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SEMICLASSICAL SPECTRAL GAPS OF THE 3D NEUMANN
LAPLACIAN WITH CONSTANT MAGNETIC FIELD

FREDERIC HERAU AND NICOLAS RAYMOND

ABSTRACT. This article deals with the spectral analysis of the semiclassical Neumann mag-
netic Laplacian on a smooth bounded domain in dimension three. When the magnetic field
is constant and in the semiclassical limit, we establish a four-term asymptotic expansion of
the low-lying eigenvalues, involving a geometric quantity along the apparent contour of € in
the direction of the field. In particular, we prove that they are simple.

1. INTRODUCTION
In this article,  C R? is a smooth, bounded, connected, and open set. We consider
L, = (—ihV — A)?
with domain
Dom(.%,) = {v € H(Q) : (=ihV — A)*p € L*(Q),n - (—ihV — A)y =0 on 90} .

Here, n denotes the outward pointing normal to the boundary, and A : Q — R? is a smooth
vector potential generating a constant magnetic field

VxA=B=e;.

The operator .2, is self-adjoint with compact resolvent. We denote by (\,,(-Z%))n>1 the non-
decreasing sequence of its eigenvalues and by 2, its associated closed form on H'().

The aim of this article is to describe the eigenvalues in the semiclassical limit A — 0. The
problem of estimating the eigenvalues of magnetic Schréodinger operators has a long story told
in the books |7] and [17]. In the next section, we recall a fundamental result directly related
to this article.

1.1. On the Helffer-Morame’s results. In [13, Theorem 4.4], Helffer and Morame have
established that

A1(h) = ©oh +o(h), (1.1)
with ©g € (0,1) defined as
O = IgleiﬂglM?G(ﬁ) ) (1.2)

where p89(€) is the smallest eigenvalue of the de Gennes operator with parameter &. This
operator is defined for all ¢ € R as the Neumann realization of the differential operator acting
on L*(R,) as

he = —0; + (£ —1)*.
It is known that pd¢ is real analytic and that is has a unique minimum, which is non-

degenerate, attained at & > 0 and not attained at infinity (see |7, Section 3.2|, [17, Section
1
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2.4] or the original reference [4]). We let

o = (M?G)H (o)
2
In (1.1), we see that the main term ©yh does not involve the shape of Q. In fact, Helffer
and Morame also investigated the effect of the curvature of the boundary on the spectral
asymptotics under the following assumption.

Assumption 1.1. The subset ' := {z € 0Q : B(x)-n(z) = 0} is a smooth closed submanifold
of dimension one of 0. Moreover, the function 02 5 x — B(x) - n(z) = ng(z) vanishes
linearly on T.

> 0.

It will be convenient to parametrize I' by arc-length thanks to v : [0,2L) 5 s — ~(s) € T,
where L is the half-length of I', and to define adapated coordinates near I' thanks to the
geodesic distance (inside 092) to I" denoted by r (r is chosen so that n(y(r,s)) - e > 0 when
r < 0 for orientation reasons, see Figure 1). In terms of the variable r, we have (9,n3), < 0
for all z € T.

Remark 1.2. When €2 is strictly convex, Assumption 1.1 is satisfied.

FIGURE 1. Local geometry near I'; the dashed curve is a geodesic inside 02

It will also be important to describe the relative variation of the magnetic field in the
tangent plane to the boundary attached the points of I'. Note that, due to our choice of
adapted coordinates, we will see that |057(0, s)| = |0,7(r,s)| = 1.
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Definition 1.3. We consider the function s +— ¢(s) such that
cos ¢(s) = (e3,0,7(0,5)),  sing(s) = (e3, 9:7(0,5)) -

Moreover, we let

with
B(s) = apsin? (s) + cos?é(s)  and  B(s) = —Oma(1(s))
Remark 1.4. Note that ¢ = 0 corresponds to the case when I lies in a plane orthogonal to

e3. For instance, it happens in the case of an ellipsoid. In this case, K is minimal where [,
the transverse curvature to I', is minimal.

It turns out that the influence of the shape of the boundary appears in the second order

term of the asymptotic expansion of A;(h). This term involves the Montgomery operator,
acting on L?*(R), defined for all £ € R by

[2] _ 2
[2

The lowest eigenvalue of [52] is denoted by u[12] (£). It is known that p; Ihas a unique minimum,
which is non-degenerate, not attained at infinity (see [10] or even the generalization [9]). We
let
6 — min u? ()
o = min /" (¢)

Helffer and Morame obtained the following remarkable theorem in [14, Theorem 1.2].
Theorem 1.5 ([14]). Under Assumption 1.1, we have
A (h) = Ooh + Kpmin®Zhs + o(h3).

Fournais and Persson-Sundqvist have also established a four-term asymptotic expansion
when € is a ball, see [8, Theorem 1.1]. In their situation, the crucial term, which determines
the monotonicity of the eigenvalue with respect to h, is of order hZ.

1.2. Main result: asymptotic simplicity. Let us now describe our main result. It requires
the following genericity assumption.

Assumption 1.6. The function K has a unique minimum, which is non-degenerate.

We let )
alo
b(s,0) = K(s)pl?! | —2——
| C\EE)38()5)
and we notice that b' has a unique minimum, which is non-degenerate. It is attained at a
point (Smin; Omin), and we let bL. = b'' (s, Omin). Note that L. = Kmin(%?] and that sy,
is the point where the minimum of K is reached and

o E% (Smin)ﬁé (Smin) 2]
0 .

min 1

3
ap

The main result of this paper is the following theorem, extending to the order o(h%) the result
of Helffer and Morame in [14] and revealing the spectral gap.
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Theorem 1.7. Under Assumptions 1.1 and 1.6, there exist dy,d; € R such that the following
holds. Letn > 1. We have

1
An(h) = Ooh + Kpnin®OP ht + doh? + (d1 + (n - 5) \/det Hess(smim(,mm)br) hi + o(hi).

Let us make some comments and remarks on this theorem.

Remark 1.8.

i) Theorem 1.7 establishes that the low-lying eigenvalues are simple when h is small enough,
and that the spectral gap is of order h3. We can also notice the presence of the term of
order h3.

ii) Not only Theorem 1.7 is a more accurate description of the spectrum than the one recalled
in Theorem 1.5, but the spirit of its proof is also of a different nature. As we explain in
Section 1.3 below, our method strongly relies on microlocal analysis and projects a new
light on the Helffer-Morame’s results.

iii) Actually, our strategy does not only provide us with a four-term asymptotics and it can
also be used to establish a full asymptotic expansion in powers of hs. We can even see
that, up to a local change of gauge near s,;,, the n-th normalized eigenfunction looks
like, in the (7, s, t) coordinates,

g, (™2 t)u(h™57)wn(h™5 (s — Smin))

[

where
— Ug, is the positive normalized eigenfunction of by,
E |
633 .
— o(r) = u,pm (—60 613(3“‘"‘)7“) where u
60 Ag(smin)
2]

the Montgomery operator b[g[Q]a
0

L2 is the first normalized positive eigenfunction of
0

K (sumin) (15" (&5
iv) The analogous of Theorem 1.7 in two dimensions has been established by Fournais and
Helffer in [6, Theorem 1.1|, and it was a strong extension of [12, Section 10| in the case
of constant magnetic fields.

1
7 X 4
— wy(s) = H, [ K" (3min) ] s), where H,, is the n-th Hermite function.

1.3. Organization and strategy. Section 2 is devoted to recall why the eigenfunctions
associated with the low-lying eigenvalues are localized near I', see Propositions 2.5 and 2.1.
In Section 3.2, we write the magnetic Laplacian in appropriate tubular coordinates near I'.
Once this is done, we prove in Section 3.4 that the eigenfunctions are exponentially localized
near I' at a scale of order h3. This fact is a novelty with respect to the results in [14]
where such a decay of the eigenfunctions does not appear. For that purpose, we have to
combine several arguments. We start with a partition of the unity and Taylor expansions of
the metric and the magnetic potential (up to a local change of gauge) near I'. This reveals
the role of a model operator given by the quadratic form in (3.22). This operator cannot
be analyzed anymore only with our space partition of unity. Up to a convenient rotation
involving the geometric angles of the magnetic field with respect to the boundary, we get
a new quadratic form (3.25), which can be analyzed thanks to a partial Fourier transform
exhibiting the role of the de Gennes operator. A microlocal partition of the unity is then
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used to relate (3.25) with a differential operator in two dimensions. This operator belongs
to the class of Montgomery operators, which was studied in [1]. At this stage, a simple
commutator estimate is done and the localization with respect to » — the distance to I' — is
established. This new and optimal localization allows to expand the vector potential and to
neglect various terms smaller than the announced order of magnitude of the spectral gap, see
Proposition 4.3. The operator, called .Z™, is then rescaled in ¢ (at the scale h2) and in r (at
the scale hé). This natural rescaling gives a new operator j,{“ that invites us to consider the

effective semiclassical parameter h = hé. Tt also turns out that it is convenient to introduce
the auxiliary parameter u = A% and to transform, for instance, the formal subprincipal term
hﬁ(s)% into a principal-type term 2 6(5)%. In (4.8), 2™ is seen as a pseudo-differential
operator with operator symbol, whose principal symbol is given in (4.9).

There, we describe the subprincipal term (involving the A? terms) and notice a remarkable
algebraic/geometric cancellation (Lemma 4.5), which will play an important role. Unfortu-
nately, but not surprisingly, our pseudo-differential operator does not belong to a reasonable
class to perform a microlocal dimensional reduction. For this reason, we establish a rough
microlocalization result for the eigenfunctions by explaining why they are bounded in p and
puo (p and o being the dual variables of r and s), see Section 4.4. By suitably truncating
quantities in the phase space, we are then led to study only operators with bounded %
symbols as well as their derivatives.

Section 5 is where the Grushin-Sjostrand machinery comes into play. Our strategy is
inspired by our study of the magnetic tunnelling effect in [2]. There we used an adapation
of a microlocal dimensional reduction method originally developped by Martinez [16] (and
inspired by the Sjostrand’s works) and improved by Keraval in [15]. In Section 5, we use this
method two times. First, we introduce the Grushin matrix of the operator symbol (5.1). We
construct an approximate inverse/parametrix (5.3) and describe its "Schur complement" in
Proposition 5.1. This reveals a first effective pseudo-differential operator Opgva%ff given by
(5.4), which describes the spectrum of the initial operator, see Proposition 5.2. The rest of the

paper is devoted to the spectral analysis of Opgva‘,iff. The principal symbol looks essentially
like

pa(r, s, p,0) = ui (& + psing — peos ¢) + (peos ¢ + psin )?
with

2
(o), B =Zaluo) — 1u3B(s)5

[1]

ﬁ:

for suitable localization functions Z; and =5. When considered as a function of p and p, u; has
a unique minimim at (5, p) = (0, 0), which is non-degenerate. This induces a microlocalization
of the eigenfunctions near (p, p) = (0,0) (see Proposition 5.3) and allows to expand the symbol
at a convient order N, giving (5.7). The aim is then to analyse the spectrum of Op}f/agffN. In
Lemma 5.9, we prove that the eigenfunctions are microlocalized. More precisely, we show that
they are localized where ko is bounded. This allows us to replace Z3(h*c) by h=y(ho). We
are then reduced to the spectral analysis of an h-pseudo-differential operator whose principal

symbol is

2

0 = 5 (1) (€) (psing — hpeos 6) + (peosg + hpsing)? . = Za(ho) — B(s)’5
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We can see this new operator as a 1-pseudo-diffferential operator with respect to r, whose
principal symbol is
1 : . .
bo(r, ,,0) = 3 (1% (€) (psin 6 — cos 6)° + (peos + psin ),

where we recall that p{¢ is the lowest eigenvalue of the de Gennes operator. This suggests
to introduce the final semiclassical parameter ¢ = h?, and to study an e-pseudo-differential
operator (with a symbol expanded in powers of 5%) whose principal symbol is

1 r2

o = 5(H°) () (psin 6 — peos 9)* + (peos o + psing)?, p=Za(0) = ls).

For fixed (s, o), this is essentially the symbol of a Montgomery operator, up to a convenient
rescaling, as explained in Section 5.5. This principal operator symbol is the first stone of
a second Grushin reduction. We reduce the spectral analysis to the one of an e-pseudo-
differential operator in one dimension. Its principal symbol is

b (s,0) = K(s [12} ﬂ).
(5,0) = K(s)n <E<3>35<s>3

Section 5.6 is devoted to the analysis of this final operator.

2. A FIRST REDUCTION TO A NEIGHBORHOOD OF I’

This section is devoted to recall a result of rough localization of the eigenfunctions near
the set I'. We give the precise statement and some consequences just below and postpone the
proof to Section 2.1. In the following, we consider

Qs = {z € Q : dist(x,00) < §},
for 6 > 0, a suitable neighborhood of 0f).
Proposition 2.1. There ezist 69 > 0, C' > 0, a > 0 and hy > 0 such that, for all h € (0, hy),
5 € (0,80) and all eigenpairs (A, ¢) with A < Ogh + Ch3, we have
[ ety w)pds < oy,
Qs

Proposition 2.1 has the following straightforward consequence. Let us consider the tubular

neighborhood of I' given by
951752 = le N F52 , F(;Q = {l’ €0 dist(x,F) < 52},

with §; = hz~" and 0y = hi~" for some n e (0, }L) We denote by .}, 5, 5, the realization of
(—thV — A)? on L*(Qs, 5,) with Neumann condition on 9Q N Qs, 5, and Dirichlet condition
on 951752 \89

Proposition 2.2. For alln > 1, we have
Mi(Lsi6,) — Ce™ " < A(L) < A(Lhsy ) -

Remark 2.3. Up to a slight modification of (25, 5,, we may assume that {15 s, is smooth to
avoid regularity problems near the "corners" of {25, 5,.
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2.1. First localization near the boundary. The following three results are well-known,
see [11, Theorems 2.1 & 3.1].

Lemma 2.4. For all ¢ € H}(Q) and for all h > 0,

Qmm>émw%m

Lemma 2.4 and the fact that ©y < 1 imply that the eigenfunctions are exponentially
localized near the boundary at a scale hz.

Proposition 2.5. Consider a € (0,4/1 —0q). There exist C,hy > 0 such that, for all
h € (0,hg), and all eigenpairs (X, ) suh that A < Oph + o(h), we have

20 4(2:00)
[0 e < clf?
Q

Let 7 € (0, 3), and consider § = h2=". We consider %, s = (—ihV — A)? the operator with
magnetic Neumann condition on 92 and Dirichlet condition on 9€s \ 992. We have then the
following direct consequence.

Proposition 2.6.
)\n(gh,6> - Ce_Ch_n < An(agh,é) < An(ogh) .

This implies that we can focus on the spectral analysis of %}, 5.

2.2. Rough localization near I". We can now explain why the eigenfunctions are localized
near I as stated in Proposition 2.1. This deserves some geometric preliminaries.

Definition 2.7. For § small enough, and for all z € €5, we can consider the projection p(x)
0%} of = defined by

min dist(z,y) = |z — p(z)].

We also define 0(x) in [~7, 7] the oriented angle (see Figure 2.2) between B(p(x)) and the
tangent plane to 02 at p(z) by

B(p(z)) - n(p(z)) = sin(6(x)) .

Remark 2.8. Note that 6(p(z)) = 6O(x) for all z € Qs and that I' is then defined by
{z € 00 : 6(z) = 0}.

When we consider a small neighborhood of a point zy in 9€), we guess that the magnetic
Laplacian acts as the magnetic Neumann Laplacian on a half-space with constant magnetic
field B(xg) of associated oriented angle 6(xq). This model operator has been studied in [13]
and it is known that its spectrum is [s(6(z¢)), +0o[, where s : [-=7, 7] — [Oy, 1] is a continuous
and even function, strictly increasing (and also analytic) on (0, 7) and satisfying
s(0) > ©g + cmin(1,0]) . (2.1)

for some ¢ > 0 and where we recall that ©y was defined in (1.2).

In the "non-flat" case, the following proposition is then established in |7, Proposition 9.1.2
& Theorem 9.4.3|. For completeness, we recall the proof in Appendix A (by using the tubular
coordinates described in Section 3.1). Here 2, 5 denotes the quadratic form associated with

L.
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FIGURE 2. The angle 0(x)

Proposition 2.9 ([7]). There ezist C, hy > such that for all h € (0, hy) and all ¢ in the form
domain of 245, we have

YlI?.

2,5(0) > / h(0(2)) () 2z — Ch

Qs

An important consequence of Proposition 2.9 is the rough localization of the first eigen-
functions near I' stated in Proposition 2.1.

Proof of Proposition 2.1. For x € Qs with § small, we let p(z) = dist(p(x),T"). Let us consider
(A, 7)) an eigenpair of .}, 5 with A < ©gh + Chs. A computation gives

(@) = N[ MG @2k e g,
so that, using Proposition 2.9,

/ (ns(0(x)) — Cht = a2h3 V(@) — A) 2@/ |42 2 < 0.
Qs
Thus,
/ (s(6(2)) — 80 — Ch ) @ |y 2z < 0.
Qs

By using Assumption 1.1, 92 3 x — B-n(x) vanishes linearly on I' and thus, for some ¢q > 0,
|0(z)] = 10(p(x))| = cop().
By (2.1), for some other ¢; > 0 we get 5(6(z)) > ©g + c1p(x) so that

/Q <go(x)/hi — (]) 620‘90(56)/11% l(2)|2dz < 0.

The conclusion of the proposition easily follows by splitting the previous integral into two

parts, considering the set {x € Qs :p(x)/ hi > 2C } and its complementary. O
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3. AN OPTIMAL LOCALIZATION NEAR I

Thanks to Proposition 2.2, we can focus on the spectral analysis of .}, 5, 5,. Near I', we
can use adapted coordinates (r,s,t) based on the geodesics of 92 where we recall that r is
the geodesic distance to I' in dQ and ¢ = dist(p(z),x) for z € 5. Such coordinates are
precisely described in Section 3.1 where the considerations of [14] are slightly revisited. In
Section 3.2, we reformulate our magnetic problem in these coordinates and rewrite it using a
nice and suitable gauge transformation in Section 3.3. Using these preparations, Section 3.4
is then devoted to prove Proposition 3.9, which tells that the eigenfunctions of %} 5, 5, are

exponentially localized with respect to r at the scale hs (and not only at the rough scale hi
as shown in the previous section).

3.1. Coordinates near I'. In this section we build rigourously a new chart of coordinates
near [ and give some geometric properties.

3.1.1. Geodesic coordinates near I" in 0S2. Let us first consider the parametrization s — v(s)
of I' by arc length. Let us explain how to push it by the geodesic flow on 9€2. In the case of
a surface embedded in R3, this can be done quite elementarily and we recall it now.

Denoting by K the second fundamental form of 0f) associated to the Weingarten map
defined by

VU,V € T,0Q0, K. (U, V)= (dn,(U),V),
we can consider the ODE with parameter s and unknown 7 +— ~(r, )
07(r,s) = —K(0,7(r, 5),0,7(r, 8))n(y(r, )
with initial conditions
7(0,8) =7(s),  97(0,5) =~(s)",
where L is understood in the tangent space and so that (9,7, ds7y,n) is a direct orthonormal

basis. This ODE has a unique smooth solution (—a,a) x [0, L[> (r,s) — ~(r, s) where a > 0
is chosen small enough.

Lemma 3.1. v is valued in OS.
Proof. We first notice that
9,(0ry,n) = =K (0,7,0,7) + (dn(9,7),0,7) = 0.
Thus, by using the initial condition, 0,y € T,,0€2. Now, consider
0r{0sy,m) = (0,057, m) + (057, dn(9,7)) = —(0,y, dn(957)) + (0, dn(dry)) =0,

where we used 0,7 € T,0) and the symmetry of the Weingarten map. Using the initial
condition, we see that 0,y € T,052. O

Lemma 3.2. We have |0,7(r,s)| = 1 and (0,7, 0sy) = 0.

Proof. We have

<a1%’77 aT’y) = O )
and thus r — |0,7(r, s)| is constant and equals 1 (due to the normalization of the initial
condition). This also implies that

(0507, 07) = 0.
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We deduce that
0 {0y, 057) =0,

and the conclusion follows by considering the initial condition. [

These considerations show that (r,s) — ~(r,s) is a local chart in 902 near I for which I"
is given by {(r,s) : r = 0}. This chart also allows us to easily identify geometric quantities.
We directly get the following lemma.

Lemma 3.3. In this chart, the first fundamental form on OS2 is given by the matriz

109 = (5 eg) o) = 0P,

Note that on I' some simplifications occurs. Recalling that the geodesic curvature ry(s)
and normal curvature k,(s) for I' are defined at a point v(s) = (0, s) by

0:7(5) = =y (5)057(s) x n(7(s)) + rn(s)n(7(s))
we get the following.

Lemma 3.4. For all s € [0,2L], we have a(0,s) = 1 and dsa(0,s) = 0. Moreover we have
0,a(0,8) = —2k,4(s).

Proof. The first two equalities come from |057(0, s)| = 1. The last one follows from
Bra(r,5) = 200,001, ), 07(r, 5)) = —20,1(1r,5), (1, )
Thus, when r =0
0ra(0,5) = 2K4(5)(0,7(s,0),057(s,0) x n(v(s,0)) = —2K4(s) .
0J

3.1.2. Coordinates near I' in §2s. In this section, we choose § sufficiently small and consider
the local chart of the boundary (r,s) — 7(r,s) defined globally near I'. We consider the
associated tubular coordinates

y=(r,s,t)— O(r,s,t) =7(s,t) —tn(y(s,t)) = x.

The map @ is a smooth (global in a neighborhood of I') diffeomorphism from {¢t = 0} to 0f2.
The differential of ® can be written as

d®, = [(Id — tdn)(9,7), (Id — tdn)(dy7), —n], (3.1)

and the Euclidean metrics becomes

G = (dP)Tdd — (g (1)) , (3.2)

with the following extended definition of ¢

o 5.) = ( [(1d — tdn)(9,7)|? ((Id — tdn)(8,7), (1d — tdn)@w»)
o (1 — tdn)(9,7), (1d — tdn)(,7)) 1(1d — tdn)(8,7)|2

We recover on {t = 0} the matrix g(r,s) = g(r,s,0) of the first fundamental form of 99 as
defined in Lemma 3.3.
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3.2. Magnetic Laplacian in the new coordinates. In this section, we give the new
expression of the magnetic Laplacian in the coordinates defined in the preceding section
and exhibit an adapted change of gauge. This expression will be of crucial help for proving
the refined localization in Section 3.4.

3.2.1. The magnetic form in tubular coordinates. We consider the 1-form

3
U:A'dl’:ZAgd(L’g.
(=1

Its exterior derivative is the magnetic 2-form
w=do = Z (8kAg - agAk)dIk AN d[L’g s
1<k<l<3
which can also be written as
w = Bgd.ﬁEl A\ dl’g — BQdLCl VAN dxg + Bldl'g A d.Z'g .
Note also that
YU,V eR®, w(UV)=[UV,B]=(UxV,B).

Let us now consider the effect of the change of variables ®(y) = . We have

g = 23: Ajdy;, A= (d®)ToAod, (3.3)
j=1
and i
*'w = Pd*do = d(P*0) =[-,,V X A].
This also gives that, for all U,V € R3,
[d®(U),d®(V),B] = [U,V,V x A], or detd®[.,-,dd " }(B)] =[-,-,V x A],
so that,

V x A = (det d®) dd~}(B).
Note then that using (3.2) we get
g 2V x A = B. (3.4)
The coordinates of vector (By, By, Bs) of B(y) = d®, ' (B(x)) correspond then to the coordi-
nates of B(y) in the image of the canonical basis by d®,. Note that until now, computations
were valid for a wider class of change of variables than the one built in Section 3.1. Let us
now focus on this case when y = (1, s,t) — ®(r,s,t) = y(s,t) — tn(y(s, 1)) = x.
We get that
B =e; = d®(B) = By(Id — tdn)(0,7) + Bz(Id — tdn)(dsy) — Bsn, (3.5)
so that, on the boundary {(r,s,0)} (near I') we have
e3 = B0,y + B20sy — Bsn

and in particular
Bf(r, 5,0) + a(r, S)Bg(r, s,0) + Bg(r, 5,0)=1. (3.6)
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When we are on I' = {(0,5,0)}, we can describe how the magnetic field is tangent to the
boundary, depending on the curvilinear coordinate s and since ej is orthogonal to n(0, s, 0)
we have
es = B1(0,s,0)0,7(0,s) + Bs(0, s,0)057(0, s) . (3.7)
By Lemma 3.2
B1(0,s,0) = (e3,0,7), B5(0,s,0) = (e3, ds) .

and the following degeneracy result holds.
Lemma 3.5. We have 0,83(r,s,0) = 0.
Proof. Taking the derivative with respect to t of (3.5), we get, when t = 0,
Bidn(0,7) + Badn(0sy) = 0:10,7 + 0;B20sy + 0:B3n.
Thus, 0,B5(r, s,0) = 0. O

For further use let us eventually give also the expressions of the coordinates of B(r,s,0)
with respect to the angles ¢(s) defined in Definition 1.3 and 6(z) defined in Definition 2.7.
The natural extension of their definition as functions of (r,s) for any y = (r,s,0) of the
(image of ) the boundary is the following, and is linked to the normalization property (3.6).
Definition 3.6. We consider ¢(r,s) € (=, 7) and 0(r,s) € (=75, %) the angles defined by

Bi(r,s,0) = cos ¢(r, s) cosO(r, s), a%(r, $)Ba(r, s,0) = sin ¢(r, s) cosO(r, s),
Bs(r,s,0) = sin(r, s)

Note that this definition is consistent with Definitions 1.3 and 2.7 and the associated figures,
possibly after identifying any point x of the boundary with its image in coordinates (r, s, 0).

3.2.2. The magnetic Laplacian in tubular coordinates. Recall that the quadratic form associ-
ated with .2, is given in the original coordinates by

20) = [ |(=inV ~ A)lde, o € (@),

If the support of ¢ is close enough to the boundary, we may express 25, (1) in the local chart
given by ®(y) = z. Letting ¥(y) = 1 o ®(y), we have then

20) = [1G7 iV, = A (<ihT, — Aw)Dlglidy.
In the Hilbert space L2(|g|%dy), the operator locally takes the form

972 (=ihV, — A(y)) - |g|2 G~ (~ihV, — A(y)) . (3.8)

The expression of the operator .7}, 5, 5, in coordinates (7, s,t) of y after transformation of
(3.8) is then

rsiss = 9] 2 (hDy — AD)|g|2 g™ (hDy — A1) + |g] 72 (hDy — As)|g|2 g (hDys — As)
+ 9|72 (hD, — Ay)|g|7g"2(hD, — Ay) + |g|~2 (hD, — Ay)|g|2g'2(hD, — Ay)
+ 19|72 (hDy)|g|2 (hDy), (3.9)
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where the coeflicients can be described as follows
90 5,8)[5 = a(r,9)} +th(r,9)) + O(2), g (r,s,0) = 1+ thy(r,8) + O(2),
g2 (rs,t) = alr,s) "+ tha(r,s) + O(%),  g"(r,s,t) = thia(r,s) + O(t),

where the functions k, k1, k9, and ki5 are smooth.

(3.10)

3.3. A change of gauge. The following proposition provides us with an appropriate gauge
reducing the third coordinate of the vector potential to zero.

Proposition 3.7. There exists a smooth function ¢ = ¢(r,s,t), on (—a,a) x [0,2L) x (0,0),
2L-periodic with respect to s, such that

¢
Al — 010 = / llg|2Ba](r, s, 7)dT,
0

r r t t

Ay~ 0= (f) + / 914 Ba)(p, 5, )dp + / / Oullgl1 By (p, 5, 7)dpdr — / lg* B0, 5,7)dr .
0 0 0 0

AS - a3¢ = Oa

with L being the half-length of T and

1
fl=— ngdsS,
V) 0] Joor

where 0Nt = {x € 9N : n3(x) = n(z) - e3 > 0} and dS is the usual surface measure on OS
induced by the Fuclidean measure in R3.

Proof. Let us recall (3.4). We have
DAy — 03 Ay = |92,
05 A — 01 Ay = |9|%B2;
Oy Ay — DAy = |g|2Bs .
Considering
y(r, s, t) = /t As(r, s, 7)dr,
0
and A = A — Vi), we see that A3 = 0 and that V x A = lg|2B. Thus,
~0545 = |g|2 By,
A1 = |g|2 By,
01 Ay — Do Ay = |g|2Bs .

The second equation provides us with

t
Ay(rys,t) = / g3 Bu(r, 5, 7)dlr + 01 (1, )
0

whereas the last equation gives

AQ(T, Svt) :/ “gléb’fi](pasat)dp—i_/ a214AL1<:07 57t>dp+¢2(87t)7
0 0
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where ¢, and ¢, are smooth functions that are 2L-periodic with respect to s. We get
Aatris.0) = [l Bltp.5.000+ [ [ 0l B1(o,5.mhapan
+ pa(s,t) + /0’" Dap1(p, s)dp.
Considering A = A — Vb, with ¢y(r, s,t) = s 1(p, s)dp, we find that

t
Ay(r,s,1) = / g5 Ba](r, 5, 7)dr,
0

r r t
Ay(r5,1) = / 912 Ba] (o, s, t)dp + / / Bullg1 Ba)(p, 5, 7)dpdr + (s, 1)
0 0 0

and Az = 0. Then, using that V - (|g|2B) = 0 from (3.4), we get
19|28 = —83 Ay = — / 8s[|g]2 B3] (p, s, t)dp — / 311912 Ba)(p, 5, t)dp — Dss(s, 1)
0 0

- / Anllgl Br] (9, 5, t)dp — Dupa(s, )
0

= ~[lgl*B1)(0, 5,1) + [lg|2Bu](r. 5,1) = Dupa(s,1).,
so that
Ospa(s.1) = ~[lg| 2B (0, 5,1)
Thus, there exists a 2L-periodic function s — f(s) = ¢a(s,0) such that

t
1
prlst) = £5) = [ llgl*Bi) 0,5
0
We can now perform a last change of gauge by considering the following 2 L-periodic function

1 2L

() = [ o)~ tde, (=57 [ oo,
We let A = A — Vs = A — V(1h; + 5 + 13) and we have

t
Ailr,s,1) = / 915 Ba)(r. 5, 7)dr
0

V)

Ao(r,s,t) = (f)+ / gl Bsl(p. 5, o+ / ' / Oullgl* Bl (o, 5, 7)dpdr / g5 B0, 5,7)dr,

and /vlg =0.
Notice that
f(S) = A2(07 S, 0) = A2(07 S, 0) = A2<07 S, O) = A(’}/(S)) ’ 7/(5) )
where we used (3.1) and (3.3). This shows that
1 — 1 1
f——/A~d€—— B -ndS=— nsdsS,
D= S AT S T oo™

thanks to the Ostrogradski-Stokes formula and the fact that B = es. O
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Remark 3.8. Thanks to Proposition 3.7, the spectral analysis of .%}, s can be done by assuming
that

t
m:/ﬂW&W@ﬂw,
0
r r t t
Ar%ﬂ+/MW&W@WMﬁ//&mW&W@ﬂwﬁ—/mw&W@ﬂw,
0 0 0 0
1213:0.

In fact, by considering the 2L-periodic functions (e%s)mez, we can even replace (f) by
(f) — h2x. There exists a unique (my, f») € Z x (—5r, 57 ) such that (f) = my, 2 + hf),. Thus,
we assume, as we may, that (f) = hfy.

3.4. Optimal localization near I'. Now comes the most important result of the section:
. . . . . 1
the refined exponential localization of the eigenfunctions near » = 0, at the scale h3, to be
1 . o).
compared to the rough one at scale h1 stated in Proposition 2.1.

Proposition 3.9. For all eigenfunctions ¢ (of Lhs, s,) associated with X < ©gh + C’h%, we
have

1
[ emmis@pds < el
Q51,52
and
1
Qh,51,52(€T/h390> < Ch”(p”2
where 6, = hz " and 09 = hi—n for some n € (0, 11—2)
Proof. We can write
1 1 1 1
Me™ ol = Re (L s,50. €2/ 0) = Drs, (7" ) — h3 € (Vr)g?
Since A < ©ph + C’h%, we get
~ 4 1
Pns1 (1) < (Boh+ Ch3)|[Y]]*, ¢ =e"p. (3.11)

Let us use a (finite) partition of the unity > y ij' = 1 of €5, 5, with balls of size hi. We can
write

D) =D Pnssn () = DY UVXGI =2 D Pns () — Ch0* (3.12)
j j j

where ¢); = x;¢. First notice that for the interior balls, i.e. when supp¢; N9 = 0, we have
D55, (05) = hllgyl. (3.13)

From now on, we can focus on indices such that supp¢; N 9Q # 0 and consider for further
use y; = (r,5;,0) a point in this intersection. We also define €y, 5, the image of {5, 5, by
z—y=(rs,t) and ¥(y) = 1(x). Notice here that for all (r,s,t) € Qs, 5,, we have
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We have then by Taylor expansion

Do) = [ 1gl2(r,5,0(G 7 (r, 5,0)(—ihV, — Ay, (—ihV, — A);)dy
Vs

- 0/ t|(=ihV, — A)y,|dy,
Q51752
which implies that

(14 Ch2 ) Dy s, 6,(1h;) = / 1912 (r,5,00(G ™ (r, 5,0)(—ihV, — Ay, (—ihV, — A);)dy,

Q54,64

and then, using the explicit expression of A (see Remark 3.8) and of |g],

(1 + Ch%_n>°@h,51,52 (¢J

2/ o
o)

61,09

= ~—

() (IR0 2 + 1 (—ihd, — A)di 2 + o™ (=ihd, — Ax)isf?) dy
Since the balls are of radius hé, this yields
(1= Cha) ™ (1 + Cha™") 245, 5, (1)

> /Q o (1RO + (=ihd, = AP + a5 |(=ihd, — Ao} [?) dy,
61,62

N

where o := a(y;). Up to a local change of gauge eliminating (f) (see Remark 3.8) and using
a Taylor expansion at y;, we may write

Ay =gl Bo(y;) + O + r —rjlt + |s — s;1t)
Ay = (r = 1)[lg12B5)(y;) — tl]gl2 Bi](y;) + Ry (r, s) + O(t]s — s;] + 12)
A3 =0,
with
Ri(r,s) = Gy j(r — 15)% + roj(r — 1) (s — ;). (3.14)

Using Definition 3.6, we can write

1 1 1 1
a;Bi(y;) = aj cospjcosty, aFBa(y;) =sing;cost;, fBs(y;) = ajsinb;,

where ¢; = ¢(r;,s;) and 6; = 0(r;, s;), so that
Ay =tsingjcos; + Ot + |r —rylt + |s — s;lt),
Ay = (r— rj)ozj% sinf; — toé cos ¢jcosl; + Rj(r,s) + O(t]s — sj| + t2),
A3 =0.
Using then the standard inequality (a + b)? > (1 — €)a® — e71b? we get, for all ¢ € (0, 1),

(1= ChA) 1+ CHE) Dy s(1) > (1= Qy(5) — Ce™ (R sl + 1#265]2)
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where
1
Q) =af [ (1m0 + |(ihd,  tsin o cost,)uP
Q54,65
+ |(—ihaj_%8s +tcosgjcos; — (r—r;)sinb; — Ozj_%Rj)zMQ)dy. (3.15)
We get, with € = h%,
(1 CR3) i (5) > Q5(05) = € (W32 + B3 1205117
so that using ¢t = @(hz ")
(1+ Ch3) 5,5, (1) 2 Qs(thy) = C (h%Ht@ZjHQ + hl_%_%Ht%HQ) »
and eventually
(1+ Ch3) 23,6, (105) > Qj(1h5) — Chi|[tay]|*. (3.16)
Let us now gather (3.11), (3.12), (3.13), and (3.16). Denoting by J the set of the indices

related to the balls intersecting the boundary and I = C.J the set of indices related to the
balls strictly inside €2, we get

) -
OR3P+ (1 - Ond) ST Qu(0) + - Al < (©oh + ChE) w2,
jeJ JjeJ jel
so that
—Ch3 [t + (1= Ch3) Y Q(uly) + Y hllwyll* < (©oh + Chd)|],
jeJ jel
which, combined with the Agmon estimates with respect to ¢ (see Proposition 2.5), gives
(1= Ch3) Y Qi) + > ks> < (©oh + Cha) |||
JjedJ jer
This can also be written as
> QiW5) + D hllsl* < (Boh + Ch3) [y,
jedJ jel
and, taking ¢ =1 — Oy > 0 and using the partition again, we get
D ehlwlP + Y (Qi(d5) — Qohllvyl*) — Chs [[d4]1%) < 0. (3.17)
jel jet
Let us now look at (); and more precisely at the term involving R; (defined in (3.14)) in

(3.15). Since Bs vanishes linearly on » = 0 and that s is the coordinate along r = 0, we get,
by using the size of (s, 5,, that

Grs,j = 0 (hi*’])
Thus, we can deal with the term ¢, ;(r — 7;)(s — s;) by using the size of the balls:
Qi(y) = (1= h3)QS(ey) = ChTihiha 1 |,

4
=0(h3) since n< %
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where

1

Q) =al [ (1w + |(=ind, ~ tsin s cost,)ol

_1 _1
+ [(—iha; *0s +tcos gjcos O — (1 —1;)sinb; — a; > qrp (1 — rj)2)¢|2>dy. (3.18)
Thus, from (3.17), we get the following improved inequality:
- - -4 -
D chllwsl* + Y Q)W) — Oohljd;||* — Chilvy]|*) < 0. (3.19)
jel jeJ

Let us now have a look at the term Q?(l/;j). To this end, we introduce R > 0 sufficiently
large, and the following splitting

Jo={jeJ:|r;|] <Rh3}, J={jeJ:|r;|>Rhs} (3.20)

depending on the geodesic distance to I' of the point y;. Recall here that the size of the balls
in the partition (;); is independent of R.

The point is to get a convenient lower bound on QY (1;]) depending on j € J. Lemma 3.10,
whose statement and proof are postponed to the end of this section (to avoid interrupting
the proof and help seeing how its gives the conclusion), provides us with such a lower bound.

We first get that for the 5 € J. we have

- - 4.
QY(1hj) — Oohl|v]* = coRhs [y .
Besides, from Lemma 3.10 again, we have, for all j € J,
QJ(W5) = Oohl[vy]* = —Crhs||dy]*.
Taking R large enough, we can then write from (3.19) that

R4 - 5 L4~
> ehllglP+ Cogh? 1517 < Y Crhs )%,

jel jeds jede

using that hs < h. Forgetting the dependence on R in the constants, we get that there is
constant C' such that

S chllbi P+ NI+ D0 1117 < > ClldyIP,

jel JjEJ> JeEJ< jeJg
1
Now since for indices j € J< and the fact that 1) = e™/"* ¢, we get that
i 2
> Clsl* < cligl
jEJg
so that with (3.4) we get

[)* < C” ol -

This proves the (first) Agmon inequality in Proposition 3.9. The second inequality in Propo-
sition 3.9 is a direct consequence of the first one and (3.11).

O
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As we just saw, the proof of Proposition 3.9 will be complete once the following lemma is
established. We keep using the notations of the preceding proof. As we shall see, the proof is
quite delicate and uses many changes of variables, of gauge, as well as commutators in order
to reveal some hidden ellipticity related to model operators.

Lemma 3.10. Let 0 < n < % Then there exists ¢o > 0 such that, for all R sufficiently

large, there exists a constant Cr such that for all 1 smooth and supported in balls of index
Jj € Js, i.e. such that |rj| > Rh3 we have

Q2(¢) — Oohl[||? = cRh3 ||y

Besides for functions supported in balls of index j € J, we have
4
Q5 () — Goh[¥]|* = —~Crhs|l|*.

Proof. With a first rescaling a}/ ’ss s (and keeping the same letter for the variable s as well
as for the domain Qj, 5, after this change), we have Q) = Q?(@ﬁ) with

Q) = [ (1n0F + (=10, — tsin 050,

NI

+ |(—ih0s + t cos ¢jcos0; — (r —r;)sin6; — %(r — rj)2)1ﬁ|2> dy, 2a;= Oéj_ Qrrj -

From the definition of ¢,,; (see (3.14) and above) and Assumption 1.1, we have 9,83 > 0 so
that a; is uniformly positive. This allows the following algebraic simple computation

.2
a; ) a, 1. 2 sin“6;
é(?ﬂ_rj)Q_‘_(r_rj)Slnej:EJ(T_Tj_‘_ajlslnej) - 2ajj :

This suggests the change of variable

F=r—r;+a; sing;. (3.21)

We observe that, there exists ¢ > 0 such that, for all the j such that |r;| > Rh%, we have
|a; " sin6;] > cRh3 .

In particular, since the balls of the partition have common radius hs independent of R, we
get that for R > 0 large enough, on the support of ¢ (or of 1) which has the same scale), we
have )
cRh3

5

This will be of crucial use later. Let us use the translation (3.21) and a local change of gauge
. sin2 9]-

S 2a;

g,
associated to the conjugation with e 7% o remove the constant —%. We get that
J

Qj (W) = QF (v]"),

7] >

with

Q?(wﬂ) = [ <|h8tw|2 + |(—=ih0, — tsin ¢; cos 0;)™ |

Q54,69

+ |(—ih0s + t cos ¢; cos B — %fQ)l/zTrF)dy, (3.22)



20 F. HERAU AND N. RAYMOND

where we keep the notation Q(;M;Q and the measure dy since the new ones have the same
properties as the original ones. In the same spirit, we write from now on r instead of 7.

It appears that the quadratic form Q;Fr can be rewritten with the help of the de Gennes
operator. For exhibiting this property we perform some algebraic transformations. We first
let

P = —ihd,, P, = —ihd,, P, = —ihd, —C;J 2

and we notice that operator IV/;“ associated to the form Q;ﬁ can be written as
L? ‘= P2 + (P, — tsin ¢; cos6;)? + (Py 4 t cos ¢; cos §;)
= P? + P? 4+ P? +t* cos® §; — 2t sin ¢; cos 0; P, + 2t cos ¢; cos 0, P

sin ¢; COS @
P
cos 0, + cos 0;

= P? + P? 4+ P? + cos® 0 ( P> — (sin¢; P, — cos ¢; P;)?

= P} + cos® ¢; P> + sin® ¢; P? + cos ¢; sin ¢;( P, Py + P P,)

+ cos® 0; (t sin g, P+ CoS 9, P >

cos 0; cos 0;

— P? + (cos ¢; Py + sin ¢; P,)? + (t cos ; — sin ¢, P, + cos ¢, P,)°
Let us first assume that sin¢; # 0 and use now the notation p; = —thd;. This allows to
consider a new change of gauge:

iar3 cos d)j iar3 cos qﬁ]

e 505 [(P, — tsing; cos0;)* + (P + t cos ¢, cos 0]-)2} e Ohsng;

T cos r? . 2 _
= (cos Oipr +sin @jps — a5 Fjﬂ ag sin gbj) + (tcos8; — sin ¢;p, + cos ¢jps)2
j
: ar? : >
= | cos ¢;p, + sin p;ps — Ry + (tcos8; — sin ¢;p, + cos p;ps)” .
j

(3.23)
The following change of variables (a rotation) appears naturally
r=ucos¢; +vsing;, s=using; —vcosep;,
so that on the dual side
Oy = €08 ;0. +sin;0,, 0, = sin¢;0, — cos ¢;0s

Using these changes of variable and of gauge, we see that the operator E? is unitarily equiv-
alent to the following operator in variables (¢, u,v):

2
2 ar(u, v)? 5
y— ) tcosl; —py)?
pt+(p 2 sin ¢; T (teosb; = py)

where now r is a function of (u,v). It will be useful to notice for further use that

{a,,, %ﬂg} — —ar(u,v). (3.24)
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which is of absolute value of order at least Rh3 on the support of involved functions. Let us
consider then the associated quadratic form

ar(u,v)?
0= - 55)
sin ¢,
We observe that the last two terms are related to the de Gennes operator. To exhibit it, we
first do a change of variable and introduce a new temporary semiclassical parameter

R R R 1/2
'E: h_lt, 85 == h@t, h = ( h ) )

cos 0;

2
+lpe[I* + | (t cos 05 — po) ¥ (3.25)

which allows to write

_ar(u, v)
sin ¢;
Performing a ﬁ—partial Fourier transform in variable v, and denoting 1& the corresponding
Fourier transform of ¢ in the last two terms gives then

2sin ¢,

02| (- 505 )

Let us consider a quadratic partition of the unity =3 +=2 = 1 such that Z; = 1 near &. Then
from the properties of u{¢, there exists ¢ > 0 such that

19 (§) = o = ¢ ((€ — &)*ER(E) + E5(9)) -

2

+ hcos 0, <||851DH2 + ||t + iﬁ@v)zﬁHQ) :

Q) = | (»- " eost (0P + G - 1P)

so that
2

+ heost; (i (€) v, D) .

It follows that
ar U, v
ar(u, v)* (0
2sin ¢,

— ar(u,v)?
Let us now study P, := p, — 25 6

have the localization formula (see, for instance, |17, Prop. 4.8])

1PN =" (I1P(EY)* = I[Pus XTI + Re (Putb, [P, EX], Z¥10))

Jj=1,2

2

+ By cos O ¢| + chl| (€ = &)Z|* + chl|Zo9]*. (3.26)

. Denoting =}’ the fourier multiplier associated to Zy, we

This gives

Q) — Gohcos O;[|¥[|* = | PEYY|? + chl|(€ — 50)~1¢|’2+ChH 2|2
= > I[P BV = (P, [P EY], EX0).

=12
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From (3.24) we have exact estimates on the commutators, and remembering that the Fourier
transform in v is at the scale h ~ h%, we find

Q) = Oohcos 8[| YI> = |P.E Y| + chl| (€ = &)Ed|® + ch|| )]
—Ch Y (IrE)"dIP + RIED L I? + Ir(E)", EF1I) -

7j=1,2

Using a commutator between r and the derivatives of =) we get that

Q) = Oohcos O, [ YII* = |P.EY | + chl| (€ = &)Zad|)* + ch]| Z]?
— Chllry|* = CR?[[v ],

This mequahty is applied to functions ¢ supported in {|r| < Chi~ "} and thus, for n small
enough (1 < 55 is indeed sufficient), we get

Q) — Oohcos b;[¢|> > | P.ETY? + chll(—ihd, — &)EVYI? + chl|Z5 ][> — Ch3 |||

Using the commutation property (3.24) together with the abstract operator inequality A? +
B? > +i[A, B] applied to the first two terms, we get then

~ —w, | =w —w 4
Q(¥) — Oohcosb;[[¥|* > £Eh(rEYy, E7'¢) + ch||Z5¢|* — Cha |||
Let us now introduce a partition of the unity x2 + x2 = 1 with suppx< C {|r] < & h3}. We

2
get that

Q) — Oohcos 0;|[v||* = ERA3 [\=EV 0 |1* + chl|Z5 0 |)* — Chs [l

Now observe that due to the fact that v is supported in balls of index j € J-, i.e. such that
;] = Rh3 we have for R sufficiently large that

IX<ETYI* < OnhM[9|?, VN €N,
with constants C'y independent of R > 1. This allows to write that
Q) — Oohcosb;[[|* > ERIS|ZYY| + chl[E5¢ll* — Cho|jy .
So for all index j such that sin ¢; # 0, using hs = o(h) and assuming h small enough, we get
4
Q(v) — Oohcosb||v|* > ERR3 v — Ch3 [l
Using that |6;| < Chi™", we get cosf; > 1— Ch2=27 which gives for R large enough

Q(v) = Ooh||Y|* = ERA [ §[|* — C'h [ $[|* > GoRh3 ]|
This gives
QY (¢5) — Oohllvs]1* = G RA3 |52,

for all j € Js, i.e. such that |r;| > Rh3 and such that sin ¢; # 0. The case when sin¢; =0
is easier since we do not need the change of gauge in (3.23) and the rotation procedure, and
we skip the proof. This is the first inequality in Lemma 3.10. The second inequality is much
easier since it does not use the gain provided by (3.24) on indices j € J-, and we also skip
its proof. The proof of Lemma 3.10 is complete. 0
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Remark 3.11. In the coordinates (7, s,t), the localization estimates can be written as follows.
In terms of the eigenfunctions ¢ of %}, 5, 5,, associated with A < ©Oyh + Ch3, we have

/ €2at/h1/2|gp|2d7’d8dt < C'||()0||27
0<t<d1 ,|r|<d2

and
/ 2/ o 2drdsdt < Ollgl?.
0<t<61 ,|r|<d2

4. A NEW OPERATOR NEAR I'

Propositions 2.5 and 3.9 tell us that the eigenfunctions are localized near ¢ = 0 (at the
scale h%) and near r = 0 (at the scale h%). We shall use these two results to perform refined

approximations of operator .%}, 5, s, involving Taylor expansions, as well as other modifications
(change of gauge, inserting cutoff functions, and eventually rescaling). The final result will
be used in Section 5 for solving the eigenvalues problem.

4.1. Taylor expansions and a change of gauge. Enlightened by the localization proper-
ties in Propositions 2.5 and 3.9, we first perform a Taylor expansion of the vector potential
near 7 =t = 0 (i.e., geometrically speaking, near I'). It is given in the following lemma, whose

proof is a straightforward computation using the expression of A in Remark 3.8, where we
recall (f) = hfp.

Lemma 4.1. We have

~ 1 1 1 1
Ai(r,5,1) =[lg1> B2 (0, 5,0)t + 0|91 Bo] (0, 5, 0)rt + 505[lg]> B] (0, 5, 0)2°

1 1
+ §af[|g|582](o, 5,0)r%t + O(|r)’t + |r|t* + %),
and

it 1 ]_ 1
AQ(T7 S, t) :hfh - [lg‘iBl](()? S, O)t - 583[|g|581](07 S, O)tz
1 1 1 1
+ (Ballgl3Ba] + Bullgl* Ba] ) (0,5, 0)rt + 5019 *Bs](0, 5, 0)r

+ 2012 B,)0,5,00° + 3 (98511012 55] + g1 (0,5, 00
+ O+ |rPt + |r|t? + %) .
Therefore, using Definition 3.6,
g12B:)(0,5,0) =sing(s),  [lg|2B:](0,5,0) = cosp(s),  |g]2(0,5,0) = as) = 1
and recalling the notation 1
B(s) = 0i[|g]2Bs)(0, s, 0)

we get, up to some remainders that we shall control later, a model vector potential, polynomial
with respect to (r,t), defined by

Am(r,s.t) = tsin @(s) + uy (s)rt + vy (s)r2t + wi(s)t2
ggl(r, s,t) = hfy, — tcos d(s) + B(s)% + up(8)rt + va(8)r?t + wo(s)t2 +d(s)r®  (4.1)
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where we do not give the exact expression of d(s) and the other terms are defined as follows

ui(s) = Aillgl Bl (0.5,0),  wsls) = (allgl*Bal + illgl3Be] ) (0, 5,0),
vi(s) = 3Rl Bo)(0,5,0),  ws(s) = 3 (9185llg|Bs] + AuallgliBa)) (0,5,0),  (42)
wi(s) = 305[g12B2)(0,,0),  wals) = —34[lg]2 B (0, 5,0).
Note that 8(s) = 0,85(0,s,0) since |g|(0,s,0) = a(0,s) = 1 and B;3(0,s,0) = 0. Recalling
that Bs(r,s,0) = —n(y(r,s)) - es and Assumption 1.1, we get that
B(s) =co>0.

Remark 4.2. When ¢ = 0, 1.e., when I lies in a plane, there is a quite explicit description of
B. Indeed, in this case, e3 = —0,7(0, s) so that

a’/‘(_n ' 83) = dn<87’/>/7 aT’Y) - dn(e?)’ 63) ’

which is positive when 2 is strictly convex. This is nothing but the curvature of 0f) in the
direction of the magnetic field. The place where § is minimal is where the magnetic field is
the most tangent to the boundary.

For reasons that will become clear later, we shall now perform a triple change of gauge.
The first one is associated with the unique 2L-periodic function F' of variable s with

2L
F'(s) = =& cos d(s) + Fy, Fy = 26—2/ cos ¢(s)ds.
0
The second one is associated to the function G(r,s) with
G(r,s) = r&sin¢(s).

These changes will allow us later to center our problem at &,, which is the frequence naturally
associated to the de Gennes operator. Performing a last linear change of gauge associated
with H(s) where

for a suitable m € Z allow us to replace hf;, — Fj by h%h with fh € (—ﬁ, ﬁ) The resulting
operator is then

) 1~ ) i
,,gh = 6_Z(F+G+H)/h2gh,51,52€Z(F+G+H)/h2 (43)

the spectrum of .%;, and of Q;;(;M;Q are of course the same. Remembering (4.1) (see also (3.9)),
we can replace A7 and A" by

A(r, s, t) = (t — héfo) sin ¢(s) + uy (s)rt + vy (s)r?t + wy (s)t?,

and

2
A (r,5,1) = B + (W30 — 1) cos 6(s) + B(s) 5 + ua(s)rt

— h2rd cos ¢ + va(8)r*t + wo ()t + d(s)r® . (4.4)
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4.2. Truncating variables in the right scales. Propositions 2.5 and 3.9 tell us that the
eigenfunctions are localized near t = 0 at the scale hz and near r = 0 at the scale hé.vJointly
with the Taylor approximations, this leads to define the following approximation .Z" (and

the associated quadratic form 2i*) of operator .2, in (4.3) (and therefore %, 5, 5, defined in

(3.9)).

In order to build this operator, we first introduce a smooth cutoff function yo equalling 1
near 0 and remembering (3.10), we also introduce cutoff variables and the weight

P =1rxo(r/h2M) = txo(t/hMN), a(r, s, t) = a7, 8)% + k(7 s)t . (4.5)
Introducing then the new domain of integration
V=Rx[0,20) x R, .
We define then 2" as follows

D (v) = /V ((1+ k1 (7, $)I(hDy = AP)OP + (a7, 8) ™" + ka7, 5))|(hDs — A3)9[?) ady

r

+ / \hDy|Pady + 2Re (thia(hD, — AT, (hRDs — AS)) 12 (ady) + / hV ( .
% 1%

Here, A™ and AY are defined as

) [ Pady

[MS]

1
3

A™(r,5,t) = (t — h2&) sin d(s) + ur (8)FE + v ()72 + wy (s)E2
~ v2 -

A (r,s,t) = hy — (t — h%&)) cos ¢(s) + 5(8)% + ug(s)if — h7i¢ cos ¢
+ va(8)7FH 4 wo (8) 8 + d(s)7  (4.6)

and V is a smooth even non-negative potential equal to 0 in a neighborhood of 0, equal to 1
outside the unit ball and radially increasing. In the following we denote by j,i“ the operator
associated with 2",

Note that we do not put cutoff functions for the terms linear with respect to ¢, since we shall
use later the de Gennes operator in variable t. The presence of V' is essentially artificial. Let
us explain this. By inserting a cutoff function in the term involving § (which is responsible
for the localization with respect to r), we a priori lose the localization of the eigenfunctions of
g,fl with respect to r at the scale h3. That is why we add a confining potential to keep this
localization property. At the end of the analysis, all these cutoff functions will be removed:
we introduce them here only in order to be able to use pseudodifferential tools in convenient
classes of symbols. -

We can now compare the spectra of %}, 5, s,, .,izh and .,?,f‘.

Proposition 4.3. For alln > 1,
ML) = M(Zn) = ML) + o(h3).

Proof. As already noticed, the first equality is a direct consequence of the change of gauge in
(4.3). We only prove a lower bound for A, (%), the lower bound following from quite similar
considerations. Let us consider

&En(h) = span xnjn

1N
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where () is an orthonormal family of eigenfunctions associated with the familly of eigen-
values (\;(-%,)), and where x, = xn(r,t) is a smooth cutoff function supported in {|r| <

h/3=3 N {0 < t < h2~}. By using the Agmon estimates, we see that &y(h) is of dimension
N for h small enough and that, for all ¢ € &y (h),

D) MG, 1y, + O .

1
g2dy)

Since Ay(.%,) = O(h), the Taylor expansion a of |g|2 and Agmon estimates with respect to
t (see Proposition 2.5 or Remark 3.11) allow to replace ||z by a and we get

Zn(¥) < AN (D17 2(aay) + CL P12 aay) (4.7)
Then, by approximating the terms of the metrics (see (3.10)), we get

() = /Q ((1 + tky(r, s))|(hD, — A1)¢|2 + (™t 4 thy(r, s))|(hDs — 1212)1/1|2) ady

+ [ |th1/J‘2ady + 2Re <tk12<h‘DT - 1211)1/1; (h‘DS - AQ)¢>L2(ady) - Ch2H’l/}”%2(ady) .
251,55

By approximating the vector potential (from Lemma 4.1 and noticing that the change of
gauge (4.3) does not affect the error terms), we find that

Gy > [ (R sDBD, = AP + (a7 + thalr, )| (AD. = A7)0F) ady

+ / \hDy|2ady + 2Re (thia(hD, — AP), (hDy — AS)Y) 12(aay)
Q51,89

= CP[9 )1 200y — CN(=ihV = A ([Pt + [l + 50 ]| + [[r*9]]) -
By using the Agmon estimates with respect to r and t (see Remark 3.11), and the fact that
. < 1
[(=thV — A™)|| < Chz[[¢]], we get

2n(¥) > /Q (L4 tha () [(h Dy = AV + (a7 + tha(r,5))|(hD, — A7)0 ) ady

+ / kD [Pady + 2Re (thio(hDy — AP, (hDs = AS)Y) 12 (aay)
Q51,52

11
—Chs ||w||%2(ady) :

Then, we can insert cutoff functions in the coefficients of the metrics and of the vector
potential (up to exponentially small remainders), and we infer that, for all ©» € &y(h),

D) = Ch (¢ aay) < 2n(¥) -
With (4.7), this gives
D) = ChE |19l 72aay) < AN (LY Z2(0ay) -

The min-max theorem implies that

A (L) < A (L) + Cho
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and the lower bounds in the statement follows since h's = o(h%).

The converse inequality of the proposition can be obtained by similar arguments since the
eigenfunctions associated with jﬁn are exponentially localized at the scales hz and h3~"
with respect to t and r, respectively, as could be shown following exactly the same procedure
leading to Remark 3.11. 0J

4.3. A rescaling and first pseudodifferential properties. We can now focus on the
spectral analysis of Z;". Actually, it will be convenient to consider a rescaled version of .Z;".
We let

t=hef, r=~hs#, h=hs, u=Ah,
and we divide the operator by h. This gives a new operator .4; (which will be at the center
of our coming analysis) given by

Ny = a; ' (hD, — A™)apap 1 (hD, — A®) + a7 (uhDy — A®)agapo(uhDy — AR)
+ i DyanDy + V(047) + B0, | (AD, — AP)arkia(R2x0,1, 5) (P, — A7)

4 (hD, — AP yarkus (i, ) (D, — AD)]

where
ap(F, s, t) = oz%(thXhJ, 8) + B3 xn stk (R*7xh, 8)
an1 (7, 8,1) = 1+ B*txnski (B*FXn1, ) ,
ana(7,5,1) = a Y (h¥xna, 8) + BPxnslka(R2FXn1, 8)
and

V)

AR = (f — &) sin ¢(s) + ur(8) A xn1 Xt + h4v1(s)xi71><h,3%2f+ R3wy (8)xnst?

22
o y 1 7 oy y
AR = B3, — (f — &) cos p(s) + MQB(S)X?M? + U (8)Xn1Xn 3R FE — B2Xp17¢ cos ¢
+ 1)2(8)714)(%’1)(;%37\‘25 + w2(s)i’i‘q’xi’?f2 + d(s)h3xi’17\‘3 )

In the lines above, the cutoff functions x;; (at the scale h™") are reminiscent of (4.5) and
the index j refers to the variable (j = 1 corresponds to # and j = 3 to ).

In the following, we drop the breve accents and consider (mostly) u as a parameter. The
operator .45 can be seen as an h-pseudodifferential operator with operator symbol:

= Opy (np) (4.8)

with ny(r, s, p, o) = ng + hny + A’ng + . . ., where the principal symbol is

2

0= D3+ (p = (0= @)sin (o)) + (o + (¢ = ) eosls) — 3irda 3 ) +1() (49)

where Vj,(r) = V(rh?) is the artificial confining potential coming from (4.6) and where we
recall that it can formally be replaced by 0.
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Remark 4.4. Let us explore a little the structure of operator .4; and the reason of the gauge
change introduced in (4.3). We observe that, when y = 0 and V}, replaced by 0, the operator-

valued symbol ng is equal to

D2+ (p — (t — &) sin g(s))” + (£ — &)° cos o(s)
— D? + (¢ — t + psin 6(s))> + p cos? 6(s),

(4.10)

for which the minimum of the spectrum is 0, attained only when p = 0 in virtue of the general
properties of the de Gennes operator recalled below (1.2). This was the main motivation of
the preceding changes of gauge, including the shift by &,, and will be in the core of the coming

analysis.

With Remark 4.4 in mind, we now introduce

7,2

2
so that the principal operator valued symbol ng of .4} takes the form

1
pi=po — p2Bx;

2\ 2
0= D2+ (6o~ )5+ (10 = (60~ Dycoso - ity ) + Vi

= D} 4 (§ — t + psin ¢ — pcos ¢)* + (pcos ¢ + psin ) + Vi, .

The subprincipal symbol is then
ny = O,

and the next term in the expansion is

ny = 2us((€o — t) cos @ — p)xniXnsrt + 2(p — (§ — t) cos §)r¢’ cos ¢

(4.11)

(4.12)

— 2u1 X1 Xn3rt(p + (S0 — t) sin @) + rxp10- () (p — (& — t) cos §)? .

Note that ne can also be written as
Ng = TLh + 77L2 s

with

Ly = —2us(& — 1)*Xn,1Xn,3 €08 ¢ + 2u1Xn,1Xn3(Eo — )’ sin ¢

(4.13)

+ X0 (@) (& — t)? cos® ¢ + (& — t) L1,

with
Lpi = —2xn1¢ cos® ¢ + 280X n1XnaU2 €08 & — 2u1&oXn1Xn3 SN G,
and

Mg = —2rtpusXn1Xns + 2pre cos ¢ + thylar(a—l) (p2 — 2p(& — t) cos gb) — 2U1 X1 Xh,3Ttp .

Looking at the terms involving (£, — t)? and forgetting the cutoff functions, we notice an

algebraic cancellation in Ly.
Lemma 4.5. We have
—2uy cos ¢ + 2uy sin ¢ + cos® ¢ 0.(a) = 0.
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Proof. Recalling (4.2) and Lemma 3.3, we see that
1 1
u; = §Sin¢a7«06+8182, Uy = —§cos¢8ra—8181,

where we also used Lemma 3.4, (3.7) and Definition 1.3. It follows that
—2usy cos ¢ + 2uy sin ¢ + cos® ¢ O, (a™ ) = O, + 2 cos ¢ 1By + 2sin ¢ OBy — cos® ¢ O,
= 2B, 0By + 2By 1By + B3 0,a0 = 0,
where we used (3.6) (and its derivative with respect to r, at r = 0). O

This cancellation will be used in Section 5 when building an approximate parametrix for
. Anyway, a last preparation result is needed in order to be able to use pseudodifferential
techniques. It is the aim of the next section.

4.4. Microlocalization. From (4.12) and recalling Remark 4.4, we notice that the lowest
eigenvalues of .4}, satisfy
The corresponding eigenfunctions are actually microlocalized with respect to p and po. Con-
sider
Myt = Opy (nf),

where nf(r, s, p, o) is obtained by replacing p by =Z;(p) where Z; € S(1) is odd, increasing,
and coincides with the identity near p = 0, and by replacing uo by Z9(uo) where =5 € S(1)
is such that Zy(x) = x on [-M, M] and equals £2M away from a compact set.

Recall here that S(1) is the set of €°° bounded symbols as well as their derivatives. The
functions Z; and =, are also chosen so that, uniformly with respect to s (or ¢(s)), the function

(p, 1) v+ 356 + 1 (p) sin 6 — Za(110) 08 6) + (1 (p) 08 & + S (per) sin 6)?
has still a unique minimum at (0,0), which is non-degenerate and not attained at infinity.

Note this is possible in virtue of the general properties of ud“ recalled below (1.2) and the
fact that

(p, uo) — (psin ¢ — po cos ¢, p cos ¢ + po sin @)
is a rotation and therefore an isometry uniformly with respect to s € I". For the sake of
shortness, we let

T2

~ —_ ~ —_ 1
p=Eilp),  P=Ea(no) —Wﬁxi;E- (4.14)

With this notation, we have
ng(r,s,p,0) = D} + (§ — t + psing — peos ¢)* + (pcos ¢ + psin ¢)* + V.
Proposition 4.6. The low-lying spectra of ;¢ and N} coincide modulo O (h*).

5. PARAMETRIX CONSTRUCTIONS AND SPECTRAL CONSEQUENCES

Thanks to our preparation results, we are now in position to analyze the eigenvalue problem.
We want now to identify the eigenvalues of .4;¢, and for this we shall build an approximate
inverse for an augmented inversible matrix of operator-valued operators. This will be done in
several steps, with two successive Grushin reductions, and will lead us to complete the proof
of Theorem 1.7.
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5.1. Approximate parametrix. We first apply the Grushin procedure to the operator-
valued symbol n¢. We consider z € R such that |z — Oy < Ch?. We let

c_@h = << nﬁ -z .uT’S:p’U> , (51>

" ur,s,p,o>

_ dG . . oL . .
where Uy 50 = Ug’ 5eing-peose 1 the first normalized positive eigenfunction of operator-

valued symbol nf§ defined in Section 4.4. Recall that n§ is an operator in variable ¢ for which
the phase space variables (r, s, p, o) are considered as parameters. With these notations &
is an unbounded operator on L*(R;") x R. We also consider its principal symbol

ng —z Ur s,p,0 Do p+
P, = 0 1850, — 9 0 ’
0 (<7 ur,s,p,a’> 0 ) (pO 0

which is invertible (from its domain to L*(R;") x R) uniformly with parameters thanks to the
preceding section. Its inverse is the bounded operator given by

9, — (ng — z) I+ “Ur,s,p,0 _ (4 q(—)i_
0— _ — - + ’
<'a ur,s,p,a> z H1 (’I", S, P, U) 9 4

:ul(ra S5 05 U) = :u(liG(go + ﬁSil’l ¢ - ﬁCOS ¢) + (ﬁ cos ¢ + ﬁSil’l ¢)2 + Vh ) (52)
and IT* is the orthogonal projection on span(ur,s,p,g)L. By construction, we have

2V 2V =1d + 6(h).

.5 such that, at a formal level, we have

where

We can then find (2;),_, .
(Do + h2) + 022y + W2 23 + W' 2)V 2V =1d + O(h°) (5.3)

where the error term is possibly an unbounded operator in variable ¢ in this first formal
approach. We recall that the Moyal product is given in our setting by

,, = = —
PN = (24exP 2V 0= 0 (y0) 8 (1) — 8@«,5)3(,3,@-

Let us explain how to find 2 and 2,. By using the Moyal product and a formal expansion
in powers of h, 21 and 25 must satisfy the following relations:

1
ng(] +ro@1 + Z{Qo,:@o} - 0,

1 1
QQ@O + 31@1 + Qogag + 2— ({o@l, e@o} + {c@o, c@l}) - §90D2=@0 - 0,

l

where
ADPB = 0,) A0, B = 200,.6) (5,00 A0, 001 B + 0,0 A0y ) B -
We get
2, = — 2,79, — Qii{o%, P0}2,
and

1 1
QQ = —ngzlgo — QO(,@2QO — Z ({Ql, @0} -+ {20, 6@1}) QO + = (QODQL@O) QO .

8
+
2= q_q)
(q q*

We will use the following notation
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and we shall sometimes denote the bottom right component ¢* by 2.. Since the &; are
self-adjoint, so are the 2. In particular,

{20, Z0}2y),. =0.
Since n; = 0, we have &?; = 0. It follows that
¢t =0.

Let us notice that £ and 2, do not Poisson-commute (in the sense that 2,(1* %, = 0 for all
k > 1). However, if u and V}, were replaced by 0, this Poisson-commutation holds. Keeping
this remark in mind and using similar considerations as above, we can write

(];: = (ro@lgogzlc@o)i — (Qogzgc@())i —+ Rh, + pry + ﬁ('[f)
= —(20P:20)+ + Ry + pry + O(1*)
- - <(TLﬁ + ﬁQ)ur,s,p,aa ur,s,p,a> + Ry + wry + ﬁ’(,uz) ,

where we used (4.13) and with R, supported in {|r| = h™"/?} (Rj, comes from the presence
of Vh)
Then, with Lemma 4.5, and the exponential decay of u,, ,, with respect to t, we get

@ = —(xXn1(rL(€o — 1) + 1)U s p.o Urs o) + Ry + pry + 0(p*) + O (1),
where
Ly = —2¢' cos® ¢ + 2Eyus cos ¢ — 2u €y sin @,
and
ng = —2rtpus + 2pre’ cos ¢ + ro, (o) (p* — 2p(& — t) cos @) — 2uirtp.

The terms pry and O(pu?) are in fact phantom terms since 1 = A% they play at most at the
order h*. In what follows, we implicitly include them in the lower order terms.

Proposition 5.1. Defining qi(2) = (2o + h2, + h22y + P23 + h'2,)+ and recalling
|z — O] < Ch?, we have

G (2) = 2 = ma(r, 5, p,0) = B2 (xn1(rLi(&o = ) + 1) rs 0 Urisipo)
+ Py (r,s, p, o) + hlqy.(r, s, p, po) + Ry + O(h),
where the quz belong to S(1) and are analytic with respect to z.
Actually, since we are interested in the z of the form
z=0y+ 0(h?),

this leads to the following effective symbol where we have fixed z = ©q in the &'(h?) terms
and removed the 0'(h*>) and Ry, terms,

a’%ﬁ (Ta S, P, U) = ,U1(’I“, S5 P, 0) +h2 <Xh,1 (TLl (50 _t) +ﬁg)ur,s,p,aa ur,s,p,a> _h3Q§90 - h4Q4:5®0 ) (54)

and where we recall (5.2).
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5.2. Spectral consequences. In this section, we explain how the symbols q,ilt(z) and agff
are related to the spectrum of 4;°.

Proposition 5.2. For alln > 1
Ao (M) = X (O a5") + O(R°) .

Proof. With the choices of 2;, we get, for some integer N,

(0@0 + th + FL2QQ + hdgg + h4°@4)W€@’\iN =1Id+ ﬁL2(<t)th><<C)—>L2(dt)><(C(h5) .
We write

w 2 3 4 Qn QF w

Oph (Qo +h2,+h°25+h Qg + A 34) = Q;: Qf , I = Oph (<',Ur,s,p,o>) .

Thus,

Qn( = 2) + QI Tl =1d + Opayvan 2 (B7), - Qp (M — 2) + Qp Tl = Opa(yvayc(h).
By means of the Calderén-Vaillancourt theorem with respect to the variables (r, s), it follows
that
[4]] < || + Cll (A = 2)¢ll + CR[[{H) |, (5.5)
and
1@y ()| < Cll (A = 2)0ll + CRP () V.
We recall that Q;f = Opgv(q,f) is described in Proposition 5.1. Since we are considering z € R
such that |2 — ©g| < Ch?, we get from Proposition 5.1 again that
1(z = Opy g )W [| < C|[(A = 2)9]| + CR (1) ¢ || + [|Opy” (Rp) T (5.6)

Let us now consider (5.5) and (5.6). Applying (5.6) to an eigenpair (), 1)) with A = O¢+ ' (h?),
we get

I(x = Opy” ai )| < CR (|| + | Opy (Ba) Ly |
From Proposition 4.3, the eigenfunctions of .4;¢ still satisfy Agmon estimates with respect to
t and r. This implies that

|(A = Op a5 Iy || < CR?[[]],

and, with (5.5), we find
(A = Opy ai )Tyl < CR||TT |
Since Iy # 0, the spectral theorem tells us that dist ()\,Sp (Op}f/a%ff)) < OR5. Let us
consider
E,(h) = ker(A7° = Au(R),  Au(R) = A (A7)
We have, for all ¥ € E,(h),
[¥]l < Ol
In particular, dimranll|g, ) = dim £, (). Since, for all ¢ € E,(h),
H(An(h) — Opyaf")IIy|| < CR°|TIY ||,

the spectral theorem implies that there are at least dim E,(h) eigenvalues of Op}’ asT in the
disc D(\,(h),Ch?).

Conversely, we can check that AT(R) := A, (Op} a§) = O+ O(h?). We also observe that
PV Do+ h2 + WP Dy + P25+ 1*2,)Y =1d + O(R°).
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This gives
(M= 2)QF +1IQF = 6(K), TQF =1d+ O().
We get
(A7 = 2)Qi vl < ClQy vl + Cr |l
and then from Proposition 5.1
1(A3F = 2)QF ¥ < Cll(2 = Opy a5 )yl + CB[[]] -
We also have that
12l < Cll@yll,
which shows that @ is injective. Using again the spectral theorem, we see that there are
at least dimker(.4;¢ — A\ (h)) eigenvalues of 4;¢ in the disc D(A\eT(k), Ch®). The proof of

1
Proposition 5.2 is complete. O

5.3. Spectral analysis of Opgva%ff. This section is devoted to the description of the low-
lying spectrum of Opzva%ﬁ. The principal symbol is
pa(r, s, p,o) = piS (& + psing — pcos @) + (pcos ¢ + psing)* 4+ Vi (r) .

This implies that the eigenfunctions are microlocalized near p = p = 0, where we recall that

N r?

1(p), P=Ea(po)— N%ﬁ(5>Xh,1§ .

Proposition 5.3. Let C' > 0. Forn € (0, %), the following holds. Let us consider a smooth
function ¢ equalling 0 near 0 and 1 away from a compact neighborhood of 0. We consider

Cl,h(ra S, P, J) = C(h*’?ﬁ) ) C2,h<7a7 S, P, U) = C(h*ﬂp’) .
There exists by > 0 such that, for all h € (0,hg) and all normalized eigenfunctions 1 of
Op%va%ff associated with an eigenvalue X satisfying X < ©¢ + Ch?, we have

o = O(F)||y].
Proof. Let us consider the eigenvalue equation
Opy aifeh = M.

[1]

p=

We get
(Opy'ay" = A) v = [Opy a5, Gl
and then
Re ((Opy’ i = X) Ghto, () = Re ([Opy a5, (1, Gd) -
Thanks to the Calderon-Vaillancourt theorem and support considerations, we get that

Re ((Opy a5’ = A) ¢, (i) < CRTICE wlllIG el

where gj,h has a support slightly larger than the one of ¢;;. Then, we observe that, for some
co > 0,

p1(r, s, p,0) = Og + comin(p* + p%, 1).
Note that this implies that u; — ©¢ = h*" on the support of (j;. Therefore on this support
we have

0 (r,5,p,0) — A > comin(7® + 7, 1) — O 2 B2 — CH?.
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We can therefore apply the Fefferman-Phong inequality in S7(1) (see [3] or [5]) made of
semiclassical symbols for which each derivation implies a loss of A~", and we deduce that, for
ne (Ov %)7
Re<(0pgva%ff - ) grﬂ/’ C h¢> (c h? — ChQ_M)HC}I,JthQ'
Using n < =, we find that
IRl < CR=IC Wl

By considering now g?;w, we get the result by mductlon. [

Remark 5.4. Note that due to the form of =, the microlocalization with respect to p at the
scale A also implies that

C(hp) " = O(h).

Proposition 5.3 invites us to use a Taylor expansion of a§?. Remember that the eigenfunc-

tion
da
Ur,s,p,0 = Ug4psinp—peos

depends on (g, p) only. For all N € N, let us consider the symbol

CL%HNO’,S,p, ) CLQ(T’,S,,O, U)
N dG\ (k) 5 N f(k) 0
el )3 BT Gin g — peos ) + Kol P e Y L sin g — peos )"
k=3 ) k=1
+Weo(pp)rxns Y gee(rs)i P — PPaze, — M'aie,, (5.7)
1<bHOEN
where

— the principal term is
1 .. ~ . .
a0 = 5(1"%)" (€)(psin & — peos 6)” + (peos + psin )’ + Va(r),

— ¢p is a smooth cutoff function equalling 1 on a small enough neighborhood of (0, 0),
— the function f is given by

F(&) = (6o — tugsre, ugsie)

— the sum involving gy, is the Taylor expansion of <n2ug0G+£, ugcjrg) in variables p and p.

Note that f(0) =
Proposition 5.5. Let M,n € N. There exists N € N such that

eff
Let us now focus on the new operator Op;” apN-

Remark 5.6. It is clear that the eigenfunctions of this new operator associated with eigenvalues
A = Oy + O(h?) are still microlocalized near p = p = 0 at the scale iz using the ellipticity
of p? + . They are also roughly localized near r = 0 at scale h~"/2 (due to the presence of
the confining potential V}, and the cutoff functions in 7). The tildes and the V}, can then be
removed if necessary.
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The rough localization in r is not sufficient since we want uniform bounds in A with respect
to r. This is the aim of the following lemma where we prove that the (rescaled) variable r
lives at the scale 1.

Lemma 5.7. Let us consider n > 1. There exist hy > 0, C > 0 such that, for all h € (0, hg)
and all eigenfunctions associated with A\, (Oph ahN) we have

Ir*ll < Clll.-

Proof. Let us write

(Opﬁ “ﬁ )¢ = A (Oph ahN) (U

Let us consider a non-negative smooth function y(r) equalling 1 on r > 1 and 0 for r < %
We set x_(r) = xo(—r) and we let y = x+. It follows that
((Opy aiin) x¥, x¥) < CR?|[xv||* + CHl| g™ ¢ ||| (5.8)
Note that
N
fR0),
H(ﬁ<b(p7)rxh1L1§£: kf)(psul¢-pcos¢)k
k=1
L w
+Beo(pp)rxn > gew(r,s)p'p W%@y—#ﬁ%)(MMHZﬁ@%

1<HUKN

since |rxp1| < h™" and ¢ is microlocalized in (p,p) at the scale hz". The Calderon-
Vaillancourt is used to control the last two terms. Then, note that, due to the small support
of ¢y,

N
Y (€0)(sin o eos 6)*+ (pcos opsin ) ol 7) S

2
k=3

()

~ . ~ k
1 (psin p—pcos @)

> d(p® +7p7).
Thanks to the Fefferman-Phong inequality (the symbols are bounded), we get

((Opy"asiy) xv, xvb) = d{Opy! (5° + p*)xb, x¥b) — DR[|
Using again Remark 5.6, we infer that

((Opy asly) x, xv) = d{Opy (p* + p*)xv, xvb) — DR |||

/

Notice that

1

(OpY (p* + p*)x, x) = K", p" Ixw, x¥)| = >

> K2 min ‘ /
From (5.8), it follows that

h%nmﬁy/

2L < DR*lel® + Crllp™ e vl
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which gives, with the eigenvalue equation,

12 min 8 / vl st|? < DR2[[|)?

This gives that
lirf2 ]l < Clll -

[terating this process gives indeed a localization at any power of r, in particular the power 4,
and the result follows. We skip this iteration which follows from similar arguments involving
perhaps some commutators between r and p of the order A!=". [

Let us now consider a smooth function y; such that y,s equals 1 away from [—M, M]
neighborhood of 0 and equals 0 on [—M /2, M /2]. We can slightly adapt the proof of the last
lemma and get the following.

Lemma 5.8. Let us consider n > 1. There exist ho > 0, C > 0 such that, for all h € (0, hg)
and all eigenfunctions associated with A, (Oph ah ), we have

I *Opy” (xar (Rl < CllOpy” (xar (ho))ioll + € () ||| -

We have now everything in hand to prove a refined microlocalization of the eigenfunctions
with respect to o.

Lemma 5.9. There exist ho, M > 0 such that, for all h € (0, ko), and all eigenfunctions 1
of Opgva%ffN associated with A\ = O(h?), we have

Opy (xar(ho)) = 6 (h%) ||| .
Proof. Let us write
(Opy apy) ¥ = M,
and observe that
((Opy aily) Opy (xar (o)), Opy (xar (o))
< CR?||Opy (xar(ho)|I* + [([Opy ajy Opr! (xar (ho)) b, Opy! (xar (ho)))] - (5.9)

As we did before, we have
((Opy” CLZHN) Opy’ (xar (), Oy (xar (ho) o)
> c([1p" Opy (xar(ha))w|I* + 1" Opy” (xar (ho))b|*) — CB2||Opy” (xar (ho))w|1*.
By using the microlocalization with respect to p and r, we have
((Opy"aiy) Oy (xar(he))ib, Opy” (xar (ko))
e[l Opy (xar (ha) )|+ (12" Opy (xar (he) ) 1*) ~CR2(|Opy” (xar (ho)) |+ () w1,
where p = Z(po) — B%. We find
((Opy aiiy) Opy” (xar(ho))b, Opyy (xar (ho)))
> c|[p" Opy (xar(ho))y||* — CH||Opy (xar (ho))|1* + € () |||
gHOpﬁ Z2(uo) Oy (xar (ho)) | — CB*||Opy” (xar (ho)JW[|* + O (h) [[|*,
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where we used Lemma 5.8 to control the term involving 72 in p. For M large enough, there
exists d > 0 such that

(O3 asy) Oy’ (xar (ho))tb, Oy (xar (o)) = d?||Opy” (xas (ho)JII* + O'(h) [[]]?,

where we have used that, on the support of o — xa(fic), we have Zy(uo) > Mh?/2 (see
Section 4.4 and remember that p = h?).
Moreover, we have

{[Opy”ajv, Oy (xar (h0))]wb, Opy” (xar (ho))w)| < CB*(|Opy (xar(ho) )| >+ 6 (%) 4]
With (5.9), we deduce that
10p;” (xar(ho))9|* < CR||Opy” (xar (ho)) 0 ||* + € (%) [[¢]*
By an induction argument, we deduce the result. [

The microlocalization established in Lemma 5.9 allows to replace Zy(h?c) by hZs(ho) in
ah . The rough localization with respect to r (caused by V},) also allows to remove the yp
in the principal symbol, and the rough microlocalisation with respect to p to replace p by p.
That is why we consider

a;ffN(ﬂS,P, o) =ay(r,s,p,0)

(psin ¢p—hyp cos ¢)*

N 4G\ (k) N )0
+co(p, hp) Z W(P sin ¢—hp cos @) +h’co(p, p)rxn,1 Ly Z ! k;|< )
P ! =1

+ h200(p7 hﬁ>TXh,1 Z hé/ge,f' (7’, S)Pzﬁw - h3(]3i,@0 (T‘, S, P, /“LO-) - h4qjllf60 (TJ S, P, IMO') )
1<+ N

where

%ZQMW@Mwmmmmwwwwww+MWWﬂ

with
2

p=Zs(ho) — ﬁ(S)E .

Proposition 5.10. For alln > 1, we have
X (Opyasy) = An (Opy agfly) + O(h).

5.4. Changes of semiclassical parameters. We can now focus on the new effective oper-
ator OpgvuszN. Firstly note that it can be rewritten as an 1-pseudo differential operator with
respect to r, and whose symbol is

()

T (psing — pos ¢)*

h2bf N(r $,0,0 ) - h2b0(7ﬂ787p7 U) + CO(UP7 Uﬁ) th
k=3

f()

+ R2co(vp, vP)rxna L Z K (psin ¢ — pcos ¢)"

- hBQ?, [SH (T, S, vp, MO-)

+ Beo(vp,vp)rxns Y B gun(r,s)p'p" — hiaie, (r,s,vp, po) |
1<+ <N
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with v = h and where

1 : . ..
bo(r,s,p,0) = §(MdG)"(§o)(,0 sin ¢ — pcos )’ + (pcos ¢ + psing)”.
In other words, we have the relation
Op}f/a%ff]v = h20p}2/sja%%ﬁ, %;’Lﬁ(s, o) = opV b%ffN. (5.10)

Lr.p
The notation v is only introduced to avoid the ambiguity when expanding the operator in
powers of A.
Secondly, by using the new semiclassical parameter ¢ = A% with respect to s, and we write

Op;', ,Bj" = Op €t (5.11)

where the symbol of this operator is

ez (%)M ()

N
CE?N(T,S,p,O) = CO(T‘aSHOaO_)_'_CO(Uanp)Zg 2 T(p81n¢_pcos¢)k
k=3 '

f™(0)

o (psing — peos 9)*

N

E

+ co(vp, vP)rXn1 L1 g €2
k=1

oo R 1
2 gee (Ta S)ng” — &2 qi:;@o (Ta S, Up, O-) - 5(]1:5@0 <T7 S,UpP, U) 5

+ h*co(vp, vP)TXAa Z £

1<+0<N
with
_ 1 dGy\» . > 2 .o 2
¢ = 5 ()" (&) (psing —peos §)” + (peos ¢+ psing)”,
where
L r?
= =3(0) — Bls)

5.5. A final Grushin reduction. Note that, by completing a square, we can write that

co(r, 5,p,0) = B(s) (p + (1 - <M?G;"<§o>) cos¢<;>(3n¢<s> ﬁ)Q

with
E(s) = @ sin? ¢(s) + cos” ¢(s) .
The domain of €& = Op‘l/‘;", ,Co does not depend on (s, ), and it is given by
Dom(€5T) = {¢ € H(R) : r'y € L(R)}.

After, rescaling in r, we see that the lowest eigenvalue of Op‘f‘fn pCo 18

=

bo(s,0) = K (s [12} M), Ks:éé s)3E(s)3 .
(5,0) 1= K(s)n <E<3)35<5>3 (5) = &3 B)} B()

The function by has a unique minimum, which is non-degenerate and not attained at infinity:.
We denote by w,, an associated positive normalized eigenfunction.
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We are now interested in the eigenvalues of Ong

such that |z — min My| < 0. Then, we consider
(€M (s,0) — 2w, (€M (s,0) — 2w,
mtE’Z(S?O-) B ( <'>ws,o> 0 > ’ m073(8’0) N ( <'>ws,a> 0 ’
When ¢ is small enough, M. : Dom(Op, . &) x C = L*(R) is bijective with inverse given
by
eff _ L\ 17d .
mO,Z(S’ U) = ((CO (87 O-) Z) H ws’o- > )

(+, Ws 5 2z —bo(s,0)
)t

¢y, Let us fix § > 0 and consider z € R

where IT* is the orthogonal projection on (spanwy ,
As we did with the first dimensional reduction, we can find 9, , and 9y, such that

OpY., (Mo +£30. + 200, ) OPYY,, (M...) = 1 + 6(e2).
Let us write
(‘ﬁog + E%WLZ + 69127,2>i =z—0b(s,0) — 5%b17z(3, o) —eby(s,0).
We are interested in z varying in the following range
2 =minby + (2 + Oe),

where ¢ € R is determined in Proposition 5.12 below. Applying again the Grushin method,
we get the following proposition.

Proposition 5.11. There ezist three functions My = by, My and My belonging to S(1) such
that the following holds. Let n > 1. We have

An (OpY, €)= A, (M.) + O(z2), M.= OpY, (Mo + e2 M, + M) .
5.6. Analysis of the ultimate effective operator.

Proposition 5.12. There exists di € R such that the following holds. Let n > 1. We have
A (M) = My(0, o) + 5%]\/[1(0, 00) + (2n — 1)%\/det Hess(0,60) Mo + die + 0(¢) .

Proof. Since M, has a non-degenerate minimum at (0, 0y), we can write
M(s,0) = My(0, o) +22 M; (0, 00) +Qo(s, 0 —0) +e2 (9, My (0, 00) + (0 — 50)8y My (0, 50))

+Mp(0,00) + €2 Qi (5,0 — 00) + O(|(5,0 — 00) ") + O (el (5.0 — o0)])

a 0

where )y = %Hess(O’UO)MO = (0 b

We have

) >0 and Q) = %Hess(o,ao)Ml.

Qo(s, 0 — a0) + €2 (s9,M:(0, 50) + (0 — 00)3y M1 (0, 7))
—as® + e259,M(0,00) + b(o — 00)? + €2 (0 — 0)9, M7 (0, 5)
L OM 2 L O, M 2
=a s+ 55—85 1(0, 90) +blo—o0p+ 55—80 1(0, 00)
2a 2b

[ale(O,O'())]Q [aoMl(O,O'())]Q
o c ( 4a * 4b ) '
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By using the translation in the phase space

~ 1 asM 0,0’ aTM O,U
S = (SaU_UO) +5550, SO = ( 12(a 0)’ 12(b 0)) 7

we can write

M(s,0) = Mo(0, 00) + 2 My (0, 00) + Qo(3,5) + e2Q1(5,5)

O M1 (0,00))> [0, M (0, 00))? 8 & S G
Y- (_[ 1ia o) B [ 1ib )] —|—M2(0,00)) + 02 4+ |SPP + €[S +€|9]).

Since we are interested in the eigenvalues A such that A\ < My(0,00) + 8%]\/[1(0, 09) +Ce. The
eigenfunctions associated with such eigenvalues are microlocalized near ($,6) = (0,0). By

implementing, for instance, a Birkhoff normal form (see [18]), the result follows.
0J

5.7. Proof of Theorem 1.7. Our main theorem is a consequence of the succession of propo-
sitions and relations:

— (Section 2) Proposition 2.2,

— (Section 4) Proposition 4.3, Proposition 4.6,

— (Section 5) Proposition 5.2, Proposition 5.5, Proposition 5.10, (5.10), (5.11), Propo-
sition 5.11, and Proposition 5.12,

— h=ho and & = h2.

APPENDIX A. PROOF OF PROPOSITION 2.9

Let us use a partition of the unity with balls of radius A”. We have

(V) 2 Zo@h,a(l/}j) — CR*72|911?, = xj0.
J
If supp ¢; N 90 = (), then, by Lemma 2.4, we have

Dns(Y;) = h/

Qs

wsfde > b [ sl s
Qs
for some constant C' > 0 independent of j, and where we used that o(f) < 1.
Consider now the j such that supp; N OQ # 0.
On Qs, we can use locally tubular coordinates y = (r,s,t). By using the considerations
and notation of Section 3.2.2, and by freezing the metrics, we get

Phs(t) = (1 - Ch”)/ 1912 () (G () (—ihV, — )by, (—ihV, — A)id)dy.

0<t<d

Then, we write the Taylor approximation, on the support of @j,

A(y) = Ay;) + dA(y)(y —y;) +0(ly — yil*) .

~\~

. Alin
—'Aj (y)
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where @ is uniform with respect to j. We have V x A(y) = V x A(y;) + O(|y — y,]). Thanks
to the Young inequality, we get that

(1=Ch*)"' 2y 5(¢;) > (1—6)/ 1912 (y) (G () (—ih Y, — Al (—ih Y, — Alm),)dy

0<t<s
- Ch4p5_1/ 51719512 -
0<t<d
Then, we perform a linear change of variables y = G~z (yj)z, and we get
1 - . A liny, 7, . A liny, 7,
| 1l @) ) (ih, — ALY (k9 — ALy
0<t<d

[l - APy,

0<t<d

where 9);(2) = |g|%(yj)@5j(G_%(yj)z) and Ayn(z) = G_%(yj)A?n(G_%(yj)z). Note that the
corresponding (constant) magnetic fields are related through

V. x A" = |g(y))| G2 (y))V, x A" = [g(y)] 3G 1))V, x Ay,).
Then, we notice that (see (3.4))
(lg(w) 2 G2 (4;)Vy x Aly;).e5) = (B, e3) = —B(x;) - es.
In the same way, we get
IV x A = |B(a))] = 1.
This implies that

/ 1(—ihV . — Ay |12dz > hs(O(p(a;)) 10512

Thus,
/O s 1912 (W) (G () (—=ih ¥y, — ATy, (=ihV, — Al™) ;) dy
<t<

> (1 Ch) / hs(8(p(x))) |, Pz

0<t<d

It follows that

(1= ChY ' D) > (1 — £) / hs(0(p(x))) [t Pz — CHA2= a2

0<t<d
We choose £ = h=2+% and get
Dns(Yy) 2 / 5 hs(6(p(2))) ;2 da — C (R + B2 [l ]|2.
0<t<

This, with the choice p = %, gives the conclusion.
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