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Abstract

In this paper, we present two new representations of the alternating Zeta function. We show that for any s € C this
function can be computed as a limit of a series of determinant. We then express these determinants as the expectation
of a functional of a random vector with Dixon-Anderson density. The generalization of this representation to more
general alternating series allows us to evaluate a Selberg-type integral with a generalized Vandermonde determinant.

1 Introduction

The Dirichlet eta function is defined by the following Dirichlet series, which converges for any complex number having

real part greater than 0

oo
(-p~* 1 1 1 1
)= T m T ot W

n=1

This Dirichlet series is the alternating sum corresponding to the Dirichlet series expansion of the Riemann zeta
function ((s) and for this reason the Dirichlet eta function is also known as the alternating zeta function. The following
relation holds:

n(s) = (1-2'77) ((s).



The starting point of our work is a result from [2]] (p. 456). In their paper, they show that the sum (1) can be
approximated using an array of coefficients (a, v, 1 <n < N). Let

(v~0)
N 2
def i __1\yn—1 N —n
N
Theorem 1 (Biane and al.). Fore;, 1 <1i < N independent standard exponential variables, and ®(s) > —2N

N En : S N Qp,N
£ Z n2 =sr (5) Z ns ®)

then

n=1

where the a,, N are defined by @ and

uniformly on every compact subset of C.

Remark 1. The signs of the coefficients a,, v have been modified with respect to those given in the previously cited article,
in order to obtain convergence in equation (4) towards n(s) rather than —)(s).

The second part of the theorem shows that, for any s € C the alternating Zeta function can be obtained by weighting
the first N terms of the original series which is defined only for $(s) > 0. In this paper, we will show that the weighted
finite series 7 (s) defined in (4) can be written as a determinant (section proposition. We will then show that this
determinant can be written as the expectation of a functional of a Dixon-Anderson random vector (section 2.2} theorem
[3). This result is new (up to our knowledge) and seems to show that there is a relation between the Zeta function and
the theory of random matrices.

In section 3] we give a generalization of the representations given in section [2]for general series and, by computing
the expectation of these representations, we obtain the evaluation of two Selberg integrals involving a generalized
Vandermonde determinant (theorem|6).

2 New Representations of the Alternating Zeta Function

2.1 Determinant Representation

We start with the following result

Proposition 2. With the notations and conditions given in theorem (1)) we have

1 1 1
31 0 (2N-1)!
1—s 23 22N71
112 3t RN-1)!
nn(s) = 2| - .
'_S N3 sz'\f—l
Nt 3t 2N-1)!



Proof. Leta, =n? Qn(x) = Hszl (1 — z/ay), and Py a polynomial of degree N — 1 over C[X], with the convention
Py(z) = Zgzl ¢ NT" L. An adaptation of the arguments given in annex@ shows that

Pn(z) s
ot - e Gy
i#n '

Setting = 0, we have Qn(0) = 1 and we get

N
0) =2 Zan,NPN (Tl2
n=1

We choose Py as the polynomial of degree N — 1 such that Py (a,,) = n~* forn = 1,... N. The coefficients (¢, )2,
of Py are solutions of the Vandermonde system

1 1 “e . 1 CLN 1

122 ... 22(V-D Co.N 2-¢

. . . . - : ! (5)
1 N2 ... N2N-D) CN,N N~#

The Vandermonde matrix is invertible (see annex [B) showing that the polynomial Py is uniquely determined. We are
only interested in ¢;, ;v = Pn(0). Let us denote Vi the Vandermonde matrix in (5) and V *) the matrix obtained by
replacing the first column of Viy by the right-end term.

Using Cramer’s rule, we get

1 1 ... 1
2= 22 ... 22(N-D)
N;S N2 - N2(].V71) det (V(s))
= fr— . 6
‘LN det (Viy) det (Viy) ©
The Vandermonde Determinant of Vi is
N (2 — 1)! ;N1
det (Vy) = H (j2—i2): H (j—1)(J+1) :Hj—l 7:MH(2n+1)! (7)
1<i<j<N 1<i<j<N =2 n=1
and thus, we have
IR TR
31 0 @N-1)!
2 23 22N71
25 3 0 (2N-1)!
Ci,N = .
NN N2ZN-1
Ns 3t (@N-I
ending the proof. O

Remark 2. Observe that using the expression @ it is immediate that ny(s) = 1 ifs = 0 and ny(s) = 0 if s =
—92,—4,...,—2(N - 1).

Remark 3. An alternative (and more direct) proof could have be used using the representation of the generalized Vander-
monde determinant given in lemma([3.1]



2.2 Probabilistic Representation

We observe that det (VJSIS)> (equationH) is a generalized Vandermonde determinant. Using the argument used in ([8])),

we get the following lemma

Lemma 2.1. For N > 1, let

N—1 1 9/2
5Y det 2 (1+4)
In- (7) = - & ’ ) 27 4a
N1 2 s 1+ = s 70
n=1 2n
then foralls € C,s # —2,—4,...,—2(N — 1) we have

I

1<i<j<N-1

det (V) = )/ dzl/ das .. / dey_
SFN 1(%) 22 N-—1)2

Proof. Observe first that (sF N-1 (%))_1 is defined for all N > 1 and all s € C. Next, we have

s/2
1)) - ®

N-—-1 T
w1 (n(n+

1 1 ... 1 1 1 e 1
9—s 22 22(N ) N 1 22(1+s/2) 22(N71+s/2)
—s 2 1 2(1+s/2) 2(N—1+s/2)
det (V]SIS)) — 3 3 H 7\5 1 3 3
Lo o A :
N—s N2 N (Nfl) 1 N2(+s/2) N2(N—1+s5/2)
22(1+S/2) 1 22(N71+s/2) -1
lz_v[ 1 32(1+s/2) _ 92(1+s/2) 32(N—145/2) _ 92(N—1+s/2)
= — X
n=2 ne : :
N2(+s/2) _ (N _ 1)2(1+s/2) N2(N—1+s/2) _ (N _ 1)2(N71+s/2)
f S/zdxl f 22 N 2+s/2d o
1 1
2
_ g n+s/2 f22 i f22 év o /2d$2
B RCESIE : :
N s N2 N— 2+s 2
f(N 1)2 x]\? 1dTN -1 f(N—l)2 N-1 Pdwy
P L
= nts/2 d:c1 dx2 drn_1
(n+1)®
n=1 22 N-1)2 95%21 % ?-&-5/2
1 T V2
N-1 1 N-1
2
= H nt 8/ / d:rl/ dzsy .. / dry_1 : : )
- n + 1 22 _1)2 N 9 =1
n=t 1 an- TN "
2N — 1)1 (¥ 3 N* =
— ( S) / dx, dxs . . / drn_1 H (xj — ;)
sTv-1(5) )i 2? (N-1)? 1<i<j<N-—1 n=1

LetDy_1(x;¢,a), withae = (a1, a9, ...,an),a, > 0anda = (a1, aq,. ..,
the Dixon-Anderson probability density function (pdf) over the domain Xy_1 = {a1 < 21 < as < ...

ay)witha; < as < ...
<xrn-o1 < aN}

< ap, denote



(see [3] page 138)

I‘( N ) N—1 N
Dn 1(X'a a) . Zn*1 Qn H1<z<j<N 1 H H |x o1 )
- ) bl - — n 'L .
HrJLV:I F(Oén) H1<Z<j<N(a7 - a’ Otj+041 ! n=1 i=1
Takinga = 1y (ie. oy =as = ... =ay = 1)and a, =n? n=1,..., N, we get that

H1§i<j§N—1(xj — ;)

Dn-1(x;a,a) = (N —1)! S
H1§i<j§N(.72 —i?)

(10)

isapdfover Xny_1 = {1 <z <2<...<any_1< Nz}. From the previous lemma, we obtain the following theorem
Theorem 3. Let X = (X1,...,Xn_1) be a random vector with Dixon-Anderson distribution given by @), then
N-1 s/2
1 1 X
-———E <n> — 1(s) as N — oo (11)
sTn_1 (%) LE n(n+1) ]
uniformly on every compact subset of C.

Proof. Using the expression of det (V) given in equation (7) we find the expectation given in for N fixed.
The Gamma function can be defined as an infinite product for all complex numbers z except the non-positive integers

JRp )
== 1;[
and for any s € C (the case s = 0 is handled by continuity)

2 1
i (3) o T(173)

uniformly on every compact of C. For any s € C, we have

det (V) N1 s/2
) =3 det<<12v>) - BF lH <”(’f+1>> ]

=1

and thus the conclusion of theorem[i]occurs as well. O

2.3 A Result Related to Theorem 3|

One interesting fact about the Dixon-Anderson distribution given in is that it is invariant under some linear trans-
formations. More precisely if X is a Dixon-Anderson random vector with pdf Dy (x; o, a) and (u,v) € R* x R then
Y = uX + v1ly is a Dixon-Anderson random vector with pdf Dy (x; &, ua + v1 ). Using this property we can renor-
malize the random vector X over [0, 1] by using the change of variable Y = (X — 1x5_1)/(N? — 1) giving us the

identi
" 1 (N2 — (N-n\ =[] 1 \?
s = F (;)( NIV — 1] ) ElH (Y”N?—l) ]

n=1

We have the following theorem



Theorem 4. Let 1)y (x; s) denote the application

9 (N2 — 1)(N=D) 3 [N-1 22112
;8) = E Y, — —— .
on(Es) = 5y ( NI(N —1)! };[1 N1
Then for alln € N*
1

U ms) T
and forn =0

Y (055) ~o n(s).

—> 00

Proof. The case n = 0 is a consequences of the theorem Let b, n = N2 11 form = 1,...,N and Yy_1 =

{0=b1n <y1 <beny <y2<...<yn—1<bnn =1}. Taking x = n we can compute the value of ¢ (z;s). We
have

N—1 A (N —1)! N—1 s
H ‘Yn - bn7N| 2 = / dy H (yj - yl> H |yk - mel‘ .
n=1 H (bj,n = bi,N) J¥noa 1<i<j<N-1 k=1

1<i<j<N

The integral of the right hand side is (Consider the pdf given in @) with a, = 1if k # n and a, = 1 4 s/2 otherwise)

N-—
/ dy I — Yi) H Y& — bn,N)
YN-1 k=1

1<i<j<N-— 1
T(1+3) T /2 Y 5/2
= 11 H nn =) [ (okw = bon)

F (N + ) 1<z<]<N k=1 k=n-+1

From this we deduce that when n # 1 we have
n=1 /.2 2y 1TV L2 21\ */2
Un(nys) = k=1 (” - )Hk:n+1( -n ) I'(N)
’ NI(N —-1)! I'(N+3%)
_ (NN +n)\? (V)
B n? N!(N —1)! I'(N+3%)
s/2
- (i) " o I
|an, n|n? I'(N+3)
with a,, y defined in . In the case n = 1 we find directly
s T'(N)
1;8) =N ————
wN( s) T (N—|— %)

Taking the limit and observing that ' (N + £) ~ ' (N) N*/2 as N — 400 end the proof. O



3 Averaged Alternating Random Series

3.1 A generalization of proposition [2|and theorem

let s € Cwiths # —2,—4,...,—2(N — 1) andlet u3 < us < ... < uy be an increasing sequence of real numbers in

R*. From this sequence, we define the N x NN generalized Vandermonde determinant

—s/2 9 N-1

Uy } up o uy - uy
—s/2 2 N—-1

v/ () = U2 Uz Uz v Uy

N (u) =

—s/2 2 N-1

Uy UN Uy e Uy

with u denoting the ordered vector (uq,...,u N)EI

Lemma 3.1. letu; < up < ... < un bean increasing sequence of real numbers in R*. The following hold

V]S/S/2) (u) al —1 1 U4
= 3 .
V]ETO) (ll) ngl un/2 1§1j_£N ‘uj - un|

J#n

(12)

Proof. Observe that VJE,O) (u) denotes the usual determinant of a Vandermonde matrix. Let us denote by V™ the fol-

lowing determinant

Uy u% ce uiv_l
U9 u% e ué\[71
-_n __ 2 N-—1 _
V' = |tn-1 wi_q -0 Up_7|» n=1,...,N.
2 N-1
Un+1 Upyq - un+1
Then, it is obvious that
-n _ (0)
VN = H U VN_l(ul,...,un_l,un_,_l,...,uN).
1<j<N
J#n

By looking closely at the missing products, we obtain that

(0)
_ Vi (u) ~11,(0) U

wWh= | I | = =P I 2
1<j<N Hj:l (un —uz) [ 1121 (i — un) 1<j<n Wi T Un

J#n J#n

We have thus
N A S
0 s/2 (0 /2 Y
VIS/)(U) n=1 Un/ VzS/)(u) n:luf/ 1§j§Nu] Un
i#n

As the sequence (uy, n =1,... N) is strictly increasing, the sum is alternating as announced.

O

I The reader will be aware that in section VIS,S/ 2 represented a matrix, whereas from now the notation VIE,S/ 2 (u) represents a determinant



We have the following result which generalize theorem|3]

Proposition 5. Let 0 < u; < ug < ... < uy be an arbitrary increasing sequence of positive real number, let s € C
withs # —2,—4,...,—2(N — 1) and let X = (X1,...,Xn—1) denote a random vector with Dixon-Anderson density
DN_l(X; 1N_1, ll) then

N-—1 s/2 2 N
2 NS/Q]E H Xn/ V( / ) Z H Uj (13)
sTn-1(5) Hjj_l uy/? viPw) o u:/2 1o 4 = unl

The proof follows the same steps as in lemma and is left to the reader. The reader can also note that taking

u, = n? we get the expression obtained in section 2.

Remark 4. It is clear that if the left hand side of the equation converges in some sense as N — 0o to a well defined
function in s, then this function will be equal to 1 when s = 0 and equal to 0 when s = =2k, k € N*.

Finally we note that a similar lemma have been proved in [2] using exponential random variables

Lemma 3.2. For (g,,,1 < n < N) independent standard exponential variables, and uy, us, ..., un an arbitrary sequence
of numbers all distincts and strictly positive, if R(s/2) > —N

3.2 A family of joint density probability
Let u € RY and x € RV ~! be two interlacing vectors in the sense that they lie in the region X'}, defined as
X]/VZ{O<U1 < <us<...<uny-1<ITN-1 <uN}.

Let g denote a positive function over Ry to be precised hereafter. We define a joint density probability over X}, by
putting

N
ot = S0, 60 10w [T o)
n=1
N
= DN71(X;1N71,11)57N( (O) )21—[ (14)

It is quite evident that if (X, U) are two random interlacing vectors with such distribution, then the distribution of X
conditional to U = u is a Dixon-Anderson random vector of density Dy _1(x;1x_1, u). The marginal distributions
of X and U are obtained by integrating the probability density function with respect to u and x respectively.
Integrating with respect to x, we find that the density of U is

fut) = 5 (VA )ngn (15)

over the domain Uy = {0 < u; < ug < ... < uy}. Note that, as fy is invariant under permutation, we have

Zn:/ooodm.../o dun(V(O ) ngn



assuming the integral exists. Thus if (X, U) are random vectors with joint probability density function and s #

—2,—4,...,—2(N — 1) then it follows from identity given in that
9 N 1X7§/2 V(s/2) U
- NS/Q]E HN '2 NO ( ) (16)
S]'—‘Nfl (5) Hn_l U;/ VJS/' )(U)

assuming again that the expectations involved in this equality exist and are finite.
There is two obvious choices for g allowing us to compute theses expectations: the Jacobi ensemble and the Laguerre
ensemble.

3.2.1 The Jacobi Ensemble

We set g(u) = u* (1 — u)" W (g,1)(u) with a,b > 0. In this case, the distribution of U conditional to X = x is a
Dixon-Anderson random vector of density Dy (u; (a, 1y—1,b), (0,%, 1)) and the marginal distribution of U is a Selberg
density Sy (u;a,b, 1) (see [4]) with Sy (u; a, b, \) given by

N O b1
SN b, A — (1 —wuy)
(u;a,b,\) = Sn(a bV ( > nl_llu u (17)

when supported on Uy = {0 < u3 < us < ... <uy < 1}. Sy(a,b, A) denotes the Selberg’s integral formula (see [,
chapitre 8. We choose the definition given in this reference rather than the one given in [4]). We have thus

N-1
C(a+n)T(b+n)(2+n)
Zy = 1) =
N = Sn(a,b,1) };[O T(atb—1+N +n)

Integrating with respect to u gives the marginal density of X

— 1)V a
e = G s (W) T ey

n=1

_ (N -1 yo
T Syoa(a+1,b+1, 1)( ) Hm 1—a,)" (18)

i.e. the marginal density of X is the Selberg density Sy_1(x;a + 1,b+ 1,1) supported over
Xn_1 :{0<$1 <o <...<xnN_1 < 1}

3.2.2 The Laguerre Ensemble

We set now g(u) = u®~te /b , o) (u) with a,b > 0. The joint density of (X, U) can be obtained as a limit of the
Jacobi ensemble case by changing variables u,, = v, /L, ,, = yn/L, replacing b — 1 by L/ and by taking the limit
L — oo. We have in this case

. Sn(a,L/0+1,1) (a+N)N R o3
Zn =Wn(a,0) = Jim L@t NN =0 110 I(a+n)(2+n).
The marginal distribution of U is a Laguerre density
N
NI
L(uw;a,l) = ——— ( ) H @p=un/0

WN(CL 0)

n=1



supported on Uy = {0 < u3 < uz < ... < uy < 1}. Integrating (14) with respect to u gives the marginal density of
X
N—1
(N = DIN! ST Iy
fX(X,CLH) = WGQ-‘F F(a) (Vjile(x)) .'L'gle on/

n=1

o (N_ 1)' (0) 2N71 R
= W@t 10 (VNfl(x)> IT ze/? (19)

n=1

i.e. the marginal density of X is a Laguerre density Ly _1(x;a + 1,6).

3.3 Main Result

Theorem 6. Let a,b,0 > 0 and R(a — s/2) > 0 and let U be a random vector of R™. If the distribution of U is the
Selberg density Sy (u;a, b, 1) supported on Uy = {0 < w3 <ug < ... <uy < 1} then

vy 2N2 T(a+b—14+N) T(a—3%)
V]SIO)(U) sTy-1(s)T(a—5+b—1+N) T(a)

If the distribution of U is the Laguerre ensemble density L(u; a, 0) supported onUy = {0 < uq < ug < ... < upn} then

v 2 (N)S”P(a—;)
viQw) | sTn-a(s) L(a)

0

Proof. We have

s/2 N—-1 s/2
vy (U) sTv-1(3) [T Un

N2 NN 1) [T e x
- SFN 1 (E) ZN X7 HN = us/2 Vlsfoll(x) V]S/'O) (u) H g(un)dudx
N 2 N n

n=1 n=1
We integrate with respect to u. In the Jacobi ensemble case, we get
s/2 s s
g W) e NMV—1)t T(a-$)T(0) / (V2,60 Hw 1)
VOW) | T T (3) Sn(ab ) Tla— 40— 1+ 8) Jy, (A
2N3/2 N! I(a—3%)T(b)

Sn- 1,b+1,1
SFN—l(%)SN(a7b71)F(a—§—|—b_1+N) N 1(a+ + )

giving after some elementary simplifications the announced result. The Laguerre ensemble case can be obtain either by
integration, or by replacing b — 1 by L/ and by taking the limit L — co. We let the details to the reader. O

Finally, we have the following corollary

Corollary 7. Leta,b,0 > 0 and R(a — s/2) > 0. Then

1 1
/ duy .. / dunVJS,s/Q) VIS,O) H upy 1 (1- un -1
0 0

_ 2N*/2Sy(a,b,1) T(a+b—1+N) T (a—3)
sI'n_1(s) I‘(af%erflJrN) I'(a)

10



and

o] o) N
/ dus ... / du Vi (Vi (w) [ gt eme/?
0

0 n=1
2(a+N)N (N)S/2 T(a—3%)

N—-1
= 1;[0 [(a+n)0(2 +n)m

4 Conclusion

It is well-known, even if it is not well understood, that there is a connection between the random matrix theory and the
Zeta function. For example, Keating and its co-authors ([5]) successfully use the characteristic polynomials Z(U, ) of
matrices U in the Circular Unitary Ensemble (CUE) to study the behavior of the correctly renormalized integral

T
/ 1C(1/2 + it)[*Xat
0

Our work seems to be a first step in explaining this connection. The Selberg integral plays a fundamental role in the
theory of the various /3-ensembles (see [3]) and the Dixon-Anderson probability distribution function is an intermediate
step to the Selberg’s integral evaluation.

We hope that the results presented in this article will pave the way for a deeper understanding of the links between
these two fields.
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A Partial fraction decomposition

Let Q be a polynomial of degree N such that Q(z) = [

neq (@ —xy) witha; # xjifi # jandlet L, (z),n=1,...N
denote the Lagrange’s polynomials

N r — Ty
L) = 11 =0
j=1,4#n """

If P is a polynomial of degree strictly less than IV then by the Lagrange interpolation formula, it can be written as

N
P(z) =Y P(zn)Ln(x).

From this, we deduce the partial fraction expansion of P/Q

Pr) & Lo(z) <~ e
ot~ 2P Ge T X,
with
t o P(zn) _ P(z,)
T (e — ) Q)

B Inverse of the Vandermonde’s matrix

The proof of this formula can be found atht tps : / /proofwiki.org/wiki/Inverse_of_Vandermonde_
Matrix and is proposed as Exercise 40 from section 1.2.3 in [[6]]. Consider the Vandermonde’s matrix

1z 23 - xf[—l
1 @y 3 - xévfl

Vn(zi,..ozn)=|. . . ) ) (20)
1 zn :17?\, x%_l

Assume x; # x; if ¢ # j, then the Vandermonde Determinant of Vi is

det(VN(l'h...,{L‘N)): H (:I:j—mz);«éo

1<i<j<N

Since this is non-zero, the inverse matrix, denoted W = [wj;], is guaranteed to exist. Using the definition of the matrix

product and the inverse matrix
N

k—1 s
g T Wey = 05

k=1
For 1 <n < N, if P, (x) is the polynomial

N
P, (z):= Z Wi
k=1

then P, (21) =0,..., Py (2p—1) =0, P, (x5,) =1, Py (¥n41) = 0,..., P, (x5) = 0. By the Lagrange’s interpolation
formula, the nth column of Wy is composed of the coefficients of the nth Lagrange basis polynomial

12


https://proofwiki.org/wiki/Inverse_of_Vandermonde_Matrix
https://proofwiki.org/wiki/Inverse_of_Vandermonde_Matrix

ol ZT T
_Z k=1 _ H Y
k=1 1<j<N"" J
i#n

We can identify the terms w;; by expanding the product. In particular, setting x = 0, we get that the constant of the

polynomials are
e s
W1p = H 7_'7 ‘: H 7_‘7 s n:1,...,N.
LGN T T Gen T T
i#n i#n
C An other determinant representation

In this part we will show the following result:

Proposition 8. ifs # 0, then

1+ 2 ~1 0 0
A2, N
A2 N A2, N
YR L+ A3, N 0
1 0
nn(s) = B (21)
0
1+ iN—Z,N 1
Xij;lz\er AN-1,N
0 - /\N,z\yf L+ AN,J\}

with A;lN =2a, n(n"° —1).

Proof. Let Wy denote V!, then |V]£,S)WN| = |VIS,S)| x [Wn| = |VJ£,“") |/|Vn|- Some elementary algebra shows that
V]E,S)WN is equal to the matrix

1 0 0 0
w11(275 — 1) 1+ w12(278 — 1) ’LU13(27S — 1) C wlN(275 — 1)
V]E[S)WN _ ’11}11(37'S — ].) 11)12(375 — ].) 1+ ’U.)lg(?)is — ].) Ce wlN(?)’S — ].)
’LU11(N_S —1) ’U)lQ(N_S —1) wlg(N_s —1) 1+’LU1N(N_S — ].)
Appendix [B|reveals that w1 ,, = 2a, y forn =1,..., N.If s = 0, we get the identity matrix as expected, otherwise if
s # 0, nn(s) can be written as
1
14 S (=T 1 1 e 1
N 1 14+ 55— 1
1 2a3,N(3 -1
nn(s) = 5 H 2a, n(n”° —1) : S’I.V( ) : (22)
n=2 . . :
1 1 o1+ |

2(LN1N(N75—1)
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Setting A\ = 2a,, y(n~* — 1) and using Gaussian elimination metho we get

1+>\ng 7)\27]\/ 0o ... 0
XN AN+ AN - 0
N . . .
1 _ 0
n=2 : . . . . 0
0 “oAN—LN FAN—2N —AN_1,N
0 0 _)\Nfl,N )\Nfl,N"‘)\N,N
ending the proof. O

Remark 5. It is tempting to find a condition on the coefficients of the determinant in order to find when it is zero.
Lemma is equivalent to ny (s) = 0 if and only if 2 2522 an NN~ —1)=—1. As 25:1 an,N = 1/2, this equality
can be rewritten ZQLQ Gn, NN~ ° = —aq N which is not really helpful !

Assume s # 0, then, setting Ag vy = 0, A; ;v = 1, the determinant appearing in equation can be computed
using the recurrence relation

An— An—
Ap N = (1 + \ I’N) Ap_1 N — 3 LN Apon, n=2,...,N D)

n,N n,N
with the convention A\; y = 1.

Proposition 9. Let

1 An—
and BnNzil’N, n=3,...,N
’ )\n,N

B, N

Ao, N

and let AmN denote the solution of the recurrence equation @) with initial conditions AO,N =1 and ALN = 0. Then (see
[Z], p. 15 for the continued fraction representation) forn = 2,..., N, we have

n—2 n
AN =14 Bup...a=14+> N, n=2...N,
k=0 k=2

and

n—2 n
An,N:_Zanlv”ﬂQ:_Z)\;jv, n=2,...,N.
k=0 k=2

Thus Ax,n = 2nn(s), AN7N =1-2ny(s) and

1 1-fBon1l—0Fsn  1—0Bn-1n

=1 .
20N (s) Bo,N+  Ban+ BN.N

D About the rank of a class of matrix

Lemma D.1. If A is a K x K matrix with coefficients a;; = 1 if i # j and a;; = 1 + A; with A; # 0 otherwise, then
|A| = 0 if and only lefil Nl =1,

2From last rows/columns to bottom: (cxy—1 — cN—2, IN—1 — IN—2, CN—2 — CN—3., C1 — C2, 11 — l2)
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Proof. |A| = 0 if and only if there exists K numbers (aq,...,ay) such that for some i, a; # 0 and such that
Z;.V:l ajA? = 0, where A7 denotes the jth column of A. Thus we have

K
ai)\i:_é aj, iZl,...7K.
j=1

By assumption, all \; are different from zero and for some i € {1,..., K} there exists o; # 0. This implies first that
Z;il o; # 0 and second that in fact all «; are different from 0. We get the identity

—o; 1

Zf:1 Qj A
Summing we obtain the announced result. O
Lemma D.2. Let A is a K x K matrix with coefficients a;; = 1 ifi # j and a;; = 1 + X\; with A\; # 0 otherwise. If

S=1+ Zf(_l PP # 0 then B = A~ exists with coefficients b;; = —ﬁ ifi # j and b;; = )\i — 51\2 otherwise.
= iNj K i

Proof. Let S; = Zfil b;j, if B7 denotes the jth column of B, identity AB’ = ¢; show that

Sj+Xbi; = 0 ifi#j
S;+XNby; = 1 otherwise.

Thus b;; = —S;/Aiif ¢ # j and b;; = (1 — S;)/A;. Summing and equating, we find that S; = 1/(S\;) giving the
announced result. O

15



	Introduction
	New Representations of the Alternating Zeta Function
	Determinant Representation
	Probabilistic Representation
	A Result Related to Theorem 3

	Averaged Alternating Random Series
	A generalization of proposition 2 and theorem 3
	A family of joint density probability
	The Jacobi Ensemble
	The Laguerre Ensemble

	Main Result

	Conclusion
	Partial fraction decomposition
	Inverse of the Vandermonde's matrix
	An other determinant representation
	About the rank of a class of matrix

