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How quantales emerge by introducing induction within the operational approach

We formally introduce and study a notion of 'soft induction' on entities with an oper ationally motivated logico-algebraic description, and in particular the derived notions of 'induced state transition' and 'induced property transition' Vle study the meaningful collections of these soft inductions which ail have a quantale structure due to the introduction of temporal compo sition and arbitrary choice on the level of these state transitions and the corresponding property transitions.

Introduction

The essential physical concepts that lie at the base of this paper are the notion of a property according to the Geneva school operational approach [2, 10, 13] and the idea that measure ments on an entity provoke a real change of the state of the system [3], i.e., a change of its 'actual' properties [2,10,13]. Within this conceptual context, we introduce the notion of an 'induction', and in particular of 'soft inductions' For other aspects related to these inductions we refer to [5,7]. The essential mathematical object that emerges when these soft inductions are introduced are quantales, originally introduced in the late thirties in order to translate ring-theoretical ideas to lattices. The name quantale itself has been introduced by Mulvey in [11] where he studied them in relation to c• -algebras in order to build a construc tive base for quantum mechanics. For an explicit definition we refer to the third appendix at the end of this paper. In a second appendix we study maps on a state space and their join preserving extensions. In a first appendix we give some basic categorical notions.