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Abstract

Missing data problems are common and difficult to handle in data
analysis. Ad hoc methods such as simply removing cases with missing
values can lead to invalid analysis results. In this paper, we consider
a functional linear regression model with partially observed covariate
and missing values in the response. We use a reconstruction operator
that aims at recovering the missing parts of the explanatory curves,
then we are interested in regression imputation method of missing data
on the response variable, using functional principal component regres-
sion to estimate the functional coefficient of the model. We study the
asymptotic behavior of the prediction error when missing values in
a original dataset are imputed by multiple sets of plausible values.
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1 Introduction

Functional data analysis (FDA) can be seen as a important subfield of statistics
that has reached a certain maturity. FDA methods have been applied quite
broadly in medicine, science, business, engineering, ..., while new theoretical
and methodological developments regularly appear. For a more comprehensive
treatment of FDA theory and methods, readers are referred to the classic
monographs [1-3], recent monographs [4-6] and review papers [7, 8].

The functional linear model with scalar response in which a functional ran-
dom variable is used to predict a real random variable has been the object
of considerable attention in the literature. Several procedures have been pro-
posed to the prediction and estimation problems under this model including,
for example, functional principal component regression [9].This procedure has
been considered by many authors [10-13] and [8]. Considering the functional
linear regression methodology described in [2, Chapter 10], we observe the
sample D,, 2 {(X1,Y1),...,(X,,Y,)}, where the X;’s are independent and
identically distributed with the same law as a random function X taking val-
ues in the space Lo(Z) of square integrable functions defined on an interval
7 C R, and the real responses Y;’s are generated by the regression model

—a+/€ (t)dt + &, (1)

forall: =1,...,n. Here, « is a constant corresponding to the intercept of the
model, and 6 is a square integrable function belonging to Lo(Z), representing
the slope function. It is supposed that the errors ¢;’s are independent and
identically distributed with finite variance and zero mean and independent
from the explanatory variables X;’s.

The functional principal component regression methodology is based on
spectral expansions of both the covariance operator of X and its estima-
tor. We define the empirical cross covariance operator A given by A U =
LS (X5, w)Y; for all u € Lo(Z), the empirical covariance operator T, given
by fnu = %Z?:1<Xi,u>Xi for all u € Ly(Z). Denoting ((gj)j:l,...,kn the
eigenfunctions associated to f corresponding to the k, highest eigenvalues
A1 > ... > X, > 0 (where k, is an integer depending on n) we define the
orthogonal pl"Q]eCthH operator ﬁk onto the subspace Span(gbl, . .7¢>kn)
O, u= Z <¢], )(bj for all u € Lo(Z). Considering
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n@)éa+éﬂ®X®&, (2)

we first estimate 7 based on a training sample D,,. Let ¢, be a functional
data fit that measures how well 7 fits the data. Then, the functional principal
component regression estimator 7, of 1 is given by

M = argmin, (£, (0 | D)), (3)
where the minimization is taken over

{770 | 70(X) = o + /Ioo(t)X(t)dt taop € R, 0y € Span (517---751%)} -

The most common choice of the functional data fit is the mean square error

n

1 2
Un(mo | Dp) - > (Y = mo(Xi))* . (4)
i=1
In general, £, is chosen such that it is convex in 1y and E(¢,,(n9)) in uniquely
minimized by 7. Equivalently, the minimization can be taken over (ag,fp) to

~

obtain estimates for both the intercept and slope, denoted by @ and 6, as
follows

- 1 -~ ~ 1 ~
a=Y==-) Y d 6= S:¢;, with 55 =— X, 0)Y:. (5
a p 2 Vi an 250 vith 3 > (Xi )Y (9)

In this work, we focus on the prediction problem. Let 7, be a prediction rule
given by

Fo(Xnew) 2 @+ /I B(t) X oo (), ()

where X,,¢. is a copy of X independent of X, ..., X,,. The prediction accuracy
can be naturally measured by the excess risk

E(Mn)(Xnew) £E (M (Xnew) — n(Xnew))2

B (64 (0 Xoew) — 0~ (0. X)) @

where E* stands for the expectation with respect to X,ew-
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2 Missing data mechanism

Earlier works on functional data focused in large part on regular functional
data where data are fully observed. This may not always be the case, and miss-
ing data appear in many situations, for example when the measuring device
breaks down. Many methods for the imputation of missing values have been
developed. They can be divided into two branches, single imputation and mul-
tiple imputation. Single imputation consists in creating a single imputed value
to replace a missing value. This procedure does not reflect the uncertainty
about the prediction of the missing values during the imputation process.
Multiple imputation is a statistical technique designed to take advantage of
imputing a missing data several times. Each missing value is replaced by two
or more imputed values in order to represent the uncertainty of the value to be
imputed. For a comprehensive review of missing data mechanism and impu-
tation methods, we refer the readers to a non-exhaustive list of monographs
giving an overview of this topic: [14-17].

In recent years, applications producing partially observed functional data
have emerged. Sometimes each individual trajectory is collected only over
individual-specific subinterval(s), densely or sparsely, within the whole domain
of interest. Several recent works have begun addressing the estimation of
covariance functions for short functional segments observed at sparse and irreg-
ular grid points, called functional snippets [18-20] or for fragmented functional
data observed on small subintervals [21]. For densely observed partial data,
existing studies have focused on estimating the unobserved part of curves
[22, 23], prediction [24], classification [25, 26], functional regression [27], and
inferences [28, 29].

To go further, we describe two types of missing data mechanisms that will
be the subject of our paper. The first one is related to the real response and the
second one is related to the functional covariate. Concerning the missing data
mechanism on the real response, we consider a dichotomous random variable
5[¥1 leading to the sample (51[1/])2_:1’.”,” such that (51[}/] = 1 if the value Y]
is available and (5Zm = 0 if the value Y; is missing, for all ¢ = 1,...,n. We
consider that the data in the response is missing at random (MAR): the fact
that the value Y is missing does not depend on the response of the model, but
can possibly depend on the covariate, that is,

P =11 X,Y) =P =1 X). (8)

MAR assumption implies that the distribution of Y is the same for units such
that 6Z[Y] = 1 (observed units) as for those such that (5Z[Y] = 0 (non-observed
units), conditionally on X. As a consequence, the variable ¢ (¥ (the fact that
an observation is missing or not) is independent of the error of the model e.
In the following, the number of missing values among Y7, ...,Y,, is denoted
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mLY] = . 1 -
2 M50}

Concerning the missing data mechanism on the functional covariate, we
adopt the paradigm of partially observed functions as in [22] or [30]. More
precisely, for each curve X;, i =1,...,n, we consider the observed part O; C T
of X; and the missing part M; = Z \. O;. The observed part O; refers to an
interval (or several intervals) where the curve X; is observed at some measure
points of O;. Based on the punctual observations, the whole curve can be
reconstructed on O; with usual methods (e.g. smoothing splines, regression
splines, local polynomial smoothing, ...). On the contrary, no information is
available on the missing part M;. For the rest of paper, we write ”O” and
"M” to denote a given production of O; and M;. In addition, we denote the
observed and missing parts of X; by Xio and XiM .

3 Multiple imputation: A deterministic and
random imputation

3.1 A deterministic imputation

In this work, we have to deal with the situation in which some of the real
responses of a data set generated from the functional linear model with scalar
response are missing at random. This situation has been only considered in
[31, 32]. Other recent works explore this context but in a nonparametric setting
[33, 34] or in a functional partial linear regression setting [35, 36] or while the
response is not missing at random [37]. More recently, [38] are interested in
a more general case of missing data in functional linear regression: when the
covariate is partially observed and when the response is affected by missing
data. Following this latter paper [38, Subsection 2.1 and Subsection 2.2], 7,
can be calculated using the curve reconstruction method of [22, Section 2]. We
give here some essential elements for our work: we consider a reconstruction
problem relating the missing part of the curves to the observed part, writing

XM (s) = LXP? (1) + Zi(s),
for allt € O and s € M, where L : Ly(O) — Lo (M) is a linear reconstruction

operator and Z; € Ly(M) is the reconstruction error. Then, the optimal linear
reconstruction operator, minimizing the following expected risk

E ((X;”(u) - L(Xio)(u))Q) , forall we M,

is given by £(X?)(u). This operator is estimated in [22, Section 2] by Ly, (X9),
where the truncation parameter k,, is a positive integer that can be fixed auto-
matically with a grid search. But note that the data structure implies that we
are faced with two simultaneous estimation problems. One is efficient estima-
tion of L(X)(u) for u € M, the other one is a best possible estimation of the
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function X2 (t) for t € O from the observations (Wi1,ti1), . .., (Wip, tp)) with
Wij = XP(t;j) fori=1,...,nand j = 1,...,p where t;; € O. In order to esti-
mate the curve X and the covariance function 7,(t) = Cov(XM(s), X2(t))
a nonparametric curve estimation by local polynomials smoothers is used [38,
see Subsection 2.1 and Subsection 2.2]. In the following, we consider the whole
sample D, 2 {(Xf, (5£Y], Y1),..., (X}, (52/} , Yn)}7 with possibly reconstructed

explanatory curves

XA (t) = XP@t) ifteo,
T Lk, (XO)(t) if t e M.

Using the exponent notation ”obs” to make reference to the units for which the

response is observed, we define the covariance operator with the reconstructed
curves as follows

obs 1 . * Y] v *
res,. = — Sz, e x
n—=Mn" =1

Let Hzi’frec be the projection operator onto the subspace
“obs “obs “obs “obs :
Span(¢vec, s Op S o) Where @975 ... @7% . are the k, first eigen-
functions of the covariance operator Fff’feo With analogous notations,

/\‘l’f’,‘?ec, . /\zb 'rec TEpresent the k;, first eigenvalues of Fff’ﬁec

The functional principal component regression estimator 7,, of 7 is given by

T argming, (Zn (770 | 57,)) , (9)

where the minimization is taken over

{770 | ’r]o(X) = aq + / oo(t)X(t)dt tQg € R, 90 S Span (A(ff)ﬁec, ey ¢zljjrec)} s
A

and

Zn(T]O | D = [y] 6 Y Mo X*>) (10)
n—="Mn " j—1
Equivalently, the minimization can be taken over (ag,fp) to obtain esti-

mates for both the intercept and slope, for imputation, denoted by a and ]
such that

U 1 "y
o = Yobs = 7[)/] Z(sl[ ]}/“ (11)

n—mn  ;—1

and
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k n
~ o 1 ~
_ < obs : < * robs [Y]
- Zsj Jj,recy with sj B W Z<Xl ’ j,rec>5i YPZ (12)
j=1 (n mn ) j,rec 1=1
For ¢ = 1,...,n, such that 5lm =1, let 2 be the predicted value of Y;
given by

Vi2a+ / ()X (t)dt. (13)
z
Considering a missing value on the response, say Yy, such that 5?/} =0, we
define the imputed value Yy jpp by
En
Yv@,imp 77n X@ é a Z Xla ?brsec
Finally, for i = 1,...,n, we define
=00+ (1= 61 Vi, (14)

3.2 A random imputation

We present in this section the random imputation which can be seen as a
deterministic imputation plus a random noise (see [39]). Given an integer g,
for a missing value Yy, we define

374(8) ry Yy imp + 52(8)7

for s=1,...,q, where 52(5)

{ei|ei:gi—6,i=1,...,n,(5l[y] :1},

is drawn in the set

with
G=" (Y-,
- 1 N Y] 2
7= [Y]Z‘Si ( Yl) ’
n="mn" =1
and

5[Y]~
b3

This method is nonparametrlc as no distribution is assumed for the distri-
bution of the standardized residuals observed e;’s. The imputation accuracy is
measured by the excess risk

TL
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~ 2
EGi)(X0) = E* (V) —a = (0,X7)) (15)
where E* stands for the expectation with respect to Xp.
Finally, for ¢ = 1,...,n, we define
Yi*(S) _ 6Z[Y]Yi " (1 B 5Z[Y]) }71.(5). (16)

3.3 Prediction

For s =1,...,q, given either the observed values or the random imputations
Yl*(s), ... ,YJ(S), we estimate the parameters « and 6 in model (1) with
1 n
) = =3 v (17)
i=1
and i o N
1 n n X* * >Y* s n
0(5 - n Z Z ] _— ] rec Z ]9) j rec’ (18)
=1 5=1 J’I‘SC j=1
with .
1 ”n *
8 = S (X 0,
n)\j,rec =1
and where the covariance operator is Fn ree = >0 (XF,)X7, and
Torecr s qﬁk rec and )\1 recr - )\k rec Tepresent respectively the k, first

eigenfunctions and eigenvalues of the operator I‘n rec-

For a new curve X,,¢., we predict the response value as follows

~ 1 ~
Ynew = - Z Y'(;kg(q‘j))? (19)
where

VH0) = ) 4 39 x* Y.

new new

4 Theoretical results

4.1 Assumptions

In this subsection, we give the assumptions needed for our theoretical
results. These assumptions are used in [22, 38] in order to control the curve
reconstruction for the covariate.

(A.1) The variable X has a finite four moment order, that is E (HX||4) < 00
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(A.2) Let np — oo when n — oo and p = p(n). We assume p = n™ with
0 < m < oo in the following.

(A.3) For any subinterval O C Z, we assume that the eigenvalues Ay > Ay >
... > 0 have multiplicity one. Moreover, we assume that there exist ap > 1
and 0 < ¢o < oo such that (1) )\g — )\gﬂ > cok™0 71 (i1) A\Q = O(k~%),
(iii) 1/AY = O(k®©) as k — oo.

(A.4) For any subinterval O C Z, we assume that there exists 0 < Do < o0
such that the eigenfunctions satisfy sup;cz supy>; H(Eko (t)H

(A.5) The bandwidth hyx satisfies hxy — 0 and (phx) — oo as p — oo. For
instance, we assume that hy = n% with 0 < 72 < m;. The bandwidth A,
satisfies hy, — 0 and (n(p? — p)h,) — o< as n(p® — p) — oco. For example, we
can take h, = —- with 0 <n3 <2 + 1.

(A.6) Let k1 and k2 be nonnegative, second order univariate and bivari-
ate kernel functions with support [—1,1]. For example, we can use uni-
variate and bivariate Epanechnikov kernel functions with compact support
[;1,1], namely r1(z) = 2(1 — 2?)1_y 3j(2z) and re(z,y) = 5(1 — 2?)(1 —
Y )]1[—1,1](1E)]1[—1,1](y)~

(A.7) The random variables X and Y are almost surely bounded, respectively
in Ly(Z) and R.

Assumption (A.1) holds for many processes X (Gaussian processes,
bounded processes). Assumption (A.2) is mild and can be satisfied even if the
number of observation points p does not go fast to infinity. Assumptions (A.3)
and (A.4), related to eigenvalues and eigenfunctions of the covariance operator
of X, are given in [22] in order to control the curve reconstruction for the covari-
ate. In particular, a polynomial decrease of the eigenvalues is required, allowing
a large class of eigenvalues for the covariance operator of X. Assumptions
(A.5) and (A.6) are classic in the context of local polynomials smoothers.
For Assumption (A.7), we can find in practice a large enough interval such
that it is satisfied.

4.2 Asymptotic result

Theorem 1 Under assumptions (A.1)-(A.7), if we additionally take kn ~
pt/(@0+2) nd p o™ with m <1/2, as well as m,[ly] = O(nl—m(ao+3)/4(ao+2))}
we get

~ 2 —m(ao—1)/(2(a0+2)) m/(ao+2)
E (Ynew - — <9»Xr*7,ew>> = O;D <n n .
)

q g(n —ml)]

This result, giving the convergence rate of the prediction error after ¢
random imputations, is asymptotically comparable to the convergence rate
obtained in [38] in the case of a single deterministic imputation. We let the
value of ¢ appear in the convergence rate to highlight the fact that the constant



Springer Nature 2021 B TEX template

10 Article Title

besides the convergence rate should be better in the case of several random
imputations instead of a single deterministic one.

5 Proof of Theorem 1

Considering the decomposition of 5(5), we write

o (XF, 0% )Y~

Jirec o
j,rec

NG
=1 j=1 Aj,rec
sMl=1
*(s)
1 n kn < 4’¢]rec>( zzmp+5 )A*
+ = .
n < . )\* j,rec
z)/:]l j=1 J,rec
8, =0
n
_EZZ< ‘7¢]rec> zd)*
- n )\* j,rec
i=1 j=1 j,rec
*(s)
1 n kn < 7¢] rec> ( zzmp+5 ) ~
+ E : : )\* j,recy
[zy:]l j=1 J,rec
4, =0

hence

Suls « ~(s 1 < 7¢ 'r‘ec> ) * *
Yne( ) — o — <9 Xnew> = CY( ) + ﬁ ZZ J—<¢J rechnew> Q= <0 Xnew>

*
i=1 j=1 Aj rec
*(s)
1 n En < '5¢]rac>< 1zmp+€ ) ~ .
+E E )\* < JTSC’XTIE’LU>'
i=1 j=1 j,rec
sM1=0

We obtain from [38] the convergence rate for the first term of the
decomposition

2
k
~(s 1 ~ 7¢ T
( ( + n ZZ ] ec < JaTeC’X;€w> Q= <0 X:;ew>>

=1 j=1 jrec
nnl/(ao+2))

ao—1)/(2(a0+2)
_@<nnlo>/( 0+2) .

n—m

For the second term, we first use the boundedness of X and Y, which allows

to bound 5:(8), hence
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2
1 " Fn ’ ¢; r€c> (Y; imp + E*(8)> -~ .
. <¢j,reca Xnew>
n =1 j=1 rec
5£ﬁ: J= J
o ((mL U%%)
p ng .
As a consequence, with the assumptions
kyy ~ M/ (@0+2) and mlY] = O(nlfnl(ao+3)/4(ao+2)> ’
we get
2
1 " Fn 75*7 ¢;7rec> (Y; imp + 5*(6)) ~
. < j,reco X’rtew>
n : bV ’
=1 j=1 j,rec
sM1=0
— o, (n—m(ao—l)/(2(ao+2))> 7
and the second term in the decomposition of )A/n*e(fu) —a—(0,X},,) is negligeable
with respect to the first one. As a result, we obtain
2 n1/(ao+2)
(s) _ o * — —m(ao—1)/(2(ao+2)) L "7
E (Ynmu a <6 Xnew>) - OP <7l + n— mLLY] >

Finally, the mean over ¢ iterations of the random imputation gives

v * 2 1 ! *(s * 2
E (Ynew - Q= <0 Xnew ) qig Z]E (Yné'w Q= <9 X7Lew>)

s=1
n—m(ao—1)/(2(a0+2)) nm/(ao+2)
= O V]
q(n—mzy ")
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