundary =g.

These spaces admit the following decompositions:

E*(¢) = Ee(Q) ® B (Q) and E¥(() = E¢(¢) @ Ej(9),

where E£(¢) (resp. E¥(()) is the generalized eigenspace associated to eigenvalues of A(() with

negative (resp. positive) real part and where the E} (¢), Ej!(¢) are sums of eigenspaces associated
to some purely imaginary eigenvalues of A(().

But for ¢ € G, the decomposition (8) does not hold any more because at a glancing frequency,

we have E*(¢) NE*(¢) # {0}. In this setting, we introduce the following decomposition of the
stable and unstable spaces:

E*(Q) = E(Q) ® E4(Q) @ Eg(Q) and E*(() = EL(Q) © Ej(C) © Eg(C) 9)

where E (), Ey(¢) are sums of eigenspaces associated to the Jordan block of type 4 of A(¢) in

Theorem 2.1 and consequently satisfying E;(¢) NEg (¢) # {0}

In this article we will make the rather classical assumption in geometric optics expansion
construction for glancing modes that these modes are of order two (see [21]). Indeed without
this restriction the construction of geometric optics expansions is a rather open question. What
it is known is that the associated glancing boundary layer may blow up in L*-norm (see [[20]-
Part III]) We will also make the simplifying (and probably not necessary assumption) that there
is only one block of type 4 in Theorem 2.1.



Assumption 2.3. Let ( € G then Theorem 2.1 is satisfied with one block of type 4 only and
moreover this block is of size two. In this setting, there evists € € CN \ {0} such that:

E;(¢) = Eg(¢) = span(é).

In order to perform the geometric optics expansion we need to be more precise about the
hyperbolic and the glancing modes of A(¢) that is the one associated with purely imaginary

eigenvalues. Let i§ € iR be a purely imaginary eigenvalue of A(¢) then

d—1
det (21 -+ "0 A;+€, Ag) =0.
j=1

From the hyperbolicity Assumption 2.1, there exists an index k,, such that

T+ >‘km (ﬂ, ém) =0
where A, is smooth in both variables so that we can introduce

Definition 2.2. The set of incoming (resp. outgoing) phases for the side wr denoted by T (resp.
0) is the set of indices m such that the group velocity vy, = VA, (ﬂém) satisfies Vp.q > 0

(resp. vm,a <0).
The set of glancing phases for the side wr denoted by G is the set of indices m such that the
group velocity vy, 1= VA, (1,§ ) satisfies vm,a = 0.

With this definition in hand, we can give the following description of the spaces E} (¢), Ej;(¢),
E?(¢) and Ej(¢) (see for example [4]).

Lemma 2.2. Under Assumptions 2.1 and 2.2; for all ¢ € Zo, we have:

Ei(Q) = @ ker £(z,n &), BX(Q) = @ kerL(z,m &), and E5(Q) =EJ(O) = & ker L(z,m,6)

where L stands for the symbol of L(9) defined by
d
Vw := (wo, ..., wa) € R L(w) := wol + ijAj.
j=1

Consequently, for ¢ € G, (9) reads:

E*(¢) = keeazker L(z, 1, &) k?g ker L(7,1, &) ® EZ(C), (10)
E“(¢) = k?(’) ker £(7, 1, &) k?g ker L(7,1, &) @ E¢(C). (11)

Remark 2.1. In fact, under Assumption 2.3, we can be more precise, the decompositions (10)
and (11) are:
E*(Q) = @ ker£(r,n, &) & span(e) & E2(0),
S c Sk s
E“(¢) = k@(’) ker £(7,n, &) @ span(é) @ EY((),
S ¢ Sk 5
where € has been introduced in Assumption 2.3 can now be chosen as a generator of ker L(7,1, &k, ),
where kg € G stands for the only glancing index.




As mentioned in the introduction, the strong well posedness of the boundary value problem
(5) is totally characterised in [14] by the so-called uniform Kreiss-Lopatinskii condition (that
is recalled below for the reader convenience). Because we are interested in weakly well-posed
problems this condition will not be satisfied in our study and we describe in Assumption 2.4 how
the uniform Kreiss-Lopatinskii condition degenerates.

Definition 2.3 (Uniform Kreiss-Lopatinskii condition). Under Assumptions 2.1 and 2.2, let
¢ € 2, and as previously we still denote by E*(C) the extension by continuity of E*({) up to
& € Ey of the well-defined (for ( € 2\ Zg) stable subspace of A(C). Then the boundary condition
B satisfies the uniform Kreiss-Lopatinskii condition (UKL) if:

V¢ € 2, ker BNE*(¢) = {0}.

In other words, the restriction of B to E*(C) is invertible and we denote its inverse by &(¢) =
B g (o)-

Assumption 2.4. Under Assumptions 2.1, 2.2 we assume that the boundary value problem (5)
satisfies:

1. For all { € 2\ G, ker BNE*(¢) = {0}

2. There exists € G such that ker BNE®(¢) = ker BNE; (¢) # {0}. Moreover, we suppose that
ker BNIE*(¢) is one-dimensional. So that there exist a vector e € CN\{0}, ker BNE*({) =

ker B NE;(¢) = span(e).

Remark 2.2. 1. The first point of Assumption 2.4 implies in particular the so-called (weak)
Kreiss-Lopatinskii condition that is

V¢ € 2\ B, ker BNE(C) = {0}.

Indeed it is known (see for example [[6] Section 4.2]) that if this condition fails then the
boundary value problem (5) will develop an Hadamard instability meaning that we have an
infinite number of losses of derivatives and thus we can not expected weak well-posedness.
So that the uniform Kreiss-Lopatinskii condition can only degenerate for ( € =y.

2. The second point of Assumption 2.4 states that the uniform Kreiss-Lopatinskii condition is
not satisfied at one frequency ¢ € G (so that it is a glancing frequency) and that the failure
of the uniform Kreiss-Lopatinskii condition occurs on the component of the stable subspace
which is associated to the glancing eigenvalue (that is the block of type 4 in Theorem 2.1).
Moreover we assume in a classical setting (see [9] and [3]) that this non trivial intersection
becomes one dimensional only.

3. We have € = Xe for A € C where é and e are defined respectively in Assumption 2.3 and
2.4. Hence, we have E;(¢) = Ej(¢) = span(é) = span(e).
Indeed, since dimEj = 1, we have ker BNE; (¢) = span(€) and combining this with the fact
that ker BNE;(¢) = span(e), we obtain the result. So that in the following we will assume
without loss of generality that € = e

We conclude this preliminary section with the introduction of some projectors that are com-
monly used in the construction of geometric optics expansions.

Definition 2.4. Under Assumptions 2.1 and 2.2, for ¢ = (iT,n) € Zo, we define:
o I3 :=TI3(C) (resp. 11y =1I¢(C)) the spectral projector on EZ(C) (resp. EX(()).



e Forke ZUOUG, II* :=T1I¥(¢) the orthogonal projector on ker L(7,1, &).

e Fork € ZUOUG, YFk := Yk(() the partial inverse of L(1,n,&,) characterized by the

relations:
Tkﬁ(z,g,@) = L(z,n, Q)Tk =71 —T1I",
ImIT* = ker £(7,7, &) = ker Tk, (12)
ker IT" = Im £(7,n,&,) = Im T*.

Remark 2.3. Since we have only one glancing phase, we denote 119 := II* and Y9 := Y* for
the glancing phase k € G.

We now introduce some material which are commonly used for geometric optics expansions
without the uniform Kreiss-Lopatinskii condition (see [9]). From Assumption 2.4 the vector
space BE*(() is (p — 1)-dimensional. We can therefore write it as the kernel of a complex linear
form a

BE*(()={X €C",b- X =0} (13)

for a suitable vector b € C? \ {0}.
Then, we can choose a supplementary vector space E*(¢) of span(e) in E*({):

E*() = span(e) & E*(¢) (14)
The matrix B induces an isomorphism from E* (¢) to the hyperplane BE®(¢) and we denote its
; - . p-1
inverse & := &(() := B\]ES(Q'
Remark 2.4. In practice, we can take IES(Q) = E;(Q) @ EZ(C), due to Remark 2.2. Thus, we
have the decomposition:

E(Q) = ER(Q) @ span(e) @ E(Q) = & ker L(z,1, &) @ span(e) & E(C). (15)

In the following, to determine the hyperbolic and elliptic amplitudes of high order (and more
precisely their traces) we will need the following projectors!.

Definition 2.5. Under Assumptions 2.1, 2.2 and 2.3 for ¢ € Zo, we define:

o fork eI, P* .= Pk(g) the projector on ker L(z,n, &) with respect to the decomposition
(15).
e P¢:= P¢(() the projector on E3(() with respect to the decomposition (15).

For technical reasons that will be made precise during the construction of the WKB expansion,
we assume that the following holds.

Assumption 2.5. Under Assumptions 2.1, 2.2, 2.3 and 2.4, we assume that for the index g € G,
b-BY9Aqe # 0.

INote in particular that we do not use or require the boundedness of the projector on Eg in the decomposition
(15). So for this special point we do not require the glancing mode to be on size two (see [20] and [13]).
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Remark 2.5. If we have E*(() = ker L(7,n,§) = spane which is automatic for 2 x 2 systems,
then we have b- BY9Agze # 0.
Indeed proceed by contradiction and assume that Y9 Age € E*(¢) = ImI19. However, Y9 Aqe €

Im Y9 = kerII9 and ker 119 N ImI19 = {0}, because 119 is a projection.
So, we deduce that Y9Aqe =0 and so, applying the symbol L(1,n,§),

HgAde = Ade.

Neat, since e € E*(¢) = ImII9, we can write e =119 f where f € CN \ {0}. And, using Lemma
3.1, we obtain:

Ade = HgAde = HgAngf =0.

We deduce that e = 0 which is a contradiction and so b- BY9Aze # 0.

2.2 Main results

In this section we state the two main results of the article. The first one deals with the existence
of a solution to the geometric optic expansion cascade of equations at any order. The amplitudes
of the profiles are rather similar to the one introduced in [21] in order to treat glancing phases.
In particular they involve two boundary layers one in %, it is associated to the elliptic modes,
and one in \% which is proper to the glancing mode.

Theorem 2.2. Under Assumptions 2.1-2.2-2.3-2.4 and 2.5 then for all n € N, the cascades of
equations (21)-(22) and (23) admit a unique solution (U i, us, Uey n)nen,kezu0,g9eg) C H(Qr) X
P, x P., where the evanescent and glancing profile sets, P, and Pe,, are defined in Definition
3.1.

The construction of the geometric optics expansion is given in Section 3.

Note that in a general setting because there is no general well-posedness theory for hyperbolic
boundary value problems when the uniform Kreiss-Lopatinskii condition fails in the glancing area
then we can not justify that the approximated solution given by the geometric optics expansion
is effectively an approximate solution to the boundary value problem (5) for highly oscillating
source terms.

However if such a weak well-posedness theory is available then we can show (see Section 4)
that the solution to the geometric optics expansion is effectively an approximate solution. More-
over for some examples like the interesting case of the wave equation for Neumann boundary
condition such a weak well-posedness theory exists (see [11] and [10]) so, on some examples, we
can also conclude that the geometric optics expansion is an approximate solution.

Our second result follows closely [9] and [3] by using the geometric optics expansion in order
to understand what can be (we can not say are here because of the lack of a weak well-posedness
theory) the losses of derivatives in the energy estimate. The result is the following and its proof
is given in Section 4.

Theorem 2.3. Let Assumptions 2.1, 2.2, 2.3, 2.4 and 2.5 be satisfied and let s1,s2 > 0 and
T > 0. Assume that for all sources f € L*(R} ; H;' (wr)) and g € H*(wr) that vanish for

Trq?
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t <0, there exists a unique u € L*(Qr) vanishing fort < 0 that is a weak solution to the problem
(5), and that satisfies an energy estimate of the form:

el @) < Cr (1 llzaqet et ory + 1953 0m) ) - (16)

Then we have the following possible alternatives

1. If the extra Assumption 4.1 about the existence of some suitable for amplification outgoing
mode holds then we have s; > %

2. If the system (5) admits an energy estimate with no loss in the interior i.e. s1 = 0 then
S92 Z %

3. In the general framework we have a loss of derivative on the interior or on the boundary.

; 1 1
More precisely s1 > 5 or s3 > 5.

3 Determination of the WKB expansion

This section is devoted to the construction of the geometric optics expansion that is the proof of
Theorem 2.2. We consider the initial boundary value problem (5) with highly oscillating interior
and boundary source terms. More precisely

L) = f*  in Qp,
Buf, _o=9° onuwr, (17)

€ J—
u‘tSO—O.

In all that follows we fix ¢ := (i7,7) € G such that Asumptions 2.3 and 2.4 are satisfied. In
order to define the sources in (17), we introduce the phases functions:

or(t,z) =9(t,2') + &g for ke TUO

pie) m et and {wg<t7x>=w<t,x’>+fgwd for k €61 {g)

where the § stand for the roots in the £ variable of the dispersion relation det £(7,7,§) = 0.
We define the sources f¢ and ¢° under the form

keZuUO
g° = ctervy, (19)

where for all k € ZU O, the amplitudes f, € H*(Qr), f9 € P, (see below) and g € H®(wr).
All these terms vanish for negative times and for X C Qr the space HS°(X) being defined by

HP(X):={ue L*(X)\e "uec H®(X)}.

The elliptic source term f, lies in P, the space of elliptic profiles introduced in [16], note
that this treatment of the elliptic modes differs a little from the one of [21] because it is done in
a monoblock framework and in particular no diagonalization property is required on the elliptic
block. Also remark that compared to [16] our elliptic profiles depend on x4 only through the
fast variable 2. This will simplify some points of the proofs compared to [3] where some lifting
of double traces on {x4 = x = 0} was required (see [16] or [3] for more details).
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Definition 3.1. [Boundary layer profiles] The set of elliptic (or evanescent) profiles P, is
defined by

Po, = {F =F(t,2',Xq) € H®(wr x Ry)\ 30 > 0, F(t,2', X4) € H*®(wr x Ry)}.
We define similarly the set of glancing profiles P :
P,:=P,, ={F=F(ta,x) € H(wp x Ry)\ 36 > 0,e’XF(t,2',x) € H*®(wr x R})}.

We postulate for ansatz

us(t, z) NZE% Z eiw(t,r)un,k(t’ z) + Zggegwg(t,z)u%(t’ 7, ﬂ)
n>0 keZUuO n>0 \E
noi 4 Tq
+ ) eBest Ny, (), =), (20)

n>0

where for all n > 0 the evanescent profile U, ,, € Pe,, the hyperbolic and glancing amplitudes
(Un,k)kezuo € H®(Qr) and uf € Py,

We denote x := % the fast variable for the glancing boundary layer and Xy := % the one
of the elliptic boundary layer.

Remark in particular that the amplitudes ug for glancing mode and U, , for the elliptic
modes are functions of (¢, ', x) and (¢, 2', Xy) so that their only dependency with respect to x4
is made in the fast variable. It differs from the hyperbolic amplitudes u,, .

Plugging the ansatz (20) in the evolution equation of (17) leads, after identification on the ¢%
and using the linear independence of the phases functions, to the following cascade of equations:

H,% ﬁ(d(pk)uLk =0, VkeZTUO, (21)
L(0x,)Uev1 =0,
iL(dp7)u3, 5 + AgOyuy g + L (0)uf, = 0y 0f7,
for n > O,H% 2 iL(dpk)unt2,k + L(O)tn k= 01 fr keZUuO,

L(aXd)Uev,n+2 + Ll(a)Uev,n = 6n,0feva
where L(0x,) := Aa(0x, — A({)) is the operator of derivation with respect to the fast variable

d—1
Xgq and L'(0) := 0y + ) A0y, is the operator of differentiation with respect to the tangential
j=1
(slow) variables. In (21), 4. stands for the Kronecker symbol.

Plugging the ansatz (20) in the boundary condition of (17) gives:

By : B ( D g, U+ Uev,nxdﬂ) = 6019 (22)
keTUO
Finally, plugging the ansatz (20) in the initial condition (17) gives:
meN,VEeIUO, uy, = Un oy, o = Uev,n o = 0. (23)
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In the following, we describe how to construct the amplitudes u, uy, ; and Us, , solving the
cascades of equation (21), (22), (23). The construction is really classical for hyperbolic modes.
Indeed because of polarization conditions and Lax lemma [15] the hyperbolic amplitudes solve
transport equations. If the mode is incoming (resp. outgoing) there is (resp. there is not) a
boundary condition on {z4 = 0} to solve. However because the uniform Kreiss-Lopatinskii con-
dition holds for hyperbolic modes this condition can be solved by inversing the boundary matrix
B. The construction for such modes is performed in Paragraph 3.1.1.

The construction for elliptic modes is also rather classical. In the spcae P,, the solution of the
evolution equation in the fast variable X4 can be written via Duhamel formula as the evolution
of the trace on {Xy4 = 0} plus the contribution to the interior source (which are supposed to be
known). Once again because the uniform Kreiss-Lopatinskii condition holds for elliptic mode we
have an explicit formula for the trace on {Xy = 0}. The determination of elliptic modes occupies
Paragraph 3.1.2.

The main difficulty in the construction is the determination of glancing mode. Indeed on the
one hand Lax lemma applies so that it should solve the tangential (note that for a glancing mode
the group velocity v, := (v, 0)) transport equation

3tug + U; . Vx/u(g) = 0, (24)

equation that does not require any boundary condition on wy. But on the other hand we require
a boundary condition in (22) to have a good error term on the boundary. Boundary condition
that overdetermined (24). This difficulty has been first encounter in [20] and then overcame in
[21] by the introduction of the large boundary layer of size \/z.

One extra difficulty compared to [20] is that to determine the value of the boundary layer trace
on {x = 0} which is required for its determination we can not use the uniform Kreiss-Lopatinskii
condition any more. Indeed at some step we will obtain that ug‘xzo € ker BN E;(¢) so that
ugu:o reads ug‘xzo (t,2') := ap(t,2')e and the whole question is to find a way to determine the
good value amplitude ap. To do so we will follow the method of [9] (see also [3]) consisting in
considering the higher order boundary condition in order to derive some compatibility condition
on the trace. Compared to [9] and [3] the equation determining ag will not be a simple transport
equation any more but it will involve some Fourier multiplier (see equation (47) for more details).
The construction of the glancing boundary layer is made in Paragraph 3.1.3.

3.1 Construction of the leading order terms

In this paragraph, we first use the pseudo-inverses introduced in Definition 2.4 in order to recover
the usual so-called polarization condition for hyperbolic and glancing modes.

We next use Lax lemma [15] to obtain transport equation with respect to the group velocity for
the hyperbolic and glancing leading amplitudes which are classical in geometric optics expansions.
Finally, we will determine the hyperbolic and elliptic amplitudes first because they are mandatory
to determine the glancing one.

From I_;, we see that uf € ker £(dp?) and for all k € T U O we also have ug x, € ker L(dp").
So that it turns out that we have the usual polarization conditions

Yuf = ug, (25)
HkU(Lk =upi, VkeEZIUO. (26)
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Next, applying the pseudo-inverse 19 to the equation for glancing mode of 1_ 1 gives:
(I —T19)u{ = iY9 A0, ul. (27)

Now, we apply respectively the projector II19 and II* to the equations for glancing and hy-
perbolic modes of Iy to obtain:

{HgL’(a)ug + 119 Agdyud = T19 9, (28)
*L(O)TFug . = 0 keZTuO.
Decomposing u§ in terms of polarized and unpolarized parts, gives:
M9 L(9)uf + 9 AgII90, ui + 119 Agdy (I — I19)uf = 119 f9. (29)
Using equations (25), (27) and (29), we thus obtain:
9 L(0)IT9uf + T19 AgI19 0, uf + ngAdTgAngaiug =119f9. (30)

We now need some lemmas to recover a transport equation due to Williams [21] and Lax [15].

Lemma 3.1 ([21], Lemma 8.1). Under Assumptions 2.1, 2.2 and 2.3 we have:
1
19 A, Y9 AT = 119 and 19 AT19 = 0,
c

where ¢ € R\ {0}.
Lemma 3.2 (Lax lemma [15]). Under Assumption 2.1, we have:
Yk e ZUO UG TIFLO)IIF = (0, + v - V) ITF
where the velocity v is the so-called group velocity associated to k introduced in Definition 2.2.

We recall that we have only one glancing frequency so that G = {g} and the associated group
velocity vy := (v],0) for some v}, € R4~

Using these two lemmas and equations (25),(26) permit to rewrite equations (30) and (28)
as:

—02uf 4 ic (0 + v - Vor) uf = icIl? f9, (31)
(Or+vk-Vy)ur=0, keZUO. (32)
Combined with the equation for the first elliptic mode
L(Ox,)Uer0 = 0. (33)
Then we consider the first order boundary condition, namely Bg. It reads:

B ( Z U0,k |4 ,—0 + ug\x:o + Uev,Oxd=O> =0,

keZUO

so that we can decouple the boundary condition like:

Buoy, ,=0 VkeZUO, (34)
Bug‘X:O =0, (35)
BUeu,,, = 0. (36)
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Finally for the initial condition we will solve

Yk eZUO, ugltq = U0k, = Ue =0.

v,0j:<0

To determine the leading order amplitudes, we determine in the following the hyperbolic
one then the elliptic one and finally the glancing one. We can determine the hyperbolic and
evanescent ones but for the glancing one, since the uniform Kreiss-Lopatinskii condition does
not hold, we follow the analysis of Coulombel-Gues [9] which requires to consider the boundary
condition B 1 which reveals the hyperbolic and evanescent amplitudes of order one.

3.1.1 Determination of the hyperbolic leading order term

The transport for the outgoing phases goes from the interior of the domain Q7 to the boundary
wr and consequently in the resolution of (32) no boundary condition has to be imposed on
the boundary wr. Using (32) we thus determine the outgoing amplitudes by resolving the
homogeneous transport equation:

Vk € 07 (8t + Vg - Vx) o,k = 0,
uo’k\tgo = 07

and thus ugr =0 for all k € O.

To determine the glancing leading order term, we will also require to know the u; j = Hkulyk
for k£ € O. Proceeding as it as been done for the leading order term, it is easy to see that these
amplitudes satisfy the transport equations

(8t + Vg - \Y% )Hkul,k = kak7
Vk € 0, { . o
Ul,k‘tgo — Y

so that integrating the equation along the characteristics, we determine the u, j for all outgoing

k in terms of the given sources fj. Because they are solution to a linear transport equation with
a source in H*>(Qr) the uy , € H*(Qp).

We now turn to the construction of the incoming amplitudes. In that case the transport goes
from the boundary wr to the interior of Q7 and it is thus needed to know the value of g in
order to solve the transport equation. For these phases, due to the Remark 2.4, we see that for
keI Mrugy € [E*(¢) and so we deduce that Hk“&hzd:o = @(0) =0, for all k € Z. Hence, the
amplitudes ug ;, for incoming modes solve the transport equations

(8t + Vg Vﬂ) UO,k = 07
uO,k‘md=0 = 07
uO,k‘tSO =0,

which is a homogeneous linear transport equation so the wug ; for k € T are zero.

3.1.2 Determination of the evanescent leading order term

From the cascade of equations I_; and the boundary condition (36), we have to solve for elliptic

modes:
L(aXd)ero =0 for (t,ac) S QT7 X4 € R+

BUev,O‘XdZO =0,

U€U70|t§o’
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which is a standard ordinary differential equation with respect to the fast variable X; in which
the variables (t,2’) act as parameters. In order to solve this equation we will use the following
lemma (see [16] or [3]):

Lemma 3.3 (Lescarret). We define for X4 > 0:

(P, U)(X4) == eXeAOTI30U(0), (37)
Xd oo

(Qen F)(Xg) := / e XK= MO AT F (s5)ds — / eXa=)AOMUAT F(s)ds.  (38)
0 Xa

Then, for all F € Pe,, the equation L(0y)U = F for Xq > 0, admits a unique solution U € Py,
reading U = P, U + Qe F.

Using this lemma, we have the polarization condition for elliptic modes Uey,0 = PeyUcy,0- SO
it is sufficient to determine Ueu,0| X0 in order to determine Ue, g.

Since Uev,0 = PeyUev,0, we deduce that Ueyo € EZ((). Hence, we can invert B and the
boundary condition (36) gives U67,7()md:0 =0.
Hence, we deduce that U, o = 0 as the free evolution of the trivial trace Uev,o\xd:o'

Next, we will have to be more precise about the form of U, 1 to determine the glancing leading
order term. Since Ugyo = 0, we have from the cascade of equations I 1, L(0x,)Uey1 = 0, so
that from Lemma 3.3 we have, Ugy 1 = PeyUey,1, polarization condition which will be sufficient
for the determination of the leading order glancing term.

3.1.3 Determination of the glancing leading order term

For v > 0, let v = e "uj. We observe that dv] = —yv§ + e 7'0uf. Hence, in the new
unknown, the equation for the glancing leading order term (31) becomes:

— 028 +ic(7+ 0+ vy - Vi v = e T 0, (39)

We now perform a Fourier transform in the time variable ¢ and in the tangential space variable
2’ to this equation. Let 7 € R and n € R?~! denote the dual variables of ¢ and 2’ and = denotes
the Fourier transform. We thus have:

d_l ———
—dvf + ic(7 +iT+1 g U;JT]]')US =icll9e=tf9,
=1

d-1 d—1
Let X = X(o,n) := ic(v +iT iy, v;’jnj> = c( =T = > v+ iv), we obtain the following
j=1 j=1

equation:
— 02§ + X = icll%et f9. (40)

So, if f9 has exponential decay with respect to x for example if there exists f‘; € L?(R?) and
C, 9 > 0 such that .
(82", x)| < C|f9(t,a")]eX,

then we have a unique solution vAg which is in L%n (R%) with exponential decay with respect to
X (see [21], equation 8.40):

" 9 X ! > ’ " —_—
vg (1,1, X) = e\/yx”(g)lx:o(ﬂ n) + Z.C/O e )ﬁ/ emx )ﬁﬂge*“fg(ﬂ n, X" )dx"dx’.
X/
(41)
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where v/ X stands for the root of X with negative real part in order that v{ € Li (R4). Reversing
the Fourier transform, we deduce that:

1 i(t, ') (1 9
v (t, 2, x) =(2ﬂ)d /Rd et ’7’)6‘/%‘1)(?')(:0(77 n)drdn (42)
+ i P / ei(t’z')'(ﬂn) /X e(X*X')\/Y/OO ef(Xl*X”)\/Yngwg(T,naX”)dX”dX/den.
(2m)? Jga 0 X’

So, to determine vJ (and so uj), we have to determine %‘X:O. Indeed the second term in (42) is
a known function depending on the source f9. Moreover following [[20]-Proposition 9.6] we have
that vf vanishes for negative times if v _ and e™7*f9 do so if and only if vf _ does.

If we first consider the boundary condition By then (25) shows us that u{ is polarized so
uf € E* and the boundary condition shows us that the trace ug‘xzo € ker B.

Thus, we deduce that ng:0 € E; Nker(B) so, using Assumption 2.4 there exists a scalar function
ag defined on wy such that

ug‘xzo (t,2") = ap(t,z’)e and thus vé’lX:O (t,2') = e Map(t, 2 )e, (43)
and for compatibility reasons we should keep in mind that we should have ag,_, = 0.

In order to determine o, we look at the boundary condition B 1 which is the only other
equation involving ug‘xzo (via the unpolarized part). More precisely, we have:

B ( Z ul’k\zd:O + uiX:U + Uev,lxd_()) =49

keZUO

We have already justified that for all k € ZUQO, we have HkuLk = u1, so that we can replace
Uy, by Hkul,k in the previous equation. Similarly we have that Uj ¢y = PeyUi ey so that the
boundary condition can be written as

B <2Hkulvk|zd0 + Bugl]\x=0 + B(PevUev,1)|Xd—O> =9- ankulvlﬂzd:o'
keZ keO

So, decomposing uf in terms of polarized and unpolarized parts and applying b defined in
(13), note that for all k € Z, IT*uy x, € E; (¢) and that Pe,Us ¢, € E2(¢), we obtain:

b-B(I— Hg)uflxz0 =b-g—b- BZHkul»k\md:o

k€O
Using (27), we can rewrite this equation as:
ib- BY9Ag(0yuf)jy=o = b-g—b-BY Mruyy . (44)
keO
Multiplying it by e~7*, we obtain:
ib - BY9 Ag(0y08)|x—0 = € " (b g—b- BZHkul,kzd()) . (45)
keO '
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Using (42) and (43), we see that

1 - N —_
(Oxv3) jx=0 =2 /Rd et/ X et (r,n)drdn e (46)
ic it (r) [ X VR ATT Ny
+ i e'® ' e et f9(r,n, x")dx'drdn.
(2m)9 Jga 0

This motivates the following definition: let 7" be the Fourier multipler defined from HS° (RY) into
H>(R?) given by
1 o —
TNt ) = g [ O EVRETF€)d, (47)
(2m)4 Jpa

where ¢ is a short hand notation for (7,7). We also introduce A := b - BY9A4e # 0 from
Assumption 2.5. In this new notations using (46) in (45) thus gives the following condition on
the unknown trace ag :

iXT () =b-e "g—b-B Z efvtﬂkm,k‘zd:o (48)
keO
+ o / (i) (,m) / X'VXy. BTgAdH‘]e*/VFQ(T, n, X" )dx'drdn
(2m)? Jpa 0
=G, (49)

where G is explicit in terms of g, f¥, k € O and f9. We also remark for later purposes that all
the terms in the right hand side of (48) vanish for negative times if g, f¢ and the f* do.

Proposition 3.1. The operator T defined by

T = g [, VR @)

maps H®(RY) into H®(R?) where H°(R?) = {u € L*(RY) s.t. e "'u € H*(RY)}.
Moreover, T is invertible and T~ is defined by
vt Ly 1 ~
T (¢t ) = S / BT E_—_ F(€)dE;
(D) = g [ e Flepde

it maps H*®(R?) into H°(R?).
Finally if the function f vanishes for negative times then so do T(f) and T~'(f).

Proof: In a first time, we show that T maps H2°(R%) into H>*(R?).
Let f € H3°(R%). We want to show that T'(f) € H>*(R?) or equivalently that

¥m € N, 3C,, > 0, /Rd IT(HE 1+ €)™ dE < Cp.

Then using the definition of X and Cauchy-Schwarz inequality, we have:

TR = [ely/42 + (7 + v - )| F ()2,

- {|c| O+ L)) e O i g < 1,
= el (v + (L [6P) 1)) [ TR i fe] > 1.
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Hence, denoting v} := (1,v'):

L EDOF (+ i)™ de= [ TOEF 0+ )" e+ [ TR 1+ )" de

l€1<1 [g1>1

< le (v + 10} /|£|

+ lely / )2 (1+ €)™ de
|€]>1

e TR (1 + (€)™ de
<1

+ lelle}] / ) (1+ €)™ de,

[€]>1
<1 (v + 10} / RO (1 + Je[2)" de
Rd
+ leby / RO (1+ €)™ de
Rd

+ lello}] / RRE)? (14 €)™ de,

Rd

Since f € H(R?), we have [y, |1{(?)(§)|2 (1+1¢%)™d¢ < 400, ¥m € N, so that T(f) €
H>(R?). We have shown that [|T(f)||gmgay < Clle™ " f || grm+1(ra)y from which we deduce that
if f vanishes for negative times then so do T(f).

Next, we show that the expression given for T~ is really the inverse.

We rewrite T(f) = F ! (\/Yﬁ) and T~Y(f) = et F~1 (\/%f), where F~1 stands for the

inverse of the Fourier transform on L?(R?).
By easy computations, we can see that To T ! =T 1oT = I.
Finally, we show that 7! maps H>(R%) into H°(R?). Let f € H>(R?). We have:

i =5 ().

VX
And so:
i =1 2 1 ey 2
T TDEN = g TOF:

But, | X (&)| = |c|\/’y2 + (4 v -n)? > |c|y and ¢, # 0 by definition of v and Lemma 3.1. Hence

e=TTI(F) () < ‘c%mf)ﬁ

and consequently

eI (1+ 1) dé < ﬁ /R FEOP (1+1e%)™ de.

Rd

that is to say that [|e™"" T (f)||gmga) < C|fllgmra), since f € H®(R?), we deduce that
T7(f) € H*(R?) and that it vanishes for negative times if f does.
O
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Then with Proposition 3.1 in hand we can easily determine the unknown trace o from (48)
by applying 7~! on each side to obtain

1
ta)= =T7'G.
CYO( ) € ) ZA
In order to do so we shall justify that G defined in (49) is in H*(wr) so that we can effectively
apply 1. We recall that

G:=b-eg—b- Z e*VtHkuLk‘xdzo
keO

0 —_—
¢ / eita) () / X VX BY9 A et f9(7,n, X" )dxdrdn,
R 0

T @y

the first term is clearly in H* (wr) because g € H* (wr). Similarly if we choose fi, € H*>®(Qr)
then as a solution of a transport equation IT*u; , € H>(Qp) C H°(Qr) and thus the second
term is in H3°(wr). The last term reads under the form

}"71/ X' VXZdy drdn
0

where § € H®(wr x R;). And thus in order to show that this term is in H* (1) we shall
consider the integrals for a multi-index § € N¢.

/55/ X VEF(E, Xy
R4 0

which are finite for all § because § € H>®(wr x R;).
To conclude, we have determine uf as

2 C R
dé < € sup [§(&,X)|2de,

R x'€R;

1 o —
u(ta',x) = € g v /R ) Y Rxtay (7, m)drdn e, (50)

where ag = £ 7!(G) vanishes for negative times and so do uj.

For later purpose let us remark that we can read on (50) that u§ and its derivatives in the
fast variable y decay exponentially fast with respect to this variable. More precisely we give the
following proposition establishing the regularity of uf.

Proposition 3.2. We have u} € Py and uf vanishes for negative times.

Proof: Let us remark that in view of its expression u has exponential decay with respect to
X-

In the following we consider a € N¢~! a multi-index associated to z’ and we use classical
notations for multi-index.

From Leibniz formula to show that uf € HyS, (Qr x Ry) it is sufficient to show that the

evtﬁ Jga ei(t’ml)'(T*")eﬁXTkno‘\/yme—/‘Y@O(T, n)drdn are in L7 ., (Qr x Ry) for all k,m € N
and a € N1,

Because we are in finite time the factor e can be replaced by e’” and we can integrate on
the whole line for ¢.

Thus, using Plancherel theorem:

B m o — m o —
(t.a") > (mm) (eﬁXTknaVX 6_7’50[0) 22, ®ixey) = le¥Xxrrpay/X e aollrz,  (rixmy)-

s X
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Integrating with respect to y first then gives:
m —— m ——
He\/Ykana /X e—“/tQOHQLgn L(RIXR) :/ |e\/?x7.kna,/)( e ag|2dy,
o, R,

= It VE Tl [ e Py,
R

+

m —— 1
= | VX e oot x ——
T e « X .
m 0 2R(VX)

But if R(X) > 0 we write —R(vVX) = /3 (R(X) +|X]) > %\/|c|v and if R(X) < 0 we write
—_ 1 _ 18X ; 1 1
RVX) = 7 Txmes © that in both cases RVE) < 2eh

m — 1 P
leY XXk VX el (asgyy € —a== I VX e aollZe | (gay

We decompose like in Proposition 3.1

HTkT]a\/Yme_’ytaOH%E’W(Rd’) :/Rd |Tkna\/)7(me_'yt040‘2d7‘dn

. Consequently

<l i)™ [ ey
lgl<1

+/§ I\Tkn“\/)?merEOPden
>

The first right hand side term is finite because e 7*ag € H*(wr) and the second term can also
be bounded by using Holder inequality for v/X " by

/ VX e Tag|drdy < / (1 + [€[2)FHlelm e=taq| *drdn,
[€1>1 R

which is finite because e *ay € H>(wr). This prove that uf € H>®(Qr x R4) and so uf € P,
because of the exponential decay with respect to x.
O
So we sum up the construction of the Paragraphs 3.1.1, 3.1.2 and 3.1.3 in the following
proposition
Proposition 3.3. Under Assumptions 2.1, 2.2, 2.3, 2.4 and 2.5, for oll k € T U O, there exist

uok € H®(Qr), uf € Py and Ueyo € Pe, satisfying the cascades of equations (21), (22) and
(23) at order zero. In fact we have that for allk € TU O, ug = Ueyo = 0.

3.2 Construction of terms of order one

In this paragraph, we determine the amplitudes of order one. For this, we find transport equations
for the hyperbolic and glancing amplitudes too. We follow the same steps as the precedent
paragraphs but the determination of the traces is a little more technical than for the leading
amplitudes because the amplitudes are not polarized any more.

Using (12), we apply the pseudo-inverse T9 (resp. T¥) to the equation for the glancing mode
of Iy (resp. to the equation for the hyperbolic modes of Ij) to derive:

(I —T19)uf = —iT9f9 + Y9 Agdyuf +iTIL(9)ud, (51)
(I —TT")ugy, = iY*L(Q)ug, keTUO. (52)
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We remark that (52) gives the unpolarized part of ugj in terms of the constructed term wug .
Similarly in the right hand side of (51) the last term is now a known function.
Now, we apply the projector I19 (resp. IT¥) to the glancing (resp. hyperbolic) equation of I
to obtain (recall that u; j is polarized):
9L (9)uf + I19 Agdyug = 0,
M LO)TFuy = TT7 f, k€ZUO.
Decomposing u{ and uj in terms of polarized and unpolarized parts, we have:
9L (9)I19uf + T19 AgI19 0, ud + 119 Agdy (I — I9)u§ = —II9L'(9) (I — I19)ug, (53)
MFL(0)TMuy = TTF £y,
where (I —I19)uf is known from equation (27) and thus the right hand side of (53) is.

Using equations (51) and (53) and decomposing again uf in terms of polarized and unpolarized
parts, we thus obtain:

119 L (0) M9 uf +-119 AgI19 9, uf + il19 Ag Y9 Aqd; 119 (54)
=ML (9)(I — T19)uf + iI19 A4 Y90, f9
— il19 AgYIL' (0) Oy uf) — iT19 Ag Y9 A40% (I — T19)uf,

Z:Fl.
" L(O)ITFuy = TI* fy.. (55)
Using Lemmas 3.1 and 3.2, equations (54) and (55) can be rewritten as:
—O2M9uf +ic (8 + v - Vo) 90§ = icFy, (56)
(0 +op - Vo) ITFuy , =T1°f, k€ TUO. (57)

Then we look at the boundary condition: the equation B 1 reads

B ( Z ul’klzd:f) + U?l)(:[) + U€U’1|Xd0> =g (58)

keZuO

In the following, we need to determine the Hkul,k‘zd:(, for k € 7 and PevUev’hxd:o so we will

do this from this boundary condition. We recall that the u; j for k£ € Z U O are polarized and
that we know IT%u; x, k € O from Paragraph 3.1.1. And so:

k k
B (ZH Uiy, o tul o+ Ueu,lxdo> =g-BY I ULk, o (59)
kel keO

Equation (27) gives the unpolarized part of u{. Remember that we have ImI19 = ker £(, &) =
E3(¢), so we can write, using Assumption 2.3 and Remark 2.2:

ngffl , = aie where o7 is a scalar function defined on wry. (60)
=

Hence, BH-"uﬁ’lX:O = a1 Be = 0 and we can rewrite equation (59) as:

k k
B (ZH Uik, + Uev,lxdo> =g-— BZH urk,,_, — BU =11 _ .
kel keO
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Finally using that Ugy,1 = PeyUey,1, it turns out

k k
B (ZH u17k|wd=0 + PevUev,1|Xd=0> =g — BZH uLk\md:O - B(I — Hg)u?|xzo7
kel keO

= Go.

Since Hkulvkmd:o € Ej(¢) and PevUev,l\xd:o € EZ(¢), from (14), we can inverse B and so
applying @, we deduce that:

k _
ZH Ul,k|$d=0 + PevUev,1|Xd=0 - QSGO
k€T
Next, applying the projectors of Definition 2.5, we thus obtain:
Vk e Z, P\Ifuyy, = PG,
PePevUe'u,l‘Xd:O = P°®QG,.
Since Hku17k|$d=0 € Ej; (¢) and PGUU6U71|Xd=0 € EZ((), we see that Pknkul,k\mfo = Hkulvk‘zfo
and Per,Um,Jle:0 = PevUeU71‘Xd:0. Therefore,
Vk e I,MMu, = P*oGy, (61)
PevUev,l‘Xd=0 = PG@G(J' (62)
In the following paragraphs we describe the construction of the higher order hyperbolic and

elliptic terms. We then use this construction for the determination of the glancing amplitude of
order one in Paragraph 3.2.3.

3.2.1 Determination of the hyperbolic amplitudes of order one

The outgoing amplitudes of order one namely the u;y for £ € O have been determined in
Paragraph 3.1.1. However like the leading order, the determination of the first order glancing
amplitude will require the knowledge of one order more on the outgoing modes, more precisely
we will need to know ug , for k € O.

Reiterating the same analysis as the one performed in Paragraph 3.1.1, these terms can be
determined independently of the other by solving an outgoing transport equation.

Indeed, applying the projector II¥ on the hyperbolic equation of I;, we have:

1% L(0)ug i, = 0.

Equation (52) gives the unpolarized part of us ;. So decomposing us i, in terms of polarized and
unpolarized parts and using Lemma 3.2, we deduce that:

(0 + vk - Vo) TFug p = —TIFL(O) (I — TT®)ug g, := fro

Hence, we determine HkuQ’k and so ug by solving the transport equation:

(O + vk - Vi) TFug g = fro,
Hku2,k‘tgo =0,
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by integration along the characteristics. The obtained solution is explicit in terms of fj, o that is
to say explicit in terms of ug  from (52). Moreover the solution usg y lies in the same functional
space than the source fa .

For the incoming phases, we have to consider the boundary equation (61). For these phases,
as in Paragraph 3.1.1 for the outgoing phases of order one, we have (9; + v - V) TFuy 5, = TI* fi,.
Hence, each of the incoming amplitude solves the transport equation:

(O + v - V) Iy gy = TIF fy,
Hkulvk‘wd=0 = Pk@Go,

equation that can be explicitly solved in terms of fi, k € Z and Gy (which depends on g and on
the fi for k € O) so that u; j depends on all the sources of the problem. We have that uy j lies
in H*° () vanishes for negative times if the source does.

3.2.2 Determination of the evanescent amplitudes of order one

We recall that from Paragraph 3.1.2 that Uey1 = PeyUey,1. So that in order to determine the

whole elliptic amplitude it is sufficient, from the definition of P,, to determine Uev,l‘ Xy0"

We use the boundary equation (62) to recover that
Uev,l(ta -1:/7 Xd) = (PevUev,l)(ta QZ‘/, Xd) = eXdA(g)Peq)GO(ta xl)a

equation that determines U,, ; in terms of Gy. Moreover we readily see that Ue, 1 € P.,. Note
that as mentioned in the introduction of Section 3 the fact that the elliptic profile is independent
of the normal variable x4 permit us to avoid the step of the lifting of some double trace as simple
one as it is done in [4] or [16].

Like for the leading order glancing term, the determination of the term of order one requires
the knowledge of the elliptic amplitude of order plus one. More precisely we will need to know
the form of Ue, 2 to determine the glancing leading term of order one.

From the cascade of equations Iy for elliptic modes we have

L(ax)Uev,Q = - L/(a)Uev,O +fev~
=0

From Lemma 3.3, we deduce that:

Uev,2 = PevUev,Q + Qevfeva (63)

equation that does not fully determine U, 2 because the polarized part P.,U., 2 has not been
determined yet (it is however easy to determine this term by determining the trace Ue’”72|xd: , like

it has been done for Uev,l‘ Xd:O) but which will be sufficient to determine the glancing amplitude
of order one.

3.2.3 Determination of the glancing leading order term

For v > 0, let v{ = e 7' I19u{. As for uj, equation (56) becomes:

= 020 +ic(y+ 0+ Vo )of =ice R (64)
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where we recall that the right hand side F; depends on v, the unpolarized part of u{ and f9
and eventually on their derivatives is defined in (54). In particular this term has exponential
decay with respect to .

We now perform a Fourier transform with respect to ¢ and 2/, we thus have the same ordinary
differential equation as the one determining the leading order glancing amplitude:

— 8>2<1;% + XvA"f = ice_/"/ﬁl, (65)

d-1
where we recall that X = X(o,n) = ic(’y +iT i), U;,j%')-
j=1

So, because f?’\l has exponential decay with repesct to x we have a unique solution with
exponential decay with respect to x (see [21], equation 8.40):

o X ’ o ’ " ] -~
G =i0/ X X/ e~ XWX Ry (7, )Yy dx + X 0] _o(7ym),
0 X'

=I5(7,m, x) + ex\/}U%X:o(Tv n). (66)

Reversing the Fourier transform, we deduce that:

1 : ’ 1 : ’ i
/ _ i(t,x") (T, o(t,x") (7, vX
o (62, X) =g /Rde( @M By (r,m, x)drdn + W/Rde( PEMV X o (rm)drdy

=F3(t,2',x) + /R d (I EMQVE G () (67)

1
(2m)

So, to determine v{ (and so IT9uY), it is sufficient to determine vi]|X:0 because Fj is known
from (54) and (66).
Recall that from (60) we have:
v]  =e Mage. (68)

liy=0 —

Thus, it remains to determine a;. For this, we look at the boundary condition B; that is:
g -
B ( Z U'Qak\md:() + u2\X=O + UEU,QXd(J) = 0.
EEZUO

The ug j, for & € O are known because the polarized part of them are determined from
Paragraph 3.2.1 and the unpolarized part from (52). From (52) we know (I — II®)ugy, k € Z
Hence, the precedent equation can be rewritten as

k _ k
BZH u2’k\wd=0 + Buglx:l) + BUEU’Q\XdZO B 7Bzu2’k\xd=0 o BZ(I —1I )u2’k|1d=0'
keZ keO keT

Furthermore, from (63), we see that:
oo A 1
Uev,?\xd:o = H2U6U72|Xd:0 _/0 e (QHZAJ feu(t, 7', 5)ds.

The first right hand side term is in £7(¢) so b- BHiUev,Q‘Xd=D = 0 and the second term is known.
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So, decomposing u§ in terms of polarized and unpolarized parts and testing against the vector
b defined in (13), we obtain:

b-B(I-T%uf _ =—b- BZuQ,k‘zdzo —b- BZ(I - Hk)uQ,k‘zd:(,
k€O keT

+o00o
+b-B/ e AMOIEAT fou(t, 27, 5)ds,
0

=G (69)

clearly as the sum of the solutions of transport equations and the free evolution of the regular
source fe, then the new source G lies in HS (wr).
Using (51), we can rewrite the left hand side of (69) as:

ib- BY9Aq (Ouf), _o = G1 +ib- BYIf? _ —ib- BYIL'(D)uf _. (70)

Ix=0
We stress that the right hand side is known from (50). Multiplying by ™%, we obtain:
ib- BY9Aq (0y0]) g = ¢ "Gy +ie b BYIf? _ —ie™"b- BYIL(Q)uf _ . (71)

Using (67) and (68), we see that:

[x=0

(Oxv])jx=0 = (OxF3)(t, 2", 0) +

1 i(t,x’)- (T, Tt
(2m)4 /Rd etm X ety (7, m)drdn e,
_ c _ / ei(t,gg/)-(r,n) / 6X/\/Xef7—‘?1 (7_7777 X/)dX/de77 + T(al)e.
(2m)4 Jpa 0
Combining (71) and the precedent equation, we deduce that:

INT(on) =e™"'Gy +ie” b BYIfS _ —ie b BYIL (D)uf

—|—‘(2C)d’/ 6i(t’xl)'(7”7)/ exlﬁb-BTgAde%ﬂT,?%X/)dX/dena
s R4 0

=G,

where we recall that A :=b- BY9A4e # 0.

The first terms of G read e™" f with f € HX, (wr) vanishes for negative times so that they
are in HpS, (wr) and hence in H3°(wr). The integral term in G is shown to be in HS®(wr)
by the same arguments as for the integral term in the source term for the leader order glancing
amplitude (see (49) and Proposition () ). Reversing the operator T', we find «; as

ay(t, ) = %(TﬁlGl)(t, x').

Arguing like for the first amplitude « we can show that such oy € H* (wr) vanishes for negative
times. To conclude, we have determined I19u{ € HS®(wr) as

1 I —
9 (t, ', x) =e"" F3(t,2’, x) + " < / el )'(”7)6‘/Y"e—’ytoq(7'7 n)drdn e,
(2m)? Jpa
where F3 is given by (54), (66) and (67). Reiterating the same kind of arguments as in the proof

of Proposition () we have fully determined u{ € P, such that uiKO =0.

In this paragraph, we thus have shown:
Proposition 3.4. Under Assumptions 2.1, 2.2, 2.3, 2.4 and 2.5, for all k € T U O, there exist

u, € H®(Qr), uf € Py and Ueyy € Pe, satisfying the cascades of equations (21), (22) and
(23) at order one.
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3.3 Higher order terms

In this paragraph, we describe briefly how to construct terms of order n for n > 2. The con-
struction is very close to the construction of the terms of order one.

We suppose that we know the terms of order n — 1,n — 2, ... So, applying the pseudo-inverses
on the equation for the glancing mode of I.—2 and the equation for the hyperbolic mode of I ne2,
we know the unpolarized parts of the glancing and hyperbolic amplitudes of order n as :

(I —T9)ufd = —iby_20YIf9 +iYIA0ul_ +iTIL' (9)ul_,
(I —T*) up g = —i6p—21 Y fi, + Y L(O)un_o
Thus, we know the unpolarized parts of the glancing and the hyperbolic amplitudes of order n

and it remains to determine their polarized terms. For this, we will need to know the unpolarized
parts of the terms of order n + 1 which are obtain applying the pseudo-inverses to I no1:

(I -9 ud_  =iTIAg0\ud + iYL (9)ul_,, (72)
(I =Ty = —i6p—11 Y% fio + T L(O)up—1 - (73)

Next, applying the projectors IT* and I19 on Iz and decomposing the amplitudes in terms of
their polarized and unpolarized parts, we deduce that:

A0\ uf ) + 19 AgYI A0 ud, + L (9)19uf, = Fo 1,
I* L) ¥ i = frm,

where F! = —TI9L/(9) (I — I19) ug — ill9 A, YIL (D)0, uf _
fom = ~T1*L(0) (I — Hk) Up, are known.

So using Lemmas 3.1 and 3.2, these equations can be put on a similar form to (56) and (57) that
is:

| — II9AGYIAG02 (I —T19) ud, and

—8>2<H9u% +ic (0 + v, - Vo) 9 = icF, 1, (74)
(at +v- vx) Hkun,k = fk,n~ (75)

Notice that from the equation of the evanescent mode of I nz, We have:
L(aXd)Uev,n - 5n—2,0fev - L/(a)Uev,n—Q = Fev,n- (76)
So, using Lemma 3.3, we know the form of the evanescent profile:
Uev,n = PevUev,n + Qe’uFe'U,n-

We now look at the boundary condition Bz because we need to know Hk’un’k|w =0 forkel
and PeyUey,n|x,=0 to determine the incoming hyperbolic and the elliptic amplitude. We suppose
that we know Hkun,k for k € O (it is not an issue because we will determined then before the
other amplitudes). We also recall that the unpolarized part of the incoming hyperbolic and
QevFey,n are known. So the boundary condition gives:

B (anun’kmdo + u%‘ng + PevUev,n|Xd0> = Bzun’klwdzﬂ - BZ (I - Hk) un’k\md:()

keZ keO keZ
- BQevFeU,n‘XdZO .
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Because the unpolarized part of the glancing amplitude is known and the fact that the
polarized part can be write as (for the same reasons as in Section 3.2, see equation (60)):

g, = anpe where oy, is a scalar function defined on wr, (77)

the precedent equation becomes:

k
B (ZH un’klwd:() + PevUev,nlxd(J) = Gn7

kel

where Gn = —B Z Un’k‘m -0 B Z (I - Hk) un,k|m —0 BQevFev,mX —0 B (I - Hg)u% —0"
k€O 4 kez 4 4= =

So, reversing B and using the boundary projectors (see Definition 2.5), we deduce the bound-
ary conditions for the Hkun’k for k € Z and PeyUecy n:

vk € T, up p,, _, = P*®G,,
PevUev,nlxdzo = PE@Gn.
With this result in hand, we can construct the hyperbolic and elliptic amplitudes of order n:

e The outgoing amplitudes of order n are determined by solving the transport equation
without boundary condition

{(at g Vo) Uy = faom,
k _
H u”vk|t<0 = 0.

Moreover, we will need to know the outgoing amplitudes of order n + 1 to determine the
glancing one of order n. They are given by (73) and by solving the transport equation:

(O + vk - Vo) Uyt g = frongt,
Hkun+17k|t<o =0.

e The incoming amplitudes of order n are determined by solving the transport equation with
boundary condition:

(O + vk - Vo) Uyt g = frontt,
M, = PFoG,,

k _
II 'Ufn,k‘t<0 =0.

e For the evanescent amplitude, we deduce from the boundary condition that
Ueon(t,0, Xa) = XA PeBG,, (t,2) + Qev Fep n(t, 7', Xa)-

Furthermore, we will need to know the form of Ue, 11 to determine the glancing amplitude.
It solve L(0x,)Ueynt1 = Fev.nt1, 80 (from Lemma 3.3), we have:

Uev,7z+1 = PevUev,n-i-l + QevFe'u,n+1-
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Now, we can construct the polarized part of the glancing amplitude. As for the term of order
one, let vd = e M"%uY (v > 0). Using this and performing a Fourier transform, (74) gives:

—~ —_ —_—
—83(11% + Xvj), =ice"F, ;.

So, following the same steps as for the glancing amplitude of order one (see Paragraph 3.2.3),
we obtain:

vi(t, 2’ x) = Fua(t, 2, x) + /d ei(t’xl)'(T’")eX‘/)?;%X:O(T, n)drdn (78)
R

1
(2m)

where F’IL,Q = ﬁ fRd ei(t,z,)'(Tvn) fOX e(Xfxl)\/Yon/O ef(lex/l)\/YeﬁJ(T’n,X//)dX//dX/den.

So, to determine v (and so I19uf), it is sufficient to determine v7},—¢. Recall that from (77)
we have:
v = e Tage. (79)

Thus, it remains to determine «,,. For this, we look at the boundary condition B i1 which can
be rewritten as:

k
BZH Un+1,k), o T BU%‘X:0 + BPeUUeU,TH-l\xd:o
kel

_ E E k
=-B un+1,k:‘md:0 -B (I —1II ) un+1,k|wd:0 - BQevFev,nJrl'Xd:O
keO keT

where the right hand side term is known.
Decomposing u9 ., in terms of polarized and unpolarized part and testing against the vector
b defined in (13), we obtain:
b-B(I—1IY) quHlxzo =Gp1

where Gn,l =-b-B Z un+17k‘wd:0 —-b-B Z (I - Hk) un+17k|wd:0 —b- BQevFev,n+1|Xd:0-
keO keZ
Now, using (72) and multiplying by e™7¢, it remains:

ib- BY9Ag (0y07) |, o = e "G —ie - BY9AJL' (O)up_y, _,-

Next, using (78), we deduce that:
’L)\T(Oén) = Gmg

where Gy, 2 == e "G, 1 —ie” b - BYIALL (0)u?

n—ljx=o0 ib- BY9A4 (0xFn,2) Hence, we

[x=0"
determine «,, € H*(wr) vanishing for negative times as

1.

ay(t,x') = =~ (T7'Gnp2) (t,2).

So, we have determined the polarized part of the glancing amplitude of order n.
To conclude this paragraph, we give the following proposition:

Proposition 3.5. Under Assumptions 2.1, 2.2, 2.3, 2.4 and 2.5, for alln € N, for allk € TUQO,
there exists up , € H®(Qr), u? € Py and Uey ,, € Pe, satisfying the cascade of equations (21),
(22) and (23) at the order n.
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4 Discussion about the energy estimates
In this section, we consider the non-oscillatory initial boundary value problem

LO)u=f in Qp,
Bujy,—o =g onuwr, (80)
U|t§0 =0 on R(j_

The aim of the following is to use the geometric optics expansion to investigate what can be
the looses of derivatives for the solution to (80). Indeed because the uniform Kreiss-Lopatinskii
condition fails then such looses will happened. However for a failure of the uniform Kreiss-
Lopatinskii condition on a glancing frequency then the weak well-posedness theory is not achieved
yet and we do not have precise energy estimates yet. The existing estimates that can apply to
this framework are the ones of [11] and [10]. In [11] the result is that if the uniform Kreiss-
Lopatinskii condition fails at some order 6 > 0 (or that it satisfy the Kreiss-Sakamoto condition
of power §) meaning that we have the estimate |Bv| = 7°|v| then we have the following energy
estimate, there exists C' > 0 such that for large values of 7 there holds

1 1
7HU||2L3(QT) + ||u|a:d:0\|%g(w) <C <M||L(8)u|i[§(QT) + 72(;||Bu|scd—0|%rg(w)> ;

where for X C R the space L2(X) is defined via the norm || - lrz(x) = le™" - ||L2(x); the
Sobolev spaces HJ"(X) being defined accordingly.

In [10] it is shown that if the boundary condition is in the particular so-called conservative
form then one can recover an estimate without loss of derivatives in the interior up to the prize
of a larger loss along the boundary meaning that the estimate reads

C
Mtz @ + M=oy < = (@0 + 1BusiolZag,,, ) -

(wr
For a sake of completeness we recall that conservative boundary conditions are defined in the
following way

Definition 4.1 (Conservative boundary condition). We say that the boundary condition B €
My n(R) is in conservative form is there exists a matriz C € Mpxn(R) such that we can write

1
Aq = Re(CTB) := o (CTB + B'C).

However let us point that the link between the failure of the Kreiss-Lopatinskii condition in
the glancing area and the fulfilment of the Kreiss-Sakamoto condition and or the fact that the
boundary condition is conservative is not well-established. It seems that if the Kreiss-Lopatinskii
condition fails on a glancing mode of order k then the Kreiss-Sakamoto condition of order 1/k
is satisfied but this conjecture is left for future studies.

Before to turn to a precise statement of the existing losses of derivatives first let us point
that if one has an energy estimate for the problem (80) then it can be shown that the truncated
geometric optics expansion is a good approximation of the exact solution of u® (we refer to the
proof of Theorem 2.3 below for a precise proof of this fact (see equation (84)). This answers in
particular the question of the uniqueness of the geometric optics expansion.
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In order to investigate all the possible cases in the losses we will need the following extra
assumption already met in [3] in order to ensure the existence of suitable some outgoing mode
which can turn on the loss of derivative in the interior. Note that the existence of such modes
is automatic in the so-called W R framework studied in [9] but that they are not in the general
setting.

Assumption 4.1. We assume that there exists k € O such that b- Bker L(dyy) # 0.

Let us also mention that the results of Theorem 2.3 agree with the conjecture about weakly
well-posed problems and the failure of the uniform Kreiss-Lopatinskii condition for glancing
modes of [[6]-Chapter 7.1].

We now turn to the proof of Theorem 2.3.

Proof: We first show that if Assumption 4.1 holds then the boundary value problem (5) has
a loss of at least one half derivative in the interior. Then we show 3. of Theorem 2.3 that is
the fact that in the general framework a loss of at least one half derivative in the interior or on
the boundary occurs. In particular 2. of Theorem 2.3 (the case without loss of derivative in the
interior) is obtained as a particular case of 3. and we will omit the proof.

We assume that Assumption 4.1 holds and we argue by contradiction assuming first that
51 < % in order to show that s; > %

Let u® be the solution to the problem

L(Q)us = f¢ in Qr,
Buj, =0 onuwr, (81)
“|Et§0 =0 on Ri,

where f¢:= che s fr with k& € O the index given by Assumption 4.1.
For Ny > 0, let

No No No

€ L n i n 1,9 n i

UNg app *= E €2 E e up, L + E e2e? ud + Y eV Uy p, (82)
n=0 keZUO n=0 n=0

where the profiles (un k)nenrezuo € H®(Qr), (uf)nen € Py and (Uey,n)nen € Py are given by
Theorem 2.2.

We have, using the triangle inequality:

||u§:\fo,app||L2(QT) < ||u£];\70+2,app - u?Vo,app||L2(QT) + Hui\/g—i-Q,app - u€||L2(QT) + ||u5||L2(QT)7 (83)

and in the following we will estimate each term separately. The term ufy, 1o 4, — u° satisfies the
following problem:

L(9) (ui’o+2,app - us) = fi, inQr,

B (4,1 2.app — uf)‘xd=O =0, onwr
_ d
(u?\/'o-‘rlapp N u6)|t<0 =0 on R-H
where
€ Notl Lok
fi=c: Z ec (L(a)uNOH,k + \/EL(a)UNmLQ,k)

keZTuO
4 ec¥’ (Adaxu?vow + L’(@)U‘}’VOH + \@Ll(a)“?vow)
+ 62V (L OV o1 + VEL (Ve o2) )
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We see that || f{ | L2(.) is O(e N02+1) and || f{ || g1 (wp) is O(e Mot ). So, using the interpolation
inequalities, we deduce that || fT||L2(me1 (wr)) < Ce S5 st where C s independent of €.

Consequently,

No+1
vt 2app — 0712 (@) < ClE N a1 ony < CE 5% (84)

t,a!

Moreover, ||f¢| 2 18 O(e2) and | fE 1 £t (g 18 Ofe 2). So, using the interpolation in-
equalities, we deduce that || f*|| st (wy) < Cez—*1. Thus, from the energy estimate (16) applied
to problem (81) we obtain
S1

1w L2y < CeZ™

Finally [[ufy, 2.0pp = UNg.appllz2(r) 18 clearly O(e NOZH) ; and so, taking Ny = 0 it follows

that ) ) .
1§ ppl 22620y < C (55 g 55—31) .

Because ug ,,, = e%u& we have on the one hand [[uf 4., llz2(0r) = l[ufllz2(0r)- On the
other hand because s1 < 3 it turns out that [[uf|| 2o tends to 0 as e goes to 0, hence uf = 0.
However uf is given by (50) in which the source term G defined in (49) reads e b -
BH&“LEW:O where Hﬁul,klzdzo only depends on fj as the solution of the associated trans-

port equation. Let us point that from Assumption 4.1 the term b - BH&“LE‘IFO is non-zero. We

are free to choose the interior source term fj in order that Hﬁul’kl , 1s not zero at so do ug.
k ko=

We have a contradiction and we get s; > % as desired.

Now we turn to the proof that sy > % or So > % Once again we argue by contradiction and
assume that s; < % and s9 < %

Let u® be the solution to the problem

L(O)uf =0 in Qp,

Buj, _o=9° onwr, (85)
- d
uft <0 = 0 on RY,
where ¢° = ete’t g for some regular g, specified below, vanishing for negatives times. We

consider again the approximated solution uf, ., given by (82) and once again we will use the
triangle inequality (83) to estimate ufy, ,.,-
The term ufy, 5 4, — u° satisfies the same problem as before from which we infer that

No+1

”uj:\fo—‘rQ,app - U‘E”LZ(QT) <Ce z 7%

Now, because ||g°[| 12 () s O(e7) and 9% 1 1 (o) 18 O(s~2) so we deduce that 9% 1| z752 () <
Ce2=%2, Thus, from the energy estimate (16) applied to the problem (85) we obtain

||UE||L2(QT) < CE%_sz.

Finally [[uf, 42 app = UNo,appllL2(@r) 18 still O (5N2+1 ) Consequently? for Ny = 0:

Hug,appHL2(QT) S C (5% +E%_Sl +E%—82) . (86)

2Taking s1 = 0 in estimate (86) gives the proof of point 2. of Theorem 2.3
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g
Since u§ ,,, = e = ud, we have 146 appll L2 @) = llugllL2(@r)-

Because of our working assumption on s; and s, equation (86) implies that ||ug 4,227
goes to zero with € so that one should have u = 0. But recall that uj is given by (50) in which
the source G reads b-g. In order to make sure that it gives a non zero leading order term we can
for example set g := xb where y is some function in D(wr). Once again we obtain the desired
contradiction.

O

5 Some examples

5.1 The 2d-wave equation

We are considering the 2d classical wave equation (with without loss of generality velocity ¢ = 1)
with Neumann boundary condition:

2u—Lu=f for (t,x1,22) € |—00,T] x Ry x R,
(01U) |20 = 9 for (t,29) € ]—00,T] X R, (87)
ujp<o = (Opu)ji<o =0 for (z1,22) € R xR,

If we define U := [Oyu — Oyu — Dou, Opu + Oyu — 82u]T then equation (87) becomes

U + A1OU + A0,U = F for (t,xl, 1‘2) S ]—OO, T] X R+ X R,
BUjy—0 =% for (t,x2) € |—00,T] x R, (88)
Upi<o=0 for (x1,22) € R x R,

where we defined F := [f, f]” and

1 0 0 1
A= [O 1} Ay = [1 0] and B := [—1 1}.

We can check easily from the coefficients A; and As that the boundary value problem (88) satisfy
Assumptions 2.1 and 2.2. Moreover Assumption 2.3 is also satisfied because the problem is of
size two.

Then in such a setting the boundary condition B breaks down the uniform Kreiss-Lopatinskii
condition in the glancing area. Indeed the resolvent matrix associated to (88) is

_|—o —in
a0 =5 .
whose eiganvalues Ay (A_ being the one with negative real part) are the roots of the equation
A= o2 42,

and we can thus parametrize the stable subspace E*(c,n) := span {[fin, Ao+ O’]T} from which
we can verify that ker B N E*(o,n) = {0} for all ¥ > 0. For v = 0 we thus obtain that
the eigenvalues are solution of \> = 72 — 52 so that the elliptic region is given by & :=
{(iT,n) €€ iR x R\ |7| > |n|} and that the hyperbolic region is H := {(iT,n) €€ iR x R\ |7| < |n|}.
For || = |n| we thus have zero as a root of multiplicity two from which we deduce that
G :=0H = {(ir,n) €€ iR xR\ |7] = |n[}.
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Now fix n < 0 and choose 7 = —n for such parameters we have
11 -1
A(_nﬂ?) =1m |:1 1:| 3

from which we can read that E*(—n,n) = span {[1, I]T} = ker B so that the uniform Kreiss-

Lopatinskii condition fails in the glancing area. Moreover because dim ker B = dimE*(—n,n) =1
we are in the framework studied in this article and Assumption 2.5 holds. Indeed because p = 1
we can choose b = 1 and simple computations give that

as=n oy S -

Consequently one can use Theorem 2.2 to perform a geometric optics expansion of the solution
to (88). About the existence of such a solution we refer to [11] or [10]. Then if one applies
Theorem 2.3 because the system is of size two the expansion only contains one glancing amplitude
(and no hyperbolic outgoing modes) then Assumption 4.1 fails. So we are in cases 2. and 3. of
Theorem 2.3. However in such a configuration we have energy estimates from the work of [11]
and [10].

On the one hand it is shown in [11] that the so-called Kreiss-Sakamoto condition with power
% is satisfied meaning that

V¢ € E, Yo € B*((), |Bu| 2 v"?|v.

So that from [11] we have the energy estimate

1 1

which is sharp because of Theorem 2.2 giving another justification of the fact that the power 1/2
of the Kreiss-Sakamoto condition can not be lowered in [11].

On the other hand we can show that the boundary condition B is conservative in the sense
of Definition 4.1 (take C' = B) so that from [10] we also have the boundary estimate without
loss of derivative in the interior

C
2 2 2 2
Ml sy + Vim0l sr2y < = (MlEs0m + 19l5,)

We can apply 2. of Theorem 2.3 which shows that the index 1/2 in the norm of the right hand
side is optimal.
5.2 Linearisation of Euler equation

We now consider the linearisation of isentropic 2d-Euler equations around some subsonic outgoing
fluid. This system of equations reads

Ou+ A101u + As0su = f, for (t,z1,m2) € |—00, T] x R x Ry,
Bujy,—0 = g, for (t,z1) € ]|—00,T] x R, (89)
up<o = 0, for (z1,z2) € R x Ry,
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where the coeflicients A;, As and B are given by

0 -1 0 M 0 -1
A1 = |—1 0 0 s A2 = 0 M 0 and B := [1 b2 bg]
0 0 0 -1 0 M

in which M € ]—1,0[ stands for the Mach number and where (b2,b3) € R? are boundary pa-
rameters that can be chosen arbitrarily. It is rather easy to verifiy that the system (89) satisfies
Assumptions 2.1 and 2.2. Let us mention by the way that the boundary condition B can not be
conservative in the sense of Definition 4.1.

In [3] we can find a discussion about what are the influence of the parameters on the strong
(or weak) well-posedness of (89).

In particular the sets of parameters (ba,b3) € R? for which the Kreiss-Lopatinskii condition
degenerates in the glancing area in given by

1+ Mbs

T =< (by,b3) € RZ\ by = +
{(2 3) \ b2 —r

— Ot -
} =0, U0,
the union of these two lines constitute the parameters (bg,b3) € R? that were not cover by the
analysis of [3]. Now Theorem 2.3 ends the picture.

More precisely in order to apply this theorem we should be more precise about the fulfilment
of Assumption 4.1. In order to do so we should have a look to the stable and unstable subspaces
for glancing frequencies. Let w be an eigenvalue of A({) we thus have det(cl +ind; +wAs) =0
so that w satisfies the dispersion relation B

(Mw+0) - (Mw+0)*+n* —w?) = 0. (90)

For ¢ € Z¢ we thus always have a hyperbolic eigenvalue wy, := —% which differs from the
roots of the second term of the left hand side of (90) for glancing frequencies (it,n) € G =
{(ir,n) € iR x R\ |7| = v/1 — M2|n|}. In particular Assumption 2.3 holds.

Because p = 1, the hyperbolic eigenvalue wy, contributes to the unstable subspace and some

simple computations show that it is associated to the eigenspace E*(() := span { [07 I n]T} =

span{vy }. In order to study Assumption 4.1 we have to compute By, for 7 = ++v/1 — M?2|n| and
(ba2,b3) € Qf UQ, to fix the ideas we set 7 = £+v/1 — M2|p| and (bz,b3) € QF the other case
being treated similarly. We thus have

Bor — n(1+ bz M + b3) iftn >0,
" (=1 = bsM +b3)  ifn <0,

from which we deduce that Assumption 4.1 is satisfied for all parameters bs except for by €
{M_—El, ﬁ} So that when Assumption 4.1 holds we are in 1. of Theorem 2.3 and so the

equation (89) loses at least one half of derivative in the interior. This agree with the fact that
the boundary conditions of (89) can not be of conservative type so that the result of [10] does
not apply.

On Figure 5.2 is depicted the influence of the boundary parameters on the well-posedness of
(89). In this figure W R stands for the parameter giving a problem in the W R class studied in [5],
SU stands for strongly unstable that is problems that do not satisfy the weak Kreiss-Lopatinskii
condition and S'S stands for problem satisfying the uniform Kreiss-Lopatinskii condition.
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Figure 1: The different boundary parameters for (89).
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