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COEFFICIENT IDENTIFICATION IN PARABOLIC EQUATIONS WITH FINAL DATA

FAOUZI TRIKI

ABSTRACT. In this work we determine the second-order coefficient in a parabolic équation from the knowl-
edge of a single final data. Under assumptions on the concentration of eigenvalues of the associated elliptic
operator, and the initial state, we show the uniqueness of solution, and we derive a Lipschitz stability
estimate of the inversion when the final time is large enough. The Lipschitz stability constant grows expo-
nentially with respect to the final time, which makes the inversion ill-posed. The proof of stability estimate
is based on a spectral decomposition of the solution to the parabolic equation in terms of the eigenfunctions
of the associated elliptic operator, and an ad hoc method to solve a nonlinear stationary transport equation
that is itself of interest.

Résumé : Dans ce travail nous déterminons le coefficient du terme de second ordre d’une équation
parabolique & partir de la connaissance d’une seule donnée finale. Sous des hypotheses sur la concentration
des valeurs propres de 'opérateur associé, nous établirons une estimation de stabilité de type Lipschitz
de l’inversion quand le temps final est assez grand. La constante de Lipschitz croit exponentiellement en
fonction du temps final, ce qui indique que le probléme inverse est mal-posé. La preuve de I’estimation de
stabilité est basée sur la décomposition spectrale de la solution de ’équation parabolique, et une méthode
originale pour résoudre une équation de transport nonlinéaire qui est intéressante en soi.

1. INTRODUCTION AND MAIN RESULTS

Let © be a C3 bounded domain of R", n = 2,3, with a boundary I'. Let v(z) be the outward unitary
normal vector at € I'. For a, > 1, a fixed constant, and ag € C*(T'), a given function, set

A= {a e CHQ): 1<a(z); alr = ag; ||a||cl(§) < a+}.
Consider, for uy € L?(Q2) and a € A, the following initial-boundary value problem

up —div(aVu) =0 in  Qx]0, oo,
(1) u=0 on 0x]0,+oo,
u = U in Qx{0}.

The parabolic system (1) is used to describe a wide variety of time-dependent phenomena, including heat
conduction, particle diffusion, and pricing of derivative investment instruments. It is well known that the
system (1) has a unique solution u(z,t) € C° ([0, 4o0[; L*(€2)) N C° (]0, +-o00[; H2(2) N Hg () [11].

The goal of this work is to study the following inverse problem (P): Given u(z,T) € H?(Q) for T > 0, to
find a € A such that u is a solution to the system (1).

This inverse problem finds applications in multi-wave imaging and geophysics [3,5,14,22]. It can be seen
as an extension to a non-stationary setting of a well known inverse elliptic problem with interior data, for
which uniqueness and stability have been already derived [1,4,10]. In such an elliptic context, it can be
seen that boundary information on the coefficient a is needed, as well as a unique continuation property of
the gradient of solutions. Notice that in dimension one a solution of an inverse problem similar to (P) was
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given under some special assumptions on the boundary data [15]. The inverse problem (P) was recently
cited among few other open inverse problems in [2]. Reviews for results concerning other inverse problems
for parabolic equations using final datum can be found in the following references [6,11,12,16,24].

In this paper we show that the inverse problem (P) has a unique solution, and we derive stability esti-
mates for the inversion under some assumptions on the point spectrum distribution of the associated elliptic
operator, the initial state ug, and the observation time T

It is well known that the unbounded operator L, : L?(Q) — L?(f2), defined by
L, := —div(aV:),

with a Dirichlet boundary condition on I'; is self-adjoint, strictly positive operator with a compact resol-
vent [18]. Its domain is given by D(L,) = H} () N H2(Q).

The uniqueness and stability estimate presented here depend in an intricate way on the distribution of
the eigenvalues of L,. We denote by A, k € N*, the eigenvalues of L, arranged in a non-decreasing order and
repeated according to multiplicity. We also introduce the strictly ordered eigenvalues 5\;“ k € N*. Notice
that the first two values of both sequences coincide.

Definition 1.1. We say that L, satisfies the property (G) with constants v > 0 and § > 0 if its eigenvalues
Ak, k € N*, wverify the following gap condition:

(2) 3\k+1 — j\k > (SS\IQ’Y, k € N*.

Remark 1.1. It is well known that under a non-trapping condition the operator L,, subject to a Dirichlet
boundary condition satisfies the property (G) with v =0, and § > 0 is a constant depending only on a and
0 [8,9]. The property (G) is also somehow related to the boundary observability problem for Shrédinger and
wave equations in control theory [8, 25].

The obtained stability estimate require that the property (G) be satisfied by the operator L,. Therefore
for v > 0, and 6 > 0 some fixed constants, we introduce the set

Ao = {a € A : L, satisfies property (G) with fixed constants v > 0 and § > 0}.

Let do(z) be the distance of x € Q to the boundary I'. For v € L?(Q), we further denote v = max(v, 0)
and v~ = max(—v,0).

Theorem 1.1. Let a,a € Ag. Denote u(x,t) and a(x,t) the solutions to the system (1) with respectively
coefficients a and a. There exists a constant ¢y > 2 that depends on A,n and Q, such that if v = ug or
v = —ug satisfies

(3) /Qv+(x)dg(x)dx > co/ v_(z)dq(x)dx,

Q
then the following stability estimate holds

(4) la—allz2) < Ce T u(-, T) — (-, T)| g2,

for all T > Ty, where the constants Ty > 0, C > 0, depend on Ay, ug, n, Q, and X} is the first eigenvalue of
the Dirichlet Laplacian on €.

Remark 1.2. The stability estimate implies the uniqueness of the inverse problem (P). The exponential
growth of the Lipschitz stability constant (4) shows that the inversion is in general ill-posed. The exponential
growth constant ay N can actually be replaced by min()\l,j\l), where Ny is the first eigenvalue of Ls. The
required regularity on the right hand side of the stability estimate seems to be optimal, as for the inverse
elliptic problem with interior data [1].

Remark 1.3. The assumption (3) is fullfiled if £ug > 0 on Q, and it implies that [, uo(x)¢1(x)dx # 0, for
all a € A, where ¢1 is an eigenfunction of L, associated to A;.
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The proof is based on a particular decomposition of —dyu(xz,T). The principal idea is to substitute
—0wu(z,T) in the parabolic equation of the system (1) by Ayu(z,T) + F(a;2,T), where a — F(a;z,T) is a
Lipschitz non-linear function with Lipschitz constant that decays faster than u(x,T") when T tends towards
infinity. Moreover the function F(a;z,T) is independent of the data u(z,T'), and can be entirely recovered
from the knowledge a, ug, and €2. In this regard, the unknown coefficient a satisfies a nonlinear stationary
transport equation

div(aVu(z,T)) = —Mu(z,T)+F(a;z,T), z €.
Since F(a;x,T) decays faster than u(x,T) in L?(Q) for large T, the system above can be considered as a
nonlinear perturbation of a stationary linear transport equation
div(aVu(z,T)) = —Mu(z,T), =€

Consequently, by solving the simplified linear equation above, we shall be able to derive the global stability
estimate for the nonlinear one using classical perturbation methods. The detailed proof is presented at the
end of section 2.

The paper is organized as follows. The first section is dedicated to some useful properties of the solution
u of the system (1) including its spectral decomposition. In section 2, we provide the proof of the main
Theorem 1.1. In appendix A, we recall some known useful properties of the eigenvalues and eigenfunctions
of elliptic operators in a divergence form.

2. PRELIMINARIES RESULTS

We first derive some properties of the eigenelements of the unbounded operator L,. Considering a as a
perturbation of the coefficient a, we derive an upper bound of the perturbation of eigenelements of L, in
terms of |la —a[[z2(q)-

Theorem 2.1. Let a,3 € A, and (A\p)ren- C R* (resp. (Ag)ren+ C R*) be respectively the increasing
sequence of eigenvalues of L, (resp. Lz). Then

(5) A — M| < Cmin( Mg, Ap) T ]ja— allz2 ),

where C > 0 is a constant that depends only on n, A and €.

Proof. Without loss of generality we assume that A\g > \j.

Denote by ¢y, k € N* (resp. ér,k € N*) the orthonormal sequence of eigenfunctions of L, (resp. Lj)
associated to A, k € N* (resp. A\, k € N¥).

Recall the Min-max characterization of the eigenvalues (A, )pen- [20]
- a|lVo|d
(6) Ak = min max Lﬁ'x
Oy, C HY(Q) o€®\o) [o|¢*dw
dim(®y) =k
In the expression ilbove the minimum is achieved when ®; coincides with the finite dimension space
generated by Vi, := {¢; : | < k}. Therefore

Mo < max dedVOPdr o JodlVelds
T ey JololPde  sevingoy JoloPde

Since V4 is a finite dimension space the first maximum is reached at some vector ¢y, € V \ {0}, satisfying
Jo [k |?dx = 1. Hence

(7) e — Ry < / 2|V P — / SIVEPde < [l — 3lle@) ( / |v1zk|4dx) .
Q Q Q



4 FAOUZI TRIKI

Since 9, € ‘N/k\{O}, there exists a real valued sequence oy, 1 < k, satisfying Zle a? =1, and U = Zle .
Therefore, 1, verifies the following elliptic equation

k
Loy = Z A @y
=1
We then deduce from the classical elliptic regularity (Theorem 8.12 in [18])
k ~ ~
> akid

=1

< CVl j\ka
L2 (Q)

(8) [kl 2 ) < Ch

where C7 > 0 depends only on n, A and €.

Classical Sobolev interpolation inequalities for n = 2,3, give [18]

~ ~ 1_n ~ n
(9) ||V¢k||L4(Q) < CZHVTMHLz(?z)||wk||14{2(9)a
where Cs > 0 depends only on n and 2.

By a simple calculation, and using the fact that ||V¢~Sl||%2(m < Ai, | € N*, we obtain
(10) IVl r2@) < Ak
Combining inequalities (8), (9) and (10), we get
~ ~ntd
IVYrllLao) < C3A,°
where C3 > 0 depends only on n, A and 2. We then deduce from (7)
~ - ~14n
= A < Cslla = all 2@ b

which achieves the proof of the theorem.
O

Remark 2.1. The estimate (5) may not be optimal. The objective here was to obtain an inequality with an
uniform constant for all functions a,a € A.

Theorem 2.2. Let a,a € Ag. Let Py (resp. ]Sk) be the orthogonal projection onto the eigenspace of Ly (resp.

Ls) corresponding to the eigenvalue N (resp. S\k) There exist constants n > 0 and C' > 0 that depend only
on n,Ag, and 2, such that if

(11) la = &l r2(0) < nmax(Ag, Ag)~ ),

then, the following estimate

(12) [Py — Pyl 2y < Clmax(Ag, Ae) " 4+ 1)%]a — &l 22 (),
holds.

Proof. In the proof C' > 0 denotes a generic constant depending n, Ao, and Q. Without loss of generality
we further assume that ;\k > S\k.

Since a,a € Ap, the gap condition (2) implies
(13) By, (M) NN, 1N} = {A}, By (M) n{(h, 1N} = {X},

where B, (z) is the complex disc of center z € C, and radius pj =

g
Ny

On the other hand estimate (5) leads to

n

~ = ’:l'f‘z ~
(14) A = Akl < CA - la = allL2 (o)



Now, combining inequalities (14) and (11), we have

(15) Ak = X < Cno~py.
Choosing 1 > 0 small enough such that Cn < 1, we obtain

(16) A € B, ().

Therefore, we also have

(17) Bpk(j\k) N{\, 1 € N*} = {\:}.

Consequently, the resolvents (A — L,)~! and (Al — L3)~! are well defined as operators from L?(£2) onto
H(Q) N H?(Q) for all A € 9B, (\). In addition, by the well-known Riesz formula, we get [17]

1 ~ 1
P, = ~5- ) (M — L) tdA, P, = —5- ) (M —L,) " td),
LTS IA= Skl =pr I Akl=p

where ¢ € C is the imaginary complex number, and [ is the identity operator.

Hence

~ 1
P B=— (AT = La) "M (Ls = L)(AT = Ly) 1.
2um IA=Xi|=pu

Since P, and P, are orthogonal projections, Pj — B is a self-adjoint bounded operator from L?(Q) to itself.

Consequently
1P = Pill 2oy = (2m)7" swp [ {(Le = o), uf) o g
AEIBy, (Ak), FEWE, 1 fll 2 (0y=1
= (2m)! sup / (a— é)VU?Vﬂ?dm ,
A€DB,, (Ak), FEWk, [ fll L2 (0)y=1 179
(18) < (2m) 7 Ma—all L2 o) sup IVupllLa IVt llLa),

X€OB,, (A), fFEWk, Ifll20)=1
where u? =M —Ly)"1f, ﬂ} = (M —L5)~1f, and W}, is the finite dimension vector space in L?(£2), spanned

by the eigenfunctions associated to j\k, and \g.

By construction, we have
1
A <
(19) lutllzzos 1uFll L2 0) < A
Similar to the proof of Theorem 2.1, we deduce from the classical elliptic regularity

[}l 2 < CMutllzz) + 1), @} llrz@) < C(AJu}llr2) + 1),

which associated to inequalities (19), provide

- A
(20) [}l m2e), 1@} |2 @) < C(p*k +1).
Sobolev embedding Theorem gives [18]
(21) [Vuplray < Clupllaz)s  IVERs@) < Clalaz ).

Combining estimates (20) and (21), we finally obtain

- A
(22) IVutllzae), IViEdllLae) < C(p*k +1).
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We infer from (18)
1P = Peller) < COYF +1)%[la—all2q)-

3. PROOF OF THEOREM 1.1
We first introduce the nonlinear function F(a;z,T), and show that its Lipschitz continuous modulus with
respect to a, decays faster than u(z,T) for large T
We first derive the following auxiliary result.
Proposition 3.1. There exists a constant ¢y > 2 depending on A,n and ), such that if v =ug or v = —ug

satisfies (3), then

>0,

] [ wwte)ines

/ uo(x)dg(z)dz
Q

1
> [
\/2C0
for alla e A.

Proof. Let ¢g = 2C~2 where C € (0, 1) is the constant of Lemma A.2 which depends on A, n and . Without
loss of generality we further assume that v = wg satisfies (3). Since ¢g > 2, and v = vy — v_, we have
Jov(x)da(z)dz > 0.

Combining inequalities (3) and (56) gives

/Qv+(;v)¢1(x)dx > 2/ v_ ()1 (x)dx.

Q
Consequently

2/§lv(a:)¢1(as)dx>/Qv+(x)¢1(x)dx.

Applying again inequality (56) in Lemma A.2, we obtain

/Qv(x)(bl(a:)dx> g/gm_(x)dg(a:)dxz g/ v(x)do(z)dz,

Q
which finishes the proof.

Define for a € Ag and T' > 0, the nonlinear function F(a;z,T) € L*(Q), by
(23) Fa;z,T) = (s, T)+ Mu(x,T), z€9,

where u is the unique solution of the system (1). Without loss of generality we further assume that v = g
satisfies (3).

Theorem 3.1. Let a,a € Ag. Then there exists a constant C' > 0 that depends only on 6,2, n,ug and Ay,
such that the inequality

(24) IF(@: 2, T) — F(3 2, T)|| 2@y < Ce™ 202207 o — 5] o g,
is valid for all T > 1.
Proof. In the proof C' > 0 denotes a generic constant depending on n, Ag, ug, and €.

We start the proof by writing the decomposition of F(a;z,T) (resp. F(3;z,T)) in terms of the eigen-
functions of the elliptic operator L, (resp. Ls). Recall Py (resp. Pj) the orthogonal projection onto the

eigenspace of L, (resp. Ls) associated to the eigenvalue e (resp. \g).



It is well known that u and @ have the following spectral decomposition [11]

oo o0 ~ .
= Zef)"“thuo(x); a(x,t) = Zef’\’“‘tpkuo(m)
k=1 k=1

Forward calculations yield

F(a;a,T) = Z(S\k — Xl)ekaTPkuo(x); F(a;z,T) Z (e — )\1 /\"‘Tﬁkuo(x).
k=2 k=2

Hence

F(a;2,T) — F(a;2,T) =

Z |:(5\k — 5\1)6_5\’“T — (S\k — 5\1)6_5\ :| Pk'LL(] -l— Z )\k — )\1) _/\kT {Pk — Pk} ’LL()( )
=2
=Fy + Fa.

Let Bi, k € N\ {0, 1}, defined by
Br = min(j\k, 5\;@)
Then

SN = ~ =~ 12
RFEEDD [|/\k = Ml (14 BeT) + A1 = M| e > Jug|1 72 q-

Using results of Theorem 2.1 and Lemma A.2, we obtain
1+% 1+ — ~
IFillfe) < OZ[ Ut )+ B F] e o ey lla — 3y,

o0
2+2 ~ - 242 (B, — -
< OZ/B ‘e ’BkT||U0||2L2(Q)||a—a||2L2(Q) <Ce ﬁ2TZBk Tem BZ)HUOH%%Q)HB—3H%2(Q)-
k=2

Note that by Weyl’s asymptotic formula, we have A\ ~ Ck= for large k, which guarantees the convergence
of the series above [19,20].

The results of Lemma A.3 imply
(25) IFillzz) < Ce™™Ta—3llp2)

Since the orthogonality of the terms of the series Fy is no longer true, and the fact that the perturbation
does not affect uniformly the eigenfunctions, deriving an upper bound for ||Fz||z2(q) is more involved.

Recall that the sequences \; and A, are strictly increasing. Let N € N* be the smallest integer satisfying
(26) la = all 2@y > nmax(A, A) =D =g T vk 2 N,

where 77 > 0 is the constant introduced in Theorem 2.2.

Next, we split Fo into two parts:

N—
(27) F Z Ak = Ap)e T {Pk - Pk} up () + Z Ak = Ap)e T {Pk - Pk} uo(z) = Fa1 + Fao,
k=2

with the convention that the first sum F5; =0 When N =2.
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We deduce from (26) the following estimate

_ 2047+3) - .
2 Z (A — ! T g |72 (0 lla = 3172

IN

IF22]7 20

o (4y+2) 3
. ), QBkTZ ﬂg T+E) ~2(B— ﬁz)HuOH%Q(Q)Ha—aH%Q(Q).

Again using the upper and lower bounds derlved in Lemma A.3, we obtain

(28) IFosllrz) < Ce ™T|a— a2
On the other hand, we have
N_ 2
IFa1lZ2(0) < Z Me — Ap)eMT \ [Pk — Pk] uo'
k= L2(Q)

Cauchy-Shwartz inequality gives

N-1 A N-1 )
2 Y Y \2, AT —AxT D 2
IFa1llZ2) < <Z(>\k — A1)em ) <Z e * HPk - PkHL(L2(Q))> l[uollZ2 (o)

k=2

By construction, we have

(29) la — 4|l r2(q) < nmax(Ag, \g) " VE< N~ 1.
Using the results of Theorem 2.2, leads to
IF21(1Z2 0
N N—1
<0 (0 et (T 4 0 ) o 3
k=2 k=2

o5} 0 ~ N N
< Ce 20T (Z(S\k - :\1)26()"“)‘2)) <Z(max(;\k, /\k)'yJrl =+ 1)46(’\’“)‘2)> ||Uo||2Lz(Q)Ha - 5||2L2(Q)
k=2 k=2

Applying again the bounds in Lemma A.3, we get
(30) IFarllzz) < CePT|a—all2q)-

Finally, combining inequalities (25), (28), and (30), conducts to the desired estimate. O
We next study the decay behavior of dyu(x,T) and |Vu(z,T)|? as T tends towards infinity.

Theorem 3.2. Let a € Ay, and u be the unique solution to the system (1). Then there exist Ty > 0, g9 > 0,
and C' > 0 depending only on Ay, Q,n and ug such that the following inequalities

(31) u(z,T) > Ce MT¢(z), Vr € Q,
(32) _8tu(‘raT) > 067A1T¢1 (Jf), Vz € Q7
(33) Vu(z, T)*> > Ce 7TV ()], Ve € Q.,

hold for all T > T1, and 0 < & < &g, with Q. = {x € Q: do(z) < e}.

Proof. In the sequel C' > 0 denotes a generic constant that depends only on Ag, 2,n and ug. We further
assume that 7" > 1.

The proof is based on the following decomposition of w in terms of the eigenfunctions of L;:

S e Pag(x), V>0, z €.



For T' > 1, we have

Vu(z,T) = Z e_S‘kTVPkuo(x), Yz €,
k=1
—Owu(x, T) = Z )\ke_;\"'TVPkuo(x), Vo € €.

k=1
Therefore
(34) —Bul(z, T) > e T [Prug(z)| — Y Are ™M [Pyug ()]

k=2
(35) |Vu(z, T)|> > )\1 e M|V Prug ()| (Z e M T |V Pug(z ) (Ze ’\’“T>
k=2 k=2

for all z € Q.

Next, we derive the first inequality of the lemma. Using inequalities (

58), we obtain

~ { A34n N
—owu(z,T) > l)\le_’\lT||P1u0(x)||Lz(Q) — Z)\,§+46_’\’“T||uo||Lz(Q)] o1 (),

> [:\16;\1T||P1u0(x)||L2(Q) — e TN R
k=2
Since a € Ag, the following gap condition (2), holds
PO 1)
Ao — A1 > —.
A1

~u—ha) ||Uo||L2(Q)] ¢1(z).

Notice that the gap condition between the two first eigenvalues is always fulfilled [19].

We deduce from Lemma A.3

N b
36 Moo= A > ——.
(36) 2T A
Hence
AT |3 v i G Y FE
Opu(x,T) > e 7T 1N ||Pug(z)| 2@ —e T D> A7 e
k=2

Again using Lemma A.3 leads to
(e, T)| > e%TPwH%@Hm@—onW

On the other hand, we deduce from Proposition 3.1

Pz = | w@ior@ide > e [ oo

Hence there exists a unique 777 € R solution to the equation

~Oe= ||u0||L2(Q)] #1().

T
|mmm4@w.

x)dx > 0.

—LTH
| Prato (@)l 2oy — Ce T ol 2y = 0.

Obviously T71 depends only on Ag, €2, n and ug.
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Consequently
Oz, T) > Ce™T¢y(z), VzeQ, teTi,+oo.
Similar analysis on u(x,T), leads to
u(z, T) > Cefj‘ngbl(x), Vo € Q, t €T, +00],
where T € R.

Now, we shall focus on the second inequality. To do so we need to estimate ||V x|z (q). There are many
works dealing with optimal increasing rate of |[¢g|[z~(q) and ||[Vor||p~(q) in terms of A, when £ tends
to infinity (see for instance [21,23] and references therein). Most existing results considered the Laplacian
operator or did not pay attention to the regularity of the elliptic coefficients. Since the optimal increasing
rate is out of the focus of this work, we prefer here deriving similar estimates using classical elliptic regularity
combined with results of Lemma A 4.

We deduce from elliptic regularity (Theorem 9.12 in [18])
661l yy2ms 2 ) € CA+ AN s 1 -
By Sobolev embedding Theorem, we have

||V¢k||C . < C(1+ M)l 8l = ()

Lemma A.4 yields

37 < C(1+ A )AztE
(37) Vol s g < OO+ AN

Combining (37) with (35), we get
|Vu(z, T)?

1
)\ ~ 00 1+ L 2 00 B
216 AT Prug (@ )| L2 | Vor(z <k§_2 (1+ M) ‘e 2A’“T||uo||%2(9)> <k§_26 AkT) ;

for all z € Q.

W= |\/

Consequently
[Vu(z, T)[?

1
)\ B o 1+ B 2/ oo s
21 2/\1T||P1u0( )HL2(Q |V¢1( —23,T (];2 1 +)\k 2o 2(Ak— /\2)””0”[,2 ) ’;26 (Ak—A2) ,

forall x € Q, and T > 1.

(MC |\/

We deduce from Lemma A.3 and inequality (36), the following estimate
2 25T ()\?)2 2 “zoa T
(38)|[Vu(z, T)|* > e~ [2||P1u0(x)||Lz(Q)|V¢1(x)| — Ce 2+ ||u0||L2(Q)} , YVeeQ, T>1.

Proposition 3.2. There exist constants eg > 0 and Cy > 0 that depend only on Q2,n, and A, such that the
following inequality

(39) IVoi(z)] > Co, Vo € Q,

holds for all 0 < € < gg.
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Proof. For € > 0 small enough, 2. becomes a tubular domain, and can be parametrized by
Q.={z+sv(x): z€T, 0<s<e}

We deduce from (37), the following estimate

w3

|-V (z + sv(z)) - v(@) + Budr(2)] < CL+ ADATH e, vselo,e], z eT.

Hence
V1 (2 + su(x))] > —Véi(x + () - v(@)]| > 0,61 (x) — C(1+ A)AF T, Vs €0, z €T

Recall that the constants g > 0 and Cj in inequality (39) depend only on Q,n, and A. Since inequality (39)
is valid for all € €]0, gg[, we deduce from Lemmata A.2, and A.3, the desired result. O

Let T13 € R be the unique solution to the following equation
1 ——2% T3
§||P1UO($)HL2(Q)CO =Ce M " |ugl r2(q),
where Cy > 0 is the constant of inequality (39).
Applying the results of Proposition (3.2) to the inequality (38), we obtain
2 -2\ T ()‘?)2 2
(40) Vu(z,T)" = e — IPruollzzo)[Veu (@),
for all T' > T75.
By taking 77 = max(1,T11, Th2,71,3), we achieve the proof of the theorem. O

Now, we are ready to prove the main Theorem 1.1. Without loss of generality, we assume that Ao =

min(jxg, 5\2). Further C' > 0 denotes a generic constant that depending on Ay, 2, n and ug.

Since u satisfies (1), a verifies the following nonlinear transport equation

1
(41) div(= Vu(z, T)) = —u(z,T) + —F(a;z,T), x € Q.
)\1 )\1
Similarly, 3 satisfies the following nonlinear transport equation
a 1
(42) div(=Vi(z,T)) = —i(z,T) + —F(5;2,T), z € Q.
)\1 )\1

Taking the difference between the two equations (41) and (42), we get

(13) div((Z- = 2)Vu(a,T)) =
~ ! >\
div(;V(u(x,T) —a(x,T))) + @(z, T) — u(z,T) + ALF(a;J:,T) — CLF(é;x,T), x €.
A A1 A

Proposition 3.3. There exist constants To > 0, C' > 0 and g > 0 that depend only on Q,n, Ag and ug
such that the following inequalities

(44) |— - =] c [e)‘lTHu — il g2y + e MM a — auy(m} :
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and
a a a 3
(15) [ = Zpwede s [ 12 - Zpstde
Q. 1 )\1 0 )\1 )\1
AT . — (B ANT - 1 1 a a
<C e lu—dllg2o) te la—alliz@) +|— — =] - = :
)\1 )\1 >\1 )\1 L2(Q)

hold for all T > Ty, and € €]0,g|.

Proof. Multiplying equation (43) by 1, and integrating over 2, we obtain

1 1
(46) —— =] / aod,u(., T)ds(x)
Aoy T
5 1 1 1 -
< C|llu—=illg2e) + 1 — =IIF@; . D2 + =IIF(a; ., T) = F& ., T) 20 | -
M A1 1
Recall
IF@i - DllFzy = (A — M) Pougl3 20,
k=2
< Z(S\k - 5\1)2672,\’“T||U0||2L2(Q)
k=2
o0 . . R ~
< Z()\k - /\1)2672(’\’“42)||U0||2L2(Q)€72/\2Ta
k=2
forall T > 1.
Consequently
(47) IF@; T2 < Ce T, VT >1.

Applying inequalities (57), (24) and (47) to the relation (46), yields

B Y 1 1 -
<C [Hu — |l g2 ) +e AT <5\ - =|+a— a|L2(Q)>] .

1 A1

1 1

-y

5\1 )\1

/Faoal,u(., T)ds(x)

We deduce from inequalities (56), (33), and the fact that ag > 1, the following estimate

11 ] B 11 )
e M= — <[ < C||lu— il gz +e 2" <|A—<\|+||a_abz(ﬂ>>]'

1\ AN
Inequality (36) gives
_ 1 1 5 - (3o —3 -
(1-Ce OT)I;\T - 5\xl <C {@ITIIU — il g0y + e T fa a||L2(Q>] :
1
with 0 = #. Finally, taking T > max(Tb1, 1), where Th; € R verifies e 0721 = %, provides the first
1

inequality (44).

Now, we shall focus on the second inequality. Let

1 /[ a a
CZ* T = .
a )\1 )\1



Multiplying again the equation (43) by ((z)u(x,T), and integrating over €2, we obtain

_% /Q au(-, T)Vu(-,T) - V(?dx — /QCQBWU(HTNQUZ"E + /F aC®u(-, T)Oyu(-, T)ds(x)

~ [ aiv

V(u(,T) - ﬂ(,T)))Cu(,T)dx + /Q(fl,(,T) - u(,T))Cu(,T)dx

1 1 3. ul - X
+/Q (5\1F(a;~,T)—§ F(a; ,T)>C (- T)d

1

3’1)‘ e

Integrating by parts the first term on the left hand side, leads to

_ 1 1 <
<C [Ilu ~ e+l - ~[F(a: S Dlle2@) + =IF@; - T) = F(3; -,T)Im(m] Ju(, D)Lz €l 2 (@)

Since the third term on the left side is positive for T' > T1, we deduce from inequalities (47), (57), (2

2 1 2 2 2
/C T)0pu(-, dx+§/QC a|Vu(-,T)] dx—/FaC u(-, T)Opu(-, T)ds(x)

I S A1

following estimate

(48)

<C

On the

77/ Cu(-, T)0ul-, )dx+%/ﬂ(2a\Vu(.7T)|2dx

5 1
[ — @l g2y + e 27 <|A -
A1

other hand, we have

oo oo
ullF2q) = Z Aoe T Prug|| 2y < 72N T Z )\%672(/\'“71)||U0H%2(Q)-
k=1 k=1

We deduce from inequalities (57)

(49)

Since 1

a &

(50)

Combining inequalities (31), (32), (33), (48), (49), and (50

for T > Ty

Proposition 3.4. Let a € A, and ¢1 be the first eigenfunction of L.

lullL2) < Ce_XIT, vT > 1.
> L we have
ay
a
ICll2@) < Cll— — =
PSRN

= maX(Tl, Tgl).

constant C' > 0 depending only on £, A,n, and Q0 such that

(51)

$1(z) + 1o, (@)[Vor(2)* > €, Ve e,

Proof. Since € €]0,¢¢[, inequality (39) in Proposition 3.2 implies

(52)

IVoi(z)] > Co, Yz € Q..

Combining (52) with inequality (56) provides the wanted estimate.

1 -
Tl +[la— a||L2(Q)>] lu(-, T) L2 llCl L2y, YT > Th.
1

13

4), the

), we finally obtain the second inequality (45)

O

Then for e €]0,e¢], there exists a



14 FAOUZI TRIKI

Back to the proof of Theorem 1.1. Fixing ¢ = %, we deduce from Propositions 3.3 and 3.4 the following
estimate

(53) o=
A Mz
U ~(a—A)T 5 LI
<Cle u—allgae) +e 2 | la=dlle + = — =l ||,
)\1 >\1
forall T > T5.
We further assume that T' > T5. By a simple calculation, we get
1 : a 1 1
~ a a ~
(f\/ |a—a|2d:r> < 0= + | — =|llallz2)-
A 79 M Ml L
We deduce from inequalities (57), the following estimate
- a a 1 1
(54) la=allr2) < Clll=—= —— =
A Xl 1M &
Combining estimates (54), (53), and (44), yields
(55) la—alr2 < C PlTllu — il| g2y + e~ P2 la - élle(Q)} :

The gap condition (36) gives

(1-Ce " Mla=idlre@ < CeMTflu—ilL2 o
with 6 = #. Finally, taking 7' > max (T3, T3), where T3 € R verifies e 75 = %, provides the main
1

estimate (4) of Theorem 1.1.

APPENDIX A.
We recall some known properties of the eigenelements of the unbounded operator L,.
Lemma A.1. The eigenvalue \; is simple, and has a strictly positive eigenfunction ¢; € C1(€2).

Proof. The proof can be found in many references [18,19]. Since it is too short and for the sake of complete-
ness we give it here.

We can recover the second result by using the Min-max principle. It is well known that the smallest
eigenvalue \; is the minimizer of the Rayleigh quotient [19]
_ Jo alVo|*dax

veH (O\(0}  Jq |¢[Pdx
Since ¢1 € H(Q) we also have |¢1| € H'(Q) and V|¢p1| = sign(¢1)Ve1, we see that |¢1| and ¢; has the
similar Rayleigh quotient. Therefore, |¢1] is also a minimizer of the Rayleigh quotient and, therefore, an
eigenfunction associated to A;. By Harnack inequality for elliptic operators, |¢1| does not vanish in Q. Since

two functions having contant signs can not be orthogonal in L2(£2), Ay is simple. We also deduce from elliptic
regularity that ¢; is C*(Q). O

At

The proof of the lower bound in the following Lemma can be found in Proposition 2.1 and Lemma 2.1
in [7] or Lemma 4.6.1 in [13]. The upper bound can be derived easily using a Harnack inequality inside €2,
and the regularity of both I" and the first eigenfunction ¢; near the boundary.
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Lemma A.2. Let a € A, and ¢, be the first eigenfunction of Ly. Then there exists a constant C' € (0,1)
that depends only on A,n and ) such that

1
(56) Edg(x) > ¢1(x) > Cda(x) Yz € Q; —0,p1(x) > C vz eT.
The proof of the following lemma based on the Min-max principle is forward.

Lemma A.3. Let a € A, and let \i, k € N*, be the increasing eigenvalues of Ly. Then
(57) A<M <agA,  VEeN,
where )\2, k € N*, are the increasing Dirichlet eigenvalues of the Laplacian —A in ).

The proof of the following lemma is based on the analysis of the rate of decay of the heat kernel, and can
be found in (Corollary 4.6.3 of [13]).

Lemma A.4. Let a € A, and let \g, k € N*, be the increasing eigenvalues of Ly, and ¢, k € N*, be
corresponding orthonormal sequence of eigenfunctions. Then there exists a constant C' > 0 depending on
A,n and  such that

(58) 6u(@)] < CAZ g1 (2), Ve e, keN
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