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Introduction

Nonlinearity is a key physical process that enables multiple wave mixing, paving the way for many important applications such as parametric amplification, frequency comb generation, and ultrashort pulse synthesis. Optical fibers exhibiting Kerr nonlinearity are well-known to exhibit a wide range of nonlinear dynamics, such as modulation instability, supercontinuum generation, and the emergence of coherent breathers and solitons [START_REF] Finot | Nonlinear Fiber Optics[END_REF]. Indeed, even very simple initial conditions such as a periodically-modulated continuous wave can lead to very complex longitudinal dynamics, potentially involving a very large number of spectral components. However, the essential physics of the underlying wave mixing processes can be captured using a truncated three-component model (pump and two sidebands) and linked to a one dimensional Hamiltonian formalism [START_REF] Trillo | Dynamics of the nonlinear modulational instability in optical fibers[END_REF]. Similar to a nonlinear oscillator, the periodic nature of the interaction can lead to highly-complex dynamical trajectories when plotted in phase-space. On the other hand, in typical experimental studies, discrepancies between measurements and the results of the truncated model become quickly significant. Consequently, modelling previous experimental results has required the use of the full nonlinear Schrödinger equation to accurately reproduce the observed features [START_REF] Xu | Phase evolution of Peregrine-like breathers in optics and hydrodynamics[END_REF][START_REF] Mussot | Fibre multi-wave mixing combs reveal the broken symmetry of Fermi-Pasta-Ulam recurrence[END_REF]. This is a clear limitation to exploring the fundamental properties of canonical nonlinear wave mixing processes.

In this paper, we present a solution to this problem with the development of a new experimental fiber-based platform that is able to rigorously excite truncated ideal four wave nonlinear dynamics. Based on iterated propagation of phase and intensity shaped discrete spectral components, we are able to excite a range of evolution trajectories and we retrieve a highly accurate map showing the existence of the dynamical separatrix, of stationary solutions and of Fermi-Pasta-Ulam recurrence.

Principle and experimental setup

The underlying concept of our approach is based on restricting the number of frequency components propagating in the fibre while also limiting all the effects that potentially lead to deviations from a conservative system. In order to do so, we spectrally imprint the initial spectral amplitude and phase on a frequency comb generated from the 40-GHz phase modulation of a continuous wave (see experimental setup Fig. 1). This signal then undergoes nonlinear evolution in a 500-m long single mode fiber with anomalous dispersion. Over such a short distance of propagation, development of additional components through multi-wave mixing are at a very low amplitude and Brillouin and Raman effects and loss are negligible. After propagation, the spectral properties of the central component and sidebands are characterized both in terms of amplitude and phase in order to derive canonical conjugate variables  and  which have physical interpretations as the fraction of the total power in the central frequency component and the sideband-pump frequency component phase difference respectively. The experimentally measured values can then be imprinted as new input values and the process can be iterated at will without any accumulation of higher-order sidebands or deleterious amplified spontaneous noise. Potentially unlimited propagation can therefore be emulated.

Experimental results

We first study the dynamics of the system at maximum gain (average power of 21.5 dBm). Experimental phase space portraits obtained for different initial values 0 and 0 are shown in Fig. 2a, yielding immediate insight into the phase space topology. The experimental orbits are seen to be in very good agreement with the theoretical predictions from numerically integrating the ideal system [START_REF] Trillo | Dynamics of the nonlinear modulational instability in optical fibers[END_REF] and clearly confirm the importance of the separatrix dividing the phase plane into two well-defined regions. The different experimental trajectories are nearly closed orbits and do not intersect. We can also fully reconstruct the evolving intensity profiles in the temporal domain: results overs a distance of 50 km (Fig. 2b) show the expected recurrence dynamics with a possible phase shift of half-temporal period. The influence of the average power for 0 = 0.65 is shown in Fig. 2c. For the lowest powers, the initial condition 0 = 0 leads to orbits that are on the left side of the separatrix and that surround the trajectory obtained for 0 = . When increasing the power, the separatrix is crossed. The orbits then get smaller and smaller up to the stage where they reach a fixed point for 22.7 dBm. When further increasing the average power, the orbit becomes increasingly open. These results show the success of our experimental approach, and open up new perspectives for the study of the fundamental properties of nonlinear wave missing and frequency comb dynamics. 
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 1 Fig. 1. Experimental setup. CW : Continuous Wave ; PD : Photodiode ; OBPF : Optical BandPass Filter

Fig. 2 .

 2 Fig. 2. (a) Phase space portraits for various initial values of 0. Initial phase offset 0 of 0 or  appear respectively on the right and left side of the separatrix (dashed black line). The experimental results over 50 iterations (circles joined with dotted lines) are compared with the theoretical solution (solid thick line). (b) Longitudinal evolution of the temporal intensity profiles. (c) Influence of the input average power on the phase space portraits obtained for initial values of 0 of 0.65. The theoretical predictions (panels 1) are compared with the experimental results (panels 2).