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Abstract. We study a stochastic system of interacting neurons and its metastable properties. The system consists of N neurons, each
spiking randomly with rate depending on its membrane potential. At its spiking time, the neuron potential is reset to O and all other
neurons receive an additional amount /N of potential. In between successive spike times, each neuron looses potential at exponential
speed. We study this system in the supercritical regime, that is, for sufficiently high values of the synaptic weight .. Under very mild
conditions on the behavior of the spiking rate function in the vicinity of 0, is has been shown in Duarte and Ost (Markov Process. Related
Fields 22 (2016) 37-52) that the only invariant distribution of the finite system is the trivial measure §¢ corresponding to extinction of
the process. We strengthen these conditions to prove that for large synaptic weights &, the extinction time arrives at exponentially late
times in N, and discuss the stability of the equilibrium 8¢ for the non-linear mean-field limit process depending on the parameters of the
dynamics. We then specify our study to the case of saturating spiking rates and show that, under suitable conditions on the parameters
of the model, (1) the non-linear mean-field limit admits a unique and globally attracting non trivial equilibrium and (2) the rescaled
exit times for the mean spiking rate of a finite system from a neighbourhood of the non-linear equilibrium rate converge in law to an
exponential distribution, as the system size diverges. In other words, the system exhibits a metastable behavior.

Résumé. On étudie un systeme stochastique de neurones en interaction et son caractére métastable. Le systeme est constitué de N
neurones, chacun émettant une décharge aléatoirement a un taux dépendant de son potentiel de membrane. Au moment d’une décharge,
le potentiel du neurone est remis a 0 et celui des autres neurones est augmenté d’une valeur #/N. Entre deux temps successifs de
décharge, le potentiel des neurones décroit a taux constant. On étudie ce systeme dans un régime surcritique, au sens ou la valeur du
coefficient synaptique % est suffisamment grande. Sous des conditions peu contraignantes sur le comportement de la fonction du taux
de décharge, Duarte et Ost (Markov Process. Related Fields 22 (2016) 37-52) ont démontré que la seule mesure invariante du systéme
de taille finie est la mesure triviale §p, qui correspond a 1’extinction du processus. En considérant des conditions plus restrictives,
nous montrons que, pour / suffisamment grand, le temps d’extinction survient a des temps exponentiellement long en N, et nous
étudions en fonction des parametres de la dynamique la stabilité de I’équilibre §y pour le processus non-linéaire limite champ moyen.
En restreignant ensuite 1’étude a des taux de décharge avec saturation, nous établissons des conditions sur les pararametres du modele
sous lesquelles (1) la limite champ moyen non-linéaire admet un unique équilibre non-trivial qui est globalement attractif, et (2) pour
le taux de décharge moyen d’un systeme de taille finie, le temps de sortie renormalisé d’un voisinage de sa valeur sous 1’équilibre
non-linéaire converge en loi vers une distribution exponentielle lorsque la taille du systeme diverge. En d’autres termes, le systeme
exhibe un comportement métastable.

MSC2020 subject classifications: 60G55; 60J25; 60K35
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1. Introduction

In this paper we study the metastable behavior of a microscopic stochastic model describing a large network of N spiking
neurons. Each neuron emits action potentials (spikes) at a rate A(u) depending on its membrane potential value u. At the
spiking time, the neuron’s potential is reset to a resting value, which we choose equal to zero in this article. At the same
time all its postsynaptic neurons receive an additional amount of potential /N, where i > 0 is the synaptic weight and
N the size of the system. Finally, in between successive jumps, each neuron’s potential undergoes some leak effect and
looses potential at exponential rate o > 0. Introduced in a discrete-time framework by Galves and Locherbach in [19],
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this model and its mean-field limits have been studied in De Masi, Galves, Locherbach and Presutti [11], Fournier and
Locherbach [17], Robert and Touboul [25], Cormier, Tanré and Veltz [9] and Duarte and Ost [13]. [17] and [25] propose
also a discussion of the longtime behavior of the associated mean-field limits, proving in particular that for sufficiently
high values of the synaptic interaction strength /%, the trivial measure is not attracting for the limit process. However,
Duarte and Ost in [13] show that, under very mild conditions on the spiking rate function A, the system goes extinct
almost surely in finite time, that is, there exists a finite last spiking time after which the system does not present any
spiking activity any more. For large systems, the system is expected to mimic the behavior of the limit system over long
time intervals and to stay close to a temporary equilibrium state, the metastable state, before finally being kicked out of
the metastable state and going rapidly to extinction. The present article formalizes this idea in mathematical terms. One
of our main results is that for spiking rate functions that saturate and grow linearly before saturation, the mean spiking
rate of the system stays in the vicinity of the limit equilibrium for a time that, rescaled by its expected value, converges
to an exponential distribution as N goes to infinity. By the memoryless property of the exponential distribution, it means
the exit time is unpredictable. This is what is commonly called metastable behavior.

Metastability is a widely studied subject nowadays, and the existence of related phenomena is conjectured to play an
important role in nature, in particular in brain functioning and the ability of systems of neurons to process information
[12]. It is also a major issue for stochastic algorithms (see [23] and references within). A metastable system stays in the
neighborhood of a seemingly stable state, the metastable state, during a very long random time period, before leaving
this region of the state space at some random exit time which is exponentially large. Both in mathematical physics and
in probability, a lot of papers are devoted to the study of such phenomena, in different processes, and following very
different approaches. To cite just a few of them, the potential theoretical approach focuses on the precise analysis of the
exit probabilities and the exit times of the associated sets (see the recent monograph [5] and the references cited therein,
see also the recent [4] among others). This approach is particularly efficient for the study of reversible diffusions in an
energy landscape, in the small noise regime (see [3] for an overview). Other mathematical approaches aim at identifying
metastable behavior by the means of martingale problems (see [22]) or using renormalization techniques [28]. Finally,
another important research direction makes us of large deviation techniques, starting probably with the work of Freidlin
and Wentzell on random perturbations of dynamical systems, [18], leading to a pathwise approach where probabilities of
trajectories are evaluated, identifying the most likely paths and controlling the associated probabilities. This approach has
inspired, among others, one of the first papers devoted to the study of the contact process, [8], and the monograph [24] is
devoted to this topic.

Our paper belongs to the class of papers where the path-wise approach is adopted. In particular, we rely heavily on
coupling techniques and large deviation estimates, adapting the results of Brassesco, Olivieri and Vares in [6] to our
frame. To quote [16], we show in particular the three main ingredients that the authors identify therein: The state space of
the process can be divided into three subdomains /C C D and (D)€ where K is a trap (in our case, a vicinity of the limit
equilibrium spiking rate or the set where the total spiking rate is lower bounded by a fixed threshold) such that we have:

— fast recurrence, meaning that the process enters after some controlled time either in XC or in D€.

— slow escape, meaning that starting from configurations in /C, the time the process takes to hit D¢ is much larger than
the recurrence time.

— fast thermalization, meaning that a process started in XC looses memory in a time much shorter than the escape time.

For systems of interacting and spiking neurons, close to our model, metastability has been first addressed by Brochini
and Abadi [7]. They study a simplified and time discrete version of our model and do not prove the asymptotical expo-
nentiality of the rescaled exit times. Two recent papers [1] and [2] prove the asymptotical exponentiality of the rescaled
extinction times within a model of interacting neurons which is reminiscent of the contact process in dimension one and
thus only loosely related to our model. The main point of these papers is to make use of the additivity of the process
which implies in particular the existence of an associated dual process — obviously, such techniques are not applicable in
our context. Finally, for the very widely studied contact process and its metastable properties, let us also cite [27] or [26]
for one of the more recent contributions.

Let us now describe our results more in detail, together with the organisation of the paper. The model is introduced and
the main results are stated in Section 2. Section 3 is devoted to the proof of a lower bound on the extinction time. In a first
step we show in Proposition 3.1 that under minimal assumptions on the behavior of the spiking rate close to 0 it is possible
to introduce a simple auxiliary Markov process Z" for which the large N-dynamics, in particular Large Deviation results,
are easily obtained, and which provides a lower bound on the total spiking rate of the system. For sufficiently large values
of A’ (0)h, the limit process associated to the large N-asymptotics of Z" possesses a unique attracting equilibrium which
is strictly positive. As a consequence, using Large Deviation techniques, the extinction time of the original process is
exponentially large in N (see Proposition 3.5 and Theorem 2.5). Our next section, Section 4, is devoted to the study of the
longtime behavior of the true, nonlinear in the sense of McKean, limit process associated to the original particle system.
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Fig. 1. Summary of the results when A(u) = (ku) A Ay with a = «a/(kh) and b = Ay /(kh). If a > 1, 8y is the unique equilibrium of the limit process,
globally attractive (Proposition 2.9) and if a < 1 it is unstable and there exists at least a positive equilibrium (Theorem 2.7 and Proposition 2.8). If
a+ b < 1, the last spike time for a finite system is exponentially large with the size of the system (Theorem 2.5). Under the condition (2.8), the positive
equilibrium of the limit process is unique and globally attractive (Theorem 2.12). Under the condition (2.9), the exit times of a finite size system from a
neighborhood of the limit equilibrium converge to an exponential distribution (Theorem 2.14).

This process has already been studied in a slightly different form in [17,25] and in [9]. Theorem 2.7 and Proposition 2.8
state that, if A’(0)2 > a, then the trivial invariant measure corresponding to extinction is unstable and the limit process
always admits at least a second non-trivial and absolutely continuous invariant measure. The proofs of these results are
given in this section. The main Theorem 2.12 proven in this section shows then that for piecewise linear rate functions that
saturate and for sufficiently large values of A’(0)#, this second invariant measure is unique and globally attracting. We then
continue the study of the metastable behavior of the finite-size system. In a first step, Section 5 collects general conditions
that ensure that the rescaled exit times of a Markov process are close in law to the exponential law, extending the results of
Brassesco, Olivieri and Vares in [6] for low-noise diffusion processes to our frame. In particular, Theorem 5.3 gives error
bounds for the difference of the distribution function of the rescaled exit times and the one of the exponential law. Section 6
then collects all preceding results and applies them to the system of interacting neurons we are interested in. In particular,
our main result, Theorem 2.14, is proven here. It shows that, provided A’ (0) is large enough, the exit times associated
to some relevant domains, rescaled by their expectation, converge in law to an exponential law of parameter one. These
relevant domains are on the one hand the set where where the total spiking rate is lower bounded by a fixed strictly
positive level, and on the other hand the domain of the state space where the total spiking rate is within a neighbourhood
of the non-linear equilibrium rate. As a consequence, we have proven that the process exhibits a metastable behavior.

In the case where A(u) = (ku) A A, for some k, L, > 0, the results depending on the parameters a = «/(kh) and
b = Ay /(kh) are gathered in Figure 1.

General notation

Throughout this paper

e A = A€ denotes the complementary of a set A.

e The supremum norm of any real-valued Borel-measurable function f defined on R4 will be denoted by || f|lco =
SUp e, |f ().

e For any two integers n <m, [n,m] ={k e N:n <k <m}.

e For two probability measures v; and v2 on (R4, B(R4)), the Wasserstein distance of order 1 between vy and v, is
defined as

Wi(vi,v2) = inf (/ / |x—y|n(dx,dy)>,
mwell(vy,v) R, JRy

where 7 varies over the set I1(vy, v2) of all probability measures on the product space Ry x R with marginals v; and
V2.

e m(ds,dz), ' (ds,dz),i > 1, denotes an i.i.d. sequence of Poisson random measures on R4 x R, having intensity
ds dz each.
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2. The model and main results

We consider for each N > 1 the Markov process
uN@o)y=(UN@),....U§y @), t=0,

taking values in Rﬁ , for some fixed integer N > 1, solution of the stochastic differential equation

UMy =0 0) -« / UN(s)ds—I—— Z / Lo ¥ sy T (ds, d2)
] 1,j#i [0,/ ]xR+ J
—/ UN (s, n oy ds,dz), 1<i<N. 2.1)
[0,/]xR T

The associated generator is given for any smooth test function ¢ : RQ_’ — R by

d
Ap(x) = Zk(xl (x+A®)—p@®)]—«a Z 8—j(x)xl-, (2.2)
i=1 i !
where
h ..
. _lv  J#F
(Ai); = {fxl_ il } (2.3)

and where i > 0 and o > 0 are positive parameters. We assume that
Assumption 2.1. A: R — R, is bounded, increasing and Lipschitz. Moreover we have A(0) =0

Under the above assumption, existence and uniqueness of a strong solution of (2.1) are a consequence e.g. from
Theorem IV.9.1 of [20].

In what follows we shall define A, = ||A||cc < 00. Moreover, let us write Tp =0 < Ty < T, <--- < T, < --- for the
successive jump times of the process. Since A, < 00, they appear at most at the jump times of a rate N A,-Poisson process.

Under minimal regularity assumptions on the spiking rate, if we work at a fixed system size N, this process will die
out in the long run as shows the following

Theorem 2.2 (Theorem 2.3 of Duarte and Ost (2016) [13]). If A is differentiable in 0, then the system stops spiking
almost surely, that is,

LN:=L:=sup{Tn:n21,Tn<oo}<oo

almost surely. As a consequence, the unique invariant measure of the process UV is given by 8, where 0 € RN denotes
the all-zero vector in RN

This paper is devoted to the study of the large N asymptotics of this last spiking time L" and related exit times.
In addition to Assumption 2.1 we suppose that

Assumption 2.3. ) is Lipschitz continuous with A’ (u)u < gk(u) for all u > 0 for some r > 0. Moreover, there exists
uy > 0 such that ' (u) > k for all u < u,. Finally, we have that ki > A,.

Remark 2.4. If A is not differentiable, the conditions on A’ are to be understood as

X
A
AX) = A() =k(x—y), Vx,y:y<x=<us, A(x)—/\(y)ff r(Z)dz, Vx,y:0<y=<x.
y oz

This holds for instance if A is concave piecewise C! with the conditions satisfied on each interval where A is defined.
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Introduce
N
ANy =Y MU o), (2.4)
i=1

the total spiking rate of the system. The next result shows that the last spiking time L% is exponentially large in N,
provided k# is large enough and A" (0) not degenerate.

Theorem 2.5. Grant Assumptions 2.1 and 2.3 and suppose the large deviation principle holds in R for AN (0)/N with
good rate function. Assume moreover that kh > A, + r and that the law of the initial condition U™ (0) is such that for all
& > 0, there exist xo > 0 such that IP’(AN(O) > Nxg) > 1 —¢ forall N large enough. Then for all § > 0,

NEIEOOP(LN > eWomONy — 1, (2.5)

where

A kh — A ) 1 —A
Wo = 2 CORPPR Y (Lt B Tt A P
kh r r 2 r

This is proven in Section 3.4.

Remark 2.6. The other quantities of Assumption 2.3 being fixed, note that Wy — +o00 as r — 0 and that Wy — A(uy)/r
as kh — +o0.

The further study of LY and the longtime behavior of U is related to the one of the associated non-linear limit
process. More precisely, as N — oo, the trajectory of a neuron is expected to converge to a process U solving

dU (1) = —aU @) dt + REA(U (1)) dt — 0(:—)/ 1<y (dt, d2), (2.6)
R+ -

where 7 (dt, dz) is a Poisson random measure on R x R having intensity d dz. Under our assumptions, equation (2.6)
is known to be well-posed and to possess a unique strong solution (see Theorem 4 of [17] or Theorem 5 of [9]). The
convergence of UV to U will be detailed in Section 4.2 (see Proposition 4.1). For now, let us focus on the stability and
long-time behaviour of this limit process. We first investigate the invariant states of the limit equation (2.6), under general
conditions on the jump rate.

Theorem 2.7. Assume that )\ is non-negative, bounded by A, Lipschitz with A(0) = 0, and that there exist u, > 0 and
k > 0 such that A(u) > ku for all u € [0, uy]. Then, if kh > «, the nonlinear equation (2.6) has at least two invariant
probability measures supported in R.. The first is 8y. The others are of the form g(dx) = g(x)dx, with g : [0, 00) >
[0, 00) given by

P+ Ay
=— — ———dy | 1< 2.7
g(x) rp—— eXp( /0 e —ay @ L0z <hpijer) 2.7

for some

e|:a( Akh—oe))\]
af k-l
P\ ki )

such that [;° g(dx) =1 and [;° 1(x)g(dx) = ps.
Under the same condition 2k > «, we can prove that &g is unstable:

Proposition 2.8. Grant Assumption 2.1 and assume that there exist u, > 0 and k > 0 such that A(u) > ku for all u €
[0, uy]. Then, if kh > «, there exists ¢ > O such that the following holds. For all probability distributions [Lo 7~ 8¢ on
Ry, denoting by wu; the law at time t of the process (2.6) with initial distribution Lo, there exists T > 0 such that
7= foookd,ut >cforallt>T.
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On the contrary, other parameters lead to the extinction of the system:

Proposition 2.9. Suppose that A(u) < ku for all u > 0 for some k > 0 such that kh < a. Then 3y is the only equilibrium
of (2.6), and it is globally attractive: If (n;)s>0 is the law of a solution U of (2.6) with initial condition ng, then

Wi e, 80) < e @™ W1 (o, So).
Theorem 2.7 and Propositions 2.8 and 2.9 are proven in Section 4.1.

Remark 2.10. If #1/(0) > « then Theorem 2.7 and Proposition 2.8 holds with a sufficiently small choice of u,. On the
contrary, if A is concave with 2A’(0) < a then Proposition 2.9 holds. If we assume that A(«) < ku with ki < o only for
u smaller than some threshold u., then the proof of Proposition 2.9 still applies to any initial condition with support in
[0, u], so that § is at least locally stable.

In the large kh regime, we are able to show that the second invariant measure g obtained in Theorem 2.7 is unique
and globally attracting. For the simplicity of computations, in the sequel, we consider an explicit piecewise linear rate,
although we expect the proofs to work more generally, at least in the case where X is concave, reaches the value A, and
saturates (without necessarily being linear beforehand).

Assumption 2.11. The jump rate is A(u) = (ku) A Ay for all u > 0, for some k, A, > 0.

Under Assumption 2.11, set a := «/kh and b := A, /kh. Remark that Assumption 2.11 with kh > A, (i.e. b < 1)
implies Assumptions 2.1 and 2.3 with the same k&, A, with u, = X,/k and r = «. Similarly, the condition kh > Ay, +r
enforced in Theorem 2.5 reads a + b < 1. We now strengthen this quantitative assumption and suppose that the conditions

b

1
2at+b<1 and 1 < 2.8
ato<l an 1—2a—b( +1—2a—b)—y° 28

hold, where yg > 0.56 is the solution of ye” = 1. Note that, for b =0, (2.8) is saturated at a = 1/2 while, for a =0, it is
saturated at b = by,x Where

P S "
1 — bmax 1 — bpax yo+1

Moreover, for all b € [0, byax],
b 1-b 1

1
R l—i—i):yo < a= - :
1—2a—b( 1—2a-b 2 /1_+_4%_1

The set of parameters for which (2.8) holds is represented in red in Figure 1. Notice that the condition (2.8), meant to be
relatively simple and explicit, is the result of several rough bounds in the proofs to make the reading easier: in any case,
we don’t expect our arguments, even applied with more care, to give sharp conditions.

~0.20.

Theorem 2.12. Under Assumption 2.11 and provided (2.8) holds, there exists k € (0, 1) with the following property. For
all y > 0, there exists C,, > 0 such that for all initial conditions with zo Ao >y,

Wl (nls ﬁl) = CyKlWI (7709 ﬁO)

In particular, there exists a unique non-zero equilibrium g and, as soon as ng # o,
Wi(n;, 0.
100.8) ——
Theorem 2.12 is proven in Section 4.3.

Remark 2.13. More precisely, what is established in the proof is that, for all # > 0,

),

where (U, U) is the synchronous coupling of the processes, namely is the coupling obtained by using the same Poisson
noise for both processes, hence making them jump simultaneously as much as possible.

E(|U@®) —U®)]) < C k"E(|U©) — U(0)
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Finally, we come back to the study of the process U of interacting neurons. Provided Assumption 2.11 and condition
(2.8) are enforced, let p, = fooo Ag where g is the unique positive non-linear equilibrium given by Theorem 2.12. For

u € RY and § > 0 we denote A(u) = "N, A(u;)/N and {% > 8} = {u € RY, %(u) > 8} (and similarly for {% < 8}, etc.).
We strengthen again condition (2.8), assuming that

b b L 4426\ _, 09
1—2a—b P\TZ24-b 1—2a—b P\1T-24-p))=" '

still denoting a = «¢/(kh) and b = A,./(kh). Denoting ¢ = 1/(1 — 2a — b) and d = bc, this condition is saturated when

1
4c —d 2d
N -1 )
ce ( e )6

For a fixed d > 0, there is no positive solution c to this equation if d > yp, and a unique one if d € (0, yp). Moreover, the
conditions b > 1 and a > 0 require d + 1 < ¢, which requires d < y; where y; >~ 0.016 is the solution of

1+ DetO1tD = (ie_yl — 1>e‘2y1.
Y1

The set of parameters for which (2.9) holds is represented in dark red in Figure 1. Our last main result is concerned with
the asymptotic exponentiality of the exit times from some domains. We do not deal directly with the last spiking time LY,
but rather with some stopping times that are related to L", namely times where the average jump rate A becomes small
or get far from its corresponding value in the non-linear equilibrium (see Section 3.2, and in particular Remark 3.3, for a
discussion on LY and its link with the times where A gets small).

Theorem 2.14. Grant Assumption 2.11 and condition (2.9). Let t = inf{t > 0, UV ¢ D} where either:

(1) D={r> y} for some y € (0, A(1 —a —b)/2).
(2) D is a measurable subset of Rﬁ such that, for some & > 0,

{(Pr—8<A<p.+8CDC{r>8}

In case (1) let IC = {A > 8} for some § > y and in case (2) let K = {psx —y <X < ps+ y} for some y € (0, 8). Then, in
both cases, there exist C, 6, Ng such that the following holds:

sup E, (1) < o0,
ueRﬁ

and for all N > Ny,

sup sup|P, (t > tE, (7)) — e | <e(N)
t>0 uekC

and

E. (1)
Ey(1)

sup —1

u,velC

<e(N),

where e(N) = Ce "N in case (1) and (N) = Cln N/Nl/4 in case (2).

Theorem 2.14 is proven in Section 6.3.

To conclude this presentation of our main results, let us notice that Theorem 2.14 is obtained by applying a general
result, Theorem 5.3, which is the topic of Section 5 and is of independent interest. Theorem 5.3 establishes asymptotic
exponentiality for a general Markov process, based on some coupling and hitting times estimates. It is a generalization
(and follows the general strategy) of Brassesco, Olivieri and Vares for low-noise diffusion processes [6].

3. Exponential bound on the last spiking time

The goal of this section is to establish Theorem 2.5.
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3.1. An auxiliary Markov process

We start by introducing a simple auxiliary Markov process whose large N asymptotics are easy to study. Under minimal
additional assumptions on the spiking rate A and the synaptic weight %, it is possible to compare the process A" (¢)
introduced in (2.4) with a simple Markov process Z" (¢) that we are going to introduce next. Assumptions 2.1 and 2.3 are

enforced.
Forall N > h/u,, set

(ke 1), A\
V= i N)\"TN) TN

and consider the function my on R4 given by
kh z 1 Ase
mN(z)=z+—(1————> - —,
N Au—1y N/ N

where (x);+ = x Vv 0. Using that kh > A, we see that my is a positive increasing function for N large enough. Let
No > h/u. be large enough so that for all N > Ny, zy > 0 and my is a positive increasing function. Remark that z has
been defined so that zy + A, /N is the solution of z =my(z) and such that forall 0 <z < zy + Ay/N, my(2) > z.

For N > Nj, introduce the auxiliary Markov process Z" taking values in R, having generator given for all smooth
test functions ¢ by

ANp(2) = —rz¢'(2) + Nz[p(zn Amy(2)) — 0(2)]. (3.1)

Proposition 3.1. Grant Assumptions 2.1, 2.3, suppose that N > Ny and Z N) < (AN (0) /N) A zn. Then there exists a
coupling of ZV and AN such that ZV (t) < AN (t)/N forall t > 0.

Proof. Step 1. Consider the effect of jumps on the original process A" (¢). Since A is increasing,
h ) h
AN(@) > A(u* - N) card{z CUN (1) > uy — N}

and thus

AN (1)

M — 1)

SN h
cardyi : U; (t)fu*—ﬁ >N —

By choice of u, if a spike occurs at time ¢, all the neurons satisfying U l.N (t—) <us —h/N (except possibly one of them
that is spiking) receive an increase of their spiking rate given by

,\(U,.N(t—) + %) —x(UN (1) = %

On the other hand, the spiking particle is reset to 0 and A(0) = 0, so that its spiking rate is at most decreased by A.,.
Therefore, if a spike occurs at time ¢,

N N o\ L kh( AN@—)) _ (A%—))
AN (t) > AV (t—) A*+N(N 1 P +—NmN N : (3.2)

The definition of 7z has been chosen to ensure that

AN(@-) A N N
< — AV (@) =A"(t—).
N = ZN + N = (= (-)
Besides,
AN (—) . AN @)
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Step 2. We couple ZV and AY /N by forcing them to jump together as often as possible (for a general discussion on
synchronous couplings for PDMP’s, see [14]). In other words we let ZV evolve according to

N
dzN ()= —-rz@)dt + ((zy Amy(ZV (t-))) — 2V (1)) /}R Ligvgoy Y _m (dt.d2).
+

i=1

Since d AN (t) > —r AN (t) dt in between successive jumps of the system, the deterministic flow preserves the stochastic
ordering zZN@) < AN(t)/N up to the first jump time. Remark that ZN (1) €10, zy] for all £ > 0. Jumps of the neuron
system arrive at rate A"V (r—), and those of the Markov process at rate N Z" (r—), such that a jump of Z" is necessarily a
jump of the original system at least up to time t = inf{t : ZV(t) > AN (t)/N}. One the one hand, if A" jumps alone at a
time r where AN (r—)/N > ZN (t—), then either AN (t—)/N < zy + As/N in which case AN (1) > AN(t—) > NZN (1),
or AN(t—)/N > zN + Ay/N in which case AN(t)/N > zy > ZN (7). On the other hand, if both A" and ZV jump at a
time ¢t where AN(t—)/N > ZN(t—), then

AN(r—>)

N
_Ao.
N

- N

ZN@W) <my(ZN(t-)) < mN(

where we used that my is increasing for N > Ny together with (3.2). This proves that the stochastic ordering Z" (¢) <
AN(1)/N is preserved at the jump times, which concludes our proof (in particular, T = +oo almost surely). (I

3.2. Lower bounding the last spiking time of the system

Under the conditions of Theorem 2.2, the finite system of interacting neurons U” possesses a last spiking time L = LV.
This last spiking time is not a stopping time of the process. However we may consider an enlargement of the original
process U N such that L becomes indeed a stopping time. For that sake consider the Markov process (U N, E@)) €
Ri’“ which is defined as follows. We fix an i.i.d. sequence (7,),>0 of exponential random variables having parameter
1, independent of anything else, and we take E(0) = 7. Up to the first jump time 77, the process UN=@NV,..., U]IVV)
evolves according to

dUM @) =—aUN(@)dt, 1<i<N, (3.3)
and the process E(t) according to
N
dE(t)=—A"(t)dt, whereas before AV (1) => 1 (UN (1)) (3.4)
i=1
We define the first jump time of the process by
Ty =inf{t >0: E(r—) =0}.
At time T1, the process U™ (T;—) makes a transition UN (T1—) — UN(T1—) + A;(UN(T1—)), 1 <i < N, with proba-

N (T, —
bility % Moreover, we put E(T7) := 11, and start again with the dynamics (3.3)-(3.4) up to the next jump
T, =inf{t > T\ : E(t—) =0}.

It is evident that the process U" (¢) follows the same dynamics as the one given in (2.2). Moreover,

o N
L=inf{t:E(l)>/ Zk(eaSUiN(t))ds} (35)
U

is now a stopping time with respect to the canonical filtration of the enlarged process (U”, E). That being said, in fact
we won’t use this enlarged process in the following.

Remark 3.2. The above construction is somewhat similar to the one considered in a simpler frame in [10]. Therein, the
deterministic dynamic is given by d UI.N (t) = —dt and A(u) = u.



352 E. Locherbach and P. Monmarché

Remark 3.3. With the coupling constructed in Proposition 3.1, we obviously have that L’ < L almost surely, where L’
is the last jump time of Z". Indeed, there is a spike in the system whenever ZV jumps.
To control the behavior of L’ for large N, it is however easier to consider

LY =inf{r: ZV (1) <n}, (3.6)

for some small 7 > 0. Since the process Z" takes values in [0, zy] C [0, Zoo] With zoo = (1 — A4 /(kh))A(us), in the
absence of jumps, it needs at most a time

1 —1
§— n(zeo) —Inn (3.7
r
to reach the level n. Therefore, {Lﬁlv >t + S} C {L’ > t}, implying the lower bound
IN=L>L> Lf,v —§ almost surely. (3.8)

In what follows we provide large deviation estimates for Lf,v as N, the number of neurons, tends to infinity. Being
interested in L,’;’ implies that we only consider the evolution of ZV () for t < LnN . We may therefore study a slightly
different process Z" starting from Z¥ (0) = Z" (0) < z and having generator

ANo(2) = —r2¢' @) + N1V 2 A 200)[0(2V 2y Amy(2)) = 9(2)]
instead of studying ZV . The advantage of considering Z" instead of Z" is that its jump rate function

f(@)=nVZIAzZco (3.9

is strictly lower bounded, bounded and Lipschitz continuous.
3.3. Large deviations for the auxiliary Markov process

To study the large deviation principle for the auxiliary process ZV, we rely on the theory developed in Chapter 10 of
Feng and Kurtz [15]. As N — oo,

(x\/zN/\mN(x))—xzi<kh<l— al ) _)‘*>1x<z°o+ o (i)
N Mus) /o N—+oo\ N

(1 -505) ) on(5)
=—(kn(1- )+ o (=),
N Mutx) L Note\N

which yields the convergence of the generator AN o(x) = (—=rx + f(x)G(x))¢'(x) with

X
G(x)= <kh<1 — )»(u*)> — A*)+.

The associated dynamics of the limit process is given by

Xp = —rx; + G(xp) f(xp). (3.10)
To quantify the convergence of ZV to this limit trajectory x;, we consider the associated exponential semigroup

HY p(x) = %e*NMNe’W’(x) — g (0 + F ) (N VIR AN D=9 _ 1),
which converges, as N — 00, to

Ho(x) :=—rx¢'(x) + f(x)(eG(x)"”/(x) —1).
Notice that, for all x > 7o, G(x) =0 and thus Hp(x) = —rx¢’(x). We define for any p € R

H(x,p) = f(x)(eP —1)—rxp and L(x,q)=sup{pq— H(x, p), p eR}.
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Clearly, L(x, q) = +o00 if ¢ < —rx. Moreover, for all x such that 0 < x < zo, and all ¢ > —rx,

_q+rx g+rx \ gq+rx . B
L =60 ln<G(x)f(x)> Goo /W =IOt w1},
where
w = q+rx
TG f(x)

and ulnu =0 if u = 0. Moreover, if x > 7z, then

L(x,q):{o 1fq=—rx}'

400 ifg#—rx

The solution x; of the limit equation (3.10) satisfies
L(x,x)=0,

since in this case u = 1.

Theorem 3.4 (Theorem 10.22 of [15]). Suppose that the large deviation principle holds in R for ZN (0) = Z (0) with
good rate function Iy and grant Assumptions 2.1 and 2.3. Then the large deviation principle holds for ZV in D(Ry,R,)
with good rate function

It = { +00, else

Io(x0) + fooo L(xg,x5)ds, if x is absolutely continuous }

In particular, for any open set A € D(R4,R),
1 _
liminf — logP(ZY € A) > — inf I(x),
iy e FET e A 2 = el 1
and for any closed set B € D(Ry, Ry),

1 _
liminf — logP(Z" € B) < — inf I (x).

N—o0 xeB

Proof. We are in the framework of Chapter 10 of [15] with n(x,dz) = f(x)dGx)(dz), b(x) = —rx + f(x)G(x) and
¥(x) =14 |x|. It is immediate to check that Condition 10.3 is satisfied and that Lemma 10.4 and Lemma 10.12 hold,
since f is lower bounded and since G is Lipschitz and bounded. As a consequence, all conditions required to apply
Theorem 10.17 and Theorem 10.22 of [15] are met which concludes the proof. O

3.4. Stability of the limit system

We briefly discuss the stability properties of the limit system (3.10). In this section we strengthen Assumption 2.3 by
assuming that kh > A, + r. We also chose 7 small enough, more precisely n < xo, with

Ao +7
kh

Xoo i= X(u*)(l — ) € (0, z00).

In that case xo is the unique equilibrium of the limit equation (3.10), and it is globally attracting on (0, +00). Recall we
want to study the exit time LUN defined in (3.6). To do so, one classically introduces the cost functionals

t
Vilx,y) = inf  I;(x), whereI;(x)= / L(xg,x5)ds, and V(x,y)= ing Vi(x, y).
0 >

XIXQ=X,X; =Y

Then we have
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Proposition 3.5. Grant the conditions of Theorem 3.4, assume moreover that kh > Ay +r and 1 < X0, and fix x > 1.
Then, denoting Vyy =V (Xo0, 1),

V6 >0, 1wwa@”r“N<L§<eWHﬂN)=1 (3.11)
and

S logEy (L)) = 7, (3.12)
Moreover,

where Q(u) :==ulnu —u + 1.

Proof. To get the upper bound on V,, choose x; = ¢ "X, t > 0. The trajectory reaches 7 in a finite time Iy =
In(xs0/n)/r and

t'] tU X —
/ L(xg, Xx5)ds :f Xgds = o 7’].
0 0 r

To get the lower bound, let us fix some time horizon ¢ and take any absolutely continuous trajectory x : [0, ] — R
such that xg = xo0, Xy = 1 and x; = Xoo + fos Xy du, for all 0 <s <t. Since L(z,q) > 0 for all z, g, it is easy to show
that the cheapest way to go from x, to n during the time interval [0, ¢] is to have negative derivative at all times, that
is, Xy <0 for almost all s € [0, ¢]. Besides, in order to have a finite cost, necessarily x; > —rx; for almost all s € [0, ¢].
Hence, in the following we suppose that —rx; < X; <0 for almost all s € [0, ¢].

Now, for all s € [0, ¢],

_ Xs +rxg . [ r
B G (x5)xs ' G(xs)

where we used that G is decreasing with G (xs,) =r. Since Q is decreasing on [0, 1], this implies that

. r Xs r
L(xs, x5) = x5 O (uy) ZX&Q(G(X )) = _7Q<G(x ))

As a consequence,

[t [ 2] ol ol
0 D= Jo ds \Jo G(y) Y ), T \GO) ¥

The proof of the lower bound of \_/,, is then concluded by noticing that we have obtained a lower bound that is independent
from ¢.
The proof of (3.11) and (3.12) is then similar to the proof of Theorem 7.8 in [21]. (Il

U :

] c [0, 1],

Denote

W'—l/m " )a
= ) Q(G(y)) ¥

Remark that a consequence of Proposition 3.5 is that Wy < xo/r < +00. More precisely, as Xxoo < zZoo, G 1is affine on
[0, xo0], and the change of variable z = G(y)/r yields

kh—hx
_ AMuy) r 1 _AMu) [ 15
Wo = i), Q<Z>dz— o |: 2ln (u) ln(u)—i—u]1

Muy) (kh — dy kh — Ay 1. 5 kh— X
=——-1-Inf———)—=In"( — ) ).
kh r r 2 r

As a conclusion of this section, recalling that the last spiking time L = L has been introduced in Theorem 2.2:

kh—Ax
r
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Proof of Theorem 2.5. Let ¢, 8 > 0, and let xg € (0, xo0) be such that P(AY (0) > Nxg) > 1 — ¢ forall N large enough.
Let ZV be the Markov process with generator (3.1) and Z N(0) = x¢. Let n > 0 be small enough so that

SENYENES)
=277, G )"

Considering S given by (3.7) and using Proposition 3.5,

P(LY = eM0mON) > P(LY — 8 > eMomIN) —P(AY(0) < Nxo)

v

P(LnN >S4+ e(‘_/"f‘g/z)N) —¢

—> 1 —s.
N——+400

This ends the proof since ¢ is arbitrary. ]
4. Longtime behavior of the limit process

4.1. (In)stability of zero

First we consider the question of the existence of non-zero equilibrium, under general conditions on the jump rate.

Proof of Theorem 2.7. The proof follows the ideas of the proof of Theorem 8 in [17] and of Section 6 of [25]. Fix some
parameter a > 0. Then the R -valued SDE

t o0 t
Z(t):Z(O)—/O/O Z(s—)l{zﬁ(z(s_))}n(ds,dz)+/0 (a—aZ(s))ds .1)

has the unique invariant probability measure g, given by

)
ga(x) = Pa eXp(—/ 5 dy>1{0§x<a/a}»

a—oax 0 a—aoy

where p, > 0 is such that fooo ga(x)dx =1 (see e.g. Proposition 26 in [9]). It automatically holds that fooo A(x)gq(dx) =
Pa- When a =0, go = d¢ is invariant for (4.1) and pg := fooo A(x)go(dx) =0.
Denoting A, the generator associated to (4.1) and ¢ (x) = x, the invariance of g, implies that

o o0
0=/ Aap(x)ga(dx) =[ ((a@ — ax) — xA(x))ga(dx)
0 0
o0
> —(a +a||kllup/ot)/ x8a(dx) +a,
0
where we used that the support of g, is [0, a/«]. In other words,

o0 a
adx)y> ———,
/0 el 2 Mg/

Moreover, if a < auy,

(dx) = ka .
@+ @l Lp/a) AR

o0 o0
pa= /0 A)ga(dx) = k /0 %8s

Since hk > o, then hp, > a for a < ag := a(ux A (kh — a)/||A||lLip). On the other hand, since p, < A4 for all a > 0,
hp, < a for a > h\,. Denoting

1 afe A
I'(a) ::—:/ exp(—/ ) dy) dx,
Pa Jo a—oax 0o a—ay
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we transform the above integral by replacing successively y by y/a and x by x/a to obtain

1/a 1 x o
F(a):/ 1 exp(—/ (@y) dy) dx.
0 —ox o 1 —ay

Clearly, a — I'(a) is continuous. As a consequence, the equation hp, = a admits at least a solution a € [ag, h).] (and no
non-zero solution outside [ag, hA«]). O

Next, we study the instability of 8o when kh > «:

Proof of Proposition 2.8. Step I. First we give a rough lower bound of z; in term of zg. If U (0) < u, then, before the
first jump,

MU®) = r(e™U(0) = ke ' U(0) > e AU (0)).

A lILip

Alternatively, if U (0) > u, then, before the first jump,

—atu*

MOO) 2 e uy) = keuy = %

AU (0)).

*

Since the first jump arrives at rate less than A,

1 u
Z > ke_(ol-F)w)l <— A _*>ZO =¢20-
IMILip — Asx

Step 2. Assume that

0 - o Akh—a
< =—\u .
W=V = U

Let to = inf{r > 0, z; > y}. In that case, for all s <t < 19,

yh

dU (1) < (—aU(t) + yh) dt andthus U@#) <e 90U (s) + (1 - ef‘)‘(t*s))
o

4.2)

In particular U(s) < yh/o implies that U (t) < yh/a holds for all s <t < (. Besides, for all u € [0, yh/a] C [0, u4],

kh —«o

—au + hi(u) —ul(u) > —ou + hku — ui(u) > (kh —a— A(yh/cx))u > >

u

by choice of y. As a consequence, using that
2=ERX(U0)) = E()“(U(t))l{ﬁ(s)gyh/a}) z kE(U(t)l{(_](s)Syh/a})’
we obtain that, for all s <t <1,

B,E(U(t)l{l-j(s)fyh/a}) =E((—aU(t) + hz — U(I)X(U(t)))I{U(S)Syh/a})

kh—o_ -
2 5 EUOLg <)

and thus
kh—a cp =
z=ke T CIB(TG) 50 <yn/m)-

Step 3. Suppose that 7o > 1. Using the bound obtained in Step 1, we are going to apply the previous inequality with
s =1.If U(0) < yh/a then before s = 1 and the first jump, U (¢) is in [0, yh /] and lower bounded by the solution of

X =—ax + hcyzo, x(0) =0.
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If U(0) > yh/a, consider the event where there is a jump in the interval [0, 1/2] and no jump in the time interval (1/2, 1].
In that case U (t) € [0, yh/a] for t € (1/2, 1] and is lower bounded by the solution of

X =—ax + hecizo, x(1/2) =0,

so that U (1) > heizo(1 — e=%/?) /a. Moreover, if U(0) > yh/a, then before the first jump MU (1) = ke *?yh/oa = .
So, distinguishing the two cases whether U (0) is greater or less than yh /o we get

- _ _i, hc1z _ -
E(0 W wyzynja) 2 e (1 =) =2 (1 —e7%) = 0.
Combined with the result of Step 2, we have thus obtained that, if 7y > 1, then for all # € [1, 1],
2 > ke T "Dy,

and in particular 7y is finite (bounded by a constant that depends only on «, &, A and zg).
Step 4. Assume that zo = y and that #{ = inf{r > 0, z; < y} is finite. Let t, = inf{r > #1, z; > y}. According to the
previous step, if 1 — #; > 1 then for all ¢ € [#1] + 1, 12],

> kekhTia(t*l*”)Ey,
which means that , — #1 is bounded by a constant #3 that depends only on «, & and A.
Conclusion. Starting from any initial distribution, after some time, from Step 3, z; > y. After that time, from Steps 1
and 4, z, cannot go below the level y¢;v 1, which concludes. O
To conclude this section, we prove the stability of 8o when kh < «:
Proof of Proposition 2.9. Since
Wi (n:,80) =E(|U®) —0|) :=n,,
the conclusion follows from
dn; = —an, + hE[A(U®))] = E[UOAMU®))] < (—o + kh)n;. O
4.2. Propagation of chaos

From now on, for simplicity, we work with piecewise linear jump rates of the form given by Assumption 2.11. We first
construct under this assumption an efficient coupling of the finite particle system with the limit process.

Proposition 4.1. For N € N, let vy, ..., vy be probability distributions on Ry and po=1/N ZlNzl v;. Consider UV

the system (2.1) with initial conditions U ]N ©0),...,U ]IVV (0) independent with Ul.N (0) distributed according to v; for all
i € [1, N]. Let u; be the law of the solution of the limit equation (2.6) with initial distribution [vo, and z; = fR+ Aduy.

Consider the process UN with initial condition UN (0) = U™ (0) that solves

dUN (t) = —aUN (t)dt + hz, dt — l_]iN(t—)f LN ooy (@1, d2),
R+ - !

with the same Poisson measures as UV .
Under Assumption 2.11, for all t > 0,

N
E(Z| UN@)—UN@) |> < h(/hst + 2th,)e @RI/ N

i=1
E(

and

N
1 1
Zr — N ;K(U,N(t)) D < ﬁ(k* + kh(\/):t + ztk*)e(a-i-hk-f-x*);)‘



358 E. Locherbach and P. Monmarché

Moreover, for all t > 0 and all ¢ > 0,

N
_ N
IP’( sup Z|UiN(s) — UiN(s)| > 8) <4h(1l 4 /At + tk*)zea‘”hk“‘*)ti,

sel0.1152 €

and there exists C > 0 (that depends explicitly on t, €, k, h, Ay, @) such that

C
P{ sup >e )| < —.
(se[O,t] ) VN

Proof. Let I be a random variable uniformly distributed over [1, N, independent from (71"),-6[[1, ~]- Then U IN solves

1 N
- > UM )

i=1

AU} (1) = —aU (1) dt + hz; di — U,N(z—)/R @iy (@1, d2).
+

Since 7! has the same law as 77 and U;(0) is distributed according to po, this means Uy (1) is distributed according to p,
for all t > 0, and in particular

= BM(OF ) = - 3560 ).

i=1

Notice that a synchronous spike of the pair (Ul.N , l_]iN ) for some i € [1, N] decreases |Ul.N @ -U l.N (#)|, since both of
them are reset to 0. Asynchronous spikes can only happen if one of the two potentials is below the threshold value A,/ k,
such that these jumps lead to an increase of at most A,/ k. Therefore, for alli € [1, N] and ¢ > 0,

t
_ _ A .
lUN@) - TN 1) < a/o |UN(s) = TN (s)]ds + == ¥ o~ Yeza@® o 7' (ds. d2)

[0,t]XR+

"1 ) t
N 1 (dz,ds) — d
/o N Z/RJr fz=a @Y T (dz,ds) /0 Zsds

J#i

+h

We bound the last term by

| N ) t
= 1 J(dz,ds) — d

Therefore, writing

N t t
MZNZZ/ / l{zszs}ﬂj(ds,dz)_N/ ZSdS,
o Jry 0

t
R,"’:/
0

which is the total variation norm of the signed measure fR+ 21;/:1 (1{z<)\(L_/}.V(§7))} - 1{z<zs})7'rj(ds, dz) on [0, t],
. S -

h

h/ .
+ — 1,y N7 (dz, ds).
N Jio.ixr, {z=M U} ()}

’

N
d/R Z(l{zsul?;v(ﬁ))} — ljz<e))7/ (ds, dz)
+ 7 :
j=1

N
fo=>"E(uN®)-0) @)

j=1

and using that A is k-Lipschitz, we obtain

t
@) < (a+hk +A*)/ f(s)ds +hE(|M]|) + hE(RN) + rht.
0
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Observe that E(|MN|) < /A4t N and

E(RY /t (

where we used that the A(UiN (t))’s for i € [1, N are independent. Then Gronwall’s inequality implies the first result.
Moreover,

E(
Ay
<=

which implies the second item. Finally, if we use Gronwall’s inequality before taking the expectation, we get

Y ((0) ) —E[T) ®)])

)ds <trv/'N,

1 N
ZZ_NZ)"(UiN(t) ‘) (

i=1

i (G 1) ~E[a (UiN<f>)])D +§f(r)

sup Z]UN(s) 0N @] < e (s +h sup (M)
se[Ot]l 1 s€[0,t]

with

N
h A .
N ._ N * _
c=hRE A Z/ (ﬁl{sz(UiN(S))} + 7 MeswMon ~ l{zqu,»N(s))}')”l(ds’ dz).
i=1 [0,[]><R+

On the one hand,

¢ N
E(SN) < htrud/N + hto., —i-/\*/ E(Z\UiN(s) - UiN(S)|> ds
0

i=1
< 2hthi (1 4+ /ot + thy)e @A/ N

and thus, for all ¢ > 0,

1
P(SY > £) < ~2hths(1 + y/hat + thy)e@ThHIYN,
€
On the other hand, for all &€ > 0, applying Doob’s maximal inequality,

) = 2E(u)) < A

IE”(h sup |MN| >
€

s€[0,7]

Summing these two inequalities with & replaced by e~

Finally, for all t > s > 0,

&/2 concludes the proof of the third claim.

N N o
D ION®) = (TN ()| < Natha(t = 5) + Nkhha(t — ) + A Z/ / 17 (dz, du).
= i=1 75 IR+

In particular, taking the expectation,
|zt — 25| < (& — $)hs(o0 + kB 4+ Xy).

By Doob’s maximal inequality

IP’( sup |: / / (z<he)} T “dz,du) — N(v — $)hs :| >N\/t—s)
veEls,t] s JR4

é'

%
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From now on, fix ¢ > 0 and ¢ > 0. Chose a subdivision 0 =#; <--- <tg =1 so that
£
2hs(tiz1 — ) (@ +kh + Ay) + Ay /tig1 — 1; < 3 iefl, K —1].

This ensures that

H1:={ sup  sup ](m wl+— Z|x (U ) - (U,-N(r,-))\)z

iEIIl,K*]]] ME[[,',I,'_H

K—-1
C U [ sup |: / / 1{z<A }77] (dz,du) — N(v — tl))"*:| > Nytit1 — tl}
; veltitiz]

i=1

W] ™

and thus

KAy
v

Moreover, for all i € [1, K],

P(H') <

N & 3
P — =) AMOVN@)| == ) <—==
<z,, ; (7)) —3>—em
We can finally bound
P| sup zs——ZA UN(S')) >e| <P| sup Z|UN(S) UN(S)|>—
s€[0,¢] i=1 s€[o, t]l 1

K
1>+Zp<z,i _ ZA (@)
i=I

and conclude with the bounds already proven. (]

From Propositions 3.1 and 4.1 we can get a more quantitative version of Proposition 2.8. Notice that r = o under
Assumption 2.11.

Proposition 4.2. Grant Assumption 2.11 and assume moreover that kh > A + a. Let U be a solution of (2.6), and let
(x1)i>0 be the solution of the auxiliary limit equation (3.10) with xo = E(A(U (0))) A 2eo. Then, for all t > 0,

ELT®)) = x. 43)
In particular,

EMU©))>0 = liminfE(A(U (1)) = xe0 > 0,

and if g is an equilibrium distribution for U and p, = fooo A(x)g(dx), then py > Xoo-
Proof. Consider for all N € N the coupling (U N _UN) introduced in Proposition 4.1 with initial conditions independent
and with the same law as U (0). Then

E(\(0 (1)) ——ZE »(UN ) Z (o -ufol]) — o

k
N N—o0

Proposition 3.1 and Theorem 3.4 then yields

1 N
E(A (U] (1)) = ~ D EM(UN 1)) = E(ZV 1) ot

i=1
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which proves the first two assertions of the proposition. Letting 7 go to infinity with Uy distributed according to g gives
the third one. O

4.3. Longtime convergence for the limit process

This sectign is dgvoted to the proof of Theorem 2.12. The condition (2.8) is enforced. In this section we cogsider two
versions U and U of the li~mit process with different initial distributions 1o and 79, and we write Z = A(U), Z = A(U),
7zt =E(Z(t)) and Z; = E(Z(¢)).

Theorem 4.3. Under Assumption 2.11 and provided (2.8) holds, there exist explicit constants C,§ >p and k € (0, 1)
with the following property. If zo A 20 = Xoo — 8, then, considering the synchronous coupling of U and U, for all t > 0,

E(|Z(t) — Z(1)|) < CK"E(|Z(0) — Z(0)]).

Proof. The key argument is that, under the condition (2.8), due to their positive drifts, the processes spend a sufficiently
small time in [0, 1,/ k], which is the only region where they can have different jump rates, and thus where there can be
asynchronous jumps, or where |z, — Z;| has an influence on the evolution of the jump rates Z and Z.

Preliminaries. First, from Proposition 4.2, for any § > 0, if zg A Zo > Xoo — 5, then z; AZ; > x5 — 8 forall > 0. As a
consequence, the drift felt by U at time s and position x € [0, A,/ k] is

1
—ax +hzg > —Eak* + h(xoo —8) = Ash(1 —2a — b) — hé.

From now on we chose § > 0 small enough so that the right hand side is positive. This means that, in the absence of
jumps, U is non-decreasing as long as it is in [0, A,/ k], and that the crossing of level A,/ k is an up-crossing for U. Once
it has crossed this level, it cannot come back to levels strictly below A, /k (without jumping). More precisely, denoting
Ty =inf{t >0:0=U(r) < U(r—))} the first jump time of U, for t < Ty,

h(Xoo — 8)

_—at
== gy,

' t
U@) > / e D hzods > h(xeo — 8)/ e =9 gy —
0 0

which is larger than A, /k for all r > t5 with

1 oAy 1 a 1 a
tg=——mn({l—-——)—>—h|{l———|=—In{1 4+ ——). 4.4
o kh(xeo —98) ) 650 « l—a-—»b o 1—2a—0>b

The same holds for U. Denoting 7~'1 the first jump time of U ,wehave forallts <t < T A Tl,
U@t)VvU(@)> A k, whence Z(t) = A, = Z(t).
Step 1. Let t > 0 and consider the last jump time before time ¢,
Li=max{0<s<t:U(—)#U(s)or U(s—) #U(s)}, with max@:=0.
Remark that if L, <t — 15, then Z (1) = Z(1) = .

Case 1.1f L; > (t — t5) 4 is a synchronous jump of U and U, then both U and U are reset to 0 at time L,, such that on
this event,

t
|Z(t) = Z()| <k|U@®) - U0)] < kh/ e =) | zo — %\ ds. (4.5)
(t—t5)+
Besides,
PP(synchronous jump in [(t — 15)4,7]) <1 — e M < 15,

whence

t

E(|Zt - Zt |1{L, synchronous jump}) < khhyts / e lzs — Zs]ds.
(t—t5)+
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_ Case 2. If L; > (¢ — t5)+ is an asynchronous jump, i.e. a jump only for one of the two processes, then, since |Z(t) —
Z(t)| < \y, we may simply upper bound

|Z(t) - Z(t)|1{L, asynchronous jump} = )\*I{L, asynchronousjump}I{L,z(t—ta)Jr}-

The probability of having an uncommon jump between ¢ — 5 and ¢ is upper bounded by the integral of the expectations
of the differences of the intensities, that is, by

¢
P(asynchronous jump in [(r —15)+, t]) < / ]E(|Z(s) — Z(s)|) ds
(t—ts)+
Therefore,

t

E(|Z(t) - Z(t)|1{L, asynchronousjump}) = )»*/( ) E(|Z(S) — Z(S)|)ds
t—ts)+

Case 3. Finally, suppose that no jump has happened during [0, 7]. This case is only interesting for # < 75, because
otherwise Z(t) = Z(t) = Ax. The same goes if U©O)AU(0) > A/ k. IEU(0) v U(0) < A/ K,

t
|Z(t)—Z@)| < k|0 —U@)| < kh/ e 0 |zo — Zi|ds + e | Z(0) — Z(0)],
0

where we used that kU (0) = Z(0) and kU (0) = Z(0). If one of the processes (say U) starts below A /k and the other
above, we are brought back to the previous case by considering the solution U of dU = —aii + z; with U (0) = A, /k,in
which case Z(s) = Ay = A(U (s)) forall s € [0, ¢] and Z(0) = U (0). So, in all cases, we have obtained that

t
|Z(t) = Z() |1 jno jump in 0,07y < kh /0 e ) |zg — Zlds + e | Z(0) — Z(0)].

Conclusion of Step 1. Putting these three cases together and writing for short f (1) =E|Z(¢) — Z(1)|, we conclude that
forallt >0,

t t
f@) < Va/( f(s)ds + [kh/O fs)ds + f(O)}l[o,za](t), (4.6)

t—t5)+

with vs = khlyts + As.
Step 2. Using Gronwall’s inequality, for all ¢ < ¢;,

F@6) < FO)etHEE,

As a consequence, for ¢ € [ts, 2t5],

ts t t
f@) <vs [/ f(s)ds +f f(s)ds] <vs [/ fGs)ds + f(o)e(”5+kh)’5tai|,
t—ts ts ts
and Gronwall’s inequality implies
(&) < vyt £(0)

for all ¢ € [#5,2¢s]. Iterating the above inequality over time intervals [nts, (n + 1)¢s[ for n > 2, we obtain that for all
t € [nts, (n + D)ts[,

F@) < (vstse™™)" Motk £ (@),

Since In(1 + x) < x for all x > 0,

b a 1 a
ts — duto(l +khtg) = -1+ —2 Y1+ -m(1+ —2
vats 3 Aado(l +khio) = = “( +1—2a—b)( t n( +1—2a—b))

b P <
1—2a—b 1—2a—p)="
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(this is the condition (2.8)). As a consequence, we can chose 8 > 0 small enough so that vstse™’ < 1. Using thatn + 1 >
t/ts for t € [nts, (n 4+ 1)ts], we have thus obtained

tek

1) = ([stse™] ") 1O,
which concludes the proof. (]

Corollary 4.4. Under Assumption 2.11 and provided (2.8) holds, let k be given by Theorem 4.3. For all y > 0, there
exists Cy, > 0 such that for all initial conditions with zo A Zo > vy, considering the synchronous coupling of U and U, for
allt >0,

E(|Z(t) — Z(1)]) = Cyx"E(|Z(0) — Z(0)]).
Proof. Let C,§ > 0 be given with x in Theorem 4.3. By Proposition 4.2, if zo A Zg > y then z; A Z; > X0 — & for all ¢

larger than some finite 7),, which is the time taken by the solution of the auxiliary limit equation (3.10) to reach x, — 4.
Hence, after time 7),, we can apply Theorem 4.3 to get that

E(|z(t) - Z(0)|) = Cx'"YE(|Z(T,) — Z(T,)|)

for all t > T,,. It only remains to control the small times ¢ < T),. The proof is similar to the proof of Theorem 4.3, except
that now we don’t need to prove a contraction, only a rough bound.

For t > 0, let L, be the time of the last jump before time ¢. If L; = 0 (no jump) or if L, is a synchronous jump of U
and U, we simply bound

t
|Z(t) — ()| < | Z(Ly) — Z(Ly)| +kh/L 2y — %, ds.

If L; is an asynchronous jump, as in the proof of Theorem 4.3 we simply bound |Z(¢) — Z(t)| < A4 and then bound the
probability to have an asynchronous jump in [0, ¢] by fé E(|Z(s) — Z(s)| ds. Gathering these two cases we get that for
allz>0

E(|z(t) — Z(1)|) <E(|2(0) — Z(0)|) + (kh + M)/:E(|Z(s) — Z(s)|)ds
By Gronwall’s Lemma,
E(|Z(t) — Z(1)|) < ¥ TE(|2(0) — Z(0)])
for all £ > 0, which concludes. O
A straightforward corollary of this result is then

Corollary 4.5. Under Assumption 2.11 and provided (2.8) holds, the non-linear system (2.6) admits exactly one non-zero
equilibrium g as described in Theorem 2.7. Moreover, for all solutions of the non-linear system with zo > 0, we have that
= Joo Mx)g(x)dx ast — oo.

The contraction at the level of the jump rates then yields a Wasserstein contraction at the level of the processes:

Proof of Theorem 2.12. Let «, C, § be given by Theorem 4.3 and #5 as defined in the proof of the latter. Let L, be the
last jump before time ¢ (L; = O if there is no jump). Then

t
U@ —U@)|<h f ez — Zlds + e LT (L) - U(Ly)]. 4.7)
Ly

Step 1. Consider first the case where zg A Zo > X0 — 4. First, if L, is a synchronous jump of U and U, the last term of
(4.7) is zero. Second, if it is an asynchronous jump, say U has jumped but not U, then necessarily A(U(Ly)) < Ay so that
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U(Ll) < A/ k, while U(L;)=0. As in Step 1-Case 2 of the proof of Theorem 4.3, we bound

- ~ Ax [T ~
E(|U(Lt) - U(Lt)|1{L, asynchronousjump}) = _/( E(|Z(S) - Z(S)|)ds

k t—15)+

< MtsCi'TBE(|U0) — T (0)]).

Third, we bound

t t t
/ eia(tis”zs —Zglds < 1{L,>t/2}/ lzs — Zslds +1{L,§t/2}/ lzs — Zslds
L )2 0

tkt/? 1 _ .
§Ck< 5 +ln(l/K)l{L,<t/2})IE(|U(O)—U(0)|).

The event {L; < t/2} implies that there is no jump on the time interval [t /2, ¢]. In that case, as in the proof of Theorem 4.3,
U and U will be above the level A, / k for all times larger than 7/2 + t5, in which case their jump rates will be A,. As a
consequence,

P(L; <1/2) < e ™00,
Gathering all the previous bounds, we have finally obtained that, in the case where zg A Zg > xoo — 8, for all ¢ > 0,

/2 oM (t/2—15)

E(|U(t)—[j(t)|)§|:e_w+)»*t5CKt_t5+Ckh( TS )}E(|U(O)—0(O)|)

< CR'E(|U0) — U(0)])
for some C >1,ke(0,1).

Step 2. Now we only suppose that zg A Zg > y for some y > 0. Since z; A Z; will reach xo, — § in a finite time T, as
in the proof of Corollary 4.4, it only remains to obtain a rough bound for small times ¢ < 7,,. Using that

_ -~ A . . .
E(|U(Ls) — U(Ly)|1{1, asynchronous jump}) < ?*}P’(there is an asynchronous jump in [0, 7]),

we get from (4.7) that

- ~ ! - - A [ ~
E(|U(t)—U(t)|)§h/O |zs—Zslds+IE(|U(O)—U(0)|)+7/0 E(|Z(s) — Z(s)|) ds

),

< (kh + Ay) /OtE(|U(s) —U(s)|)ds +E(|T0) —
and thus, for all > 0,
E(|U@) — U@)]) < e HDE(|T0) — T©0)]).
Using the result of the first step, we conclude the proof of the first claim: for all # > 0,

E(|U@) - U®)]) < CRU"TE(|U(T, At) — U(T, A1)
< Cr'~Tr MO (T (0) — T (0)]).

The two other claims are immediately obtained by choosing (U (0), U (0)) according to a Wi-optimal coupling of 7o
and 19, and by considering the case where 79 = g. O

5. Exponentiality of exit times: A general result

In this section we give general conditions that ensure that the rescaled exit times of a Markov process are close in law to
the exponential law, extending the results of [6] for low-noise diffusion processes. Let (X;);>0 be a time-homogeneous
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strong Markov process taking values in some Polish space E. Let D, K be measurable subsets of £ with @ # IC C D.
For A C E, denote

T4 =inf{r > 0: X; € A}

Let g1, 67,63 €0, 1] and 51 > s > 0 be such that

€1 > sup Py (7pe < 1), (5.1
xekl

&y > sup Py (tpe A T1c > 52), 5.2)
xeD

€3 > sup sup |IP’X(rDc > 1) — Py(tpe > t)\. 5.3)
t>0 x,yekC

At the end of this section (Proposition 5.8) we provide a general coupling argument to bound &3.

To fix ideas, the set K can be thought of as a metastable set, far from the boundary of D but in which the process
spends most of its time as long as it hasn’t left D (for a diffusion process with small noise, K would be a neighborhood
of a fixed point of the deterministic ODE at zero temperature). Having in mind that ¢, &, and e3 are meant to be small,
the conditions (5.1), (5.2) and (5.3) typically mean that, whatever its initial condition in D, if the process hasn’t already
left D in a time s; then it has probably reached /C, and then it will typically stay in D at least for a time s; and forget its
initial position in .

In order to state the main result of this section, we fix some xo € K. We would like to consider 8 > 0 such that
Py, (tpe > B) € [1/4,3/4]. While the existence of such g is clear in the case of diffusion processes, for which # —
P, (vpe > t) is continuous, it is not necessarily easy to check in general. Nevertheless we can state the following.

Assumption 5.1. We have €1 + &7 +¢3 < 1/2 and tpc is Py,-almost surely finite.
Lemma 5.2. Under Assumption 5.1, there exists > 0 such that Py, (tpc > B) € [1/4,3/4].

We postpone the proof.
Under Assumption 5.1, it will be convenient to consider C, §, M > 0 such that

% V(62 +83) < Ce™™M, (5.4)
where B is such that Py (tpe > B) € [1/4, 3/4]. Obviously, it is always possible to find some constants such that (5.4)
holds but, for fixed C, §, most of the results in this section are interesting only for M large enough.

For a system of N interacting particles as studied in the paper, M would typically be N (but it could also be /N, In N,
etc.), and for a diffusion process at small temperature, M would be the inverse temperature.
The aim of this section is to establish the following result.

Theorem 5.3. For all §, C > 0, there exists My such that, if Assumption 5.1 and (5.4) hold for some M > My, then we
have the following properties. First,

sup Ey(tpe) < +o0.
yeD

Second, for all K, 0 > 0, there exist K' > 0 (that depends on 8, C, K, 0 but not M) such that for all probability measures
v and vy on D such that

Pw (TD" = S2) = Ke—9M1 i = 1’ 27

we have
sup|Py, (tpe > 1By, (tpe)) — e ™' | < K/ M3 e~ min0/3:1/26M (5.5)
t>0
and
‘Em (Tpe) — 1| < K/ MP3e—minG/3.1/2.00M (5.6)
Ey, (tpe)
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The remainder of this section is devoted to the proof of Theorem 5.3. The general strategy is the following: for ¢ > 0,
denote fo(t) =Py, (tpec > t). Due to the Markov property, the loss of memory in K provided by (5.3), and the fast return
to /C after each excursion out of K provided by (5.2), we get that the function fy approximately satisfies the relation
f@&+s)=f@)f(s), fors, r >0, which characterizes functions of the form ¢ > e~ for some ¢ € R. Obtaining, from
this approximate functional relation, that fy is necessarily close to an exponential function, is then slightly technical but
elementary.

More precisely, the main point is the following result (from which, in particular, Lemma 5.2 will easily follow).

Lemma 5.4. Forallt > 0 and for all s > s,
Jo@)(fo(s) — &2 —€3) < folt +5) < fot)(fols — s2) + &2 + €3).
Proof. For ¢t > 0, consider the event
Ar={Vselt, 1+ 5], X, ¢ K}.
By the Markov property, conditioning on the value of X;, for all # > 0,
Py(As, tpe >t 4+ 52| tpe > 1) < &2,
and thus for all s > 55,
Py (Ar, Tpe >t +5) < &2 fo(t).
Similarly, by the strong Markov property, for all s > s, by conditioning on X g where H = inf{u > ¢, X, € K},

Py, (tpe > s+ 1, A) < fo(t) sup Py (tpe > 5 — 52)
yelkl

< fo()(fo(s — 52) + &3)
and
Py (tpe > 5 + t, Ay > Jo@®) Py (tpe > ¢ + 52, Af|tpe > 1) inIfCIP’y(rDc > 5)
ye
> fo()(1 —e2)(fols) —€3)
> fo(t)(fols) — &2 —&3). O

Proof of Lemma 5.2. First, fo(0) =1 and, since tpe is Py,-almost surely finite, necessarily fo(¢) vanishes as t — +oo0.
Applying Lemma 5.4 with s = 57 and using that fy is a non-increasing function we get that for all ¢ > 0

fo®) = folt +52) = fo()(fols2) — &2 — €3) = fo()(1 — &1 — &2 — £3),
where for the last inequality we used (5.1) and the fact s, < s1. Thus, if €1 + €3 + 3 < 1/2, we get that for all ¢ > 0,
| folt +52) — fo)| < %fo(t) < %
In particular any interval of [0, 1] with length at least 1/2 intersects { fo(¢), ¢ > 0}, which concludes. ]

From now on we work under Assumption 5.1, we take 8 as in Lemma 5.2, consider C, §, M > 0 such that (5.4) holds,
and write ¢ = &2 + &3 and 5o = — InPPy (tpc > B). For t > 0, let

f @) =Py, (tpe > 1/50).

By construction, f is a non-increasing function with f(0) = 1 and f(sg) = ¢~ € [1/4,3/4]. Moreover, Lemma 5.4
states that for all + > 0 and for all s > s250/8,

FO(f(s) =&)< f+5) < FO(f (s — 5250/ B) +¢). (5.7
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Lemma 5.5. Granted Assumption 5.1 and (5.4), there exists C' > 0 that depends only on C, § (and not on M) such that

sup |f(t) —e™'| < C'(1+ M)e™MB,
re[0,M]

Proof. The left-hand side is bounded by 2 so that, for fixed values of C, §, it is sufficient to prove the result for M large
enough. For all k € [1, | 8/s2]], iterating the inequalities (5.7) with s = 5o/ k,

e™ = f(s0) < f(so — s0/k)(f (s0/k — s052/B) + €)
< f(s0— 250/ K)(f (s0/k — s052/B) + )
<= (FGo/k —s0s2/B) +£)".
from which
f(s0/k —s0s2/B) = e 'k ¢, (5.8)
and similarly, provided f (so/k) > ¢,
™% = f(s0) = f(s0— 50/ k) (f (s0/ k) — )
> f(s0 — 250/ k) (f 50/ k) — €)’
> = (fso/k) —e)",
such that
f(so/k) <e+e /%, (5.9)

Besides, the latter inequality is trivial if f(so/k) <e.
Set ko = |€*M/3//C|. For M large enough, 2 < ko < /s> and 1/(ko) < 1/(ko — 1) — s2/B. Denoting u¢ = so/ ko,
using first (5.8) with k = kg — 1, then the monotonicity of f, and finally (5.9) with k = ko, we get

k

TR — 6 < fs0/ (ko — 1) = 5052/f) < f(uo) <&+,

In the following, we denote by C’ various constants that depend only on the parameters C, § of (5.4). Since ¢ — ¢~ is

1-Lipschitz continuous on R,

—e_uo| < %0 = 50
T ko—1 k()(ko—l)’

ko
THORy—T

e

and noticing s € [In(4/3), In(4)], we get
|f(u()) _ efu()| < C/€725M/3
for some C’. By monotonicity again,

Guo):= sup |e™ — f()| <1 = flup)| v |e™0 — 1] < C'e™®M/3

s€[0,up]

for some C’. Remark that, in particular, we can suppose M large enough so that f(ug) > 1/2 > ¢.
Now, for some C’, uniformly in k € [1, [M/ug]] and r € [0, ug], using again Lemma 5.4 (more specifically (5.7)),

Flhkug+r) = F)(f o) — ) = e 0~ —C'(1 4 M)ye™*M/3
(using that (1 — x)k > 1 — 2xk for x positive small enough, uniformly in k). Similarly, for such k, r,

(ko + s052/B) +r) < £)(f o) + )" <e™ 0~ 4. C'(1 + Mye=?M/3,
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and
f(k(uo +s0s2/B) + 1) = f(kug +r)(f (ksos2/B) — ¢).
Remark that, for all k € [1, [M/ug1],
ksosa/B < C'(1+ M)e M3 <y,
provided M is large enough (where we used that so > In(4/3)). In particular,
f(ksos2/B) = e F502/F — G(ug) > 1 — C'e M/
for some C’. Combining the last inequalities, we have obtained, uniformly in k € [1, [M/ug1] and r € [0, uo],
| fkug +r) — e7H077| < C'(1 + M)e ™M/
for some C’ that depends only on C, §, which concludes. ]

Lemma 5.6. Granted Assumption 5.1 and (5.4), for M large enough (depending on §, C), the following holds. For all
yeDandallt >0,

Py (tpe > tf/s0) < 2e"/?

and
4
]Ey (T’Dc) < —ﬂ .
50

Proof. Denote

g(t) = sup Py (vpe > 18/s0).
yeD

The Markov property ensures that g(t + s) < g(t)g(s) for all s, t > 0. In particular g is non-increasing, and goes ex-
ponentially fast toward zero if there exist t > 0 such that g(#) < 1. Following the same reasoning as for Lemma 5.4 (in
particular considering the same event A;), we see that for all > 0, all s > s9s/8 and all x € D,

P, (TD(- > (t+ s)ﬁ/so) <P, (A,, Tpe > (t + s),B/so) + suIIéIP’y(rDc > sB/so — $2)
ye

<e+e3+ f(s—s0s2/B).

Under Assumption 5.1, sgs2/8 vanishes as M — +00. So, for M large enough, we can apply the previous inequality with
s =1and r =0 to get that

g(1) =ex+e3+ f(1—s052/P)
< Ce™ M 4 o= 1Hs052/B 4 (1 4 M)e™M/3
with C’ given by Lemma 5.5. As a consequence, for M large enough, g(1) <e~!/2, and for all y € D and all r > 0,
Py(rpe > tB/s0) < g(lt]) <e M/ <2¢71/2,

Finally,

50 +00
—Ey(tpe) = / Py (tpe > tB/so) dt < 4. 0
p 0

Proposition 5.7. Granted Assumption 5.1 and (5.4), there exists C' > 0 (that depends only on C, 8 but not on M) such
that for all M large enough the following holds. For all probability measures v on D,

sup| Py (zpe > 1B/s0) — ¢ ~'| < Py(tpe < 52) + C'(1 + M)e™ M3 1/2M
t>0
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and

50
ZE,(tpe) — 1

; < MP,(tpe <)+ C'(1+ M2)efmin(5/3,l/2)M.

Proof. By conditioning on the initial condition, it is sufficient to prove the result with v = §, for any fixed y € D. First,
fort > M, we simply apply Lemma 5.6 to get that

|Py(tpe > tB/s0) —e™"| <3e™M/2,
Second, for ¢ < s250/8, by monotonicity,
|Py(tpe > tB/50) —e™'| < |1 = Py(tpe > 52)| Vv [1 — e 7525076
< Py(tpe <s2) + Ce™®M.

Third, for ¢ € [s250/8, M], similarly to the proof of Lemma 5.4 we consider the event Ag = {Vs € [0, s2], X5 ¢ K} and
bound

Py (tpe > tB/50) < Py(tpe > 52, Ag) + Py (vpe > 18/50, Ao)

<é&y+ sup P (tpe > t8/s0 — 52)
zek

<eytest f(t—ss0/B) <e” +C'(1+ M)e M3

for M large enough so that 8 > sps0 (and thus |e%250/B _ 1| < esns0/B). Conversely,

Py (tpe > 1B/50) = Py (A0)Py (tpe > tB/s0|Ao)
> Py (vpe > 1B/s0lAo) — Py (Ao)
> f(t) — &2 — &3 — Py(tpe < 52)

> e = C'(1 4+ M)e M —Py(rpe <s2).

This concludes the proof of the first statement. For the second one,

50 +oo
E]EV(TDC)—l':‘/ PU('CD(->lﬂ/S0)dl—l‘
0

M +o00
5/ |Py(tpe > tB/s0) —e™'|dt + e +/ P, (tpe > 1)dt.
0 M
The first statement and Lemma 5.6 conclude. O
We are now ready to prove the main result of this section.

Proof of Theorem 5.3. The first claim has already been established in Lemma 5.6. Denote a; = solE,, (tpc)/B fori =1, 2
and consider M large enough so that, from Proposition 5.7, a; A ap > 1/2. Obviously,

sup|Py, (vpe > 1By, (tpe)) — e~ | = sup|Py, (zpe > 18/s0) — e "/“1|
£20 >0

< sup(|Py, (zpe > 1B/50) — e ™| + e — e~/ ]).
>0

For t < M, the last term is bounded by M|1 — 1/a;1| <2M[1 — ay|, and for t > M, it is bounded by 2eM/2, Proposi-
tion 5.7 concludes the proof of (5.5). To prove (5.6), we simply bound

ai
2L
a

=2|ay — 1[+2]az — 1]

and conclude again with Proposition 5.7. ([
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Finally, as announced, we finish this section by a general argument to establish (5.3).

Proposition 5.8. Let s; > 0 and €1, &4 € [0, 1] be such that (5.1) holds and that for all x,y € K there exists a coupling
(Xt, Yi)i=0 of two processes with respective initial condition x and y such that

P(X; =Y, Vi >s51) > 1—¢4. (5.10)
Then the condition (5.3) holds with €3 = 2¢| + &4.

Proof. Denote respectively tpc and Tpe the exit times of X and Y. Remark that
{tpe = 511N {f’Dc >s1}N{X; =YVt > 51} C {tpc = f’Dc}
As a consequence, for all t > 0,

|P(tpe > 1) = P(fpe > 1)| < E([lepesr — Lipesl)
< P(tpc # Tpe)
<P(tpe <s1) + P(Tpe <s1) +P@Et > 51, X; #Yy)
<2¢ +é&4. O

6. Exponentiality of exit times for the systems of interacting neurons

We come back to the study of the process U” of interacting neurons introduced in Section 2 and give the proof of
Theorem 2.14. In this section, Assumptions 2.11 and condition (2.8) are enforced, p, = fooo Lg where g is the unique
positive non-linear equilibrium given by Corollary 4.5, and xoo = A, (1 — a — b) is the unique equilibrium of the auxiliary
limit equation (3.10) (see Section 3.4). Recall that for u € RY and § > 0 we denote A(u) = Y, A(u;)/N and {% > 8} =
{u e RY, A(u) > 8} (and similarly for {A < 8}, etc.).

We wish to apply Theorem 5.3 in this context. In view of condition (5.2) and Proposition 5.8, it means we have
to bound hitting/exit times for some metastable states, and to be able to couple two processes starting in two different
positions in these metastable states. We establish these intermediary results in the next two sections.

6.1. Hitting times of metastable sets
For § > 0 small enough so that § < xoc — §, denote IC; ={A>xo — 38} and IC§ ={ps—6< X< P« + 8}

Proposition 6.1. Grant Assumptions 2.11 and condition (2.8).
(1) Forall0 <y < § < Xxoo/2 there exist C, T, 0 > 0 such that for all N € N,

sup Pu(f{ig&} >T)<1

N
ueRy

sup Pu(rger >T) < Ce N
uefizy) !

sup P(T(lcé)@ < eeN) <Ce N
uGIC;

sup Pu(tpe >T) <
uefizy) !

3o

(2) Forall 0 <6 < xo0/2 there exists y € (0,8) and C > 0 such that for all N € N,

c

1/4
sup P(r2)e < N') < —7.
e (K3 N4
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Proof. For the first point, remark that, for all u € RY, with a probability larger than e~ N (1 — e=)N in the time
interval [0, 1], all the neurons i with u; > e* ),/ k undergo exactly a spike and the other neurons do not spike. In that case,
the total number of spikes during [0, 1] is smaller than N so that U/N(l) <e%iy/k+ h forall j € [1, N]. Let ¢ be such
that

(e (¢“hu/k +h)) <.

Then with positive probability there is no spike during the time [1, 14-7] and the process deterministically reaches {A < §}.
For the two next points, consider the auxiliary process Z" with generator (3.1) with ZV (0) = xoo A A(u). From
Proposition 3.1, ZY < A(U™) for all times, in particular Z" reaches [xo, — ¥, +00) after A(U") and (0, xoo — 8] before
A(UN). The limit equation (3.10) of ZV reaches [xo, — ¥, +00) from y in a finite time, and the Large Deviation cost
V(xeo — ¥, X0 — 8) is positive, so that the Large Deviation result of Theorem 3.4 concludes the proof of the two first
points.
For the fourth point, consider the settings of Proposition 4.1 with v; = §,, for all i € [1, N]. In particular,

L
z0= N;Mui) >y.

From Corollary 4.4 applied with Z(0) ~ 1/N Z,N:1 8y; and Z(0) ~ g,
|zr — p«| < CyKl)»*,

where we used that p, > y since p, > x from Propos_ition 4.2,
In particular there exists 7' > 0 (uniform over u € {1 > y}) such that |zr — p,| < y /2. From Proposition 4.1, for all
uef{r=vy}

Pu(tiy > T) < IP’u(|zT — (UM m)| = g) < \/Lﬁ

for some C > 0.
For the last point of the proposition, as can be seen by applying Corollary 4.4 as above, for all § > O there exists
y € (0, ) such thatif z; = f0+°° Ay with p, the law of a process (2.6) then
lzo—p«l =y = |z —p«l <8/2 V1 =0.
Moreover, as previously, there exists 7' such that
lzo—pel=y = lzr —psl=vy/2.
If UV is the process (2.1) with initial condition u € {p, —y < x< P« + v}, consider the events
A ={|M(UN(9)) — ps| <8 Vs € [kT, (k+ DT ] and [A(UY ((k + DT)) — ps| < v}
for k € N. From Proposition 4.1, forall u € {py — y <A < psx + ¥},

By <B( sup |o —2(UY )| 2 8/2) + B(Jzr ~ AUV D) 2 y/2) <
s€[0,T]

3

for some C independent from u. By the Markov property, for all K e N, and u € {px —y <X < ps +y},

_ _ E— KC
Pu(f(lcg)f <KT)<P,(Ag) +P,(AoNAD)+---+P,(AoN---NAk_2NAKk_1) < _N

Conclusion follows from the choice K = [N1/4/TT1. O
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6.2. Coupling two systems of interacting neurons

The coupling argument for two systems of interacting particles with different initial conditions partially mimics those of
the non-linear processes developed in Section 4.3. In particular, before coupling the processes, we start by coupling their
jump rates.

Proposition 6.2. Grant Assktmpti()ns 2.11 and condition (2.9). There exist C, Q ,¥ > 0andk € (0, 1) such that the follow-
ing holds. For all ug, ug € {A > xo0 — v}, the synchronous coupling of(UN, UMY with initial condition (ug, iip) satisfies
forall N e Ny and all t € [0, N]

E(ﬁj}x(Uﬁ’(;)) — x(ﬁf’(r))|) <C('N+e ).

Proof. Let § > 0 be small enough so that, considering #5 given by (4.4), then
ks = Aytse™ " (1 + khtse® Py < 1,

It is indeed possible to do so since, as § vanishes, k5 goes to

b a b In(14+ a ) 1 a 442b In(1+ a )
= — _— a 1-2a—b — _— a 1-2a—b
o aln<1+1—2a—b)e U T )¢

b b P BV S B A
< X X
1—2a—b P\ T"24-b 1—2a—b P\T-24-3)) ="

where we used that In(1 + x) < x forall x > 0.

Let y € (0, §) and take ug, itg € (A > Xo0 — y }. Considering these two different thresholds (§ and y) is motivated by
the following reason: starting with an average jump rate above the level xo, — ¥, using the comparison with the auxiliary
process ZV, we will get that the average jump rate stays with high probability above xo, — 8 during the time interval
[0, N]. This replaces the argument in the limit non-linear case of Section 4.3 where the process deterministically stays in
{A > xoo — 8} if it started there.

Foralli € [1, N] and t > 0, denote W; (t) = [M(UN (1)) — M(UN (1))].

Step 1. Fix i € [1, N] and 7 > 0.

Case 1. First, suppose that t < #5 and that there is no spike in the time interval [0, ¢] for both UiN and 01.N . In the
absence of spike for the ith neuron, W; only increases (at most by k4 /N) when there is an asynchronous spike for a pair
w JN , U ]N ) for j # i, which happens at rate W;. As a consequence, for t < 15,

IE(Vvi(l‘)lno spike of i in [O,t]) Wz (0) + _f Wj (S))
(t— ta)+ i

Case 2. Second, suppose that there is an asynchronous spike for (UiN , l}iN ) in [(t — t5)+, t]. In that case we simply
bound W; () < A, and then

E(Wi (t)lasynchronous fori in [(t—t5)+,t]) = )»*P(asynchronous fori in [(t — 1)+, t])

t
< A*/ E(Wi (s)) ds
(r—t5)+

Case 3. Third, denoting D] the first spike of either UY or U} after time ( — t5), consider the event E! = {D! <
1, UN (Df) = UiN (D;) = 0}. In other words, under E i Df corresponds to a synchronous spike, in particular W; (D;) =0.
As in Case 1, after the time D! and in the absence of asynchronous jumps for i, W; only increases (at most by kh/N)
when there is an asynchronous spike for a pair (U ]N N ]N ) for j #£i. More precisely, writing Fti = {no asynchronous spike
for i in [(t — t5)+, t]} then, almost surely,

Wi1gi1r; <1E'_/IZ/ eawyom ~ Lesawyon™’ (dz.ds). (6.1)
tj#
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Remark that, by comparison with the non-linear case of Theorem 4.3, there is an additional difficulty here, which
is that E; is not independent from the asynchronous jumps of the neurons j # i after time Df. On the other hand we
cannot simply bound the indicator of E! by 1 because then we would miss a factor #s that is crucial to obtain at the end a
contraction with a rate x < 1. We will come back to this question in Step 2 below but, for now, indeed we simply bound
the indicator by 1 to get

t

kh
E(Wi()151) < N/ Y E(Wi(s))ds
(t—ts)+ j#i

Conclusion of Step 1. At this point we have established that for all ¢ <1;,

N N

D E(Wi0) Z (W;(0) +(zkh+,\*)f ZIE(W,-(s))ds
=1

i=1 i=1

and thus

N N
D E(Wi0) < PN TR (W (0)). (6.2)

i=1 i=1

Step 2. Fix i € [1, N] and t > 0. We now tackle the issue raised in Case 3 of Step 1 by considering a process (V, V)
similar to (UY, UN) except that the spike of the ith neurons has no effect on the rest of the system. More precisely, we
put, for all j #1i,

dVi(t)=—aV;t)dt + — Z / (z<A (Vi (t—)} T (dl‘ dz) — /R Vj(l—)l{zsk(w(t_))}ﬂj(dl,dZ),
k;é/t +

and

h .
d‘/l(l) = —Ol‘/i(t) dt + N Z‘A\{ l{Zf)L(Vk(t—))}T[k(dt? dZ) - ‘/R ‘/i(t_)l{sz(\/i(t—))}nl(dt’ dZ)
1 + +

The process V follows the same dynamic with the same Poisson noise. We initialise these auxiliary processes at time
(t — t5)4 and let them start from V ((r — 15)+) = UN((r — 15)4) and V ((t — 15)4) = UN((t — t5)4). For all j € [1, N]
and s > (t — t5)+, denote 14 () = |A(V;(s)) — A(Vj (s))]. The arguments of Step 1 are straightforwardly adapted to the
process (V, V) to get that, for all s > (t — 15)+,

N N
D E(W(s)) < e TR(W, (1 — 15) 1)) (6.3)
Jj=1 j=1

Now consider again the context of Case 3 in Step 1, namely the event E!. Taking in (6.1) the conditional expectation with
respect to F P = a{(UN(s), UN(s))SsD; }, using the strong Markov property and then (6.2), we get

kh t—-T N
E(1y15Wi(0) < NE<1E;']E<UN<D;'),0N<DE>> [/0 > Wits)ds
Jj=1 T=D}

i

t
e(2kh+)\*)s dS) )

Before time Df, by design, (UV, UN)y=(V,V),in particular W; = Wj for all j € [1, N]. At time Df, Wi(Df) =0<
W(D;) and, since A is a concave function, for all j # i,

w;(Di) = ’A(U}V(Dﬁ—) + %) —k(ﬁ}V(Di—) + %)‘

= [M(U} (Di=)) = (U} (D; =) | = W, (Di =) = W;(D))-
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Asa consequence,

-Dj
E(1y1 Wi(0) < Lk ( D'<;ZW1 /0 o Ckh+30)s ds)

JF#

_ kh -
=5 (ZW,(@) / KRS g5 du,

(t—15)+ i

where we have used that the density of the conditional law of Df with respect to (V (s), V(s)) s>(1—15), 18 always bounded
by A.. Finally, using (6.3)

t

kh t—u )
E(Lgil Wi() < v /( ) E(Z Wj((t—t5)+)))\*e(2kh+)‘*)” /0 eCKh20s g5 du
I Nyt

kh
< W/\*tazez(z"h“*)’ﬂE(Z w;((t — t5)+)).
J#i

As will be clear in Step 4 below, here we have solved the issue raised in Case 3 of Step 1.
Step 3. In Step 1, we have considered the case where there is no spike in [(f — #5)4, #] only for ¢t < t5. Now let t > t;,
and i € [1, N]. Considering the event

Al = {there is no spike for the ith neurons in [t — 75, 7], and A (U (1)) # A(T" (1))},
we simply bound

E(W; (1) Lno spike in [t—15.11) < AP (Af).
We now bound P(A!) for ¢ € [t5, N]. Consider the event

Dy ={V¥s e[t —t5)4.t], A(UN () AXL(TN (5)) = x00 — 8}
Then

P(A}) <P(AL N D,) +P(Dy).

Consider the auxiliary process ZV as defined in Section 3.1 with initial condition Z" (0) = xo, — y and synchronously
coupled with UV . According to Proposition 3.1, Z" stays below A(U™) for all times. In particular, under the event D;, it
reaches the level xo, — § in a time smaller than # < N. As established in the proof of Proposition 3.5, the Large Deviation
cost V(xeo — ¥, Xoo — 8) 1s positive, so that

P(D;) < Ke N

for some K, 6 > 0 (where 0 N has been treated similarly to U Ny,
It remains to bound P(A! N Dy). Using that {UY (1)) A ALUN (1)) > Ay /k} C {A(UN (1)) = A(UX (1))}, we bound

P(Ai N D;) <P(A(U"(t — t5)) > xo0 — 8, n0 spike for U} during [t — 15,11, UN (1) < 7,/ k)
+P(A(T" (t — 15)) = xo0 — 8,10 spike for U} during [t — 15, 1], U] (t) < A/ k).

The two terms being similar, we only treat the first one. Note that if Ul.N presents no spike in [¢ — 5, ¢] then on this
time interval the ith neuron has no influence on the rest of the system. In other words, V;(s) = U ]N (s) for all j #i and

s € [t — t5,t], where V has been introduced in Step 2. Remark that yN-1.— (V) j=i is exactly a system of interacting
neurons with generator (2.2), but with only N — 1 neurons. Moreover,

A
—Zk (Vit —19) = Z)\ UN(t—t(g))>xoo—5—ﬁ*
J#L /#t
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Consider ZV~! the auxiliary process synchronously coupled with V¥ ~! and initialized at time r — t5 by ZV~1(r —15) =
Xoo — & — Ay/N. Recall that, as we saw in the proof of Proposition 3.1, ZV¥~! jumps only when V¥~ jumps.
Each time V=1 jumps, UI.N is increased by h/N. As a consequence, in the absence of spike for the ith neuron,

UN(t) > YN=1 where YV~ is the process that solves YV ~! = —aY V=1 between jumps of Z¥~!, is increased by h/N
at each jump of ZV~!, in other words

h .
YN0y = —a¥V (1) dr + N/R L gv-14y Yl (dz.db),
* J#i

and is initialized at YN ~1(t — 15) =0. As N — 400, (Z¥~!, YN=1) converges towards the solution of

Zg = —0Zg + G(Zs)f(zs)s
Vs = —ays + hzs

with initial position (z;—s, yr—;) = (Xso — 8, 0). Recall that #5 is by definition the time for the solution of
Xs = —axs + h(Xoo — 8), Xi—15 =0

to reach the threshold X, /k (see the proof of Theorem 4.3). Since y; > x; for all s >t — 5, ys reaches this threshold in
a time s5 < t5. Finally, the arguments of Section 3.2 to obtain a Large Deviation Principle for ZV are straightforwardly
adapted to the process (ZV~1, Y¥~1) to get that

P(YN (1) < re/k) < Ke N

for some K, 0 > 0.
As a conclusion of Step 3, we have proven that, for some K, 6 > 0, for all ¢ € [t5, N],

N
—ON
Z E(Wi (t)lno spike for the ith neurons in [t—tg,t]) <Ke .

i=1

Step 4. This is now similar to the second step of the proof of Theorem 4.3. Gathering the results of Step 1, Step 2 and
Step 3, and denoting

N
f) =Y E(W;®),
i=1
we have obtained that for all ¢ € [0, V],

t

'
f@) < )»*/ f(s)ds + [f)gf(t —15) + Ke_eN]lng + [f(o) + Zkh/ f(s) d51| 1i<s
(t—ts)+ 0

with §s = khA,t}e>@kh+%J%  Similarly to Step 2 of the proof of Theorem 4.3, we deduce that for all n € N all ¢ €
[nts, (n + Dtg] witht < N

n—1
f(t) < e(zkh-i—)u*)tgicgf(o) + K/e—(SN ZKéc
k=0
for some K’ > 0 and ks < 1 by choice of § at the beginning of the proof. As a conclusion, for all t < N,

/
f(t) < Ké—le(Zkh+)»*)f5 f(O) 4 ; K 6751\7
8

and f(0) < NA,. |

Proposition 6.3. Grant Assumptions 2.11 and condition (2.9). For all ¢ €~(0, 1] there exist C, 0,5 > 0 such that, for all
N € N,, for all ug,iig € {A > xoo — 8}, the synchronous coupling (UN, UN) of two Markov processes with generator
(2.2) and respective initial conditions uy and uq satisfies

P(UN(N¢) # TV (N)) < Ce V",
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Proof. Take § as in the proof of Proposition 6.2. Without loss of generality, we assume that N¢ > 2¢5. Let (Z,Y) be the
Markov process that solves

N
dZ(t) = —aZ @) dt + ((zv Amy(Z(t-))) — Z(;—))/}R L5y 7' (dt, dz),
+

i=1
h Vo
dY () =—aY(t)dt + N/R 1{152(t7)}2n’(dt,dz),
+ i=1

initialized at time N* /2 at (xo — 8,0). For all i € [1, N], introduce

K; ::/ / l{zgp}n"(ds,dz),
[0,¢] /R4

and consider the events

Ay = {no asynchronous spike of any of the neurons in the time interval [N* /2, N¢]},

By ={Y(s) > h/k foralls € [N*/2+15, N*]},

N
Cy = ﬂ{KJ has at least one jump in [N /2 + 15, N°]},
j=1

Dy = {x(UN(N%/2)) AX(UY(N?/2)) = xo0 — 8}
Then
AyNByNCyNDyc{UN(N)=0"(N)}.

Indeed, if there is no asynchronous spike during [N®/2, N¢] in the whole system then, as soon as a pair (Ul-N , 0iN )
undergoes a synchronous spike in this time interval, they evolve synchronously afterwards and thus Ul.N (N¢) = U;(N?%).
Moreover, under Dy, Z <xUM) A )_»(UN) after time N°% /2, and thus Y < UiN A l}iN for all i € [1, N] up to the first
spike of (UiN , 01_N ) occurring after time N°%/2. In particular, under By, it means that A(UiN ) = k(l}iN ) = A4 for all
t > N%/24ts5,s0 that a jump of K ’ in this time interval is a synchronous spike of (U iN , U I.N ), which concludes.

From Proposition 6.2,

N¢ N
P(Ay) < ZE(M(UW(S)) —MON(9))|) ds < CN® (KNC/ZN n 6—0N5/2)‘
i=1

NE
2

Using the Large Deviations Principle of Theorem 3.4 as in Step 3 of the proof of Proposition 6.2,

P(By) +P(Dy) < Ce N
for some C, 6 > 0. Finally,

- ¢

P(Cy) < Ne (5 —19),
Summing these three inequalities concludes the proof. (]
6.3. Conclusion

Proof of Theorem 2.14. First, since D C {)_\ > y} for some y > 0 in both cases, from Proposition 6.1, there exists 7 > 0
such that § = sup, eRY P,(r > T) < 1. As a consequence, by the Markov property, forallk e N, N > 1 and u € }R_’X ,

P,(t > kT) < &X.

In particular 7 is IP,-almost finite and sup,, eRY E,(t) <T/(1-=¢&).
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Second, apply Theorem 5.3 using Propositions 5.8, 6.1 and 6.3.

More precisely, in case (1) we chose any xo € K, s1 =N, so =T, 61 =&y =¢84 = Ce™ N (and thus, by Proposi-
tion 5.8, g3 = 3Ce’9N). For N large enough, Lemma 5.2 applies, and if g is such that P, (z > §) € [1/4, 3/4] then from
Proposition 6.1 8 > ¢V, As a consequence, Assumption 5.1 holds with M = N.

In case (2), we chose any xg € K, so =T, 51 = N1/4, &) = C/\/N, g = C/N1/4, &4 = Ce_GNI/4 (and thus, by
Proposition 5.8, 3 = 3C/N'/*). For N large enough, Lemma 5.2 applies, and if A is such that Py, (t > B) € [1/4,3/4]
then from Proposition 6.1 8 > N1/, As a consequence, Assumption 5.1 holds with M =In N and § = 1/4. (|
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