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Abstract

Artificial intelligence is increasingly used in a wide range of decision making scenarios with higher and
higher stakes. At the same time, recent work has highlighted that these algorithms can be dangerously
biased, and that their results often need to be corrected to avoid leading to unfair decisions. In this
paper, we study the problem of sequential decision making with biased linear bandit feedback. At each
round, a player selects an action described by a covariate and by a sensitive attribute. She receives
a reward corresponding to the covariates of the action that she has chosen, but only observe a biased
evaluation of this reward, where the bias depends on the sensitive attribute. To tackle this problem,
we design a Fair Phased Elimination algorithm. We establish an upper bound on its worst-case regret,
showing that it is smaller than Ccrl? log(T)l/ 372/3 where C' is a numerical constant and s, an explicit
geometrical constant characterizing the difficulty of bias estimation. The worst case regret is higher
than the dT/? log(T') regret rate obtained under unbiased feedback. We show that this rate cannot be
improved for all instances : we obtain lower bounds on the worst-case regret for some sets of actions
showing that this rate is tight up to a sub-logarithmic factor. We also obtain gap-dependent upper
bounds on the regret, and establish matching lower bounds for some problem instance. Interestingly, the
gap-dependent rates reveal the existence of non-trivial instances where the problem is no more difficult
than its unbiased counterpart.

1 Introduction

Artificial intelligence is increasingly used in a wide range of decision making scenario with higher and higher
stakes, with application in online advertisement |[Perlich et al., 2014], credit [Byanjankar et al., 2015], health
care [Fauw et al., 2018], education |[Papamitsiou and Economides, 2014] and job interviews [Raghavan et al., 2020],
in the hope of improving accuracy and efficiency. However, recent works have shown that the decisions
made by algorithms can be dangerously biased against certain categories of people, and have endeavored
to mitigate this behavior [Koéchling and Wehner, 2020], [Fuster et al., 2022, [Chawla and Jagadeesan, 2021
Mehrabi et al., 2021]. Studies have shown that the main cause of algorithmic unfairness is the presence of
bias in the training set (see [Mehrabi et al., 2021] for a review of the causes of algorithmic bias). This remark
led to the development of three types of methods aiming to guarantee the fairness of the algorithms. A first
type of methods uses pre-processing of the data to correct for bias, and then trains the usual machine learning
algorithms on the data [Oneto and Chiappa, 2020]. A second type of methods relies on implementing fairness
constraint in classical learning models. A third type of methods consists in post-processing the output of an
unfair algorithm in order to debias it. Our algorithm is somewhere between the first and second class, as it
enforces the fairness constraint by estimating during the sequential learning process the bias in the data in
order correct it. More precisely, we address the problem of sequential decision making when the feedback on
the action taken is provided by an unfair assessment, and does not correspond to the true value of the action.
Statistical fairness has mainly been studied in supervised learning problems, which can be summarized
as follows. The statistician has access to a set of n observations (x;, 2, Yi)i<n, Where z; € X is a covariate,
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y; € Y is an outcome that one seeks to predict, and z; € Z is a discrete sensitive attribute corresponding
to a group to which x; belongs. These observations are used to build a prediction function f: X x Z2 — Y
which associates to each point (x,z) a prediction f(z,z) that must be fair towards the different groups.
Depending on the objective, different notions of fairness can be used. Two classical notions of group fairness
are Demographic Parity and Equalized Odds. Demographic Parity enforces that the predicted outcome
f(z, 2) is (statistically) independent of the group z. While this notion circumvents biases present in data by
ignoring outcomes, it may lead to some issues when correlations exist between the group z and the outcome
y. For example, one group may have, on average, more physical strength than the other one, and this skill
can be considered as fair when it comes to recruit a piano mover. Such a situation is avoided by Equalized
Odds, which ensures that the predicted outcome f(x,y) is independent of the group z conditionally on the
outcome y. Yet, Equalized Odds can be very sensitive to biases in the observed outcomes and may reproduce
bias from the learning data. Causal fairness provides a notion avoiding these two pitfalls. The influence of
sensitive attributes on the rewards and the covariates are captured by structural models, which allows to
remove all discriminatory influences in the decisions. The main pitfall with causal fairness is that the notion
heavily rely on the causal model, whose accuracy is critical.

In the present paper, we consider the situation where a player must sequentially decide which action to
take, and only has access to an unfair assessment that provides a biased evaluation y of the action taken. For
example, examiners may be prejudiced against people from a minority group, and give them lower grades;
similarly, algorithms trained on biased data may produce unfair assessments of the credit risk of individuals
belonging to a minority group. We consider assessments based on a covariate x € R? describing the action
and on a sensitive attribute z, € {—1,+1} indicating the group this action belongs to. The evaluation are
systematically biased against a certain group, and we assume that the evaluation y of the action described by
(x, z) is given by the following biased linear model :

Eylz,z:] = 27" + 2pw*

where v* € R? and w* € R. We consider a symmetric bias without loss of generality, since we can always add
an intercept term in this model.

This biased linear model is a simple example of causal model with linear structural model equations
r=f(z¢)and y = 2 y* +w*z + £, where £ and ¢ are noise terms: the covariates » may depend on the
sensitive attribute z, and the outcome y of the evaluation mechanism depends on both. Considering the
covariate = as a resolving variable [Kilbertus et al., 2017], we see that a fair evaluation of the action is given
by z Tv*, as it does not depend on z conditionally on . The problem of sequential decision making under
biased feedback, called the biased linear bandit problem, can be formalized as follows.

Biased linear bandit problem. A player is given a budget T' € N, and is presented with a set of k actions
characterized by covariates x € X C R?, and by a sensitive attribute z, € {—1,1} (we henceforth say that two

actions are in the same group if they share the same sensitive attribute). We denote by A=< ( * ) rxeX }

the set of actions and of corresponding sensitive attributes. At time ¢ < T, the player chooses the action w4,
and receives a reward x; v* corresponding to the value of the action that she has chosen. The best action
with hindsight knowledge of the parameter v* is 2* € argmax, .y 2 'v*. The player aims at minimizing her
regret :

* T %
Rr=E Z(m —x) Y. (1)
t<T
By contrast to the classical linear bandit problem, the true reward x, v* is never observed. Instead, at each
round, the player only observes the outcome y; of a biased evaluation of the action, given by
Yo = TV + zew* + &b

Here, v* € R? is the regression parameter specifying the true value of the action, while w* € R is a bias
parameter, induced by unequal treatment of the groups by the evaluation mechanism, and &; il (0,1)

is a noise term. We denote 0* = (3*) € Rt the full parameter, and a, = (: ) the vector describing an



action and its group. In the rest of the paper, we assume that the reward of all actions are bounded by 1:
max,ey |21 v*| < 1. Moreover, we assume that |X| = k, and that all covariates x € X are distinct, which
implies that the group z, in uniquely defined for x € X. Finally, we consider sets of actions and groups A
such that A spans R4, Note that this assumption that A spans R?*! is enough to guarantee identifiability
of the parameters.

Biased linear model. The linear model with systematic bias has been considered in the batch setting in
[Chzhen and Schreuder, 2020|, where the authors investigate the optimal trade-off between minimax-risk and
Demographic Parity. Detection of systematic bias, interpreted as a treatment effect, has been investigated
in a batch setting in [Khademi et al., 2019]. In [Barik and Honorio, 2021], the authors consider a similar
model, with unobserved sensitive attribute z; and known bias parameter w*. Their goal is to recover both the
sensitive attributes z; and the parameter v*, in a high-dimensional setting, under a sparsity assumption on the
regression parameter v*. This paper also considers a batch setting with a large number of observations at each
point, and a large number of points x; distributed independently of z;. By contrast, we show that estimation
of the bias parameter is one of the main difficulties of the biased bandit problem. Indeed, classical algorithms
such as phased elimination algorithms (see, e.g., Algorithm 12 in [Lattimore and Szepesvari, 2020]) or linear
Upper Confidence Bound could suffer linear regret in this setting if at some round, the set of potentially
optimal actions contains less than d actions, with at least one action in each group. In this case, the true
rewards cannot be compared using only these good actions, and sampling sub-optimal actions becomes
necessary to gain information on the bias.

Fairness in bandit problems. A recent line of work has focused on the problem of fairness in bandit
from the perspective of fair budget allocation between the actions. This problem is motivated by the fact
that classical bandit algorithms select all sub-optimal actions but a vanishing fraction of time, which may
be undesirable in many situations. To circumvent this problem and guarantee diversity in the actions
selected, some papers [Celis et al., 2018|] [Patil et al., 2020], [Claure et al., 2020|, and [Hadiji et al., 2020]
have proposed new algorithms ensuring that the selection frequency of each action belongs to a given set
(e.g., the set of vectors whose inputs are positive and bounded away from 0). Alternatively, the authors
of [Wang et al., 2021] suggest relaxing this constraint on the selection frequencies, and instead penalize
strategies according to their distance to a fair oracle budget allocation. Note that the framework studied in
this paper is different: by contrast, we consider here that the mechanism for observing the rewards is unfair,
and we aim at correcting it in order to maximize a (fair) true cumulative reward.

Biased linear bandit as a partial monitoring problem. The problem of linear bandit with biased
feedback can be viewed as a stochastic partial monitoring game with linear feedback and linear reward
[Kirschner et al., 2020]. In this problem, each action x belongs to a compact set X C R?, and is described
by a linear observation operator a, € R?***. When the player chooses action x;, she receives the reward
x] 0%, and observes a noisy outcome a;e* + &, where &; is e.g. assumed to be an i.i.d, centered, sub-gaussian
random variable. Depending on the action set and the operator, partial monitoring games can be classified
either as globally observable, locally observable, or not observable. A game is said to be globally observable
if for all 7,2’ € X, x — 2’ € Span(a,~ : 2" € X) : in this case, the best action z* € argmax, ., ' 0* can
be identified using the observations (a;),.,. A game which is not globally observable is said to be not
observable, and the regret of any algorithm must be linear for some parameter 6* (see [Kirschner et al., 2020],
Theorem 31). Finally, a globally observable game is said to be locally observable if for all convex set C C R?,
r—1' € Span(agr : 2 € x*(C)) for all x,2’ € x*(C), where x* () = argmax,cy ' 0, and 2*(C) = Upecz* ().
Local observability, verified for example in classical linear bandits, ensures in words that the best action can
be distinguished by selecting only good actions : classical algorithms then typically achieve regrets of the
order dv/T, up to logarithmic factors. When a game is globally observable but not locally observable, it has
been shown that a worst case regret of order 72/ is unavoidable in some cases (see [Kirschner et al., 2020],
Theorem 32).

The biased linear bandit can be formulated as a bandit problem with partial linear monitoring if we
extend the actions z € R? to actions in R4*! by adding a d + 1-th coordinate equal to 0, and setting

ay = (” ) With the terminology of partial monitoring, we note that under the assumption that the

Zx



set of actions and labels A spans R%t!, the biased problem considered in the present paper is globally
observable but not locally observable. Algorithms matching the O(T%/3) distribution-independent regret
rate have been proposed for the related problem of combinatorial linear bandits with partial monitoring in
|[Lin et al., 2014, [Chaudhuri and Tewari, 2016]. Those papers also establish distribution-dependent regret
rates. Closest to our setting is the stochastic linear bandits problem with partial monitoring studied in
|[Kirschner et al., 2020]. In this paper, the authors propose an Information Directed Sampling algorithm
matching both the (5(T 2/3) worst-case regret rate in globally observable games, and the 5(T1/ %) worst-case
regret rate in locally observable games. However, it is unclear if the multiplicative terms hidden in the 9} (Tl/ 2)
rate are optimal (in terms of dependence on the dimension d, on the alignment constant «, and on the number
of actions k). By contrast, in the present paper, we present a new algorithm based on phased elimination
with additional exploration rounds to estimate the bias parameter w*. We obtain distribution-dependent and
distribution-independent upper bounds on this regret. We also show that these bounds are optimal on some
instance problems, respectively up to multiplicative constants and sub-logarithmic factors.

1.1 Outline and contribution

In this paper, we introduce a new model of linear bandit with biased feedback. In Section [3| we present a
Fair Phased Elimination algorithm based on optimal design. We begin by recalling some known result on the
related problems of G-optimal and c-optimal design in Section [2] and by discussing the problem of A-optimal
design. In Section [3] we present a sketch of the Fair Phased Elimination algorithm, detailled in Appendix [3]
Then, in Section [d] we establish an upper bound on its worst-case regret, i.e. on the regret of the algorithm
for the worst possible parameter #*. In Section [b| we derive a gap-dependent upper bound on the regret of
our algorithm, i.e. an upper bound on the regret of the algorithm for all parameters 8* under assumptions
on the difference between the rewards of the best and second best action, and between the best actions of
each group. We establish lower bounds on some action sets A for both the worst-case and the gap-dependent
regret, showing that these rates are sharp up respectively up to a sub-logarithmic factor and an absolute
multiplicative constant. In order to provide intuition without burdening the reader with details, we sketch
the main ideas of our algorithm and results, but defer all details and proofs to the Appendix.

Our upper and lower bounds on the worst-case regret show that it is of order x./* log(T)Y/3T%/3 for T
large, where k, is a constant depending on the geometry of the action set A, related to c-optimal design,
as well as to the problem of optimal estimation against the worst parameter. Interestingly, this large T'
worst-case regret depends on the geometry of the problem only through ., and not through the dimension d.
Note that the regret of order O(T?/3) is higher than the classical regret of order O(dT"/?) obtained for linear
bandits : we show that this increase in the regret corresponds to the price to pay for debiasing the unfair
evaluations.

We also characterize the gap-depend regret, showing that it is of order (ﬁ \Y ”ig ) log(T"), where Apin
is the minimum gap, A is the gap between the best actions of the two groups, and x(A) corresponds to the
minimum regret to pay in order to estimate the bias with a variance lower than 1. This bound underlines the

relative difficulties of the classical d-dimensional linear bandit problem, and of the bias estimation : when
d ~(A)

Amin Z A2

is dominated by that of the corresponding standard linear bandit problem. On the other hand, when both

groups contain near-optimal actions, and Ad, < £ the regret corresponds to the price of debiasing the

2
A#

i.e. when one group dominates the other, and contains all near-optimal actions, the difficulty

reward.

1.2 Notations

Recall that the agent plays the linear bandit with biased feedback game for T rounds. For a given set of
actions A and a parameter 6, we denote R?’e the regret defined in Equation . When the dependence of
the regret on A and @ is obvious from context, we relax notations and simply denote it Rr. For an event F
such that P (F) > 0, we denote by E|z (resp. | z) the expectation (resp. the probability) conditionally on F.
For any matrix M, we denote by M ™ a generalized inverse of M, that is a matrix such that MMTM = M.
Though theory is blind to the choice of the generalized inverse, for numerical stability it is wise to choose the
Moore-Penrose generalized inverse in practice. We denote by P% the set of probabilities measures on X,



NY ={u: X+~ N}, and MY = {u: X = R, }. For a function u € P*, u € N¥, or u € M?, we denote

-
Vip)= > p(x) (: ) (zx ) the covariance matrix corresponding to this allocation. Finally, for ¢ < d + 1,
zeEX “ *

we denote by e; the i-th vector of the canonical basis of R4 *1.

2 Optimal design for bandits

Before presenting the algorithm introduced to solve the linear bandit problem, we emphasize the following
point: classical techniques from linear bandits can be used to bound the prediction error of the biased
evaluations 0" (: ) for the actions x € X. The main difficulty in the biased linear bandit problem is to
o7 (’5) when no observation can
). To obtain an unbiased estimate of the rewards, we propose to independently

bound the prediction error of the debiased reward, i.e., to bound the error of

be made at the points (95

x

estimate the evaluations (Z 0%, and the bias w*. To do this, we rely on results from optimal design.

Optimal design theory addresses the following problem. A scientist must design a set of n experiments
{z1,....,xn} € X" so as to estimate a parameter of interest, where each experiment 2 € X corresponds to a
point a, € R¥1. The aim of the scientist is to choose a design, i.e. a function x € NV indicating the budget
u(z) to be allocated to each experiment x € X. Each experiment x is then repeated exactly u(x) times,
and the corresponding observations Y 1, ..., Yz u(x) are collected for each z € X. The law of the observations
corresponding to experiment x at point a, is given by

Yz,i = ale* + gx,ia

where &,; ~ N(0,1) are independent noise terms, and 6* € R%*! is an unknown parameter. The aim of
the scientist is to choose the design p so as to best estimate (some features of) the parameter 8*, under a
constraint on the total number of experiments )., p(x) < n for some n € N.

Different criteria can be used to characterize the optimality of a design p. For example, in the biased

linear bandit problem, we need to estimate the evaluation a] 6* of the different actions z, where a, = ( ¥ )

Zx

To obtain estimates with a small error uniformly over the set of actions X', we rely on a G-optimal design. To
debias these evaluations, we can then estimate the bias w* by using methods from c-optimal design.

2.1 G-optimal design

G-optimal design aims at minimizing the maximal prediction error over the set of experiments X'. Recall that
the ordinary least square estimator is given by

0=Vt aa | D wei| for V(w) =3 pla)aga) (2)

rzeX i<p(x) zeX

where V(u)* is any generalized inverse of the covariance matrix V' (u). Note that when the image of V()
does not span R4t!, the least square estimator ) may not be uniquely defined.

When a,. belongs to the image of V (11), the best linear unbiased estimator of the outcome a, 6* of experiment
x is given by a;@ where 8 is the ordinary least square (OLS) estimator defined in . We underline that
the estimator a, § does not depend on the choice of the generalized inverse V(u)* when a, belongs to the
image of V(1) (which holds as soon as u(x) # 0). Then, the variance of the prediction a, 6 is given by
aj V(u)*a,. Let us denote by N'i the set of functions u € N'* such that {a, : z € X} € Range(V (1)). The
exact G-optimal design solves the following problem :

minimize max a, V(u)*a, such that Z p(z) < n.
MEN;; reX reX

To remove the dependence of the objective on the budget n, let us consider the probability measure 7
given by 7(z) = p(z)/n for all x € X. For all x € X, the prediction error at experiment x is now given by
n~ta] V(r)*a,. Therefore, the best design under the budget constraint minimizes max, a, V (7)%a,.



Let P35 be the set of probability measures on X such that {a, : € X} € Range(V(r)). In the limit
n — 400, solving the exact G-optimal design problem is equivalent to finding the probability measure 7*
solution of the following approximate G-optimal design problem

min max a, (V(7))" a, . (G-optimal design) (3)
WGP§$€X

It has been shown that this problem is equivalent to the following D-optimal design problem

max det <(PT (V(m)* P) 1) , (D-optimal design)
HEPY

where det(M) is the determinant of the matrix M and P € P9 is the restriction of the orthonormal
projector onto the span of {a, : z € X} (whose dimension is denoted d') to the span of {a, : € X'}. Then,
the General Equivalence Theorem of Kiefer [Kiefer, 1974] and Pukelsheim [Pukelsheim, 1980] shows that any
design 7* solution to the G-optimal design problem satisfies

max af (V(m*) a, <d,

(see Theorem 2.4.4 in [Sagnol, 2010] for a statement of this result). The G-optimal design 7* can be chosen so
that it is supported by at most (d + 1)(d + 2)/2 points (see, e.g., Section 2.3.3 in [Sagnol, 2010]). Polynomial-
time algorithms computing the G-optimal design have been devised, using for example interior points method
[Vandenberghe et al., 1998]|, or mixed integer second-order cone programming [Sagnol and Harman, 2013].

A rounding procedure is needed in order to derive an exact design u € N'* from an approximate G-optimal
design m € P*. A classical trick is to use the design u(x) = [mm(z)] where m is chosen in order to get the
desired precision level.

Lemma 1. Let 7 be a solution of the G-optimal design problem . Then, for any m >0 and any x € X,
the estimator a;@ computed from the design p : x — [mm(x)] is an unbiased estimator of the evaluation
al, and it has a variance

ay V(u)Ta, <m Y(d+1).

x

2.2 c-optimal design.

Optimal design theory can also be used to estimate the bias parameter w* with a minimal number of samples.
Let ¢ be a vector in R%*!. Then, c-optimal design aims at finding the best design p € N'¥ for estimating the

scalar product ¢’ #* under a budget constraint > u(z) < n. Unbiased linear estimation of ¢'#* is possible
zeX

only when ¢ belongs to the image of V(u), and ifl this case the best linear unbiased estimator of the scalar

product ¢'6* is given by cTé, where 8 is the least-square estimator defined in . The variance of the

estimator ¢ 0 is then equal to ¢V (u)Te.

Exact c-optimal design aims at choosing the allocation p € N'* minimizing the variance of cTh for a
given budget >~ p(x) < n, under the constraint that ¢ € Range(V (1)). Again, let us define the normalized
design 7 : € X — p(x)/n, and let us underline that 7 defines a probability on X. The variance of ¢ is
then equal to n~'c"V(m)*c. In the limit n — 400, the problem is equivalent to the problem of approximate
c-optimal design (sometimes simply referred to as c-optimal design), that aims at finding a probability
measure 7 € P := {m € P* : ¢ € Range(V (7))} solution to the following problem

min ¢'V(m)te. (c-optimal design)
TEPX

Next theorem characterizes solutions to the c-optimal design problem.

Theorem 1 ([Elfving, 1952]). Let S = convex hull{+ay, —a, : © € X'} be the Elfving’s set of {a, : x € X} C
R and let OS denote the boundary of S. A design ™ € PX is c-optimal for ¢ € R*™ if and only if there
exists ¢ € {—1,+1}* and t > 0 such that

te = Zw(x)ﬁwaz € 0S.

zeX

Moreover, t=2 = ¢ (V(n))" ¢ is the minimal variance of the bias estimator.



Note that when {a, : z € X'} spans R4t for any ¢ € R9*!, there exists a design 7 such that ¢ €
Range(V()), and hence the c-optimal design problem admits a solution. In addition, there exists a c-optimal
design supported by at most d + 1 points (see, e.g., [Pazman, 1986, [Harman and Jurik, 2008] for a proof
of this result). Moreover, while finding an exact optimal allocation u € N'* under the constraint that
> wsex H(z) < n is NP-complete, finding an approximate optimal design 7 € P2 can be done in polynomial
time [Cerny and Hladik, 2012|. Several algorithms, including multiplicative algorithms [Fellman, 1974] and
a simplex method of linear programming [Harman and Jurik, 2008|, have been proposed to iteratively
approximate the optimal design. More recently, [Pronzato and Sagnol, 2021] suggested using screening tests
to remove inessential points for the designs to accelerate optimization algorithms.

A rounding procedure is needed in order to derive a design in N'* from a c-optimal design 7. Again,
we use the design p : z — [mm(z)] where m is chosen in order to get the desired precision level. Let
ME ={pe MY :eqi1 € Range(V(u))} denote the set of positive measures over X such that ey 1 belongs

€d+1

to the image of V().

X
€d+1

[mm(z)] is an unbiased estimator of e} 60 and it has a variance at most m~te |V (m)Teqy1.

Lemma 2. For any m € M and any m > 0, the estimator e{ngﬂ computed from the design p : x —

Recall that we need to estimate edTH&* = w* in order to debias the evaluations a_ 6*. In the following, we
denote by v the value of the solution of the corresponding ey 1-optimal design problem, and refer to it as the
minimal variance of the bias estimator:

. T +
v= min e Vv e
reB Cin (V(m)" ed+1,

Zg Zg €d41
The e441-optimal design can be equivalently defined as the solution of the problem

T
where we recall that ‘/(W):: E:zEAfﬂ(QO ( r ) ( * ) and,iyx = {ﬂ'e 1)X ted+1 € f{ange(‘/(ﬁ))}_

minimize Zu(m) such that p € MY and el V() Teass < v. (4)

€d+1
zeX

The characterization given in Equation underlines that the e41-optimal design provides (up to discretiza-
tion issues) the minimal number of samples required for estimating w* with a variance v, or equivalently
with a precision level /v. Let us denote by u* the optimal design for estimating w* with a precision level 1,
defined as
woo= argminZu(m)
K zeX

such that u € M¥

€d+1

and e, V() Teq1 < 1.

By definition of v, we see that ) p*(xz) = v. A first (naive) approach to obtain an estimate of w* with
precision level € > 0 would then consist in sampling actions according to € 2u*, rounded according to
the procedure defined in Lemma [2| Let us denote by A, the gap A, = max, ey (2’ — )T 7* between the
(non-observed) reward of the best action and the reward of the action . The regret corresponding to this

estimation phase would then be
e Z w(x) Ay,

zeX

which can be as large as ve 2 max, A,. We show below that we can estimate w* with the same level of

precision at a smaller cost by taking the gaps A, into account while choosing the design.

2.3 A-optimal design

To estimate the bias w* = e;l'—+19* with an error smaller than some € > 0, we can sample the actions according

to any design p € Mfd ., such that edT+1V(u)+ed+1 < €2. Equivalently, we can choose the actions according



to e 2, where p € /\/led+1 is such that e}+1V(u)+ed+1 < 1. For a vector of gaps A = (A,) let us denote

by pu® the A-optimal design, defined as the solution of the following problem

zeX)

pt = argmmz,u (A-optimal design) (5)

TEX
such that p € M¥

€d+1

and €d+1V(M) eqr1 < 1.

If we knew the gaps A,, we could sample the actions according to the A-optimal design p, and pay the
regret e 2k(A) (up to rounding error) for estimating w* with an error smaller than e, where

A)= S ut@)a

rzeX

In practice, the A-optimal design can be computed using algorithms designed for finding the e41-optimal
design. Indeed, the next lemma shows that the computation of the A-optimal design amounts to computing
an eg11-optimal design for some rescaled features.

Lemma 3. For any vector A € (0,+00)%, let 7 be the eqi1-optimal design relative to the set A® =
{A;lm (;) tx € X} and let k2 = eLlV(ﬂA)"’edH be the eqy1-optimal variance relative to A>. Then,

the A-optimal design u® is given by u®(r) = k272 (2)A;! for all x € X. In addition, the support of u™
be chosen to be of cardinality at most d + 1.

Obviously, the gaps A = (A, )zcx are unknown, so we cannot sample according to the A-optimal design
u?. Instead, we propose to rely on some upper confidence bounds A, on A, to estimaice them. Note that
When A, > A, forall z € A, if we sample actions according to a rounding of e~ 2,2, where p? is the
A- optimal design, the correspondmg regret will be upper bounded by € 25(A) The function k verifies the
following properties.

Lemma 4. For two vectors of gaps A, A’, denote by AN A’ (respectively AV A’) the vector of gaps given
by (ANA"), = Ay NAL (respectively (AV A'), = Ay VvV AL) for all x € X. Moreover, denote A < A’ if
A, <Al for all x € X. Then, the following properties hold :

i) for all ¢ > 0, k(cA) = cr(A);
i) if A <A/, then k(A) < k(A');
iii) K(AVA") > Kk(A) V K(A);
i) the function € — /@-(A V €) is continuous at 0.

Let us denote by C(X) = {’y ERI:Vre X, |zTv| < 1} the set of admissible parameters. Let Apax =
max,ec(x) MaXy o/ Ex(x —x ) ~ be an upper bound on all gaps A., and let k, = Apaxv. Then, Lemma
implies that k(A) < k. for all A such that A, < Apax for all x € X.

3 The Fair Phased Elimination algorithm

Let us now present the Fair Phased Elimination algorithm, and outline the main ideas behind it. The Fair
Phased Elimination algorithm, sketched in Algorithm [3] relies on the following three remarks.

First, note that within a group z, the difference between the true rewards ' v* and (z') T+* of any two
actions x and 7’ is equal to the dlfference between their biased evaluations a, 6* and aT 0*. Hence, within
a group, classical algorithms for linear bandit can be used to choose actions : in the following, we will
use a variant of the Phased Elimination algorithm of [Lattimore and Szepesvari, 2020], based on G-optimal
Exploration and Elimination.
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Second, to compare actions belonging to different groups, we need to estimate the bias parameter w*.
This estimation can be performed at a given precision level with a A-optimal sampling. If all the actions
of one group appear to be sub-optimal with high confidence, then this group can be dropped, and we can
proceed by solely running a classical linear bandit algorithm on the remaining group.

To determine which group contains the best action, bias estimation must be performed up to a precision
smaller than the gap between the reward of the best actions of the two groups. When this gap is small, it
can be overly costly to run the bias estimation up to the precision level required to identify the best group.
To avoid this, we use a stopping criterion, which guarantees that we stop estimating the bias beyond a
well-chosen precision level.

Below, we describe the G—-Explore-And-Eliminate routine, the A-Explore-And-Eliminate routine, and the
stopping criteria which are the three key ingredients of the Fair Phased Elimination algorithm (FPE). The
FPE algorithm is sketched in Algorithm [3] page and described in full details in Algorithm [4] in Appendix
(Al

G-Exploration and Elimination. Within a group, we can run a Phased Elimination algorithm [Lattimore and Szepesvari,
in order to sample the actions with a controlled within-group regret. For a sequence (¢);>; of precision

levels, typically €, = 2'"'A  .x, the Phased Elimination algorithm proceeds by phases | = 1,2, .... At phase [

the O(¢;)-suboptimal actions are removed with high-probability. Let us denote by Z; C {—1,1} and Xl(z)

the remaining active groups and the remaining actions in group z € Z;. At phase [, for each active group

z € Z;, the G-Explore-And-Eliminate Routine

estimates the biased rewards a,

is applied to the set of active actions Xl(z). This routine first
0* at precision level ¢; by running a G-optimal sampling of the actions and by

computing the Ordinary Least Square (OLS) estimator é}z) based on these samples. Then, the actions with

estimated gaps larger than 3¢; are removed from Xl(z). The remaining actions are gathered in the set Xl(ﬂ.

Let us briefly explain why running the G-Explore-And-Eliminate routine [1| with n = 2¢,%(d + 1) log(kI(I +

T

1)/0) and € = ¢ provides an estimation of the biased rewards a,, 0* at precision level ¢ for all actions x € Xl(z).

Let V}M be the covariance matrix of the G-optimal design. The OLS estimator le) then verifies

T (9(2) _ ¥ > 2 < 4
P (@ - 0)] 2 \ BTy 0B+ D70)) < s

By Lemma |1} we see that for all z € Xl(z),

T (=) + < €l2
a (Vl ) 9= 5@ 1 1) log(Kl(I +1)/5)

This implies that
2 X )
P(laf 017 —07)| > @) < TSk

An union bound then ensures that a, 5}2) provides an estimation of a, #* at level ¢ for all phases [ > 1 and

all actions x € Xl(z) with probability 1 — 4.
-

At the final Elimination step, the ¢-accurate estimation of a, 6* ensures that all the actions = with

within-group gap larger than €; are removed. Hence, only actions with gap O(€;) remains in Xl(j)l. We observe
a slight divergence from the classical Explore-and-Eliminate algorithm. Usually, any action with positive gap
is removed. Instead, we require here a ¢;-gap for removing an action. The reason for this modification is that
we need to keep each action z up to a precision level comparable to A,, in order to ensure a precision level

O(A; V ¢) at phase [ for the estimation of the gap A, in the next subroutine.

(=)
A-Explore-And-Eliminate. The estimators é\l(z) = (%Z(Z)) of the G-Explore-And-Eliminate routine

l
provide some estimators @l(z) of the bias w*. We emphasize that, even if the biased rewards a, 6* are

estimated at precision ¢; for x € Xl(z), we have no control on the precision of the bias estimation @l(z). So
we cannot rely on these estimators for debiasing the rewards. Instead, we estimate the bias based on a



Routine 1 G-EXPLORE-AND-ELIMINATE (X, n, €)
1: Compute G-optimal design 7 solution of (3) on X, with |supp(n)| < (d+ 1)(d +2)/2

2: Sample [nm(z)] times each action a, for x € X > G-optimal parameter estimation
3: Compute the least square estimator 6 defined by
1 X« {x € X :maxyecx(r — x)Tég 36} > Suboptimal actions elimination

5: return @ and X’

Routine 2 A-EXPLORE-AND-ELIMINATE (X, (X(%), §(z))ze{_171}, A, n,e)

1: Compute A—Optimal design (ﬂ, K(A)) solution of on X, with |supp(ii)| <d+1
2: Sample [nji(z)] times each action a, for z € X > A-optimal bias estimation
3: Compute & = e;+1§(0), where ) is the OLS estimator
4: for z € {~1,1} and 2 € X*) do
5: My alé\(z) — 20 > Debiased rewards estimation
6: end for
7. if 3z € {—1,1} such that max m, > max ™M, + 4¢ then

z€X (%) z€X(=2)
8: Z+{z} > Suboptimal group elimination
9: else_
10 Ay Apax A (MaXy ¢ p -1 ) Mg — My + 4e) for all z € XDy x M) > Gaps UCB
11: end if

12: return Z and A

ﬁ—optimal sampling ensuring a precision at level ¢;, where A is an upper-confidence bound for A. Actions are
sampled according to the design [i; solution of and the bias estimator &; is computed from the sampled

) are debiased by subtracting z&;. Similarly as for the

+1
G-Explore-And-Eliminate routine, this provides debiased reward estimations m, = alg)}z) — 200, of xTy* at

actions. Then, reward estimations a;rbA'l(z) for x € &,

- (=)
precision 2¢; for all x € A}}.

These debiased reward estimators m, are then used for comparing the groups and updating the gaps
estimators A,. First, the Routine [2| checks whether the maximum debiased rewards m, in one group Xl(j)l
exceeds the maximum debiased rewards in the other group Xl(_:f) by more than 4¢;. If so, the algorithm
only keep the group Xl(j)l (suboptimal group elimination), and no more bias estimation is performed. The
algorithm then reduces to a simple Phased Elimination algorithm [Lattimore and Szepesvari, 2020] on the

remaining group. If not so, for all x € X, CU UL the upper confidence bound ﬁx on the gap is updated

I+1 I+1
using m,, in order to get a O(¢;)-precision level.

Breaking criteria. We observe that the ﬁ—optimal Exploration and Elimination samples actions in the

whole set of actions X, not only in the remaining near-optimal action sets Xl(i)l U XZ(J:). As a consequence,

when the gap between the best two actions of each group is small, finding the best group with ﬁ—optimal

bias estimation can be overly costly in terms of regret. To avoid excessive regret, if the best group has not
~ 1/3

been found at stage [ fulfilling ¢; < (H(Al) log(T)/ T) , the bias estimation is stopped and the empirical

best action in Xl(i)l U Xl(_fll) is sampled for the remaining time.

Putting together the three main ingredients described above, we obtained the Fair Phased Elimination
algorithm sketched in Algorithm [3] and fully described in Algorithm [ page

10



Algorithm 3 FAIR PHASED ELIMINATION (sketched)

1 input: §, T, X, k = |X|, Apax ¢ MaxXyce(x),(z,0)cx2 (T — )Ty, e =2V A ax for 1 >1
2. initialize: X"V « {2z, =1}, XY  {arz, = —1}, Z1 « {~1,+1}

3: Amax — maXyec(x),(z,z')EX?2 (w — x’)T% 31 — (Amax7 ey Amax)
4: Tterate until all the budget is spent:
5: for [ > 1 do
6: for z € Z; do
7 (G(Z), Xl(j)l) < G-EXPLORE-AND-ELIMINATE (Xl(z), Q(i;"l) log (kl(?l)) ,el>
1

8: end for
9 if Z,={-1,41} then

~ 1/3
10: if ¢ < (K(Al) log(T)/T> then > Break bias estimation
11: Sample best action in Xl(_:f) U /'\,’l(_:rll) for the remaining time
12: else
13: 2141, A*1) « A EXPLORE-AND-ELMINATE ( X, (X ), 0% (AL 2 1og (WD) ¢

UV ) o 5

14: end if
15: end if
16: end for

4 Upper bound on the worst-case regret of Fair Phased Elimination

In this section, we provide an upper bound on the worst-case regret of Algorithm 4] showing that it is
asymptotically O (/{i/?’Tz/g’ log (T)1/3) as T goes to infinity.

Theorem 2. For the choice § = T, there exists two numerical constants C,C’ > 0 such that the following
bound on the regret of the FAIR PHASED ELIMINATION algorithm [{] holds

Rr <C (/fi/gTQ/g log(T)'3 + (d V k) log(T) + d? + dy Y3T3 log(kT) log(T)*l/?’)
((dV k.)*?log(T)) v d? y (dlog(kT))?
N (o log(T))?

Before discussing the bounds established in Theorem [2, we briefly present a sketch of this result. Detailed
proofs are postponed to Appendix

< C'kVPT2Blog(T)Y3,  for T >

Sketch of Proof. We begin this proof by introducing some notations.

Notations We denote by Ly the largest integer [ such that ¢ > ,‘i,lﬂ/ST_l/‘(3 log(T)1/3. We denote by L(©) the

last phase where ﬁl—optimal Exploration and Elimination happens. We denote by Expl(z) the time indices

where G-exploration is performed on Xl(z) and by Expl(o) the time indices where A-exploration is performed

at phase [. We also denote by Recovery the time indices subsequent to the stopping criteria, this set being
empty when the stopping criteria is not activated.

We define a "good" event F such that the errors |a, (0* - 51)‘ and |w* — @l(o)| are smaller than ¢; for all

x

[ such that these quantities are defined, and all z € Xl(fl) and /YI(H). In the following, we use ¢, ¢’ to denote
positive absolute constants, which may vary from line to line. With these notations, we decompose the regret
as follows :

11



T S DO SHED DI e - D Sl SN ny
I<Lpze{- 1+1}t€Expl() lSL(O)teExpl()
RS R
B T Y T @ ¥ e’y
lZLT+1Z€{—1,+1}t€EXp’<Z) teRecovery
Ré{ec

Bound on A, TP (F). Using arguments based on concentration of Gaussian variables, we show that
P(F) < 2T '. Since Apax < 2, we find that A TP (F) < 4.

_1)

Bound on R% . We show that on F, only actions with gaps smaller than ce; remain in the sets Xl( and

2(l(+1). The length of each G-optimal Exploration and Elimination phase is of the order dlog(kIT")/ el2, so the
regret of each phase is of the order dlog(klT)/e;. Summing over the different phases, we find that

RS < cdlog(kL7T)/er,.. (6)

Using the definition of Ly, we find that RS < cdlog(kLrT)ky /> log(T)~1/3T/3,

Bound on ]i% We show that on F, Al > A for all [ > 1. Then, our choice of design ,ul(o) ensures that for
1< LO on F,

log(l(l4+1)T) ~
Z (z* —xt)T’Y* < C<Og((€2+))/i(Al)+d+l>
teExp(” !

for some constant ¢ > 0. Summing over the different phases, we find that
Ry < cm(ﬁL(O)) log(L(O)T)/e%(o). (7)

Now the algorithm does not enter the Recovery phase before phase L(®) + 1, so we must have
Ty < T?log(T)~ 2/35(AL'”)=2/3_ This implies that RS < ck(AL”)1/310g(T)V/3T2/3. Since k(A!) < &,
we find that RS < /ki/* log(T)/3T2/3,

Bound on R%ec. On the one hand, the actions selected during the Phases Expl(_l) and Exp D for | > Lr+1
are sub-optimal by a gap at most cer, on the event F. On the other hand, if the algorithm enters the
Recovery phase at a phase [, then

e < K(AL(0>)1/3T—1/3 log(T)1/3 < Ki/ST_l/S log(T)l/S,

so we must have | = LOO +1 > Ly + 1. Therefore, all actions selected during the Recovery phase are
sub-optimal by a gap at most ce,.. Then, RE°¢ can be bounded as R%¢¢ < cey,,. T. This implies in particular

that RIec < ri? log(T)Y/3T2/3.

When T > Ty, 4 for some T, g large enough, we find that Ry < c’ni/S log(T)'/3T2/3,
O

Theorem [2| shows that the worst-case regret of the Fair Phased Elimination algorithm asymptotically
grows as Cry/°T?/3 log (T)I/S. In Section we show that this bound is sharp in some settings up to the
sub-logarithmic factor log(T)/3.

The worst-case regret rate of biased linear bandits is higher than the typical rate Cdlog(T)T"'/? obtained
under unbiased feedback on the rewards (see, e.g., [Abbasi-yadkori et al., 2011]). This increase in the regret

12



corresponds to the cost of learning from unfair evaluations. It is due to the fact that the algorithm may need
to sample actions that are very sub-optimal in order to estimate the bias parameter, and distinguish between
two actions of different groups with similar rewards.

Previous bounds on the worst-case regret, established by the authors of [Kirschner et al., 2020] for linear
bandit with partial monitoring, rely on a different measure of the complexity of estimating the unbiased
reward (called the worst-case alignment constant) :

"o 2

s (=)

G = Imax

V€5 max (222) 17+ 1)°
TEX

The authors of [Kirschner et al., 2020] show that the worst-case regret of their Information Directed Sampling
algorithm is bounded by Cal/3d'/2T2%/3 log(kT)l/ 2, where C is a numerical constant. We underline that
this bound depends on the dimension d, the geometrical constant «, and on the number of actions k, while
the large T' bound of Theorem [2] only depends on the geometry of the action set through r.. In is unclear
whether the dependence on a'/3, d'/2, or even log(kT')'/? is sharp in some setting, since the corresponding
lower bound established in [Kirschner et al., 2020] is ¢T?/3 where the constant ¢ depends on the geometry of

{( v ) cxw € X} and is not explicit. Note that our upper bounds grows as log(T)'/? instead of log(T)/2.

Zx

By contrast, the present paper addresses the related problem of biased linear bandits. Using an algorithm
specifically design for this problem, we establish regret bounds that are sharp in some settings in terms of
dependence on k.. This shows that the constant ni/ 3
bandit problem for a given set of actions X.

We underline that the regret rates only depends on the geometry of the problem through the constant ..
This constant is defined as k, = Anaxv, where v is the variance corresponding to the eg41-optimal design.
While optimal design has been studied extensively, and the connection between G-optimal design and linear
bandit algorithm already exploited, it is to the best of our knowledge the first time that c-optimal design is
applied to this problem. Interestingly, the constant k. also appears naturally when considering the related
problem of optimal bias estimation against the worst parameter.

Recall that if we use a design p to sample actions during the A-optimal Exploration and Exploitation
Phase, the regret of is given by Y u(z)A,, where A, = max,cx (2’ —z)"v*. If we don’t know the gaps
A,, or equivalently if we don’t know the parameter v*, we can try to obtain a low regret against the worst
parameter . Note that, for a given design p, this worst-case regret is given by

max Y p(x)(a' —x) Ty,

@ €X Y EC(X) £

is a relevant measure of the difficulty of the linear

where we recall that C(X) is the set of admissible parameters. To achieve the lowest regret against the worst
parameter, we must use the design & solution to the problem

L = argmin max (2 — ) 8
fi gL IEMGCX)ZM Ty (8)

such that u € /\/led+1

and €d+1V(M) edr1 < 1.

The following lemma shows that eg41-optimal design is related to the problem of minimizing the regret for
estimating the bias against the worst parameter.

Lemma 5. Let i be deﬁned as z'n FEquation , and let us define the worst case regret Kk of the design i as

R = max (' —x) " v. Then, k < ki < 2R.
~EC(X)a! exzﬂ " ==

Lemma [5] underlines that the regret corresponding to the e441-optimal design is no larger than twice the
regret of the best design against the worst parameter. Thus, the two problems are essentially equivalent.
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5 Gap-dependent regret bounds

In Section [4] we established an upper bound on the regret for a given budget T, for the worst possible
parameter 8*. However, for a given parameter 8%, if the best action x* is unique, the Fair Phased Elimination
algorithm becomes able to identify it as the budget 7" increases, subsequently having 0 regret for the remaining
rounds. Note that the time necessary to identify the best group intuitively depends on the gap between the
best actions of the two groups A = mingey ,,=—, . (¥ — x)T 0*, and on the minimal regret for estimating
the bias x(A). Similarly, the time necessary to identify the best action depends on the gap between the best
action and the second best action A, = minge x\ {2+} (z* — J;)T 0*, as well as on the dimension d. In this
section, we establish a gap-dependent upper bound on the regret of Algorithm[d] i.e. a bound depending on
A, K(A), Apin and d.

5.1 Upper bound on the gap-depend regret of Fair Phased Elimination

Theorem [3] provides a gap-dependent bound for the regret of the FAIR PHASED ELIMINATION algorithm [4

Theorem 3. Assume that x* € argmax, xTy* is unique. Then, there exists two numerical constants
C,C" > 0 such that, for the choice § = T~ the following bound on the regret of the FAIR PHASED
ELIMINATION algorithm [{] holds

d  k(AVAzVer) o  d
<
Ry < C ((Amin \Y Ai log(T) + d* + A log (k)
d AV ALYV
< Vv K( ;ﬁ eT) log(T) for T>kv edAmin
Amin A;&
*1 T 1/3
where Apin = Mingex\ g+ Dz, Ayp = Mingex., =z, Dy, and ep = </€(;g()) .

Sketch of Proof. The proof of Theorem [3|is close to that of Theorem [2} and we adopt the same notations as
in the proof sketch page

Notations We denote by L(©) the last phase where ﬁl—optimal Exploration and Elimination happens. We
denote F some "good" event such that the errors |a, (0* — §§ZI))| and |w* — c?;l(o)| are smaller than ¢ for all
[ such that these quantities are defined, and all = € Xl(fl) U XZ(H). We denote by Expl(z) the time indices

where G-exploration is performed on Xl(z) and by Expl(o) the time indices where A-exploration is performed

at phase . We also denote by Recovery the time indices subsequent to the stopping criteria, this set being
empty when the stopping criteria is not activated. In the following, we use ¢, ¢’ to denote positive absolute
constants, which may vary from line to line.

Fact 1 Let la,,, be the largest integer such that €, > CAp;, for some well-chosen absolute constant

C > 0. We show that on the good event F, no more than la_, G-optimal Exploration and Elimination
phases are needed to find the best action. For all phases [ > [a_ ., the algorithm always chooses z*, and
suffers no regret.

Fact 2 We show that on the good event F, for each phase [, Al < c¢(AV ¢) for some constant c. Lemma
then implies that for all 1 < L and all 7 > 0, k(A!) < ck(AV ¢) < c(14+ ¢ DR(A V7).

Fact 3 Let Ia » be the largest integer such that ¢ N > C A for some well-chosen absolute constant C' > 0.

On the good event F, if the algorithm enters the ﬁl-optimal Exploration and Elimination phase at round
[ > 1a,, we show that the algorithm finds the best group at this phase. This implies that LO <A e

Fact 4 We denote by Ly the largest integer [ such that ¢; > (., log(T)/T)"*. Since s, > k(A!) for all I > 1,
we see that if the algorithm enters the Recovery phase, we must have Ly < LO and € o < €r, Rer.
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Using Fact 1, we find that the regret can be written as

S Y ¥ weay]

1< g 2L+ e p!

Rr < AnaxIP(F +E|}-

R

+Ez

SO @)

lSL(O)tEEXpl( )

+Ez

> (z*xtﬁ*].

tERecovery

Rec
A R

Bound on R$. We rely on arguments similar to those used in Equation @ to show that
RG <c¢(d+1) log(k;lA T) . Since €l 2 C A hin, this implies that

min
Amin

RG < c(d+1) log(klAmmT) cdlog(T)
r= Amm o Amin

itT > k.

Bound on R% —|—RRe° We begin by bounding R% Recall that Equation states that R% <
cm(AL( )) log(lrT)e; (0) Using Fact 2, we find that for any 7 > 0,

R < cr(AV 1) log(lpoT) (62(20) + 62(10)7'71) . (9)
Let us now consider two cases, corresponding to Recovery= ) and Recovery# ().

Case 1: Recovery= ). On the one hand, our case assumption implies that

R7* =0.

On the other hand, by Fact 3, we know that on F, L(® < Ia,. Then, using the definition of /5 and
Equation @D with 7 = A, we find that

RE < ck(AV Ay) log(L(O)T)A;2

Case 2: Recovery# (). All actions selected during the Recovery phase belong to X £<0)11 ux éﬁl_l, so on F

these actions are sub-optimal by a gap at most cey0),1, 0 R?ec < cTep0)41. Now, since the algorithm

enters the Recovery phase, we must have €0, < (k(AL”+1) 1og(T)/T)*/3, which implies that

k(AL +1) log(T)

R?ec <
= 2
Lo 41

Using Fact 2 with 7 = €7, together with Equation @, we find that

ck(AV ep o) log(T)

€10

R + REec <

On the one hand, Fact 3 guarantees that, since we entered the Recovery phase before finding the best group,
we must have €;0) < €la, - On the other hand, Fact 4 ensures that €;0) > ep. Thus,

ck(AVer)log(T)

R?ec S 5
A%
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Conclusion Combining these results, we find that

d KAV AL)  k(AVer)
<
Rr<c (Amin vV Ai vV Ai log(T)

when T > k. Using Lemma {4} we get that x(AV Ay)V &(AVer) < &(AV Ay Ver), which concludes the
proof of the results. O

The term Ad_ \% ”(Avﬁfvw) highlights the two sources of difficulty of the problem. On the one hand,
min #

the term Ad_ is unavoidable in d-dimensional linear bandits [Abbasi-yadkori et al., 2011]. On the other

hand, the term %

is characteristic of the linear bandit problem with systematic bias. Again, this

#

term only depends on the dimension through the geometrical constant k(A V Ay V er). Interestingly, when
d I{(A\/A#\/ST)

Amin > Ai

the classical d-linear bandit problem. In this case, the algorithm is able to find the group containing the best

action, and the problem reduces to a linear bandit problem in d dimension. Thus, the linear bandit with

systematic bias is an example of a globally observable game that can be locally observable around the best

action (thus answering a question by the authors of [Kirschner et al., 2020] on the existence of such games).

, the difficulty of the linear bandit problem with systematic bias is dominated by that of

When Ad. < ”(Avﬁfvw), the regret corresponds to the regret of the bias estimation phase. In other

min

words, when both group¢s contain near-optimal actions, the difficulty of the problem is dominated by the
price to pay for debiasing the unfair evaluations.

Next, we show that the gap-dependent bound on the regret provided in Theorem 2] and [3] are tight in some
settings, respectively up to sub-logarithmic and constant multiplicative factors. In the following, we show that
there exists v-correlated action sets such that any algorithm must suffer a regret of order d/Apin + Kk(A)/ Ai
for some parameter 6, where A, is the gap between the reward of the best and second best action, and A
is the gap between the rewards of the best actions of the two groups.

6 Lower bounds on the regret

In this section, we derive lower bounds on the worst-case regret and the gap-dependent regret that respectively
match the upper bounds established in Theorem [2] and [3] up to sub-logarithmic factors or numerical constants.
We begin by presenting the gap-dependent lower bound, and derive the worst-case bound as a corollary.
Before stating our result, we underline that the difficulty of linear bandits is highly dependent on the geometry
of the action set. For this reason, bounds established in the literature adopt either of two complementary
approaches. The first approach, adopted for example by the authors of [Kirschner et al., 2020], aims at
establishing results that give for any set of actions X a lower bound on regret of the form cx f(7T), where cx
is a non-explicit constant depending on the set of actions X, and f(T') is a function depending only on T
The second approach, to which this work belongs, chooses to establish lower bounds for some given set of
actions X that are explicit in terms of their dependence on X and T'. These results can then be used to show
that certain upper bounds cannot be improved uniformly on all problems, and that certain algorithms are
optimal for given sets of actions.

The upper bounds established previously underline the dependence of the regret on the geometry of the
action set. Before stating our result, we therefore begin by introducing the notion of v-correlated action set.

Definition 1 (v-correlated action set). For v > 1, a set of actions A is v-correlated if A € A, 4, where

A= {(w) (gpk)} c (RE+D x {—1,+1})’“:+
Ava = ke N*’ne%if{l e;_l Z 7(x) (Z) (i)T €d+1 ¢ > U
fari (7)eA

1s the set of actions sets such that the minimal variance of the bias estimator is larger than v.
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In the following, we establish a lower bound on the regret valid for all v > 1. More precisely, for all v > 1,
and all d > 4, we design a v-correlated set of actions A € A, 4, and we obtain lower bounds on the regret of
any algorithm on this set of actions.

6.1 Lower bound on the gap-dependent regret

In this section, we present a lower bound on the gap-dependent regret. More precisely, for given values
of Amin and A, we establish a lower bound on the worst case regret among parameters 6 verifying
Amin < mingex\o+ Az, and Ay < mingey.z,=—»,. Ay Before stating formally the result, let us define the
corresponding parameter set. For an action set A € A, 4, and for (Amin, Ax) € (0, 1)? such that A, < Ay,
let

0=(7): yel(x), 3! (:*) € argmax )eA{:cT’y},
®ﬁmin,A;é =< Vv ;// € A such that 2/ # o*, (z* — x’)T v > Anin,
N le/ € A such that z, # 2+, (™ — :c’)—r v> Ay

x

be the set of parameters with minimum gap Amin, and with gap A between the best rewards of the two
groups.

Theorem 4. For all v > 1 and all d > 4, there exists an action set A € A, 4, such that for all bandit
algorithms, for all (Amin, Ax) € (0,1/8)% with Amin < A, and for all budget T > 2, there exists a problem

characterized by 0 € QﬁminyAqé such that the regret of the algorithm on the problem satisfies

8dlog(T) 1 8v log(T)
d log( Az, ) v+1 og( Al
A0 min #
’ ——log(T) |1 - —————~ log(T) [1 — ————————=
Br™ =\ qga e (T) log (T) v 1A2 og (T) log (T)
v TAY,

Moreover, on this problem, k(A) € [4,2v].

Remark 1. The assumption d > 4 is necessary in our proof to design an action set A such that Equation
holds for all Apin, Az € (0,1/8). On the other hand, for d € {2,3}, for all Ayin, Ax € (0,1/8), we can
show that there exists action sets A and 6 € @ﬁmm’A# such that the lower bound in Equation (LO|) still holds,

by considering separately the cases ﬁ > A'—’i and ﬁ < AL?&.

Let us discuss the implications of Theorem [4] before sketching the proof of this result. Theorem [ provides
a non-asymptotic lower bound on the regret on some action set A for all 7 > 1 and all Ay, A € (0,1/8)2
that depends on the eg4yj-optimal variance v. To compare it with the upper bound provided by Theorem
we consider asymptotic regimes where T — oo, and the gaps Apin and A are fixed. Moreover, we note that
the lower bound of Theorem |4 corresponds to problems such that v and k(A) and of the same order. Thus,
the lower bound in Theorem 4| can be rephrased as a function of the A-optimal regret x(A). To state this

result, we define a class of problems @ﬂmimA#K such that x(A) < k.

Let us abuse notations, and denote for a parameter v € C(X), A(y), = maxycx(z’ — 2)"7, and
A(y) = (A(7)z)yex- Moreover, for a given set A, let us denote

O nn = Oha, 1 {0= () vec) wam) <«f.

Corollary 1. For all kK > 2 and all d > 4, there exists a set of actions A € R such that for all

(Amin, Az) € (0,1/8)% with Apin < Ay,

K4+ 2
2
8A7,é

lim inf sup

R} >[ d }
T— oo eegﬁmin,A#,NIOg (T) =

1OAmin
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Corollary [I] shows that for some action sets A, the gap-depend the regret of the Fair Phased Elimination
algorithm is asymptotically optimal up to a numerical constant. Again, the assumption d > 4 can be relaxed
if we consider different action sets for the cases ﬁ > f; and ﬁ < Aii.

Sketch of Proof. To prove Theorem [d] we need to construct two close problem instances with optimal actions
belonging to different groups - to obtain the part of the lower bound involving A - and in addition we must
also create confusing instances with different optimal actions belonging to a same group - to obtain the part
of the lower bound involving A ,;,. This is done by considering the following set of actions and of problems.

Set A = {( 1 ) - ( Fd+1 )}, where (:z ) = e; + eqt1, for i € {2,...,]d/2]}, (Z‘i) = e; — eqq1 for

Zay oy i

ie{ld/2] +1,..,d}, and (de+1 ) S (1 — ﬁ) e1 — eqr1- Then, Lemma|§|shows that A € A, 4.
Td41
Lemma 6. It holds that
+
x z\
. T _
WE%EP €d+1 Z m(x) (Z:;;) <z$> €d+1 ¢ = V.
a1 ()ea
We also define the following parameters:
1+ AL — Anin 1—A,— Anpin
’Y(l) — % Z e; | + % ej | + Aminer + Amine\_d/Qj-i-l
1<j<|d/2] ld/2]+1<j<d
’}/(l) = ’y(l) -+ 2Aminei + 2Amine\_d/2j+i Vi € {2, ooy |_d/2J}
1- A;ﬁ - Amin 1+ A;é - Amin
’Y(Ld/QH_l) -2 Z €|+ 9 Z A ej | + Aminer + Amin€|a/2|+1-
1<j<|d/2] ld/2]+1<j<d
The bias parameters are given by w(® = —% Vi€ {1,...,|d/2]}, and w(l9/2+1) = %. The parameters
) — (ZEZ;) characterize |d/2]| + 1 problems, with noise distribution i.i.d. A/(0,1). We write Problem i for

the problem characterized by 6("). Note that by construction and for any i € {1, ..., [d/2] + 1}, we have that
0 € ©4

Ain, At

The following facts hold:

e For any i € {1,...,|d/2] + 1}, action z; is the unique optimal action in Problem i. Since 1/2 >
Ay > Apiy, sampling any other (sub-optimal) action leads to an instantaneous regret of at least Ayin.
Moreover, choosing an action in the group —z; leads to an instantaneous regret of at least A_.

e In Problem i for any i € {1,...,|d/2]| + 1}, action d + 1 is very sub-optimal and sampling it leads to
an instantaneous regret higher than (1 —2/(y/v +1))(1 — Az + Apin) + (1 + Ay + Apin) /2 > 1/2,
since v > 1 and 1/2 > Az > Apin. This action is the worst action in all problems.

e Many actions are such that their distributions are the same across problems. More specifically:

— For any i € {2,...,|d/2]}, between Problem 1 and Problem i, the only actions that provide
different evaluations when sampled are action ¢ and action |d/2] + 4, and the mean difference
between the evaluations in both cases is 2A in-

— Between Problem 1 and Problem |d/2] + 1, the only actions that provide different evaluations

when sampled is action d + 1, and the mean gap in this case is ﬁA¢ = aAs.

The proof is then divided in two parts, one part for proving the part of the bound depending on A,
and one part for proving the part of the bound depending on A.
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Part of the bound depending on A,;,. This part of the proof is obtained using classical arguments for
K-armed bandit problems. For i € {2, ..., [d/2], all actions but x; and 2| 4/2)+; have the same feedback under

Problem 1 and Problem i. On the other hand, the average feedback for actions x; and z|4/2)4; differs by

2Anin, SO either action needs to be selected approximately loAgQ(T) times in order to identify the problem at

min

hand with high enough probability. In Problem 1, the simple regret for choosing x; or x| 4/2)4; is larger

than Apiy,, so the total regret obtained when doing this is at least of the order l‘fﬂ. Summing over the
dlog(T)
Amin

n

different actions i leads to a lower bound of the order

Part of the bound depending on A_. To obtain the second part of the lower bound, we note that all
actions but x441 have the same feedback under Problem 1 and Problem |d/2] + 1. The average feedback
for actions 44 differs by oA under these parameters, so action 441 needs to be selected approximately

lszg(:;#) = % times to identify the problem at hand with high enough probability. Since selecting action

Zq+1 leads to an simple regret larger than 1/2 under Problem 1, this implies that the regret must be at

least of the order UI%Q(T).
#

Bounds on x(A) Finally, the following lemma allows to express k(A) as a function of v and Aax.

Lemma 7. For anyi € {1,...,|d/2] + v1}, the gap vector A verifies

1 2Amax
w(a) = LTV B
4
On the one hand, since v > 1, we see that v < (1 + /v)? < 4v. On the other hand, 1/2 < Ay < 2, s0
K(A) € [¢,20]. O

6.2 Lower bound on the worst-case regret

To obtain a lower bound on the worst-case regret, we can rely on Theorem [f and build, for a well-chosen set

of actions, a sequence of parameters 6 with 0 € oA for pr of order (v/T )1/ 3 such that the regret on

pTPT
the problem 07 is at least of order 51/3T2/3 for all T

Corollary 2. Let v > 1 and d > 4. There exists an action set A € A, 4 such that for all algorithms, and
all T > 8%ev, there exists a bandit problem with parameter O € R such that the regret of this algorithm
satisfies

L1/372/3
32 ’
and such that k. € [v/8,2v]. This implies in particular that

R?ﬂT Z

RAGT k! 3T2/3
T = 50
Remark 2. Corollary@follows from Theorem which holds for d > 4 For smaller values of d (namely,
d>2), Theorem@ proves that for a well-chosen set of actions A with optimal variance v, the worst case
regret of any algorithm satisfies R?’QT > 8—1601/3T2/3. The formal statement of this result, all well as the
proofs, are postponed to Appendiz|[B|

Note that the assumption d > 2 is necessary here : if d = 1, there are at most two potentially optimal
actions (namely, max{z : € X} and min{z : z € X'}). Then, the problem becomes locally observable,
and regret rates of the order O(T*/2) can be achieved, as shown by the authors of [Kirschner et al., 2020].
Similar lower bounds have already been established in [Kirschner et al., 2020] : the authors show that when
the problem is not locally observable, any algorithm must have a regret at least ¢472/3 for some parameter
67 € R where c4 > 0 is a constant depending (not explicitly) on A. Those results are complementary

in some sense: Corollary |2| provides a bound which is sharp up to a factor equal to log(T )1/3 and depends

/

on an explicit problem-dependent constant c 4, namely cri’? for some numerical constant ¢ > 0, albeit this

bound is only valid for some specific action sets A.

19



7 Conclusion

In this paper, we addressed the problem of online decision making under biased bandit feedback. We
underlined its relation with partial monitoring with linear feedback and linear reward. We designed a new
algorithm based on A- and G-optimal design, and obtained worst-case and gap-dependent upper bounds on
its regret. We obtained lower bounds on the regret for some problem instances, thus showing that these rates
are tight up to sub-logarithmic factors in some settings. These rates highlight two behaviors : on the one
hand, the worst case rate O(Iii/ 3 log(T)'/3T?/3) highlights the cost induced by the biased feedback, and the
need to select sub-optimal actions in order to debias it. On the other hand, the gap-depend bound shows
that for some instance, the problem can be locally observable around the best action : then, the difficulty
of the problem is dominated by the difficulty of the corresponding linear bandit problem, and is no more
difficult than this problem. When this is not the case, the regret scales as A;Z, where A is the gap between
the best actions of the two groups. This work paves the way for considering other bandit models with unfair
feedback, considering for example continuous, multi-dimensional sensitive attributes.
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A Detailed Fair Phased Elimination algorithm

We present the notations used in Algorithm The phases are indexed by [ € N*. The sets Xl(z) for
z € {—1,41} corresponds to actions in group z that are considered as potentially optimal in phase . The
variable ,;l;‘ encodes the group determined as optimal : it is 0 as long as this group has not been determined.
The subscript (z) refer to the group z when z € {—1,+1}, and otherwise to the estimation of the bias w*
: for example, the probability wl(z) for z € {—1,+1} and [ > 1 corresponds to the approximate G-optimal
), Then, for z € {—1,+1}, allocations p) (resp. ,u(o)) correspond to allocation of samples in

the exploration phase Expl(z) (resp. Expl(o)). Similarly, V}(Z) (resp Vl(o)) denotes the variance matrix of the

(=)
estimator (g@) (resp. @l(o)) obtained from observations made during phase Expl(Z) (resp. Expl(o))_ Finally,

design on X

1
Explorel(z) (resp. Explorel(o)) is a Boolean variable indicating whether the exploration at phase [ for group z
(resp. for the bias parameter) has been performed. It is used in the proofs to ensure that the corresponding

estimators are well defined.
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Algorithm 4 Fair Phased Elimination (detailed version)
1: Input: §, T, k = | X|
2: Initialize: Apax < max,ce(x),(z,2)ex? (T — 2') T, Recovery < ), t « 0, [ « 1
3: 27«0, XI(H) —{x: 2z, =1}, Xl(_l) —{x iz, =—1}, AL Aoy for z € X

4: while t <T do N R
5: Initialize: € < 2' 7 'Apay, 27141 « 2%, AT Al Explorel(z) + False for z € {-1,0,+1}
6: for z € {—1,+1} such that z # —z do > G-optimal Exploration and Elimination
7: ( ) argmin { max a, V(m)ta, : 7€ ph (s |supp(m)| < 7(d+1)2(d+2)
™ IEXZ(Z) X
(=)
s: 189 (z) F(d“? @) 10g (’““lj”ﬂ for all = € A,
1
0. 2P T P (@), Bxpl? {t+1,...,TA(t+n§Z>)}
xeX(z)
10: if ¢t + nl(z) < T then
11: Explorel(z) + True, choose each action z € Xl(z) exactly ,ul(z)(:t) times
(2) ~2) (2) +
12: Vi ZteExpf) azag, 0, (V} ) ZteExp,FZ) Yily,
z z ~(z)
13: Xl(-s-)l — {z S X( ). maxm,exl(z) (ay — )T 0, " < 3¢
14: else for t € Exp( ?) , sample empirical best action in Xl(z)
15: end if
16: tt+n'?
17: end for
18: if z; = 0 then
19: compute the Al-optimal design 7i; and the corresponding regret x(A!)
~ 1/3
20: if ¢ < (/@(Al) log(T)/T> then > Recovery phase
21: Recovery « {t,...,T}
22: sample empirical best action in Xl( Dy X(l)l until the end of the budget, t + T
23: else > ﬁl—optimal Exploration and Elimination
24: ,ul(o)( )+ FL@ log (Z(ZH )—‘ forall z € X
€l
25: nl( ~ > ul(o)( ), Exp(o) { ST A(t+ n(o))}
zeX
26: if ¢+ n” < T then
27: Explore < True, choose each action x € X exactly u( )( ) times
0 0 0
28: V( ) > teEx p(®) Gz, @ a,,; ( ) i1 (V( )) ZteEXpl«n YtQz,
29: for x € Xl(Jrll) U Xl(+11 do
30: T/T\ll@ — aIQl — Zaf:a)l(o), AIT+1 < (maX$,X(_1)UX(1) T/)’\Llﬂ./ — ml,x —+ 46[) A Amax
I+1 I+1
31: end for
32: for ze{-1 +1} do
33: if max my, —2¢ > max My, + 2¢ then e I+1 ¢ 2
zeX?) w7
34: end if
35: end for
36: else sample empirical best action in Xl( Dy Xl( ) until the end of the budget, t < T
37: end if
38: tet+n
39: end if
40: end if

41: l+<1+1
42: end while
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B Lower bound on the worst-case regret for d > 2

Theorem 5. Letv >1,d > 2 and T > 43v. There exists an action set A € A 4 such that for any algorithm,
there exists a bandit problem with parameter 7 € R¥L such that the regret of this algorithm on the problem
characterized by 01 satisfies

RAOT > $U1/3T2/3'

Lemma 8. Let the action set be given by A = {( 1 ) N ( Fd+1 )}, where (;1 ) =e1 + eqt1, (z‘r ) =
zq z;

Zxy g4

ei — €eqt1 fori €{2,....d}, and (;;dd_:»ll =— (1 — ﬁ) e1 — eqr1- It holds that
+
T z\
. T
min { e e = K.
TeEPA il Z T <2I> (Z:E> d+1
(Z)ea

Proof. Consider the actions A defined in the sketch of proof of Lemma @ By Lemma@, Aec A, g We will

introduce two bandit problems characterized by two parameters 95} ) and 9¥ ). assuming that the noise &; is
Gaussian and i.i.d. - and we prove that for any algorithm, the regret for one of those two problems must be
of larger order than v'/372/3,

We also consider the two alternative problems defined in the sketch of proof of Lemma [§ as follows. For a
small 1/4 > pp > 0 where pr = T~'/301/3 (satisfied since T > 4%v), the two alternative action parameters
are defined as:

@ _ I+pr 1—pr pT
T = 5 A + 5 27 5 Z €j
3<j<d
2 _ l—pr 1+ pr pr
- = 5 O + 5 @ + = Z €j
3<j<d
On top of this, two bias parameters are defined as wg,} ) = —£&F and wg,? ) = £, Through this, we define the
&) @)
two bandit problems of the sketch of proof of Lemma H characterized by 9(T1 ) = (:@) and 0%2 ) = <17(T"2>>

- and where the distribution of the noise & is supposed to be Gaussian and i.i.d. We refer to these two
problems respectively as Problem 1 and Problem 2. We write Rgpl), PM and EM (respectively R(T2), P(2)
and E(z)) for the regret, probability and expectation for the first bandit problem, when the parameter is

9(T1 ) (respectively the second bandit problem with G(TQ )). We also write IP’g.z) for the distribution of a sample

received in Problem i when sampling action z; at any given time ¢ - note that by definition of the bandit

problems, this distribution does not depend on ¢ and on the past samples given that action z; is sampled.
The three following facts hold on these two bandit problems:

Fact 1 The parameters 'yg,}) and ’yé? ) are chosen so that x1 is the unique best action for Problem 1, and zo

is the unique best action for Problem 2. Choosing any sub-optimal action induces an instantaneous
regret of at least pr, and choosing the very sub-optimal action x441 induces an instantaneous regret of
at least 1/2.

Fact 2 Because of the chosen bias parameters, the distributions of the evaluations of all actions but z411 are
exactly the same under the two bandit problems characterized by 1) and Q(Tz ) e exactly the same
data is observed under the two alternative bandit problems defined by the two alternative parameters
for all actions but 241. More precisely, for ¢ € {1,2}, in Problem i and at any time ¢, when sampling
action x; where ¢ < 2, we observe a sample distributed according to N'(1/2,1) - i.e. IPg-i) is M(1/2,1) -
and when sampling action x; where 2 < 7 > d + 1, we observe a sample distributed according to N(0, 1)
~ie PV is A0, 1).
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Fact 3 The distributions of the outcomes of the evaluation of action x4 differs in the two bandit problems. Set
a=2/(y/v+1). In Problem 1, ]P’Ell_gl is V/(—1=25£72 7). In Problem 2, IP’((ﬁl is N (—1=afera ),
So that the difference between the means of the evaluations of action x411 in the two bandit problems
is A = o = 2pr_ < 2or
PTO= ot =
For i < d+ 1, we write N;(T) for the number of times that action x; has been selected before time 7. In
Problem 1, choosing the action z441 leads to an instantaneous regret larger than % (Fact 1), so that

(1) - EW [deJrl(T)} )

Ry’ > 5
If EO [Ny (T)] > T2/32“1/3, then Theorem [2| follows immediately; we therefore consider from now on the
case when 23 1/3
T
ED [Ny (T)] € —5— (11)

Now, let us define the event
T .
F = {Nl(T) 2 2’01/5} .

Note that action z; is optimal for Problem 1 and that action 2 is optimal for Problem 2 (Fact 1). Since
choosing an action that is sub-optimal leads to an instantaneous regret larger than pr (Fact 1), we also have

Y > 1000 (1)

and
Tpr

2
Then, Bretagnolle-Huber inequality (see, e.g., Theorem 14.2 in [Lattimore and Szepesvari, 2020]) implies
that

R > 2T ().

T
RY + R > —ZT exp (— KL (P<1>,1P<2))) .
For the choice pr = T~ /3¢v1/3  this implies that

T2/3,,1/3

RY + RY > exp (fKL (P“),P(?))) . (12)

Now, the Kullback-Leibler divergence between P(Y) and P(?) can be rewritten as follows (see, e.g., Lemma
15.1 in [Lattimore and Szepesvari, 2020]) :

1
KLEM.P®) = 2 3 BV (NI KLE BY).
j<d+1

By Fact 2, we have that for any j < d, ]P’g»l) = ]P’f). So that

1
KLEM ) = B0 [Ny (1) KLEG, BE)).

By the characterization of Pfiljl, IP’((fJZl in Fact 3, and recalling that the Kullback-Leibler divergence between

two normalized Gaussian distributions is given by the squared distance between their means, we find that
1 _
KLPW, PR = §]E(1) [Nai1(T)] A%

Thus, by the definition of A in Fact 3 and by Equation

2
1 ) T2/3 1/3 402
KL (P(l)vP(Q)) = SEO [Ny (T)] | —2- < T x T,
2 NOES 4 v

(13)
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reminding that pp = T—/301/3,
Combining Equations and implies that

T2/3,1/3
max{R(l) R(2)} Texp(fl),

which concludes the proof of Theorem [5 O

C Proofs

C.1 Proof of Theorem [2]
We begin by defining for z € {—1,0,+1}
L&) = max{l >1: Explore( 2 = True}
(2)

the largest integer I such that Explore,”” = True. Recall that k., = Apa.xv, where v is the eq4q1-optimal
variance. By definition of the algorithm, for all [ < LO 4 1, A < Apax, S0 H(Al) < k4. Now, let us also

define
1/3
LT:maX{l21:6l>(K*1c;g(T)> }

Then, if Recovery# (§, we must have L(®) > Ly. Moreover, we see that since ez, = 2'~FT A .., we have
L1 <1+ 3log, (TA}I{SX (K log(T))) < 4log, (T') when T > 1.

~(2) ()

We define a "bad" event F, such that, on F, our estimators 7, and @,

~v* and w* for all rounds [. More precisely, let

are close to the true parameters

Ux. (14)

1>1

where for [ > 1
5 _ yx T

F = 3z € {—1,1} such that Explorel(z) = True, and = € Xl(z) such that < l(z) ) (z ) > ¢
w;” —w* z

U {Explorcl(o) = True and ‘@l(o) - } .
Then, the regret decomposes as
R <Y Ez[(@" —x) y*] +2TP[F]. (15)

t<T
The following lemma relies on concentration of Gaussian variables to bound the probability of the event F.
Lemma 9. P(F) < 26.

Now, the first term of can be decomposed as

L&) 41
D)y o< Y Z e —w) Y+ Y (@ )T
t<T ze€{—1,0,+1} =1 tEEXp z) tERecovery

where we use as convention that the sum over an empty set is null. Note that for z € {—1, 41}, during the

phase Exp( *) the algorithm only samples actions from X 2 By contrast, during the phase Exp( ), even
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(0)
L +1

but does not have enough budget to complete the last ﬁl—optimal Exploration and Elimination Phase, it

samples the remaining actions in the set X’ 2@1)4_2 uXx 2312 Hence, the first term of can be upper-bounded
by

(2)

actions eliminated from the sets A"’ can be sampled. Finally, if the algorithm stops during phase Exp

Se o < Y S T a0 | max @ 0Ty (16)

t<T ze{-1+1}H=1 \ gex® zeX
L&) 41
+ Z Z Z (z* —x) Ty + Z (z* —x) T
ze{—1,+1}l:LT+1teExpl(Z) teRecovery
L©
—I—Z ZMI(O) (x)A, +1 {Exploreg)()o)ﬂ = False} max (z* — )T~
I=lzeX teBxp® T€X ) 9 o) s

£(0) 41

We begin by bounding the sum of the regret corresponding to the Recovery phase and to the phases
Expf) for z € {—1,4+1} and [ > L7 on the event F.

L&) 41
Bound on E E E (z* — wt)TV* + E (" — xt)T'Y*-
z€{71,+1}l:Lr+1t€Exp§2) teRecovery

Lemma 10. Let z* € argmax,cy T y* be an optimal action. Then, on the event F defined in Equation
, for 1 > 1 such that E:z:plorelz’”*) = True,

X {a: e X&) (2" —2) Ty < 10q+1}. (17)

7za>*)

Moreover, for 1l > 1 such that Ea:plorel( = True,

Xl(Jr_lz“) C {a: € Xl(_z"*) S(xt—2) Tyt < 42el+1}.

Recall that if Recovery# (), L(®) > L. Then, all actions sampled during the Recovery phase belong to
xY U Y for some | > L. Lemma shows that, on F, for { > Ly, the actions in Xl(z) are sub-optimal

I+1 1+1 v +1
by at most 42¢r,.41. Then, we get that on the event F,

L3 41
Z Z Z (z* —2) Ty + Z (" —z) Ty < T x42,,,
z€{71,+1}l:LT+lteEXp§z) teRecovery
< 26T Plog(T)/3.  (18)
L
(0) 0) _ * T %
Bound on ZZMZ (x)A; +1 {ExploreL(O)_Irl = False} Z xex“lgnaj()c(“) (" —xz) ' v".
l=1zeX tGExp(LOBO) L(0) 12 £(0) 42
+1
We begin by bounding the term 1 {E)(plore(LO()O)_~_1 = False > ( Inax o (z* — ) Tv*. Recall
—1 +1
teEfo()o)+1w€XL(0)+2UXL(0)+2
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(0)
that Ny 41 =

Z ,u L(Q) +1( x) is the budget that would be necessary to complete the Al-optimal Exploration

and Eliminatlon phase at phase L(®) + 1. On the one hand, Lemma [10| implies that on the event F,

T 0) (0)
1 {Explore(L()o)H = False} E max (" —x) ' y* < 4271(L<0)+1€L(0)+2 < 21ng )1 €LO 41
eexCD  ptHD
tEExp(O()O) L) 427 "L (0) 4o
L

On the other hand, for all [ < LO) 4 1, the definition of Al implies that ﬁfv > ¢ for all x € X. Therefore,

21n(L()0>+16L<o)+1 < 21n§;()0)+1 min, 35(0)‘*‘1. This implies that on F,

1 {Explore( = False} Z max (z* <21 Z ,u(o)

LO) 41
+ IE)(( D jxED

teBxp'®) £(0) 427 L(0) 12 TeX

£(0) 4

L<0>+1

AL(0)+1 (19)

Next, to bound the remaining terms of Equation , we bound the regret ,ul(o) (x)A, of exploration

phase Expl(o) using the following lemma.

Lemma 11. For alll >0, and z € {—1,+1}, we have

reX

) 2

z l
vex(®

and on F, we have

Z Ml(z)(l’) < Q(d;r 1) log (kl(lJr 1)) n (d+ 1)(d+2)'

S a®@)A, £ 3 aP(@)AL < 2D 10, (152) + 2@+,

€

(z* —z)Ty

*

N
Ay

(1 +1)

zeX reX
Then, Equation and Lemma imply that on F
L
ZZMZO) A, + 1 {Explore(L()O)_Irl = False} max
I acx o wex(h uxth
teExp L(0) 12 £(0) 42
L(U)+1
LO 41
0
<21y > @)
=1 zeX
LO41 2y
A
ca'y S8
€
=1 l

We rely on the following Lemma to bound r(A!).
Lemma 12. On F, we have for any l > 1 and any T > 0

k(A < 513 (1 + %) k(A V7).

and R
r(AY > K(AV g).

Lemma (11| and Lemma [12{ with 7 = €, (o) imply that on F,

L%lﬁ@l) o (DY 513k(A Ve o) lo (LD + )LD +2) >
€
1=1 € ¢ 0 - o ’
6L 16 4
< 1026K(A\/6L(0))10g( 5 ) (62 + &2
L) L)
L (0) AL(U)
< 20520log <6 > g
0 6L(O)
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LO 4

=1

)

gtz

) +42(d + 1)(L© + 1)

(20)

LO 41
1

€LEL(0)

=1

(21)



where the last line follows from the second claim of Lemma Now, by definition of L, €, 0 >
~ 1/3
(K(AL(O)) log(T)/T) . Then, Equation implies that

LO41
A 1 LOYN < 0
3 “(2 ) log (Z(H )) < 20520log (66) K(ALTY310g(T)~2/3T2/3 (22)

€ 1)
=1 l

Moreover, we observe that during each phase [, but the last one, we sample at least

(2) 2(d )
zer?—affl} Z Ty = Tlog(kl(l +1)/9)
xEXl(Z)

actions during the G-optimal explorations, so the number of phases L(® is never larger than
by =1Vlog,(T).
Using this remark, together with Equations and , we find that on F

L©

0 0
ZZu( ) ; + 1 {Explore(L()O)+1 = False} Z _nax (* —z)Ty* (23)
I=lzeX tEExp(I?()O)+116XL(0)+QUXL<O)+2

6L —~
< 920 ]og < ; ) k(AL )YT2/3 10g(T)2/3 + 4207,

Lt
Bound on >y > u(z)( ) | max (z* —x)"y*. We bound the remaining term in Equation
z€{-1L+1}=1 \ gex® zex?

using the first claim in Lemma|l11{and Lemma On F,

Lr
1) [+1 1 9
Z Z Z ,U,(Z) max (.r*_l-)T,y* < 22( d—|— (kl( + )> i (d+1)(d+ )>42q
zex(® 5 5
ze{—-1,+1}1=1 a:eXl(z) €x,
< BED,, (kLT(l +LT)> +84(d + 1)(d + 2) Apax
€Lr 6

< 208(d+ 1)rz /T log(T) /% log <kLT(15+LT)>

168(d+ 1)(d+ 2). o

Combing Equations , , , , and , and using § = T 1, K(AL(O)) < kx and Ly < 4T/log(2),
we get for all T > 1

Rr<C (mi/ 3723 10g(T) /3 + (dV k) log(T) + d2 + dis /T3 log (kT) 1og(T)—1/3)

for some absolute constant C' > 0. Finally, for

((dV k.)*?1og(T)) v d? y (dlog(kT))?

h= Ve (1. 10g(T) 2

we get
Ry < C'kl/3T2/3 log(T)'/3.
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C.2 Proof of Theorem [3l

The beginning of the proof of Theorem [3] follows the same lines as the proof of Theorem 2] We begin by
decomposing the regret as

Ry <Y Bz [(a* —a) ' y"] +2TP [F]. (25)
t<T
where F is defined in Equation . On the one hand, Lemma@ implies TP [F] < 20T. Then, Equation

implies

JAQEST
Rp < 4T+Ez| > > > @-z)v|+Ez| Y, @ —z)'y (26)
ze{—-1,+1} I>1 tEExpl(Z) teRecovery
A
0 * *
+E = ZZF‘Z( )(x)AI +Ez {Explore(L()O)+1 = False} Z b axX(H) (¥ —z) Ty
I=lzeXx teExp® TEX ] 0) 429 %L(0) 40

£(0) ¢

where F is defined in Equation , and where we used the convention that the sum over an empty set is
null.

(0) * T A%
Bound on 1 Explore, , ., = False > max (z* —x)' ~*.
©  TEX )+l
teExp
£(0) 41

Similarly to the proof of Theorem [2, we use Lemma [10] and Lemma [12] to show that on F

1 {Exploreu)o)_H = False} Z meg{naxﬂ(z* —xz)' vy < 212;LL<0)+1 AL<0)+1 (27)
temxp Yy L reX
JASEST
Bound on > S (@ ) Tyt

ze{-1,+1} =21 tEExpgz)

Lemma shows that for [ < L(*), the actions in Xl( ) are sub-optimal by at most an additional factor at

+1
most 21€;. Let us set Ia,,, = [—10gs(Amin/21)], so that

min

Amin < AInin
42 = emn = To1

For | > Ia,,,,, we have Xl(ﬂl) u Xl:f = {2.+}. Thus, I(=%*) <[ ., and for I > Ia

only z* during the phase Expl( R Then, combining Lemmas |11f and E and the fact that L(*) +1 < {7, we
find that, on F,

the algorithm selects

min 7 min 7

L&) 41 Ia,. +1Alr
* Ty () . T .
Yoo D @y < Y > > () max (a* —x)Ty
ze{—-1,+1} I=1 teExpfz) 2e{—1+1} =1 zeXl(z) :
Ia . +1NLp
" 2(d+1) El(l+1)\  (d+1)(d+2)
< 2 1 49
- ; ( 612 Og( 5 + 2 €]
k(1 2
< 8A(d+1)(d+2) + 2w ><336(d+1)log( ( +£T§( “T))
14112(d + 1 1 9
< sAd+ 1)+ AREEY (k( ”T)g( +€T))).(28)

Amin
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O

* * (0)
Bowndon 3 (¢ + YA+ S 3L

teRecovery l=1xzeX zeEX
We use the following lemma to bound the number of phases necessary to eliminate the sub-optimal group.

Lemma 13. On the event F defined in Equation , for 1 > 1 such that ¢, < % and E:cplore(LO) = True,

Z¥ 41 = 2

Let Ian, = [—1og(A/8)/log(2)] be such that

Ay Ay
TG < GZA# < ? (29)
Lemma (13| implies that on F, L(®) < Ia,-

To bound the remaining terms, we consider two cases, corresponding to Recovery= () and Recovery# (.

Case 1: Recovery= (). Our case assumption implies that

Z (¥ —z) Ty =0. (30)
tERecovery
Lemma [T2) implies that
O L(0)+1
0 0 (0) Q)
Do m @A+ D p @A < 3T Y (@)
l=1lzeX TEX =1 zeX
Moreover, L(®) < Ia, N, so on F
L(0)+1 (lA#/\ZT)—‘rl
0 ~ 0
SD WILEEREI S WA
=1 zeX reX
Using Lemma we find that on F
(lA¢/\ZT)+1 (ZA¢/\ZT)+1 ~
2k (Al (+1
Z SouP@al< Y EQ )log<( ; )>+2(d+1)(£T+1)
TEX 1=1 !

ZA¢+1 ~i
< 2log (W) ; M) L o4 1)(er + 1),

€

~n

Using Lemma with 7 = A+ and 7 we have on F

In+1 —~ In+1
Ay K(Al) ay

3 7 SOIBKA VAL Yoo+ /Ay

=1 =1

< 220,‘{(A V A#) .

< Ai
We obtain on F
L®41
~ y4 1)(¢ 2 AV A
> > u @Al < 22310g(( rt ?ﬁ )) ul ~ ) 4 od 4 1)(er + 1), (31)
=1 zeX #

32



Combining Equations , , , and 7 we find that on F, when Recovery= (), there exsists an
I

absolute constant ¢ > 0 such that for § =T7-,

L) 41 LO©
* * * * 0
XX X @emlvr 3 @ e+ Y @A,
ze{—-1,+1} I>1 tEEXp(z) tERecovery I=1zeX
+1{Ex lorel® = = False} max (z* —x)Ty*
PIOTCL© 11 (-1 +1) v
tcBxp® €L YN0
*Pr(0) 41 *
d H(A V A;ﬁ) d
< c(d2+ ( \ 5 log(T) + log(k) |.
Amin A# Amin
Case 2: Recovery# (). In this case, the algorithm enters Recovery at phase L(®), so Explore(Lo()O) 41
and Exp(L(J()(])+1 =, and
]].{EXplOI'eL(O)+1 = False} Z max (x* —2)Ty* =0,
@ X Q) VX
+2 L +2

tEExpL(O)

Using Lemma we see that
Z (z* — xt)T'y* < 21T€r0)41-

teRecovery
: ANLO 41 /3
On the other hand, in the Recovery phase, €0 < (/@(A ) og(T)/T)) . Thus,
AL( )41 lo
Z (z* —2) Ty S Lr( ) log(T' )
tERecovery L(0)+1
Now, Lemma [I1] show that
L(O) L(D) o~
Al
S 0 @)a, < alogeL5 )Y 5D 4 aaro)
I=lzeX =1
Combining these results, and using L(®) < {7, we see that
L© L 41 (31)
Z (z* —2) Ty + Zz,u )A, < 4dLO + (4log(2¢76~ ") v 211og(T)) Z n 5
tERecovery l=1zeX =1 €
Using Lemma@ with 7 = €70, we see that
LOy1 ~ JAQES] JAQES]
Al AV (AvV
LC RN E 3 MAVa) | g Z KAVero)
=1 € =1 z €1,0) €]
AV AV
< 8202@ + 2052w
L(0) L(0)

(32)

=False

(33)

(34)

Now, the algorithm enters the Recovery phase before finding the best group, so we must have L(® <[5 2

This implies that

L(0)+1 ~
“(Al) < 922 K(AVeLo)

§ : 2 = A2 .
! #

=1
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Finally, note that L© > Ly, so €0 < €r, =er, and

L(0)+1 N
k(A kK(AVe
Z (2 ) S 222 ( AQ T) . (35)
= #

Combining Equations (28)), , , and , we find that on F, when Recovery# (), there exists an
absolute constant ¢ > 0 such that for § = 771,

L& 41 O
> X @em)y 3 @ e Y @A (36)
ze{—-1,+1} I>1 tEEXpl(Z) teRecovery l=1zeX
(0) — * T %
+1{Explore; o, , = False} Z ze;c(*l?lafx(*” (x* —x) 'y
tEExpg’()o)_H £(0) 427 L(0) 42
d K(AVer) dlog(k)
<c|d? \Y, log(T) + ————= ).
N c( * (Amin Ai Og( ) * Amin

Conclusion We conclude the proof of Theorem [3| by combining Equations , and .

C.3 Proof of Theorem 4
We prove Theoremfor the set of actions A defined in the sketch of proof of Theorem A= { ( 1 ) s ( Td+1 ) },

Zzq sz+1
where (:l) = e + eqq1, for i € {2,...,|d/2]}, Z'T"_) = e —eqy1 for i € {[d/2] +1,...,d}, and
(ZZ: ) = _ (1 — ﬁ) e1 — eq+1- Then, by Lemma |6} for this choice of action set, we have A € A, 4.

We consider the set of bandit problems defined in the sketch of proof of Theorem[d} for i € {1, ..., [d/2]+1}
Problem i is characterized by the parameter 89, where () = (3((@))) is defined as:

1+ AL — Apin 1-—A,— Apin
'Y(l) — % Z e; | + % ej | + Aminer + Amine\_d/Qj—i-l
1<j<|d/2] ld/2]+1<j<d
")/(Z) = ’y(l) + 2Anine; + QAmineLd/QJ_H' Vi € {2, ey Ld/QJ}
1—A _Amin 1+A _Amin
fy(td/QJ-i-l) — % Z €; + % Z - € =+ Aminel + Aminetd/ngrl,
1<j<1d/2] ld/2]+1<j<d
and the bias parameters are defined as w(*) = —A—; Vi€ {1,...,|d/2]}, and otherwise w(l4/2+1) = %. We

write B, P(0) Rg) for resp. the probability, expectation, and regret, in Problem i. Note that this choice of
parameters ensures that Vi € {1,..., |d/2] + 1}, %) € CIN
The following facts hold:

min:A;£ :

Fact 1 For any i € {1,...,|d/2| + 1}, action z; is the unique optimal action in Problem i. Since 1/2 >
Ax > Apnin, sampling any other (sub-optimal) action leads to an instantaneous regret of at least Amin.
Moreover, choosing an action in the group —z; leads to an instantaneous regret of at least A_.

Fact 2 In Problem i for any i € {1, ..., |d/2] 4+ 1}, action d + 1 is very sub-optimal and sampling it leads to
an instantaneous regret higher than (1 —2/(v/v 4+ 1))(1 = Az + Apin) + (1 + Az + Anin) /2 > 1/2,
since v > 1 and 1/2 > Az > Ayin.
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Fact 3 In Problem i, for i € {1,...,|d/2] 4+ 1}, when sampling action z; at time, ¢ the distribution of the

observation does not depend on t or on the past (except through the choice of z;) and is sz‘). It is
characterized as:

Vie{l,..,|d/2] + 1},pgi>,p<@>/%+1 are N((1+ Apmin)/2,1)
Vi€ {1, |d/2] +1},Y) € {2, ., d}\ {[d/2] + 1,3, [d/2] + i}, P is N((1— Amin)/2.1),
Vi€ {2,1d/2]} P is N((1+38mn)/2,1) P, L0 is N((1+3Amn)/2,1)

Vie {1, [d/2)} Py, is N(—(1— )1+ Ay + Apin) /2 + Ay /2,1),

P i M(—(1—a)(1 = Ay + Apin)/2 — Az/2,1)  where o =2/(v/0 + 1).

So that:

Fact 3.1 For any i € {2,...,|d/2]}, between Problem 1 and Problem i, the only actions that provide
different evaluations when sampled are action i and action |d/2] + i, and the mean gaps in both
cases is 2A min-

Fact 3.2 Between Problem 1 and Problem |d/2] + 1, the only action that provide different evaluation
when sampled is action d 4 1, and the mean gap in this case is aA.

For j < d+ 1, we write N;(T') for the total number of times action x; has been selected before time 7.
Then, for j € {1,...,[d/2]}, let EU) = {N;(T) < T/2}. Note that for i € {1,...,|d/2]}, in Problem i the
action z; is the optimal action. Therefore, for any efficient algorithm, for all i € {1, ..., |d/2]} the event E(*
should have a low probability under P(). Indeed, for i € {1,...,|d/2]}, the regret of the algorithm under
Problem i can be lower-bounded as follows - see Facts 1 and 2:

ED [Noa (7))

BY = 3 EOINMAmat > EVNT) Ag+ —— 87)
J<ld/2], j#i [d/2]+1<;5<d
Since E® [N;(T)] = T and Apin < Ay < 1, this implies together with Facts 1:
RY > (T =ED [N(T)]) Ao

Using the definition of E(®), we find that

RY > %Pm (B). (38)
In particular for Problem 1, for any i € {1,..., |d/2]},

RY > %P(U (ED). (39)

since EM o E@).

Similarly, let us also define the event F' = { > Ni(T)>T/2;. Then, in Problem 1, the group 1
i<|d/2]

contains the optimal action, and so for any efficient algorithm, the event F' should have a low probability

under PO . Indeed, Equation also implies

TA —
RY > |T-EV | N NT)| | Az > Tﬁ@(l) (F). (40)
i<|d/2]
On the other hand, for any efficient algorithm, the event F' should have high probability under P(L4/2+1)
Indeed,under problem Problem |[d/2] + 1, the regret can be lower-bounded as follows - see Facts 1 and 2:
E(4/2J41) [Ny, 1 (T))]
5 .

R(Ttd/zjﬂ) > Z R(ld/2]+1) [N;(T)] Ay + Z E(ld/2]+1) [N;(T)] Aumin +
i<ld/2] ld/2]+2<j<d
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which implies that

TA
R(TLd/QJ-H) > Z E(L4/21+D) [N,(T)] Ay > T#p(LdﬂHl) (F). (41)
j<ld/2]

Now, Bretagnolle-Huber inequality (see, e.g., Theorem 14.2 in [Lattimore and Szepesvari, 2020]) implies
that for all i € {2,..., |d/2]},

%exp (_KL (}p(l),}p(i))) < PO (Eu)) 4P (m) (42)
and that
%exp (—KL (p(l),p(td/2J+1))) < P2+ (F) + ) (F) ) (43)

On the one hand, Equation implies that for any i € {2, ..., [d/2]},

“log (QIP(“ (E@')) + 2P (ﬂ))

log (T) — log (27 (E®) + 27P0) (EW ) ). (44)

Y

KL ([P“LIP“))

V

Combining Equations , , and , we find that

KL (PU),P@) > log (T) — log (W) . (45)
On the other hand, Equation implies that
KL (p(1)7[p>([d/2j+1)> > _log (2]}D(Ld/2J+1) (F) + 2P0 (f))
> log (T) — log <2TIP><W 241 (F) + 27PD (F)) . (46)
Combining Equations 7 7 and 7 we find that
KL ([p)(l)’]p(Ld/QJ-&-l)) > log (T) — log (4(R(TW2JA+: +R(Tl))> . (47)

Also, note that for all i € {2, ..., [d/2] + 1}, the Kullback-Leibler divergence between P(!) and P(*) can be
decomposed as follows (see, e.g., Lemma 15.1 in [Lattimore and Szepesvari, 2020]) :

KL@e® POy = 3 EW (N1 KLEY,PY). (48)
j<dtl

Lower bound in dA_; logT. By design, for i € {2, ..., [d/2]}, all actions but z; and z |4, have the same
distribution under P() and P - see Fact 3.1. Then, Equation becomes from Fact 3.1 and from the

expression of KL divergence between standard Gaussian distributions:

, 4AN2 . ANZ
KLEPW POy = %E(l) [N:(T)] + %E(l) [Nia)+:(T)] -

So that, summing over i € {2,...,|d/2]}, and by Fact 1:
S KLEW,PY) < 2AuRY.
i€{2,...,1d/2)}
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So that by Equation (summing over i € {2, ..., [d/2]}):

(@) (1)
log (T') — log (4(RT + Ry )>]

2Amin ) >
RT - Z Amin

i€{2,...,[d/2]}

(), p)

4Ry + R

(ld/2] —1)log (T) — §  log <(TAT)> .
i€{2,...,[d/2]} m

Let us assume that our algorithm satisfies max;<|q/2) Rgf) < dgoim - otherwise the bound immediately

follows for this algorithm. Then "

m 5 _1 91 — 1)log (T) — — Lo [3log T
Ryt 2 g —(ld/2] = Dlog (T) — 50— Yoo g g

i€{2,...,1d/2]} min

> 2A1min(Ld/2J ~1) {log (T) — log (Mféiﬂﬂ . (49)

Sine d > 4, we note that |d/2| —1 > d/5. This concludes the proof for this part of the bound.

Lower bound in UA;Q logT. By design, all actions but x441 have the same evaluation under Problem 1
and Problem |d/2]| + 1 - see Fact 3.2. Then, by Fact 3.2 and the expression between the KL divergence
of standard Gaussians, Equation becomes

KL@EW, P24y = ED [Ny, (T)] (O‘A#:}E“) [Nat1(T)] 282 Y’
, d+1 B 9 d+1 \/64— 1 .

Combined with equation , this implies that

ﬁwwaﬂw(m¢) zbum4%< (50)

4<R(T\.d/2J+1) +R(T1))
Vo1 '

Ay

Let us assume that our algorithm satisfies max;<|4/2)41 Rgf) < vl%@ - otherwise the bound immediately
= *

follows for this algorithm. We then have

ﬁmwmm(;ﬁJ kan4%6ﬂ3ﬂ>

Using Equation , we find that

v+1
= 2
4A;‘é

RY (51)

8vlog (T’
log (T') — log (Z%é”)

Lower bound in ’UA;2. Let us assume that our algorithm satisfies max;<|q/2|4+1 Rgf) < Avi - otherwise

the bound immediately follows for this algorithm. Then, Equation implies

2

Using again Equation , we find that

TA3
OIS v+1 =
R > 4A§é log <o | (52)

We conclude the proof of Theorem [4| by combining Equations , and .
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C.4 Proof of Corollary

The proof is immediate if we apply Theorem [4] for v = §. Then, Theorem [4] ensures that there exists an set
of actions A € Ax 4 such that for all budget T' > 1, there exists a parameter 0 € G)A A such that

[ [T [, [ ()
Br™ 2\ oA s (M 11 = 5. m) Vil R R R d)

Moreover, for this parameter, x(A) < 2 x &, which shows that 6 € Gﬁmsn,A#,n'

C.5 Proof of Corollary
. _ €T Td+1 s —
To prove Corollary we rely on the set of actions A4 defined as A = { ( ) s ey ( + ) }7 where (Z ) =e;+

Zxyq el @
eqt1, fori e {2,...,|d/2]}, (;7 ) =e;—eqq fori € {|d/2]+1,...,d}, and ( Fd+1 ) =— (1 - ﬁ) €1—€d+1-
z Tq41 v
Then, by Lemma |§|, for this choice of actions A, A € A, 4.
We consider the set of bandit problems defined in the sketch of proof of Theorem E| for Apin = Az =

pr = (8ev/T)"*. Note that when T > 4 x 83v, pr < . Then, for i € {1,...,[d/2] + 1} Problem i is
characterized by the parameter Héf), where ngi) = (Z((:;) is defined as:

1 1—2pp
FO = 5 Z ej | +—— Z G + pre1 + prejajz)+1
1<j<[d/2] ld/2]+1<j<d
YD = W 4 2p7e; + 20r€(ay0) 4 Vi€ {2, |d/2]}
1—2pp 1
Sld/2l+1) : Z e | += > e | terertoreapy,
1<j<|d/2] [d/2]4+1<5<d
and the bias parameters are defined as w(®) = —EL Vi e {1,...,]d/2]}, and otherwise w(ld/2l+1) = L. We

write E(®), P(0) R(i) for resp. the probability, expectation, and regret, in Problem i. Note that this choice of

parameters ensures that Vi € {1,..., |d/2| + 1}, 9(2 € @,f‘ﬂ o

Following the lines of the proof of Theorem |4 ' we find that for some i € {1,...,|d/2] + 1}, there exists a
Problem i such that for 0 = 6;),

RAOT > W {1 Alog (T(SEZ/T))] . (53)

To conclude the proof of Corollary note that on the one hand, for all Problems i, A.x > 1/2, so
K« = Amaxv > 5. On the other hand, we always have Ay < 2, 50 Ky < 20,

C.6 Auxiliary Lemmas
C.6.1 Proof of Lemmas [1] and [2|

We begin by proving Lernrna Recall that 7 is a G-optimal design for the set {a, : x € X'}, and that p is
defined as p(z) = [mn(z)] for all z € X.

We first observe that V(7) = AT A, where A, is the matrix with lines given by [\/7(x)a, ]zcx. Since
the supports of y and 7 are the same, we get that Range(A]) = Range(A;). As a consequence

Range(V (7)) = Range(A]) = Range(A;) = Range(V (1)),

and x € Range(V(u)) for all x € X'. This ensures that aTGH is an unbiased estimator of a 6*.

38



Furthermore V() = mV (7), so the variance a] V (u)*a, of a{@ is upper-bounded by a] V (u)ta, <
m~ta] V(n)Ta,. Now, the General Equivalence Theorem of Kiefer and Pukelshein shows that max,ecx a,} V()" a, <
d+ 1. Thus, a} V(m)*a, <m~1(d+1).

We now prove Lemma Recall that m € Mde is such that egs41 € Range V/(w), and that p is defined
as p(x) = [mm(x)] for all z € X. Using similar arguments, we can show that eqsr; € Range(V (1)), which
ensures that e, +1§u is an unbiased estimator of e;, 0*. The second part of the Lemma follows directly using

that V() = mV ().
C.6.2 Proof of Lemma [3]
Setting 1 - A = (pu(z)Az)zex and
-
A2, AZV2,
VA()‘) = Z Az (Am_l/zzz A;l/sz )
zeX

we observe that Va(u-A) = V(u). Hence,

K(A) = min g (- A)g.
+
. pneM e X
ear1Va(uA) e <1

We observe that eg1 € Range(V (1)) is equivalent to eqi1 € Range(Va(u - A)). Hence, u® - A = \® where

e argmin Z Ag-
AeRY
ed+1€Range(Va(N))
eap1VaN)Tear1<1

The conclusion then follows by noticing that by homogeneity, A\* = k272,

C.6.3 Proof of Lemma [4]

Proof of Claim |§| The proof of the first claim is immediate by definition of k. Indeed, let M =
e Med+1 eqp1V(p) Tearr < 1} be the set of measures p admissible for estimating w* with a preci-
sion level 1. Then,

k(cA) = min w(x)eA, = ¢ min wu(x = cr(A).
( ;LEMZ uEMZ ( )

Proof of Claim @ The proof of the second claim is also straightforward. If A < A/, then for all u € M
S u(@)A, <3, u(z)AL. Recall that p® = = argmin o > (x)Al. Then,

Zu A’>Zu )A, >m1nZu = k(A).

pneM

Proof of Claim To prove the third claim, note that

kK(AVAY = fen/\ritzu (AL VA,)
> min (%:u(x)szzz:u(x)Am>
S A(A)V R(A).
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Proof of Claim |iv)| Recall that

Let us define a sequence (fin)neny € MY such that Y owbn(T)Ag

= manu

pneM

%

k(A), and let us denote k, =
n—oo

> u tn(x)Ag. According to Claim fii), we have

K(A) < k(AVe) = mlnzlu

pneM

It follows that for all n,

)A, +€Z,Un

) (A Ve) <Z,un

K(A) <liminf k(A Ve) <limsupk(AVe) < ky,.

e—0t

e—0t

Letting n go to infinity, we get that lim. .o+ k(A V €) = k(A).

C.6.4 Proof of Lemma [5]
Let 1 be defined by . Let us define

(xu), 2® 5)

S

3N

and

argmax  (z —a')"

(z,2")EX ,yEC(X)

%(xu) +2®)

> i)
=S ia)a

reX

v

Recall that v can equivalently be defined as the budget necessary to estimate the bias with a variance

smaller than 1. Therefore, we have

On the one hand, the definition of A,y implies that (z(1) —z()T5

(54)
Amnax- On the other hand, by definition

n>wv.

of k and p,
Fr YaE -7
reX
= AW -3)77.
Using Equation , we find that
= > @ -m+E-DTF
Amax g— ~ ~
= > +Z-7)"7. (55)
Now, since 7 € C(X), we also have —5 € C(X), and therefore
o> @) @® —2)T(=9)
reX
= a@E-—zTy
Using again Equation 7 we find that
Sz @-)i+@E-a?)7F
v
~ ~ Am b'e
= (@-7)"7+ 2“‘ . (56)
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Combining Equations (55)) and (56)), we find that
R Amax T~
g > T+|(Ef:1:)T7|.

This implies in particular that x > % = ‘5, which concludes the proof of the lemma.

C.6.5 Proof of Lemmas [6] and

We prove Lemma [6] The proof of Lemma [§] follows by noticing that the two actions sets are equal up to a
permutation of the direction of some basis vectors. To prove Lemma [ we rely on Elfving’s characterization
of c-optimal design, given in Theorem [I| Theorem [1|shows that for 7 € P1--4+1} to be e441-optimal, there
must exist ¢ > 0 and ¢ € {—1,+1}9F! such that

Zﬂ'i:l

1<i<d+1
0 = mG—(1- ﬁ)ﬂd+1<d+l
Vie{2,...d}, 0 = m(
t = Z miGi — Z i Gi-

1<i<|d/2] ld/2]+1<i<d+1

Solving this system, we find that t=2 = v. Note that the unicity of the solution for the corresponding
probability measure 7 guarantees that te;1 belongs to the boundary of S.

C.6.6 Proof of Lemma
For a given parameter v*, let us denote by A; the gap corresponding to the action i. To compute k(A), we
could want to rely on Lemma [3] to find the A-optimal design, corresponding to the ey, 1-optimal design on
the rescaled features Ay 1/2 (;

of Lemma [f] Unfortunately, we cannot rescale the features using the true gaps, since A« = 0. To circumvent
this problem, we rely on the following reasoning :

. Theorem [1{indeed allows us to compute such a design, as seen in the proof

1. We use Lemma and Theorem [1| to compute the design V¢ for € € (0, Apin); and the corresponding
regret k(A V e);

2. We find the value of k(A) by noticing that € — (A V €) is continuous at 0.

For € € (0, Apin), define A = A Ve, and 7 = Z;lﬂx. Let 7 denote the eqii-optimal design for the
rescaled features Z, and let T denote its variance. Then, Lemma |3| ensures that x(A) = T.
Now, Theorem |1|shows that there exists ¢ € {—1, +1}%*! such that

omo=1

1<i<d+1
——1/2 2 —-~——1/2
0 = TGl / —(1- +1)fd+1Cd+1Ad+{
Vie{2,..d, 0 = maA,
AR D D17 D DI .
1<i<d/2] d/2)+1<i<d+1

and T'/2e441 belongs to the boundary of S. Solving this system, we find that

~—1/2
(ﬁ) Agt
—1/2+1/2"

K(Z)71/2 :ﬁfl/Q — - —
1+ (1- o25) Bt B
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As in Lemma [6] the unicity of the solution for the corresponding probability measure T guarantees that
E_I/Qed_H belongs to the boundary of the Elfving’s set. Now, € < Apin, SO

2 —1/2
(\/E+1>Ad+1

e (1o o20) agar
Vu+1 d+1

The fourth claim of Lemma [4| ensures that k(A V €) e k(A). Therefore,
€E—

K(A) 2 =k(Ave) 2 =

-2

2 —1/2
B\ ) A i

C.6.7 Proof of Lemma
Lemma [9] follows directly from Lemmas [14] and [T]

Lemma 14.

~(2) T
P|3l>1,z€{-1,1} such that Explore( ) — = True, and x € X( ) such that <’yl(z) 7 ) <x> >e | <6
o -

Lemma 15.
P (3l > 1 such that E’:Eplore( ) = True and ‘w(o) —

) <6

C.6.8 Proof of Lemma [I0]

To prove Lemma we rely on the following key lemma. This lemma proves that on F, i.e. when the error
bounds hold, the algorithm never eliminates the best action or the best group.

(zm*)

Lemma 16. On the event F, for all x* € argmax,cy ' v* and all | such that Explore, = True, z* €

Xl(ﬁ ) Moreover, on the event F, for all | such that E:Bplorel(o) = True, there exists * € argmax,cy ' v*

such that z/:*H_l £ =z

Let | > 1 be such that Explorelz””*) True. Then, on F, z* € Xlﬁ*) by Lemma Moreover, for all
z € xF) , by definition of = ). we have that on F

I+1 I+1
" T [/ 22)
((2)-(2)) (30) =
Zyx Rxx wl
( z* >T jy\l(z) _ ,y*
Zx* @l(z) — w*

which implies that

((Z)-(2)) (Z) =

Thus, on the event F, for all z € Xl(jl*)

+

BNES
Zx* @l(z) — w* ’

(z* — )" v < 5ey,

which proves Equation ((17]). To prove the second claim of Lemma | assume that for all 2/ € argmax, ¢ T y*,
2z = Zgp« (when this does not hold, the second claim follows from Equatlon ) Now, let [ > 1 be such

that Explore( #*) = True. By Lemma on F, z* € X(Z”) and Zz = 0. Then, the algorithm is unable to
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(0) (—20%)

determine the group containing the best set during the phase Exp,’;, so there must exist 2’ € &) such
that o) o)
:y\ Zgp* / ~ Zyp* R
<x ) Al(zl*) = < } ) 7l( 1z ) Jr221‘6*“’1(8)1 +4e1.
RBx* w; —Zx* w;_{"
It follows that
* N T * * T *_A(Z.L*) / ’\( Z*)_ *
_ Y= Y Y ~
¥ —x ~ < x -1 n T -1 i QZm*Wl(O_)l Yde .
22 w* 2 wr — lEa) — 2 oz
-1 -1
On F, this implies that
-
Z‘* _ .13/ * R
() (2) <t
SO .
(x* —2) v" < 22,0 (wl(o)l *) + 66,1 < 8¢;_1 = 16¢;. (57)

Moreover, for all z € XI(HZ’ ) we have (g — a,:)Tgl(_z‘”*) < 3¢, so following the same lines as for the first

claim, we get (z' — x)T7* < 5¢;. Combining this bound with , we get

max (¥ —z) 7" < 2le.

weXl(+lz a*)

This concludes the proof of Lemma

C.6.9 Proof of Lemma [11]
For z € {—1,4+1} and [ > 0,

71'(2)1'
S 0) = 32 2D g (RO o)

€

Now, supp(ﬂ'l(z)) < % and ) ﬂl(z)(x) =1, s0

Z,ul(z)(l‘) < Z(de—z‘r 1) log (k‘l(l(;r 1)) n (d+ 1)2(d +2)

. i

which proves the first claim of Lemma o
To prove the second claim, we bound the regret for bias estimation at stage [ as follows. On F, we have
A, <Al forallz € X and [ > 1, so

Z N(O) Z M(O)

zeX zeX

Recall that i is the Al-optimal design, and that for all z € X, ,u(o)( ) = [2’”(95) log( (Hl))] Since
Aé < Apax <2 for all x € X, we have

~ 20 (x (I+1)\ ~
5 i Ak < 3 2 oy (MDA ofsuppo)

and | supp(u (O))| <d+1,so

ZH(O) YA, < —log (Z(l;1)> Z“l( )Al +2(d+1).

TeEX
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By definition of fi;(z), we have that

It follows that, on F,

Zu x)A, < Z,ul(o)(x)ﬁé < %log (l(l ;_ 1)> K(AY +2(d+1).
i

C.6.10 Proof of Lemma [12

For the first claim, we rely on the next lemma.

Lemma 17. Let us set £, = max{l >1l:zx€ Xl(_l) U Xl(l)}. On F, we have for any 1 > 1

1. 3; < A, + 16¢; for all x € Xl(_l) U Xl(l) (i.e. for all x such thatl </{,);
2. if Ay > 21e then £, <I;
3. €, <Ay forallxe X.

Lemma relies on the following remarks : if A, A" are such that A, < A/, for all x € X, then by Lemma
I., ) < k(A'). Let us now prove that for all I > 1 and all z € X, Al <513 A Vo).
Case ¢ > A On F, we have [ < ¢, — 1 according to the third claim of Lemma So, on F,

AL < A, +166 < 17(A, V ).

Case ¢_< A,. Then, on F, we have 32¢,5 < A, and so | + 5 > /, according to the second claim of
Lemma Hence, on F, according to Lemma we have

>)
i

< max ﬁff*k < A, + 16€p, 5
k=0,....5
< A, +512¢p, < 513A,.

Thus, for all [ > 1 and all x € X, R
Al <513(AV¢).

Now, let M = {u € Med+1 eqrV(p) Tearr > 1} the measures p admissible for estimating w* with a
precision level 1. Note that for all a,b,c > 0,

(1+ab H(cvb)=(c+cab ) V(a+b) >cV(a+b)>cVa. (58)
Using Equation with a = A,, b =7 and ¢ = €, we see that

k(AVe) = mlnz,u )AL Ve) < (1+¢€/T) manu (A VT)=(14¢/T)R(AVT).
pneM pneM

Using Lemmatogether with AL < 513(A V ¢), we find that
k(ALY < 513k(AV &) < 513(1+ ¢ /T)R(AV 7).
This proves the first claim of Lemma [T2]

To prove the second claim, we use Lemmaand the fact that for all x, Elz > ¢;. Moreover, on F, ﬁé, > A,
for all z € X. Then, k(A) > k(e V A) by Lemma (iii)])-
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C.6.11 Proof of Lemmas [13]

To prove Lemma let us consider [ such that g < A¢. According to Lemma on F we know that
zl # —Zz,«. When 2 | = Zgr, then we also have z* 1+1 = zz~ and the conclusion follows immediately. Let us

consider now the case where zl = 0. By definition of A, for all 2’ € XZ(HZ *),
(z* — x’)Tfy* > A

This implies that
s\ T [/ 2(zax) T [/ a(=22x)
(x ) Zl(z) — 20" > max ( ! ) ZLZ, ) + 2]
Zyx 0 wex! fot) \ TR wp

T* T al(zar*) —’Y* . T 'Y _:Y\l( 2% )

+ ~(2a%) + mn ~(=2a)
Zgx W, —w xe;(l(:w*) —Zgx wr—w;

FAg + 220 (0 - 2”).

On F, it follows that

o T :y\(zm*) " T a(*zm*)
< ) Al(z - zx*@l(o) —2¢ > max ( ) Al(_z o]t zz*@l(o) — 6e; + A
2y (% (=) \ —Zpe (-
T 1 IGXHl T 1

When A > 8¢, this implies that z?:l = Zgx.

C.6.12 Proof of Lemma [14
Recall that & = y; — x/ v* — 2,,w*. For I >0 and z € {~1,+1}, when Explorel(z) = True, the least square

~(2)

estimator (g@) is given by

(2) \
(6) - ) 2 ((2) (2)4)(2)
(‘/2(2))+<V2(2)) (Zi)+(w(2))+ > &(:>’

tGExpl(Z)

+ +
where (VZ(Z)> is a generalized inverse of Vl(z). Since Vl(Z) (VZ(Z)) V;(Z) = VE(Z), multiplying the left and
right hand side of the last equation by 1/2(2)7 we find that

(1) e £ o)

— w* ) Zxy
tEExp

By Lemma for all x € Xl(‘z), (i) € Range (‘/Z(Z)>7 so

e (‘/2(@)* (i) _ <zi> . (60)
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Then,

-5 (@) w2
o \Za, ! z)

tEExp,

where the first and third lines follow from Equation 7 and the second line follows from Equation .

By definition of our algorithm, conditionally on Xl(z) and Explorel(z) = True, the variables (&) ) are

tGExpgz
independent centered normal gaussian variables. Then,

~(2) N T T + 2
Y= z o (2) z ElL(I4+1) 5
IP>|.5‘(L(Z), Explorel(z):True ’ (@%z)_w*> (zx) = \/2 ZteExpgz) ((zwt ) (Vvl ) (zL )) log ( 4 ) < kIL(14+1) "
N ’ () N
Expanding <( ) (Vl * ) (i)) = (i) (V g ) (zz ) (:; ) (Vl * ) (z"’i), and using the defini-

tion of Vl(z), we find that

o5& N T
P Yoy x
|, Explore;z)zTrue a;z),w* 2

which in turn implies (using Equation )

> (2) () () () 6 (42) ) < e

2
@ El(I+1 5
= 2”(%)” <Z)+10g( (6 )) < W0
(V)

Now, using Lemmaand the definition of p}, we see that for all z € Xl(z),

<2>T0¢0+<i><2bMMi+nww

T
P .. (2) Z@) ( iy )
|x, 7, Explore;”’=True W, " —w* ™

Finally, for all xz € Xl(z),

7 — z\|
|X(Z> Explorel ) =True a}l(z) — w* Za Z €
Kl(l+1 1)
log( (i )) < .
(V) ) El(l+1)

> T
< P ( ) T
= |Xl(z>7 Exploregz):True @l(z) — w*
(2)

Integrating out the conditioning on the value of Xl(z) and Explore,
desire result.

and using a union bound yields the

C.6.13 Proof of Lemma [I5
The proof is similar to that of Lemma If EXplOrel(O) = True, then &; is defined as
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-

- + x y* T

Wz(o) = 321—+1 (V}(O)) Z ((Zt) (w*>+ft> (zt>
(0) e e

teExp,

Since (: ) spans R4t 1 is finite and eq,; € Range (V(j;)). Then, according to Lemma for every
r/xeX

+
round [/, we have ez+; € Range (VZ(O)), SO VI(O) (Vl(o)) €q+1 = eq+1. This implies that

(0 X o\ [ T
e = X an () (D)
tEExpl(O) ot

By definition of our algorithm, conditionally on Explorel(o) = True, the variables (&;) 0y are independent
L

teExp
centered normal gaussian variables. Then,

~(0) *
]P|Explorc§0):True ‘wl w

> 22 G&OWY<Z»%%“%D)<M£U

teExp!®)

: 0 ()T _ L (0)
Using again V Vi eq+1 = eq41 and the definition of V"', we find that

2¢MH@WYWHm(WfO>sij (61)

Now, Lemma [2| and the definition of ul(o) imply that

~(0) %
P\Explorego):'ﬁue <‘wl w

2
€

T O
i (V) ean < 2log (11 + 1)/0)°
Finally, Equation implies that

(0
wl()—w*

IP>\Explo1fel(o):True (‘ = €l> < l(l + ]_)

Using a union bound over the phases Expl(o) yields the result.

C.6.14 Proof of Lemma [16

To prove Lemma [T6] we begin by showing that it is enough to prove that for [ > 1,

FiD {EI:E* € argmaxaz ' 7y : Explorel(zl'*) = True and z* ¢ Xl(_ﬁ)} (62)
zeX

U { ﬂ {Eiac* € argg(axx“y* : Explorel(,z“) = True and z* ¢ X(,i’l)}
U<l z

ﬂ {Explorel(o) = True and Vz* € argmax foy*, Q;H—l = zm*} }
rzeX

Indeed, denoting .Fl(l) = {31’* € argmax, ey ¢ 7" Explorel(z””*) = True and z* ¢ Xl(jalc*)} and

}"1(2) = {Explorel(o) = True and Vz* € argmax,cy ", zA*lH = —Zy» }, we see that Equation would
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then be rewritten as

F DO ]:l(l) U n Wﬂ]_‘l@)
r<i
which implies
Us > U{FPUKLNANF2 A > U{EuE}
>1 1>1 r<i <l 1>1
Then, Equation would imply that

7= Un  UPPUR) - N{ANA7),

1>1 1>1 I>1

thus proving Lemma To prove Equation , we show that both ]-'l(l) and ﬂl,<l ]:l(,l) ﬂ]—"l(z) imply ;.

If ]-'l(l) is true: then Jz* € argmax, y : Explore( =) = True and 2* ¢ Xl(i’i ),
(22+)

Without loss of generality, assume that [ > 1 is the smallest integer such that Explore,
x* ¢ Xl(jl* Then, necessarily z* € Xl(z”*) (because either [ =1, or Explorel(i’”f)

z* e X, (#2x) \Xl(j“{ there exists = € XZ(Z“*) such that

= True and

= True). Now, because

(z — x*)T%(z”*) > 3¢
and in particular
xT,’y\l(zJ_ ) — € > ( )T’\(Zr ) + €.
Recall that by definition of z*, ( *)T(z* — x) > 0. This in turn implies that

2\ (AP — 4 N
~(2%) —a> ~(2g%) e
Zg* wl T —w* 2y w; " = w*

L . . T (4P N AP L
The last equation implies that either (Z‘T ) a’@ > € or ( ¢ ) @QZ) < —¢;, which in turn
x —w —w*

h * Zog* B
implies Fj.
If ﬂl,<l Fm ﬂ}'@) is true: then Explorel(o) = True and Vz* € argmax, ., ' 7", z/l*:l = —Zzz«. More-
over, for all I’ <1, Explore(Zz*) = False or z* € Xl(,jfl*).
Note that this case can only hold if all optimal actions x* belong to the same group z;~. Without loss of

generality, assume that [ > 1 is the smallest integer such that Explorel(o)

= True and 2], ; = —z;~, and for all

U<l Explore( =*) — False or 2* € Xl(,j_l* ). Note that because Explorel(o) = True, necessarily Explorel,z =) —

True for all I’ < I, and in particular z* € XI(Z”).

Then, there exists x € Xl(-&-lz *) such that

T A(_Z‘T*) * T ~(ze%)
T v T y R
< ) Al(fz, ) | ( ) Al(z, ) + 2Zw*wl(0) > 4¢.

Recall that all optimal actions z* are in the same group z,-, so (v*) T (z* — 2) > 0. This in turn implies that

T ( Zm*) * * (ZT*) *
z v -7 x v — R i}
< ) l( 2% ) - ( ) l(z *) +22x*(wl(0)_w )2461.
— Zp o, — W Zp o W

Slzgs) . Far) .

The last equation implies that either (_: ) Zl( ) - > ¢, or (:) Zﬁz o < —¢, or
= w,; —w* x (A}l —w*

~(0)

Zz+ (W0 — w*) > ¢, which in turn implies F;.

48



C.6.15 Proof of Lemma

The first claim holds for [ = 1. For [ > 1, for any x € Xl(J:ll) U Xl(i)l’ we have ﬁl,fl < A, + 8¢ on F according

to the definition of Al*! and F. The first claim therL follows.
For the second claim, Lemma gives that, on F, A, < 21¢ for any z € Xl(fll) U Xl(i)l. So A, > 21¢

implies x ¢ Xl(;l) U Xl(i)l and hence [ > ¢, on F.

For the third claim, we notice that

)T/o\(zz)

max (azr —ay) 0,77 > 3eq,,
a'exfFe) ¢

since x ¢ Xy, 1. Since the left-hand side is smaller than A, + 2¢,, on F, we get A, > ¢, .
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