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Abstract: The equiaxed dendritic growth of Al-Cu alloys in nearly isothermal 

temperature field under continuous cooling condition is studied using in situ and 

real-time observation of experiments by synchrotron X-ray radiography and 

large-scale quantitative two-dimensional (2D) phase-field (PF) simulations. It is 

revealed that the equiaxed dendritic morphology and the secondary dendritic arm 

spacing (SDAS) in the 2D PF simulations are in a reasonable agreement with the 

experimental data. Increasing the cooling rates results in a smaller SDAS, as predicted 

by the analytical Kattamis-Flemings model. The transformation kinetics of solid 

fraction can be described by the Johnson-Mehl-Avrami-Kologoromov (JMAK) theory, 

but quantitative differences between the experiments and 2D PF simulations are 

significant. The maximum solute concentration Cmax in liquid is approximately equal 

to the equilibrium concentration, which depends on the undercooling rather than the 

cooling rate. But the minimum solute concentration Cmin in solid decreases with the 

cooling rate, thus leading to a larger segregation ratio SR = Cmax/Cmin. Moreover, the 

liquid gravity-driven natural convection is considered in simulations. The liquid flow 

slightly increases the SDAS but has no apparent effect on solid fraction, and the 
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segregation ratio is slightly reduced by the liquid convection, which could be 

attributed to the almost same Cmax and enlarged Cmin. 

 

Keywords: equiaxed dendritic growth; polycrystalline solidification; phase-field 

method; large-scale simulation; synchrotron X-ray radiography. 

 

1. Introduction 

The equiaxed dendrite is one of the most common microstructures formed during 

the solidification process of materials, and its morphology, size, and composition 

distribution are critical to mechanical properties of castings. A comprehensive and 

in-depth understanding of equiaxed dendritic growth is of vital importance to control 

the casting processing for optimizing the quality of final products [1, 2]. Many 

theoretical progresses have been gained on the steady-state growth of a dendrite 

growing freely during solidification of pure substances and alloys [3-6], even with 

considering the influence of melt convection [7-11]. Meanwhile, amounts of 

solidification experiments of transparent organic alloys [12, 13] were performed to 

validate these theories. However, exact prediction of the complex pattern formation 

during solidification is still a big challenge currently. This is because the transport of 

heat and mass, the melt convection, the crystal morphology, and the interaction among 

grains are too complex and highly nonlinear to be treated analytically. 

The state-of-the-art numerical techniques, such as the quantitative phase-field 

(PF) method [14], accompanied with the advanced in situ and real-time observation of 

solidification experiments by synchrotron X-ray radiography [15], have become 

powerful tools to investigate the microstructure evolution and the related nonlinear 

physics of metallic alloys during solidification. By means of synchrotron X-ray 

radiography, Bogno et al. [16] and Becker et al. [17] respectively studied the equiaxed 

dendritic growth of Al-10 wt.% Cu alloys and Al-24 at.% Ge alloys under the 

continuous cooling condition, and they found that equiaxed dendrite development was 

characterized by two successive growth regimes, namely the free growth and 

impinged growth, which were well reproduced in several recent quantitative PF 
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simulations by Chen et al. [18], Qi et al. [19] and Boukellal et al. [20]. However, those 

simulations were limited to a very small computational domain and consider only the 

cases of one or two grains because of the low computational efficiency of the 

quantitative PF simulations. It is thus time to unveil the collective behaviors of a large 

number of grains during solidification for metallic materials. Besides, the 

XRMON-SOL experiment [21] was carried out by Murphy et al. to investigate the 

equiaxed dendrite growth under the influence of solutal interactions, then the 

XRMON-SOL experiment were modelled using a recently developed 3D mesoscopic 

envelope method [22, 23], which provided a feasible scheme for large-scale 

simulation of solidification microstructure evolution. However, the branched dendritic 

structure could not be obtained by this method and therefore it is still necessary to 

perform quantitative PF simulations to accurately predict pattern formation and 

evolution of materials during solidification. 

In the last few years, the quantitative large-scale PF simulations have been 

achieved [24-26], due to the rapid development of numerical methods and computer 

hardware. In this paper, the large-scale quantitative 2D PF simulations are carried out 

using the fast simulation schemes proposed in our previous study [25], to reproduce 

the in situ and real-time observed polycrystalline solidification experiments of Al-4 

wt.% Cu alloys under the continuous cooling condition. The simulated equiaxed 

dendritic growth is directly compared with the synchrotron X-ray radiography 

monitoring data, and the effects of the cooling rate and the liquid gravity-driven 

natural convection on the equiaxed dendritic growth during solidification are also 

discussed. The aim of the present work is to realize the large-scale quantitative PF 

simulation with the number of grains and computational domain comparable to the 

real solidification experiment, and the fluid dynamics equations are extremely 

difficult to solve efficiently for such a large-scale quantitative 3D PF simulation. 

Based on these two points, it is reasonable and necessary to carry out the 2D 

large-scale PF simulation that is relatively easier to implement as a first step before 

more realistic but challenging 3D simulations. 
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2. In situ and real-time observation of solidification experiments 

The in situ and real-time observation of solidification experiments of Al-4 wt.% 

Cu alloys were implemented at ID19 beamline of the European Synchrotron Radiation 

Facility (ESRF) in Grenoble (France), and the detailed description of the experiment 

set-up and procedure was given in ref. [16]. The thin samples (40 mm × 6 mm × 0.2 

mm) of Al-4 wt.% Cu alloys were set vertically in a Bridgman furnace, and two 

heating elements were placed on the top and bottom of the sample to melt the sample 

in nearly isothermal conditions. During the experiment, the sample was first melted 

and maintained to a temperature above the liquidus temperature for several hours to 

homogenize the solute composition in liquid. Then solidification was triggered by 

simultaneously applying the same cooling rate on both heating elements. A 

10-μm-camera optics was chosen to obtain a good compromise between a large field 

of view (5 mm × 12 mm) and a sufficient spatial resolution (pixel size 7.46 μm). 

The time evolution of equiaxed dendritic microstructure of Al-4 wt.% Cu alloys 

in the solidification experiment at various cooling rates is shown in Fig. 1Fig. 1, in 

which the Al-rich solid crystals appear in white and the Cu-rich liquid is in darker 

grey after a special image processing [27] to improve the quality of images. As seen in 

Fig. 1Fig. 1, a great number of grains nucleated and grew from the melt during the 

continuous cooling, and then the equiaxed grains rapidly interacted with neighbors 

owing to the spatial constraint. A comprehensive study of the equiaxed dendritic 

growth with the same experimental procedure but on Al-10 wt.% Cu alloys had been 

reported [16], and the main conclusion was that the equiaxed dendritic growth 

experienced two regimes: an accelerating regime corresponding to the stage when a 

growing dendrite arm was isolated from its neighbors, and a decelerating regime 

where the solute interaction had a suppression effect. Furthermore, from Fig. 1Fig. 1 

it could also be seen that with the cooling rate increasing, the number of grains in the 

experiments will increase and the secondary dendritic arm spacing (SDAS) will 

decrease, thus leading to a refined equiaxed dendritic microstructure.  
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Fig. 1. Sequence of in situ radiographs showing the equiaxed dendritic microstructure 

evolution in the solidification experiments of Al-4 wt.% Cu alloys at various cooling 

rates, Rc. (a) E1: Rc = 0.2 K/min; (b) E2: Rc = 0.5 K/min; (c) E3: Rc = 1.5 K/min. 

 

It should be noticed that the experiment E2 (Fig. 1Fig. 1(b)) has been analyzed 

in our previous study [18]. However, compared with ref. [18], the 2D simulations 

presented in this paper have several improvements. The computational domain size 
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(4233 μm × 7408 μm) in ref. [18] was comparable to the sample size shown in Fig. 

1Fig. 1(b), but only one single isolated equiaxed crystal and two grains growing 

opposite each other were considered, which was not able to unveil the collective 

behavior of multi-grain growth. Moreover, the gravity-driven natural convection was 

not considered in our previous PF simulation [18]. Therefore, the experiment (E2), 

accompanied by other two experiments (E1 and E3) with different cooling rates of 

Al-4 wt.% Cu alloy which is suitable for PF simulations owing to the low 

composition, is reused in the present work to give a clear picture of multi-grain 

growth during solidification. The reason why the PF model is only suitable for dilute 

alloys with a low solute concentration is that the Gibbs free energies of both liquid 

and solid phases are calculated using the regular solution model, in which the high 

order terms in the excess free energy are ignored [28]. 

 

3. Phase-field model and numerical implementations 

3.1 Phase-field model 

The quantitative PF model presented in ref. [28] is adopted to model 

solidification of dilute binary alloys under continuous cooling condition, and the 

quantitative capability of this model to reproduce the time evolution of microstructure 

during alloy solidification has been demonstrated in many previous studies [20, 

29-31]. The governing equations of the phase field ϕ and the rescaled solute 

concentration U are respectively given as 
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where C is the local solute concentration, C0 is the initial concentration, k is the solute 

partition coefficient, Rc is the cooling rate, and m is the liquidus slope. The solid and 

liquid phases are represented by ϕ = +1 and ϕ = −1, respectively. The spatial length 

and time are rescaled respectively by the interface width W0 and relaxation time τ0, 

and therefore the dimensionless value for the solute diffusion coefficient in liquid is 
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where d0 = Γ/[|m|C0(1−k)] is the chemical capillary length with Γ the Gibbs-Thomson 

coefficient, a1 = 5 2 / 8  and a2 = 47/75 [28]. It should be noted that for Al-Cu alloys, 

although the solute diffusion in solid is much slower than that in liquid (the solid 

diffusivity is about 3 orders of magnitude smaller than the liquid diffusivity), a small 

solid diffusivity can be taken into account, as indicted in the original derivation of the 

model in ref. [32]. And this way to model the real solute diffusion in solid was also 

employed in our previous study [29], in which DS in Eq. (2)(2) is the solute diffusion 

coefficient in solid. The coupling coefficient λ in Eq. (1)(1) is given as λ = a1W0/d0. 

The standard form of the fourfold symmetry of the surface energy anisotropy is 

considered, and thus W(n) = W0as(n) and τ(n) = τ0as(n)2 where 
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In order to expedite quantitative large-scale PF simulations, a nonlinear 

preconditioning [33] of the phase field ϕ is employed to allow coarser grids to be used 

in the interface layer. The transformed phase field ψ is given as 
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And hence the standard PF model (Eqs. (1)(1) and (2)(2)) is transformed into the 

nonlinearly preconditioned formula, as follows 
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The numerical accuracy and efficiency of the preconditioned PF formula has been 

examined previously [25]. In the PF simulations, as the nucleation undercoolings of 

grains are neglected, all the grains nucleated simultaneously at the beginning of 

solidification (at the liquidus temperature), and the number, site, and orientation of the 

grains in simulations are measured directly from the radiography images in Fig. 1Fig. 

1 for various cooling rates. 

 

3.2 Numerical implementations 

The parallel adaptive finite element method, with multiple processors using 

distributed memory based on MPI protocol, is employed to solve the preconditioned 

PF model. Numerical implementations are realized by the open source deal.II library 

[34], and the adaptive mesh refinement/coarsening is achieved through a simple but 

efficient approach [25]. The front-tracking method [25] is also used to capture 

crystallographic orientations to improve computing efficiency dramatically. The 

computational domain size is 5.0 mm × 5.6 mm (marked by the red boxes in Fig. 1Fig. 

1), which is comparable with the spatial scale of the sample in the solidification 

experiment.  
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Fig. 2. The convergence test of the interface width parameter, ξ = W0/d0, used in the 

quantitative 2D PF simulation of the Al-4 wt.% Cu alloy at the cooling rate Rc = 1.5 

K/min. (a) Variation of the tip velocity with solidification time; (b) Variation of the 

maximum tip velocity with ξ. 

 

The interface width parameter, ξ = W0/d0, was determined according to the 

convergence test (Fig. 2Fig. 2), which was carried out for a single equiaxed dendrite 

of the Al-4 wt.% Cu alloy at the cooling rate Rc = 1.5 K/min. The computational 

domain size for the convergence test was 3 mm × 3 mm, which was sufficient for the 

largest dendrite in the solidification experiments shown in Fig. 1Fig. 1. It could be 

found that with ξ decreasing, the tip velocity curves gradually converge (Fig. 2Fig. 

2(a)), and the maximum velocity is almost constant once ξ ≤ 49.96 (Fig. 2Fig. 2(b)). 

Therefore, ξ = 49.96 was chosen in the present work to obtain a reasonable 

compromise between the quantitative simulated results and the computational 

efficiency. Thus, using this interface width parameter, the corresponding simulation 

domain size in dimensionless is 5000 × 5600. It should be noticed that for the other 

cases with lower cooling rates, the choice of ξ = 49.96 is small enough owing to the 

relatively lower crystal growth rate. The material and numerical parameters are listed 

in Table 1Table 1.  

All the simulations were implemented on a supercomputer with two AMD® 

EPYC 7452 (2.35 GHz) CPUs and 256 GB memory at each computing node. For the 
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case with the largest number of grains (46 grains and Rc = 1.5 K/min), it took about 60 

hours to finish the 2D PF simulation using 128 cores until the solid fraction got close 

to that in the last radiography image (fS = 0.6) recorded in the corresponding 

solidification experiment. For the case with Rc = 0.2 K/min, although the number of 

grains was reduced to 15, the computing time until the solid fraction reached 0.525 

was about 150 hours using 128 cores owing to the much slower cooling rate. 

 

Table 1. Material and numerical parameters used in the present 2D PF simulations. 

Symbol Meaning Value 

k solute partition coefficient 0.14 [27] 

TL liquids temperature 920 K [35] 

DL solute diffusion coefficient in liquid 2.42×10−5 cm2/s [36, 37] 

DS solute diffusion coefficient in solid 1.15×10−8 cm2/s [36] 

Г Gibbs-Thomson coefficient 2.41×10−5 cm∙K [38] 

m liquidus slope −3.5 K/wt.% 

ε4 surface energy anisotropy strength 0.0106 [39] 

Rc cooling rate 0.2, 0.5, 1.5 K/min 

C0 sample global concentration 4 wt.% Cu 

ξ interface width parameter 49.96 

(Δx)min grid size in the interface layer 1.0 μm 

Δt time step 1.14 × 10−3 s 

 

4. Results and discussions 

4.1 Equiaxed dendritic morphology 

The equiaxed dendritic microstructure in a local domain selected from the 

solidification experiments at various cooling rates (E1 to E3) and the corresponding 

2D PF simulations (S1 to S3) are shown in Fig. 3Fig. 3. Overall, the simulated 

equiaxed dendritic microstructures are in a reasonably good agreement with the 

radiography images, except that the primary dendritic arms in the simulations are 
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generally much thicker than those in the experiments. The difference in the thickness 

of the primary dendritic arms could be attributed to the different equiaxed dendritic 

growth dynamics. As indicated in our previous study [40], the tip velocity of the 

primary dendritic arm in the 2D PF simulations is 1~2 orders of magnitude slower 

than that in the 3D PF simulations. In practice, the crystal growth in the experiments 

is in a 3D space despite of the thin-sample configuration. This can be understood by 

comparing the typical dendrite tip radius to the sample thickness. Consequently, the 

crystal growth rate in the 2D PF simulations is much slower than that in the 

experiments [18], thus leading to a relatively larger tip radius [40]. In addition, a low 

growth rate allows a long time for solute diffusion, which would make the primary 

arm stems grow laterally. The differences of dendrite growth between 2D and 3D can 

also be directly clarified by the recent work by Mirihanage et al. [41], in which a 

novel image processing algorithm was applied to extract data on dendrite tip 

curvatures and accompanying solute concentration fields, from a sequence of 

synchrotron radiogramsphy collected in situ during directional solidification of the 

Al-Cu-Si alloy. 

Moreover, the secondary dendritic arms in the simulations are not so developed 

as those in the experiments, which also arises from the different dynamical behavior 

of crystal growth in 2D and 3D. Because of the confinement of solute diffusion, the 

solute boundary layer in 2D is thicker than in 3D [40], which leads to a stronger 

solutal interaction between neighboring grains in the 2D PF simulations. As a result, 

the development of secondary dendritic arms in 2D PF simulations is suppressed by 

the solute interaction more severely, resulting in commonly shorter secondary 

dendritic arms. In order to quantitatively evaluate the difference of the equiaxed 

dendritic morphology in the experiments and the 2D PF simulations, the SDAS, λ2, is 

measured at the same solid fraction (fS = 0.5) and the results are given in Fig. 4Fig. 4. 

In both experiments and simulations, λ2 decreases as the cooling rate increases (Fig. 

4Fig. 4(a)), which is consistent with the analytical prediction by Kattamis and 

Flemings who indicated that the λ2 could be expressed as a power function of the 

cooling rate, namely λ2 ~ Rc
n with n = −1/3 [42]. Furthermore, with the cooling rate 
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increasing, the distribution range of the λ2 will be also reduced, which could be easily 

found from the detailed distribution information of the λ2 as shown in Fig. 4Fig. 4(b). 

 

Fig. 3. Equiaxed dendritic morphology in the solidification experiments (E1 to E3 

shown in a1 to a3) and the 2D PF simulations (S1 to S3 shown in b1 to b3) at the 

same solid fraction fS = 0.5 in local domains marked by the red boxes in Fig. 1Fig. 1. 

The colors (b1 to b3) represent the crystal orientations. 

 

Moreover, from the quantitative perspective, the λ2 in the 2D PF simulations are 

slightly larger than those in the solidification experiments. The quantitative 

differences in λ2 between the experiments and simulations may be attributed to that in 

simulations it took a relatively longer time to get the same solid fraction than that in 

experiments (Fig. 5Fig. 5). Consequently, longer duration enables the secondary 

dendritic arms in the 2D PF simulations to coarsen more significantly, thus leading a 

slightly larger λ2. However, the relative deviations of the λ2 between the experiments 

and simulations at Rc = 0.2, 0.5 and 1.5 K/min are about 2%, 12% and 3%, 
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respectively, so it seems reasonable to consider that the λ2 in the 2D PF simulations 

shows a good quantitative agreement with the experimental data. 
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Fig. 4. Comparison of the SDAS, λ2, between the solidification experiments (E1 to E3) 

and 2D PF simulations (S1 to S3) at the same solid fraction (fS = 0.5). (a) The average 

λ2 at various cooling rates (the error bars represent the standard deviation); (b) Box 

plot of the λ2 (the cross symbols are the maxima and minima, the filled circles are the 

means, the whiskers represent the 5 to 95 percentiles, the box top and bottom 

respectively represent the second and third quartiles, and the lines inside the box 

represent the medians). 

 

4.2 Solid fraction 

The solid fraction, fS, in the solidification experiments and the 2D PF simulations 

is plotted and compared quantitatively in Fig. 5Fig. 5. At the early solidification stage 

when grains are isolated from each other, the crystal growth rate increases with the 

undercooling, and therefore the fS increases gradually (Fig. 5Fig. 5(a)) at an 

ever-increasing rate (Fig. 5Fig. 5(b)) in both experiments and simulations. Then, the 

solute interaction between neighboring grains slows the crystal growth, but the 

solidification still proceeds (e. g., the coarsening of primary and secondary dendritic 

arms) to make the fS continue to increase (Fig. 5Fig. 5(a)), despite of the 

ever-decreasing variation rate (Fig. 5Fig. 5(b)). However, there indeed exist 

significant quantitative differences in the fS between the experimental data and the 
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simulated results. At the same time, the fS and its time derivative, ΔfS/Δt, in the 

simulations are both lower than those in the experiments. The quantitative differences 

in the fS between the experiments and simulations could be mainly attributed to three 

factors. Firstly, the fS measured directly from the radiography images, which are 2D 

projections of the complicated 3D dendritic microstructure, usually overestimates the 

real solid fraction in a 3D sample. Secondly, the much lower crystal growth rate in 2D 

PF simulations compared with that in 3D cases [40] results in slower solidification 

kinetics than the experiments. More importantly, all the grains nucleated 

simultaneously at the beginning of solidification in PF simulations, and the nucleation 

undercooling was not taken into consideration. In the real solidification experiments, 

the grains nucleated at different temperatures due to different nucleation 

undercoolings. Therefore, the nucleation undercooling which was neglected in the 

simulations may also play an important role on the difference between the simulations 

and the experiments. 
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Fig. 5. Comparison of the solid fraction between the solidification experiments (E1 to 

E3) and the 2D PF simulations (S1 to S3). (a) Solid fraction, fS; (b) Variation rate of 

the solid fraction, ΔfS/Δt. t0 is the time when the first grain is observed by the naked 

eye in the radiography images in the experiments. The solid and dashed lines are the 

fitting curves by the JMAK function for the experimental data and simulated results, 

respectively. 



15 
 

 

In general, the curves of the solid fraction in both the solidification experiments 

and the 2D PF simulations show similar trends (Fig. 5Fig. 5), which could be fitted 

well by the Johnson-Mehl-Avrami-Kolmogorov (JMAK) equation [43-45] as 

 ( )S 1 exp
n

f kt = − −
    (9) 

where k is the frequency factor, n is the Avrami exponent and t is the solidification 

time. The general equation for the Avrami exponent is given as 

 n qd B= +   (10) 

where q equals 1 for linear growth (interface controlled) and 1/2 for parabolic growth 

(diffusion controlled), B is 0 for site saturation nucleation and 1 for continuous 

nucleation with a constant rate, and d stands for the dimensionality of the growth. The 

fitting parameters, k and n for both the experimental and simulated data, are plotted in 

Fig. 6Fig. 6.  
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Fig. 6. Plotting of the fitting parameters, k (a) and n (b), for the solid fraction in the 

experiments and 2D PF simulations at different cooling rates via the JMAK equation. 

 

In both the solidification experiments and 2D PF simulations, an approximate 

linear relationship is indicated between the factor k in the JMAK equation (Eq. (9)(9)) 

and the cooling rate (Fig. 6Fig. 6(a)), as k = αRc with α a positive fitting parameter. 
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And the Avrami exponent n could be considered approximately as a constant (Fig. 

6Fig. 6(b)). As mentioned above, for the 2D PF simulation (d = 2) where the 

solidification process is diffusion-controlled (q = 1/2) and the nucleation is achieved 

by artificially setting the number of the pre-existing nuclei (B = 0), the Avrami 

exponent is n = qd + B = 1 that is close to the fitted value (0.9783). However, for the 

experiments in 3D actually (d = 3) with continuous nucleation (B = 1), the expected 

Avrami exponent is n = qd + B = 2.5 but the fitted value is 0.7368 that is only about 

1/3 of the prediction by Eq. (10)(10). The significant difference of n between the 

experimental data and the predicted value could be attributed to that the solid fraction 

is measured from the 2D radiography images in the experiments, instead of the 3D 

bulk sample. On the contrary, the 2D PF simulations are able to well describe the 

transformation kinetics in 2D as the JMAK equation. 

 

4.3 Microsegregation 

Microsegregation during alloy solidification has always been a concern in 

materials and metallurgical sciences owing to its influence on the mechanical 

properties, corrosion resistance of cast products and formation of macrosegregation. 

Effects of cooling rates on solute microsegregation, including the maximum 

concentration Cmax in the interdendritic liquid, the minimum concentration Cmin in the 

core of the solid dendrite, and the solute segregation ratio SR = Cmax/Cmin, in the 2D PF 

simulations are shown in Fig. 7Fig. 7. It could be seen that the cooling rate has no 

obvious effect on Cmax, which is almost the same as the equilibrium concentration, 

CL
E = C0 − ΔT/m. For Al-Cu alloys, the solute partition coefficient k < 1, which means 

that the solute is rejected into the liquid phase from the solid phase during 

solidification. As a result, Cmax is achieved in the interdendritic liquid around the root 

of sidebranches. The approximate equality relationship between Cmax and CL
E 

suggests that the interface curvature effect could be neglected safely. Consequently, 

the maximum solute concentration depends on the applied undercooling, namely the 

product of the cooling rate and the solidification time Rct, rather than the cooling rate 

itself, which has also been clarified in our recent study [46]. Cmin is located at the 

a mis en forme : Police :(Par défaut) Times New Roman,
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center of the solid grain and increases with the undercooling (or the solidification 

time), but varies much slower than Cmax owing to the very small solid diffusivity. With 

a large cooling rate, the diffusion time to get the same undercooling is shortened, thus 

leading to a lower Cmin and a larger SR. 
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Fig. 7. Effects of cooling rates on solute microsegregation in the 2D PF simulations. 

(a) Maximum and minimum solute concentration, Cmax and Cmin; (b) Segregation ratio, 

SR = Cmax/Cmin. 

 

4.4 Effects of the natural convection on the equiaxed dendritic growth 

The inevitable gravity-driven natural convection arising from density difference 

in the liquid usually plays an important role in the microstructure evolution during 

solidification, by dramatically modifying the transport of heat and solute. In order to 

study the effects of the gravity-driven natural convection, the equiaxed dendritic 

growth of the Al-4 wt.% Cu alloy is simulated using the PF model coupled with fluid 

dynamics equations as ref. [47]. In order to expedite the PF simulation, the 

vector-valued method [40] is employed here to solve the fluid dynamics equations 

more efficiently. However, owing to the significant increase in computing amount to 

solve the polycrystalline PF formula coupled with fluid dynamics equations, only the 

case of the experiment E2 (Fig. 3Fig. 3(b)) is considered, in which the cooling rate 

(Rc = 0.5 K/min) is not very slow and the number of grains is also not too large. It 
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should be noted that the large-scale 3D PF simulations of dendrite growth with liquid 

convection have been realized by Zhang et al. [48] and Takaki et al. [49] recently. 

However, for the present work the size for a 3D computational size is much larger 

than those studies, and thus here we only perform 2D simulations. Furthermore, the 

natural convection considered in the present PF simulation is caused only by the 

solutal effect, without considering the thermal effect. It took about 240 hours using 

the same computing conditionconfiguration as mentioned above until the solid 

fraction reached 0.5, which was much more time consuming than the corresponding 

simulation (S2) without convection. 

 

 

Fig. 8. Equiaxed dendritic morphology in the experiment E2 (a) and the 2D PF 

simulations without (b1) and with (b2) convection at the same solid fraction fS = 0.3 

in local domains marked by the red boxes in Fig. 1Fig. 1. In b1 and b2, the grayscale 

indicates the solute concentration, and the arrows and their colors indicate the liquid 

flow velocity and its magnitude. The red dots denote the location of the minimum 

solute concentration in the whole domain. 

 

The simulated equiaxed dendritic microstructure in the 2D PF simulations 

without and with the natural convection, as well as that in the solidification 
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experiment, are shown in Fig. 8Fig. 8. Although the rejected heavier solute copper 

induces downward flow along the solid-liquid interface,  Tthere exists some upward 

flow in Fig. 8Fig. 8(b2) due to several flow vortices, which is also clarified in our 

previous study [50]. Furthermore, in the real solidification experiment E2, several 

dendrites settle down while they are growing. The settlement arises from the liquid 

flow and the density difference between solid and liquid. And this phenomenon has 

also been studied in ref. [50], by modeling of coupled motion and growth of equiaxed 

dendrite using the PF method. Recently, Sakane et al. [26] also performed 2D 

large-scale PF lattice Boltzmann simulations of polycrystalline equiaxed solidification 

with motion of a massive number of dendrites. However, in the present work, the 

motion of dendrites is not considered in order to expedite the PF simulation. By 

comparing the shape of each grain in Fig. 8Fig. 8(b1) (without convection) and Fig. 

8Fig. 8(b2) (with convection), it could be seen that the natural convection has a 

significant influence on the equiaxed dendritic morphology when grains grow into big 

size. However, this influence depends on the location and orientation of the a grain. In 

detail, the growth of the upstream arms will be promoted, while that of the 

downstream arms will be suppressed, which has been indicated in many previous 

studies [16, 40, 51]. The influence of dendrite arm orientation with respect to gravity 

on equiaxed grain growth has been studied in ref. [16]. The authors explained that the 

different behaviors between the upstream and downstream arms is due to the 

poisoning effect of arm growth by the solute rejected by the other arms in the adjacent 

melt. The rejected solute sinks down by gravity as copper is heavier than aluminum. 

Furthermore, the secondary arms are also affected by the liquid convection. Similar to 

the primary dendritic arms, the sidebranches at the upstream side are also more 

developed than those on the downstream side. In order to quantitatively estimate the 

effect of the liquid convection on the sidebranches, the SDAS in the solidification 

experiment (E2) and 2D PF simulations (S2 without convection and S4 with 

convection) are measured, and the results are listed in Table 2Table 2. 

 

Table 2. Comparison of the average SDAS in the solidification experiment and 2D PF 

a mis en forme : Couleur de police : Bleu
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simulations at the same solid fraction, fS = 0.5. 

 Experiment (E2) Simulation (S2) Simulation (S4) 

SDAS, λ2 (μm) 118.4 ± 10.15 132.9 ± 13.49 140.9 ± 20.75 

 

As mentioned above, because a much longer time is taken in 2D PF simulations 

to reach the same solid fraction than that in the experiment (Fig. 5Fig. 5(a) and Fig. 

9Fig. 9(a)), the coarsening of the sidebranches is more significant, thus leading to a 

relatively larger SDAS in simulations. The natural convection does not affect this 

trend apparently. However, it is worth noting that the average SDAS is increased 

about 6% by convection in the 2D PF simulations, which suggests that the solute 

convection may promote the overall coarsening of sidebranches during solidification. 

The effect of the natural convection on the solid fraction, fS, is shown in Fig. 

9Fig. 9. In the 2D PF simulations (S2 and S4), fS is much lower than the experimental 

data. Besides, Fig. 9Fig. 9(a) also shows that the natural convection has no obvious 

influence on fS at the beginning of solidification (less than 100 s during solidification), 

but then it slightly affects the solid fraction before fS = 0.25. During this period, fS is 

slightly larger when convection is taken into account (S4) than that in the case without 

convection (S2). Then, no apparent difference can be found between the simulations 

with and without convection. This evolution behavior denotes that natural convection 

only takes effect when the solute gradient in liquid at the most of solid-liquid interface 

is sufficiently high. High concentration gradient results in a relative strong  

convection, thus leading to a little higher growth rate. Subsequently, as solidification 

proceeds (fS > 0.25), the convection effect gradually decreases and both fS become 

almost identical in PF simulations with and without convection. The variation rate of 

solid fraction with time, ΔfS/Δt, is plotted in Fig. 9Fig. 9(b). Also, the influence of 

convection on ΔfS/Δt is not obvious, and fS increases faster in S4 than that in S2 after 

solidifying for a while. And then during the subsequent stage of solidification (fS > 

0.25), the time change rates of the solid fraction in different simulations gradually get 

identical. 
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Fig. 9. Effects of gravity-driven natural convection on solid fraction. (a) Solid fraction, 

fS; (b) Variation rate of the solid fraction, ΔfS/Δt, and the maximum and mean flow 

velocity, Vmax and Vmean. 

 

Interestingly, the maximum and mean flow velocity, Vmax and Vmean, globally 

vary in a similar manner as the solid fraction variation rate at the beginning of 

solidification, namely increasing first and then decreasing, as shown in Fig. 9Fig. 9(b). 

The solute concentration and liquid flow velocity at time t1 to t4 marked by circles in 

Fig. 9Fig. 9(b) are shown in Fig. 10Fig. 10. During the early solidification stage (t < 

t1) when the grains are isolated from their neighbors, with grains growing faster and 

faster, more and more solute is rejected into the liquid phase, leading to large solute 

variations in the melt. Consequently, the liquid flow is promoted until Vmax reaches the 

peak value at t1. Then, with ΔfS/Δt decreasing, Vmax also declines because less solute is 

rejected into liquid, and Vmax appears in the interdendritic liquid channel at time t2. As 

solidification proceeds, the rejected solute in liquid begins to homogenize because of 

the lower phase transformation rate, and the reduced solute gradient in the liquid 

ahead of the solid-liquid interface also contributes to weaking the solutal natural 

convection.  

In addition, apparent oscillations are observed for Vmax, which may be attributed 

to the complicated flow pattern caused by the developed dendrites. As impinged 
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growth takes place among grains, the liquid channel between two grains becomes 

more and more narrow, and the enlarged flow pressure makes Vmax increase again 

from t2 to t3. Whereafter, Vmax starts to decrease since the liquid channel is too narrow 

and the liquid flow nearby are very weak, which could not render sufficient pressure 

to drive the liquid pass through the narrow channel. When the solid fraction becomes 

higher and higher, all grains are impinged with each other. Meanwhile, the solute 

gradient in liquid is reduced and the density contrast is not sharp sufficiently to drive 

intensive convection. As a result, the solute convection weakens as demonstrated by 

the reduced mean flow velocity. Until time t4, Vmax reappears outside the liquid 

channel between primary tips and again varies in the same manner as ΔfS/Δt. 

Compared with the apparently oscillating maximum liquid flow velocity, the variation 

of the average liquid flow velocity is much more moderate and evolves similarly to 

the variation rate of solid fraction. 

 

 

Fig. 10. Solute concentration and liquid flow velocity at the time t1 to t4 marked by 
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the circles in Fig. 9Fig. 9(b). The time at t1 to t4 is 194 s, 349 s, 452 s, and 583 s, 

respectively. 

Moreover, the maximum and minimum solute concentration during solidification 

in the 2D PF simulations (S2 and S4) are plotted in Fig. 11Fig. 11(a). It is revealed 

that the gravity-driven natural convection has no influence on Cmax which is 

approximately equal to the equilibrium concentration. However, Cmin in S4 is slightly 

larger than that in S2 when the applied undercooling ΔT > 6 K. As indicated by the 

red dots in Fig. 8Fig. 8, the grid point with the minimum solute concentration is 

located at the center of the grain in the bottom-left corner of the computational 

domain. Since the solute copper element is heavier than the solvent aluminum element, 

the liquid flows downward, making a large amount solute accumulate surrounding the 

grains in the bottom region of the computational domain in simulation. Consequently, 

for the grain with the minimum solute concentration, the post-solidified solid phase 

has a higher solute concentration, resulting in a higher Cmin at its center by diffusion in 

the solid phase. Therefore, the segregation ratio, SR = Cmax/Cmin, is smaller in S4 than 

that in S2 when ΔT > 6 K as shown in Fig. 11Fig. 11(b), due to the nearly same Cmax 

but larger Cmin. 
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Fig. 11. Effects of liquid gravity-driven natural convection on solute segregation. (a) 

Maximum and minimum solute concentration, Cmax and Cmin; (b) Solute segregation 

ratio, SR = Cmax/Cmin. 



24 
 

 

5. Conclusions and outlook 

In the present paper, the equiaxed dendritic growth of Al-4 wt.% Cu alloys 

during polycrystalline solidification under continuous cooling conditions is studied 

using the in situ and real-time observation of experiments by synchrotron X-ray 

radiography and large-scale quantitative 2D PF simulations. It is revealed that the 

equiaxed dendritic morphology and the SDAS in the 2D PF simulations are both in 

reasonably good quantitative agreement with those in the experiments. With the 

cooling rate increasing, the SDAS will be reduced as a power function of the cooling 

rate, which is consistent with the Kattamis-Flemings model. The gravity-driven 

natural convection will slightly increase the SDAS in the 2D PF simulation. 

Moreover, in both of the experiments and 2D PF simulations, the solid fraction 

evolves with time in the same manner as the JMAK equation, namely fS = 1 – exp[–

(kt)n]. The parameter k can be fitted well as a linear function of the cooling rate, and 

another parameter n is approximately a constant that relates to the parabolic growth 

controlled by diffusion for slow solidification, and the site saturation nucleation in the 

PF simulations or the continuous nucleation in the real solidification experiments. 

From the quantitative perspective, at the same solidification time (or undercooling), 

the solid fraction in the 2D PF simulations is much lower than that in the experiments, 

and the two fitting parameters, k and n, in the JMAK equation are respectively smaller 

and larger than the experimental values. Simulations with natural convection show 

that the flow strength increases with the solute segregation in melt, but has a slight 

effect on solid fraction only when the severe solute gradient is generated around most 

of the solid-liquid interface. 

Furthermore, the maximum solute concentration in the interdendritic liquid is 

nearly the same as the equilibrium concentration, which depends on the undercooling 

rather than the cooling rate. While the minimum solute concentration in the center of a 

grain is smaller with a larger cooling rate, owing to the shorter time for solute 

diffusion in the solid phase. The almost same Cmax in liquid and the smaller Cmin with 

a larger cooling rate in solid result in a larger segregation, SR = Cmax/Cmin. The liquid 
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natural convection has no effect on Cmax, but slightly enhances Cmin due to the solute 

segregation induced by melt convection, thus leading to a smaller SR. 

Owing to the significant differences in mass and heat transport behavior between 

2D PF simualtions and experimental data, large-scale quantitative 3D PF simulations 

of multi-dendrite growth during solidification will be considered in our future work. 

Moreover, the effects of the nucleation undercooling on dendritic growth should be 

also concerned, so that the PF simulations can exactly reproduce the multi-dendrite 

growth in the solidification experiments, leading to quantitatively good agreement 

with the experiments as much as possible. 
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