N
N

N

HAL

open science

LIMIT LAWS FOR LARGE kTH-NEAREST
NEIGHBOR BALLS
Nicolas Chenavier, Norbert Henze, Moritz Otto

» To cite this version:

Nicolas Chenavier, Norbert Henze, Moritz Otto. LIMIT LAWS FOR LARGE kTH-NEAREST

NEIGHBOR BALLS. 2022. hal-03611386

HAL Id: hal-03611386
https://hal.science/hal-03611386

Preprint submitted on 17 Mar 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03611386
https://hal.archives-ouvertes.fr

LIMIT LAWS FOR LARGE KTH-NEAREST NEIGHBOR BALLS

A PREPRINT
Nicolas Chenavier Norbert Henze
Université du Littoral Cote d’Opale Institute of Stochastics
50 rue F. Buisson 62228 Calais Karlsruhe Institute of Technology (KIT)
nicolas.chenavier@univ-littoral.fr Englerstr. 2, D-76133 Karlsruhe
Norbert.Henze@kit.edu
Moritz Otto

Institute for Mathematical Stochastics
Otto von Guericke University Magdeburg
Universitétsplatz 2, D-39106 Magdeburg

Moritz.0ttoQovgu.de

March 17, 2022

ABSTRACT

Let X1, X»,...,X, be a sequence of independent random points in R? with common Lebesgue
density f. Under some conditions on f, we obtain a Poisson limit theorem, as n — oo, for the
number of large probability kth-nearest neighbor balls of X1, ..., X,,. Our result generalizes The-
orem 2.2 of [[11], which refers to the special case £ = 1. Our proof is completely different since it
employs the Chen-Stein method instead of the method of moments. Moreover, we obtain a rate of
convergence for the Poisson approximation.

1 Introduction and main results

The starting point of this paper is the following result, see [[L1]. Let X, X;,..., X,,... be a sequence of independent
and identically distributed (i.i.d.) random points in R%, d > 2, that are defined on a common probability space
(Q, A, P). We assume that the distribution of X, which is denoted by p, is absolutely continuous with respect to
Lebesgue measure ), and we denote the density of z by f. Writing || - || for the Euclidean norm in R?, and putting
Xy = {X1,..., X}, let R; , := min,4; j<n || X; — X;|| be the distance from Xj; to its nearest neighbor in the set
X, \ {X,}. Moreover, let 1{ A} denote the indicator function of a set A, and write B(z,r) = {y € R?: [z —y|| < r}
for the closed ball centered at = with radius 7. Finally, let

Cy, = il{u(B(XivRi,n)) > M%}

denote the number of exceedances of probability volumes of nearest neighbor balls that are larger than the threshold
(t + log n)/n. The main result of [L1] is Theorem 2.2 of that paper, which states that, under a weak condition on the
density f, for each fixed t € R, we have

Cp 25 Po(exp(—t)) (1)
as n — 0o, where i> denotes convergence in distribution, and Po(¢) is the Poisson distribution with parameter £ > 0.

Since the maximum probability content of these nearest balls, denoted by P,, is at most (¢ 4+ logn)/n if, and only if,
C,, = 0, we immediately obtain a Gumbel limit lim,,_, o, P(nP,, — logn < t) = exp(— exp(—t)) for P,.
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Limit laws for large kth-nearest neighbor balls

To state a sufficient condition on f that guarantees (T)), let supp(i) := {x € R? : u(B(x,r)) > 0 foreachr > 0}
denote the support of p. Theorem 2.2 of [[11] requires that there are 5 € (0,1), ¢nar < 00 and 6 > 0 such that, for
any r, s > 0 and any z, z € supp(u) with ||z — z|| > max{r, s} and u (B(z,7)) = p(B(z, s)) < 4, one has
p(Bla.r) 1 Bles) _
1 (B(z,s))

and p(B(z,25)) < Cmaatt (B(2,5)).

These conditions hold if supp(f) is a compact set K (say), and there are f_, f1 € (0, 00) such that
f-<f@)<fy, =€k 2)

Thus, the density f of X is bounded and bounded away from zero.

The purpose of this paper is to generalize to kth-nearest neighbors, and to derive a rate of convergence for the
Poisson approximation of the number of exceedances.

Before stating our main results, we give some more notation. For fixed £ < n — 1, we denote by I?; ,, . the Euclidean
distance of X to its kth-nearest neighbor among X, \ {X;}, and we write B(X;, R; ,, ;) for the kth-nearest neighbor
ball centered at X; with radius R?; ,, ;. For fixed ¢ € R, put

_ t+logn+ (k—1)loglogn — log(k — 1)!

Un,k ‘= vn,k(t) : n , 3)

and let

Cog = > W u(B(Xi, Ring)) > v} )
i=1

denote the number of exceedances of probability contents of kth-nearest neighbor balls over the threshold v,, ; defined
in (3).
The term log log n, which shows up in the case k > 1, is typical in extreme value theory. It occurs, e.g., in the affine
transformation of the maximum of n i.i.d. standard normal random variables, which has a Gumbel limit distribution
(see Example 3.3.29 of [10]]), or in a recent Poisson limit theorem for the number of cells having at most k£ — 1 particles
in the coupon collector’s problem (see Theorem 1 of [19]).

The threshold vy, 1, is in some sense universal in dealing with the number of exceedances of probability contents of kth-
nearest neighbor balls. To this end, suppose that, in much more generality than considered so far, X, X, X, ... are
i.i.d. random elements taking values in a separable metric space (.S, p). We retain the notation p for the distribution
of X and B(z,7) := {y € S : p(z,y) < r} for the closed ball with radius r centered at x € S. Regarding the
distribution p, we assume that

p{y € S:p(x,y)=r}) =0, €S8 r>0. (5)
As a consequence, the distances p(X;, X;), where j € {1,...,n} \ {i}, are different with probability one for each
1 € {1,...,n}. Thus, for fixed & < n — 1, there is almost surely a unique kth-nearest neighbor of X;, and we also

retain the notation R; ,, j, for the distance of X; to its kth-nearest neighbor among X, \ {X; } and B(X;, R; ,, ;) for the
ball centered at X; with radius R; ,, i Notice that the condition (3 excludes discrete metric spaces (see, e.g., Section
4 of [20]), but not function spaces like, e.g., the space C[0, 1] of continuous functions on [0, 1] with the supremum
metric, and with Wiener measure .

In what follows, for sequences (ay,)n>0 and (by, ), >0 of real numbers, write a,, = O(b,,) if |a,| < C|b,|, n > 1, for
some positive constant C.

Theorem 1.1. If X1, Xs, ... are i.i.d. random elements of a metric space (S, p), and if () holds, then the sequence
(Cn i) satisfies
log log n)

E[Cn k] =e 140 <
’ logn

In particular, the mean number of exceedances C, j, converges to e~ * as n goes to infinity. By Markov’s inequality,
this result implies the tightness of the sequence (C), x)n>1. Thus, at least a subsequence converges in distribution.
The next result states convergence of C), 1. to a Poisson distribution if (S, p) = (R%, || - ||) and (@) holds. To this end,
let dry (Y, Z) be the total variation between two integer-valued random variables Y and Z, i.e.,

dry(Y,Z) =2sup |P(Y € A) —P(Z € A)|.
ACN



Limit laws for large kth-nearest neighbor balls

Theorem 1.2. Let Z be a Poisson random variable with parameter e=*. If X, X1, Xo, ... are i.i.d. in R® with density
f, and if the distribution ju of X has compact support [0, 1] and satisfies @), then, as n — oo,

loglogn
drv (Cop, Z) = O (1gg> .
ogn

Theorem [I.2]is not only a generalization of Theorem 2.2 of [[T1]] over all & > 1: it also provides a rate of convergence
for the Poisson approximation of C,, ;. Our theorem is stated in the particular case that the support of 1 is [0, 1]¢ but
we think that it can be extended to any measure p whose support is a general convex body. For the sake of readibility
of the manuscript, we did not deal with such a generalization.

Remark 1.3. The study of extremes of kth-nearest neighbor balls is classical in stochastic geometry, and it has various
applications, see e.g. [17]]. In Section 4 in [16]], bounds for the total variation distance of the process of Poisson points
with large kth-nearest neighbor ball (with respect to the intensity measure) and a Poisson process were obtained.
Parallel to our work, these results have been extended by Bobrowski et al. to the Kantorovich-Rubinstein distance
and generalized to the binomial process in Section 6.2 of a paper which has just been submitted [S)]. Theorem 6.5 in
(5] implies our Theorem[I.2] Nevertheless, the approaches in [5]] and [16] and in the present paper are conceptionally
different. While the results in [S] and [L6] rely on Palm couplings of a thinned Poisson/binomial process and employ
distances of point processes, we derive a bound on the total variation distance of the number of large kth-nearest
neighbor balls and a Poisson-distributed random variable. Our approach permits to build arguments on classical
Poisson approximation theory [2] and an asymptotic independence property stated in Lemma [2.2] below, and it thus
results in a considerably shorter and less technical proof.

Remark 1.4. From Theorem [I.2]we can deduce an analogous Poisson approximation result for Poisson input (instead
of X1, X>,...). Assume w.l.o.g. that u(R?) = 1, and let 7,, be a Poisson process with intensity measure nu. By

Proposition 3.8 in [[15], there are i.i.d. random points X7, Xs,... in R?, where X; has the distribution W, and a
Poisson random variable N (n) with expectation n that is independent of X3, X5, ..., such that n,, = vaz(ln ) Ox,.
Here, §, denotes a unit mass at € R%. Let
N(n)
D= > W p(B(Xs, Ri nnyk)) > Onk} 6)
i=1

be the number of exceedances of probability contents of kth-nearest neighbor balls over the threshold vy, j, for the
process 17,,. By the triangle inequality, we have

dry (D i, Z) < dpv (Dng, Crk) + drv (Cok, Z)
where dry (D i, Cr i) is at most
N(n) n
E Z {pu(B(Xi, Ri Nnny k) > Une ) — Z {pu(B(Xi, Rin k) > Unpi }| -
i=1 i=1

The last term can be bounded using a concentration inequality for the Poisson distribution, see e.g. Lemma 1.4 in [18]
(we omit the details). Together with Theorem|[I.2] it follows that

loglogn
dryv (Dpy, Z) =0 <gg>

logn
as n — oo. This result is also implied by Theorem 4.2 in [[16] and by Theorem 6.4 in [3]].

Now, let P, j, = maxi<i<n u(B(Xi, R, k)) be the maximum probability content of the kth-nearest neighbor balls.
Since C,, ;; = 0 if, and only if, P, ; < v, x, we obtain the following corollary.

Corollary 1.5. Under the conditions of Theorem|l.2| we have
lim IP’(nPn,;c —logn — (k—1)loglogn + log(k — 1)! < t) =G(t), teR,

n—oo

where G(t) = exp(— exp(—t)) is the distribution function of the Gumbel distribution.

Remark 1.6. If, in the Euclidean case, the density f is continuous, then p(B(X;, R; n x)) is approximately equal
to f(Xi)kaRe, ., where kg = 792 /T(1 + d/2) is the volume of the unit ball in R%. Under additional smoothness

i,n,k’

assumptions on f and (2)), [12} [13] proved that

n—o0 i=1,...,n

lim P ( max f(X;)kqmin (R, ., | X; — 0K |?) < vmk) = G(t), (7)
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where K is the support of p. Here, the distance || X; — K| of X; to the boundary of K is important to overcome
edge effects. These effects dominate the asymptotic behavior of the maximum of the kth-nearest neighbor distances if
k > d, see [8,9]. In fact, [[12] proved convergence of the factorial moments of

Chk = Z ]l{f(Xi)Iid min (Rg{n’k, 1X; — 0K %) > vn,;@}

i=1

t

method of moments, more than (7)), namely CN’n k Z Po (e_ ) However, our proof of Theorem is completely

to the corresponding factorial moments of a random variable with the Poisson distribution Po(e™?) and thus, by the
1
different thereof, since it is based on the Chen-Stein method and provides a rate of convergence.

2 Proofs

2.1 Proof of Theorem [L.1]

Proof. By symmetry, we have

E[Chi] = nP(u(B(X1,Rink)) > vnr)
= nE[P(u(B(X1, Rink))) > vnklXi1] .

For a fixed x € S, let

Hy(r):=P(p(z, X) <7r), >0,
be the cumulative distribution function of p(z, X). Due to the condition (E]) the function H, is continuous, and by the
probability integral transform (see e.g. [4]], p. 8), the random variable

Hx(p(I7X)) = [L(B(l‘,p(:l?,X)))

is uniformly distributed in the unit interval [0, 1]. Put U; := H,(p(z, X;4+1)),7=1,...,n— 1. Then Uy,...,U,_1
are i.i.d. random variables with a uniform distribution in (0, 1). Hence, conditionally on X; = z, the random variable
w(B(X1, Ri1,5.%)) has the same distribution as Uy.,—1, where Uy.,—1 < ... < Up_1.n—1 are the order statistics
of Uy,...,U,_1, and this distribution does not depend on x. Now, because of a well-known relation between the
distribution of order statistics from the uniform distribution on (0, 1) and the binomial distribution (see, e.g., [1]], p.
16), we have

Plkin-1> 5) = kf (n j_ 1>sj(1 — )"

=0
and thus

k—1
E[Cux] =n) (n ; 1>Ui;,k<1 — )" 1. ®)

J:
Here, the summand for j = k£ — 1 equals

k—1 .
n—1 k—1 n—k __ n k—1 n—1 n—k
R e L | S (B

Using Taylor expansions, (3) yields

k-1 ‘
- 1
nv, i = logn + O (loglogn) , Hn Z1+0<)

: n n
=1

(1 =)k = (k ; 1! exp (t — (k—1)loglogn + O <1°g2n(”)>) .

and

Straigthforward computations now give

n—1\ ,_; K 4 loglogn
l—v, )" " =e"+0| ———]).
n(k]_)/un,k ( v 7k) e "+ logn

4
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Regarding the remaining summands on the right hand side of (), it is readily seen that

n—1 ; n—1—j __ n—1 k—1 n—=k 1
Z ( ) 1 o k) =0 <n<k - 1>,Umk (1 a vn,k) . NUn k ’

7=0

with the convention that the sum equals O if ¥ = 1. From the above computations and from , it follows that this
sum equals O (1/logn), which concludes the proof of Theorem O

Remark 2.1. In the proof given above, we conditioned on the realizations  of X;. Since the distribution of
H,(p(z, X)) = n(B(z, p(z, X))) does not depend on X, we obtain as a by-product that

k—1

n—1\ ; . et

P(M(B(Xl’RLn’k)) = Un,k) = Z ( ] )’UfL,k'(]- - vn,k)nilij ~
j=0

n

if X1, Xo,..., X, are independent and X5, ..., X,, are i.i.d. according to u. Here, X; may have an arbitrary distri-
bution and a,, ~ b,, means that a,, /b, — 1 as n — oo.

2.2 Proof of Theorem [1.2]

The main idea to derive Theorem is to discretize supp(x) = [0, 1]¢ into finitely many “small sets” and then to
employ the Chen-Stein method. To apply this method, we will have to check an asymptotic independence property and
a local property which ensures that, with high probability, two exceedances cannot appear in the same neighborhood.
We introduce these properties below and recall a result due to Arratia et al. [2] on the Chen-Stein method.

The asymptotic independence property Fix ¢ > 0. Writing || for the floor function, we partition [0, 1]¢ into
a set V,, of N;f subcubes (i.e., subsets that are cubes) of equal size that can only have boundary points in common,

where N, = |(n/ log(n)1+5)1/dj. The subcubes are indexed by the set [1, Ny|? = {j := (ji,...,74) : jm €
{1,...,N,} form € {1,...,d}}. With a slight abuse of notation, we identify a cube with its index. Let

= () {Xnj#0}
J€V,

be the event that each of the subcubes contains at least one of the points of AX,,. The event &, is extensively used in
stochastic geometry to derive central limit theorems or to deal with extremes [3| |6} [7], and it will play a crucial role
throughout the rest of the paper. The following lemma, which captures the idea of “asymptotic independence” , is at
the heart of our development.

Lemma 2.2. For each o > 0, we have P (ES ) = o(n™*) as n — 0.

Proof. By subadditivity and independence, it follows that

E)< DY P(X,Nj=0)

JEVn

—Z X1¢J>

JEVn

Here, the last inequality holds since log(l — z) < —z for each z € [0,1). Since f > f_ > 0 on K, we have
= fJ fdA > f_)A(j), whence — writing # M for the cardinality of a finite set M —

P(ES) < S exp (—nf-AG))

JEVL
< #Vnexp (- f-(logn)'*e).
Since #V,, < n/(logn)' ¢, it follows that n®* P (£S ) — 0 as n — oo. O
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The local property We now define a metric d on V,, by putting d(j, j’) := maxi<s<q|js — j4| for any two different
subcubes j and j', and d(j,j) := 0, j € V,,. Let S(j,r) = {j’ € V,, : d(j,j’) < r} be the ball of subcubes of radius r
centered at j. For any j € V,,, put

M; = ig%l,%(}fej wW(B(Xi, Rin k),

with the convention Mj = 0 if X,, N j = (). Conditionally on the event &, and provided that d(j,j’) > 2k + 1, the
random variables M; and Mj are independent. Lemma is referred to as the asymptotic independence property:
conditionally on the event &,,, which occurs with high probability, the extremes M and M. J-' attained on two subcubes
which are sufficiently distant from each other are independent.

The following lemma claims that, with high probability, two exceedances cannot occur in the same neighborhood.
Lemma 2.3. With the notation a A b := min(a, b) for a,b € R, let

R(n) = sup > P(Xi, Xi € S5, 2k); i(B(Xi, Rin i) A p(B(Xit, Rir k) > Vnke)-
JEVn 4
i#i'<n

Then R(n) = O(n~!(logn)?~4*¢) as n — oo.

Here, with a slight abuse of notation, we have identified the family of subcubes S(j, 2k) = {j’ € V,, : d(j,j') < 2k}
with the set |J {j’ : j' € V,, and d(j,J') < 2k}.

We prepare the proof of Lemma [2.3| with the following result that gives the volume of two d-dimensional balls.

Lemma 2.4. If z € B(0,2) then

A(B(0,1) U B(z,1)) =2 <nd (1 — arccos§r||x|/2)> n ||£UH2fzid71 (W)d_l> |

Proof. We calculate the volume of A(B(0,1) U B(x,1)) as the sum of the volumes of the following two congruent
sets. The first one, say B, is given by the set of all points in B(0,1) U B(xz, 1) that are closer to 0 than to x and

for the second one we change the roles of 0 and . The set B is the union of a cone C' with radius /1 — (||z]|/2)2,
height ||z||/2 and apex at the origin and a set D := B(0,1) \ S, where S is a simplicial cone with external angle
arccos(||z||/2). From elementary geometry, we obtain that the volumes of C' and D are given by

A<0>=”‘”””2%( 1—<||x||/2>2)d’1, AD) = ky (1_arccos<xll/2>>

™

This finishes the proof of the lemma. O

Proof of Lemmal[2.3] For z € [0, 1]%, let
rok(2) :=1nf{r > 0: u(B(z,7)) > vy}
Writing #)(A) for the number of points of a finite set ) of random points in R¢ that fall into a Borel set A, we have
w(B(2z, Ry (2))) > vnge = #X(B(z,rnx(2) <k — 1.

In the following, we assume that r,, 5 (X;) < 7, 1(X;) (which is at the cost of a factor 2) and distinguish the two
cases X;» € B(X;,rn 1(X;)) and Xy € S(j, 2k) \ B(X;, mn,1(X;)). This distinction of cases gives

P(X;, Xy € S(3,2k); w(B(Xi, Ripn i) A (B(Xir, Rir i) > Vi)
< 2P (X, Xir € S(3,2k); i (Xir) < 1 (X3); 0(B(Xi, Rinoi)) A (B(Xir, Rir i) > Vi)
< 2P(X; € S(j, 2k); Xir € B(Xi, r 1 (X3)); e (Xir) < o (X5);

1(B(Xi, Rin o)) A w(B(Xir, Rir o)) > Vi) )
+2P(X; € 5(j, 2k), Xir € S(j, 2k) \ B(Xi, i (Xi)); Pk (Xir) < i (X3);
/J,(B(X“ Rzn,k)) A N(B(Xz’u Ri’,n,k:)) > Un,k) . (10)

We bound the summands (9) and (T0) separately. Since X; and X, are independent, () takes the form
2 L a(5) < () B (X6 Xi} U L) (B ras() < k= 1
5(3,2k) J B(z,rn,k(2))

#(Xn \ { X, Xir} U{y}) (B2, o k(7)) < k = 1) p(dy) p(da). (1
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For y € B(x, 7y, k(x)), the probability in the integrand ﬁguring above is bounded from above by
#(Xn \ { X3, Xir })(B (x Tn, k( D) <k-2)
< P(# (X \ { X, Xa D(B(y, .k (y))) < k=1
# (X \ {Xi, Xis (B, rn k(1)) \ By, ok (y)) < k —2). (12)
Since the random vector
(F(X \ (X, Xo DBy, 1 (9)): #(X \ X, X DB, 7 (@) \ By, o))
is negatively quadrant dependent (see [14 Section 3.1]), Equation (T2) has the upper bound
P(# (X \ {Xi, X })(B(y, rnk(y))) <k — 1)
X P (X0 \ { X3, X }) (B, 7 () \ By, ok (y))) <k —2)
< P(# (X \ { X, Xi ) (B(y, rk(y)) <k —1)
X P(#(Xn \ {Xo, Xir }) (B, 5 (2)) \ By, mn k(1)) < k= 2), (13)
where the last inequality holds since r,, 1 (y) < r,, 1 (z). Analogously to Remark the first probability is
k-1 _t

n—2\ _o_i €
PO\ X0 X DB s < k=) = 3 (") elt = o ~
=0
The latter probability in (T3) is given by
k—2

S (") 2 ) Bternale) \ Bl (1= Bl ras )\ Bloraso)) )

£=0

In a next step, we estimate pu(B(z,75(2)) \ B(y,rnk(x))). Since f(z) > f- > 0,z € [0,1]%, and by the
homogeneity of d-dimensional Lebesgue measure )\, we obtain

1(B(@, k(@) \ By, 7k (7)) = f-NB(@, 7,1(2)) \ B(y, 7 k()
= f=rna(@)]NB(0,1)\ B(rni(2)" (y — 2),1))
= forpn(x)? (MB(0,1) U B(rpk(z) My — 2),1)) — Kq) -
Fory € B(z, 7 k(x)), Lernmayields

H(Ba,rn k(2) \ Bly, ()
d—1
> f,rn,k(:v)d (Kad (1 _ 2 arccos(||x —7Ty||/2rnk($))) + ZdTy[llid 1 (\/1 (= — y|/27"n,k(96))2) ) .

Since infg~o s~ (1 — 2arccos(s)/m) > 0, there is ¢g > 0 such that
u(B(x, k(@) \ B(y,rnk(2))) 2 collz = yllrap(z)?™, o€ S(,2k), y € Bz, rnx(z)).
Equation (T4) and the bound f(z) < f, = € [0,1]%, give

/B . 1{rp i (y) < roge(@) P (F# (X0 \ { X0, Xo }) (B2, 70 (2)) \ By, k(7)) < k — 1) p(dy)

k—2
n—2 a—1\? g1\ 2t
< - - - .
f+§:< , ) /B . (collz = yliran@)™) (1= colla = yllran@)*) "~ Aldy)

We now introduce spherical coordinates and obtain

= (n-2 k() a-1\" a-1\""27f 41
f+dmdzz_;)< ’ )/0 (cotrn,k(x) ) (1—cot7‘n,k(x) ) e dt

k—2
n—2\ [T a-1\* d—14) yd—1
= fidrg ;) < ¢ ) /0 (cotrmk(x) ) exp ((n —2—0)log(1 — cotry k() ))t dt

k—2
n—2 "ok (@) 14
< frdra) < / ) / (Cotrn,k(ﬂ?)dfl) exp ( —co(n—2— f)trn,k(x)d”)td*ldt.
£=0 0
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Here, the last line follows from the inequality log s < s — 1, s > 0. Next, we apply the change of variables
t:=(co(n—2—0) " ryn(x) % (i.e.7 s=co(n—2— E)trmk(:z:)d*l),

which shows that the last upper bound takes the form
k—2

n—29 co(n—2—€)rn’k(x)d
frdiacy Ty g (z)?0—D Z < ’ > (n—2—0)"9¢ / std=lems g, (15)
=0 0
We now use the bounds f_ /{drn’k(m)d < Uk (”22) <nt /¢!, and the fact that the integral figuring in (]E) converges

as n — oo. Hence, the expression in (T3) is bounded from above by c;n~!(logn)'~?, where c; is some positive
constant. Consequently, (9) is bounded from above by

cin”(logn)' TIN(S(j, 2k))  sup  P(# (X \ {Xi, Xi D (B(y, 7,k (y))) <k — 1)
y€S(j,2k)
~ con~3(logn)?~dte (16)
for some ¢y > 0.

By analogy with the reasoning above, (I0) is given by the integral
2 1{re(0) < ras(@)) PN (X0 X} U (D) (Bl, r(w))) < k1)
5(j,2k) JS(§,2k)\B(x,rn & (x))

X P(# (X0 \ {Xs, Xa }) (B, mn k() \ By, ok () < k= 1) p(dy) p(de). (17)
Ify ¢ Bz, k(x)) and 7y, g (x) > 7y 1 (y), we have the lower bound

AB @, ran(2))\ Bly, rp(y)) > ABE k(@)

2
Since f karn kx(7)? > v, 1, we find a constant c3 > 0 such that

)\(B(Cﬂ, Tn,k(x)) \ B(ya rn,k(y))) Z C3Un, k,
whence

P(# (X \ {Xi, X D(B(2, 70,(2)) \ By, k() < b — 1)

-2 ¢ 2-¢
< ( , )(C3Un,k) (1—cavnp)"

~ (k:c%l)' (log n)kil exp (nlog(1 — c3vy1))
as n — oo. Since logs < s — 1 for s > 0, (T7) is bounded from above by
can”N(5(3,2k))*  sup  P(#(X \ { X3, Xi })(B(y, rak(y))) <k —1)
y€S(j,2k)

(logn)2+2¢

~ C5(4k + 1)2d n3+03

) (18)

where ¢4 and ¢ are positive constants. Summing over all i # i’ < n, it follows from (I6) and (I8) that R(n) =
O(n~'(logn)?=9+2) as n — oo, which finishes the proof of Lemma[2.3] O

A Poisson approximation result based on the Chen-Stein method In this paragraph, we recall a Poisson ap-
proximation result due to Arratia et al. [2], which is based on the Chen-Stein method. To this end, we consider
a finite or countable collection (Yy,)qcr of {0,1}-valued random variables and we let p, = P(Y, = 1) > 0,
pag = P(Y, = 1,Y3 = 1). Moreover, suppose that for each o € I, there is a set B, C I that contains c. The
set B, is regarded as a neighborhood of « that consists of the set of indices 3 such that Y;, and Y} are not indepen-
dent. Finally, put

b1=> > paps, b=, > DPap bs=> E[IE[Ya—palo(Vs:B¢Ba)l]. (19)

acl BeEB, a€l a#BEB, acl

Theorem 2.5. (Theorem 1 of [2] ) Let W =~ _; Yo, and assume X := E(W) € (0, 00). Then
dTv(VV, PO()\)) S 2([)1 + b2 + bg)
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Proof of Theorem[1.2] Recall v, ;. from (@) and C,, ;. from (@). Put

anyk = Z I{MJ > 'Un,k}~

JEVn

The following lemma claims that the number C,, ;. of exceedances is close to the number of subcubes for which there
exists at least one exceedance, i.e. C,, 1, and that C,, ;. can be approximated by a Poisson random variable.

Lemma 2.6. We have
a) P(Cy i # énk) =0 ((log n)17d>,
b) drv(Cop, Po(E[C 1)) = O ((logn)' ™),

o) E| nk]_e—wo(loglﬂ).

logn

Proof. Assertion a) is a direct consequence of Lemma[2.3]and of the inequalities
P(Cpi # Crit) = P(3j € Vo, 3i, st Xy, Xg € J; w(B(Xi, Rijni)) A u(B(Xo, Roni)) > Vnie)

< Z Z P(X;, Xy €J; p(B(Xi, Rink)) A u(B(Xe, Ronie)) > Vi)
JEV, i#L<n
n

To prove b), we apply Theorem.to the collection (Y, )aer = (M ) JEVn Recall that, conditionally on the event £,,
the random variables M and M;: are independent provided that d(j, j') > 2k + 1. With a slight abuse of notation, we
omit to condition on &,, since thls event occurs with probability tending to 1 as n — oo (Lemma [2.2) at a rate which
is at least polynomial. The first two terms in (T9) are

= Z Z pipj, be = Z Z Dij’
JEVR j€S(],2k) JEVR j#I €5(5,2k)

where
p; = B(Mj > vn ), piy = B(Mj > vn e, My > v ).

The term b3 figuring in (I9) equals 0 since, conditionally on &, the random variable )/j is independent of the o-field
o(Mj :j & S(j,2k)). Thus, according to Theorem 2.5 we have
dry (Cry 1, PO(E[Cri])) < 2(by + b2).

Fist, we deal with b;. As for the first assertion, notice that for each j € V,,, using symmetry, we obtain

p; = P( U {Xi eij(B(XiaRi,n,k)) > 'Un,k})

i<n
<n-P(X; €j, w(B(X1, Rink)) > Vi)

=n- /P(M(B(x,RLn,k)) > vn k| X1 =) f(z)dz
<A [ (B, Rrni)) > sl X =) 15 d
= nfPAGP((B(X1, Rink)) > vn k),

where X is independent of X5, ..., X, and has a uniform distribution over j. Invoking Remark , the probability
figuring in the last line is asymptotically equal to e~*/n as n — co. Since A(j) = O ((log n)'™</n), we thus have

(logn)'*e

p; <C-

n
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where C' is a constant that does not depend on j. Since #V,, < 0 and #5S(j, 2k) < (4k + 1)%, summing over

n
o ) - 10g’ﬂ)1+5
J.J’ gives

bty Y <<logn>l+f)2 o (<1ogn>1+€) |

JEVR j'E€S(§,2k)

To deal with bs, notice that, for each j,j’ € V,, and j’ € S(j, 2k), we have

iy = P( U {Xi € Xi € 5G,2k), w(B(Xs, Rin i) A p(B(Xir, Rir i) > vn,k})
i#i'<n

S P( U {le Xi’ € S(jv 2k)7 M(B(Xla Ri,n,k)) A /L(B(Xz’, Ri’,n,k)) > Un,k} ) .
i#i'<n
Using subadditivity, and taking the supremum, we obtain

by< > > sup > P(Xy, X € S(3,2k), u(B(Xi, Rin i) A (B(Xir, Rit k) > vn i)

J€Vn j €S, 2k) IEVR itir<n

< Togn)+= x (4k +1)* x R(n).

According to Lemma the last term equals O ((log n) 1_d) , which concludes the proof of b).

To prove c), observe that
E[Cr k] — e| < [E[Ch k] — E[Co k]| + [E[Cri] — ']

By Theorem , the last summand is O ( 10501%)_ Since C), j; > én,k, we further have

|E[C ] — E[Coi]| = E[Crk — Crui]
= E(Z ]l{:u(B(XivRi,n,k)) > Un,k} - Z ]l{M] > Un,k})

i<n MZS

- E (Z 1{X; € M{u(B(X:, Ring)) > vni} — 1)]L{Mj > un,k}}

JEV, i<n
<> Y P(Xi, Xor €, u(B(Xi, Rim))s i B(Xit, Rir ) > U )
JEVy i#i' <n

< #V, x R(n).

According to Lemma the last term equals O ((log n)lfd). This concludes the proof of Lemma and thus of
Theorem T2

O

3 Concluding remarks

When dealing with limit laws for large kth-nearest neighbor distances of a sequence of i.i.d. random points in R¢ with
density f, which take values in a bounded region K, the modification of the kth-nearest neighbor distances made in
(7 (by introducing the “boundary distances” || X; — 0K||) and the condition that f is bounded away from zero, which
have been adopted in [12] and [13]], seem to be crucial, since boundary effects play a decisive role ([8,9]]). Regarding
kth-nearest neighbor balls with large probability volume, there is no need to introduce || X; — OK||. It is an open
problem, however, whether Theorem@] continues to hold for densities that are not bounded away from zero.

A second open problem refers to Theorem 1.1} which states convergence of expectations of C,, . in a setting beyond
the finite-dimensional case. Since C, j; is non-negative, the sequence (C,, ) is tight by Markov’s inequality. Can
one find conditions on the underlying distribution that ensure convergence in distribution to some random element of
the metric space?

Acknowledgements: The authors would like to thank an anonymous referee and an Associate Editor for many valu-
able remarks.
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