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ABSTRACT 

State estimation is a specific data assimilation task in which the quantity of interest is the state of the 

physical system over a domain of interest. For that purpose, we rely on observations on the system, 

given by sensors at different sampling times, and a best-knowledge model. However, how good the 

model may be, it is a deficient representation of the true physics, it may lack some not modeled physics, 

or parameter values can be inaccurate and erroneous. Therefore, the model bias affects the effectiveness 

of data assimilation techniques and needs to be corrected with observation data. Moreover, for several 

years, the explosion of the access to experimental data in industrial systems and the considerable 

improvements in computing tools have led to the development of data assimilation methods that aim 

to be used for system monitoring with a real-time constraint. The first idea to decrease the 

computational cost in the online procedure is to use reduced order modeling (ROM) methods, indeed 

the reduction of the complexity of the model can overcome the difficulties at the cost of controlling 

and integrating the model error.  

The Parameterized Background Data-Weak (PBDW) method introduced in [1] is a non-intrusive, 

reduced basis, real-time and in-situ data assimilation framework for physical systems modeled by 

parametrized Partial Differential Equations for steady-state problems. The key idea of the formulation 

is to seek an approximation to the true field employing projection-by-data, with a first contribution 

from a deduced background estimate computed from a set of solutions from reduced modeling and a 

second contribution from an update state informed by the experimental observations (correction of 

model bias). Further research works [2,3] developed a nonlinear framework to deal with noisy data.  

The present study aims at extending the PBDW formulation for time-dependent problems and proposes 

a sequential version to deal with sampled data. First, a discussion on the integration of time in the 

reduced order model is studied so that we can apply the PBDW at the current time step. Second, a data-

driven empirical enrichment of the model, using a Sequential Karhunen-Loeve algorithm on updates 

states, is developed in order to learn the not modeled physics of the system and correct the deduced 

background estimate on-the-fly. Third, a state prediction for future time steps can be computed and 

integrated in a sequential algorithm with a selection of relevant data, using a parametric identification 

on the deduced background estimate and an extrapolation of the time function from the tensor-based 

decomposition (SVD) on prior updates over a window time. Numerical experiments are conducted on 

a thermal conduction problem in the context of additive manufacturing, with different cases of model 

bias: a bias on heat source, a biased boundary condition and an error on the constitutive equation. These 

numerical experiments show that the method significantly reduces the online computational time while 

providing relevant state evaluations and state predictions, in particular the update plays a significant 

role in improving the accuracy of the deduced background estimate. 
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