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STABILITY RESULTS OF AN ELASTIC/VISCOELASTIC TRANSMISSION PROBLEM

OF LOCALLY COUPLED WAVES WITH NON SMOOTH COEFFICIENTS

MOHAMMAD AKIL!, IBTISSAM ISSA2:3, AND ALI WEHBE?

ABSTRACT. We investigate the stabilization of a locally coupled wave equations with only one internal vis-
coelastic damping of Kelvin-Voigt type (see System (1.2)-(1.4)). The main novelty in this paper is that both
the damping and the coupling coefficients are non smooth (see (1.5)). First, using a general criteria of Arendt-
Batty, combined with an uniqueness result, we prove that our system is strongly stable. Next, using a spectrum
approach, we prove the non-exponential (uniform) stability of the system. Finally, using a frequency domain
approach, combined with a piecewise multiplier technique and the construction of a new multiplier satisfy-
ing some ordinary differential equations, we show that the energy of smooth solutions of the system decays
polynomially of type ¢t~ 1.
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1. INTRODUCTION

1.1. Motivation and aims. There are several mathematical models representing physical damping. The most
often encountered type of damping in vibration studies are linear viscous damping and Kelvin-Voigt damping
which are special cases of proportional damping. Viscous damping usually models external friction forces
such as air resistance acting on the vibrating structures and is thus called ”external damping”, while Kelvin-
Voigt damping originates from the internal friction of the material of the vibrating structures and thus called
“internal damping”. In 1988, F. Huang in [16] considered a wave equation with globally distributed Kelvin-
Voigt damping, i.e. the damping coefficient is strictly positive on the entire spatial domain. He proved that the
corresponding semigroup is not only exponentially stable, but also is analytic (see Definition 5.10, Theorem 5.12
and Theorem 5.14 below). Thus, Kelvin-Voigt damping is stronger than the viscous damping when globally
distributed. Indeed, it was proved that the semigroup corresponding to the system of wave equations with
global viscous damping is exponentially stable but not analytic (see [11] for the one dimensional system and
[8] for the higher dimensional system). However, the exponential stability of a wave equation is still true even
if the viscous damping is localized, via a smooth or a non smooth damping coefficient, in a suitable subdomain
satisfying some geometric conditions (see [8]). Nevertheless, when viscoelastic damping is distributed locally,
the situation is more delicate and such comparison between viscous and viscoelastic damping is not valid
anymore. Indeed, the stabilization of the wave equation with local Kelvin-Voigt damping is greatly influenced
by the smoothness of the damping coefficient and the region where the damping is localized (near or faraway
from the boundary) even in the one-dimensional case. So, the stabilization of systems (simple or coupled)
with local Kelvin-Voigt damping has attracted the attention of many authors (see the Literature below for the
history of this kind of damping). From a mathematical point of view, it is important to study the stability of
a system coupling a locally damped wave equation with a conservative one. Moreover, the study of this kind
of systems is also motivated by several physical considerations and occurs in many applications in engineering
and mechanics. In this direction, recently in 2019, Hassine and Souayeh in [15], studied the stabilization of a
system of global coupled wave equations with one localized Kelvin-Voigt damping. The system is described by

g — (g + b(2)ugy), + v =0, (z,t) € (—1,1) x R,
Vet — Vg — g = 0, (z,t) € (~1,1) x R*,
(1.1) u(0,t) = v(0,) = 0,u(1,t) =v(1,t) =0, t>0,
u(z,0) = ug(x), us(x,0) = uy (z), x € (~1,1),
o(z,0) = vo(z), ve (2, 0) = v1 (), ze(~1,1),

where ¢ > 0, and b € L*°(—1,1) is a non-negative function. They assumed that the damping coefficient is
given by b(x) = dljg1j(x), where d is a strictly positive constant. The Kelvin-Voigt damping (b(z)uss), is
applied at the first equation and the second equation is indirectly damped through the coupling between the
two equations. Under the two conditions that the Kelvin-Voigt damping is localized near the boundary and
the two waves are globally coupled, they obtained a polynomial energy decay rate of type t=5. Then the
stabilization of System (1.1) in the case where the Kelvin-Voigt damping is localized in an arbitrary subinterval
of (—1,+41) and the two waves are locally coupled has been left as an open problem. In addition, we believe that
the energy decay rate obtained in [15] can be improved. So, we are interested in studying this open problem.

The main aim of this paper is to study the stabilization of a system of localized coupled wave equations
with only one Kelvin-Voigt damping localized via non-smooth coefficient in a subinterval of the domain. The
system is described by

u — (augy +b(x)ugg), +c(z) yr = 0, (x,t) € (0,L) x RT,
Yt — Yoo — (@) vy = 0, (z,t) € (0,L) xR,

with fully Dirichlet boundary conditions,

(1.4) u(0,t) = u(L,t) = y(0,t) = y(L,t) =0, VteR",




where

_ bo if ze€ (011,043) _ Co if xze€ (012,044)
(1.5) bz) = { 0 otherwise and c(z) = 0 otherwise

and a > 0,by > 0 and ¢y € R*, and where we consider 0 < a; < as < a3z < aq4 < L. This system is considered
with the following initial data

(1.6) u(-0) = uo("), w(0) =wi(), y(-,0) =yo() and w(-,0) =w1().

Co
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1.2. Literature. The wave is created when a vibrating source disturbs the medium. In order to restrain those
vibrations, several dampings can be added such as Kelvin-Voigt damping which is originated from the extension
or compression of the vibrating particles. This damping is a viscoelastic structure having properties of both
elasticity and viscosity. In the recent years, many researchers showed interest in problems involving this kind
of damping (local or global) where different types of stability have been showed. In particular, in the one
dimensional case, it was proved that the smoothness of the damping coefficient affects critically the studying of
the stability and regularity of the solution of the system. Indeed, in the one dimensional case we can consider
the following system

U — (g + b1 (2)wsz), =0, —-1<z<1,t>0,
(1.7) u(l,t) = u(—1,t) =0, t>0,

u(z,0) = up(x), ur(x,0) = uy(x), —1<z<1,
with by € L*°(—1,1) and

0 if ze(0,1),
(1.8) bl(x):{ ar(x) if xz e (=1,0),

where the function a;(x) is non-negative. The case of local Kelvin-Voigt damping was first studied in 1998
[19, 20], it was proved that the semigroup loses exponential stability and smooth property when the damping is
local and a; = 1 or by () is the characteristic function of any subinterval of the domain. This surprising result
initiated the study of an elastic system with local Kelvin-Voigt damping. In 2002, K. Liu and Z. Liu proved
that system (1.7) is exponentially stable if b;(.) € C%!([-1,1]) (see [21]). Later, in [34], the smoothness on b;
was weakened to by (-) € C1([—1,1]) and a condition on a; was taken. In 2004, Renardy’s results [32] hinted
that the solution of the system (1.7) may be exponentially stable under smoother conditions on the damping
coefficient. This result was confirmed by K. Liu, Z. Liu and Q. Zhang in [26]. On the other hand, Liu and
Rao in 2005 (see [23]) proved that the semigroup corresponding to system (1.7) is polynomially stable of order
almost 2 if a1 (.) € C(0,1) and a1(x) > a3 > 0 on (0,1). The optimality of this order was later proved in [2]. In
2014, Alves and al., in [1], considered the transmission problem of a material composed of three components;
one of them is a Kelvin—Voigt viscoelastic material, the second is an elastic material (no dissipation) and
the third is an elastic material inserted with a frictional damping mechanism. They proved that the rate of
decay depends on the position of each component. When the viscoelastic component is not in the middle
of the material, they proved exponential stability of the solution. However, when the viscoelastic part is in
the middle of the material, the solution decays polynomially as t~2. In 2016, under the assumption that the
damping coefficient has a singularity at the interface of the damped and undamped regions and behaves like
x® near the interface, it was proven by Liu and Zhang [24] that the semigroup corresponding to the system is
polynomially or exponentially stable and the decay rate depends on the parameter a € (0,1]. In [4], Ammari
and al. generalized the cases of single elastic string with local Kelvin-Voigt damping (in [21, 5]). They studied
the stability of a tree of elastic strings with local Kelvin-Voigt damping on some of the edges. They proved




exponential /polynomial stability of the system under the compatibility condition of displacement and strain
and the continuity condition of damping coefficients at the vertices of the tree.

In [14], Hassine considered the longitudinal and transversal vibrations of the transmission Euler-Bernoulli
beam with Kelvin-Voigt damping distributed locally on any subinterval of the region occupied by the beam. He
proved that the semigroup associated with the equation for the transversal motion of the beam is exponentially
stable, although the semigroup associated with the equation for the longitudinal motion of the beam is polyno-
mially stable of type ¢t=2. In [13], Hassine considered a beam and a wave equation coupled on an elastic beam
through transmission conditions with locally distributed Kelvin-Voigt damping that acts through one of the
two equations only. He proved a polynomial energy decay rate of type t~2 for both cases where the dissipation
acts through the beam equation and through the wave equation. In 2016, Oquendo and Sanez studied the wave
equation with internal coupled terms where the Kelvin-Voigt damping is global in one equation and the second
equation is conservative. They showed that the semigroup loses speed and decays with the rate t~1 and they
proved that this decay rate is optimal (see [30]).

Let us mention some of the results that have been established for the case of wave equation with Kelvin-Voigt
damping in the multi-dimensional setting. In [16], the author proved that when the Kelvin-Voigt damping
div(d(z)Vu:) is globally distributed, i.e. d(x) > dy > 0 for almost all z € ), the wave equation generates
an analytic semi-group. In [22], the authors considered the wave equation with local visco-elastic damping
distributed around the boundary of ). They proved that the energy of the system decays exponentially to
zero as t goes to infinity for all usual initial data under the assumption that the damping coefficient satisfies:
de CH1(Q), Ad € L**(Q) and |Vd(x)|?> < Myd(z) for almost every x in Q where My is a positive constant. On
the other hand, in [33], the author studied the stabilization of the wave equation with Kelvin-Voigt damping.
He established a polynomial energy decay rate of type ¢t~! provided that the damping region is localized in a
neighborhood of a part of the boundary and verifies certain geometric condition. Also in [28], under the same
assumptions on d, the authors established the exponential stability of the wave equation with local Kelvin-
Voigt damping localized around a part of the boundary and an extra boundary with time delay where they
added an appropriate geometric condition. Later on, in [3], the wave equation with Kelvin-Voigt damping
localized in a subdomain w far away from the boundary without any geometric conditions was considered.
The authors established a logarithmic energy decay rate for smooth initial data. Further more, in [27], the
authors investigate the stabilization of the wave equation with Kelvin-Voigt damping localized via non smooth
coefficient in a suitable sub-domain of the whole bounded domain. They proved a polynomial stability result
in any space dimension, provided that the damping region satisfies some geometric conditions.

1.3. Description of the paper. This paper is organized as follows: In Subsection 2.1, we reformulate the
system (1.2)-(1.6) into an evolution system and we prove the well-posedness of our system by semigroup
approach. In Subsection 2.2, using a general criteria of Arendt and Batty, we show the strong stability of
our system in the absence of the compactness of the resolvent. In Section 3, we prove that the system lacks
exponential stability using two different approaches. The first case is by taking the damping and the coupling
terms to be globally defined, i.e b(z) = by > 0 and ¢(z) = ¢y € R* and we prove the lack of exponential stability
using Borichev-Tomilov results. The second case is by taking only the damping term to be localized and we
use the method which was developed by Littman and Markus. In Section 4, we look for a polynomial decay
rate by applying a frequency domain approach combined with a multiplier method based on the exponential
stability of an auxiliary problem, where we establish a polynomial energy decay for smooth solution of type
1.

2. WELL-POSEDNESS AND STRONG STABILITY
In this section, we study the strong stability of System (1.2)-(1.6). First, using a semigroup approach, we

establish well-posedness result of our system.

2.1. Well-Posedness. Firstly, we reformulate System (1.2)-(1.6) into an evolution problem in an appropriate
Hilbert state space.
The energy of System (1.2)-(1.6) is given by

1 L
BO) =5 [ (w4 alusf? + i + ) do-

3



Let (u,ut,y,y:) be a regular solution of (1.2)-(1.6). Multiplying (1.2), (1.3) by u¢, y:, respectively, then using
the boundary conditions (1.4), we get

L
E'(t) = —/0 b(x)|uss)*da,

using the definition of the function b(z), we get E’(t) < 0. Thus, System (1.2)-(1.6) is dissipative in the sense
that its energy is a non-increasing function with respect to the time variable ¢. Let us define the energy space
‘H by

H = (Hy(0,L) x L*(0, L))>.

The energy space H is equipped with the inner product defined by

L L L L
(U, Ur)y :/ vildx—l—a/ um(m)zdx—i-/ z?ldas—l—/ Y (Gq ) wd,
0 0 0 0

for all U = (u,v,y,2) and Uy = (uy,v1,y1,21) in H. We use ||U|| to denote the corresponding norm. We
define the unbounded linear operator A : D (A) C H — H by

U= (u,v,y,2) €H; y€ H*(0,L) N H(0,L)
D(A) =
v,z € HY(0, L), (auy + b(x)v,), € L*(0,L)
and for all U = (u,v,y,2) € D (A),

A (u,v,y,2) = (v, (aug + b(2)vy)r — ()2, 2, Yoo + c(x)v)—r
If U = (u,u,y,y:) is the state of System (1.2)-(1.6), then this system is transformed into the first order
evolution equation on the Hilbert space H given by
(2.1) Ui = AU, U(0) = Uy,
where Uy = (uo, u1, Yo, Y1)

Proposition 2.1. The unbounded linear operator A is m-dissipative in the energy space H.

Proof. For all U = (u,v,y,2) € D (A), we have

a3

L
R (AU, U),,) = f/ b(a:)|vm|2dx = 7/ b0|’uz|2dx <0,
0 «@

1

which implies that A is dissipative. Here R is used to denote the real part of a complex number. Now, let
F = (f1, f2, f3, f1), we prove the existence of U = (u,v,y, z) € D(A), solution of the equation

(2.2) — AU = F.

Equivalently, one must consider the system given by

(2.3) -v = fi,
(2.4) —(augy + b(z)vy )z +c(x)z = fo,
(2.5) -z = 3
(2.6) Yoz — () = f4,
with the boundary conditions

(2.7) w(0) =u(L) =0, and y(0)=y(L)=0.

Let (¢,v) € H}(0,L) x H}(0,L). Multiplying Equations (2.4) and (2.6) by @ and v respectively, integrate

over (0, L), we obtain
L
/ f2pdz,
0

/OL farpdz.

L L
(2.8) /0 (auy + b(z)vy, )P, dx —I—/O c(x)zpdx

L L
(2.9) /Oyz@mdac—/o c(z)vipdx

4



Inserting Equations (2.3) and (2.5) into (2.8) and (2.9), we get

L L L L
(2.10) /0 au,pdr = /o fg@dx—i—/o b($)(f1)x¢md$+/0 c(x) fspde,
L L L
(2.11) | wetean = [ pie = [ ety
Adding Equations (2.10) and (2.11), we obtain
(2.12) a((u,y), (p,¥)) =L(p,¥), Y (p,9) € Hy(0,L) x Hy(0,L),
where
L L
2.13 a((u,y), (v, =a Up P dT 2 A
(2.13) () o) =a [ wpidet [ o
and

L L L L L
(214)  Lipw) = / fopdi + / b(2) (f1)a o + / () frpde + / Jibda - / o(2) fDda.

Thanks to (2.13), (2.14) , we have that a is a bilinear continuous coercive form on (Hg (0, L) x Hg (0, L))Q, and
L is a linear continuous form on H} (0, L) x H}(0, L). Then, using Lax-Milgram theorem, we deduce that there
exists (u,y) € H}(0,L) x HZ(0, L) unique solution of the variational problem (2.12). Applying the classical
elliptic regularity we deduce that U = (u,v,y,2) € D(A) is the unique solution of (2.2). The proof is thus
complete. O

From Proposition 2.1, the operator A is m-dissipative on H and consequently, generates a Cy—semigroup

of contractions (e'4) i~ following Lummer-Phillips theorem (see in [25] and [29]). Then the solution of the

evolution Equation (2.1) admits the following representation

U(t) = Uy, t >0,
which leads to the well-posedness of (2.1). Hence, we have the following result.
Theorem 2.2. Let Uy € H then, problem (2.1) admits a unique weak solution U satisfies
Ut) € C° (R, H).
Moreover, if Uy € D(A) then, problem (2.1) admits a unique strong solution U satisfies
U(t) e C' (RT,H) nC°(RT, D(A)).

2.2. Strong Stability. This part is devoted for the proof of the strong stability of the Cy-semigroup (etA) 50"
To obtain strong stability of the Co-semigroup (e4) >0 We use the theorem of Arendt and Batty in [6] (see

Theorem 5.11 in Appendix).

Theorem 2.3. The Cy—semigroup of contractions (etA) 1s strongly stable in H; i.e. for all Uy € H, the

solution of (2.1) satisfies

t>0
: tA —
A lle Toll = 0.

For the proof of Theorem 2.3, since the condition (u,v,y,2) € D(A) implies only u € HJ(0,L). Therefore,
the embedding from D(A) into A is not compact and the resolvent (—A)~' of the operator A is not compact
in general. Then according to Theorem 5.11, we need to prove that the operator A has no pure imaginary
eigenvalues and o (A) N iR contains only a countable number of continuous spectrum of A. The argument for
Theorem 2.3 relies on the subsequent lemmas.

Lemma 2.4. For A\ € R, we have i\l — A is injective i.e.

ker iA] — A) = {0}, VAeR




Proof. From Proposition 2.1, we have 0 € p(A). We still need to show the result for A € R*. Suppose that
there exists a real number A # 0 and U = (u,v,y, z) € D(A), such that

AU = iA\U.
Equivalently, we have
(2.15) vo= i\u,
(2.16) (auy +b(x)vg)e —c(x)z = v,
(2.17) z = iy,
(2.18) Yoz + (@) = QA2

Next, a straightforward computation gives

L as
0=R@ENU,U), =R(AU,U),, = —/ b(x)|v|?de = —/ bo|vz |*dz,
0 ay
consequently, we deduce that

(2.19) b(z)u, =0 in (0,L) and v, =0 in (oq,as3).
It follows, from Equation (2.15), that

(2.20) uy =0 in (o, as).

Using Equations (2.16), (2.17), (2.19), (2.20) and the definition of ¢(z), we obtain
(2.21) Yo =0 in (ag,as).

Substituting Equations (2.15), (2.17) in Equations (2.16), (2.18), and using Equation (2.19) and the definition
of b(z) in (1.5), we get

(2.22) N+ aug, —ide(z)y = 0, in (0,L)
(2.23) MY+ Ypr +ide(x)u = 0, in (0,L)
with the boundary conditions

(2.24) u(0) = u(L) = y(0) = y(L) = 0.

Our goal is to prove that u =y = 0 on (0, L). For simplicity, we divide the proof into three steps.
Step 1. The aim of this step is to show that w =y = 0 on (0, a3). so, using Equation (2.20), we have

uy =0 in (ag,a9).

Using the above equation and Equation (2.22) and the fact that ¢(x) =0 on (aq, as), we obtain

(2.25) u=0 in (o,az).

In fact, system (2.22)-(2.24) admits a unique solution (u,y) € C* ([0, L]), then

(2.26) u(ay) = uz (@) = 0.

Then, from Equations (2.22) and (2.26) and the fact that c¢(x) =0 on (0, a1), we get
(2.27) u=0 in (0,a1).

Using Equations (2.20) and (2.25) and the fact that u € C*(]0, L]), we get

(2.28) u=0 in (a1,as).

Now, using Equations (2.20), (2.21) and the fact that c¢(x) = ¢o on (agz,a3) in Equations (2.22), (2.23) , we
obtain

(2.29) u = i%y in (ag,as).
Using Equation (2.28) in Equation (2.29), we obtain

(2.30) u=y=0 in (a2, as).
Since y € C*([0, L)), then

(2.31) y(az) = yo(az) = 0.




So, from Equations (2.23) and (2.31) and the fact that ¢(x) = 0 on (aq, as2), we obtain

(2.32) y=0 in (ai,a).
Using the same argument over (0, ay), we get
(2.33) y=0 in (0,0q).

Hence, from Equations (2.25), (2.27), (2.28), (2.30), (2.32) and (2.33), we obtain u = y = 0 on (0,as).
Consequently, we obtain

U=0 in (0,as).
Step 2. The aim of this step is to show that u = y = 0 on (a3, ay). Using Equation (2.30), and the fact that
(u,y) € C*([0, L]), we obtain the boundary conditions

(2.34) u(ag) = ug(as) = ylas) = y.(az) = 0.
Combining Equations (2.22), (2.23), and the fact that ¢(z) = ¢y on (a3, ay), we get
(2.35) Ugrre + (@ + DN Upy + N (>\2 — Cg) u=0.

The characteristic equation of system (2.35) is
P(r) = ar' + (a+ DN1* + X% (3 = ¢f) .
Setting
Py(m) :=am® + (a+ 1)X\>m + 2> (A = ¢f) .
The polynomial Py has two distinct real roots m; and mqy given by:
X2 (a+1) — /M(a —1)2 + 4aci\? ~A2(a+1) 4+ /M(a—1)2 + dacZ )2
and mg = .
2a 2a
It is clear that m; < 0 and the sign of mo depends on the value of A with respect to c¢y. We distinguish the
following three cases: A% < ¢, A = ¢ and \* > 2.
Case 1. If \? < ¢2, then my > 0. Setting
ri=+—mp and 79 =, /Mms.
Then P has four simple roots iry, —iry, ro and —ry, and hence the general solution of system (2.22), (2.23), is
given by

my =

u(z) = ersin(riz) 4 cocos(riz) + s cosh(rax) + ¢4 sinh(rex),

2 2 2 2
y(z) = (ATCZTI) (c1sin(riz) + cg cos(riz)) + ()\%czrz)

where ¢; € C, j =1,---,4. In this case, the boundary condition in Equation (2.34), can be expressed by

(c3 cosh(roz) + ¢4 sinh(raz)),

C1
Ml e = Oa

C3

Cq
where

sin(ryas) cos(riag) cosh(roas) sinh(roas)
ry cos(rias) —ry sin(riag) ro sinh(raa) r9 cosh(raars)
M, = )\2 _ 2 )\2 _ 2 )\2 2 )\2 2
! % sin(rias) % cos(rias) % cosh(raas) %sz sinh(rqas)
)\2 _ 2 )\2 _ 2 )\2 2 )\2 2
(i)\iczrl)rl cos(rjas) %rl sin(riag) (%sz’rz sinh(roas) %Czrz)rg cosh(rqas)
The determinant of M is given by
rlr2a2 (7“% + r%)Q
det(Ml) =

A2c3
System (2.22), (2.23) with the boundary conditions (2.34), admits only a trivial solution © = y = 0 if and only
if det(M;) # 0, i.e. M, is invertible. Since, 72 + 73 = mg — my # 0, then det(M;) # 0. Consequently, if




A2 < 2, we obtain u =y = 0 on (as, ay).
Case 2. If \? = ¢Z, then my = 0. Setting

(a+1)c§
a

r = v/ =

Then P has two simple roots ir;, —ir; and 0 is a double root. Hence the general solution of System (2.22),
(2.23) is given by

u(z) = eisin(rix) + cpcos(riz) + c3x + ca,
A2 — ar? A
y(zr) = g (c1sin(ryz) 4+ ca cos(rix)) + — (c3x + ca),
iAco ico

where ¢; € C, for j =1,---,4. Also, the boundary condition in Equation (2.34), can be expressed by

C1
C2 _
My ol = 0,
4
where
sin(rias) cos(rias) s 1
r1 cos(rias) —rysin(rias) 1 0
M; = A2 —ar? A2 —ar? A A
(‘76”4 sin(riag) w cos(rias) & —
iACo IACo icg  icy
(A2 —ar?) ( ) (A2 —ar?) . ( ) 0
=271 cos(ria -~y sin(ro —
i)\Co ! 17 i)\Co ! 1 iCo
The determinant of Ms is given by
det(My) o’
et(My) = ——-.
A2c3

Since r; = /—my # 0, then det(Mz) # 0. Thus, System (2.22), (2.23) with the boundary conditions (2.34),
admits only a trivial solution u =y = 0 on (as, ay).
Case 3. If A2 > ¢2, then my < 0. Setting

r1=+v—mqp and 1o =+/—ms.

Then P has four simple roots iry, —iry, iro and —iry, and hence the general solution of System (2.22), (2.23)
is given by
u(z) = epsin(rix) 4 cocos(riz) + cssin(rax) + ¢4 cos(rax),
(A2 —ar?) (A2 —ar3)

y(x) = ~———>(cysin(riz) + cacos(riz)) + o

iAo (c3sin(rax) + ¢4 cos(rax)),

where ¢; € C, for j =1,--- ,4. Also, the boundary condition in Equation (2.34), can be expressed by

C1
c
My | 2| =0,
Cq
where
sin(ryag) cos(rias) sin(roa) cos(raag)
r1 cos(rias) —ry sin(riag) r9 cos(ra3) —rg sin(roag)
Ms = (A2 —ar?) . (A2 —ar?) (A2 —ar?) . (A2 + ar?)
A ~ ~’cos ~ g <7 cos
1ACo in(rias) 1ACo (mas) 1ACo in(raa) 1ACo (rac3)
(A2 —ar?) (A2 —ar?) . (A2 —ar?) (A2 —ard) .
~  —~‘ricos(ria - y;sin(ro 275 cos(raa — Zlpysin(ro
1Aco 1cos(riag) 1Aco 1sin(rias) 1Aco 2 005(ra0s) iXco 25in(ra03)




The determinant of Mj is given by

20,2 . 2\2
det(M;) = — 124 T T) (;;12 r)
0

Since 72 — 13 = mg — my # 0, then det(Msz) # 0. Thus, System (2.22)-(2.23) with the boundary condition
(2.34), admits only a trivial solution u =y = 0 on (a3, ay). Consequently, we obtain U = 0 on (ag, ay).

Step 3. The aim of this step is to show that w = y = 0 on (a4, L). From Equations (2.22), (2.23) and the fact
that ¢(x) = 0 on (ay, L), we obtain the following system

{A2u+aum = 0 over (a4,L)

(2.36) Ny +yse = 0 over (ay,L).

Since (u,y) € C1([0, L]) and the fact that u =y = 0 on (a3, a4), we get
(2.37) u(ag) = uz(oy) = ylag) = yu(aq) = 0.

Finally, it is easy to see that System (2.36) admits only a trivial solution on (a4, L) under the boundary
condition (2.37).
Consequently, we proved that U = 0 on (0, L). The proof is thus complete. O

Lemma 2.5. For all A € R, we have
RN — A) =H.

Proof. From Proposition 2.1, we have 0 € p(.A). We still need to show the result for A € R*. Set F =
(f1, f2, [3, f4) € H, we look for U = (u,v,y, z) € D(A) solution of

(2.38) (iA]l — A)U = F.

Equivalently, we have

(2.39) vo= i\u—fi,

(2.40) iAv — (aug + b(2)vg ) +c(x)z = fo

(2.41) z = idy— fs,

(2.42) IANZ — Yo — c(T)V = [y

Let (p,%) € H}(0, L) x H}(0, L), multiplying Equations (2.40) and (2.42) by @ and 1 respectively and integrate

L L L L L
(2.43) / i\vepdz +/ AUy Pydx +/ b(x)vm@md:er/ c(z)zpdx :/ fapdz,
0 0 0 0 0

L L L L
2.44 iAzabd pdr — hdx = hdz.
( ) /0 1Az x—l—/o Yoo d /0 c(x)vpde /0 fapdx

Substituting v and z by iAu — f1 and iAy — f3 respectively in Equations (2.43)-(2.44) and taking the sum, we
obtain

(2.45) a((u,y), (@,1)) =L(p,¥),  V(p,®) € Hy(0,L) x H}(0, L),
where

a ((U,y), (9037/})) =m ((’U,, y)7 (9071/})) + a2 ((U,y), (waﬂ}))
with

L ~ L
ar (), (9, 10)) = /0 (aus@o + yoths) di + iX /O b() e Bad,

L L
az (1, 9), (0, 1)) = —N2 / (up + y) de + iA / () (yp — i) da,

and
L

L L
L(w/})=/0 (f2+c(x)f3+i)\f1)¢dx+/0 (f4—c(x)f1+uf3)u7dx+/0 b(z) (f1), Padz.

9



Let V = H}(0,L)x H3(0,L) and V' = H=1(0, L) x H=1(0, L) the dual space of V. Let us consider the following
operators,

{A:V - VvV’ {Ale - VvV {AZ:V - VvV’
(u,y) - A(u7y) (u,y) - Al(uay) (u7y) - A2(“’7y)

such that
(Alw,9)) (9, 9) = a((w,y), (p,9)),  Y(p,¥) € Hg(0,L) x Hg(0,L),
(2.46) (Ar(u, ) (0, 0) = a1 ((w,9), (0, 9)), V(g ¥) € Hg(0,L) x Hg(0,L),
(A2(u,y)) (0, 0) = az ((u,9), (0, 9)), V(p,¥) € Hg(0,L) x Hg(0,L).

Our goal is to prove that A is an isomorphism operator. For this aim, we divide the proof into three steps.
Step 1. In this step, we prove that the operator A; is an isomorphism operator. For this goal, following the sec-
ond equation of (2.46) we can easily verify that a; is a bilinear continuous coercive form on Hg (0, L) x H}(0, L).
Then, by Lax-Milgram Lemma, the operator A; is an isomorphism.

Step 2. In this step, we prove that the operator Ay is compact. According to the third equation of (2.46), we
have

laz ((u, ), (0, V) < Cll(w, )l L20,0)[1(#, D) L2 (0,L)

Finally, using the compactness embedding from H{(0,L) to L?*(0,L) and the continuous embedding from
L?(0,L) into H=*(0, L) we deduce that A, is compact.

From steps 1 and 2, we get that the operator A = A; + A5 is a Fredholm operator of index zero. Consequently,
by Fredholm alternative, to prove that operator A is an isomorphism it is enough to prove that A is injective,

ie. ker {A} = {0}.

Step 3. In this step, we prove that ker{A} = {0}. For this aim, let (@, ) € ker{A}, i.e.
a((@%9), (¢, %) =0, V(. ) € Hy(0, L) x Hg (0, L).

Equivalently, we have
L ~ L ~ L -
—\2 / (qj@ + 3]1/)) dx + i\ / c(x) (3]@ - fmj}) dx + / (aﬁxgbz + gwm) dx
(2.47) 0 0 .
+i)\/ b(x)ty Prdx = 0.
0

Taking ¢ = @ and 1 = § in equation (2.47), we get

L L L L L B L
—/\2/ \ﬂ|2dx—/\2/ |§\2da:+a/ |11w|2dx+/ 152z — 20 </ c(x)ﬂddx) +i>\/ b()| i |2de = 0.
0 0 0 0 0 0

Taking the imaginary part of the above equality, we get

L
0= [ bl P
0

we get,

(2.48) Uy =0, in  (o1,qs).

Then, we find that
—M\20 — ally, +iXc(z)y = 0, in (0,L)
NG — Ay —ire(z)a = 0, in (0,L)
Uy =Yg = 0. in  (ag,as)

Therefore, the vector U defined by

U = (4,i\d, §,iAy)

10



belongs to D(A) and we have

i\ — AU = 0.
Hence, U € ker (i\] — A), then by Lemma 2.4, we get U = 0, this implies that @
ker {A} = {0}.

y = 0. Consequently,

Therefore, from step 3 and Fredholm alternative, we get that the operator A is an isomorphism. It is easy to
see that the operator L is continuous from V to L?(0,L) x L?(0,L). Consequently, Equation (2.45) admits a
unique solution (u,y) € HY(L) x H}(0,L). Thus, using v = i \u — f1, 2 = i\y — f3 and using the classical
regularity arguments, we conclude that Equation (2.38) admits a unique solution U € D (A). The proof is thus
complete. ([

Proof of Theorem 2.3. Using Lemma 2.4, we have that A has non pure imaginary eigenvalues. According
to Lemmas 2.4, 2.5 and with the help of the closed graph theorem of Banach, we deduce that o(A) NiR = (.
Thus, we get the conclusion by applying Theorem 5.11 of Arendt Batty (see Appendix). The proof of the
theorem is thus complete.

Remark 2.6. For the case when supp(b) Nsupp(c) = @ it remains as an open problem.

3. LACK OF THE EXPONENTIAL STABILITY
In this section, our goal is to show that system (1.2)-(1.6) in not exponentially stable.

3.1. Lack of exponential stability with global Kelvin-Voigt damping. In this part, assume that
(3.1) b(z) =by >0 and c(z)=cy€eR", Vze(0,L).
We introduce the following theorem.

Theorem 3.1. Under hypothesis (3.1), for ¢ > 0 small enough, we cannot expect the energy decay rate —i—

t2—e
for all initial data Uy € D(.A) and for all ¢ > 0.

Proof. Following Huang and Priiss [17, 31] (see also Theorem 5.12 in the Appendix) it is sufficient to show the
existence of a real sequences (), with A,, = +o0, (Up)n € D(A), and (F,), C H such that (i\, ] — A) U, =
F, is bounded in H and A\, 2*¢||U,|| — +oo. For this aim, take

F, = (0,0, 0, sin (@)) LU, = (An sin (@> i R Ay, sin (@) , B, sin (@> , i\ By, sin (?)) ,

L L L L
where - - )
nmw ) inbom a—
)\n:77 An: ) Bn:_i_i
L conT C%L c%

Clearly that U,, € D(A), and F}, is bounded in H. Let us show that (i\,I—.A)U,, = F,. Detailing (i\,I—.A)U,,
we get

@AnI—fQUﬁ::OLDlnﬁn(ﬁﬁf)JLDgnﬁn(EE§>>,
' L ' L
where
— (L2X2 — an?n? — inbo)\nnz) A, . . B, (7?2712 — L2)\%)
(3.2) Dy, = I +iBpcoXn, and Dsg, = —iApcol, + I .
Inserting Ay, A, By, in Dy, and Dy, we get Dy, = 0 and D5, = 1. Hence we obtain
@MI—AM&z(Q&Oﬁm(%?)):Fh
Now, we have
L 2 L)\2
Ul = [ [ixaBusin (75| de = 5218 ~ AL
0 L 2
Therefore, for € > 0 small enough, we have
/\;2+€||Un”7'l ~ Afb — +00.

Then, we cannot expect the energy decay rate ——. O

2
t2—e
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3.2. Lack of exponential stability with Local Kelvin-Voigt damping. In this part, under the equal
speed wave propagation condition (i.e. a = 1), we use the classical method developed by Littman and Markus
in [18] (see also [12]), to show that system (1.2)-(1.6) with Local Kelvin-Voigt damping and global coupling is
not exponentially stable. For this aim, assume that

< 1

— 27 J—

1 , and c(x)=ceR.
1 if 5 <z <L

Our main result in this part is following theorem.

Theorem 3.2. Under condition (3.3). The semigroup of contractions (etA)t>Ogenerated by the operator A is
not exponentially stable in the energy space H. a

For the proof of Theorem 3.2, we recall the following definitions: the growth bound wg (A) and the the spectral
bound s (A) of A are defined respectively as

wo (A) = inf {w € R: there exists a constant M, such that V ¢ > 0, ||et“41 < Mwe‘*’t}

e
and
s(A)=sup{R(\): Xeo(A)}.
Then, according to Theorem 2.1.6 and Lemma 2.1.11 in [12], one has that
S (.Al) S wo (Al) .

By the previous results, one clearly has that s (A) < 0 and the theorem would follow if equality holds in the
previous inequality. It therefore amounts to show the existence of a sequence of eigenvalues of A whose real
parts tend to zero.

Since A is dissipative, we fix g > 0 small enough and we study the asymptotic behavior of the eigenvalues A
of A in the strip

S={AeC:—ap <Re(N) <0}.
First, we determine the characteristic equation satisfied by the eigenvalues of A. For this aim, let A € C* be an

eigenvalue of A and let U = (u, \u, y, \y) € D(A) be an associated eigenvector. Then, the eigenvalue problem
is given by

(3.4) Nu— (T+ N gy +cdy =
(3.5) N2y — Yoy — AU =

with the boundary conditions

We define

Then, system (3.4)-(3.5) becomes

(3.6) NuT —u, +cdy” = 0, x€(0,1/2),
(3.7) Ny~ —y —cu” = 0, x€/(0,1/2),
(3.8) Mot — T+ Nuf, +edy™ = 0, x€[1/2,1),
(3.9) Myt —yh —exut = 0, ze[l/2,1),
with the boundary conditions

(3.10) u”(0) =y (0) =0,

(3.11) ut(1) =y (1) =0,

and the continuity conditions

(3.12) u (1/2) = ut(1/2),




Here and below, in order to handle, in the case where z is a non zero non-real number, we denote by /z the
square root of z; i.e., the unique complex number whose square is equal to z, that is defined by

Ji= /|Z|+gte i sign(S Iz = R(z)

Our aim is to study the asymptotic behavior of the largest eigenvalues )\ of Ain S. By taking A large enough,
the general solution of system (3.6)-(3.7) with boundary condition (3.10) is given by

A2 _ 2 _ .2
;y smh(rlz) +dy 2 sinh(rox),
c

y~(x) = disinh(riz) + dosinh(rex),

u (z) = dy

and the general solution of system (3.6)-(3.7) with boundary condition (3.11) is given by

)\2752 ) )\27
ut(z) = —-Dy C)\lsmh(sl(lfx))ng -\

yT(z) = —Djsinh(s;(1 —x)) — Dysinh(sa(1 — x)),
where dy,ds, D1, Dy € C,

(3.16) ry= ,\\/7 ry = )\\/1_7

2
°2 sinh(so(1 — 7)),

and
124 ,/1- 42 4 A+2—A\/m
(3.17) N e S SN el
2(1+ %) +1)
The boundary conditions in (3.12)-(3.15), can be expressed by M (dy dy Dy Dz) = 0, where
sinh( %) sinh (%) sinh (%) sinh(%)
rycosh(%) rocosh() —sp cosh(%) —sy cosh(%)
M =
r? sinh(%) r3 sinh(2) 52 sinh (%) 53 sinh(%2)

r3 cosh(-) rs cosh(%%) —s51(s7 = A(\% = s3)) cosh(%) —s2(s3 — A\ — s3)) cosh(%)

System (3.6)-(3.15) admits a non trivial solution if and only if det(M) = 0. Using Gaussian elimination,
det(M) = 0 is equivalent to det(M;) = 0, where M; is given by

sinh(ﬂ) sinh(%) sinh(%) 1 — e 52
rycosh(%) rocosh(“g) —s1 cosh (%) —s2(1 + e %2)
M= risinh(4) r3sinh(%2) s3 sinh (%) s3(1 — e™%2)
rfcosh(4) ricosh(2) —si(sf — AM(A? —s?))cosh(5) —sa(s3 — A(A2 — s3))(1 + e *2)

Then, we get
(318) det(Ml) =K+ F26752,

where
Fi = —s18

(A2 —s3) A+ 715 — )cosh(z)sinh (%2) sinh(sl)

(A> = s3) A+ 13 — s3) sinh (T—1> cosh

(
52— s%) cosh ( 5 ) cosh ( ) sinh (s—1>
(
i

2
(A — 3%) A+ r% - s%) sinh
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and
Iy

I
\
®
&
®
[ V]

52— 5%) cosh (51) cosh <

2
(A —s1) A+735 —s7)sin h(

Lemma 3.3. Let A € C be an eigenvalue of A. Then, we have $()) is bounded.

Proof. Multiplying equations (3.6)-(3.9) by u™,y~,u™,y™ respectively, then using the boundary conditions,
we get

(3.19) I [+ Jla 112+ A~ 12+ [z 12+ a1 4 (0 ROO) a2+ I )12 + [l )2 =

Since the operator A is dissipative then the real part of X is negative. It is easy to see that u; # 0, hence using
the fact that [|[U||y = 1 in (3.19), we get that $()) is bounded below. Therefore, there exists a > 0, such that

—a < R(A) <0.
O

Proposition 3.4. Assume that the condition (3.3) holds. Then there exists ng € N sufficiently large and two
sequences (Ag, n)|n|>n and (Az,,) of simple root of det(M;) satisfying the following asymptotic behavior:

Case 1. If sm( ) # 0, then

[n|>n0o

2 1-—- 1

(3.20) Mw = 2nmi i — 250 DA —isign() | <>
(3+cos(§)) v/In|m n
and
o c 0 _sign(n)y ( 1 >

3.21 Ao = 2n7i + 7 arccos cos? (=)) — +1 +0|(—-],
(3.21) 2 ( (4)) Infr In[r n
where

5 2(< arccos(cos? (<
<COS(§)SiH <arcc05(c205 (4))> 1 sin <Sa CCo! 2c0 (4))>)

’y:

Case 2. If sin (%) =0, then
ic®  (4d+im)e
3.22 A = 20+ _
( ) b T 327n 64m2n2 ( % )
and
. 1
(3.23) A2 = 2n7i + O (n) .

The proof of Proposition 3.4, is divided into two lemmas.

Lemma 3.5. Assume that condition (3.3) holds. Let A be largest eigenvalue of A, then A is large root of the
following asymptotic behavior estimate
fi) Q) () fa(d)

24 F(A) =
(3.24) W)= FfoN) + 575 + 50 T owr T 1o

+O0N?),
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where

fo(A) = cosh(2}) —cosh (%) cos (§),
fi(\) = sinh(2}) +sinh (3)cos (£),
(3.25) f2(A) = sinh (%) —dcosh () + 4 (cosh (§) cos (§) + esinh (3) sin (5)),
f3(A) = —8sinh (%) + c? cosh (7/\) 12c¢ cosh (%) (7) — 8sinh (%) cos (%) ,
(A) h(i

A) = —40c?sinh (@) + (c* +72¢% + 48) co ) +32¢(c cos (§) + 7sin (§)) sinh (%)

Ja 3
— (8¢ + 8c3sin (£) + 16(4c? + 3) cosh (£)) cosh (3) .

Proof. Let A be a large eigenvalue of A, then A is root of det(M7). In this Lemma, we give an asymptotic

development of the function det(M;) for large A. First, using the asymptotic expansion in (3.16)-(3.17), we get
r1=>\+z¥c+g 16/\2 +OA?), 1=~ E+8)\+16/\2+O()\ %),

(3.26)
51_/\ )\—|—O()\ ), 32:\/>_2f+4c+3_~_0(A 3/2)

From (3.26), we get

2icAs152(s2 — s2)(A+ 1) = icAll/? (2 R O(/\‘3)) :

risa(r — 53) (V2 = s)A+ 1 = 3) = —ieAlV/2 (1 = Lje 4+ e L O(x ),

rasar? = 53) (O = sYA+ 78 — s3) = ieAt1/2 (1 = Aie 4 aagoisic 1 O(x—9))

(3.27)
2i cAriry (s — s3) = icAt/? (\% - 527 + O()\_5/2)) ,
sy (8 — s3) (2 — $DA 473 — 1) = ~ieA 112 (ks — B .0 (17002))
o1 (13 — (7 — A+ 17 — s7) = ieA1/2 (5 — 2885 4 O(5/%))

From equation (3.27) and using the fact that $()) is bounded, we get
icffll/? = - [<2 - % + 4Cj)\42r 3) sinh (%1) sinh (%) cosh (%1)
+ (1 - % + 5082/\—2 3) (cosh (7“21) sinh ( 5 ) + sinh ( ) cosh (%)) sinh (%1)
(35 + 155) (cost (%) s () —sinh () cost () ) sinn (%)
( 2 )\3/2> cosh ( 5 ) cosh (%2) sinh (%1)
( )\3/2) sinh(%)cosh( )+ osh(2)51 h(2))cosh(%l)
# (g ) (5m () oo () —comn (5 )i () eos () + 0 () |
From equation (3.27) and using the fact that (\) is bounded, we get
Fy = —ic\'1/? [2 sinh (%) sinh (%) cosh (%)

(o (s () s () o () () 0 (32) .

Since the real part of v/X is positive, then

_|_
(3.28)

+

+

(3.29)

lim \~%/2e~VA =,

[A| =00
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hence

(3.30) VA = o(AT5/2),
then,
(3.31) Foe®2 = —je\l1/2 (o(ﬁ/?)) .

Inserting (3.28) and (3.31), in (3.18), we get

det(M;) = —ic A'Y2F(N),

PO = (1= 2+ 32242 (o (252) ot (2572 Y cont
s (1 -t 5682;3) sinh (’"1;’“2> i (32 - (zc m) (

(5 = ) (eom (2572 ) o (2572 ) Y sion ()

() (232) () (35 () () 00

Therefore, system (3.10)-(3.15) admits a non trivial solution if and only if det(M;) =0, if and only if the
eigenvalues of A are roots of the function F'. Next, from (3.26) and the fact that real A is bounded, we get

where,

> )

cosh (2£72) = cosh(A) + < Slsn;l(’\) + °41C20;;12()\) +0(\73),

Cg Sin
cosh (2532) = cos (5) + i) + 00,
sl (21572) = sinb(3) + B | £ | o3,
(3.33) S
sinh (B572) = isin (5) —i—5e> + O(A7?),
sinh (571) = Slnh(%) _¢ CZS)\hZ(Q) + O()\—4)’
¢? sinh( 2
COSh(%) = cosh (%) _ 4)\2(2) + O()\74)
Inserting (3.33) in (3.32), we get (3.24). -
Lemma 3.6. Under condition (3.3), there exists no € N sufficiently large and two sequences (Ain) >y, and

(/\Qa")ln\>no of simple roots of F satisfying the following asymptotic behavior

(3.34) AM,n = 2inm +im + €1, where lim €,=0
[n|—+o00
and
(3.35) A2.n = 2n7i + i arccos (cos2 (2)) + €2, where ‘ ‘lim €an = 0.
n|—-+oo

Proof. First, we look at the roots of fy. From (3.25), we deduce that fy can be written as

A 5 /C
(3.36) fo(A) = 2cosh <2> (cosh()\) — cos (Z)) .
Then, the roots of fy are given by

Hin = 20T + 4, n €7,
H2,n = 2nmi + ¢ arccos (COS2 (i)) , neEZ.
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Now, with the help of Rouché’s Theorem, we will show that the roots of F' are close to fy. Let us start with
the first family y1 ,,. Let B, = B ((2n + 1), r,) be the ball of centrum (2n + 1)7i and radius r,, = |n|~3 and
A€ OBy ie A\, =2nmi+im + 1,6, 6 €[0,27]. Then

A i(—1)" n 0
(3.37) cosh (2) = % +0(r?), and cosh(\) = —1+O(r?).

Inserting (3.37) in (3.36), we get
s 1\n,. i 2 (¢ 3
fo(A) = —i(=1)"rpe (1 + cos (4) + O(rn)) .
It follows that there exists a positive constant C' such that

YAEIB,, |fo(N)]>Cr,=Cln| 3.
On the other hand, from (3.24), we deduce that

FO) = foN)] = 0 (%) _0 (ﬁ) |

It follows that, for |n| large enough
VA€ OB, [F(A)— fo(N)| < [fo(M)]-

Hence, with the help of Rouché’s theorem, there exists ng € N* large enough, such that V|n| > ng, the first
branch of roots of F' denoted by A;, are close to p; 5, that is

(3.38) Ain = p1n+97m+ €1, where lim €, =0.

[n|—+oo

Passing to the second family ps . Let B, =B (f2,n, ) be the ball of centrum ps ,, and radius
1 . .
i if sm( ) =0,
1 3 . c
e if sin (Z) #0,

such that A € d By; i.e. A, = f2n +rne?, 6 € 0,27 Then,
cosh(\) — cos? (2) = cosh <2n7ri + i arccos (cos2 (2) + rnew)) — cos? <7) .

N

T =

It follow that,

2 (c) .26

(3.39) cosh(\) — cos? (g) =irpy/1— cos? (g)dp + I 08 2(4) ¢ +0(rd),
and

by 2(c : n 0 1" 2(c
(3.40) cosh [ = | = (—1)"cos arccos (cos” (3)) + irne” (=1) sin arccos (cos” (1)) +0(r?).

2 2 2 2
Inserting (3.39) and (3.40) in (3.36), we get
(3.41) fo(A) = Ry €, + Ry ¥'r] + O(r3),
where

arccos(cos? (&
Ry =i(=1)"\/1 — cos* (%) cos ((2 (“))) ,

(3.42)

arccos (cos2 ( by ))

Ry = —(=1)"y/1 — cos* (£) sin <2> + (=1)"cos? (£) cos (W) .

We distinguish two cases:
Case 1. If sin (%) =0, then

Ry =0 and Ry =(-1)"#0.
It follows that there exists a positive constant C' such that

YAE€OB,, |fo(N)]>Cr2=Cln| 7.
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Case 2. If sin () # 0, then Ry # 0. It follows that, there exists a positive constant C such that

YA€ DB, |fo(N)]>Cry=Cln| 5.

On the other hand, from (3.24), we deduce that

F0) - 0] =0 (5 ) =0 (ﬁ) .

In both cases, for |n| large enough, we have
VA€ By, [F(N) = foM] < [fo(N)-

Hence, with the help of Rouché’s Theorem, there exists ng € N* large enough, such that V|n| > ng, the second
branch of roots of F', denoted by As , are close to ps, that is defined in equation (3.35). The proof is thus
complete. O
We are now in position to conclude the proof of Proposition 3.4.
Proof of Proposition 3.4. The proof is divided into two steps.

Calculation of ¢; ,,. From (3.38), we have

>\1,n . n - €1,n . )\l,n . n €1,n
cosh( 5 >—Z( 1) smh(T), smh( 5 ) =i(—1) cosh( 5 ),

1 1 1 1 1
g _ [0) -2 O -3 _ 19) -3
(3.43) A on oom a2 (1nn™) +0(n7%), 3, T (n?)
1 _ 1 —isign(n) + i —sign(n) +0 (Gl,n |n|73/2> +0 (|n|75/2>’
Aln 2¢/7|n| 8/|n[3

1 —1—isign(n) 410 (|n|_5/2) ’# -0 (|n|—5/2),

VAR 4y/m3|n3 A,

On the other hand, since | llim €1, = 0, we have the asymptotic expansion
n|—-+oo

3 3€1.n 3e1; 9eq
sinh | 2n) = 2Ln O(é3 ,,), cosh T ) _q g ey O(€} ),
2 2 ’ 2 8 ’
€1,n

inh (ELn) = fLn 3 (51771) — 14 G 1
smh( 2) 5 + O(€7,,), cosh 5 1+ 3 + O(€1 )

(3.44)

Inserting (3.44) in (3.43), we get

cosh <3)\21’n) = _SiED e + O(ein), sinh (3)\1’n> =—i(=1)" - 9i(=1)"ern + O(e‘in),

2 2 8
>\ n ] *1 " n : . )\ n . ) 7]- " n
cosh [ 2km ) = * (=D%e, +O0(e3 ), sinh | 222 ) =i (—1)" + H="an + O(et ),
2 2 , 2 8 ,
- L 0(aan ) 0, = L0
(3.45) Ao 27n | dmn? " T AL, Arin?

1 —isign(n) n 1 — sign(n)
2y/7|n/ 8y/m|n|?
_ —1 —isign(n) L0 (|n|_5/2) 7 1 0 (\n|_5/2).

1
Aln
1
\/E 4y/m3n|3 \/E
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Inserting (3.45) in (3.24), we get

4

€1n <3+cos (g)) (1+ 47:”) N (1 —isign(n)) (1 — oS (g)) N ic(4sin(2) —c)
)

2 2/ |n| 167n
(3.46) _(2+i7r)(1+isign(n) (1—cos (%)) N 4c (7 — 2im)sin (§) + ¢ (2im + 5+ 4 cos (£))
8/ n|3 6472n?

+0 (|n\_5/2) + O (el’n |n|_3/2) + O (e%n |n|_1/2) +0 (e‘;’n) =0.

We distinguish two cases.
Case 1. If sin (£) # 0, then 1 — cos (g) = 2sin? (2) # 0, then from (3.46), we get
"

€1,n ¢ sin ﬁ(l —z’sign(n))) 3 —1/2.2 —1y _
St (3+cos (3)) + N +0(& ) +O(In| &) + O™ =0,

hence, we get

(347) €1.n = —

Inserting (3.47) in (3.38), we get (3.22).
Case 2. If sin (%) =0,

1 —cos (g) = 2sin? (z) =0, sin (g) = 2sin (2) cos (Z) =0,

then, from (3.46), we get

i > ic? c2(2im +9)

7
%1 (14— ) —
61’”( * 16mn | 6dr2n?

<0 () +0 e

(3.48)
+0 (ein|n\71/2) + O (e‘fn) =0.

By a straightforward calculation in equation (3.48), we get

ic? (4+im)c?
3.49 Y= — 1o ( *5/2) .
(3.49) U= 3o gtz O

Inserting (3.49) in (3.38), we get (3.21).
Calculation of ¢, ,,. From (3.35), we have

1 1 —isign(n) _3/2 1 1
3.50 = +0 d —=0 .
(8:50) P o ORI and T =007
Inserting (3.35) and (3.50) in (3.24), we get
A2.n . 2 (€
cosh (2) (cosh(x\g,n) — cos (4)>
(351) (1 isi . 3A2.n . A2.n c
—isign(n)) (sinh ( =222 ) + sinh ( =22 ) cos (£
e (o () e () xt9) L

4\/|n|m
On the other hand, we have

cosh(Aa ) — cos? (%) cosh (2nm' + ¢ arccos (cos2 (%)) + ezyn) — cos? (%)

cos? (£) cosh(ez,,) +i4/1 — cos* (&) sinh(ea,,) — cos? (£)

= ieyny/1—cost (§)+0(e3,,),

(3.52)
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and

cosh (%2) = (1)ncos(‘°"“"s(‘;°52(5)))+0(e2,n),

(3.53) sinh (232) = i(~1)"sin W‘E(Cf(ﬁ))>+0(eg,n),

(=
, <3arccos(COSZ(;))

. ) + O(ez.n)-

€2, COS (mm((;mz(‘i))) \/1—cost(£)+0(22)+0(2)
(3.54) (1 — 1 sign(n)) (sin <3arccos(c;sz(z>)) + cos (£) sin (arccos((;052(z)>>>
+ WO —0.

We distinguish two cases.
Case 1. If sin (£) # 0, then from (3.54), we get

(COS(;) sin (arccos(02032(fi))> 4 sin (3 arccos(;osQ(g)) )) (1 — i sign(n))
+0(n™h).

4\/@(}05 <am:os(c2052(fl))) \/m

Inserting (3.55) in (3.35), we get (3.21).
Case 2. If sin (%) =0, we get

(3.56) €a.n=0(n"1).

Inserting (3.56) in (3.35), we get (3.23). Thus, the proof is complete.
Proof of Theorem 3.2. From Proposition 3.4, the operator A has two branches of eigenvalues such that the
real parts tending to zero. Then the energy corresponding to the first and second branch of eigenvalues is not
exponentially decaying. Then the total energy of the wave equations with local Kelvin-Voigt damping with
global coupling are not exponentially stable in the equal speed case.

(3.55) €om = —

4. POLYNOMIAL STABILITY

From Section 3, System (1.2)-(1.6) is not uniformly (exponentially) stable, so we look for a polynomial decay
rate. As the condition iR C p(.A) is already checked in Lemma 2.4, following Theorem 5.13, it remains to prove
that condition (5.39) holds. This is made with the help of a specific multiplier and by using the exponential
decay of an auxiliary problem. Our main result in this section is the following theorem.

Theorem 4.1. There exists a constant C' > 0 independent of Uy, such that the energy of system (1.2)-(1.6)
satisfies the following estimation:

C
(4.1) B(t) < ?||U0||§3<A), vt >0, YU, € D(A).
According to Theorem 5.13, by taking £ = 2, the polynomial energy decay (4.1) holds if the following conditions
(1) iR C p(A),
and
H2 sup (A =47 =0 (AR,
(12) sup [6ar =) =0 (ap)

are satisfied. Condition (H1) is already proved in Lemma 2.4. We will prove condition (H2) using an argument of
contradiction. For this purpose, suppose that (H2) is false, then there exists {(An, Un = (Un, Vns Yns 2n)) bs1 C
R x D (A) and

(4.2) An = +00, ||Unllz =1,
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such that

(4.3) /\i( iINUp — AUL) = (fin, 9100 fons 92,0) == Fp, — 0 in H.
For simplicity, we drop the index n. Detailing Equation (4.3), we obtain

(4.4) iMu—v = AN2ff — 0 in Hj(0,L),
(4.5) i — (aug +b(x)vg), +c(x)z = X291 — 0 in L*(0,L),
(4.6) iNy—z = XN Z2fs —0 in H0,L),
(4.7) iIN2 — Yoy —c(x)v = A2g; — 0 in L?(0,L).

Here we will check the condition (H2) by finding a contradiction with (4.2) such as ||U||;, = o(1). For clarity,
we divide the proof into several lemmas. By taking the inner product of (4.3) with U in H, we remark that
L
/ b() [vs 2 do = —R ((AU, U),,) = R ({((GA] — A) U, U),,) = 0 (A~2) .
0
Then,

(4.8) /a3 [va|? dz = o (A73).

1

Remark 4.2. Since v and z are uniformly bounded in L?(0, L), then from equations (4.4) and (4.6), the
solution (u,v,y, z) € D(A) of (4.4)-(4.7) satisfies the following asymptotic behavior estimation

(4.9) lull = O,
(4.10) [yl

Using equation (4.4), and equation (4.8) we get

(4.11) /a3 lug®dz = o (A74) .

1

o).

Lemma 4.3. Let ¢ < ®27% the solution (u,v,y,2) € D(A) of the system (4.4)-(4.7) satisfies the following
estimation

Qa3 —E€ a3—¢€
(4.12) / lv|*dz = o(1) and / |\u|?dz = o(1).
aite aite
Proof. We define the function p € C§°(0, L) by
1 if x€ (o +eas—e),
(4.13) plz) = 0 if ze(0,aq)U (s, L),
0<p<1 elsewhere.

1
Multiply equation (4.5) by Xm—), integrate over (0, L), using the fact that ||g1[/z2(0,r) = o(1) and v is uniformly
bounded in L?(Q), we get

L L L
1 1
(4.14) / ip|v|® dx + X / (aug + b(x)vy) (p'0 + pv,) dx + X / c(x)zpvdr = o(A73).
0 0 0
Using Equation (4.8), Remark 4.2 and the fact that v and z are uniformly bounded in L?(Q), we get
I I
(4.15) X/ (aug + b(z)v,) (00 + pv,) dz = o(A™?) and 3 / c(x)zpvdr = o(1).
0 0
Inserting Equation (4.15) in Equation (4.14), we obtain

L
(4.16) /0 ip|v)? dz = o(1).
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Hence, we obtain the first estimation in Equation (4.12). Now, multiplying Equation (4.4) by Apt@ integrate
over (0, L) and using the fact that || f1 g1(q) = o(1) and Remark 4.2, we get

L L
/ ip | \ul? da — / plvidr = o(A72).
0 0
Using Equation (4.16), we get

L
/ ip|Au|® dz = o(1).
0

Then, we obtain the desired second estimation in Equation (4.12). (]

Inserting equations (4.4) and (4.6) respectively in equations (4.5) and (4.7), we get

(4.17) Nu 4 (auy + b(x)vy)y —ide(z)y = Fi,

(418) >\2y + Yoo + ’L)\C(l‘)’u, = Fy,

where

(4.19) Fy ==X —ix ' fi —c(@)Afo and Fy=—A"2go —iA" ! fo+ c(x)A 2 fy.

Lemma 4.4. Let ¢ < ®27% the solution (u,v,y,2) € D(A) of the system (4.4)-(4.7) satisfies the following
estimation

agz—2¢ agz—2¢
(4.20) / IAy|>dz = o(1) and / 2|2 dz = o(1).
a2 a2
Proof. We define the function ¢ € C§°(0, L) by
1 if z € (a1 + 2¢, a3 — 2¢),
(4.21) ((z) = 0 if z€ (0,01 +e)U(as—¢,L),
0<¢<1 elsewhere.

Multiply equations (4.17) by A(y and (4.18) by A{u respectively, integrate over (0, L), using Remark 4.2 and
the fact that |[F'l|l3 = [|(f1,91, f2, g2)[l% = o(1), we get

L L L
(4.22) / )\3Cugdx—/ A (aug + b(x)vy) (g’g+(gm)d:p—i/ c(z)C () My? de = o(A™Y)
0 0 0
and
L L L L
4.23 Neyude — | MypCligde — | AyoCiipds + i Aul? dz = o(A71).
(4.23) | xecyaae = [“awcide = [ xacade+i [ et ol de = o)

Using Remark 4.2, Lemma 4.3 and the fact that g, is uniformly bounded in L?(0, L), we get

L L L
(4.24) /o A(aug + b(x)ve) ('Y + (Y )dz = o(1), 7/0 Ay Ctzdr = o(1) and /0 AYzClgzdr = o(1).

Using Lemma 4.3, we have that

L
(4.25) /O ()¢ [\l dz = o(1).

Inserting Equations (4.24) and (4.25) in Equations (4.22) and (4.23), and summing the result by taking the
imaginary part, and using the definition of the functions ¢ and (, we get the first estimation of Equation (4.20).
Now, multiplying equation (4.6) by Z, integrating over (s, as — 2¢) and using the fact that || f2[| g2 0,2) = o(1)
and z is uniformly bounded in L?(0, L), in particular in L?(ay, az — 2¢), we get

a3 —2¢e a3 —2¢e
/ i yzdr — / |z)? dz = o(A72).

2 2

Then, using the first estimation of Equation (4.20), we get the second desired estimation of Equation (4.20). O
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Now, like as [27], we will construct a new multiplier satisfying some ordinary differential systems.

Lemma 4.5. Let 0 < a; < az < a3z < ay < L and suppose that ¢ < ®27% and ¢(x) the function defined in
Equation (1.5). Then, for any A € R, the solution (¢,%) € ((H?(0, L) N H}(0,L))? of system

A0 + appe — i (]l(a%ag,gg)) (2)p —ide(x)p =u, x€(0,L)

NP+ Ypp — X (L(ag,a5—20)) (@) +idc(z)p =y,  x€(0,L)
(4.26)

satisfies the following estimation

(4.27) IMelIZ20.2) + l2llZz 0.2y + IMPNZ20,0) + [1¥elZ20,0y) < M <||U||%2(0,L) + Hy”%z(o,L)) :

Proof. Following Theorem 5.2, the exponential stability of System (5.1), proved in the Appendix, implies that
the resolvent of the auxiliary operator A, defined by (5.2)-(5.3) is uniformly bounded on the imaginary axis
i.e. there exists M > 0 such that

(4.28) sup || (iA — Ag) ™" e,y <M < 400
AER

where H, = (Hg(0,L) x L2(O,L))2. Now, since (u,y) € H}(0,L) x H(0, L), then (0, —u,0,—y) belongs to
Ha, and from (4.28), there exists (p,n,,&) € D(A,) such that (iA — Ay) (¢,1,%,€) = (0, —u,0, —y) T i.e.

(4.29) ixg—n = 0,
(4.30) i) = aper + (L(ag.as—20)) (T)0 + c(2)E = —u,
(4.31) iNp—& = 0,
(4.32) N~ Yz + (Las,05-20)) (@) —cla)n = —y,
such that

(4.33) (e, 9, &)l < M ([ullz2(0,2) + 1Yll220,1y) -

From equations (4.29)-(4.33), we deduce that (¢, ) is a solution of (4.26) and we have

Ml 20,0) + leallTo,n) + 1IN0,y + 12|70,y < M (||U||2L2(0,L) + Hy||2L2(07L)> :
Then, we get our desired result. (I

Remark 4.6. There was no reference found for the proof of the exponential stability of System (5.1) when the
coefficients of the damping and the coupling are both non smooth. For this, we give the proof of the exponential
stability of System (5.1) in Theorem 5.2 (see Subsection 5.1 in Appendix section).

Lemma 4.7. Let ¢ < %79 Then, the solution (u,v,y,z) € D(A) of (4.4)-(4.7) satisfies the following
asymptotic behavior estimation

L
(4.34) /O IAul? dz = o(1),
and

L 2
(4.35) /0 yl? dz = o(1).

Proof. The proof of this Lemma is divided into two steps.
Step 1.
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Multiplying equation (4.17) by A2@, integrate over (0, L), and using Equation (4.27) and the facts that u is
uniformly bounded in L?(0, L) and || F||» = ||(f1, 91, f2,92)||% = o(1), we get

(4.36) /L (N°@ + aPus) Nudz — /OL N2b(2) v, @uda — /OL iNe(z)ypdr = o(A71).
Using Equations (4(.)8) and (4.27), we get

(4.37) / N b(@)uspade = of1),

Combining Equations (4.36) and (4.37), we 0obtain

(4.38) /L (V@ + aPus) N udz — /L iXNe(z)ypdr = o(1).

From System (4.26), we have i O

(4.39) NG+ a@ez = —iX (L(ay,a5—20)) ()@ — iAc(2) + .

Substituting (4.39) in (4.38), we get

L L L L
(4.40) / u|® dz — / ix3 (L(ag,a5—20)) ()u@pde — / iXNe(z)pudr — / iNe(z)ypdr = o(1).
0 0 0 0

Using Remark 4.2, Lemma 4.3 and Equation (4.27), we obtain

(4.41) /OL ix3 (Il(az’argg)) ()updx = o(1).

Inserting Equation (4.41) in Equation (4.40), we get

(4.42) /L Au|® dz — /L iXNe(z)pudr — /L iNe(x)ypdr = o(1).
Step 2. ’ ’ ’

Multiplying equation (4.18) by A?3), integrate over (0, L), and using Equation (4.27) and the facts that y is
uniformly bounded in L?(0, L) and || F||% = ||(f1, 91, f2,92)||% = o(1), we get

L L
(4.43) / ()\21/_1 + 1/_Jm) Nydx + / ide(x)updr = o(A71).
0 0
From System (4.26), we have
(4.44) N+ athpe = =X (L(ag,a5—20)) (2)9 +iXe(z)p + 7.

Substituting (4.44) in (4.43), we get

(4.45) /L IAy|? da — /L IN (L (a0 —2¢)) (2)ytoda + /L iXNe(x)pydr + /OL iXNe(z)updr = o(A71).
Using Remar(l)i 4.2, Lemma ?4.4 and Equation (4.27), we othin

(4.46) /O Cixe (L(an,a5-26)) (2)ydbdz = o(1).

Inserting Equation (4.46) in Equation (4.45), we get

(4.47) /OL I\y|? dz + /OL iNe(z)pyds + /OL iXNe(z)updr = o(1).

Finally, summing up equations (4.42) and (4.47) we get

L L
/ |Aul®dz = o(1) and / IAy|? dz = o(1).
0 0

Hence,

L L
(4.48) lv|*dz = o(1) and 2| dz = o(1).
0 0
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Then, the proof has been completed. O

Lemma 4.8. The solution (u,v,y,2) € D(A) of the (4.4)-(4.7) satisfies the following asymptotic behavior
estimations

L L
(4.49) /0 lug|*dz = o(1) and / lya|® dz = o(1).

0

Proof. Multiplying (4.17) by @ integrate over (0, L), using the fact that |F||x = ||(f1, 91, f2,92)|l% = o(1) and
u is uniformly bounded in L?(0, L), we get

L L L L
(4.50) / |\u)? da —/ alug|? dx—/ b(x) vyl dr —/ ixe(z)yadr = o(A™?).
0 0 0 0
Using equations (4.8) and (4.34), we get
L
/ lug|? dz = o(1).
0

Similarly, multiply (4.18) by ¥ and integrate, we get

L
/ 2 d = o(1).
0

The proof has been completed. (Il
Proof of Theorem 4.1.. Consequently, from the results of Lemmas 4.7 and 4.8, we obtain

L
[0+ 122 - alual? + o) de = o).
0

Hence ||U||% = o(1), which contradicts (4.2). Consequently, condition (H2) holds. This implies, from Theorem
5.13, the energy decay estimation (4.1). The proof is thus complete.

5. APPENDIX

5.1. Exponential stability of locally coupled wave equations with non-smooth coefficients. We
consider the following auxiliary problem,

o1 — 0ra + Ly 2) (D)0 + (@ =0, (2,8) € (0,L) x R,

bt = o+ (Lamag_29) @ — c@)pr =0, (a1) € (0,1) x RY,
o o0,8) = p(L,1) =0, £>0,

B(0,8) = H(L,1) = 0, £ 0.

Since, we have a system of coupled wave equations with two interior damping acting on a part of the interval
(0,L), then system (5.1) is exponentially stable in the associated energy space H, = (H}(0,L) x L2(O,L))2.
In this section, our aim is to show that the auxiliary problem (5.1) is uniformly stable. The energy of System
(5.1) is given by

1 L
Ei(t) =5 (/0 ol + alia|” + o] + Iwwlzd:c>

and by a straightforward calculation, we have

d L L
GEO == [ (Uosiag-20) @lerfde = [ (1asi00m20) @ldr <0

Thus, System (5.1) is dissipative in the sense that its energy is a non-increasing function with respect to the
time variable t. The auxiliary energy Hilbert space of Problem (5.1) is given by

H, = (HA(0,L) x L*(0,1))”.
We denote by n = ¢; and £ = ;. The auxiliary energy space H, is endowed with the following norm
213, = lInll* + allpal* + 117 + [l 1%,

25



where || - || denotes the norm of L?(0, L). We define the unbounded linear operator A, by
(5.2) D(A,) = ((H?(0,L) N HE(0, L)) x HL(0,L))?,
and

(53)  Aulp.n.9,6) = (1,0900 — (L(az,a5-20)) (@)1 = c(@)€,€ Vaw — (L a5-26)) ()€ +c(@)n)
If & = (p,9,n,€) is the state of System (5.1), then this system is tranformed into a first order evolution
equation on the auxiliary Hilbert space H, given by
O, = A, P, P(0) =Dy,
where ®9 = (©0,70,%0,&). It is easy to see that A, is m-dissipative and generates a Cy—semigroup of

contractions (et““a 0"

Theorem 5.1. The Cy—semigroup of contractions (etA"')tZO is strongly stable on H,, i.e. for all Uy €
Ha, lim |let4aUgllp, =0 .
t—-+o0

Proof. Following Arendt and Batty Theorem in [6], we have to prove the following two conditions

1. A has no pure imaginary eigenvalues,

2. o (A)NiR is countable.
In order to prove these two conditions we proceed with the same argument of subsection 2.2 and we reach the
desired result. (]
Now, we present the main result of this section

Theorem 5.2. The Cy—semigroup of contractions (etA“)t>0 is exponentially stable, i.e. there exists constants
M >1 and 7 > 0 independent of ®q such that -

e e @oll,, < Me T|®gllgg,, ¢ >0.
According to Huang [17] and Pruss [31], we have to check if the following conditions hold:
(H3) iR Cp(Ag)
and
(H4) sup | (I = Aa) ™ [l eea,) = O(1)-
AER

By using the same argument of Lemma 2.4, the operator A, has no pure imaginary eigenvalues. Then, condition
(H3) holds. We will prove condition (H4) using an argument of contradiction. Indeed, suppose there exists

{(Anvq)n = (‘pnvnnvwnvgn))}n21 C Rj— X D (Aa)

such that

(5.4) Ap = oo and || Py|ln, =1

and there exists a sequence Fy, = (f1.n, fon, f3,ns fan) € He such that

(5.5) (iAe] — Ag) ®p = Fp =0 in M.

Detailing (5.5), we get the following system

(5.6) N —tn = fa i HYOL),
(5.7) Xy = 0 (0n) + (Laziaa—20)) (@) +c(2)6n = fam n L*(0,L),
(5.8) iNpp — &, = fan in H(0,L),
(5.9) iNn = (Un)gy + (Laziaa—29) (0)6n —c(@)n = fan in L2(0,L).

In what follows, we will check the condition (H4) by finding a contradiction with (5.4) such as ||®, %, = o(1).
For clarity, we divide the proof into several lemmas. From now on, for simplicity, we drop the index n.

Lemma 5.3. The solution (¢,n,v,&) € D(A,) of Equations (5.6)-(5.9) satisfies the following asymptotic
behavior estimation

agz—2¢e agz—2¢e
/ In|?de = o(1) and / |€|d2 = o(1).
« «

2 2
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Proof. Taking the inner product of (5.5) with ® in H,, then using the fact that ® is uniformly bounded in
Hea, we get

az—2e az—2¢
/ In|?dz + / (EPde = —R (A, @, D), = R((IM — A,) ,®) = o(1).

2 2

Thus, the proof of the Lemma is complete. O
Substituting 7 and £ by iA¢ — f1 and Ay — f3 respectively in (5.7) and (5.9), we get the following system
(5.10) N2+ apgy — iX (]l(a%as_zs)) ()p —ide(x)y = —iAfr+ (]].(az’as_gs)) () f1 — fo — c(x) f3,

(511) )‘211) + 7/)9696 — A (]1(ag,oz3—28)) (.T)'L/) + ZAC(QZ)@ C(‘T)fl - Z)‘fS - (]l(ag,oeg—Qe)) ($)f3 - f4-

Lemma 5.4. Let 0 < § < 23=2=%2_ The solution (¢,n,1,€) € D(A,) of Equations (5.5)-(5.8) satisfies the
following asymptotic behavior estimation

a3—26—5 043—25—5
/ loz|?dz = o(1) and / |¢,|2dz = o(1).

244 249

Proof. First, we define the first cut-off function  in C1(0, L) by , defined by
(5.12) 0<6<1, =1 on (ag+d,a3—2c—0) and 6=0 on (0,a2)U (a3 —2¢,L).

Multiplying Equations (5.10) and (5.11) by 6@ and 64 respectively, integrate over (0, L) and using the fact
that A and A\ are uniformly bounded in L?(0, L) and || F|| — 0 in H, and taking the real part, we get

L L L az—2¢
(5.13) / 0| \p|?dx — a/ 0|z |*dx — a/ 0 pppdr — R <z’/\c0/ 01/14,5dz> =o(1)
0 0 0 g
and
L L L B az—2¢ B
(5.14) / 9|A¢|2dx—/ 9|wx|2dx—/ e’wwzdmw}e(mo/ 9@¢dx> =o(1).
0 0 0 (o2

Using the fact that A and A\ are uniformly bounded in L?(0, L), in particular in L? (ag, a3 — 2¢), and the
definition of 6, we get

a3z —2¢e az—2¢
(5.15) R <i/\co/ 01/1g5dx> =o0(1) and % (i)\CO/ Hwﬂdas) =o(1).

2 2

On the other hand, using the fact that A¢, M), ¢, and v, are uniformly bounded in L?(0, L), we get

L L
(5.16) a/o 0 pp.dr = o(1) and /0 0" papdr = o(1).

Furthermore, using Lemma 5.3, Equations (5.6), (5.8) and the definition of the function 6 in Equation (5.12),
we get

L L
(5.17) / 0| \p|?dx = o(1) and / G|\ |2dx = o(1).
0 0
Inserting Equations (5.15)-(5.17) in Equations (5.13) and (5.14), we get the desired results. Thus, the proof of
this Lemma is complete . [l

From Lemma 5.3 and Lemma 5.4, we get || @]/, = o(1) on (ag + 9, ag — 2¢ — §). In order to complete the proof,
we need to show that || @[3, on (az + d, a3 — 2 — 0)°.

Lemma 5.5. Leth € CY(0,L). The solution (¢,n,v,€) € D(A.) of Equations (5.6)-(5.9) satisfies the following
asymptotic behavior estimation

L L
/0 W (Il + alpal® + €2 + [l?) do = R ([ahlea ] ) = R ([bleal2]y ) + 2% ( / c(x)hf%d:c>
(5.18)

L L L L L
—2%R </0 c(x)hnwmdm> :2/0 h(p’mfgdx—f—?/o hn(fl)zdx—i-Q/O hqﬂmf4dx+2/() h&(f3)zd.
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Proof. Multiplying Equations (5.7) and (5.9) by 2h@, and 2hi), respectively, integrate over (0, L) and using
the fact that o, ¥, are uniformly bounded in L?(0, L) and ||F||3, — 0 and Lemma 5.3, we get

L L L L
(5.19) 2/ 1IN @ dr — 2a/ hozzrPrdr + 2/ c(x)hépydx = 2/ hy fadx
0 0 0 0

L L L L
(5.20) 2/0 z)\hfwrdsz/O hwmwzdx—Q/o c(x)hnpdx 2/0 hi)y fadz.

From Equations (5.6) and (5.8), we have
Inserting the above equations in Equations (5.19) and (5.20) and by taking the real part, we obtain

L L L L L
(5.21) —/ h|n|§da:—a/ h|@z|2dz + 2R (/ c(a:)hﬁgpxda:> = 2/ hga’xfzdx%—?/ hn(f1)ede,
0 0 0 0 0

L L L
(5.22) —/O h|€|idm—/0 hltb,|2dz — 2R (/0 c(m)nluhdm)

Using by parts integration in Equations (5.21) and (5.22), we get the desired results. O

L L
2 /0 Wi fada +2 /0 he(fo)ada.

Lemma 5.6. Let 0 < § < 23=2=92_ The solution (p,n,v,€) € D(A,) of Equations (5.6)-(5.9) satisfies the
following asymptotic behavior estimation

as+06
/0 (11 + alga > + € + [0a]?) dz = o(1).

Proof. Define the cut-off function 6 in C*([0, L]) by
(5.23) 0<6<1, 6=1 on (0,a0+0), =0 on (az—2—0,L).
Take h = 26(z) in Equation (5.18), we get

L az—2e—40 B
/ B (In]* + alea|* + €17 + [¢]?) do + 2¢oR </ m9£%da:>

0 2

az—2e—90 o
—2¢co:R (/ x@n@bxdx) =o(1).

Using Lemma (5.3) and ¢, and 1, are uniformly bounded in L?(0, L) and in particular in L?(ag, ag — 2¢ — §),

we get
az—2e—9 B az—2e—0 o
2¢oM (/ xé){gbzdx> =o0(1) and 2coR (/ x@m/}mlx) =o(1).

Inserting the above equations in Equation (5.24), and using Lemmas (5.3)-(5.4) and the definition the function
0, we get the desired result. O

(5.24)

From the preceded results of Lemmas 5.3, 5.4 and 5.6 , we deduce that
[®]7, =0(1) on (az+d,az—2—94).

Now, our goal is to prove that || ®||3, = o(1) on (a3 — 2 — 6, L). For this aims, let g € C* (Jaz — 2e — 6, ay4))
such that

glag) = —glag — 2 —§) =1, max |g(z)] =¢, and max |¢'(z)| = ¢y
x€[az—3e,04) x€[az—3e,a4]

where ¢, and ¢y are strictly positive constant numbers.

Remark 5.7. It is easy to see the existence of g(x). For example, we can take g(x) = cos (24 = 2)m
oy —az+2+46

to get g(aa) = —g(az —2c —9) =1, g € C* ([az — 2 — §,4]), |9(2)| < 1 and |¢'(2)| < =355
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Lemma 5.8. Let 0 < § < 23=2=%2_ The solution (p,n,1,€) € D(A,) of Equations (5.5)-(5.8) satisfies the
following asymptotic behavior estimation

n(as)]* = 0(1), In(as —2¢ = 8)]* = 0(1), [&(as)]® =0(1) and [¢(as —2e —8)* = O(1).
Proof. From (5.7) and (5.9), we have
(5.25) iXpg — e = (f1), and iMpy — & = (fs),

Multiplying the first equation and the second equation of (5.25) respectively by 2g(z)7 and 2g(z)¢, integrate
over (a3 — 2¢ — 0, 4) and using the fact that ||F||, — 0 and 7 and ¢ are uniformly bounded in L?(0, L) in
particular in L?(ag — 26 — §, ), we get

(5.26) w(2n 7 gpds) < [T o) (), = o)
az—2:—5 ag—2e—§
(5.27) §R(2i>\/a42 6g1l)m§_da:>/a42 6g(:c)(|§\2)wdx = o(1).
Using integration by parts in qujz;tio;s (5.26) and (5;;), ;ve get
629 [ @l er(2n [ gends) = @R +laas -2 - 9P o)
s20) [ 6g’<x>|5|2dx+éﬁ(m I 6gwm§‘dw) = Je(an)? + € — 26 — ) + o(1),

Multiplying Equations (5.7) and (5.9) by 2g(x)@, and 2g(x)v, respectively , integrate over (as — 2c — 4, ay),
using the fact || F||3, — 0, ¢, and 1, are uniformly bounded in L?(0, L) and Lemma 5.3 and taking the real
part, we get

ey 3_25_69(3:)77%@) o[ o) (el de s 2n (« 3_25_6g<x>5mx) = o),
%(zm 4 g<x>s¢zdx)— I g<x>(wz|2)zdx—2%(co I g(m)nwmdaz) — o)
az—2e—0 az—2e—0 az—2e—0

Using integration by parts in the second terms of the above Equations, we obtain
oy Q4 (%)
R <2i)\/ g(m)ngoxdx> + a/ g (z)| e Pdr + 2R (co/ g(ac)&pzdx>
063—28—6 063—28—6 013—28—5
= alps(ag)]® + alps(as — 26 = 0)* +o(1)

(5.30)

and

) (e _ Qg , ) B [P 3
(5.31) R <QZ /(13_26_59(13)§¢xd9€> + /(13_26_59 ()|t *dx — 2R (co /a3_25_ag(x)n¢$dx>

= [¢a(a)* + [tha(as — 26 = 8)|* + o(1).
Adding Equations (5.28)-(5.31), we get

M (ou, a3 — 26 = 8) + N(ou, a3 — 26 — 0) = / g'(@) (Inl* + aleal® + €] + [tz ?) da
az—2e—0
(5.32) o o
+2R <CO/ g(x)f@mdx> —2R <co/ g(:c)m/%dz) +o(1)
az—2e—0 az—2e—0
where
M(ag,a3 =26 =6) = [n(ca)” + |n(asz —2e = )| + alpa (@) ® + alp.(az — 26 = )%,
N(ag, 03 =26 —08) = |&(aa)” + [€(as — 26 = 8)* + [ha(a)[* + |9 (as — 26 — 6)|%.
From Equation (5.32), we get
M (o, 03 — 26 = 8) + N, 03 — 26 — §) < cg,/ (Inl* + algal + |67 + [1a]*) do
013—25—(5

+0009||§||L2(0,L) H‘Pac”L?(o,L) + COCg||77||L2(0,L) ||¢xHL2(0,L) +o(1).
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Using the fact that ||®|| is uniformly bounded in H,, we obtain the desired result. The proof of this Lemma
has been completed. [

Lemma 5.9. Let 0 < § < 23=2=92_ The solution (p,n,v,€) € D(A,) of Equations (5.6)-(5.9) satisfies the
following asymptotic behavior estimation

L
/ (102 + algal? + |12 + [al?) dz = o(1).

372875
Proof. Define the cut-off function 6 in C* ([0, L]) by
(5.33) 0<0<1, 6=1 on (a3—2c—4,L), and 6=0 on (0,00 +9).

Take h = (z — L)0 in Equation (5.18), using Lemmas (5.3)-(5.4) and the definition of the function 6, we get

(e %8

L
/ (11 + alioal? + 1€ + [9a]?) de + 2o ( /

3—28—6

(z— L)éfgbmdx>
(5.34) 3—2e—8

D (/; (- L)én%d:c) — o(1).

3—26—6
Using the fact that & = iA\yp — f3 and n = iAp — f1 in the second and third term of Equation (5.34) and that
©u, Uy are uniformly bounded in L?(0, L) and the fact that |[F||3, — 0, we get

2coR (/ (x — L)éf(pmdx) — 2co® (/ (x — L)énzﬂwdx) =2c¢o (/ iz — L)éz/upwdx)
az—2e—0 az—2e—4§ az—2e—40

—2¢oR (/;4 iXz — L)égm/_)xdx> + o(1).

37267(5
Using integration by parts in the first term of the right hand side of the above equation and the fact that Ay
and M\ are uniformly bounded in L?(Q2), we obtain

Qg R Qg .
2¢oR </ (x — L)HE@ﬂi;ﬂ) — 2¢oR </ (x — L)Hm/)mdw> =
(535) az—2e—90 az—2e—40
2¢coR ([z)\(:v - L)l[}tﬁ]g;%ﬂ;) +o(1).
Inserting Equation (5.35) in Equation (5.34), we obtain

(5.36) [ ol ) e = A+ Blaa = 2= 6)+ o)
where
Alas) = 2¢R (AL — cu)p(ea)p(a)) ,
Blag —2e—9) = 2coR(iMNaz —2e — 6 — L)(ag — 2 — §)g(ag — 2 —9)) .
On the other hand, from Equations (5.6) and (5.8), we have
(5.37) Ap(s)] < In(s)[ + [f1(s)| and  [Mp(s)] < [€(s)[ + | fs(s)] for s € {as—2e—0d,0u}.

S S

Using the fact that |fi(s)| < s/ |(f1)z|dz < sa71||FH§_La and |f3(s)] < s/ |(f3)e]?dx < s||F||?_[a for all s €
{as — 2e — 6, a4}, and using Lergma 5.8 in Equation (5.37), we obtain ’
Ae(s)] =0(1) and |[Mp(s)|=0(1), for se€{az—2c—68a4}.
Its follow that
(5.38) A(ag) + B(ag — 2 — 0) = o(1).
Using Equation (5.37) in Equation (5.36), we obtain
/aL (Il + ales|* + [€]° + [¢a]*) dz = o(1).

3—28—5

Thus, the proof has been completed. O
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Proof of Theorem 5.2 Using Lemmas 5.3, 5.4, 5.6 and 5.9, we get ||®||3, = o(1) on [0, L], which contradicts
Equation (5.4). Therefore, (H4) holds, by Huang [17] and Pruss [31] we deduce the exponential stability of the
auxiliary problem (5.1).

5.2. Definitions and Theorems. We introduce here the notions of stability that we encounter in this work.

Definition 5.10. Assume that A is the generator of a Cy-semigroup of contractions (etA)t>O on a Hilbert

space H. The Cy-semigroup (etA)t>O is said to be
1. strongly stable if
Jim e aollm =0,V o € H;
2. exponentially (or uniformly) stable if there exist two positive constants M and € such that
letAaollg < Me™||zollg, Vt>0,Vzo € H,;
3. polynomially stable if there exists two positive constants C' and « such that
lezollg < Ct|zollg, Yt>0,VzyeD(A).

In that case, one says that the semigroup (etA)t>0 decays at a rate t—*. The Cy-semigroup (etA)t>0
is said to be polynomially stable with optimal decay rate t=% (with o > 0) if it is polynomially stable
with decay rate t=% and, for any ¢ > 0 small enough, the semigroup (etA)t>0 does not decay at a rate
t—(a=e),

To show the strong stability of a Cy—semigroup of contraction (e‘4)

Arendt-Batty [6].

+>0 we rely on the following result due to

Theorem 5.11. Assume that A is the generator of a Co—semigroup of contractions (etA)t>O on a Hilbert
space H. If

1. A has no pure imaginary eigenvalues,

2. 0 (A) NiR is countable,

where o (A) denotes the spectrum of A, then the Co—semigroup (etA)t>O 1s strongly stable.

Concerning the characterization of exponential stability of a Cp—semigroup of contraction (e!4);>o we rely on
the following result due to Huang [17] and Pr*ss [31].

Theorem 5.12. Let A: D(A) C H — H generate a Cy—semigroup of contractions (etA) on H. Assume

>0
that i\ € p(A), VA € R. Then, the Co—semigroup (etA) is exponentially stable if and only if

t>0

Tim i — A)7E < )
ACR, A -+o0 I )" Nl < oo

Also, concerning the characterization of polynomial stability of a Cy—semigroup of contraction (e*4);>o we rely
on the following result due to Borichev and Tomilov [10] (see also [23] and [9]).

Theorem 5.13. Assume that A is the generator of a strongly continuous semigroup of contractions (etA)
on H. If iR C p(A), then for a fixzed £ > 0 the following conditions are equivalent

>0

5.39 sup |[(iA] — A) ™" =0 (|9,
(5.39) up (AT = )71]| =0 (A1)
c
(5.40) et Us% < LT%HUO”%)(A)v Vit >0, Up € D(A), for some C > 0.

Finally, the analytic property of a Cp—semigroup of contraction (e*4);>q is characterized in the following
theorem due to Arendt, Batty and Hieber [7].

Theorem 5.14. Let (S(t) = e'4);> be a Co—semigroup of contractions in a Hilbert space. Assume that
(A1) iR C p(A).

Then, (e')i>0 is analytic if and only if

. 1 . _
(AQ) lim sup j”(l)\_A) 1Hll(H) < 00.
AER,|A|— o0 |>‘|
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6. CONCLUSION

We have studied the stabilization of a system of locally coupled wave equations with only one internal
localized Kelvin-Voigt damping via non-smooth coefficients. We proved the strong stability of the system
using Arendt-Batty criteria. Lack of exponential stability results has been proved in both cases: The case of
global Kelvin-Voigt damping and the case of localized Kelvin-Voigt damping, taking into consideration that
the coupling is global. In addition, if both coupling and damping are localized internally via non-smooth
coefficients, we established a polynomial energy decay rate of type t~!. We can conjecture that the energy
decay rate ¢t ! is optimal. However, if the intersection between the supports of the domains of the damping and
the coupling coefficients is empty, the nature of the decay rate of the system will be unknown. This question
is still an open problem.
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