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Stable model reduction for linear variational
inequalities with parameter-dependent
constraints

IDRISSA NI1AKH *' GUILLAUME DROUET *, VIRGINIE EHRLACHER ¥, ALEXANDRE ERN f#

Abstract. — We consider model reduction for linear variational inequalities with parameter-
dependent constraints. We study the stability of the reduced problem in the context of

a dualized formulation of the constraints using Lagrange multipliers. Our main result is
an algorithm that guarantees inf-sup stability of the reduced problem. The algorithm is
computationally effective since it can be performed in the offline phase even for parameter-
dependent constraints. Moreover, we also propose a modification of the Cone Projected
Greedy algorithm so as to avoid ill-conditioning issues when manipulating the reduced
dual basis. Our results are illustrated numerically on the frictionless Hertz contact prob-
lem between two half-spheres with parameter-dependent radius and on the membrane
obstacle problem with parameter-dependent obstacle geometry.

Keywords — model reduction, variational inequalities, reduced basis method, contact problem,
obstacle problem, inf-sup condition.

1 Introduction

Model reduction is a method for reducing computational costs by approximating a high-fidelity (HF)
parameter-dependent model that is computationally expensive by another model that is much cheaper
to solve; see [30, 31, 28, 34, 3, 12] and the more recent textbooks [23, 32]. The principle is to organize
the calculations in a first offline phase which is a learning phase where expensive calculations are
carried out on the HF model for a small number of values of the parameter drawn from a training set.
The output of the offline phase is used to build the reduced-order model. Then, in the online phase, a
large number of new instances of the parameter are considered for which the reduced model is solved
instead of the HF model. Such studies are often carried out, for example, in the context of model
calibration, where the aim is to find the optimal value for certain parameters so that the results of
numerical simulations are as close as possible to those of the experiments.

The work developed herein is concerned with model reduction for linear parameter-dependent vari-
ational inequalities [20, 18, 36]. These inequalities are, for instance, encountered in several problems
in computational mechanics [25]. As example of applications, we will study the frictionless Hertz
contact problem [22, 35] and the membrane obstacle problem [16, 17, 24, 29, 19]. We are particularly
interested in the case where the problem is formulated by introducing Lagrange multipliers. This
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formulation leads to a so-called primal-dual strategy, whereby reduced bases are created for both the
primal and the dual variables.

A first possibility in the primal-dual context is to generate the primal and dual reduced bases
in a decorrelated manner. This is for instance the case in [7] where, after sampling pairs of primal
and dual solutions for parameter values taken from a training set, the Proper Orthogonal Decompo-
sition (POD) [13, 26] is used to compress the primal basis and a Non-negative Matrix Factorization
(NMF) [27] is used to compress the dual basis. Let us also mention [15] where a hypereduction method
for contact problems is proposed. Instead of the NMF, one can also consider the Angle Greedy [20, 11]
and the Cone Projected Greedy (CPG) [9] algorithms for the compression of the dual basis. However,
whatever the compression technique, if the primal and dual reduced bases are generated in a decor-
related way, the stability of the reduced problem is not guaranteed a priori. Specifically, it cannot be
guaranteed that the resulting reduced bases are such that the operator associated with the constraint
satisfies an inf-sup condition for the reduced primal and dual spaces.

In order to satisfy this inf-sup condition, a strategy for constructing the reduced primal basis
according to the reduced dual basis has been proposed in [20]. The idea is to complete the reduced
primal basis with as many functions as there are in the reduced dual basis, each of these functions being
determined by a maximization problem in order to control the corresponding element of the reduced
dual basis. These functions are often called supremizers [8, 2|. In the case where the constraints are
parameter-independent (which is the case in [20]), the completion of the reduced primal basis can be
calculated only once in the offline phase. However, in the case where the constraints are parameter-
dependent, the supremizers become parameter-dependent so that the reduced primal space has to be
constructed during the online phase. This considerably reduces the efficiency of the online phase. An
example of this situation is the frictionless contact problem between Hertz spheres, even under the
assumption of small deformations, when the radius of one of the spheres depends on the parameter.

In this paper, we propose a strategy to approximate the parameter-dependent primal space ensur-
ing inf-sup stability by a parameter-independent space. This latter space can thus be constructed only
once in the offline phase. In addition, we establish a criterion to be checked during the construction
in the offline phase so as to guarantee uniform inf-sup stability condition for the reduced problem
(at least for all the parameters in the training set). We also develop a modified version of the CPG
algorithm inspired by [6] in order to build a cone with a wider aperture, leading to better approxi-
mation properties compared to the ones provided by the plain CPG algorithm. This modification is
instrumental in order to avoid ill-conditioning issues when manipulating the reduced dual basis.

The rest of this paper is organized as follows. In Section 2, we introduce the mathematical
framework for parameter-dependent variational inequalities. Then, we formulate the reduced model
in the standard cases where the reduced primal basis is decorrelated from the reduced dual basis or
enriched by parameter-dependent supremizers to be computed online. In Section 3, we present our
main result, namely the strategy to achieve stability by enriching the primal basis in the offline phase.
In Section 4, we describe the new version of the CPG algorithm to enhance the aperture of the cone
associated with the reduced dual basis. In Section 5, numerical results illustrating the efficiency of
our approach are reported for the frictionless Hertz contact problem between two half-spheres with
parameter-dependent radius and the membrane obstacle problem with parameter-dependent obstacle
geometry. In future work, we plan to extend our work to the case of nonlinear problems such as the
contact problem under large deformations and the contact problem with Coulomb friction.



2 Setting

2.1 High-fidelity model

Let V and W be two finite-dimensional high-fidelity (HF') subspaces typically resulting from the finite
element discretization of some Hilbert spaces. We denote by (:,-),, (resp. (-,-),,) the inner product
equipping V (resp. W) and inducing the norm || - ||,, (resp. || - ||,,,). We denote by V' the dual space of
V equipped with the duality product (-, '>v’,v’ and by || - ||V, the associated norm. Let W C W be a

positive cone containing 0. Let D € R™,m € N" := N\ {0}, be the parameter domain. We consider
two uniformly bounded bilinear forms a(y;-,-) : V xV — R and b(p;-,-) : V x W — R for all u € D,
and two uniformly bounded linear forms f(u;-) : V — R and g(u;-) : W — R for all u € D. We assume
that a(y;-,-) is symmetric and uniformly coercive for all y € D. We consider the following well-posed
constrained minimization problem: For all u € D, find u(u) € V such that

1
u(je) = argmin Sa(0,v) = f(5;0), (1)
veK(p)

where the admissible set is defined as

K(p):={veV |bluv,n) <glun), YneW}, (2)

and is assumed to be non-empty for all p € D.
We denote the boundedness and inf-sup stability coefficients of the bilinear form b(y;-,-) with
respect to the high-fidelity pair (V, W) as follows:

b(p; v, 1) : b(p; v, 1)
Cyp (1) := sup sup— ————, Bur (@) == inf sup————"—. (3)
- newt vey HUHVHT/HW e neEWY vey HquHnHW

By the above assumption on b(u;-,-), there exists a real number Cy such that ¢y, (1) < Cp for all
p € D, and we additionally assume that the HF pair (V, W) is such that

38, >0, VueD, PBys(p) =06, >0. (4)

One possibility to solve the optimization problem (1) is to use a dual formulation. Let L(y;-, ) :
VY x WT — R be the Lagrangian associated with (1) and defined as follows: For all p € D,

£ v,m) 1= 5o v,0) = fps0) + b o,m) — gluim), ¥ (0,m) €V x W, )

Then, for all y € D, we can rewrite (1) as the following saddle-point problem: Find (u(u), A(p)) €
VY x Wt such that

(u(1), A1) = axg min max £(v,7). (©)
veY newt

Owing to the above assumptions (in particular (4) and the coercivity of a(y; -, -)), the pair (u(u), A(p)) €
VY x WT is uniquely defined and can be found as the critical point of the Lagrangian £(u; -, ) by solving
for all p € D,

{a(u; u(p), v) +0(ps v, M) = f(usv), Vo€V, @)

b(psu(p),n) < glpsm), Vnewt.



2.2 Decorrelated model reduction

Let P € N” and let us consider a family {(u(u,), Ap,)) Ypeqi:py €V x W of solutions to (7) which
are computed by using a training subset Dirain := {1, }pe (1:p} C D of cardinality P. In practice, the
sampling of the parameter domain can be driven by a posteriori error estimates, as in [20, 5, 36]. Let
us set

V .= Span({u(p,)}peq1:ry) CV, W = Span™ ({\(u,)}pegr.py) C W, (8)

where, for an arbitrary family {Hq}qe{le} C Wt with Q € N*, Spant denotes the positive cone
generated by setting

SpanJr({aq}qe{liQ}) = { Z Oéqeq, (au'” 7aQ) € Rg} (9)
qe{1:Q}

Given a positive real number d,,, > 0, one can construct using POD an orthonormal family of N € N

POD
(N < P) elements of V,

{vn}nE{I:N} = PDD({U(MP)};)G{LP}; V, 5?013)?

such that

Vy = Spa’n({vn}ne{lzN}> cV, (10)

N

< > v - H5N><u<up>>u3)

pe{1:P}

( > \|U(Hp)||3>
pe{1:P}

where H7Z" denotes the projection onto a generic closed convex subset Z of the generic Hilbert space H
(H’Z" is the orthogonal projection if Z is a linear subspace) and 1" denotes the identity operator in H.
Moreover, given a positive real number §,, > 0, one can construct using the CPG algorithm a subset
X breqr:ry of {A(1,) }pef1.py composed of R € N" (R < P) vectors of WT,

€pop (N> =

S 6P0D7 (11)

{XT}TE{I:R} = CPG({)‘(#p)}pe{lzP}; W, 5CPG>?

satisfying
Wi = Span* ({x, }repimy) € W, (12)
max [[(Y =TV, ) (A(g,))y
L pe{1:P} R <
eCPG(R) T max H/\(:U' )H — YCPG* (13)
pe{1l:P} P

For all p € D and N, R < P, we define

. b(p; v,
5]%?;(/1) = inf sup )

7 (14)
nEWE veVy HUHV HnHW

where the superscript refers to the decorrelated construction of the reduced bases. Since the primal
reduced space V), and the dual reduced cone W; are constructed in a decorrelated manner, we cannot
guarantee that 6]%6; (1) > 0 for all u € D, i.e., the pair (V,,, VVR+ ) may not satisfy an inf-sup condition.
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2.3 Online enhancement of the reduced primal basis

A strategy for enriching the reduced primal basis in order to achieve inf-sup stability has been proposed
in [20]. The idea is to complete the reduced primal basis {v, },e(1:n} With as many functions as there
are in the reduced dual basis {x, }ref1:r}- To this purpose, one proceeds as follows: For all x in D,
one defines the operator T(u) : W — V such that

T(p) = J o By (), (15)

where J : V' — V is the Riesz isomorphism between V' and V and where the operator B (1) : WH —
V' is defined such that

(B (1)(n),0) , :=b(;v,m), V(v,n) €V x W, (16)

vy

Then, for all 1 € D, the enriched reduced primal space V" (1) is defined as

Vi) i=Vy + 85(u) €V, Sgp(p) = Span({T(u)X, }reqi:ry)- (17)

The superscript refers to the online construction of the enriched basis. The main motivation for (17)
is that it ensures that the bilinear form b(y;-, ) is uniformly inf-sup stable with respect to the pair
(Vor (), W), i.e., we have

on . b(p; v,
VpeD, A= if  sup —UEUT 5g g S0, (18)
W B eved o Tolly Tl

Indeed, for all n € W, we have

b | MsT0)) _ ITEIE
et Tl = Tl Tl e
T B D)y = 1Bran DI, > B ()l (19)

In the case where the operator B, is parameter-independent, the space V" is also parameter-
independent. This space can thus be constructed once and for all in the ofﬂme phase, as in [20].
However, when the operator B, () is parameter-dependent, the enriched space V]\?ﬁ;@( ) shares the
same feature, and thus has to be constructed in the online phase, which is computationally inefficient.
We overcome this problem in the next section.

3 New stable model reduction

In this section, the reduced subspaces V,, and W obtained respectively by (10) and (12) are fixed.
Our goal is to construct a parameter-independent subspace of V that provides a sufficiently accurate
approximation of V" () for all u € D to preserve inf-sup stability. The crucial advantage is that this
parameter-independent subspace can be constructed once and for all in the offline phase. The idea is
to approximate the linear space

Sp = + SR(:U)7 (20)

by a subspace Sred C S,, so that the bilinear form b(y;-,-) is inf-sup stable with respect to the pair
(Vy + Sred W*) for all g € Dirain. We will see in our numerical experiments that it is possible to
achieve thls property by a proper subspace Sred C S, having a much smaller dimension than S,. To
realize this strategy, we rely on the following theoretlcal result which gives a sufficient condltlon on a
subspace S of S, to guarantee the above inf-sup stability.



Proposition 3.1. Let S be any finite-dimensional subspace of S,. For all p € D, we define

o) = swp [V =T )@y = 10V =T, )ls, 0l
vESL (1)
llolly, <1

and the boundedness constant

b(p;v,m)
cs(p) :== sup sup —— < C,.
° newt veVy+SuG+s lolvlnlhy =

For all p € D, if

Bar (1)

os(p) < e (1)

then the following inf-sup condition holds:

b(w;v,m) B () = Bn (1) = cs(m)os (k)

> 0.
L+ og(p)

inf sup =
nEWI'g veEV+S HUHV HnHW

(21)

(22)

(23)

(24)

Proof. Let € D and let n € W with [|n]|,, = 1. The inf-sup stability of b(u; -, -) with respect to the

pair (V" (1), W) (see (18)) implies that there exists v, € Sy () such that

b(p;v,,m) > 1, BurWlv,ll, < 1.

Letting u, := H5N+S(v,,), the definition of o (u) implies that

v —u |, =1V =11 v < sup Y — 1Y V)|, = o5 (1) )
v, —u,ll, = lI( v +s) ()l o II( ve+s) ()l Bon (1)

838 p (vl <1
On the one hand, we have
b(p; w, ) = bl w, —v,,m) + b(w; v,,m),
and the definition (22) of ¢, (p) implies that
[b(; w, = v, )| < es (Wl = o, Il Inlhy = cs(Wllu, —v,ll,.-
Hence, recalling that b(u;v,,n) > 1 owing to (25), we have

b(p;u,,m) = b(p;u, —v,,n) +b(p;v,,n)

cs (1)
ﬁzcx)/r,lR (1) Os (1),

where the last bound follows from the inequality (26). On the other hand, we have

Gs(u)+ 1 1+o4(p

gL () AR, (w) B ()

Z 1_CS(IU’)||U7] _UnHV Z 1-

HUTIHV S an - un”V + ||/U'r]||\/' S

We conclude that

b(p;u,,m) Bs (1) _cs(p) ) B Brr () = cs(p)og(u)
Tl = T+ 0500 (l B 07 ) = T e

> 0,

(25)

(26)

where the last bound follows from the assumption (23). Since u, € V,, + S, this implies the inf-sup

condition (24).

O]



Using the result of Prop. 3.1, we design in Algo. 1 a so-called Projected Greedy Algorithm (PGA)
that, given a training subset Diyain C D, the vector space V,, and a tolerance § > 0, returns a
subspace S™¢ C S, such that

Sup o red (/’L) S 5 (27)
,LLEDtrain SR

Notice that since s, (1) = 0 for all p € D, it is possible to construct a subspace S;ed of S}, satisfying

(27). Our numerical results presented in Section 5 indicate that it is reasonable to expect that S;ed
has a (much) smaller dimension than S,. In practice, the space S;ed is constructed in a progressive
way by means of a greedy algorithm. The PGA algorithm involves the following two main steps at
iteration n:

o seek the parameter u, by solving an eigenvalue problem (line 2 and line 9).

o seek the supremizer ’UT(j_)l € S, (u,) that enriches the basis by solving a linear system (line 5).

Algorithm 1 PGA: Projected Greedy Algorithm ’ PGA(Dtrain,VN,5>

Require: Diyain C D: training subset
V, CV: primal reduced space
0 > 0: tolerance
Ensure: S: subspace of S,

1. 0= {0}
2: p, € argmax o, (i)
,U«EDtrain
3:n:=0
4: while o, (p,) > 6 do
5: vglﬁl = argmax ||(IY = II} L) (v)]],
vESE (kn) N
llvlly, <1
o= (I )l
2
T Un+1 = 1();)4—1
””n+1Hv

Sntl = S + Span{v, ., }

9 p,., €argmax o, (1)
}LGD\:rain

10: m=n-+1
11: end while
12: return S := S"

In conclusion, given a tolerance d,,, > 0 small enough so that (23) is satisfied for all © € Diyain,
we define the enriched primal reduced space V]f,’f; as follows:

574 := PGA(Dtrain, Vi, Gren) C Sp C V, (28)
Vol =V, + 554V, (29)

The superscript refers to the offline construction of the enriched reduced primal basis. For all y € D,
we define

: b(ps v, m
ﬁ;ﬁR(u) = 1nf+ sup Q
A= s v Tl Tl

(30)



Notice that we only guarantee that ﬁ]"VﬁR (1) > 0 for all g € Dyrain- It is reasonable to expect inf-sup
stability for all 4 € D if the training subset is sufficiently rich.

4 Modified CPG algorithm

In this section, we propose a modified version of the plain CPG algorithm inspired from some ideas
in [6]. The goal is to promote the generation of a cone having a larger aperture than the one built
by the plain CPG algorithm. Indeed, a problem that arises numerically when working with a positive
cone is to be able to generate a basis such that the corresponding Gram matrix is as well-conditioned
as possible. In practice, one has often to deal with bases composed of vectors which are almost
collinear. In this context, ill-conditioning issues can arise, in particular where performing projections
onto the cone. To overcome this difficulty, it is not possible to perform an orthogonalization process
(such as Gram-Schmidt) since this would lead to a departure from the positive cone WT. Instead,
one possibility is to promote the aperture of the cone produced by the plain CPG algorithm.

Specifically, we introduce the mCPG (modified CPG) algorithm (see Algo. 2) which, given a set
of @ € N” vectors 10, Yeeqi:Qy of W, and a positive real number §, produces a set of R € N' (R < Q)
vectors of W,

{v, }reqiry == mCPG({0, }geq1:p; W, 9),

satisfying

WE = Span+ ({VT}TE{I:R}) - W+7 (31)

qg{%}ll(lw —I04) (00)
Caorc (12) 1= max |0, ]| <. (32)

gefty Y

Remark 4.1 (Cone aperture). For all n € N, we have Span* ({0, }ne{m}) C S’pan"“({yn}ne{m}).
Indeed, reasoning by induction, since we have v, := Hee‘“_ T|| with Y € K_ |, we infer that

a iy

6‘17‘ = Haqr - Tr w X v, + Tr € SpanJr({l/”}ne{l:T}).

Remark 4.2 (Proper termination). In the mCPG algorithm, we observe that line 10 is only executed if
[V =T1 (0, )l
— =0<d.
164, 1)y
This means that we do not continue the loop since the condition e, , > ¢ is not satisfied.
Remark 4.3 (Comparison). The main difference between the CPG and mCPG algorithms is that at

0
each iteration r > 1, the CPG algorithm does not execute line 9 and simply sets v, = ﬁ
qr lIWw

the mCPG algorithm computes v, as a member of W (in fact of Span™ ({0, }ne{lzr})). We will show

v, #0. Indeed, if », =0, then §, =T,k € K, | and consequently e, , =

. Instead,

in the numerical experiments of Section 5 that the mCPG algorithm has the advantage of providing a
set of vectors whose Gram matrix is better conditioned compared to the one obtained with the CPG
algorithm. This property comes from the fact that at iteration r of the mCPG algorithm, the element
r of the basis is constructed by removing all the information contained in the basis constructed at
iteration r — 1. Figure 1 presents an illustration of how the CPG and mCPG algorithms operate on
the first two iterations.

5 Numerical results

In this section, we numerically illustrate our theoretical results on the membrane obstacle problem
and on the frictionless Hertz contact problem. In both examples, we compare the computational



Algorithm 2 mCPG: modified CPG algorithm ‘mCPG({Hq}qe{LQ};W,(S)

Require: {0 },c1.01,Q € N : set of vectors
W : Hilbert space
0 >0: tolerance
Ensure: {v, },cmp CWHR<Q

1: r:=0
2: ]0 =0
3: KO = {0} cwt
4: e, =1+ 0
5t g, = argnax |6,
qe{1:Q}
6: while (e, >4) and (r < @) do
7 or:=r—+1
8 I :=1_,U{q}
9: T := argmin 6, =71l
TeK, N0, -w+)
. N M
102 V= g, = T

11: K =K, ,+ Spant{v,}

107 =TI )(09)llyy

12:  q,,, ‘= argmax T
ae{L:QN\Ir vy
17V =11 (6, I
13: e, = e g1 LW
v 104y llyy
14: end while
15: R:=7r

16: return {v, },c(1:ry

performance of the different methods for building the reduced primal space (decorrelated, online and
offline) and the reduced dual basis (CPG and mCPG). The HF computations use a combination of
Freefem++ [21] and Python, whereas the algorithms presented herein have been developed in Python
using the convex optimization package cvxopt [4].

5.1 Membrane obstacle problem

In this section, we study the membrane obstacle problem. We consider a square, elastic membrane
Q C R? of side A = 1m, located at some distance from an obstacle represented by a circular sub-domain
w(p) C Q of radius r := py and centre ¢ := (uz, u3) with

p= (p1, p2, p3) € D := [0.8,1.2] x [—0.05,0.05] x [—0.05,0.05] (m). (33)

For all u € D, we assume that there is a smooth invertible geometric mapping h(u) : Q:=0-—0Q
such that there is a reference domain @ C Q satisfying h(u)(@) = w(p). We set hi(p) = h(p)|s.
Moreover, the function 1; : W — R prescribes the elevation of the obstacle in the reference domain,
and we set 1 (1) := ¥ o hy(u) L. We apply to the membrane a vertical load £ : Q — R, with £ € L2()
and we set £(y1) := £ o h(p)™'. The membrane is fixed on the boundary T of Q (see Figure 2). Thus,



CPG _ mCPG
K 1 K 1

Figure 1 — Comparison of the first two iterations of the CPG and mCPG algorithms.

we consider the following model problem:

—Au=/{(pn), inQ,

u>Y(p), inw(pw), (34)
u =0, on I
- (2—p9) 2+ (y—p3)?
) ) = — L. - ;2 )
In what follows, we take v so that ¥ (u)(x,y) : 1.25 2 m 32 for all p € D and all (z,y) €

1

w(p), and (z,y) = —1 for all (z,y) € Q. The coefficient —1.25 in front of the obstacle function is
chosen so that the constraints at the boundary of w(u) are inactive in order to avoid oscillations of
the Lagrange multiplier at the transition zone. The training set is chosen as Diyain = {0.8 +0.17,0 <

i <4} x {-0.05+0.025¢,0 < i < 4}2 (altogether 125 points) and the validation set Dy,jq is generated
by choosing 64 elements in D randomly with a uniform distribution.

We consider the HF subspaces V C H Ol(ﬁ; R) and W* C L?(@;R,) built using P, finite elements
for the displacement and the Lagrange multiplier [14, 10]. Notice that the displacement and the
Lagrange multiplier are now defined over the reference domains O and @, respectively. The reference
mesh of € is fitted to the boundary of & and is composed of 3594 nodes with 467 nodes in &. Thus,
we have N := dim(V) = 3594 primal and R := dim(W) = 467 dual degrees of freedom. For all
p € D, the mesh of Q fitted to the boundary of w(u) is built using the geometric mapping h(u). We
have verified that all the meshes maintain satisfactory regularity properties by using the aspect ratio
quality criterion from the Salome platform [33]. Figure 3 displays the maximum aspect ratio of the
meshes for all it € Dirain U Dyalig-

The variational formulation of (34) leads to a minimization problem of the form (1) with the
bilinear form a(y;-,-) : V x V — R defined by

alpiuv) = [ T(woh(u) ™) Vvo k(™). (35)

10



Figure 2 — Obstacle test-case: Configuration.

—— ftrain
2.14 —— valid

Aspect Ratio
oo

M € Dtr;in U Dvalid ‘

Figure 3 — Obstacle test-case: Maximum aspect ratio for p € Dirain U Dyatia-

and the linear form f(u;-) : V — R defined by

Py = [ (Foh(n) ) (woh(n) ™). (36)
The admissible set K(4) associated with the obstacle condition is defined as follows:
K(p) :=={veV |buv,n) <glun), ¥ne W}, (37)
where
b(p;v,m) = /w(#) (wohi(p) Y(mohi(w)™),  glwn) = /w(m ($oh(p) ™) (mohi(m)™). (38)

Figure 4 displays the deformed configuration resulting from the HF displacement field u(u) =
w(p) o h(p)~! (left panel) and the Lagrange multiplier A(x) := A(u) o h(u)~! (right panel) for
p = (0.18,0.025,—0.025)(m). Figure 5 shows on its left (resp. right) panel the projection error e,
(resp. e, and e,,) defined in (11) (resp. (13) and (32)) produced by the POD (resp. CPG and
mCPGQG) algorithms as a function of the number of vectors composing the reduced primal (resp. dual)
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Figure 5 — Obstacle test-case: projection errors for the POD, CPG and mCPG algorithms.
Left: POD. Right: CPG and mCPG.

bases. In all cases, the projection errors decrease sufficiently fast so that the linear spaces generated by
the primal and dual snapshots can be approximated by small-dimensional subspaces. We also notice
that the projection error for the mCPG algorithm is smaller than that for the CPG algorithm. This
indicates that the cone constructed using the mCPG algorithm yields more accurate approximations
than the one obtained by means of the CPG algorithm. To further compare the CPG and the mCPG
algorithms, we introduce for all > 0, the quantity e_,, (r) which measures the orthogonality of the
vector v, ,, constructed by either the CPG or the mCPG algorithm, with respect to the cone K, .
This quantity is defined as

Coren (1) = H(IW - HVKVT)(Z/T+1)HW <L (39)

Notice that by definition, the larger e_, () (i.e., close to 1), the closer v, ., to being orthogonal to the
cone. It can be seen in Figure 6 that ¢®% (1) < e"G(r) for all 7 > 0, which illustrates that the basis
constructed with the mCPG algorithm is of better quality than the one constructed with the CPG
algorithm.

Considering the three tolerance pairs (0,;, = 107,85, . = 1072), (6, = 10746, .. = 1073), and
(8500 = 10765, = 1072), we obtain respectively the following pairs for the dimensions of the reduced
bases: (N, R) = (19,50), (N, R) = (51,70), (N, R) = (89,50). With these choices, we cover the two
possible settings, namely N < R where we are sure that for all 4 € D, the bilinear form b(u;-,-) is
not inf-sup stable (ﬁ]dv‘:’; (1) = 0) and N > R where inf-sup stability cannot be asserted a priori. Our

12
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numerical results for the pair (N, R) = (89, 50) show that the plain construction of the reduced model
does not guarantee inf-sup stability in this case. Indeed, the value of the inf-sup constant 51‘3,‘,3; (u) for
the pair (N, R) = (89,50) is almost zero (of the order of 10~7) for all y € Dyalid.

Let us now consider the results obtained with the strategy proposed in Section 3. For all u € D,
we define

Bon (1) :== inf sup 717(%1}’77) s

, VneN. (40)
ponrs et o Tl Tl

Figures 7c, 7f and 7i, respectively, show the values of B;’ffR (1) as a function of p € Dy,pq for the pairs
(N, R) = (19,50), (N, R) = (51,70), (N, R) = (89,50). For each pair, we consider the tight tolerance
e = 1073 as well as the loose tolerance d,,, = 0.5, 0.6, 0.95, respectively. These results illustrate
the fact that the PGA algorithm does indeed recover the expected stability property. Column 1
(resp. 2) of Figure 7 reports the values of o, (in) (see (23)) (resp. #enlajin Bgn (1)) as a function of n

train

for the pairs (N, R) = (19,50), (N, R) = (51,70) and (N, R) = (89, 50) with dpga = 1073, The results
show that the PGA algorithm converges and employs an effective greedy selection of supremizers in
order to recover inf-sup stability for the reduced model. Figure 8 shows a comparison between the
inf-sup constants 3, (1), 6%?; (1), B (1), and Bjc’vffR (1) for each of the reduced basis dimension pairs
(N,R) = (19,50), (N,R) = (51,70) and (IV,R) = (89,50) with respectively d,,, = 0.5, &, = 0.6
and d,,, = 0.95. On the one hand, we see that in all cases, in agreement with the theoretical results,
Bur(n) = Bj‘fR (1) > Bf\l]’fg(u) and S3% (1) = By (1) for all p € Dyaiia. On the other hand, we notice
that there is no established order between B;’fR (1) and By (1).

Table 1 shows that the offline phase of the offline enrichment method is approximately up to two
times more expensive than the online enrichment method for the three reduced basis dimension pairs
(N, R) with dpgy = 1073, We see the opposite effect concerning the cost of the online phase. This is
explained on the one hand by the fact that in the case of the online enrichment strategy, the primal
basis is reconstructed for each calculation of the reduced model. On the other hand, it is also explained
by the fact that in the present test-case, the dimension of the primal basis is smaller in the case of an
offline enrichment strategy because the PGA algorithm converges in at most R iterations. We notice
that the larger R , the more advantageous the offline strategy compared to the online strategy. It
can also be seen that in the case of the offline strategy, the cost of the online phase is practically the
same for all the three reduced basis dimension pairs, although the dimensions are different. This is
explained by the fact that, once the reduced model is constructed, the cost of solving the resulting
system varies quite moderately as a function of the dimension of the reduced bases. Comparing the
overall cost in computation time between the two enrichment strategies, we conclude that the offline
enrichment strategy is more advantageous than the online enrichment strategy if more than 102, 83,
52 online calculations are required with the reduced model for the reduced basis dimension pairs
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Figure 7 — Obstacle test-case: PGA algorithm. Row 1: (N, R) = (19,
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(N, R) = (19,50), (N, R) = (51,70), (N, R) = (89,50), respectively. These numbers are called benefit
threshold in Table 1.

(N, R) (19, 50) (51, 70) (89, 50)

Phase Method on off on off on off

Offline time(s) 1112 2296 1193 2395 1272 1884
Online time(s) 14 2.4 17 2.5 14 2.3
Benefit threshold 102 83 52

Table 1 — Obstacle test-case: The cost in seconds of the offline and online phases of the reduced
model for the online (on) and offline (off) enrichment cases for the pairs (N, R) = (19, 50),
(N, R) = (51,70) and (N, R) = (89,50) with dpga = 1073.

5.2 Hertz contact between two half-disks

We consider two half-disks represented in Figure 9. The first half-disk occupies a domain 2, C R? of
fixed radius R, = 1m, and the second a domain Q,(u) C R? of parametric radius R, := p with

€ D :=[0.7,1.3](m). (41)

For reasons of symmetry, only quarter disks are discretized. The initial gap between the two disks is
equal to 7, > 0. We impose a displacement of —d (resp. d) on T'*P (resp. I'5°*) of Q, (resp. of ,(u)),
with d > 24,. We set Q(u) := Q1UQs(u) as well as E := 15Pa (resp. v := 0.35) for the Young modulus
(resp. the Poisson coefficient). For all ;1 € D, we assume that there is a smooth invertible geometric
mapping h(z) : Q — Q(u) defined on a reference domain Q := Q; U, such that {ﬁl, ﬁg} is a partition
of Q, h(p)(21) = Q1, h(p)(22) = Qa2(p) (notice that h(,u)|§1

[$ (resp. I'S) the potential contact manifold located on 9 (resp. dQs) and we set I'¢ := h(u)(I$) and
T5(u) := h(p)(TS). The training set is chosen as Diain := {0.7 + 0.0075i,0 < i < 80}(m) (altogether
81 points) and the validation set Dy,jiq is generated by choosing 30 elements in D randomly with a
uniform distribution.

We consider the HF subspace V € H'(Q;R2) and Wt := L2 (f‘f, R.) built using P, finite elements
for displacement and the LAC (Local Average Contact) method [1] with P, finite elements for the
Lagrange multiplier on a mesh composed of 6130 nodes with 560 nodes on the potential contact
manifold T'$. Thus, we have N := dim(V) = 12260 primal and R := dim(W) = 280 dual degrees of
freedom. We equip the space V with the norm || - ||, defined as follows:

is parameter-independent). We denote by

I
1
ol = (el + 2190]2,), Voev, (42)

where ¢ is a characteristic length of Q which is introduced for dimensional consistency. The varia-
tional formulation of the contact problem leads to a minimization problem of the form (1) subject
to a so-called non-interpenetration condition which can be written either under the small deforma-
tion assumption (linear) or under the large deformation assumption (nonlinear). The bilinear form
a(p;-,-) =V x ¥V — R associated with the equilibrium equation in Q(u) is defined by

GWWw%=Aw0Mwmm)Wrmeml% (43)
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where the linearized strain tensor €(v) is given by
1
e(v) =3 (Vo+ Vo), (44)

and the stress tensor o(¢) is given by
Ev E
= I — 4

with 1, the identity matrix of order 2. The linear form f(u;-) : V — R associated with the external
load (p) : (1) — R? applied to Q(u) is defined as

flso) = [ o 1) o)™, (46)

We consider here the first situation where we make the assumption of small deformations so that 0
deviates very little from its initial configuration. This allows us to assume that the normal vector is
constant on the whole contact manifold. We denote by n := e, = (0,1) T the outward normal vector in
f‘f and by ¢ : ff — f‘g the pairing function. The non-interpenetration condition is written as follows:

(ur(p) () = uz(p) 0 $(x)) - €, < ($(x) —z) - ey, Vo €Y. (47)
Thus the admissible set IC(p) is written as
K(n) = {veV | buv,n) < glun), ¥n e W, (48)

where

busvam) = [ (@100() = (va() 0 6)(a)) - eyn(e)da (49)

Te

(i) = g(n) = [ (6(@) — ) - e,n(a)de. (50)



Let 7, = 0.00lm and d = 0.09m. This latter value, which is less than 10% of the maximum value
between R; and Ro, allows us to remain within the validity of the small deformation assumption.
Figure 10 displays the deformed configuration resulting from the HF displacement field u(u) :=
w(p) o h(p)~! for 1 = 0.9m on its left panel and the Lagrange multiplier A(z) := A(u) o h(z)~! as a
function of the abscissa along f‘f for p € {0.7,0.8,1.0,1.1,1.3}(m) on its right panel. We notice that
the non-interpenetration condition is respected on the deformed configuration as expected. We can
also notice some small oscillations in the Lagrange multipliers. This is due to the fact that for the
evaluation of the contact contributions, a direct projection of the integration scheme is used instead of
a projection-intersection of the master cells onto the slave cells. Figure 11 shows on its left (resp. right)

0.005 A
—— 1 =0.7m
—— u=0.8m
—— u=1.0m
—*— pu=11m

pu=13m

0.004 A

0.003 A

0.002 -

Lagrange multiplier

0.001 A

0.000 A

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Contact abscissas

Figure 10 — Hertz test-case: HF solution. Left: a(p) for g = 0.9m. Right: A(u) for p €
{07,0.8,1.0,1.1,1.3}(m).

panel the projection error ey, (resp. ey, and e,;) defined in (11) (resp. (13) and (32)) produced by the
POD (resp. CPG and mCPG@G) algorithms as a function of the number of vectors composing the primal
(resp. dual) reduced bases. In all cases, the projection errors decrease sufficiently fast so that the
linear spaces generated by the primal and dual snapshots can be approximated by small-dimensional
subspaces. We also notice that the projection error for the mCPG algorithm is smaller than that for

10° —— POD 10° —— mCPG
—+— CPG

107t

error
-
<
error

1072

1073

0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
N R

Figure 11 — Hertz test-case: projection errors for the POD, CPG and mCPG algorithms. Left:
POD. Right: CPG and mCPG.

the CPG algorithm. This numerically indicates that the cone constructed using mCPG algorithm
yields more accurate approximations than the one obtained by means of the CPG algorithm. As

before, it can be seen in Figure 12, that efii (r) < e':glf‘c(r) for all r > 0, which illustrates that the
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Figure 12 — Hertz test-case: Comparison between €% (r) and e"*¢(r).

basis constructed with the mCPG algorithm is of better quality than the one constructed with the
CPG algorithm.

Considering the three tolerance pairs (Jpy = 1073, 0,06 = 1072), (dppp = 10738, = 1073), and
(6,00 = 10725, = 1072), we obtain respectively the following pairs for the dimensions of the reduced
bases: (N =46, R = 12), (N = 46,R = 70), (N = 3, R = 12). With these choices, we cover the two
possible settings, namely N < R where we are sure that for all u € D, the bilinear form b(y; -, -) is not

inf-sup stable (ﬁge; (1) =0) and N > R where inf-sup stability cannot be asserted a priori. Figure 13
shows the coefficient 6%‘3‘;(@ as a function of i € Dyapiq for the pair (N, R) = (46, 12). Contrary to
the results obtained in the obstacle test-case, the value of the inf-sup constant ﬁgeg (1) is non-zero

although it remains very small compared with B, (u) (which is of the order of 8). This confirms
the fact that the plain construction of the reduced model generally remains an open question when

N > R.

Inf-sup constant

0.4

H € Dyaiig

Figure 13 — Hertz test-case: Inf-sup constant 59 (;1) with (N, R) = (46, 12).

Let us now consider the results obtained with the strategy proposed in Section 3. Figures 14c, 14f
and 14i, respectively, show the values of 51‘3& (u) as a function of p € Dyapq for the pairs (N, R) =
(3,12), (N, R) = (46,70), (N,R) = (46,12). The first important observation is that the decrease
of ogn(p™) with respect to n is much slower than for the previous test-case. For each of the above
pairs, we consider the tighter tolerance §,, = 0.3 as well as the looser tolerance ¢,, = 0.5, 0.6,
0.4, respectively. These results illustrate the fact that the PGA algorithm does indeed recover the
expected stability property. Column 1 (resp. 2) of Figure 14, reports the values of o, (1) (see (23))

(resp. eI%in Bgn () (see (40))) as a function of n for the pairs (N, R) = (3,12), (N, R) = (46,70),
u .

train

(N, R) = (46,12) with dpga = 0.3. The results show that the PGA algorithm converges and employs
an effective greedy selection of supremizers in order to recover inf-sup stability for the reduced model.
Figure 15 shows a comparison between the inf-sup constants S, (1), ﬁ]‘jj’?; (1), ﬁ]‘f]{lR (1), and B]"foR(u)
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Figure 14 — Hertz test-case: PGA algorithm. Row 1: (N,R) = (3,12). Row 2: (N,R) =
(46,70). Row 3 (N, R) = (46,12). Column 1 and Column 2: ¢,, = 0.3. Column 3: ¢, €
{0.6,0.5,0.4,0.3}.

for each of reduced basis dimension pairs (N = 46, R = 12), (N = 46, R = 70), and (N = 3, R = 12)
with respectively d,,, = 0.5, d,,, = 0.6 and 6,,, = 0.4. On the one hand, we see that in all cases,

PGA P PGA

in agreement with the theoretical results, 8 (u) > B (1) > B¢ (1) and B (1) > By (p) for
all i € Dyalig- On the other hand, we notice that there is no established order between ﬂ]‘fjffR (1) and

Brr (11)-

Table 2 shows that the offline phase of the offline enrichment method is up to two times more
expensive than the online enrichment method for the three reduced basis dimension pairs (N, R) with
dpga = 0.3. Overall, the same conclusions can be reached as those related to the previous test-case in
Table 1.
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Figure 15 — Hertz test-case: Inf-sup constant Sy, (), 8 (u), B (1), and B (1) for p €
Dvalid- ’ ’ 1

(N, R) (3,12) (46, 70) (46,12)
Phase Method on off on off on off
Offline time(s) 8490 18098 10889 19750 10874 18312
Online time(s) 75 18 162 20 78 19
Benefit threshold 169 62 126

Table 2 — Hertz test-case: The cost in seconds of the offline and online phases of the reduced
model for the online (on) and offline (off) enrichment cases for the pairs (N, R) = (3,12),
(N, R) = (46,70) and (N, R) = (46,12) with dpgy = 0.3.
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